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关于优先、错误和正确
—— 高德纳、"高 德 纳 "、吴文俊， 及算法

◎ 延 斯 • 霍 伊 鲁 普 (Jens Hgyrup) (丹 麦 ）
(丹麦罗斯基尔德大学）

首先必须声明我不会中文。我在此谈论的是—个可通过我所熟知的语言 

来研究的主题。确切地说，本文所依据的材料的语言是英语和法语。0

我从胡吉瑞(Jiri Hudecek)所著吴文俊政治传记中的几段话谈起： [Hudecek 
2014： 1 1 7 /]

尽 管 希 腊 几 何 学 是 公 理 化 的 ，但 公 理 化 并 不 W其 在 现 代 数 学 中 的 同 样  

方 式 来 作 为 希 腊 几 何 学 的 工 作 方 法 。也 许 是 因 为 这 些 问 题 ，吴 在 其 后 来 的  

作 品 中 引 入 了 证 明 与 算 法 的 对 立 来 作 为 聲 代 。③ 计 算 机 科 学 家 高 德 纳  

( 化 nald Kn山h) 的 作 品 是 这 一 转 变 中 的 关 系 重 大 的 影 响 因 素 。 吴 研 究 过 高  

德 纳 所 編 写 的 计 算 机 教 材 《计 算 机 程 序 设 计 的 芭术》( 巧 e A灯 0 /
Pro各ram w.z'ng , 首 卷 问 世 于 1()倘 年 ，其 后 巧 的 年 第 二 卷 ，1 (乃3 年 第 王 卷 ）， 

该 教 材 由 带 有 评 注 的 算 法 组 成 ，正 如 中 国 古 代 数 学 经 典 由 问 题 —解 答 及 其 方  

法 所 组 成 。 高 德 纳 还 发 表 过 一 篇 关 于 古 己 比 伦 算 法 的 文 章 [Kmnh 1972 ]。 
尽管吴 文 俊 本 人 并 沒 有 引 用 高 德 纳 的 这 篇 义 章 ，吴 文 化 的 年 轻 同 事 李 文 林  

和 袁 向 东 [1(说 2 ]在 与 吴 文 俊 发 表 过 文 章 [巧 82c] 的 同 一 卷 丈 集 内 提 到 了 该

含 訖 巧为巧文’都由译者一并译力中文—巧巧注。

潤‘位、、明 h 端语> not qui化 satisfactory from the historical perspective")。
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文 。李 文 林 ，w 及 曾 于 誦 年 代 初 在 北 京 学习中
( Kan瓜 Chemla) ，麵 我 证 《 了 社 柄 讀 想  娜

方法n r 細 娜 巾 制 了 的 : " 細 计 学 銭  万 法 义 -疋 展 瑕 果 地 根 植 于 历 史 、并 不 是 一 个 年 幼 的 现 象 ，

三 : 三 ; 机 ’ 尽 管 也 賀 吴 的 行 动 方 向 与 編 是 相 反 ^  :通过 展 不 物 地 于 巾 a 古代數学的东西来使得巾

城 学 補 喔 了 — 關 类 比 ; 扣 比 式  

辣 号 第 个 浮 点 计 数 法 ; 其 代 數 算 法 是 ‘‘机 謝 ，，’ 对立于现代代  

鐵 数 蜘 数 值 代 数 而 不 论 其 物 理 或 几 何 意 义 。离德 封 己 嶋 法 与 ‘默 稳 ，，或 " 話 料 紙 高德纳的这篇 
章 并 不 疋 严 相 算 法 史 论 文 ，它 更 是 种 计 算 机 科 学 之 林 技 柄 久 远 先 辈  

的 -个 提 醒 。但 帛 德 耻 章 解 后 —段 稍 文 絲 说 — 定 轉 有 提 醒 性 ：

其 他 那 蚊 展 义 是 怎 样 的 呢 ？ 古 埃 及 人 数 学 不 错 ，考 古 学 家 也 已  

经 发 据 出 -些 ―化 比 伦 泥 板 几 乎 同 样 古 老 的 纸 草 书 。 古 埃 及 的 乘 法 ， 

本 质 上 基 于 二 进 制 系 统 ，（.. . . . .）尤 其 有 趣 ( . . . . . .）。然 后 是 古 希 腊 人 ，他

们 虽 着 重 几 何 学 ，但 也 有 欧 几 里 得 算 法 这 样 的 东 西 ：而 该 算 法 是 最 古 老  

的 非 平 凡 算 法 。（.. . . . .化 有 古 印 度 人 和 中 国 人 ;显 然 有 多 得 多 的 东 西
可^乂讲。 1972： 676)

。 相 比 高 德 纳 ，吴 仪 强 调 了 中 国 数 学 ，显 得 狭 隘 了 。也 许 甚 至 可 "猜 想 ， 

吴 随 后 尝 试 证 明 -些 中 国 古 软 算 法 相 较 西 方 算 法 在 计 算 上 的 优 越 性 的 同 时  

也 是 在 试 圏 剥 夺 古 代 文 明 "对 手 ，，们 的 — 些 荣 耀 。

局 德 纳 的 《计 算 欄 雜 计 的 艺 术 》歸 关 系 重 大 的 影 响 醜 ，对 这 一 点 我  

没 看 任 何 看 法 ，而 旦 它 也 与 本 文 主 题 无 关 ，无 论 如 何 它 看 起 来 只 关 乎 从 “ 机 械 化 " 

到 "算 法 "的 术 语 转 变 。(D 肖 是 说 高 德 纳 对 己 比 伦 数 学 的 算 法 化 解 释 ) 对 吴 文

① 扳 沪 珊 折 純 肖 " 嚴 见 者 生 巧 " 的 那 些 即 机 : 似 ] — - 即
品 著 若 襲 茲 錦 説 識 纔 f 峭 娩 :"。这—暧輔鶴对于达尔文自己
沪加T 禮 戰 觀 ? 强 好 进 頂 巧 张 駭 文 銭 贏 * 化 施 来 韻 a 代致学知识的
詔 温 譜 脯 S 悄 ‘傅 雌 補 靴 这 ^ 娜 麵 ” ’并没有宜称商德纳
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俊思想的影响"得到确证，倒是引起了我的怀疑。首先，根据胡吉瑞自己的一些 

引 证 阳 uclecek 2014; 1 1 6 -1切 ，吴并不吝于承认从他人获得的教益。其次，吴 

文 俊 强 烈 怀 疑 将 "代 数 "归 功 于 古 己 比 伦 人 的 观 点 ，① 及 斯 特 洛 伊 克 （ Dirk 

StruikJ的这一信念；存在一体而不可分的"东方，，数学。[Str山k l 948! I， xiiand 

护iW'W] 而高德纳既不怀疑古巴比伦代数的真实性，又暗示古巴比伦、埃及、印度 

和中国数学共属于同种(见前文胡吉瑞引高德纳语)。吴文俊当然很可能在某时 

己经知道髙德纳1972年的文章，但在此事上，他看起来遵循了这样一个原则： 

用我的老朋友泰斯巴克(MarinusTaisbak) 写给我的私人信件里的话来说，就是 

"为世界和平之利益，就不引述我所不同意的那些了"。无论如何，吴文俊自传里 

的一段话[Wu 2017]表明他对中国古代数学的算法化(一开始称为《机械化，，) 本 

质的洞见应当早于他被认为接触到髙德纳文章的时间：

文 化 大 革 命 期 间 ，我 被 派 到 一 个 工 厂 制 造 计 算 机 。我 一 开 始 震 撼 于 计  

算 机 的 能 力 。我 还 花 时 间 研 究 中 国 古 代 数 学 并 开 始 理 解 中 国 古 代 数 学 真 正  

是 什 么 。 中 国 古 代 数 学 思 想 和 方 法 的 深 刻 禾 强 大 令 我 深 为 义 惊 。在 这 一 影  

响 下 ，我 开 始 考 察 用 机 械 化 方 法 证 明 几 何 定 理 的 可 能 性 。

接下来让我们更斤细地看看高德纳关于古代算法说了什 么 ， 判 断 其论述 

的质量，首先将兵置于所引材料的年代背景来看，其次简短地从目前的算法观念 

(不过这多少有点时代错置) 来评价他的论述。

如胡吉瑞所说，高德纳的文章并不是严肃的历史写作 (我们还可补充说既 

不是算法的历史也不是其他什么东西的历史）；而高德纳本来就没打算把这文章 

写成历史论文。他开口见山地说：[1972; 671]

帮 助 计 算 机 科 学 得 到 尊 敬 的 方 法 之 一 是 展 示 它 深 深 地 根 植 于 历 史 、并

如果吳文俊当时能获得诺伊格鲍尔(Neugebauer)或丹然(Thureau Dangin)的(古E 比伦数学义 
书)编本，他的化场也巧会巧不那么激烈。但这只是一个假设的历史.只是为了强调他当时读不 
到这些本子。 ■■
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不 是 一 个 年 幼 的 现 象 。 因 此 自 然 要 去 看 看 存 世 的 最 古 老 的 处 理 计 算 的 文  

献 ，研 究 几 乎 四 千 年 前 的 人 们 是 怎 么 处 理 这 —课 题 的 。

高德纳的核屯、论点依托于对诺伊格鲍尔译文（当时可得的最佳译文一高德 

纳为了使其更房理解又做了一些调整）中 的 一 竖 逐 步 计 算 的 描 述 在 这 一 描 ^

中，己比伦文本看起来在指示一个单纯由算术步骤构成的过程。这些被用来说

明 ；[ P. 672]

己 比 伦 数 学 家 […抽 于 解 许 多 类 型 的 代 数 方 程 。但 是 他 们 没 有 和 我 们  
所 使 用 的 — 样 显 明 的 代 数 符 号 ；他 们 用 — 列 逐 步 的 估 值 规 则 来 表 达 普 一 个  

公 式 ，即 用 计 算 该 公 式 的 一 个 算 法 来 表 达 该 公 式 。 实 际 上 ，他 们 用 公 式 的  

"机 器 语 言 "表 达 来 工 作 ，而 不 是 用 符 号 语 言 。

同时，高德纳抱怨说他的例子[ P. 674]只表达了

‘ 直 线 式 的 "计 算 ，而 不 涉 及 任 何 的 分 支 和 决 策 。 为 了 构 造 计 算 机 科 学  

家 看 来 真 正 的 非 平 凡 算 法 ，我 们 需 要 有 — 些 影 响 控 制 流 的 操作。

高德纳忽略了这一点；恰恰是这一直线性允许他将—个计算――必然是无分支 

的与他认为该 计 算 所 表 达 的 算 法 视 作 同 ―。①为了得到某种像带有停止标准 

的循环的东西’ 高德纳指向了关于复利的那些问题，高德纳说 [ Knu化，P. 674]， 
在复利问题里，"冗长而相当笨拙的过程读起来近乎类似个宏展开，，一显然只 

在熟悉‘‘宏"的人眼中看来如此。己比伦计算者只不过—再重复同一计算而已。 

高德纳还评述说；[ P. 674 ] °

我 化 找 不 到 像 "Go to S化P 4 U x<a .)，，这 样 的 测 试 语 句 ，因 为 己 比 伦 人 化  

有 负 数 ；我 们 甚 至 找 不 到 像 " G o 化 SU5P 5 if x = l)，，这 样 的 条 件 测 试 语 句 ，因. 
为 他 化 并 不 化 零 当 作 数 ！没 有 这 样 的 测 试 语 句 ，取 而 代 之 地 ，事实上有 分 别  

的 算 法 来 对 应 不 同 的 情 况 。（例 如 ，[ M K TI，3 口 -3 1 4 ]中 的 一 个 算 法 与 另  
— 个 实 际 上 步 步 相 同 ，只 不 过 其 中 一 个 因 参 数 之 — 为 零 而 更 简 单 。）

其实我们也找不到任何像"Go to S化P 4 if x> 1 0 "的测试语句一没有数字零 与 负

① ! S r 系 ' 朴 巧 7 个 义 社 " 化 丈 的 巧 化 ’ 那么逝过提及在分支点巧该做化么的决策准 
' 过 采 誦 酸 胁 1;解 巧 • 这 样 的 齡 ' 屉 雜 的 —E 比伦数学文本中规律性地出现 这梓的巧来解释一巧化嫩;• ‘闲 为 他 [歧 化 叫 题 的 师 傅 ]说 过 " .只 不 过 这 样 的 语 言 巧 —
胜对巧于分艾点决巧巧化的。 W
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数并不是巴比伦数学文本不含决策或分支的原因。没有就是没有。而存在"分

别的算法来对应不同的情况，，表明髙德纳的算法概念用于巴比伦文献时是空洞

的，并且掩盖了相关文本的真正特征。己比伦文本所包含的例题既要是示范性

的，也要 lit必然的灵活性来应用。①一些文本甚至展现了不同的解法是可能

的一-于是古因比伦文书AO 8862[MKT I，108- 117]的头H 题本可^^用同一方■ • •
法来解，但文本展示了三种不同技巧分别来解这H 题 。

高德纳不可能知道的是田比伦文书并予*如诺伊格鲍尔和丹然的译文所示 

那样"指示单纯由算术步骤构成的过程"，所谓的"代数"文本实际上指示了方形 

几何面积的割补操作，在这一操作中，计算过程的正确性与基于符号的简单方程 

代数一样直观显然一具体例子可参闽[Hoymp 2017]。不过这是另一件事，与今 

天所谈问题无关。高德纳在1972年时可能己经知道的是公元前一千纪晚期的 

己比伦数理天文学中描述行星运动的"之字形函数" ( zi醉 巧 functions)应该是使 

用(带有分支的）固定算法来计算的一参阅[ACT  I，3 0 - 32 ]。星表本身并没有 
解释相关算法，的确，只是宣称数字由相关算法算得。不 过 ，天文"程序文本，，解 

巧了毫无疑问可称为算法的东西，经常带有"DO ... WHILE" 类型的决策语句； 

一些例子(大部分是残篇)见于[A CT  L  186_ 2 % ]。一个保存得相当好的样本 

由布莱克-贝恩松(Lis Brack-Bernsen) 和洪格尔 （ Hermann Hunger) 发 表 [2腑 8]。 

因此在较晚的时期写作了这些文本的因比伦天文学家-僧侣充分能够算法化地 

思考一但这并不必然要求比他们早口00到 1700年的书吏—教师也如此。②

下面送段话也不能被采纳为古埃及、巧 度 和 中 国 数 学 包 含 算 法 的 论 据 .

[Knuth 1972： 676]

其 他 那 些 发 展 又 是 怎 样 的 呢 7 古 埃 及 人 数 学 不 错 ，考 古 学 家 也 氏 经 发  

掘 出 一 些 与 旺 比 伦 泥 板 几 乎 同 样 古 老 的 纸 草 书 。 古 埃 及 的 乘 法 ，本 质 上 基  

于 二 进 制 系 统 ，（尽 管 他 们 的 计 算 是 十 进 制 的 ，使 用 类 似 罗 马 数 字 的 东 西 ）尤

①  化 何 想 蚊 :脚 入 •‘灵活船"之类概念的人(.帛德邮I没 这 織 !）,种 汹 齡 不 似 g明确分
支的髓下写出-个巧活的"计算机樹中。 w w m w

根 定 义 ’ 是 ; 声 罕 町 （not flexible} ，用 吴 文 俊 的 原 话 來 说 ，是 机 械 的 （mechanical) LHudecek 2014： 117/], . . .
②  [ Heyr叩 2(M8 ]里细致地按今乂的巧法概么讨论r 巧比伦数学中的算法这一问题。
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其 有 趣 ;但 在 其 他 方 面 ，他 们 使 用 笨 抽 的 "单 位 分 数 ，，使 他 们 远 远 落 后 于 己 比  

伦 人 ( …）。还 有 古 印 度 人 和 中 国 人 ；显 然 有 多 得 多 的 东 西 可 乂 讲 。

也不能认为高德纳掌握更多的信息而只是选择了不具体展示。己比伦文书集成 

[ MCT，M KT ， T M ig除外，其参考文献里谈到历史的条目只有高中生读本艾伯 

伊 (Asger Aaboe) 的《早 期 数 学 史 片 段 K 时 ! 如 /row (Ae EuWyWs t o r j o /
) [  1964]， 及两本科普书：诺伊格鲍尔的《古代精密科学》（肪口"  

‘如 '酣 'e's !•,! /W 如 抑 ）[11巧7]和范德瓦尔登化L. van der W化rden) 的《科学苏 

醒KSn>"(.e A而 知 "如 .）[>巧 4]，这；本书都无法为他在相关问题上提供更《 

的信息。①

实际上，高德纳如此明智，必不至于宣称古埃及、印度和中国数学包含算法。 

最后这段话只不过是在呼应文章的开篇，呼吁人们"去看看存世的最古老的处理 

计算的文献，研究几乎四千年前的人们是怎么处理这--课题的"。胡吉瑞用来将 

吴文俊比作狭隘的那个"高德纳，，是肤浅理解的产物。

古 代 中 圃

现巧让我们看看吴文俊是如何研究中国古代数学的。显然，如果像高德纳 

阅读美索不达米亚文献那样阅读《九章算术》之类的文本，那么包含计算指示的 

后 者 因 而 可 被 宣 称 "含 有 算 法 "。胡吉瑞看起来就是在这个层次上理解吴文俊 

对中国古算的"算法化"观点的一一至少胡吉瑞2U14年[Hudecek 2014: 130]的 

解释没有超出这个范围。然而，吴文俊提到"中国古代数学思想和方法的深刻和 

强大令我深为震惊"，即便对于那些没有能力阅读他W中文发表的数学史著作的 

人而言，这也表明了他是在另一个层次上动屯、和行动的。而当高德纳试图W 己 

比伦数学来支持现代计算机科学的悠久历史时，抱怨巴比伦数学只有直线式计 

算的肤浅，这实际上使其不可能深刻也无法特别强大。

巧一个M强是能t't柏用算法分析,1,代义索布达米化和法老时代的数学义本，巧特(Jim 化tter) 
[2004]和伊穆裝巧(Annet化Imhausen) [2()1.妇]已经令人巧服地展巧T 这是巧巧的。巧两位学者
都没化肯称所分析的材料本身巧巾货法构成。
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首先从《九章算术》里陈述计算程序(如开平方和开立方) 的方式谈起。如林 

力娜(总结她更早的工作时)所说 [ i w i : 75] ，送些陈述有时候"使用了迭代、条 

件和赋值：这H 个办法恰恰被高德纳在《基本算法一计算机程序设计的艺术》中 

列为基本概念"。并且，与高德纳强解说美索不达米亚数学文本里有条件句相 

比，条件句真实地存在于中国古代数学文本中一 [Chemla 1987]的附录提供了相 

关文句的译文《及对应于相关段落的流程图。

此处不再深入细节一林力娜在此课题上从不同角度做出了比我所可能做到 

的好得多得多的工作，而且这不仅仅是因力她能够阅读原文。我将从"算法"问 

题移步到"算法文化" ( algori也mic culture) 问题，吴文俊强调的更是后者，尽管他 

一开始使用了不同的术语。

胡吉瑞复述或解释吴文俊的话语时说，"尽管希腊几何学是公理化的，但公 

理化并不是希腊几何学的工作方法"，此处的"工作方法"指十九世纪初1^^来的并 

被布尔田基符号化了的那种公理化方式（吴文俊作为职业数学家肯定熟知布尔 

巴基）。从另一个方面看，公元前四世纪希腊几何学中发展起来的公理化文化， 

自欧几里得时代 (来成为具有支配地位的思想观念 [ H0yrup 2018]。在这之前 

的数学文化里，虽然必须有论证，但论证的起点只是" ( 在某)局部显见( 的东西) "  

(locally obvious) , 而不诉诸绝对的基本原则(first princ时es) 。①

巴比伦数学文化与此不同。它在教学性解释中也会使用"局部显见’’ ，但总 

体来看并不明言(不过也许口头教学中会说)。其主要教学目的，如前所述，是通 

过示范性例题来训练学生，使他们能够尽可能灵活地运用范例所涉技巧一即高 

德纳所看见的"不同情况下使用不同的算法"。

而中国古代数学与W上几种都不一样… 中国古算之理念，即便是在想传递 

理解的时候，也是"算法化的" ( algori化mic) 。这 一 点 可 用 《九章算术》第三卷 

[>d. ，tnms. Chemla Guo 2004: 280 — 311]来 说 明 。该 章 处 理 按 "程 度 ’’ 

( degrees)---根据刘徽注，也就是按"级别" （ranks)-- 来进行分配。【《九章算术》

如希波克拉底研究巧牙形时所使用的两条巧理遐"毕达哥拉斯定理"和面积比等于特征线之比 
的平义。这 阳 条 原 巧 至 少 向 公 光 前 第 二 干 紀 W来 就 在 实 用 畳 地 几 何 学 里 得 a 应 用 。参阅 
[Hoyrup 2019]
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卷第H " 衰 分 "，刘徽注"衰分，差 也 译 者 注 】

在法老时代的埃及，此类问题是周知的一莱茵德纸草书第63题 [ trans. Peet

1923: 107]是为一例。计算法则也是一样的。而且该类型问题在中世纪晚期和

早期现代欧洲的商业算术里也很常见，被归类在"公司法则" （ rule of company)

题类中，在这些材料里，解题技法也是一样的。但是《九章算术》有一点与众不

同，而这…点恰恰反映了数学文化间的区别。《九章算术》第 H 卷一上来就用抽

象术语给出了解题法则一- - 个 (未分支的 )算法，而接下来的若干例题，则是该法

则之真正应用。这是《九章算术》的数学文化是"算法化的"的第一条线索。• • • • • ■
在此意义上，婆罗摩凌多(Brahmag叩ta) 和婆什伽罗二世(Bhaskara II)之间

的梵文数学文本也经常(但并不总是)算法化的。但《九章算术》第H 章还有更多

独特之处。在第一、第H 和第五题里，"权重"是立刻给出的，章首所述算法可W
如常应用。①而在第二题里，H 者权重并没有直接给出，只告诉说两个比是1 : 2

和 1 : 2—并且在第四题里，五个权重两两之间的比依次是1 : 2、1 : 2、1 ; 2、

1 : 2 和 1 : 2。显然，应该先把各自权重计算出来，即第二题为1 - 2 - 4 , 第四题

为 1 - 2 - 4 - 8 - 化。但是，两题都没有解释这预先的计算，计算结果直接就被宣

布了。也就是说，文本巧《#亨号罕译巧 f 萃巧帮帮兮吁等，算法之外的计算也

就被排除在解释之外。这样看來，文本的目的是琴》罕一比教会如何计算更高

的罔标并不直接可见，但我们可1"：̂看到该目标是1^^算法为中介来进行的。

算法的中必性并不只是《九章算术》这一个作品的特征。尽管《九章算术》是

最重要的经典之一，毕竟不能凭一部经典就说是数学文化。中国古代数学是实

作 (practice) , 而经典在其中发挥了重要作用。但不能就此将二者混为一谈。不

过 ，编 撰 于 1061)年的《新唐书》描述了比《九章算术》晚了几乎一千年的科举考

试 ，特别指出了考生们的任务之一是构造算法（construct algori化msW引文见• • • •
[Ski t  Volkov 1990; 9 2 / ] ) 。对经典的注疏(如刘徽注)也解释了为什么算法是 

有效的，而巧算法的创造(不特别地属于新的数学知识)是好几个作者吹嘘的东

权里并不总是级別 .們刘徽U 给在注释化解粹丫巧"沒"是家庭人数时如何运用超分法，即每个 
人分划的应该相巧。
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西 巧 I文 同 上 P. 94) 。因此，正如从古希腊风恪到现代的数学倾向于将发现定 

理①视为主要任务，中国古代数学眼中的任务是构造算法一而且显然是可证明 

为正确的且连贯协调的算法。

这样，从汉至唐的中国古代数学即便在此意义上也是算法化的，而在此意义 

上 ，古代印度、美索不达米亚和法老时代非^及中世纪阿拉伯和欧洲）的数学都不

是算法化的。

因此，认真的局外人必定得到这样的结论：吴 文 俊 是 正 确 的 不 仅 仅 在  

于他对中国古代数学特征的概括，还在于他认为此特征是中国古代数学所独

有的。

同一个局外人(现在变成局内人了）必须下此结论：高德纳是错误的—— 批 

评吴文俊比所谓"高德纳"更狭隘则是错上加错。

W此二结论为条件，谁先谁后就没什么可讨论的了。毫无疑问明希豪森男 

爵在天上骑着炮弹时就己经是第…了，而怀特兄弟只是第二。②
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Before approaching my topic I need to make clear that I do not read Chinese. What
I deal with is thus a topic that can be approached through languages I am familiar
with – and indeed, through English and French.

My starting point is a passage in Jiri Hudecek’s political biography of Wu Wenjun
[Hudecek 2014: 117f]:

although Greek geometry was axiomatized, axiomatization was not its working method
in the same way as in modern mathematics. Perhaps because of these problems, in his
later works Wu introduced an opposition between proofs and algorithms as a
replacement.1 A crucial influence in this shift was the work of the computer scientist
Donald Knuth. Wu studied Knuth’s textbook The Art of Computer Programming (first
volume 1968, second 1969, third 1973), which consists of commented algorithms, just
like ancient Chinese mathematical classics consisting of problem-solving methods. Knuth
also wrote an article on ancient Babylonian algorithms (Knuth 1972). Although never
cited by Wu himself, it was mentioned by his younger colleagues Li Wenlin and Yuan
Xiandong (1982) in the same volume as Wu Wen-Tsun (1982c). Both Li Wenlin and
Karine Chemla, who studied ancient Chinese mathematics in Beijing in the early 1980s,
confirmed the influence of this article on Wu Wen-Tsun’s thought (personal
communication).

Wu might as well have drawn inspiration from Knuth’s opening sentence: “One
of the ways to help make computer science respectable is to show that it is deeply
rooted in history, not just a short-lived phenomenon.” Wu Wen-Tsun had a similar
motivation for his own turn to history, although it could also be said that he proceeded
in the opposite direction, making ancient Chinese mathematics respectable by showing
what can be rooted in it.

Knuth drew a series of analogies between ancient Babylonian mathematics and
computer science: Babylonian sexagesimal notation was actually the first floating-point
notation; their algebraic algorithms were “machine language” as opposed to the
“symbolic language” of our modern algebra; they used numerical algebra disregarding
physical and geometrical significance. Knuth also compared particular algorithms to
a “stack machine” or to a “macro expansion”. His article was not a serious history of
algorithms, but rather a reminder of the venerable ancestry of the basic techniques of
computer science. But Knuth’s last paragraph must have been very suggestive to Wu:

What about other developments? The Egyptians were not bad at mathematics,
and archaeologists have dug up some old papyri that are almost as old as
the Babylonian tablets. The Egyptian method of multiplication, based
essentially in the binary number system (...) is especially interesting. Then
came the Greeks, with an emphasis on geometry but also such things as
Euclid’s algorithm; the latter is the oldest nontrivial algorithm which is still
important to computer programmers. (...) And then there are the Indians, and
the Chinese; it is clear that much more can be told.

(Knuth 1972: 676).

1 [Namely of the dichotomy axiomatization–mechanization, which Hudecek and perhaps Wu
sees/saw as “not quite satisfactory from the historical perspective”./JH]
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In comparison to Knuth’s article, Wu’s sole emphasis on Chinese mathematics appears
narrow-minded. It might even be suggested that Wu tried to take away some credit
from “rival” ancient civilizations in his later attempts to demonstrate the computational
superiority of specific Chinese algorithms over Western ones.

I have no opinion whether Knuth’s Art of Computer Programming was a crucial
influence, and it is irrelevant to my topic; in any case it seems to regard only the
terminological shift from “mechanization” to “algorithms”.2 The confirmation of “the
influence [of Knuth’s algorithmic interpretation of Babylonian mathematics] on Wu’s
thought arouses my doubts. Firstly, according to a number of quotations in [Hudecek
2014: 116–119], Wu was no miser when it came to recognizing his debts. Secondly, he
had strong doubts concerning the attribution of, for instance, “algebra” to the ancient
Babylonians,3 and also concerning Dirk Struik’s belief in the existence of an
undifferentiated “Oriental” mathematics [Struik 1948: I, xii and passim]. Knuth, on the
other hand, had no doubts as to the authenticity of Babylonian algebra, and also suggest
is in the passage quoted by Hudecek that ancient Babylonian, Egyptian, Indian and
Chinese mathematics belonged to a shared genre. Wu may well have known [Knuth
1972] at some moment, but in that case he seems to have followed the principle
formulated by my old friend Marinus Taisbak in a private letter, “in the interest of
peace on earth not to cite those with whom I disagree”. In any case, his autobiographical
note [Wu 2017] suggests that his insight in the algorithmic (at first named “mechanical”)
nature of ancient Chinese mathematics must antedate his supposed encounter with
Knuth’s article:

During the cultural revolution I was sent to a factory manufacturing computers. I was
initially struck by the power of the computer. I was also devoted to the study of Chinese
ancient mathematics and began to understand what Chinese ancient mathematics really
was. I was greatly struck by the depth and powerfulness of its thought and its methods.
It was under such influence that I investigated the possibility of proving geometry
theorems in a mechanical way.

2 Capriciously, I come to think of Charles Darwin’s words [1872: 49] from the sixth edition of
the Origin of Species concerning Herbert Spencer’s “survival of the fittest” – namely that the
expression “is more accurate, and is sometimes equally convenient”. Of course, this ambiguous
praise had no impact on Darwin’s own theory, and is not even found worthy a reference in the
index.

[Hudecek 2012: 55], speaking of Wu’s endeavour to make use of mechanization in
contemporary production of mathematical knowledge, only states that “Wu perhaps saw a positive
example in the works of the computer scientist Donald Knuth”. No claim of crucial influence
here.

3 Had he had access to Neugebauer’s or Thureau Dangin’s text editions he might perhaps have
been less sanguine on this account. But this is hypothetical history, only pertinent by emphasizing
that he did not have this access.
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Babylonia

Let us go on with a closer look at what Knuth says about ancient algorithms, firstly
in order to judge the quality of his arguments in their chronological context, secondly
and briefly (and somewhat anachronistically) from an actual point of view.

As formulated by Hudecek, Knuth’s paper was no piece of serious history writing
(neither of algorithms nor otherwise, one may add); nor was it meant to be. In Knuth’s
own opening words [1972: 671],

One of the ways to help make computer science respectable is to show that it is deeply
rooted in history, not just a short-lived phenomenon. Therefore it is natural to turn
to the earliest surviving documents which deal with computation, and to study how
people approached the subject nearly 4000 years ago.

Knuth’s central argument consists in the presentation of some stepwise calculations
in Neugebauer’s translation (the best available at the time – somewhat straightened
by Knuth in the interest of readability), in which the texts seem to prescribe a sequence
of purely arithmetical steps. These are taken to illustrate (p. 672) that

The Babylonian mathematicians were [...] adept at solving many types of algebraic
equations. But they did not have an algebraic notation that is quite as transparent as
ours; they represented each formula by a step-by-step list of rules for its evaluation,
i.e. by an algorithm for computing that formula. In effect, they worked with a “machine
language” representation of formulas instead of a symbolic language.

At the same time Knuth complains (p. 674) that his examples represent

only “straight-line” calculations, without any branching or decision-making involved.
In order to construct algorithms that are really nontrivial from a computer scientist’s
point of view, we need to have some operations that affect the flow of control.

Knuth overlooks that this linearity is exactly what allows him to conflate the single
calculation – by necessity unbranched – with an algorithm which it is supposed to
represent.4 In order to get something which smacks of a loop with a criterion for when
to stop Knuth then points to problems about composite interest, where (thus Knuth,
p. 674) a “longwinded and rather clumsy procedure reads almost like a macro
expansion” – which it evidently only does in the eyes of somebody familiar with macros.
The Babylonian calculator simply repeats the calculation.

Knuth also observes (p. 674) that

4 If the calculations corresponded to an actual branched algorithm, they might of course justify
the road taken by a reference to the criterion deciding what to do at the branching point. The
language for that was at hand – regularly, texts justify a step with the words “because he [the
master formulating the problem] has said; but no such justification ever corresponds to a
branching.
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We don’t find tests like “Go to step 4 if x < 0”, because the Babylonians didn’t have
negative numbers; we don’t even find conditional tests like “Go to step 5 if x = 0”,
because they didn’t treat zero as a number either! Instead of having such tests, there
would effectively be separate algorithms for the different cases. (For example, see [MKT
I, 312-314] for a case in which one algorithm is step-by-step the same as another, but
simplified since one of the parameters is zero.)

Nor do we find anything like “Go to step 4 if x > 10” – the absence of zero and negative
numbers are no reason that the Babylonian texts contain no decisions or branchings.
They simply do not. That there are “separate algorithms for the different cases”
illustrates instead that Knuth’s algorithm concept is empty when applied to the
Babylonian record, and hides the genuine character of the texts. The Babylonian texts
contain examples meant to be paradigmatic but also meant to be applied with the
necessary flexibility.5 Some texts even show that different approaches are possible –
thus the Old Babylonian text AO 8862 [MKT I, 108–117], whose first three problems
could be solved by application of the same method; instead of doing that, the text applies
three different tricks.

What Knuth could not know is that the Babylonian texts do not “prescribe a
sequence of purely arithmetical steps”, as they do in Neugebauer’s and Thureau-
Dangin’s translations; the so-called “algebra” texts prescribe cut-and-paste manipulations
of areas within a square-grid geometry, in which the correctness of procedures is as
intuitively obvious as in simple symbol-based equation algebra – see, for instance,
[Høyrup 2017]. But this is a different matter which does not concern us here. What
Knuth could have known in 1972 is that the “zigzag functions” describing planetary
motion in the Babylonian mathematical astronomy of the later first millennium BCE

must have been calculated according to fixed algorithms (with branchings) – see [ACT
I, 30–32]. The planetary tables do not explain these algorithms, it is true, they only state
what comes out of them. However, the astronomical “procedure texts” explain
indubitable algorithms, often with decision of the type DO ... WHILE; a number of
(mostly fragmentary) examples are found in [ACT I, 186–276]. A fairly well-conserved
complete specimen was published by Lis Brack-Bernsen and Hermann Hunger in [2008].
In the late period, the Babylonian astronomer-priest who prepared these texts were
thus fully able to think algorithmically – but that does not entail that the scribe-school
teachers did so 1200 to 1700 years earlier.6

Nor can the passage [Knuth 1972: 676]

5 Whoever is tempted to introduce the notion of a “flexible algorithm” (Knuth did not!) should
try to write a “flexible” computer program without making use of explicit branchings etc.
Algorithms are, by definition, not flexible – they are, in Wu’s original formulation, mechanical
[Hudecek 2014: 117f].

6 The question of algorithms in Babylonian mathematics as it can be judged today is dealt with
in more detail in [Høyrup 2018].
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What about other ancient developments? The Egyptians were not bad at mathematics,
and archeologists have dug up some old papyri that are almost as old as the Babylonian
tablets we have discussed. The Egyptian method of multiplication, based essentially
in the binary number system (although their calculations were decimal, using something
like Roman numerals) is especially interesting; but in other respects, their use of
awkward “unit fractions” left them far behind the Babylonians [...]. And then there
are the Indians, and the Chinese; it is clear that much more can be told

be counted as arguments that Ancient Egyptian, Indian and Chinese mathematics
contained algorithms. Nor can it be supposed that Knuth had more information which
he chose not to present in detail. Apart from the Babylonian text collections [MCT, MKT,
TMB], the only items in his bibliography that speak of history are Asger Aaboe’s Episodes
from the Early History of Mathematics [1964], a high-school book; and two popularizations,
Neugebauer’s Exact Sciences in Antiquity [1957] and B. L. van der Waerden’s Science
Awakening [1954]; none of these would have assisted him.7

Actually, Knuth was too wise to make the claim. This closing passage points back
to the beginning of the article, with the exhortation to “turn to the earliest surviving
documents which deal with computation, and to study how people approached the
subject nearly 4000 years ago”. The “Knuth” compared to whom Wu is found by
Hudecek to be narrow-minded is a product of superficial reading.

Ancient China

Let us look now at ancient Chinese mathematics, Wu’s case. Evidently, a text like
the Nine Chapters prescribes calculations and can thus be claimed to “contain algorithms”
if read as Knuth reads his Mesopotamian material. That seems to be the level at which
Hudecek seems to understand him – at least, what [Hudecek 2014: 130] explains
suggests nothing else. However, Wu’s reference to his “being struck by the depth and
powerfulness” of ancient Chinese mathematics shows – even to the one who cannot
read the detailed arguments of his Chinese publications – that Wu moves at a different
level. Knuth, indeed, when he tried to legitimize modern computer science, had
complain about the shallowness of the Babylonian straight-line calculations; that leaves
space for neither depth nor particular powerfulmess.

Firstly, there is the way numerical procedures such as the extraction of square and
cube roots are presented in the Nine Chapters. As formulated by Karine Chemla [1991:
75], (summarizing earlier work from her hand), these sometimes make “use of iteration,
conditionals and assignments of variables: three resources listed as basic concepts in
D. Knuth’s Fundamental Algorithms. The Art of Computer Programming”. And, in contrast
to the conditionals etc. which Knuth imposed on the Mesopotamian material, these

7 A different question is whether algorithmic analysis can be applied to Mesopotamian and
Pharaonic mathematics. Jim Ritter [2004] and Annette Imhausen [2003] have shown convincingly
that it can. But none of them claim that the material they deal with consisted in itself of algorithms.
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are really in the texts – see the appendix in [Chemla 1987], offering text translations
and a flow chart corresponding to a critical passage.

I shall not go in detail with this – Chemla has treated the topic under various
perspectives immensely better than I would be able to, and not only because she has
access to the original texts. Instead, I shall move from the question of algorithms to that
of algorithmic culture, which is rather what Wu speaks about though in different terms.

As Hudecek paraphrases or interprets Wu, “although Greek geometry was
axiomatized, axiomatization was not its working method”. This “working method”
refers to the way axiomatization unfolded from the outgoing 19th century onward and
symbolized by Bourbaki (“whom” Wu knew well from proper professional experience).
In a different sense, a culture of axiomatization developed in Greek geometry during
the fourth century BCE, becoming hegemonic ideology from Euclid’s time onward
[Høyrup 2018]. That was preceded by a mathematical culture which still saw argument
as an ideal, but where arguments would draw on the “locally obvious”, with no
reference to absolute first principles.8

Babylonian mathematical culture was different. It might also appeal to the locally
obvious in didactical explanations, but on the whole implicitly (however, oral didactical
expositions may have been more explicit). The main teaching aim, as mentioned, was
to train through paradigmatic examples, meant to be followed with as much flexibility
as needed – what Knuth sees as “separate algorithms for the different cases”.

And ancient Chinese mathematical culture was different from all of these – its ideal,
even when meant to convey understanding, was algorithmic. This may be illustrated
by a look at Chapter 3 of the Nine Chapters [ed., trans. Chemla & Guo 2004: 280–311].
The chapter deals with distribution according to “degrees” – as explained by Liu Hui,
according to rank.

Such distributions were well known in Pharaonic Egypt – one example is in Rhind
Mathematical Papyrus no. 63 [trans. Peet 1923: 107]. The rule is also the same. Further,
the problem type is very common in late medieval and Early Modern European
commercial arithmetic, where it goes under the name of the “rule of company” (and
similarly); even here the technique is the same. There is a difference, however, and
that reflects the difference between mathematical cultures. The Nine Chapters at first
sets out a rule in abstract terms – an (unbranched) algorithm. The follow a number of
examples, which are really applications of the rule. This is a first hint that the
mathematical culture of the Nine Chapters is algorithmic.

In this sense, even Sanskrit mathematics between Brahmagupta and Bhaskara is
often (not always) algorithmic. But there is more to the Nine Chapters, Chapter 3. In

8 Hippocrates of Chios thus bases his investigation of lunules on two principles – the “Pythagorean
rule” and the proportionality of areas to the square of a characteristic linear dimension. Both
principles had been used in practical mensurational geometry at least since the earliest second
millennium BCE. See [Høyrup 2019].
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problems no. 1, 3 and 5, the weights are immediately given, and the rule can be applied
as it is.9 In no. 2, however, the three weights are not given directly, but they are told
to be in ratios 1:2 and 1:2 – and in no. 4, 5 weights are in ratios 1:2, 1:2, 1:2, 1:2 and
1:2. Obviously, the weights have to be calculated first, as 1–2–4 and 1–2–4–8–16,
respectively. However, this preliminary calculation is not explained in either case, its
result is stated directly. That is, the text only explains that part which is covered by the
algorithm as explained in the beginning of the chapter; what falls outside the algorithms
also falls outside explanation. Teaching the algorithm is thus what the text is about –
the higher-level aim of teaching how to make calculations is not directly visible but
mediated through the algorithms.

This centrality of the algorithm does not characterize the Nine Chapters alone. This
work, though a cardinal classic, after all did not constitute a mathematical culture.
Ancient Chinese mathematical culture was a practice, in which use of the classic was
important. But the two should not be conflated. However, a description of state
examinations in mathematics written almost a millennium after the Nine Chapters (in
the Xin Tang shu, compiled in 1060) specifies that one of the tasks the students have
to perform is to construct algorithms (quotations in [Siu & Volkov 1990: 92f].
Commentaries (like that of Liu Hui) also explain why algorithms work, and the creation
of new algorithms (not unspecifally of new mathematical knowledge) is something of
which several authors boast (quotations ibid. p. 94). So, just as Greek-style mathematics
from Euclid to modern times has tended to see the discovery of theorems10 as the
gist of the undertaking, ancient Chinese mathematics saw its task as constructing
algorithms – obviously, again, demonstrably correct and coherent algorithms.

Even in this sense, ancient Chinese mathematics, from Han to Tang, was thus
algorithmic. And in this sense, neither Sanskrit nor Mesopotamian nor Pharaonic (nor
medieval Arabic and European) mathematics was.

In consequence, the attentive outsider must conclude that Wu was right – not only
in his characterization of ancient Chinese mathematics but also when taking this as
the specific character of ancient Chinese mathematics.

The same outsider (but now an insider) must conclude that Knuth was mistaken –
and even more mistaken the reproach that Wu saw matters more narrowly than
“Knuth”.

Under these conditions, it is rather futile to discuss who was first. No doubt Baron
von Münchhausen was first when it came to riding through the air (on a cannon ball),
and the Wright Brothers second.

9 The weights are not always ranks, but Liu Hui has explained already in his commentary to
the rule how to apply it if the “degrees” represent the number of members of families, where
the distribution is meant to be equal between individuals.

10 Obviously with appurtenant demonstrations, without which we usually speak of conjectures
and not of theorems, unless the inventor is a Fermat.
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