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ABSTRACT

The particular problem that is addressed in this thesis is the nonlinear elastic analysis of 

incomplete thin deep spherical shells, where the displacements on the boundary surface are 

fully restrained and the shell is loaded by a uniform pressure load. The shell may contain initial 
axisymmetric geometric or stress imperfections, and the initial response of the shell, the 
fundamental path, is axisymmetric. Solution techniques are developed and presented for the / 
nonlinear fundamental path, and the nonlinear eigenvalue problem that yields the location of the 
points of the axisymmetric or periodic secondary paths that bifurcate from the axisymmetric j 
fundamental path and the initial mode shapes of the secondary paths at the point of bifurcation 

of the secondary paths from the nonlinear axisymmetric fundamental path. Using the nonlinear 
elastic deep shell theory developed in this thesis, the behaviour of perfect and imperfect 

incomplete spherical shells with fully restrained boundary surface displacements under uniform 

pressure loading is examined.

This thesis also attempts to derive and present the equations and solution methods used in the 
nonlinear elastic analysis of thin spherical caps in as general a way as possible, in order that the 

solution methods developed in the thesis may be applied to shell structures composed of one or 
more incomplete thin elastic shells of arbitrary shape under arbitrary loading. By extending the 
derivation of the strain-displacement expressions for shells to include the terms that are quartic 
in displacements, the limitations present in linear thin shell theory may be lifted, and partial 
differential equations governing the nonlinear elastic behaviour of thin shells of arbitrary shape 
may be developed. The methods used to develop the total potential energy functional for 
pressure loaded spherical shells may be extended and used to express the total potential energy 
of shell structures composed of one or more incomplete shells of arbitrary shape under 
arbitrary loading.
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INTRODUCTION

1 .1  THE RESEARCH TOPIC

The theory o f shells forms a part o f the theory of elasticity concerned with the study of the 
deformation o f elastic bodies under the influence of given loads. In this thesis it will be 

assumed that the material of the shell is isotropic and obeys Hooke's Law. There are two 
distinct classes of shells, thick shells and thin shells. A shell will be called thin if the maximum 

value of the ratio t/R, where t is the thickness of the shell and R is the radius of curvature of the 
middle surface, can be neglected in comparison with unity. Correspondingly, shells will be 

called thick whenever such terms cannot be neglected. If the displacements at a point are small 

in comparison with the thickness of the shell the governing differential equations are linear. If 

this limitation is not imposed the governing differential equations become nonlinear, and their 
solution becomes correspondingly more difficult. This thesis is concerned with the 
development and solution of the nonlinear differential equations that govern the nonlinear 
elastic behaviour of thin shells.

The method and notation used in deriving the nonlinear strain-displacement relations for thin 

shells of arbitrary shape, contained in Section 2.2 of Chapter Two, are based on the work of 
V.V. Novozhilov, Reference [1]. The two hypotheses of Kirchhoff, concerning the normals 
to the middle surface and the stresses normal to the middle surface, are used. This allows the 
study of the deformation of the shell to be expressed in terms of the deformation of the middle 
surface, in the same way as the hypothesis regarding plane sections in the bending of a beam 
reduces that problem to the study of the bending of the neutral axis. However, the derivation 
of the strain-displacement relations contained in this work has been extended, by comparison to 

that given by Novozhilov in Reference [1], to include the terms that are cubic and quartic in the 

displacements of the middle surface.

As a consequence of using the Kirchhoff assumptions we follow Novozhilov in expressing the 

opinion " ... that a simpler approach to the study of thin shells is impossible if one has in mind 

a theory which is to apply to all problems." On the basis of the Kirchhoff assumptions, with 
their inherent errors, one is thus justified in calling the theory developed in this work the Elastic 
Nonlinear Technical Theory of Thin Shells.

The nonlinear elastic analysis of thin shells will be illustrated using incomplete spherical shells

as an example. In particular the equations and solution methods required for the nonlinear

elastic analysis o f deep spherical shells, with or without initial axisymmetric imperfections,
under a uniform pressure load, and the solution of the linearised eigenvalue problem that yields

the initial mode shapes and bifurcation loads of the secondary equilibrium paths which
bifurcate from the axisymmetric fundamental equilibrium path are presented in this work. The
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classical buckling and postbuckling analysis o f complete spherical shells is presented in 

Chapter Three. Results for initially perfect incomplete spherical shells, with geometric 
slenderness values of between 3.5 and 60, and for initially imperfect spherical caps with 
slenderness values of 4, 6 ,9 ,1 2  and 30 are presented in Chapter Seven.

The introduction o f those useful fictions of an incompressible weightless fluid and of an 
infinitely rigid material from which to construct a container allow the idealised 'system' under 
consideration to be represented in Figure 1.1.

mass m

'Ideal" Fluid Rigid" Container

Elastic Incomplete Shell

Figure 1.1 The Idealised System Under Consideration
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1.2  THE PROBLEM

The particular problem that is addressed in this thesis is the nonlinear elastic analysis of 
incomplete thin deep spherical shells, where the displacements on the boundary surface are 
fully restrained and the shell is loaded by a uniform pressure load. The shell may contain initial 

axisymmetric geometric or stress imperfections, and the initial response of the shell, the 

fundamental path, is axisymmetric. Solution techniques are developed and presented for the

nonlinear fundamental path, and the nonlinear eigenvalue problem that yields the location of the I
i

points of the axisymmetric or periodic secondary paths that bifurcate from the axisymmetric 
fundamental path and the initial mode shapes of the secondary paths at the point of bifurcation 
of the secondary paths from the nonlinear axisymmetric fundamental path. Using the nonlinear 
elastic deep shell theory developed in this thesis, the behaviour of perfect and imperfect 
incomplete spherical shells with fully restrained boundary surface displacements under uniform 

pressure loading is examined.

This thesis also attempts to derive and present the equations and solution methods used in the 

nonlinear elastic analysis of thin spherical caps in as general a way as possible, in order that the 
solution methods developed in the thesis may be applied to shell structures composed of one or 
more incomplete thin elastic shells of arbitrary shape under arbitrary loading. By extending the 
derivation of the strain-displacement expressions for shells to include the terms that are quartic 
in displacements, the limitations present in linear thin shell theory may be lifted, and partial 
differential equations governing the nonlinear elastic behaviour of thin shells of arbitrary shape 
may be developed. The methods used to develop the total potential energy functional for 

pressure loaded spherical shells may be extended and used to express the total potential energy 
of shell structures composed of one or more incomplete shells of arbitrary shape under 
arbitrary loading.
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1.3  THE MATHEMATICS

To quote from Courant and Robbins, Reference [2]

"The number continuum, whether it is accepted as a matter of course or only after a 
critical examination, has been the basis of mathematics -  and in particular of analytic 
geometry and the calculus -  since the seventeenth century."

The brief summary of the mathematical concepts implicitly used in the development of the 

nonlinear differential equations that govern the elastic behaviour of thin shells that is given 

below is taken, almost entirely, from Reference [2].

The Number Continuum

In passing from the adjective "infinite", meaning simply "without end", to the noun "infinity" 

we must not make the assumption that "infinity", usually expressed by the special symbol «», 
can be considered as though it were an ordinary number. The symbol cannot be included in 
the real number system and at the same time preserve the fundamental rules of arithmetic. 
Nevertheless the concept of the infinite pervades all of mathematics, since mathematical objects 
are usually studied not as individuals, but as members of classes or aggregates containing 
infinitely many objects of the same type, such as the totality of integers or of real numbers. 
For this reason it is necessary to analyze the mathematical infinite in a precise way. The 
modem theory of sets, created by Georg Cantor and his school at the end of the nineteenth 
century, has met this challenge with success. Cantor's theory of sets has influenced many 
fields of mathematics, and is of basic importance in the study of the logical and philosophical 
foundations of mathematics, Reference [2].

If the elements in two sets A and B may be paired with each other in such a way that there is a 
one to one correspondence between the elements of A and the elements of B, then the 

correspondence is said to be biunique, and A and B are said to be equivalent. Cantor's idea 

was to extend the concept of equivalence to infinite sets in order to define an "arithmetic" of 
infinities. Quoting from Courant and Robbins, Reference [2]

"Cantor made the very significant discovery that the set o f all real numbers, rational and 
irrational, is not denumerable. In other words, the totality of real numbers presents a 
radically different and, so to speak, higher type of infinity than that of the integers or of 
the rational numbers alone."

It may be imagined that the reason for the non-denumerability of the number continuum lies in 

the fact that the straight line is infinite in extent, and that a finite segment of the line would 

contain only a denumerable infinity of points. This is not the case, for it is easy to show that 
the entire number continuum is equivalent to any finite segment, say the segment from 0  to 1 

with the endpoints excluded, and it follows that even a finite segment of the number axis
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contains a non-denumerable infinity of points. It is this non-denumerable number continuum, 
say the segment from 0  to 1 with the endpoints excluded, that forms the mathematical basis for 

both the analytic geometry and the calculus.

Uses of Analytic Geometry and the Calculus

The mathematical tools used in deriving the strain-displacement relations for thin shells of 
arbitrary geometry are analytic geometry and the differential calculus. The introduction of the 

assumption that the material is isotropic and obeys Hooke's Law allows the stresses within the 

shell to be expressed in terms of the strains. Then the First Law of thermodynamics, or the 

principle that energy is conserved, provides the physical reason for considering the total 

potential energy of the 'system' and the integral calculus allows the total potential energy of the 
'system' to be expressed in the form of an integral. The Second Law of thermodynamics 

provides the physical justification for studying the equilibrium states of the 'system', and the 
calculus of variations, in particular the Euler equation, provides the necessary and sufficient 
condition for equilibrium of the 'system'.

The stability of equilibrium states is not considered in this thesis, however it is of interest to 
note that stability will be intimately associated with the definition of the 'system'. In particular 
the inclusion in the 'system' of the fictitious materials is tantamount to the inclusion of infinity 
in the continuum o f the fluid and material elasticities, and therefore in the mathematics 
describing the 'system'. In the recent past the mathematical proof of the necessary and 
sufficient conditions, in the calculus of variations, for the stability of an equilibrium state of a 
system has not been rigorously established, see for example Thompson and Hunt Reference 
[3]. It may be the case that the recent contribution by S.J.G. Gift, Reference [4], to the 
calculus of variations of the fifth necessary condition will allow the necessary and sufficient 

conditions for stability to be proved with mathematical rigour.
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1.4  THE PHYSICS - THERMODYNAMICS

The f irs t Law of thermodynamics is a general statement of the principle of conservation of 
energy. The following statement of the First Law of thermodynamics is taken from D.E. 

Atkinson, Reference [5].

"A system may exchange energy with its surroundings in two ways: by gain or loss of 
heat or by doing work on the surroundings or having work done on it by the 
surroundings. In its thermodynamic sense, ’work' merely means any energy exchange 
except heat flow.

The First Law of thermodynamics is usually stated by the equation
AE = q - w

where AE is the change in energy of the system, q is heat transferred to the system from 
the surroundings, and w is work done by the system on the surroundings. This Law is 
simple and self-evident."

An adequate statement of the principle of conservation of energy for the ffictionless adiabatic 
system considered in this thesis, Figure 1.1, could also be derived from Newton's Laws.

The Second Law of Thermodynamics is concerned with the equilibrium of the system, and 
may be stated in a number of ways, the following is one of the statements o f Second Law 

given by Atkinson in Reference [5].

"For any process that involves energy flow (or energy transduction) there is an 
equilibrium situation, and if the process proceeds spontaneously it must proceed in the 
direction of equilibrium."

Quoting from Reference [5] once more

"In discussions of the Second Law, it is often made to seem that systems go toward 
equilibrium because they must "obey" the Law. But of course equilibrium states exist 
in themselves quite independently o f any Law or other product of human thought. 
Thus the Second Law is at base merely a descriptive and intuitively obvious statement 
concerning equilibrium states. Anyone who has a common-sense feeling that 
equilibrium states exist, and that systems that are not at equilibrium tend to go toward 
equilibrium and cannot spontaneously move away from it understahd as much of the 
conceptual basis of the Second Law as there is to understand."

When no heat is transferred to or from the 'system', an adiabatic process, the First Law of 

thermodynamics allows the energy of the 'system' to be expressed in terms of the potential 
energy (the elastic strain energy of the deformed shell and the potential energy of the load, i.e. 

of the mass m in a gravitational field) and the kinetic energy of the shell and the mass m. In 
this thesis we will consider only static adiabatic conditions, and as a result of imposing these 

limitations we need only consider the total potential energy of the 'system'. The Second Law 
of thermodynamics is a formal statement o f Physics describing the obvious fact that the 
equilibrium states of the system are of particular interest.



1.5  THIN SHELL THEORY

In the theory of elasticity, the term shell is applied to bodies bounded by two curved surfaces 

when the distance between the surfaces is small in comparison with the other dimensions. The 

locus o f points which lie at equal distances from these two surfaces defines the middle surface 
of the shell. The length intercepted between the two surfaces of the shell by a line 

perpendicular to the middle surface at any arbitrary point on the middle surface determines the 
thickness, t, of the shell at that point. The thickness may vary in magnitude, however, in the 

present work only shells of constant thickness are considered. If the shell has no boundary 
other than the two surfaces mentioned above it will be called complete, otherwise the shell will 
be referred to as incomplete. It will be assumed that each edge (also referred to as a boundary,

e.g. boundary conditions) of an incomplete shell is a plane surface and that the edge surface )C 

and the middle surface o f the shell intersect at right angles. The middle surface, thickness, and 

edges completely define the geometry of a shell.

As mentioned in Section 1.1, it will be assumed that the material of the shell is isotropic and 
obey Hooke's Law, and that the shell is thin, i.e. that the ratio of the radius of curvature of the 
shell to the thickness of the shell, t/R, may be neglected in comparison with unity. For most 
technical applications an admissible maximum value of the ratio of the thickness of the shell to 
the radius of curvature of the shell o f less than 1/50, t/R <l/50, will result in sufficiently 
accurate calculations, and shells for which this inequality is violated will be regarded as thick 
shells.

The similarity between plates and shells was recognised toward the end of the last century, 
when Aron first presented a theory of shells based on the assumptions used by Kirchhoff in the 
theory of plates, Reference [1]. As a result of the similarities between plates and shells the 

development o f both thick and thin shell theories is closely related to the development of the 
theory of plates. There are two fundamentally different methods for the solution of problems 
in the classical theory of plates. The first method, which was proposed by Cauchy and 

Poisson, is based on the expansion of the displacements and stresses in the plate in power 

series o f z, the distance of a given point from the middle plane of the plate, and results in 

universal approach to the theory of plates. However, the conditions under which the series 

converge, and the number of boundary conditions and their formulation, gave rise to 

arguments, Reference [1], The second method, which was proposed by Kirchhoff, introduced 
physical meaning into the theory o f plates and remains in use today. Kirchhoff based his 
reasoning on several assumptions, analogous to those used in the theory of beams. The 

Kirchhoff assumptions used in the theory o f plates may be stated as follows

• The straight fibres of a plate which are perpendicular to the middle surface before y 
deformation remain so after deformation and do not change their length. ‘

12



• The normal stresses acting on planes parallel to the middle surface may be neglected 
in comparison with the other stresses.

The method of Kirchhoff introduced into the basic theory of plates a simplification which had a 
definite physical interpretation and which was a completely obvious extension of the well 

proven theory of beams. The introduction of the concepts of internal forces and moments 

produced a further link between the theory of plates and the theory of beams. The development 

of a theory of plates or shells based on the Kirchhoff assumptions reduces the study of the 
three dimensional plate or shell to that of the two dimensional middle surface, and as a 

consequence the theory cannot be developed into a more accurate theory. In contrast the 
Cauchy-Poisson theory has the advantage that, in principle at least, an exact theory may be 

developed.

Inaccuracies in the thin shell theory developed by Aron were corrected by Love in his theory of 

thin shells, which is also based on the Kirchhoff theory of plates, References [1] and [6 ]. 
However, the development given by Love is inconsistent with regard to small terms, and as a 
consequence many different versions of the thin shell formulae have resulted.

The deficiencies and limitations that result from the use of the Kirchhoff assumptions as a basis 
for developing a thin shell theory have been studied by the Russian School in the theory of 
shells, and summarised by Novozhilov in Reference [1] from which the following quote is 
taken.

"Although the works of Galerkin [93, 94, 128] relate to thick shells, he was able by his 
original methods to obtain all the formulae of the theory of shells from the equations of 
the general theory of elasticity. He thus played an important part in the development of 
a mathematically rigorous theory for thin shells. The equations of the theory of thin 
shells were for the first time deduced in this way by A.I. Lur'e [15, 17] who, however, 
was not able to give the necessary criterion for simplifying his formulae. This criterion 
was given in the papers by Novozhilov [30, 28] where the errors introduced by 
Kirchhoff into the theory of thin shells were elucidated and where it was proved that 
these errors are o f the order t/R in comparison with unity. In this way it was 
established that the above mentioned assumptions are sufficient for the construction of 
the theory of thin shells."

The derivation of the strain-displacement relations contained in Chapter Two include the terms 

that are cubic and quartic in the displacements of the middle surface, and the limitations present 

ih Reference [1], that displacements at a point are small in comparison with the thickness of the 
shell, may be lifted resulting in the Elastic Nonlinear Technical Theory of Thin Shells.
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THE KIRCHHOFF THIN SHELL EQUATIONS

2 .1  INTRODUCTION

In this chapter nonlinear strain-displacement relations are derived for thin shells of arbitrary 
shape based on the two assumptions of Kirchhoff. The method and notation used in deriving 
the strain displacement relations is based on the work of V.V.Novozhilov, Reference [1]. 
However, by extending the derivations to include the terms that are cubic and quartic in 
displacements the limitation present in the work of Novozhilov,

"that displacements at a point are small in comparison with the thickness of the shell"

may be lifted; and for all technical applications ’exact’ partial differential equations governing 
the behaviour of elastic isotropic thin shells are available.

The nonlinear strain displacement relations for thin shells are developed in Section 2.2. These 
relations are then specialised for shells of spherical geometry. Then in Section 2.3 they are 
used to express the strain energy of the deformed shell, and integration across the thickness of 
the shell is performed. At this stage the middle surface strain expressions include cubic and 
quartic terms, while only linear and quadratic terms are maintained in the curvature 
expressions.

The load potential energy for uniform pressure loading is derived in Section 2.4, allowing the 
total potential energy functional to be expressed in terms of the middle surface displacements 
and their derivatives.

Equilibrium and stability of the system are considered in Section 2.5, and the Euler equation is 
introduced. Finally, in anticipation of the solution of the equilibrium equations, boundary 
conditions for spherical shells at the singular points (poles) and for clamped edges are given in 
Section 2.6.
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2.2 STRAIN DISPLACEM ENT RELATIONS

The nonlinear strain displacement relations for thin shells are developed in this Section. First 
some fundamental results from the theory of surfaces are presented in Section 2.2.1.

In Section 2.2.2 the first Kirchhoff assumption is introduced, allowing the displacements 
through the thickness of the shell (uz, vz, wz ) to be expressed in terms of the middle surface 
(reference surface) displacements and their derivatives.

Then, in Section 2.2.3, the conditions that are required at the boundary of incomplete shells in 
order that the displacements are continuous within the shell are briefly considered.

The nonlinear strain displacement relations are derived in Section 2.2.4. In Section 2.2.5 the 
notation that is to be used for spherical shells is introduced, and the nonlinear strain 
displacement relations for spherical shells are given.

2 .2 .1  T heory of Surfaces

Let CCJ and ct2 be the curvilinear coordinates of the surface describing lines of principal 
curvature and hence orthogonal. Then in general the surface of the shell may be described by,

x = ^ (cq, a 2)
y = f2 (a 1, a 2) (2.1)
z = f3 (a 1, oq)

and in particular for spherical shells,

x = r cos9 sin<|> (2.2)
y = r sin0 sin<j> 
z = r cos<j>

where (j^cq, 0=02 , see Figure 2.1.

The surface may also be defined by the vector equation,
r = r (a 1, oq) (2.3)

and introducing the following notation for derivatives:

r «. = ^ T '  (2-4)

For spherical shells these expressions reduce to, 
i> = rel t  r0 = rsin<|>e2

where ej and e2 are unit vectors parallel to the cq and a 2 (<t> and 0 ) coordinate lines of the 
surface.
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The surface vector associated with a small change in and a 2 is given by,
d s = r a d a 1 + r^d a j

and the square of its length is given by, 

ds2 = (r0,. ra|) d a 2 + 2(r0i, r0j)da1da2 + (r0i, r^ d a *

where (ri? rp  denotes the scalar product, and as r al and r a2  are orthogonal (ra l , r, 

The Lame parameters may now be defined as:

Hence,

ds2 =AjdaJ + A^dc^ 

and when only 04 or 02  vary we have

dSi = Ajdocj; ds2 = A2d02

Defining the surface unit vectors as the right handed set (e1}e2,en) we have

«l = ^ a ,  e2 = i r r“2 en = [el* eJ  

where [ej» e2] is the vector product.

Differentiation of unit vectors, Figure 2.2, may be defined as follows:

|A(en)| _M 1M2 _ (Ajdcq)
" W "  Ri '  Ri e‘

Hence,

^en = A, 
d a x Rj 1

(2.5)

(2.6)

2)

(2.7)

(2. 8) 

(2.9)

(2 . 10)

(2 . 11)
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similarly

__ ^2  io\ ------ — e2 (2 . 12)
d a 2

The expressions (2.11) and (2.12) are valid only when and ct2 are lines of principal 
curvature and therefore orthogonal, the proof of this is known as the 'Theorem of Rodriques' 
in the theory of surfaces.

de-
To find where, i = 1,2 and j = 1,2 we note that, 

dr„. dr,
(2.13)a i _ ^ a2 _ d2r 

d a 2

and using equation (2 .10) we have

(2.14)da2 . dat

de, de.
Consider next the projection of and on the e j , e2, en axes, noting that

de i de i
(e- 5 ^ > s ( e >’ 5^ ) s 0

and

t y - o i s >

From (2.14) we have,

de2 _ j_  
3a7  A2

dAj e j
■ d£T

_1_ dA2 
A2 dot j (2.16)

Hence:

f .  i f .  9A ,e i\ x 3A2
^ J - ' A T h ’ -5 5 T J + a 7 5 5 T  (ei> e2>

-  Al fe ^e ‘ )  (e e l

1 dAt . .
A^S5P e>’ e>'
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therefore

— u — ( 217)

also

d e ,W ( e „ ,  e ,)  f  d e „ } = J  de„
. 5 a7 J  5a^ (, *’ d a , J  [  *’ d a ,

and using equation (2 .11)

, e ,) -  A  (2.18)

de.
Similarly (2.14) and (2.12) may be used to derive the projections of -r-1-  on e2 and en givinga a 2

( 2 1 9 )

(e"’ ^ ) =0
(2.20)

The derivatives of e2 may be found in a similar fashion giving the results listed below.

del 
da{ ~

1 5A1 
A2 3cc2 2

A,---- - eRj n

5a7~
3e2 _ _ l _ aA2 p 

Ax da{ 1

j_ a A 2 
A1 5a7 2

A2 ----— e
r2

3e2 _
3a7

J _ 0Ai e
A2 3cx2 1

ên = Aj ’ 
RTe ‘

3a7 —  e
r2 2

Also the conditions of Codazzi and Gauss'may be derived by considering the following 
identities:

y e n  y e „  ^  32e, _  3*e,
doqdo^ 3 a 28 a t 3 a 28 a 1
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Substituting from equation (2.21) into the first of the identities above, yields the condition of 
Codazzi

(2 .22)

and using equation (2.21) in the second identity results in the condition of Gauss.

3^7
3 ( j l 3a2 V  3

3 a 7 J  3 a 2 vA2 3 a 2 J
(2.23)

We now have sufficient relations, in equations (2.21), (2.22), and (2.23), to derive the strain 
displacement expressions for the shell.

2 .2 .2 .  Deformation of the Shell and the Nonlinear Variation of the

result of the shell's deformation, Figure 2.3. The point 0 ] located on the normal to the middle 
surface passing through O, and at a distance z from O undergoes the displacement Az That is, 
during the process of deformation the point O moves to the position O' and the point Oj to the 
position 0 \ ,  Figure 2.3.

Making use of the first of the Kirchhoff assumptions:

• The straight fibres of the shell which are perpendicular to the middle surface before 
deformation remain so after deformation and do not change their length.

It follows that the segment O 'o 'i will be perpendicular to the deformed middle surface and that
its length will be equal to that of 0 0 1, namely z. Hence we have the vector equations 

“ n + Az =A  + ze„

Displacements Within the Thickness of the Shell

Let the arbitrary point O on the middle surface of the shell undergo the displacement A as a

(2.24)

and

where e \ ,  e'2, e'n are the unit vectors of the deformed middle surface.
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Defining the projections of A and Az on e^  e2, and en as u, v, w and uz, vz, wz respectively, 
the vector equation of the deformed middle surface may be written as,

R = r+ A  = r+ u e j + ve2 + wen (2.25)

On differentiation of (2.25) and substitution from (2.21) we have

^ - ^ .  = (1 + e1) e i + co1e2 - d e n (2.26a)

where

£i = ^ ^ + a ^ 5 ^ v+57 ( 2 ' 2 7 a )

m = -L _ 1 Âl u
1 Aj d a x AjAj 3 a 2 

_  1 3w , u
^ " ~ a ^ + r7

Similarly

1 9R -  -  -  ^  -« .«  (2.26b)
^  ^  = 0,261 + (1 + 62)62 ~  Ve"

where

e2 = T - T 2L + AJ A -^A > 1+ F L 0.27b)Aj (7OC2 Aj A2 uOCj 2

GU -  1 dU 1 ^A2 v
^  A2 3 a 2 AtA2 5a7

 L  dw . v
A2 3 a 2 R2

The local coordinate frame of the deformed middle surface (e'lt e 2, e’n) is given by (2.10) as

6i - 7 ^ ; e- - [ e i * e2] (2-28)Aj  ̂ A2

and A \  and A 2 are the Lame parameters of the deformed middle surface given by equation 
(2.7) as

i _ i
2

Al "  A2 _
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Hence

Aj = A1[(l + e1)2 + o>J + 'd2] 5 (2.29)

Ai = A ^ l  + ej + i(c o 2 + ̂ 2) - i e 1(o>J + ̂ 2)  + ^ ( a > J  + ̂ 2) - i ( c o 2 + d 2) 2 + 0 5 th ]  

similarly

A j=  A ^ l+ e j  + I ^ + v ^ - i e ^ + x i / ^  + i e ^  + y 2) -  i ( o ^  + m?1) 1 + O5th] 

and

e ' = ^ - ^ ' = ^ (1+ei)ei+C 0' e 2 _ 'de^  A, d a > A,

e x = [ l - i ( c o 2+ 'd 2)  + e1 (co2 + d 2) - |e ^ ( c o 2+ 'd 2)  + | ( a )2 + d 2) 2 + 0 5 th ] e 1 (2.30)

+ C0j [ l  - £j -  i ( c o 2 + 1)2)  + eLl + -̂el (co2 + 1)2)  - e2 + O 4 th]e2 

- ^ [ l - e j  - i - ( c o 2 + d 2)  + e2 + | e 1 (co2+iD2) - £ j  + 0 4 th ] e n

Similarly

e2 = co2[ l - £ 2 - i ( c o 2 + y 2) + ̂  + |£ 2 (co2 + \j/2)-£^ + 0 4 th ]e 1 (2.31)

+ [l - i(o ^  + y 2) + 62 (<d2 + V2) - |e |(co£+ V2) + | ( c ^ + V2)2 + O 5th]e2 

- »|/[l - 62 - i ( o ^  + V2) + 4  + 1®2 (<°2 + v 2)  - ^  + o  4th]e„

also

e„ = [ e i • e2

e n = [ i3 -E 1'0 -c o 1v - i d ( a ) 2 +i32 + co2 + \j/2 - 2 £ 2) (2.32)

+ CDjYtej + £3) + ^-a^y (co2 + tf2 + co2 + y 2 -  2e^ -  2e^ -  2zlz )̂

+ 'd(co2 + \l/2) ( £ 2 + i-£1) - 'd £ j  + ^ '0 e1 (co2 +i32) + 0 5 th  ] eY

+ [ y - £ 2y - 'd c o 2- ^ y ( c o 2 + d 2 + co2 + y 2 - 2£^)

+ (£j +%) + ■̂co2'0 (co2 + -02 + ©2 + y 2 -  2eJ -  2 ^  -  2e2 Ej)

+ y(co2 + 132)  (£i + -̂£2)  -  y ^  + | y £2 (co2 + y 2)  + O 5th ] e2

+ [ l - c o 1co2- ^ ( c o 2 + co2 + 'd2 + y 2)  + co1co2(E1+ £2) + £1(co2 + '0 2)

+ £j (cOj + y 2)  + ĉOjCOj (coj + co£ + fl2 + y 2 -  2eJ -  2^  -  2e1£2)

-  | e J  (coj + 1)2)  -  |e *  (co2 + y 2)  + |(co J  + t32) 2 

+ | ( c ^  + y 2) 2 + i(c o 2 + i32) ( c ^  + y 2) + 0 5 t h l  en
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From equation (2.24), Az=A+(e'n-en)z where A=ue1+ve2+wen and substituting for e'n from 
equation (2.32) the variation of the displacement as a function of z is given by:

Az = ule 1+ v ze2 + wzen 

where

uz = u + z [ d - f le j - o ^ y - ^ i^ C D 2 + i32 + co2 + y 2 - 2£2)

+ G&! ̂ (E j + £2) + i-co! y  (co2 + # 2 + ci^ + y 2 -  2e^ -  2E2 -  2 ^  % )

+  'd (a ^  +  \|/2) ( £ 2 +  ^ £ 1) - 'd E i  +  |^ £ i  (co2 +  i!>2)  +  0 5 th  ]

vz = v + z [ y - y £ 2 -co2i3 - i y ( c o 2 + i32 + co2 + y 2 - 2E^)

+ dC02 (£i + £2) + ( Wi + “d2 + COj + y 2 -  2eJ -  2E2 -  2£t £j )

+ y(co2 + 'd2) ( £ 1 + |£ 2) - y £ ^  + |y £ 2 (a^  + y 2) + 0 5 th  ]

wz = w - z  [ i(co1+co2)2 + i ( d 2 + y 2) - c o 1co2 (£1+£2)

- £ j  (co2 + i32) - £ 2 (co2 + y 2) + |^ ( c o 2 + i32)

-  i-coj coj (coj + -d2 + g o 2 + y 2 -  2e^ -  2e^ -  2ej £2)

+ § 4  K + v 2) -  + s 2) 2 -  | ( c ^ + v 2)2

“ ^ ( ^ i  + ti2) ( c02 + V2) + O5th ]

2 .2 .3  Incom plete Shells and C ontinuity  of Displacements

The intersection of a boundary surface and the middle surface of the shell may be written as,

g (« i, a 2) = 0 or = f t ©  , a 2 = f2©  (2.34)

where d j and a % are the curvilinear coordinates of the shell middle surface describing the lines 
of principal curvature and therefore orthogonal, and ^ is the curvilinear coordinate, of the 
boundary, on the middle surface defined by g( a lf 0 2 ) = 0 .

Hence at the boundary,

The displacements of the shell uz,vz and wz are given by equations (2.33) and (2.27) on the 
region g (a lt 0^) < 0 (or g (a t , a 2) > 0), where the use of the first Kirchhoff assumption has 
allowed uz,vz and w2 to be defined by the middle surface displacements (u,v,w), their
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derivatives with respect to a x and (Su/So^, 8u/8a 2, Sv/Saj, 8v/8a 2, Sw/Sa^ 8W/S0C2) and

require the boundary surface to intersect the middle surface of the shell at right angles. Also in 
order that the derivatives of u, v, and w with respect to 0^  and 0C2 are defined on the region 
g (a 1} a 2)<0  (or g( a lf oc2)>0 ) u, v, and w must be continuous functions of a x and a 2 on the 
region g ( a j , a 2)< 0 (or g( a l 9a 2)>0). And as the choice of the middle surface as the 
reference surface is arbitrary uz,vz and wz are also required to be continuous on the region 
g (a 1} a 2)<0 (or g( a lt a 2)>0 ).

When u, v, and w are continuous on only one side of the boundary g (a 1} 0^) = 0 (a one-sided 
neighbourhood of g (a l5 a^) = 0), then the derivatives of u, v, and w with respect to and a 2 

at the boundary gCocj, c^) = 0 are not defined. Consequently the derivatives of u, v, and w 
with respect to a x and a 2 at the boundary g (a 1} a 2) = 0 will be determined so that the 
displacements uz,vz and wz are continuous on the region g (a 1} a ^ O  (or g( a lf a ^ O ) .

Let uz( ^), vz( £) and wz( be the orthogonal set of displacements of the boundary surface 
g (a l5 0 L2 ) = 0  such that,

the distance normal to the middle surface (z). The limitations of thin shell theory will therefore

A n  A n
(2.36)

wz = Wq + ZWj = wz

Hence
- da? _ d a  

u = u0 (2.37)

- da? - d a

w = w0 

and

(2.38)

where

Ku = - © 1\|r -i'd (a ^  + i32 + a^ + \i/2 -2 eJ )

+ ©! yte! + £2) + ^coj \|/(coJ + ti2 + + \\f2 -  2ef -  2e% -  2e1 £2)

+ d ( a ^  + \j/2) ( e 2 + i e 1) - 'd e j + 1 ^  (co2 + f>2) + 0 5 th
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Kv = \j/-\j/E2-© 2 '0 -y \j/(© 2 + tf2 + co£ + \j/2 -2 e ^ )

+ ©2 (ex + £2) + j -© ^  (coj + 1̂ 2 + ©2 + v 2 -  2eJ -  2e^ -  2e! £2)

+ v (c a j+ 152) (ei + i-ej) -  + |v e 2 ( t ^ + \|/2)  + O 5th

Kw= - i(cD1+co2)2 - I ( i 3 2 + v 2) + w1ct»2(e1+e2)

+e, (coJ + d 2) + e2(c ^ + v 2)- |e J (co J+ d 2)

+ ico, (Oj (to^ +&2 + a% + v 2 -  2eJ -  2e^ -  2el % )  

- ( 0^ + \|^ )  + | ( o j J + fl2) 2 + | ( o ^ + ti/2) 2

+ i(coJ + $ 2) (o)j + 1|/2) + O 5th 

and £]_, ©lt and ft and £2, ©2, and y  are given by equation (2.27).

Equations (2.37) and (2.38) are the boundary conditions that must be satisfied if the 
displacements uz,vz and wz are to be defined by the thin shell equations (2.33) and (2.27) on 
the region g (a x, a 2)<0  (or g( a lt a 2)>0 ), and be continuous on the region gCc^, oc2)<0 (or 
g (a 1} ot2)>0 ). The homogeneous boundary condition, all displacements on the boundary are 
zero, is of particular interest in its own right and in the idealized modelling of clamped shells 
and will be considered briefly below.

For a fully restrained boundary uz(^) = vz ©  = wz (^) = 0 for all hence

When d a x/d^= 0 on the boundary (0^  = f ^ )  = constant, = £ ) equations (2.37), (2.38) 
and (2.39) are satisfied when the displacements of the middle surface and their derivatives with 
respect to 04 and 02  at the boundary g (a l5 c^) = 0 are given by,

(2.39)

(2.40)
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Similarly when d a 2/d£= 0 on the boundary ( eg = §, a 2 = f2(?) = constant) the middle 
surface displacements and their derivatives at the boundary are given by,

12a2 -8A2a+ 4A |
3

(2.41)

When both dcq/d^ and dc^/d^ are non zero it may be shown that equations (2.37), (2.38) and
(2.39) are satisfied when,

and the four first derivatives of u and v with respect to oq and cq at the boundary are chosen to 
satisfy the following three equations,

in which Ej, co1} e2, and ctq, are given in terms of the derivatives of u and v with respect to oq 
and oq by equation (2.27). Three of the four derivatives of u and v with respect to cq and a 2 

may be expressed in terms of the fourth, which may be assigned arbitrarily. In particular when 
cubic expressions are used for the through thickness displacement relations of the shell, 
equations (2.42b) are satisfied by,

u = 0 
v = 0 
w = 0

(2.42a)

9u dog 3u d a2 _ n 
da,! d£ d a 2 d£ (2.42b)

3v dog . 3v da2 _ n 
3oq" d£ d a 2 d^

j(0>l + W2)2 - (CD, + CO2)(<»,£, + COjSj) - i-(C0, + CD2)2(3cdJ - 2 ( 0 ^  + 3co£)
+ |(co, + (02)(3co, ej + 3(02^) - i-co, cojtei -&1 ) 2 + C  5th = 0



which has the solution

3u _ _
5 « 7 _ a 5 « 7

where a is an arbitrary constant.

du
S a J = -a

d a ,
da.

3v _ a ^a i 
dotj A2 d a j

(2.44)

In general thin shell theory does not allow the middle surface displacements and their 
derivatives with respect to a x and a 2 to be uniquely determined at the boundary by the 
displacements of the boundary surface. A fifth condition involving either 5u/8a1 or 8v/8a 2 at 
the boundary is required for the unique definition of the boundary values of the middle surface 
displacements and their derivatives with respect to a : and 02-

2 .2 .4  Nonlinear Strain Displacement Relations

The strains, e, arising from the deformation of the shell's middle surface are given by,

=  % d s  7
ds

where 1

ds = Ada, ds = Ada

Making use of equation (2.29) to substitute for the Lame parameters A, A' we have

= = ei + i ( wi + ij2 ) _ l ei ( to? +i}2)

+ (<Bj + fl2) -  i(<nj + 1>2) 2 + O 5th (2.45)

6°* = = e2 + j ( a^  + V2) - j e 2 K  + V2)

+ (©2 + V2) -  ! ( g>2 + V2)2 + o  5th (2.46)

The shear strain, co, is given by 

sin(co) = ^elf e2j

and substimting from equations (2.30) and (2.31) we have

sin(co) = co1 + co2+ ('0\i/-e2co2 -ejCDj)

-  ^(coj + coj) (cOi + + o)£ + \|/2)  + + 0 ) ^

-  ̂ ( e j  + ej) + + # 2) + § ei ©1+ ei ©2)

+ (c<^+ v 2) + 1 ^ 0)2+ 62(0, ) - -  e^o)!

+ 05 th
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Making use of the expansion for x in terms of sin(x)

the shear strain may be expressed as follows:

co =  ©! +CO2 + ('d \l/-£2CD2- £ 1 (0^
-  ^(g)! + CO2) (©1 + f t2 + co£ + y 2)  + i(© ! + CO2)3 

+ co2^  + ©1e J - 'd y ( e 1 + e2) - e |c o 2-eJco1 

+ ( wj + ti2) ( +  |e,o), +6,0)2)

+ ( t^ + V 2) ( j e i  w, + le 2(o2+£2a l )

+ i(co, + (Oj)2 W y -  SjCOj -  e, o),) + 05th

(2.47)

To determine the curvature of the shell consider a surface parallel to the middle surface, at a 
distance z from the middle surface, see Figure 2.4, then we have

= R ,+ z  

R® = Rj + z

and

We may now express the strain as a function of z by using equation (2.45) as follows :

ds<z) = A ,( l  + ^ -)d a ,

M 1’ = A2 (1 + ^ ) d a 2

hence

A «  = A ,( l  + ^ ) (2.48)

ego = e(z> + 1  (co(z)2+ £ (z)2) -  i e (jz) (co^2+ t5(z)2)

+ i-e(z)2 (©(jz)2+ i5(z)2)  -  ^ (co f*2+ t^(z)2) 2 + O 5th

(2.49)
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With e f i \  cojW and -d(z) given by equations (2.27a) with Alf A2, Ri, R2 and u, v, w replaced 
by A! (z\  A2(z), R j^ ,  R2(z), and u2, vz, wz. Performing these substitutions and using the 
conditions of Coddazi results in

m  = i  r  a" z + _ i _ dAi v + ^ i
1 T + ^ L a , 3ot7 5ot7Vz R,J

„ (2) = _ i  [ j _  9yz ___i _  9A> „ "
1 1 + La ,  d a ,  A ,A j d a 2 *_

a w .  i  r j - 9wz 
I T ^ L ’A, 5a7 R,J

Similarly, the strain may be written as,

(2.50)

g(z) _ ê z) + 1  (cô z)2+ \j/z)2) - ^ z) (°o^)2+ \ / z)2)

+ i e f 2 (co<z)2 + \ / z)2)  - |-(co ẑ)2 + \ |/z)2) 2 + O 5th (2.51)

with

4 Z) = 1 + —
1 3v, 1 3A

4 Z) =

\j/z) =

1 + — R2

1 + — R2

A2 3cc2 Ai A2 3a i

jL  auz. 1 3 a 2
A2 3 a 2 Ai A2 3a i

2 wz u7 +

1 3wz vz +
A2 3 a 2

Finally the shear strain, co(z), is given by

G0(z) = C0(z) + C0̂z) + (fl(z)\j/<z) - £̂ z)cd̂z) - e^co ^ )

- j  (co^ + cô z))  (co^2+ i)(z)2+ cô z)2+ \|/z)2)

+ i(co(z) + cô z)) 3 + co f4 z)2+ co^e^2

- -d(zV z) (e(!Z) + 4 Z)) '  e2Z)3co2Z)" £(iZ)3co(iZ)

+ (co(z)2+ d (z)2) (ie^z)cô z) + + e^ co ^ )

+ (cô z)2+ V z)2) ( ie ^ c o ^  + |co^z)4 z) + 4 z)co(1z))

+ ^-(co^ + co<z>)2 (fl(zV z) - ̂ 2 ^ 2  - e fW ^ )  + 05th

(2.52)

(2.53)

The substitution of equations (2.33) into (2.50) and (2.52) will then allow the strains, 
equations (2.49), (2.51), (2.53), to be expressed in terms of the displacements of the middle 
surface u, v, and w and the distance, z, from the middle surface. The derivation of the 
nonlinear strains (as a function of z) presented above may be applied to any thin shell defined 
by equations (2.1) or (2.3).
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2 .2 .5  Nonlinear Strain-Displacement Relations Specialised for Spherical 
S h e lls .

At this point in the derivation of the strain-displacement relations the formulae will be 
specialised for shells of spherical geometry. This will reduce the number of terms carried 
through successive substitutions.

The following notation will be used for shells of spherical geometry.

<(> = «! , 9 = a 2 (2.54)

a s  Rj = r 2 = r

Aj s  a , A2 = a sin (j)

and differentiation with respect to (J) and 0 will be denoted by, 

u = 9u " = 32u
u ~  5* ’ U = W  ’

i'i = 9“ = 92u
u - 3 e  ’ u -  39* ’ -

The following notation will be used for the strain components of equation (2.27).

£l = a (U + W)  (2'55^

£2 = ^-(w + ucot<j)+v/sin<j>)

a  = co, = -  v 
1 a

p =  $  =

y = 0)2 = i(u /s in  <j>-v cot<j>)
$

5 = \|/ = i (v -w /s in  ((>)
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e » -

On substitution of (2.33), (2.50) and (2.52) into (2.49), (2.51) and (2.53) we have,

= 4 2  = t | £i +  j  (a2 +  P2) '  J ei (aZ + P2)  + j 6? ( « 2 + P2)  - g-(“ 2 + P2)2 + 0 5 th j

+ | | p - p 8! - P e , - a 8 - i ( a  + Y)2 - 5-ot2 - j 82 + 0 3 rd | ] (2.56)

4 2) = 4 2  = I ( ^  + ^(T 2 + 52) - ^ ( Y 2 + 52) + + 82) - g-Cy2 + 52)2 + 05th J

+ 1 { S/sin <j> + Pcot <j) - ̂ 8e2 + 882+ yp^/sin <j) (2 .57)

- (p£i + a S + y 8) cot <|>- i-(a+ y )2 - l y 2 - i p 2 + 03rd } ]

ES  = i <̂ z) = r + T  ^ 2 *  a  + y+ (P 8 -e2y -e 1a ) - i ( a + y ) ( a 2 + p2 +y2 + 82) (2.58)
a

+ ^ (a + y )3 +ye^ + ae j - pSfo + £2) - £^y- £3a  

+ (a 2 + p2) ( ^ y  + |e i  a  + £1y) + (y2 + S2) ( j ^  a  + ^ y  + 83a )

+ ^ (a + y )2 (P8 -£2y -£ 1a ) + 05th}

+ ^  { 8 + p/sin (j> - 8 cot (J) - Sej - 882 - yP - 8p

-(Pe, +Pfi! + a 8 + a 8 /sin <|) + (S£2 +yP)cot<J> + 8p

-a p -E j^ p  /sin <(>-S cot (Jj-y j-E^S-a)

- yf 8/sin (j) + p cot <J>1+ 03rd } ]

The nonlinear strain displacement relations for thin spherical shells are given
by (2.56), (2.57) and (2.58), with the notation defined by (2.54) and linear strain components
given by (2.55).
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2.3  THE STRAIN ENERGY FOR A DEFORMED SPHERICAL SHELL

The second Kirchhoff assumption may be stated as follows:

• The normal stresses acting on planes parallel to the middle surface may be neglected in 
comparison with the other stresses.

This assumption allows the stress-strain relations for an isotropic linear elastic material 
(Hooke's Law) with modulus of elasticity E, and Poisson's ratio \x to be written as,

= T^ rr « >+ n 4 z)) (2-59)

<4Z) = r ^ r ( 4 z)+K ° )

= r + j i  ( O

The elastic strain energy, U, of the spherical shell may then be written as

U = j M < H Z> + W  + K >̂ ] a2( 1 + f ) 2 sin <l)d0d(t1dz (2.60)

with the integration being performed over the entire volume of the shell.

Writing the nonlinear strain displacement relations (2.56), (2.57), (2.58) using the notation 
below,

<2) = IT T  W
a

(2.61)

4 °  = x i T (e9 + % )
a

4 1  = i r r (e8.>+ zW
a

allows the strain energy, U, to be expressed as
t

U = I- fU  l TTJIt CS + zJC, + )*(<* + % )][> ♦  + ZX*]

(2.62)

+ iT j j r f e  + %  + + ZX,)] + % ]

+ + ZX0, ] 2) a2 sin <(> ded<t>dz
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Performing the integration with respect to z from -t/2 to +t/2 results in

O . i

1

" C Et
-— (e  ̂+|X£e) + e0 (£e + ^ )  + 2 ( l - ^ ^ J a 2 sin <>d0d<t> 

J A " P*
(2.63)

+  — 
2

Et3
[x» CU + MCe) + Ze Ote + WU) + 2( 1 - n)Xe, ]  ■a2 sin ((> ded<j>

12(1 -H2)

Which may also be expressed as,

U = j / J P V *  + Nsee + 2Ne ,ee ,] a2 sin 4> ded<t>

+ | J { [ M,X , + Mee9 + 2Me,X9, ]  a2 sin <J> d9d<t> 

where

^  *" = 12(1 - ji2) ^  +

Ne = j-^j(a« + M£,) ■ Me = i2 ( l-^ ) (*e + MXt>

N = ^  r  M — Et3 y
0<t» 1 -t-jx e<*> ’ iV1e<l>- 12(1 +  p .)*0*

The nonlinear middle surface strains and curvatures first introduced in (2.61) are given by,

S  = e i + y (a2 +  P2)  * t £i (a2 +  P2) + t 6! (a2 +  P2)  ■ iK a2 +  P2) 2 + 0 5 t h

(2.64)

(2.65)

£e = e2 + ^ ( 72 + 52) - i e 2(y2 + 52) + ^ ( y 2 + 52) - | ( Y 2 + 52) 2 + 0 5 th

= i-[(a  + y) + (p 5 -e 2y -8 1a ) - i ( a  + y ) (a 2 + p2 + y2 + 62)

+ i ( a + y )3 +yE^ + ae^ - p 8 (e1 + 82) - ^ y - e 3a  

+ ( a 2 + p2)  ( ^ 7 + | e i a  + ^ y )  + ( f  + 52) a  + ^ y +  e2a )  

+ ^ (o t+ y)2 (p8 - ̂ y  - £i a )  + 05 th]

(2 .66)

X = ± p - p£j - p£! - a 8 - \ { a + y)2 - \ a 2 - i-82 + 03rd

Xq = i-[5/sin (j)+pcot<|)-^5£2 + 8£2 +yp^/sin (j)-ip2 

- ^y2 - ^-(a + y)2 - (p£2 + a 8 + y8) cot <j> + 03rd]
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(2 .6 6  contd .)

f '
-£i

V

Xe<t> = ^[8+p/sin<|)-5cot(t>-5e2-5e2-'yP-7P-aP + 8P

- fpe, + Pe! + a 8 + a s l  /sintp+ (Sej+ yP) cot <|>

- %(p/sin (j> - 8cot <|> - y) - y(s/sin <j> + pcot <|>)

5 -a j+ 0 3 rd ]

and from equation (2.55)

Ej = i(u + w ) , 82 = — (w + u cot <J) + v/sin <j>) (2.67)a. a

a =  iv  P = k u - w )d d.

y = ^-(u/sin (j)-v cot <J>) , 5 = i(v -w /s in  <j>)

The strain energy, U of the shell may now be expressed by equations (2.63) or (2.64) in terms 
of the displacements of the middle surface (u,v,w) with the aid of (2.66) and (2.67).

Within the limitations of the two Kirchhoff assumptions the expressions for the strain energy 
above contain all the terms in the displacements up to and including the fifth order terms in the 
membrane energy, and up to and including the cubic terms in the bending energy.

35



2 .4  THE LOAD POTENTIAL ENERGY FOR SPHERICAL SHELLS

When the external loads are normal to the middle surface of the shell, the change in the load 
potential energy (JL) due to the deformation of the shell is given by,

Wljbre P(0, <|)) is the load density and AV( 0 , <j>) is the elemental change in volume, and 
integration is over the entire middle surface of the shell. The volume enclosed by a deformed 
spherical surface is given by,

R0, X, and Y are defined in Figure 2.5, and given below, in which u,v,w are the middle 
surface displacements nondimensionalised by the radius (a).

= a(l + w + ucot<J>)sin §

X = d(J> + au sin (j) d<j) - aw cos (j) d(j>

Y = fyd0 + av d0

For uniform external pressure loading, P is independent of 0 and <|> and the load potential 
energy may be written in the following form.

h  =}jp(e. <l>)AV(0 ,<i>) d0 d<j> (2 .68)

(2.69)



2 .5  THE EQUILIBRIUM EQUATIONS FOR THIN SPHERICAL SHELLS

The total potential energy V of the system is given by the sum of strain energy U, equation
(2.63), and the load potential energy JL, equation (2.69).

V = U + JL (2.70)

By substitution from (2.55) and (2.56) we may write the total potential energy in the following 
form.

V = f  j f Tp , 0, (J>, u, v, w, u, v, w, u, v, w, w, w, w ] d0d<j) (2.71)

^ ^ e r e  0 and (j) are independent variables and u, v, and w are continuously differentiable JK 
functions of 0 , (j) to be determined, and the integration is carried out over the two dimensional 
middle surface of the shell.

For the system to be in a state of equilibrium it is necessary that the total potential energy be 
stationary with respect to any small kinematically admissible displacement function. For the 
equilibrium state to be stable the total potential energy must not only be stationary but must also 
be a complete relative minimum with respect to any small kinematically admissible 
displacements.

The calculus of variations, References [7] and [4], may be used to provide the necessary and 
sufficient conditions for equilibrium and stability.

By expanding the total potential energy as a Taylor series

V = V+AV (2.72)

AV = £5V + i-e2S2V + X e 383V+ ...

where §V, 52V, 83V are the first, second and third variations of V, the necessary condition for 
equilibrium is given by,

5V = 0 (2.73)

Stability of the equilibrium state requires that,

AV = 2f£252V + jj-e383V+ ... > 0 (2.74)

and stability will depend upon the sign of the second variation, ^ V . If the second variation is 
also zero then stability will depend on the third, fourth, etc. variations of the total potential 
energy.
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For a uniform pressure loading P, independent of 0 and <j>, the necessary or stationary 
condition (5V=0) is given by the Euler equations as follows.

E, = 0; 4  (2 £ )  + 4 s  = 0 (2.75)
^  3u d0 V3 u y ou

p _ n. d f3 F \  , d f3 F \  0F _ q
^  ’ # ^  + d 0 V 9 7 ) - 3 7 - °

F _ n. _ d i / 5 F \  , _ £ _ / d F \  , d2 / 3 F \  d / 3 F \  d / 3 F \ . 3F _ 0
(ty2 3w 3w 3 6 ^ '3 w  ' "  d$ ' '  d0 '9 w  '  5 ^

The Euler equations (2.75) are used in Chapter Four to derive the equilibrium equations for 
both the fundamental and secondary paths.
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2 .6  BOUNDARY CONDITIONS FOR INCOMPLETE CLAMPED SPHERES

The presentation of the boundary conditions in this Chapter anticipates the exact circumferential 
modelling of the shell equations introduced by equation (4.40) in Chapter Four.

^g en e ra l five boundary conditions (four for the axisymmetric case as v = 0) are required at 
that^pole (<J>=0,7t) and at the edges of the spherical cap in order that the displacements are 
uniquely defined and continuous over the shell, see Section 2.2.3. At the pole the shell is 
continuous and the five boundary conditions required may be derived by considering symmetry 
and anti-symmetry. While at the edge of the shell the fifth supplementary boundary condition 
has been derived by requiring that the first of the Euler equations Ei = 0, equation (2.75), is '
satisfied at the boundary.

2 .6 .1  Boundary Conditions at the Pole

The equilibrium equations become singular at the poles (<J)=0,tc) and have been replaced by the 
following sets of boundary conditions,

i = 0 u = u = 0 (2.76)

(v =  0)

w = w = 0

i = 1, 3, 5 ,... u = u = 0

v = 0 

w = w = 0

i = 2, 4, 6, ... u = u = 0

v = 0

w = w = 0

2 .6 .2  Boundary Conditions for Clamped Incomplete Spheres (Caps)

The 'natural' boundary conditions of the variational calculus, Reference [7], correspond to 
boundaries at which no work is done. Either the edge deflections and/or rotations are 
prescribed, or the corresponding edge forces and/or moments are zero.
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If work is done at the boundary supports, the supports yield, then the appropriate energy 
components expressed in terms of boundary integrals must be included in the total potential 
energy of the system.

For a clamped edge at <|)=4>b the following boundary conditions will be used for all 
circumferential modes ( i=0 , 1, 2 ...)

u = 0 ,  (u c o t^ + u K l + cO + Cw cot(|)b + w )a = 0 (2.77)

v = 0 

w = w = 0

The second supplementary condition for u has been derived by requiring that the first Euler 
equation Ej = 0 , equation (2.75) is satisfied at the boundary.
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0 = a

x = r cos 0 sin<J) 
y = r sin 0 sin<{) 
z = r cos <|>

Figure 2.1 Shell Geometry
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Figure 2.5 Volume of a Deformed Sphere
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CLASSICAL AND AXISYMMETRIC POSTBUCKLING ANALYSIS
OF COMPLETE SPHERICAL SHELLS

3 .1  IN TRO D U C TIO N

The first theoretical investigation of the elastic buckling of complete thin spherical shells under 
uniform pressure loading was undertaken by Zoelly in 1915. This method of analysis, and the 
lowest buckling or critical pressure that results, are frequently referred to as the classical 
analysis and the classical buckling or critical pressure of the perfect sphere. In the classical 
analysis of complete spherical shells buckling or bifurcation pressures are calculated from a 
linear eigenvalue problem, where the fundamental path consists of a pure radial contraction 
(membrane stresses) of the sphere, and the secondary or buckling mode is axisymmetric. This
method of analysis has become^a-standard part of the analysis of complete spherical shells, see

f  "t
for example Timoshenko and Grere/[8], Flugge [9] or Thompson and Hunt [3].

...

Although this method of analysis ignores buckling into nonaxisymmetric modes it has been 
claimed that, for the complete sphere, the eigenvalues associated with the nonaxisymmetric 
modes are coincident with the axisymmetric m o c ^  ThisMegeneracy being a consequence of 
the symmetry of the shell and loading; And that the nonaxisymmetric modes may be obtained 
by superposition of the axisymmetric modes with different orientations of the axes, while the 
number of possible modes increases with the radius to thickness ratio (r/t). A more detailed 
discussion of these coincident modes for the complete spherical shell is given by Hutchinson 
and Koiter [10], Thompson [11] and Silbiger [12].

Initial postbuckling analyses, for axisymmetric buckling of the complete spherical shell has 
been given by Koiter [13], Thompson [14], and Walker [15]. A multimode analysis which 
includes mode coupling between nonaxisymmetric and axisymmetric modes is also included in 
the work of Koiter [13]. In this work Koiter demonstrated that the range of validity of the 
axisymmetric postbuckling analysis tends to zero as the r/t ratio tends to infinity, as a result of 
mode coupling with the nonaxisymmetric periodic modes.

Although the classical analysis and the axisymmetric initial postbuckling analysis for complete 
spherical shells are limited by the considerations mentioned above, they are fundamental to the 
theoretical understanding of the elastic response of both complete and incomplete spherical 
shells, and are briefly reviewed below.



3 .2  AXISYMMETRIC BUCKLING ANALYSIS OF COMPLETE
SPHERICAL SHELLS

The notation used below for the axisymmetric buckling and the initial postbuckling analysis of 
complete spherical shells follows that used by Walker [15], the full derivation is contained in 
Appendix A, only the results of interest are presented below.

The axisymmetric strain displacement relations used in the classical analysis are given below, 
where the terms enclosed in the brackets, { }, are the terms derived in Chapter Two, that are 
required for consistency in the membrane and bending terms of the strain energy, these terms 
are neglected in the classical analysis.

8  ̂= u + w + i-w2+ {u2 - 2uw - j(u  + w)(u - w)2} (3.1)

80 = ucot<|> + w

As a result of neglecting the terms in the brackets { ) the expression for the strain energy, 
(A.2), is inconsistent in the quadratic terms of the bending energy, and the cubic and quartic 
terms of the membrane energy.

The load potential energy, (A.4) is given below, where similar linear, quadratic and cubic 
terms have been neglected from the complete expression given by equation (2.58).

As a result of using the above approximations, the fundamental path displacement is given by 
equation (A.6) as

X» = ~ w + { i u }

Ze = ~ w  cot <)> + {i-u cot $}

n

(3.2)
o

(3.3)

( Where r is the radius of the shell, t is the thickness, E the modulus of elasticity, u  is Poisson's 
ratio, and P is the uniform pressure load, and wf is the non-dimensional (with respect to r) 
radial displacement

The classical critical pressure is then given by equation (A. 15c) and (A.6) as
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p _ 2E
( ? )  <3'4>cl / 3 0 ^ j

The uniform radial contraction, at the classical critical pressure is given by,

Wf
t (3.5)

and for |i=0.3 the radial membrane contraction at the classical buckling pressure is 42.4% of 
the shell thickness.

The critical, buckling mode is given by the Legendre polynomial of order N, where N is given 
by (A. 15b) as

N (N + l) = . /1 2 ( l -n 2) f  (3.6)

and for large values of N, N = ^  12(1 - jx2) , and for |J. = 0.3 then N = 1.8-y^.

The results of the classical buckling analysis for complete spherical shells described above are 
presented in the upper set of curves on Figure 3.1. The individual contributions to the 
quadratic term of the total potential energy, equation (A. 9), that arise from the membrane and 
bending action of the shell, and the potential energy of the load are given by equation (A.36) of 
Appendix A. The axisymmetric nature of the buckling displacements in the classical analysis 
implies that these incremental displacements will develop circumferential bands of tension and 
compression. For the classical buckling of thin shells, equations (3.4) and (3.6), 
approximately 50% of the quadratic, buckling, strain energy of the shell is stored as 
circumferential membrane energy, with approximately the other 50% stored as meridional 
bending energy.

For buckling wavelengths that are longer than the classical critical wavelength, lower values of 
N, more than 50% of the incremental buckling strain energy of the shell is stored as 
circumferential membrane energy. The ability of the shell to develop circumferential bands of 
membrane compression will be sensitive to the presence of imperfections, therefore the effect 
of a reduction in the circumferential membrane stiffness on the buckling load will be of interest. 
The lower set of curves, on Figure 3.1, show the effect of performing the analysis described 
above with the circumferential membrane energy, U2M0» set to zero. When the circumferential 
membrane energy is completely eliminated from the classical analysis the buckling wavelength 
increases and the buckling load reduces. For a shell with a r/t of 700 the buckling wavelength 
doubles by comparison to the classical wavelength, N reduces from 48 to 24, and the buckling 
load is reduced to approximately 20% of the classical value.

./X
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3 .3  AXISYMMETRIC POSTBUCKLING ANALYSIS OF COMPLETE
SPHERICAL SHELLS

The postbuckling path has been obtained by solving for the coefficients of a perturbation 
expansion about the critical, classical, bifurcation point, this is described in Appendix A. The 
perturbation series for the postbuckling path, equation (A. 14), will contain cubic terms, as the 
expression for the total potential energy, equations (A.7) and (A.8), contained quartic terms

The postbuckling paths resulting from this analysis have been plotted in Figures 3.2 to 3.6 for 
values of the geometric slenderness parameter, X, of between 12 and 70, where X is defined 
as,

in which a  is the half angle of the spherical shell, for complete spheres a=K.

For complete spheres the thin shell assumptions are not valid for values of X less than about 
26, corresponding to a r/t ratio of 20.7, however postbuckling paths have been calculated for X 
values less than 26 as they may be representative of the behaviour exhibited by spherical caps, 
incomplete spherical shells, with equivalent X values but larger radius to thickness ratios.

Figure 3.7 shows the effect of truncating the perturbation series after the linear, quadratic and 
cubic terms, for a spherical shell with a slenderness, X, of 70.

Two points that arise from the classical buckling and postbuckling analysis of complete perfect 
spherical shells are of particular interest to the nonlinear elastic analysis of spherical caps. 
Firstly, the total prebuckling displacement, the fundamental path uniform radial contraction of 
the sphere, is approximately 42% of the shell thickness, equation (3.5), and the load carrying 
capacity of the shell on the postbuckling paths, Figure 3.2 to Figure 3 .6^^1/apidly for small 
amplitudes of the incremental displacements. In most cases the load carrying capacity of the 
shell drops to zero for postbuckling displacements with an amplitude of about 20% of the 
thickness of the shell. Secondly, despite the relatively small amplitude of the displacements, it 
is at least necessary to model the postbuckling path using a cubic expression, that is the total 
potential energy must contain at least quartic terms.

The postbuckling behaviour of the complete perfect spherical shell will influence the response 
of imperfect complete spherical shells or incomplete spherical caps. Therefore, and as the 
results of the classical analyses described above indicate, it is expected that the nonlinear 
axisymmetric fundamental path analysis of incomplete spherical caps will require at least cubic 
terms to be included in the equilibrium equations, that is quartic terms in the expression for the 
total potential energy.

(3.7)
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1.2
A, = 12 
r/t = 4.4

O N = 3 
□ N = 4 
A N = 5 
A N  = 6

0 .4.2 .2 .6-.4
Polar Displacement, WPA

Figure 3.2 Post Buckling Paths for Complete Spherical Shells, X = 12, N is the Order 
of the Legendre Polynomial of the Buckling mode.

O N = 4 
□ N = 5 
A N = 6 
ON = l

X = 2Q 
r/t = 12.3

1.2

.4 .2 0 .6.2 .4
Polar Displacement, Wp/t

Figure 3.3 Post Buckling Paths for Complete Spherical Shells, X = 20, N is the Order 
of the Legendre Polynomial of the Buckling mode.
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rA~= 31.4 D N  = 9 
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Figure 3.4 Post Buckling Paths for Complete Spherical Shells, X. = 32, N is the Order 
of the Legendre Polynomial of the Buckling mode.

O N = 14 
□ N = 15 
A N = 16 
O N  =17

X. = 50 
r/t = 76.7

1.8

1.6

12 1.4-* 

1.2 -

.2-

Polar Displacement, Wp/t

Figure 3.5 Post Buckling Paths for Complete Spherical Shells, X. = 50, N is the Order 
of the Legendre Polynomial of the Buckling mode.
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□ N = 21 
A N = 22 
A N = 23
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-.4
Polar Displacement, Wp/t

Figure 3.6 Post Buckling Paths for Complete Spherical Shells, X = 70, N is the Order 
of the Legendre Polynomial of the Buckling mode.

X = 70 °  Cubic Postbuckling equation
r/t = 150.2 n  Quadratic Postbuckling equation 

A Linear Postbuckling equation1.6

T3 1.4
O
J  1.2

Polar Displacement, Wp/t

Figure 3.7 Comparisons of Cubic, Quadratic and Linear Post Buckling Paths for a 
Complete Spherical Shell, X = 70.
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GENERAL SOLUTION M ETHODS FOR THE NONLINEAR FUNDAMENTAL 
PATH AND TH E LINEARISED SECONDARY PATH

4 .1  IN TRO D U CTIO N

General solution methods are presented in this Chapter for the nonlinear axisymmetric 
fundamental path, and the nonlinear eigenvalue problem that yields the location of the points of 
secondary path bifurcation and the initial mode shapes of the secondary paths at the points of 
bifurcation of the secondary paths from the nonlinear fundamental path. The nonlinear 
equilibrium equations of the shell will be formulated in such a way that they lend themselves to 
a solution procedure based on a finite difference discretization. Numerical solution algorithms, 
based on finite difference approximations of the partial derivatives that occur in the differential 
equations of this Chapter, are contained in Chapter Five.

Solution methods developed in this Chapter assume an axisymmetric fundamental path that 
may contain axisymmetric initial imperfections of a general nature. At zero pressure the initial 
displacement field and/or stress field will be axisymmetric or zero, and at low pressures the 
displacements of the shell will remain axisymmetric. As the pressure increases and 
deformations grow, so periodic components of the deformations may grow.

The fundamental equilibrium path (p ^  may be represented by the curve O'ABCD in Figure
4.1. At the maximum pressure, P ^ , the path would become unstable and the shell would snap 
buckle to some distant equilibrium state. A general power, or perturbation, series solution 
method capable of evaluating any nonlinear fundamental path is developed in Section 4.4 of 
this Chapter.

Secondary equilibrium paths (P2), with displacements that are periodic in the circumferential 
direction, may intersect the fundamental path at any point along its length, before or after the 
buckling point B. Secondary path solutions will consist of solving the nonlinear eigenvalue 
problem that yields the critical pressure, Pcr, and the initial mode shape associated with the 
secondary path at the point of bifurcation, point A in Figure 4.1.

Figure 4.2 provides a key to the methods and equations used in developing the fundamental 
and secondary path solutions. The total potential energy functional, Section 4.2, provides the 
common starting point for both the fundamental and secondary path analysis. Application of 
the stationary conditions, Sections 4.3 and 4.5, yield the nonlinear differential equations that 
govern equilibrium of the fundamental and secondary paths. A perturbation method is 
developed in Section 4.4 for solving the nonlinear fundamental path problem.

The linear terms of the secondary path equation, that is the terms of the secondary path that are 
linear in the incremental displacements x, give rise to a nonlinear eigenvalue/vector problem, 
equation (4.39) of Section 4.5. This eigenvalue problem is nonlinear in terms of the
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fundamental path displacements and load. An 'efficient' strategy for solving the nonlinear 
eigenvalue problem is presented in Section 5.4 of Chapter Five.

A perturbation technique similar to that used for the solution of the nonlinear fundamental path 
could be used to obtain the nonlinear post bifurcation, or secondary, path solution if desired. 
This nonlinear secondary path perturbation problem is indicated in Figure 4.2 by the dotted 
box, and has not been attempted in the present work.

Exact circumferential modelling of the middle surface displacements is introduced in Section 
4.6, making the derivatives contained in the equations presented in this Chapter functions of 
the meridional variable only. The energy components of the nonlinear fundamental path (the 
components of V0 and V^) and the quadratic components of the secondary path (the 
components of V2) are given in Section 4.7.

Table 4.1 defines the terms of the nonlinear axisymmetric equilibrium equation for thin 
spherical shells under uniform pressure loading, i.e. the nonlinear axisymmetric fundamental 
path equation, equation (4.31). And Table 4.2 defines the terms of the linearised secondary 
path equilibrium equation, i.e. the nonlinear eigenvalue problem, equation (4.39).
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4.2 THE NON-LINEAR TOTAL POTENTIAL ENERGY FUNCTIONAL

4 .2 .1  Displacement Notation

In the following notation the total displacements at the general point, (<j>, 0), on the middle 
surface of the spherical cap are written as,

uT = uT(<j>, 0) 
vT s  vT (<j>, 0 ) 
wT s  wT (<|), 0 )
and the uniform pressure, P, is independent of the coordinates § and 0.

7
By introducing the standard sliding notation, extended to include the initial axisymmetric 
geometric imperfection, the total displacements (uT, vT, wT) may be expressed as

uT a  u‘+ uf+ u  (4.1)

vT = v , v1 = vf = 0 

WT 3  w‘ + wf + w

{V$tere (u \ w1) are the axisymmetric initial geometric imperfections, and (uf, wO are the X  
axisymmetric fundamental path displacements, while (u, v, w) are the axisymmetric or periodic 
incremental displacements.

4 .2 .2  Non-linear strain displacement relations

Introducing the full nonlinear strain and the linear part of the curvature relations (2.66) and 
using x to denote the generalised displacements (u, v, w) with the superscript notation of 
(4.1) applying we have,

ej = ^(x1) = eT + j j ( vT)  + (PT)2 j ' j 6!  j ( vT) +(PT)2j  (4-2)

+ j ( eI )2 j ( vT)  +(PT)2j  ' | { ( vT)  +(PT)2J + -
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(4.2 contd.)

4  = £,(*0 = + i{(7T)2 + (5T)2} - I ^ j ^  + CS1)2}

+ I ( 4 ) 2{ W 2 + (5T) 2} - |{ ( y0 2 + (St ) 2}2+ ...

4* = = l 2[ (vT+YT)+(pT5T-£lvT-4 7 )

- i(vT+YT| v TJ + (f)2 + (PT)2 + (5T)2}

+ j [vT+yt] +yt(4 )2+v (eI)2 

-PTTr( 4 + 4 j - ( 4 ) , rr - (4 ) , vT

+|(̂ vTj + (PT)2|  Yt + yT+eI z)

+{(y1)2 + (ST)2j ^jej vT+ Y1+ 4  YT+ 4  vT]

+ l f v T+ YTJ  (pT8T-^ Y T -£j vt ^+ ...]

Xl = X,(xT) = 1 PT + -

Xj  = Ze(xT) = ^-(sT/sin <f> + p c o t ^ +  ...

Xe, = Xe»(xT) = ^ ( 5 T + PT/sin<t> - 5T cot<)>j+ ... 

with the linear components given by

e | = e ^ x 1) = uT+ w T (4.3)

e£ = e2 (xT) = wT+ uTcot<|>+vT/sin <J>

(3T = P(xT) = uT-w T

Yt = y(xT) = uT /sin (J> - vT cot <j)

8T = 5(xT) = vT-w T/sin <|>

In equations (4.2) and (4.3) the sliding notation, introduced in (4.1), has been applied to the 
nonlinear strain and linear curvature expressions. As a consequence of the nonlinearity of the 
strain displacement relations, in general

ej s  e))>(xT = x‘ + xf +x) *  e^x*) + e/x*) + e^x) s  ^ +ef +e  ̂ (4.4)

where e^, e^ , and are given by the strain displacement relations, equation (4.2), operating 
upon x \ xf, and x respectively.
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At the initial unloaded point O' in Figure 4.1 the displacements, x1, are axisymmetric and the 
strains and curvatures are given by

4  S e,(x‘) = 4  + i(P‘)2 - 1 4  (P1)2 + i-(ei)2 m 2 - + ... (4.5)

4  s  = e 2

4 *  = ®

x; = ^  7
Xe = ip* cot <(> 

s  0

with the linear axisymmetric components given by

£*! a  EiCx*) = u‘+ w‘ (4.6)

= £2(x‘) = w' + u 'c o t^

P1 = p(x*) = u ^ w 1 

y  = 81 = v‘ = 0

At any point along the axisymmetric fundamental path with displacements given by xH-xf,
(x a  0), the strains are given by the axisymmetric expressions (4.5) and (4.6) operating upon 
(xH-xO- It should be noted that the change in meridional strain due to the fundamental path 
displacement xf is given by (xH-xO - ê )(xi) and is not equal to e^x*).

However, as the circumferential strains and both meridional and circumferential curvatures are 
linear for axisymmetric displacements of the shell, the following relations hold

£0 (x* + xO = ee(xi) + ee(xf) = e2(xi) + e2(xf) (4.7)
(x* + xO = 0

X$ (x‘ + xO = %(|>(xi) + x <t>(xf) = ip (x l) + ip (x f)

X0(xi + xf) = %e(xi) + x <|)(xf) = ^ (x ^ c o tij)  + |-P(xf) cot <J)

X0<t>(xi + xf) = 0

and in this case £ef, Xq>{> Xef may be interpreted as the change in strains and curvatures due to 
the fundamental path displacements (x*).

Similarly the secondary path periodic displacements (x) are responsible for changes in the 
strains and curvatures of the shell. If the displacements at the point A in Figure 4.1 are given 
by (xH-xO, and the total displacements at a point on the secondary path p2 are given by 
xT=xM-xf+x, then the change in, say, the meridional strain from the initial unloaded state, O' in 
Figure 4.1, is given by e<t>( xT=xi+xf+x ) - e ^ x 1), which is not equal to e<j,(xf+x). Similar 
inequalities are also true for the other non-linear strains £e and £q̂  .
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Although the strain expressions (4.2) and (4.5) operating on the incremental periodic ^ ~ 
displacements (x) or the incremental fundamental displacement (^ re sp e c tiv e ly  i e  not in * 
general equal to the corresponding incremental strains, they do provide a useful notation when 
expanding the total potential energy functional.

4.2.3 Stress Resultants and Strain Energy

The total membrane (N^1, N0T, N ^ 7) and bending (M^7, M07, M ^ 7) stress resultants will be 
defined in terms of the corresponding strains by the use of equation (2.65), which is given 
below,

N j s N,(xT) = ^ ( e j + n e j )  (4.8)

N j a  Ne(xT) = (e j+ n e j)

Njt -  Ne,(x^) = ^ 4 ,
s  M,(xT) = ^ ( 4 + ^ )

=  M8 (xt ) =  1 2 ( f ! ^ ) ( x I + WC»)

<  s  M0«(xT) = i 2 a + ] i ) ^

in which the strains and curvatures are defined in equations (4.2) and (4.3), and the 
superscript notation of (4.1) applies.

If at the initial unloaded state O' in Figure 4.1 the displacements (x1) are accompanied by 
strains and curvatures ey, Eq\  x y , %qu giving rise to stress resultants N y, N0i, M y, Me1, 
then the total membrane and bending stress resultants at the general point x7 = xM-xf+x are 
given by (4.8), while the corresponding change in the strains (from the initial point O' to the 
general point x7) are given by (e^-ey), (£0T-e0i), etc.

However if the initial displacements (x1) are unstressed (stress relieved), then due to the 
linearity between stresses and strains, (4.8), the stress resultants at the general point x7 are 
given by N ^ -N y , N ^ -N y  etc, where N y, N0i, etc. are defined by (4.8) with the total strains 

(e^7, £e7, X<j>T> XeT) replaced by the corresponding initial strains (ey, e0i, %y, Xe1).

It should be noted that the change in the strain, from the point O' to the general point x7, 
remain the same, (e ^ -e y , etc.) for stressed or stress free initial imperfection displacements 
(x1).
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If we wish to include axisymmetric residual stress fields (N^R, Nqr , M^1*, MgR) that may be 
independent of the initial displacements (x1), then these residual stress resultants are simply 
added to the stress resultants N^1, or N^1 - N^1, etc. discussed above.

The membrane UM and bending UB strain energies, (2.64), are given by

u m = \ f  « - < )  + N9( 4 - 4 )  + 2Nh ( e j , - 4 , ) ] a 2 sin <t>ded<i> (4.9)

Ub = + sin <S>d0d<|)

where the integration is over the middle surface of the spherical cap.

In order that the strain energy is measured from a datum that corresponds to the unloaded initial 
state O' in Figure 4.1, the stress resultants are defined as

n ,  = n J - < n ;  > + n * (4.io)

Ne = N j-< N >  >+N *

N „  = N j,

m ,  = mJ - < m ; > + m J

Mq = Mj - < > +M^

Me, = M j,

where the following interpretations must be placed on the brackets < >.

for stressed initial imperfections (4.11)

< n ; > = 0

< n * > = 0

< K > = 0

< H > = 0

< n ; > = Nj,<l>
< n - > = « i
< K > = H
< H > = Mi

for stress - free initial imperfections

The introduction of the brackets, < >, allows the derivation and solution of all axisymmetric 
imperfection types to be treated as a single case. It is only necessary to specify the initial 
imperfection displacements x1, and whether they are stressed or stress free (the interpretation to 
be used for the brackets < >), along with the initial residual stress resultants N^R etc., when 
solving the resulting fundamental and secondary path equations.
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4 .2 .4  Load Potential Energy

The load potential energy, JL, for a uniform pressure load is given by

JL = - E J j  2[AV(xt)-AV(x‘)] a2 sin <|>d0d<|> (4.12)

Integration, over the middle surface of the shell, of the nonlinear change in volume AV(xT) 
represents the difference in volume between the perfect spherical cap and the deformed shell 
with generalised displacements xT=xH-xf+x, and AV(xT) from equation (2.69), is given by

4 .2 .5  The Total Potential Energy Functional

The total potential energy, V, may be written as the sum of the strain energy and the load 
potential energy as

in which the membrane and bending strain energies (UM, UB) and the increase in the external 
load potential energy JL for a uniformly loaded spherical shell are all measured from the initial 
unloaded state O' in Figure 4.1. Strain energies are given by equation (4.9) and may be 
written in terms of the generalised displacement by the use of equations (4.10), (4.8), (4.5), 
(4.6), (4.2), (4.3) and (4.1) with the notation of (4.11) defining the initial stress state, while 
the load potential energy is given by equation (4.12), and may be written in terms of the 
generalised displacements by using equation (4.13).

$

Expanding the total potential energy functional as a power series in the generalised incremental 
displacements (x), we have

where V0 is independent of the incremental displacement, (x), and Vj and V2 are linear and 
quadratic respectively in the incremental displacements (x).

AV7 s  AV(xt ) = i { 3 (wT+ uTcot <|>) + vT/sin <j)+ uT - wTcot <J> + 3(wT+ uTcot <j>)2 (4.13)

V = UM + UB + JL (4. 14)

V = Vq + Vj + V 2 + . . . (4.15)
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Thus Vj may be written as,

Vi -  U1>M + UliB + J1>L (4.16)

where the membrane (Uj M), bending (U ^ )  and load potential (J1>L) energies are given below

U l . M  _

Ka2 [ ei|(e ;+ n 4)( l- i(P !)2+e;(Ps)2+ ..•)}

+ p t a ; + n 4 )  ( p 1 - e!, p»+ (£j )2 ps - i ( P s)3 +  
+ £2 { (4  + ^ ) }  ] sin(|)d0d(|)

[e1fe(l-j(P!)2 + eSi(P“)2+ -)}

+  p { o ; ( P s - e s1Ps +  (es1)2P1-^ (P !)3 +  . . • ) }
+ ^ { Q e }  1 sin <j>d0d<}>

(4.17)

H i£  = aT c F  a

a
2

P^ Ps + ji|3scot (j> [• + p-j p*cot (j) + }ips|c o t  <(> sin (j)d0d(J)

[ p |p ‘ + jip^ot <{>j + pjP 'co t <J> + ja.pijco t <J>

+ < pJp' + ̂ p'cot^l + pip^ot^ + ixp'icottj)

+ pj * U p J - ^ - l  ] sin <bd0d<t)

(4.18)

= ' p J J  [ (w+ucot<t.){3 + 6es2 + 3 (e |)2+2es3 + 2 e | es3} (4.19)

+ £3 1 + 2e| + (£2 )  ̂}  ■+■ v/sin (j) ̂  1 + 2e| + £3 + (£2 )  ̂+ £2 £3 } ] sin^ (J)d0 d(J)

In equations (4.17), (4.18), and (4.19) the following notations and definitions have been 
introduced

v  _ Et 
K “  l-^ i2 ’

D =  Bfi_  
12(1 -jx2) * Ka2 12a2

Pa _  Pa(l -|x2) 
2EtP “ 2K "

£ 3  =  U -  W  cot (j)

(4.20)

(4.21)

(4.22)
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................................................. NJ
Q* = $  + V% + < $  + \ u * > " j r (4.23)

Nr
= 4 + K + <  4 + K > ' t t

and the superscript ’s' has been introduced to denote displacements, strains and curvatures of 
the axisymmetric fundamental path, i.e. xs=xM-xf, e^s=e^(xs) etc.

The terms of the total potential energy functional that are quadratic in the incremental 
displacements (x), may be treated in a similar manner to the linear terms as follows.

v2 = U2>M + U2(B + J2>L (4.24)

ere the membrane (U2,m)> bending (U2 3 ) and load potential (J2 3 ) energies are given 
below.
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W ' = l J J  £ ? + ^  + 2M*ie2 + 2 < l-H )(v + r) sin <(>d9d(t> (4.25)

2[ i p  + P2) | ( l  - e* + (es,)2 - i ( P s)2) ( 4  +  i ( P !)2 - i ( P ’)24  + . . .  +

+ j ( t 2 + 52)I(1  - 4  + (£, )2) ( 4 + ) i ( e 31 + i ( P ’)2 - i ( P ’)2e | + . . . ) ) !

+ e1p{-pI+2P!eJ1}+82Ji(pI)2J + p2j-i(p>)2} [^4 + e; + i(ps)2]
+ e! p {ps - ej p s + (e{ )2p! - (P*)3 + ...}

+ e 2{ - i ( p ‘)2 + 4 (p!)2 + ...1 + P 2| j ( P " ) 2 -e !1(p !)2J

+ ^ie2p |( p 1)2 - 4  p1 + (e!, )2P! - i ( p s)3l

+ ^ i S 2 |4 ( P !)2 + e i(P!)2|

+ (1 -H )[  v2| - e !, - i ( P s)2 +  Ice^)2 - 2(e;)3 + 2€s1(p, )2|

+ 72| - 4  - i ( p !)2 +  | ( P 3)2 - 2 (4 > 3 + 2 4 ( p s)2 +  4 ( P J)2J 

+ 5 2j i ( p j)2 - ( p , )2 ( 4 + 4 ) J

+  v7 {-(e$, + 4 ) - ( P ‘ )2 +  (e!1)2 +  ( 4 ) 2 + esi 4 ‘ ( 4 ) 3 
- ( 4 ) 3 + 4 ( p !)2 + 3 e s1(p !)2 - (g ,1)24 - e s1( 4 ) 2 )

+ v 8 |p ! - ps (24  + 4 )  - i(p> )3 + 2 (4  )2p! + 4  4 P !|

+ 7 5 |p s -P s( 4 + 2 4 ) - i ( P !)3 + 2 (4 )2p! + 4 4 P , |  ] ] s i n <|>d0d(|>

t v 2| i c 4 ( i - 4 + ( 4 ) 2 - i ( P s)2 + . . . ) }  

+ p 2| i ( ^ ( i - 4 + (4 )2 - | ( P !)2 + . . . ) j

+72| i (^  (1 - 4 +(4)2 )J + 82 ji(^  (i - 4  + (4 )2)J

+ 4 | i Q ; ( P !)2|  + e1p { Q ;(-P I + 2ps4 ) }  ] sin<t*d0d<t>
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u.2,B
Ka2" = ^ J J [  p2 + ^5/sin <j> + pcot<J>j +2|xp^5/sin (|)+Pcot<j)^ 

+ i ( l  - jx)^8 + p/sin <|> - 5cot (j>J ] sin <j) d0d(J)

J2,L
Ka2 = -P [ (w + ucot(|))2{3 + 3 4  + 4 }  + e3v/sin (J>{l+e^} 

+ 2(w  + ucot <J>)(v/sin <(>-I-£3){1  + £^}

(4.26)

(4.27)
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4 .3  THE FUNDAMENTAL PATH EQUILIBRIUM EQUATION

A stationary value of the total potential energy with respect to the generalised coordinates (x) is 
necessary and sufficient for the equilibrium of the system. Hence for equilibrium of the system

5V = 5V1+5V2+ ... = 0  (4.28)

On the fundamental path the incremental displacements, x, are identically zero, therefore

5V2 = 8V3 = ... = 0  (4.29)

and the fundamental path solution is given by the stationarity of Vj with respect to any general 
incremental displacements (x). That is, SV ^O  yields the fundamental path solution. The 
stationary condition (Chapter 2) is satisfied by the Euler equations, which for V lt given by 
(4.16), (4.17), (4.18) and (4.19), reduce to,

E>o r ^ : i ^ - a r = °  (4-30)

F  n r  F  • d 2 f dF \  d  ( 3F \  , 3F _ 0  

^  '  d<j> 5w

where F is the complete integrand of VL

When the Euler equations (4.30) are applied to the linear (in x) potential energy functional (Vx) 
a pair of fourth order nonlinear (in xf) differential equations of the following form result:

£  Aij(xs)j + p ^ B ij(x s)j = 0  for i = 1,3 (4.31)
j = o  j = o

in which xs=xi+xf .

The terms of equation (4.31) have been calculated and are tabulated in Table 4.1, in which the 
Ai<0 and Aifl(xs) terms are slightly different from those of expression (4.31). In anticipation 
of the solution method the constant and linear (in xs) terms have been altered and are tabulated 
as follows:

Ai o, of Table 4.1 =  A^o+A^x*), of equation (4.31)

Ai j ( x f), of Table 4.1 =  Aj ^x^xM-xO-Aj ^ x 1), of equation (4.31)
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Fourth order expressions have been used for the strains and linear expressions for the 
curvatures in equation (4.2), allowing the fundamental path equilibrium equation, equation 
(4.31), to include consistent fourth order strain terms and linear curvature terms.

Originally the derivation of the equilibrium equations for the nonlinear fundamental path was 
based on the quartic strain displacement and the quadratic curvature displacement expressions 
given by equation (2.66). The eigenvalue problem that results from the linearised secondary 
path was based on strain displacement relations that contained all terms up to and including the 
cubic terms and only the ’largest' of the terms that arise from the quartic terms, while quadratic 
curvature displacement relations were used. Subsequently, these equations were solved, 
yielding the nonlinear axisymmetric fundamental path, and the initial mode shape and location 
(on the nonlinear axisymmetric fundamental path) of the secondary paths that bifurcate from the 
fundamental path. By neglecting higher order terms in the strain displacement and curvature 
displacement expressions and by comparing the order of magnitude of displacements, their 
derivatives, the linear strain components and the contributions to the total potential energy for 
both the fundamental and secondary paths, the order of accuracy required for the strain and 
curvature expressions was established, and this is presented in Section 6.2.3 of Chapter Six. 
It was found that cubic strain and linear curvature expressions are required for consistent and 
accurate modelling of the nonlinear elastic response of thin spherical caps, accurate but 
inconsistent modelling may be achieved with quadratic strain displacement and linear curvature 
displacement expression. As the terms that arise from the use of quadratic curvature 
expressions, equation (2.66), require the introduction of new, and unnecessary, notation they 
have been neglected in equation (4.2), and no quadratic curvature terms are given in Table 4.1.
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4 .4  THE FUNDAMENTAL PATH PERTURBATION METHOD

In order to solve the nonlinear differential equation (4.31) a perturbation technique will be 
adopted. If some general point on the fundamental path is given by (p0, xs0 s  xH-xf0 ) which 
therefore satisfies the equilibrium equation (4.31), then we may construct the series

P = Po+Pie+P2e2+ •••

where e is some suitably defined perturbation parameter, and the fundamental path superscript 
'f  has been omitted from the individual linear, x lf quadratic, x2, etc. terms of the nonlinear 
fundamental path displacement xf. We would like to solve for x1? x2, x3... and p lf p2, £3 .. 
such that xs and p also satisfy equation (4.31).

Using the form of equation (4.31) defined in Table 4.1 and substituting for xs and $ from 
equation (4.32), and then collecting like powers of e together, we have an expression of the 
form

F b + R e + I^ e J + ̂ e 3+ ... = 0  (4.33)

in which the coefficients F0> F1? F2,... are functions of x*, pQ, Xj, and pj only. As equation 
(4.33) must be satisfied for all values of e it follows that the individual coefficients F0, Fl f ... 
must be zero, and this condition yields the sequence of "perturbation equations" given below.

x‘ + xf = x‘+ xJ + x ^ + X je2* ... = x j+  x1e + x 2e2+ ... (4.32)

F0 = 0 => Aj i(xJ) + Aj 2{(xJ)2} + Aj 3 { (x j)3} + Aj 4 { (x j)4}  + Aj 0 = 

= "Po[Bi,i (xo) +Bj 2((xJ)2) +Bj 0]

(4.34)

F2 = 0 =4 Aj(x2) = -P2[Si,0] - [  Ai,2{(xI)2)+ A i,3{3(xJ)(x1)2}

+ Aj,4 {6(xJ)2(x, )2 } + Pi Bj , {x ,) + Bj 2 {2(xJ)x!} ]

Fj = 0 =» Aj(x3) = -p 3[Bi.ol- [ Aii2{2xiX2} + Aj 3{(Xi)3+6(xJ)x,x2}

+ Ai,4 {4(xJ)xJ}  + Aji4 {12(xJ)x, x2 } + p, B i , {x2) 
+ p 2Biti {xj}+ PiBj 2{(Xl)2) + P,B i,2 {(x,)2}
+ PiBi,2 { 2 K )x 2} + p2Bii2{2(x’ )X[} + p0Bi 2{2x1x2) ]
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(4.34 contd.)
where

Ai(Xj) = Aj ,(Xj) + Aj 2{2(xJ)Xj} +Aj 3{3(xJ)2Xj} + A, 4{4(xJ)3Xj}

+  ̂ olIB i.lXj + B2 t 2(x*)Xj}]

and

In the above expressions i=l and 3 and the terms Ay(x)i and Bg(x)i are defined in Table 4.1.

In order to solve sequentially equation (4.34) for (j>lf x ^ , (p2> x2),... only an expression 
relating pj and Xj is required, and by considering the choice of perturbation parameter we can 
find such a condition. For convenience it is desirable to choose the perturbation parameter so 
that it increases continuously along the fundamental equilibrium path. This will be achieved by 
identifying the perturbation parameter (e) with the arc length (s) of the fundamental path, where 
s is defined as

Other, physically more obvious, definitions of perturbation parameter were tried, including the 
load parameter (p), the change in volume of the shell, and the radial displacement at the pole. 
None of these definitions proved adequate as the nonlinear fundamental state was not always 
uniquely defined by the perturbation parameter. That is, these definitions of the perturbation 
parameter do not yield a continuously increasing (or decreasing) value of the perturbation 
parameter along the fundamental path.

In order to ensure the unique definition of the fundamental state for any value of the 
perturbation parameter the fundamental path arc length definition has been adopted. 
Substitution of (4.32) into (4.35) yields

/•e I
s = J (){(P1 +2p2e+ 3p3e2+ ...)2 + (x! + 2x2e+ 3x3e2 + ...)2} 2 de 

hence

g f  = { [(P i)2 + (x i)2]  + 4 [p ,p 2 + x,x2]e + [6 p ,p 3 + 4(p2)2 + 6xt x3 +4(x2)2]e 2 + .. } i
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Now if we identify the perturbation parameter with the arc length, by putting s = a e, where a is 
some arbitrary non-zero constant, we may write

3§ =  a  =  { [ ( P i )2 + (xi)2] + 4[p1p2 + x1x2]e + [6 p 1p3 +4(p2)2+ 6xjX3 +4(x2)2] e2 + .. } 2 

which yields the following sequence of equations:

( p ^  + Cxj)2 = a2 (4.36)

4 p iP 2 +  4 x 1x 2 =  0

6pip3 + 4(p2)2 + 6xtx3 + 4 ( x 2)2 -  0

8pip4 + 12p2p3 + 8xjX4 + 12x2x3 = 0

etc.

Equations (4.34) and (4.36) may now be solved to yield the coefficients x2, x2, x3 ... and pj, 
$2, $3 ... of the fundamental path series given by equation (4.32).
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4.5  THE SECONDARY PATH EQUATION

The stationarity of Vj with respect to the generalised displacement (x) has been used to 
determine the fundamental path solution. Hence the equilibrium of the system, equation 
(4.28), for general non-zero periodic or secondary path, displacements is given by:

The linearised secondary path solution consists of determining the critical pressure, PCT and the

considering the solution of (4.37) which is linear in the generalised coordinate (x), that is 
8V2=0.

If it were desired a perturbation method analogous to that used for the fundamental path

and the uniform pressure load along the secondary path could be expressed in terms of a power 
series in the secondary path perturbation parameter. The solution of equation (4.37) would 
then be accomplished by setting the coefficients of like powers of the secondary path 
perturbation parameter to zero in a manner similar to that used in deriving equation (4.34). The 
present solution, given by putting 5V2=0, is identical to solving for the first term in the 
secondary path perturbation series.

The stationary condition, 5V2=0, is satisfied by the Euler equations

in which the quadratic (in the incremental displacements) components of the total potential 
energy V2 are given by equations (4.24), (4.25), (4.26) and (4.27), and F is the complete 
integrand of V2.

When the Euler equations (4.38) are applied to V2 a set of fourth order differential equations, 
linear in the incremental displacements (x) and their derivatives, but non-linear in the 
axisymmetric, fundamental path displacement (xs) and their derivatives results, and is of the 
following form:

5V2 + SV3 + ... = 0 (4.37)

initial mode shape of the secondary path at the point of bifurcation. This may be achieved by

solution could be set up for the secondary path. In which case the periodic displacement (x)

(4.38)

3
for i=  1,2,3 (4.39)
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The terms of equation (4.39) have been calculated and are presented in Table 4.2.

On substitution for xs and p from equation (4.32) into expression (4.39) a non-linear 
eigenvalue problem in terms of the fundamental path perturbation parameter (the eigenvalue) 
and the incremental displacement (x) (the eigenvector) results. It is the solution of this problem 
that yields the critical pressures and initial mode shapes of the secondary path displacement 
vector (x).

Fourth order expressions were used for the strain displacement and quadratic expressions for 
the curvatures displacement relations, equation (2.66), it is therefore possible to include 
consistent fourth order strain terms and quadratic curvature terms in equation (4.39). As for 
the fundamental path equilibrium equation, it is sufficient for consistent and accurate modelling 
of the elastic response of thin spherical caps to base the nonlinear eigenvalue problem, equation 
(4.39), on cubic strain and linear curvature expressions, and accurate but inconsistent 
modelling may be achieved with quadratic strain displacement and linear curvature 
displacement expression, see Chapter Six. For this reason the terms arising from the use of 
quadratic curvature expressions, equation (2.66), have been neglected in equation (4.2), and 
no quadratic curvature terms are given in Table 4.2. Also only the 'large' quartic terms (i.e. 
[Ai 3(xs)3](x )) arising from the use of quartic strain displacement relations, equation (4.2), are 
retained in Table 4.2.
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4 .6  THE CIRCUM FERENTIAL M ODELLING OF DISPLACEM ENTS.

Due to the axisymmetric properties of the spherical caps considered it is possible to express the 
displacements exactly as,

00
u = u(<|),0) = ^  Uj(<|)) cos i0 (4.40)

i = 0
OO

V = v(<t>, 0) = Vi(<j>) sin i0
1 = 0

OO

w = w((j), 0) = Wi(<j>) cos i0

The functions Uj((J)), v ^ )  and w ^ )  are dependent on <J) only, and no confusion will arise if we 
use the shorter notation of u^ and wA for these functions of <(>.

For the axisymmetric fundamental path, i=0, the fundamental path displacements are 
represented by

uf = u0 (4.41)
vf = v0 = 0 
wf = w0

Hence the fundamental path equations (4.32), (4.34) and (4.36) may be used exactly as they 
are, the displacements being functions of § only.

For secondary path displacements i may take any zero or positive integer value. However the 
quadratic nature (quadratic in x) of the total potential energy functional (4.24) defining the 
secondary path, and the well known properties of the following integrals:

J 2* sin i0 sin j0 d0 = J 2* cos i0 cos j0 d0 = 0 for i *  j (4.42)

= tc for i = j

and

r2*Jo sin i0 cos j0 d0 = 0  for all i and j
*

allow equations (4.25), (4.26) and (4.27) to be used as they are, with the understanding that 
the circumferential mode number, i, is implied by u, v and w in the sense that
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u = Uj cos i0 (4.43)
v = VJ sin i0 
w = Wj cos i0
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Equations (4.39) are linear in the incremental displacements u, v and w and their derivatives, 
and it may be seen, from Table 4.2, that a constant factor of cos(i0) can be cancelled from the 
Ex and E3 equations, and a factor of sin(i0) from the E2 equation.

Finally equation (4.39) and Table 4.2 may be used, provided the following interpretation is 
placed on the incremental displacements and their differentials:

u = Uj v = Vj w = Wj (4.44)

u = - iuj v = + ivj w = -iwj

u = -i2Uj v = - i2Vj w = -i2Wj

v = -i3Vj w = +i3Wj

w = +i4Wj

By specifying the circumferential mode number, i, the incremental displacements of the 
secondary path, equation (4.39), are dependent upon § only.
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4 .7  THE ENERGY COMPONENTS OF THE FUNDAMENTAL AND 
SECONDARY PATHS

The total potential energy functional defined as 

V = UM + UB + JL

and equations (4.9), (4.12) and (4.13) are the common starting point for the derivation of both 
the fundamental path equations ( S V ^ )  and the secondary path eigenvalue problem (5V2=0).

The solution (xf, pO and (x, p) of the nonlinear fundamental path problem and the nonlinear 
eigenvalue problem may be substituted into the total potential energy functional

v = v0+v1+v2+ ...

This will give us an independent check on the derivation of the equilibrium equations, and the 
accuracy of the solution methods used. In effect we are able to check that the solution process 
has solved the original problem formulated by the total potential energy functional. The back 
substitution into the total potential energy functional also provides us with useful information 
as to the way in which the energy absorbed by the shell under loading is distributed through the 
shell. The subscript notation V0, Vlf V2 etc. will be used to denote the terms of the total 
potential energy that are independent, linear and quadratically dependent on the generalised 
incremental displacements.

4 .7 .1  Energy Components of the Fundam ental Path  (V0)

The total potential energy at any point on the fundamental path (x=0), is given by,

V0 = U0|M + Uo>b + J0>l

and for the axisymmetric fundamental path we have

Uo.m = U0>M#+ U 0iMe (4.45)

Uq.b = U0>B̂ U 0>Be
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The meridional and circumferential membrane ( U 0tM<j> U 0 >M e) and bending (Uq̂ ^  Uo.bg) 
energies are

U 0 . m ,  _  i
TCa2- "  2 (e’ + sin 4>d0<:i<>

-e ^ j^  + < ej,+ n 4  > - ^ j  - nejej,

sin((>d0d(|>

sin<t>d6d<t>

Uo,
Ka2

Me _ i  
2 [£q (el + )] sin (J)d0d(j)

4

4

n r
- 4 i 4 + < 4 + K > -t t ! " K 4 sin <j)d0d(J)

4 j < 4 + K > -
Nk9
K sin<))d0d<)>

i t  r r
U0.B» _  a  
TCa5” “  2

O 
2

[XJ(XJ + MCP] sin<(Kied«t>

J  J  L

f • m J]
-X, \ x ;  + < x ;  + n x e > - -^ -  - rnclx* sin<J>d0d<j>

+ £ sin<j>d0d<$>

U,O.Be _  c t

Ka2 “  2

2

a
2

CxJOcJ + M-Xj)] sin(J)d0d(J)

-Xe{xe + <Xe + ^ > - ^ l - sin<l>d0d<j)

xj, < x | ,+ mc;* > - 1 7 sin(|)d0d(t)

while the load potential energy, J0<l is

^  = ^ J T  * 34  + ( 4 ‘ 4  + P,cot^  + 3(4 )2 + 24 ( 4 ’ e2 + P,cot<W + (4 )3

+ (4 )2(4  - 4 + PScot W ) ■ 13 4 + (£i ■ 4 + Picot W+ 3 (4  )2 
+ 2 ^ ( 4  - 4  + P‘cot <j>) + (4 )3 + (4 )2(e; - 4  + Plcot $) ) 1 sin<j)d0d<|>

(4.46)

(4.47)
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4 . 7 . 2  Incremental Linear Energy Components (V^

At any point on the fundamental path (x=0), the energy components associated with the linear 
terms of the total potential energy (Vx) represent the rates of change of the energy components 
associated with the incremental displacements along the fundamental path.

These components are
(4.48)

U i.m» _  I 
Ka2 ~ 2 _£j (2eJ + \u$ ) {1 - i ( P ’)2) + P(2e‘ + p ep (ps - e\ Ps) + jibjeJ] sin<j)d0d<t)

Ui. M e

Ka2
_ I  
“  2

I
“2

N
El {1 - i ( p s)2}.+ P(PS - £* Ps) H e; + < e; + K  > ’I T r sin(J)d0d(j)

8 2 ( 2 4 + + e, j 1 - i ( P ’)21 + P(P! - 8s, PS) K sin<|>d0d(j>

4 + < 4 + K > ' t t  + £i { 1 - + P(PS - 4  P‘) K sin(j)d0d<l)

U l . B

Ka2
♦ _

Ui.i
Ka2

a
2

a
2

a
2

a
2

p(2ps + |ip*cot <|>) + p(fipscot <J> sin(J)d0d<|)

M? \
P(P* + < p1 + fip'cot (j) > --jj-) + p(^p‘COt <{>) sin^d0d(j)

pcot <J> (2pscot<j) + jxps) + p(jip*cot (j>) sin<j>d0d({>

M?
pcot <j> (p‘cot <|> + < p‘cot <j> + p.p* > + P(jxplcot <J>) sin(j)d0d(J)

while the rate of change of the load potential energy Jx L is

l ’L -  -n

Ka2 “  "p [ (w + ucot<J>){3 + 6 4  + 3(£^)2 + 2e^ + 2 e ^ }  

+ (u - wcot (J)){ 1 + 2e  ̂+ (e^)2}] sin3(j)d0d(|)

(4.49)

4 . 7 . 3  Incremental Quadratic Energy Components (V2) '

Due to the non-linear strain displacement relations the incremental energy components 
associated with the initial mode shape of the secondary path, at the point of bifurcation from the 
nonlinear fundamental path, may be subdivided as follows
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U2.m, = I / J l N*e» + N„£„ + N ,e  + + N ,e , j  sinifidedcj) 

u 2,m s = j  fjyN eE a+N /ee +  NeEe +  Neeaj sin<(>dQd<t>

U 2,m „  =  i  [ f 2 [ N e *e« f  +  ^ * ^ t J  sin<t> ded<t>

U2,b,  = j J  J HZ<t, a2 sin<(> d0d<|>

u 2,Be = j J J  HXe &  sin<f) d0d<J>

u 2,b», = j J j2 M 9<,Xe*a2 sin«|)d0d(|)

J2L = ^  J f2^Av + A vja2 sinij)d0dij)

(4.50)

In equation (4.50) the superscript notation has been introduced in order to indicate the 
dependence of the energy components upon the fundamental and secondary path 
displacements. In this notation a prime (') is used to indicate a strain or stress resultant that is 
linear in the periodic incremental displacements, a double prime (") indicates quadratic 
components, and the (f) indicates linear or nonlinear dependence on the fundamental path 
displacements. Using the same notation we may write the individual energy components as

_ 1 
Ka2 2

_ 1 
Ka2 2

Ka2

+ jiEj) sintj) d0 dcj>

£2(82 + j i^ )  sin<j> d0 d(j)

i ( l  - |i)(v+ y)2 sin<j> d9dct>

(4.51)

&& _ 1 
Ka2 2 [ 2e, P j p ! - e5, Ps + (es,)2ps - i ( p s)3j  + ((e,)2 - (P)2) j- I (p * )2 + (p*)2^  J  

+ t i j ^ P ( Ps - P! + ( < )2P! + j-(Ps)3l + e ^ ( - j(P s)2 + (P!)2< )}] sin<j> d0d<t>

_ 1 
Ka2 " 2

/•

J  w

^ p ip 1 "̂ iP* J2 P* + i(P ,)3[+ e,e2f-i(P ’)2 + (P,)2e,1 sin<|> d0 d<t>
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(4.51 contd.)

“ W
_ 1 
“  2

f f."
M i
Ka2

_ I  
“  2

(1 -n) [ v2|-£] - I(P»)2 + 3(^)2 . 2(4 )3+2es1(P‘)2j  

+ f  j -4  - i(p ’)2 + | ( 4 ) 2-2(4)3+ 4 (p s)2 + e’1(p’)2|  

+ 82{ l(P !)2-es1(p’)2-e2’(P*)2J

+ vy { -t\ - 4 - (p!)2 + (e| )2 + (4)2 + e]^ - (4)3
- (ej)3+4(P ’)2 + 3e’(Ps)2- 4 (6s;)2 - e '(4 )2 }

+ v5|ps(l -2e| +4 )-i(p’)3 +2(4)2P!+44P j

+ 78 | p s( l - 2 4  + 4 ) - i ( p s)3 + 2 (4 )2ps + 4 4 P !l  ] sin<J>d0d<5>

[ I(v2+p2) |4  - (4 )2+ i(p s)2 - 14  (ps)2+(4 >

+ e, p{-4 p* - 2(4)2p! - I(P!)3} + (e2 - p2){ I(P!)24

1 3,

+ n{ i ( v 2+ p2)j 4  - 4 4 + 4 ( 4  >2 - i ( P !)24

2

\2 1/RSX2,

+ e, p (-4 P! - 24 4 pj)+(4 - p2) {i(P ‘)24 } > i sin(l, ded(l,

[ i (  V2 + P2)|e* - (4 )2 + i ( p !)2 - |4(PS)2 + (4>3}

+ e ,p { - 4 P s - 2 4 4 p s} + ( 4  - p2) | i ( p !)24  J  
+ M-l\ ( f  + 82)j4 + i(P!)2 - 4 4  + 4(4)2 - y4(P!)2 - Tei (P!)2}}] sin<t> dQdtp

N e e"e
Ka2

_ I  
2 [ i ( f !+ s 2) { 4 - ( 4 ) 2+ ( 4 ) 3}

+ |n (Y 2+ 82) | 4 - 4 4 + i ( p 1)2 ; j 4 ( P ’)2 - j 4 ( P s)2 + 4 ( 4 ) 4 1 sin<t> de d<t>
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f." f
^e®e
TCaT [ i(V2+ 52){ ^ -(e^ )2 + ( ^ ) 3}

+H( (v2 + p2) |4 - e ’14  + (es1)24 - i< p ,)24

1
2+ e, P (-^P *+ 2eJ ̂ P !) + (ej - p2) {i(Ps)24 }} ] sin<t> d6d<}>

U2.B, a  r
Ka2 2 J

U2.B.
f

a
Ka1 “ 2

J

U2.B», a
Ka2 “ 2

J

P(AV)'
f

A
n

Ka2 “ P

P P + |i(S/sin <|> + Pcot (J>) sin<t> dOdtJ)

P(AV)
Ka2 = P

(8/sin (j) + pcot <t>)(5/sin <j> + p cot<j> + |ip) sin<|> d0d(J) 

i ( l  - |i)(8 + p/sin <j> - Scot <t>)2 sin<j> dOd<{>

[ 3(w + ucot (j))2 + (u - wcot <j>) v/sin <j>

+ 2(w + ucot (J))(u - wcot <J> + v/sin <1>) ] sin3 <J> d0d<J>

r

[ (w + ucot <|))2(3e| + e^) + (u - wcot <j>) v/sin <()(ej)

+ 2(w + ucot <{>)(u - wcot <{> + v/sin <j>)(ê )

+ (w + ucot <j))v/sin <j>(e|) ] sin3(j> d0d<J>

(4.51 contd.)
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TABLE 4.1; Definition of terms in equation (4.31), page 1 of 2.

At,i(x f) = uf[- ( l + a)(cot2i|)+M-)]+ uf[(l + a)cot <M+ uf[l + a ]

+ wf[  1 + n + aCcot2 <(>+n ) ] + wf[-a  cot <W + wf[-a] + uf[jQj,] + wf[-yQj,]

A3.1 (xf) = uf[(1 + n)cot <j> - cx(l -|X +1 /sin2 i|>) cot <J>J + uf[ ( l  + [0 + ct(jj. +1 /sin2 <(>)] 

+ uf[-2ot cot <|>] + uf[-a] + wf[2(l + [t)] + wf[a (l - |t+  1/sin2 <(i)cot $]

+ wf[-a ([ t+ 1 /sin2 <(>)] + wf[2a cot <()] + wf[a]

+ uf[-iQj, - cot <(>]+uf[-jQj, ] + wf[jC4 + i-Qj, cot <]>] + wf[iQj, ]

Ai ,2(x!)2 = (Ps)2[y(l - it) cot <M + P!P! - Pse5 [-1] + ps£| [-nl 

+ (P!)2[jQ ; + cot  <t>] + P’P’t jQ jj  + P'e? [ - ^ i

A3.2(x!)2 = (Ps)24 ( l  + [t)] + P!ei [cot <|>] + P’e2 [|i cot <(>] + P'ej + p !£2 [[t] + Ps£i 

+ P!£| [M-] + (p1)2 [ jo ;  ] + P!e | [iQj, cot $ + iQ ; ] + P!e; 4 Q i] + e ! p J[iQ ;]

Ai .3(xs)3 = (ps)3[-i] + (Ps)2e! [- (1 - j[ t)  cot <M+(p, )2e2 [- iji c o t^  + p’P’ej [-2] 

+ P’(e!i )2 + p’e’i £| [|i] + (p‘)2£| [-fit] - (P’)2e? + P’P’ei [-it]

Aj ,3(xs)3 = (P!)3[jcot $] + (PS)2P3[4] + (p*)2£i [ - l - i [ t ]  + (P!)2e | [-i[i] 

+ ps(£? f  [-cot <]>] + P!e[ e | [-11 cot (j)] - ps(£i )2 + P’e; e2 [-|i.] 

-t-p’filfi] [-2] + P!e] e2 [-n] + P!e!£ | [-11]

Am (x5) 4 = (ps)4[ i  cot $ (M- - 3 )]+ (Ps)3 p![ - |]  + (P*)3£i [§ ]+(Ps)3e! [4li]

+ (Ps)2(eS )2[jcot <(.(3 - n )]+ (p’)2£? £2 [itcot <[>] + (P1)2^, e! [3] + (Ps)2£| e | [11] 

-t-(Ps)2E lil M  + P W 1)2 [3] + P!PS£i^2 [2ll] - ps(£i )3 + Ps(£i )2£2 [-11]

A3.4 (x*)4 = (P!)4[- |(3  + It)] + (P!)3esi [- |co t <S>] + (P’)3£2 [-jltcot (j)] + (ps)3£[ [- |]

+ (P!)V2 [4 ll] + (P!)2ps£i [ - |]  + (PS)2P5£ | [- |lt] + (ps)2(£s, ) 2[i(3  + rt]  

+ (ps)2£[ £ | []t] + ps (£j )3 [C0t((l] + Ps(£ |)2£2 [[tcot (|)] + Ps(es, )2£2 [|l]

+ ps(£] )2e2 [11] + Pse[ e2 e* [2[i] + P‘(e5 )3 + ps(£’, )2e{ [3]
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TAB LE 4.1; Definition of terms in equation (4.31), page 2 of 2.

Ai,o - - î) cot $+  P* - ei - fM  ] + p ^ i [-2p‘ + ei + jie^ ]

+ ( P ^ t - jP 1 - C1 - cot ♦ - 1 ^ 2cot <!> - \ \ l& - e\ ] + P ^ e i  [-ji] 

+ + |Q j, cot <(>] + ei pj[ 4 o i  ] + P 'P 'llo j,]

IIo p j [y( 1 + p,)p‘ + e\ cot ())+p£^ cot(J) + e\ + \i£2 ] + P1 [e\ + \i£i ]

+ (Pi)2[jP i cot<t> + ̂ p '- ( l  + jfi)e i - jl& h ] + P‘ei [-ei -N >]

+ pisi1 [-ei cot <|> - \v£2 cot (J) - 2e\ - 1lei, ] + p ^ i ei [-\i] + (P ^ tiQ j, ] 

+ P!el [^Ql cot ♦ + iQ l ] + p y  [£<$ ] + ei p ^ Q ;  ]

Bi.iCx1) = 2ps

B3,i (x‘) = -2 (e i+ e |)

B i .2(x')2 = 2Pse |

B3.2(x’)2 = - 2e| e |

Bi.o = 0

1*3,0 = -2

85



TABLE 4.2; Definition of terms in equation (4.39), page 1 of 6.

o X II U[-(1 + cx)(p.+ cot2^)] + u[(l + a )  cot <|>] + u[(l + a)]

+ u[^-(l + a )( l  - p.)/sin2<(>] + w[(l + p.) + a(p. + cot2^)] + w [-a cot (|)]

+ w[-a] + w[2a cot <t>/sin2<t>] + w [-a/sin2<j>] + v[-y(l + a)(3 - |icot <J)/sin <j>]

+ v[y(l + a)( 1 + p.)] ■+ ] + w[-jQj> J + u[-jQe> /sin2<|>] + v[yQk cot (j>/sin <j>]

[A 2>0]x  = u[y(l + a)(3 - p.)cot <j)/sin <|>] +u[|-(l + a ) ( l  + p.)/sin <J>]

+ v [i( l + a )( l  - p.)(l - cot2 4>)] + v [ i( l  + a ) ( l  - ^i)cot <J>] + v[±(l + a ) ( l  - jx)] 

+ v[(l + a)/sin2<j>] + w [-a (l - p.)/sin (j) + (1 + ji)/sin <j)J + w[-acot <t>/sin (j)]

+ w[-a/sin <|>] + w [-a/sin3<|>] + u [ - j( ic o t (j)/sin <|>] -t- v [ | - Q q  /sin2<|)]

+ w [ - |( j /s in  <t>]-hv[-^Qj,-yQ^cot <t>] + ]

[A 3>0]x  = u[-a(cot (j)/sin2(J)+ (1 - p.)cot (j>) +  (1 +  p,)cot <j>]+u[(l +  a )( l  +  p.) +  cxcot2^]

+  u[-2acot <j>] +  u[-a] +  ii[-acot (j)/sin2<j)] + u [-a/sin2 <j>]

+ v[-a(l/sin3<|) + (l - p.)/sin <t>) (1 +p.)/sin <|)] + v[acot <J)/sin (j)] +  v [-a/sin <|>] 

+  v [-a/sin3 (J)] +  w[2(l +  p.)] +  w[a(cot <l>/sin2<|) +  (1 - p.)cot $]

+  w [-a(l +  p. +  cot2<j>)] +  w[2acot (J)] +  w[a]

+  w^co^cjj/sin2 <|) -h (3 - p.)/sin2<|>] +  w[-2acot <t>/sin2<(>] +  w [2oc/sin2<t>]

+  w [a/sin4(J)] +  u t— Qj, - iQ j ,cot <j>] +  v [-^ Q b  /sin <|>] +  u t-^Q j, ]

+  w[i05. + iQ j)cot(t)] +  w[iQj) ] + w [ j( js in 2(J>]
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TABLE 4.2; Definition of terms in equation (4.39), page 2 of 6.

[A i,i(x !)]x  = u[-esi - nel + p8 + (1 - 2|i)Pscot <t>] + w[-(l + M-)PS]

+ w[ei + jiel - ps - (1 - (i)pscot <J>] + w[-Ps] + u[p.(ei + el)/sin2<J>]

+ w [-j(l -jj.)ps/sin2(|)] + v[-}i(ei + e |)co t <|>/sin <j) + j ( l  -3 |i)P8/sin <j)]

+ v [4 ( l  - |x)(e! + s | )/sin <|>3 + u[iQ* ps - ^  (ps + pscot (j) - e i )] + w[ 4 q ;  ps]

+ w [4 Q i ps + yQj> (e* - Ps - Pscot (())] + iifjQe e | /sin2<|>] + v[4Qa el cot (|)/sin <j>] 

+ w [-iQ ;p s]

IIX1---1
✓—s
wX'w'

1__
1 u[\i(e\ + el )cot (j)/sin § - i ( l  - |i)(ei + el )/sin (j) - i ( l  - 3p.)Ps/sin <|>]

+ v [ (1 - j ( l  + |i) - jj-cot2<|>)ei + (4 (3  - p.) - M-cot2 <j>)el + j ( l  - pO(ei + el )cot <j>

+ 4(1 - M-)Pscot <!> + ^(1 - |J.)PS]

+ w[jiei /sin (J) + el/sin  (j)-j(l - |i)p s/sin (|>-^(1 -}i)pscot 4>/sin <t>]

+ u [4 ( l  - ji)(ei + el )/sin <j>] + v[^(ei + e l) + ji(ei + el )cot <t>] 

w [~4( 1 -h jo.) Ps /sin <>] -h v [jx(ei + el)] + u4c&elcot<|>/sin <|>]

+ v[4Q kel /sin2(J>] + w [ e l  /sin M + vtjQ^ei + jQ j,(ei + eicot<j>)]

+ v4Q *ei]

[ A 3, i ( x s ) ] x  =

t

u[(ei + |±e! )cot (j) + e? + jiel + ps + p.p8cot <j>]

+ v[(|iei + e l)/s in  <j>+p.p8/sin <|> - -^(1 -p.)P8cot<l>/sin (J)]

+ w[(l + n)(Ps + pscot <)>)] + u[ei + jxel + ps + (1 + jx)Pscot <t>]

+ v [ j( l  + |i)ps/sin(|)] + w[-e; -p e l -(ei + pel)cot<|>]+u[p8] + w[-e? + jie l]

+ w[-(el + jxei )/sin2<t>] + u 4 ( l  - p,)p8/sin2<j>]

+ utyQj, ei + (ei + ei cot <i> + p8)] + vtjQe el /sin <|>]

+ w 4 Q i ps + iQ* (ps + pscot <|>)] + u [iQ i p8 + ±Q* (ei + p8 + p8cot <t>)]

+ w[40j>ei + ei cot (J))] + u tjQ j,ps] + wt-jQ^ei ] + w [ - |( je l /s in 2(|)]
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TABLE 4.2; Definition of terms in equation (4.39), page 3 of 6.

[A li2(x!)2]x  = u [- j(3  - n)(Ps)2 + (ei f  + nei e | - P5(2ei + ) - Ps(2ei +  n 4 )

- ps(2ei + |xe| )cot <|>+ 2|ie , p ’cot <j> - nP‘ p !cot <|> ]

+ u[-2psp ! -(P s)2cot <|>] + u[- (Ps)2]

+ i i [ 4 ( l  - 2m-)(Ps)2 +  i ( l  - 3nXel )2 - H£i e!)/sin2<|>]

+ w[-(2 + n)Psp! + (2 + n )P ’ei + P se | - (P‘)2cot<M

+ w [ i ( l  - nXP!)2 - ei (ei + n e i) + P‘(2ei + y k ) + P W ,  + |xe |)
+ Ps(2ei +• |xe |) cot <{> - p.pse? cot <{> ]

+ w[P’(2ei + n e |) ]  +  w [ j ( l - n ) P s(ei -t-2ei )/sin2<t>]

+ v [ {i ( l  - 2|t)(Ps)2 - i ( l  - 3 h X 4  )2 + |te ie |) c o t  <t>/sin <|>

-t- {jxe! pa -m-P’P - id - tD P X e i + 2e|)}/sin<M

+ v [-j |i(P !)2/sin $ + i ( l  - M-)((ei )2 + (e i)2 - (P!)2 +  ei e | ) /s in  <>]

+ u [ i q , (  (e i)2 - | ( P S)2 -2 P !e? -2 p !ei -2 p sei cot <t>)-C^eips]

+ u [-iQ ; (Ps)2 - 40j, ( (Ps)2cot $ + 2P‘P!)]

+ w [4Q j, (P5)2 - iQ5 ( (P!)2cot <t>+2p ’P’ + 2Pse i)]

+ w [4 < 4  ((e? )2 - 4(PS)2 - 2psei - 2psei - 2p‘ei cot <|>) -'% p!e? ]

+ u [4 Q U e i)2/sin2<M + v [jQ eeico t <J>/sin «  + u[40S>(P’)2l + wtQJ.P’ei ]
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TABLE 4.2; Definition of terms in equation (4.39), page 4 of 6.

[A2,2(xs)2] x = u [ { - j( l - 2n)(Ps)2 + j ( l  - 3|i)(el)2 - nef e2 }cot <t>/sin $ - us? ps/sin $

+ (1 - H) {-Ps Ps + e! (el + ±e! ) + el (e! + y e i) + j  P* (el + 2e1 )) /sin <p]

+ v [{ j( l-2 n )(p $)2 - j ( l  - 3|a.)(e| )2 + he’ e|  } cot?<t> - j (P ’)2+ el (el + jj-Ei )

+ (1-H )(P’Ps -e5 (el + |e | ) - e | ( e |  + \ n \ )}cot$

+ (1 - + ^(e! )2 + j ( £ |) 2 + H  e l }

-(1 -H ){ ip !(2E? + £ l ) + ip s(2£5 + 4 )}

- ( l-H ){ ip !(2El + £ l)+ P I(£I1 +2ei)}cot«|)]

+ w [ {i ( l  - nXPs)2 - 4  (Hel + e l )} /sin <|>

+ ( l - H ) 4 P ‘(2ei + e ! ) + jP 5(2£i +el))/sin(t>

+ i ( l  - h)P!(£i + 2e1 )cot (p/sin $ ]

+ u [-j(P !)2/sin <()+}(1 -n ) {(ef )2 + (£2 f  + el e l } /sin <|>]

+ w[Pse! /sin $ + y (l - |i)Psel /sin <j>]

+ v[p.p*ps + (1 - 3fX)£i £1 -H(£i£l + £ l£ l)
+ { j |i ( p !)2 + j ( l  - 3|X)(e1 f  - |J£i el 1 cot <!>]

+ v[j|J.(p!)2 + ^(1 - 3h)(e! )2 - |X£i el ] + u[ 4 q |, (£l )2cot <t>/sin <M

+ v[±-C& (£l )2 cot2*!) + j-Qj, (£l )2] + w[-{0)(e2 )2/sin $]

+ v [ 4 q ;  {(£? )2 -^ ( p s)2) 4 o ;  {2ei ei - ps ps+ (ei f  cot $ - ^(P!)2 cot «  ]

+v[4Qj,{(ei)2- i(P !)2)]



TABLE 4.2; Definition of terms in equation (4.39), page 5 of 6.

[ A 3.2 (X S) 2X] = u[ 3PsPs -2eie? - |X P s e2 + eie |)+ P ,(-2ei -|i£|)

+ {|(P3)2 - (e! )2 - M-£i e| -uP'e? -M-Psei - j|i(Ps)2)cot $]

+ v[ {j ( l  - n)(Ps)2 - (e| )2 - ne! e| - hPse? - hPse! } /sin <|>
+ y(l - H)Ps(2e| +e1 )cot <p/sin <p]

+ w[ - (1 + n)(p5)2 - P!(2e? + ] i4 ) - Ps(2e? + (ieJ ) - P! + ei Ps)
- Ps(2e‘ + jxe| )cot (j) - he! p’cot $]

+ u[ - i ( l  + n)(ps)2 - E l ( E l  + (tel) - Ps(2e? + He| ) - Ps(2e? + (tel)
- P!(2ei + (tel )cot <)> - |xe? P’cot <(>]

+ w[-3psps + 2e‘ Ei + jxCfif e| + e? e i)+ (-|(P!)2+ (ei )2 + |X£si £2 ) cot $]

+ v[-|iE? P’/sin <()-}(1 - h)P,(2e! + 4  )/sin <|>] + u[-Ps(2ei + ne| )]

+ w[-|(P!)2 + (£1 )2 + (tei £2 ] + w[(-y(P5)2 + (Ei )2 + (tei e l} /sin2<|>]

+ ii[-i(l-H)P!(£i + 2el)/sin2<t>]

+ u [ -yQj, (2e!i£i -3p‘Ps + (Ei )2cot $ - |(P ’)2cot <)> + 2P!e1 )

4 o ; ( ( e i )2 -l(P')2)]
+ V[4 <S(e|)2/sin<t>]

+ w[-Q> P!e! -i< ^ (2P!Ef+2psEi +2P!Eicot$+(P!)2}]

+ u[-($ Pse! - iQ; (2pse? + 2pV, + 2p!ei cot 4 + (ei f  4 (P !)2})

+ w[iQj, {(Ei )2 - f(P1)2} + ̂  {2eief - 3P!PS + (ei )2cot <(>-f(ps)2cot *)] 

+ ut-Qj, P*e? ] + w[i(^ {(ei )2 - |(P ’)2)] + vv[i(j (e| )2/sin2<t>]

[ A , . 3 ( x * ) 3 ] x  = u[-|ps(p!)2]+u[2psps(3ei +he1) + (P!)2(3e? + |xe|) cot <(>]

+ w[2Psp!(3ei +ne? +n£|)+(Ps)2(3ei +HE|)cot<jil+w[fps(P1)2 

+ i ( 3 - n)(p!)3 cot <M + u[i(2- 3(J.)(P’)2(ei + e|) / sin2<M 

+ w [j(l -n)(Ps)3 / sin2<t)] + v[2(xeiP'p! /  sin$]+u[(P,)2(3e{ + (iei)] 

+ w[|(P5)3] + vtnei(p1)2 / sin<()+ i ( l - n)(Ps)2(3ei +ei)/sin<|>]
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TABLE 4.2; Definition of terms in equation (4.39), page 6 of 6.

[A 2.3(xs)3] x  = u [ j(2 - 3 |i)(p ’)2(e? + e2 )cot <|>/sin $ + (1 - |i)p !ps(3e] + e | )/sin <j>]

+ v [ - j (2 - 3|i)(Ps)2(ei + e 2)co t2(j>-f(l -nX P !)2P‘

-Cl - M-)P*P‘(3®5 + e 2)cot(j»]

+ w [ f ( l - n ) (P s)2ps/sin  <t>] + u[^eU ps)2/sin  <|>+i(l - jj.)(Ps)2(3e! + e |) /s in  <t>] 

+ v[Psps(-|xe2 + (1 -4 |i)E i)]

[A 3,3(x‘)3] x  = u[psP‘(-9ei - 3 n e |) -  | ( p ’)3 - f  n(P!)2Pscoc<(>] + v [-fn (P J)2P 7 s in «(,] 

+ w [- |(P s)2p! - §(P’)3cot <|>- |n ( P ‘)2Ps - in ( P !)3cot <M 

+ u [- |(P “)2Ps - j(3  + n)(P’)3cot <M

+ w [psps(9e; +3|xe2) + i ( P ') 2(9e’ + 3 ^ |)co t< M  + u [-f(p !)3] 

+ w [ i(P J)2(9e? + 3 n 4 ) ]  + w [j(2 -n X P I)2(el + e i) /s in 2<|>]

+ u [ - i ( l - n X P s)3/sin2(t>]

[Bi,0]x u[-2] + w[2] + v[sin (j)]

[B2,o]x = u[2cos <(>] + u[sin <(>] + w[2sin (j)] + w[- cos <j)]

[B3 ,o]x u[2cot(j)] + w[4] + u[2] + v [ l/s in  <j)] + v[cos <|>]

[Bm (x!)]x = u[-2e| -2 p scot(j>] + w [-2ps] + v[-ps/ s in <()] + w [2 e |]  + v[£2 sin<j>]

[B2 ,i(x!)]x = u[(£? + £ | + pscot §) cos (j)] + u[£| sin <|>] +  w[(£* + £ | + |3scot <j>)sin <j>] 

+ w [-£| cos <|>]

[B3 .i(x‘)]x = u[2£i cot <J)] + w[2£i + 2 £ |]  + u[2£| ] + v[£si/sin<j)] +  v[£2 COS(j>]
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Load
(P)

P,cr

( P , X T) = (P(eA) , X i+ X f(eA) + X )

( P , X 1 ) = ( P (e), X*+ X (e ) )

O' Fundamental Path Perturbation Parameter (e)

Figure 4.1 Fundamental and Secondary Equilibrium paths, Load -vs- Perturbation Parameter.
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CHAPTER FIVE

NUMERICAL SOLUTION ALGORITHMS BASED ON 
FINITE DIFFERENCE SOLUTIONS OF THE 

KIRCHHOFF EQUATIONS

94



CHAPTER FIVE

CO NTEN TS

5 .1  IN TRO D U C TIO N

5 .2  TH E FIN ITE DIFFERENCE DISCRETIZATION

5 .3  THE FUNDAMENTAL PATH SOLUTION ALGORITHM S

5 .4  THE SECONDARY PATH SOLUTION ALGORITHM S

5 .4 .1  The L inear Eigenvalue Problem

5 .4 .2  The N on-linear Eigenvalue Problem

95



NUM ERICAL SOLUTION ALGORITHM S BASED ON FINITE DIFFERENCE 
SOLUTIONS OF THE K IR C H H O FF EQUATIONS

5 .1  IN TRO D U CTIO N

The partial differential equations describing the fundamental path and the linearised secondary 
path equilibrium equations have been presented in Chapter Four. Exact circumferential 
modelling (the 0 coordinate direction) was introduced in Chapter Four, leaving the generalised 
displacements x=(u, v, w) as functions of only the meridional coordinate, <j). In this chapter 
numerical solution methods, based on finite difference approximations, are presented.

The accuracy with which finite difference expressions approximate the exact functions over the 
range of the function is (non-linearly) dependent upon the order of the finite difference 
expressions and the mesh or node spacing adopted. Storage requirements for banded matrices 
and vectors are linearly dependent on the nodal spacing, the order of the matrix or vector, while 
the order of the finite difference expressions have a weaker effect on the bandwidth of the 
matrices, and hence on storage requirements. For banded matrices the time required for 
computation varies for different parts of the solution algorithms, it is typically linearly 
dependent upon the order of the matrix, and either quadratically (Gaussian elimination) or 
linearly (back-substitution) dependent on the bandwidth. Due to these dependencies simple 
second order central finite difference expressions will not be the optimum expressions for use 
with the solution algorithms.

The computer program was written in such a way that sets of finite difference expressions, and 
the portion of the shell surface over which they are to be applied, form part of the input data to 
the program. The expressions given in Section 5.2 are those that were adopted after 
conducting trials using various expressions. The effect of the order of finite difference 
expressions and nodal spacing on convergence is considered in more detail in Chapter Six.

The fundamental and secondary path equations that are the subject of the solution algorithms 
are both equilibrium equations, derived from the total potential energy functional. At various 
points during the solution method a check on the accuracy of the present solution is required, 
and these checks are performed within the context of the equilibrium equations.

The fundamental path solution algorithm is presented in Section 5.3 and the secondary path 
solution algorithm in Section 5.4. Once the fundamental and secondary path solutions have 
been determined, it is possible to calculate the various contributions to the strain and load terms 
of the total potential energy (Section 4.7). For a conservative system the sum of these various 
incremental energy contributions must be zero, therefore the error in the sum of these energy 
contributions may be used to provide a more independent check on the solution method and the 
internal accuracy required for the solution of the equilibrium equations.



5.2 THE FINITE DIFFERENCE DISCRETIZATION

Finite difference methods are based on approximating the dependent variable, x(<|>), by a 
localised polynomial function x, over a subregion of <|>. If x(<J>) is defined over the domain,
0< <{> <£ and the domain is divided into n equal intervals, h=i/n, then over the sub region rj in 
the vicinity of <|>j the function x is approximated by Xj

x = Xj = ^ a kzk (5.1)
k = 0

where z is the local coordinate, (j> = <j>j + z, as shown in Figure 5.1.

The derivatives in the sub region rj are therefore approximated by

£  = £ l = £  k a * ^ -1 (5.2)
d* dz t x

d2x d2xj ^  u 2
—r  s  — = > k (k -1) zr
d p  dz2 2

d3x d3x; v  1/t , Wf _N u 3
dip S dz^ = k? 3 k(k ' 1Xk' 2)ak ^

7 ^ s  X T  = X  k (k -l)(k -2 X k -3 )akzk l
d<  ̂ dz4 k=4

The coefficients ak of the polynomial are defined by matching the values of Xj with those of x at 
the t+1 nodes ( ..., <j>j_3, (j)j.2, 4>j-i, fy* ty+h fy+2’-- )» which may be chosen symmetrically or 
not about <|>j. Choosing to match Xj with x symmetrically about <|>j yields central finite 
differences, while varying degrees of forward or backward finite difference expressions result 
from appropriate non-symmetrical matching.

Xj L=ih = x |* j+i = xj+i ; i = ...-3 , -2, -1 , 0, 1, 2, ... (5.3)

Equation (5.1) subject to the conditions (5.3) results in a set of t+1 simultaneous equations 
which may be written as,

[H] a = x (5.4)

and the solution is given by,

a = [Hj^x (5.5)
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where a is the coefficient vector (ao, als a2>...at)T and x is the nodal value vector X j _ 3 ,  X j _ 2 ,  

Xj.!, Xj, Xj+1, Xj+2, ...)T, and the elements of [H] are dependent on the node spacing h.

The derivatives of the local polynomial function x, evaluated at (J)j, (z=0), are given by 
equation (5.2) as,

dsXj
d<t>3 n = sla, (5.6)

z=0

and these are the finite difference approximations used in the discretization of the continuous 
differential equations presented in Chapter Four.

The accuracy of these expressions depends on the order of the polynomial, t, the order of the 
derivative, s, and the nodal spacing, h. By considering the largest of the neglected terms due 
to truncating the expression (5.2) at k=t, the error over the region ^; ( I z I < h/2 ) may be 
evaluated and is of the order hl*s.

The optimum choice of finite difference expressions for the discretization and subsequent 
computer solution for a particular problem is dependent on three main interrelated factors. The 
storage required by the program, the accuracy required, and the time taken to solve the 
problem; these all depend on the finite difference expressions selected. These factors 
influenced the choice of the finite difference expressions that were used, and will be discussed 
in Chapter Six with reference to the solution algorithms used by the computer program.

A xo^q terp rog ram  capable of generating finite difference expressions of any type and order 
of accuracy by themethod outlined above was used. The finite difference expressions that 
were used are listed in Table 5.1, where they are written in the form,

d*x d*Xj ^
s - r r f  = f s X  a ».r xi-r (5.7)

♦j <3<t> rt7s

The coefficients, a SJ, and fs, along with the order of accuracy of the expressions are all 
presented in Table 5.1.

The finite difference expressions are presented in seven groups for use with the shell 
equations, and two groups (one forward, one backward) for use with the boundary conditions. 
Figure 5.2 shows schematically at which of the equally spaced nodes on the spherical shell the 
various groups of finite difference expressions are used.

The fictitious nodes (0 and n+1) in Figure 5.2 are required for the application of the shell 
equations near the boundaries, and are defined by the boundary conditions at (J) = 0 and (j) = <j>t,.
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Forward and backward finite difference expressions are used near the boundaries in order to 
avoid a need for more fictitious off shell nodes.

5 .3  THE FUNDAMENTAL PATH SOLUTION ALGORITHMS

The solution algorithm for the nonlinear fundamental path is presented below in a general 
matrix/vector form.

The application of the finite difference expressions of Table 5.1 to equations (4.32), (4.34) and 
(4.36) allows them to be written in matrix form as follows.

From equation (4.32) we have,

Xs = x‘ + xf = x‘+ x j+ x !e + x 2e2+ ... = x j +X!e + x2e2 + ... (5.8)
p = Po + p ie + p 2e2+ ...

where (x)T = (m , w 1} u2, w2, ...un, wn)

Equation (4.34) yields a set of simultaneous equations which may be written in the form

[A] (xr) = -p r fb M i.j ) (5.9)

Where the matrix [A] is given by

[aJ -  [Ai + A2 {2xq } + A3 (3(xq)2} + A4 {4(xq)3) +po {Bi +B2 2xq }] (5.10)

and the vectors b and d ^  are defined by

b =  B0 + Bj {xj} + B 2{(Xq)2} (5.11)

d i=  - A2{x2)-A 3{3(x*)x2}-A 4{6(x*)2x2} -p 1B1{x1) -p 1B2{2(xJ)x1}

d2 = - A2{2x1x2} - A3{3(Xj) +6(xJ)x1x2) - A4{4(xJ)x^}

- A4{12(Xq)x1x2) - f jB jlx a )  - Pj B ^X j ) -P iB2{x2} 

-P i B2{2(xJ)x2} - p2B2{2(xJ)x1) -p0B2{2x1x2)
etc.
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The matrix [A] is a 2n x 2n banded matrix, and the vectors (x,), (b) and (d ^ )  are all of length 
2n. In arriving at equations (5.9), (5.10) and (5.11) the equilibrium equations, E{ i=l and 3 in 
equation (4.34), are taken in pairs at each of the on shell nodes of the finite difference grid, 
nodes 1 to n in Figure 5.2. And the boundary conditions, equations (2.76) and (2.77), are 
used to eliminate the non zero elements in the first and last four columns of the matrix, 
corresponding to the boundary and off shell fictitious nodes.

Finally equation (4.36) on application of the finite difference expression yields vector equations 
of the following form

(Pi)2 + (Xi)7^! = a = constant (5.12)

^ i f e  + ̂ Cxi)1̂  = 0

6p iP 3 + 4(p 2)2 +  6 ( x 1)Tx 3 +4(x2)tx2 =  0

8piP4 + 12p2p3 -h 8(x1)tx4 + 12(x2)tx3 = 0 
etc.

To solve the sequence of equations (5.9) for r= l, 2, 3,... we may choose ^  arbitrarily and so 
solve for xj; in general we will need to make use of the condition (5.12) to solve for £r and x,., 
when r * l .

Equation (5.9) may be manipulated to yield

Now (X£) is dependent on the previously known terms in (dr^), and substituting for from
(5.13) into (5.12) we arrive at,

(5.13)

in which

[ a]  f t )  = - p ,( b )

[ a]  f t )  = - f t - i )

and

(Pi)2 + (Xi )Tx1 = a = constant (5.14)



- [ 4 (p 2 )2 + 4(x2)T x2 +  6  (x ^ 7  X3]
p3 = —------- 1-s— ■ ,u . -|---------------   (5.14contd.)
P3 : 6 [p 1 + ^  (Xi )t Xij

-[l2 p 2p3 + 12(x2)Tx3 +8 ( x ^ x j

8LPi + i : ^ i ) T * ij
P4 =

5 i  D , +  _ 
P i

etc.

And pr is now defined by the previously known terms pr. lt pr_2>... and x ^ ,  x ^ ,..., allowing 
both f>r and X, to be evaluated. The solution algorithm is given schematically in Figure 5.3, 
where it is the portion of the total algorithm within the dotted line.

In setting up the [A] matrix and the (b) vector, see Figure 5.3, equations (5.10) and (5.11) 
require p0, Xo ^  x\(x0=xH-x0) to be specified. In general none of thesej^e necessarily zero, Xv 
but for the first entry (t=l) into the algorithm p0 and x0 will be zero, while V- will take the value 
specified by the initial imperfection profile.

In using the perturbation method outlined here it was found that the fundamental path could not 
adequately be represented by a single polynomial series, equation (5.8). That is, the error in xf 
and $ increased, with 'e1, reaching unacceptable levels within the range of 'e' that is of interest.
It should be noted that this error is not entirely dependent on the number of terms in the series 
or on the choice of perturbation parameter, i.e. equation (5.14). That is equations (5.13) and 
(dr.j) defined by equation (5.11) are the result of specifying a perturbation series of the type 
(polynomial) given by equation (5.8). Choosing to identify the perturbation parameter with 
some physically or theoretically measurable path parameter, yields a condition, of the type 
given by equation (5.14), enabling pr to be specified in (5.13). Hence the magnitude of the 
vector Xj that is added to xfto give jq, equation (5.13), is determined. The convergence of the 
series, given by equation (5.8), at large values of ’e* will be limited by the inclusion of the Xj 
components in xr. And the x,. vector may become divergent, increasing in magnitude and 
oscillating in sign as r increases.

The repeated use of the initial rate of change of the displacement profile, x1? to force xr to 
satisfy the perturbation condition may be overcome by a repeated use of the perturbation 
method, so that it is the 'local initial' displacement vector xt l that is used to satisfy the 
perturbation condition.
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We may write the general perturbation series as

x[ = xt>0 + xt>1 er+ x t>2 ej + ... (5.15)

f t  =  f t , o  + f t , i e f  + f t , 2 e r +  -

where er = eg - for a^ x < eg < \

and QCis the local perturbation parameter, eg the global perturbation parameter, and at.! and at 
are the lower and upper limits for eg of the particular local perturbation series under 
consideration. The terms x^q and puo are defined by

it.o = a' J . . - . , ,  (5-16)

A A I

Pt,0 — P t- l le gs a t.!

The solution algorithms described previously may be used to solve for the coefficients of the 
series given by equation (5.15). While the choice of p jj remains arbitrary, it will be helpful at 
a later stage to choose ^  such that the slope of the 'load-vs-e' graph is continuous, that is.

« - d? -  
^l>1 def (5.17)

After determining the coefficients of equation (5.15) an upper limit on eg, say a^ must be 
established, and this may be done by evaluating the shell equations (4.31) and checking the 
relative error between terms. The finite difference expressions, when applied to (4.31) yield 
the following vector equations

Vi = v2 -v 3 

where

V. = [Ai.ll ( x f)

(5.18)

for i = 1, 3

v2 = - j x  [a .,] <*■? +p ^  [®i. ji <*?}

= A.o

The maximum relative error in equation (5.18) can be represented by

ERROR = max (  v i - v 2 +  v 3

Viv i l + Iv 2 | + Iv 3 i y
(5.19)
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where equation (5.19) is evaluated by comparing the individual elements of the vectors Vj, v2, 
and v3. The value of at is then set so that the error given by equation (5.19) is just less than or 
equal to some acceptable level when eg=at.

Before reentering the solution routine for t+1 and r= l, it is necessary to improve the accuracy 
of xt+1 o and pt+i,o given by equation (5.16) to avoid a^ j eventually being returned with the 
same value as a^ This improvement of (xt+1>0, pt+1>0) may be accomplished by assuming that 
the total error is in the displacement vector. Then a Newton-Raphson iteration technique may 
be used to improve the vector, X, until the error in the shell equation, given by equation (5.19), 
is reduced to an acceptable level.

The iteration scheme is given by

x n + i =  x n  “ x c , n  (5.20)

where

f ' ( * n )  * c . n =  f ( x N)

and XC N is the correction vector to XN. Using the shell equation as given in equation (5.18), 
the iteration scheme, equation (5.20), may be written as

[ a ] ( xc ,n )  =  -V , + V 2 -V ,

where

[ a ] ( x c , n )  = X  [Ai,j] ( j (x N>i' 1) ( xc 1N) +  Pt+ i to X ^ i . j l O ^ 'O ^ c . N )  (5-21)
L J j»i j=i

[ A i . i i  ( x n )  f o r i  =

- f j  + pt+1. o | [ B , j](-xNy}

A i.O

In setting up the matrix [A], equation (5.21), the same subroutines may be used that set up [A] 
for equation (5.10), similarly the vectors ^  and v2 may be evaluated by the subroutines used 
for equation (5.18).

$

The complete solution algorithm for the fundamental path is outlined in Figure 5.3. Using this 
algorithm the [A] matrix is only set up, and decomposed using a Gaussian elimination method 
with pivoting in the outer, t, loop which results in a routine that is fairly fast.

The resulting fundamental path may be represented by the dotted line in Figure 5.4. The error, 
or departure of the approximate path from the exact path, is controlled by specifying the 
allowable value of the error in (5.19) when determining a^
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5 .4  THE SECONDARY PATH SOLUTION ALGORITHM

The nonlinear eigenvalue problem that results from the introduction of finite difference 
expressions into equation (4.39) is solved by the use of iterative methods. First an inverse 
iteration method will be used to achieve an initial approximation to the eigenvalue and vector, 
then several shifts of origin followed by inverse iteration are used to achieve the desired 
accuracy on both the eigenvalue and vector. An orthogonalization of the eigenvector is also 
introduced into the iterative procedures, allowing the subdominant eigenvalues and vectors to 
be obtained.

Due to the somewhat cumbersome nature of the shorthand notation used for the equations of 
the nonlinear eigenvalue problem the method will first be described with reference to the linear 
eigenvalue problem.

5 .4 .1  The L inear Eigenvalue Problem

The inverse iteration schemes discussed here will lead to convergence on the eigenvalues of 
lowest absolute value, as we are interested in the lowest buckling pressures. It is usual, in the 
literature, Reference [16], to pose the eigenvalue problem so that convergence is on the largest 
eigenvalue first, and from this usage the inverse iterative process takes its name.

The linear eigenvalue problem

[A] (x ) + X[B](x) = 0 (5.22)

may be solved by using inverse iteration without a shift of origin, the solution algorithm is 
given by

[A]vr+1 = - [B] Uj.

v
U,.i = v (5.23)max(vr+1)

and
1

^r+l “ max(vr+1)

where the notation max( v ) is used to denote the element of maximum modulus of the vector v. 
In the limit as r —> «>, —» 3  ̂ and A.r —>
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The rate of convergence may be established by considering the underlying reason for the 
method working. The property of eigenvectors, x1? x2,...xN of spanning the N-dimensional 
vector space, allows any general N-dimensional vector, z, to be written as

z = ^  x, (5.24)

where the ocj's are constants depending on the vector z. Without loss of generality we may 
assume that the eigenvalue corresponding to the eigenvector xAis A*, for i=l,2,3,...N and that

|X,| £ |Xd < |X,| S ... < |XN| (5.25)

Consider the effect on the general vector z of a single step of the iterative process, we have

[A] (z ,+ i) = - [B] (z,) (5.26)

or

^1X1 . ®2X2 . ®NXN[A]
^ X T  ^2 J

= - [ B l ^ X j  + a 2x2+ ... a NxN)

It may be seen that the component of Zi+1 in the direction of xx has increased by a factor of at 
least X Jk i with respect to the other components. The rate of convergence is dependent on the 
ratio X fo i  ^ d  the method will converge on the smallest (dominant) eigenvalue and vector 
(Xi, x x).

If the eigenvalue problem contains coincident roots, say ^  ^ d  lA.jl < IX,.+1I <

lA ^ I ... ^  1X̂ 1, then the process will still converge on the dominant, coincident, eigenvalue. 
However the vector will not be uniquely defined, but will be dependent on the initial vector uQ, 
and will lie in the subspace spanned by xx, X2,..., *r

If the ratio is close to unity then convergence is slow, and it may be desirable to use a 
shift of origin with the inverse iteration technique to improve the rate of convergence. If we 
have an approximation to say then we may write the eigenvalues as

Xi = Xe+ 8 i and | 5 , | « | 5 2|^ |5 3| ... < |SN|. (5.27)
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Equation (5.22) may be written in the following form

[A+A,eB](x) = - 8 [B](x) (5.28)

or

[A](x) = - 8 [B](x)

where

[A] = [A+A.eB]

The solution algorithm is now given by

[A] vr+1 = -[BJUj (5.29)

and
1

max(vr+1)

The rate of convergence is now dependent on the ratio 82/8 !, and may be improved by further 
shifts of the origin to improved estimates of Ae if this is required. An orthogonalization scheme 
may be introduced into the iterative cycle allowing subdominant eigenvalues and vectors to be 
determined. If we have found the first k eigenvalues and vectors then the (k+l)'th eigenvalue 
and vector may be found using the following algorithm

The vector wr+1 is orthogonal to X2,...Xk hence a 1}a 2,..a k in the expression for z in 
equation (5.24) are zero and hence convergence on will be suppressed. It is not
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[A] vr+1 = - [B] u, (5.30)

w r +  1

max(wr+1)

where



necessary to orthogonalize at each step of the iteration. When a shift of the origin is used with 
a reasonable estimate to X,k+1 then the orthogonalization may be dropped completely from the 
inverse iteration as A,k+1 is dominant in any case.

The evaluation of subdominant eigenvalues enables the possibility of coincident eigenvalues to 
be investigated, and the verification that the lowest eigenvalue (buckling pressure) has been 
found. It is possible for the numerical procedures based on these algorithms to converge on 
subdominant (^ ,  i *1) eigenvalues first, if the initial vector Q0 has a large component in the 
direction of a subdominant eigenvector.

4 .4 .2  The N onlinear Eigenvalue Problem

The application of finite difference expressions to the secondary path equation (4.39) results in 
a nonlinear eigenvalue problem which may be written in the following form

x  [ * , & ]  o o + p  x  [ Bi(x ’)J] w  = o (5.3i)

where

x* = x* + xf 

and

= xt,o ^  *” (^*32)

P =  Pl.O+ Pt.le f +  Pt,2 e f +  ••• 

for
a^j < eg < at and = e g - a ^

The generalised displacement vectors are given by

(xs)  = (ui, w{, u |,  w |, ... , u j, w j) (5.33)

and

(x)T = (Ui, Vi, w lf u2, v2, w2, ... , un, vn, wn)

Equation (5.31) is a nonlinear eigenvalue problem in eg and x; by substituting for xs and p 
from (5.32) it is possible to recast (5.31) in the standard form

[D0](x) + eg[DJ(x) + e2[D2](x)+ ... e£ [D J(x ) = 0 (5.34)
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Fortunately it is not necessary for the iterative solution method that the nonlinear eigenvalue 
problem be posed in the standard form given by equation (5.34). The iterative method based 
on the naturally occurring form of the eigenvalue problem given by equations (5.31) and (5.32) 
has the advantage that the nonlinearity is all contained in equation (5.32).

The iterative procedure for the solution of the nonlinear eigenvalue problem, without a shift of 
the origin, is given by analogy with equation (5.23) as follows

er = A ^-a^  where a ^  < Xr < ^

x} = x* + xt>0 + xt>i er+ xt>2e? + ...

In equation (5.35) the eigenvalue A, is the global perturbation parameter, A^eg and er is the r'th 
iterative estimate to the local perturbation parameter e( .

Similarly by analogy with equations (5.28) and (5.30) the iterative procedure for use with a 
shift of origin is given by equations (5.36) and (5.37). The shift of origin to Xc implies an 
estimate to the fundamental path displacements and load, given by x ^  and ^  hence to 
the [ A0 ] matrix.

P, = ft,0 + Pi, l er + Pi,2 ®r + -

[AJ V„1 = (ft) +PrZ [BA 0J] (ft)} (5.35)

max(wr+1)

max(wr+1)

ee = K  - at-1 for a,.! < A.e < a,

with

(5.36)

Px, = ft,o + ft.I f t + ft,2 ^  + -

and

W  = |hrxuJ]+Px.j[BJcxoi]
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The iterative scheme with a shift of origin is now given by:

XT = Xc+ 8r for
cr = XT - aj.i

xj = i>+ X,, + x,,, e, + x,,2 e? + .. 

Pr = Pt,0 + ft.l er+ Pt.2e?+  •••

and

a,., £  X, < a,

w
^  ( v , + l ) T Xi -

r+1 = VI+l - 2 ,  —IT"---- Xi
i = 1 Xj

Ur+1 =
Wr + 1

max(wr+1)

$r+i -
1

max(wr+1)

(5.37)

The convergence of these iterative procedures, equations (5.35) and (5.37), apart from 
numerical stability, is again dependent on the n eigenvectors of equation (5.31) spanning the n- 
dimensional vector space. As equation (5.31) may be written in the standard form given by 
equation (5.34) it is sufficient to show that the eigenvectors of equation (5.34) span the n- 
dimensional vector space. The nonlinear eigenvalue problem, equation (5.34) may be written 
in the form of a standard linear eigenvalue problem, Reference [16], as follows.

...
. 1

. 
. 

. 
O 

o 
o I

0
0

0
I
0

0
0
I

0 1 
0 
0

i
• 

• 
■

•

= e8

1
• 

• 
•

1

0 0 0 0 I Ym.2 Ym-2

PtfPz Y - i Ym-i

(5.38)

Where the partitioned matrix is mn by mn and the X, Y { vectors are of length n, therefore the 
eigenvectors of equation (5.34) are independent.
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The iterative routines given by equations (5.35), (5.36) and (5.37) are combined to form a 
solution algorithm, as shown in Figure 5.5. The convergence test used for iteration without a 
shift of origin is on the eigenvalue only, and is given by.

ERROR = ^r+l (5.39)

For iteration with a shift of origin convergence is checked on both the eigenvalue and vector, 
the error in the eigenvector is given by,

ERROR = max
f -  -  \  
Ur+l-Ur

V
(5.40)

in which the enor is the maximum value of the relative error as corresponding elements of the 
vectors Uj.+1 and u, are compared. These convergence checks indicate that the iterative 
procedures are yielding stable eigenvalues and vectors, not that the eigenvalue and vector 
satisfy equation (5.31) or the original total potential energy functional equation (4.24).

110



LOCATION 
(Figure 5.2) REGION I EXPRESSIONS REGION II& V I EXPRESSIONS

DERIVATIVE
dx

d f  8 = 1

d2x
— ; ,  s = 2
d<f>2

d3x

cty3’ 8 = 3
d4x

d ^ ’ 8 = 4

dx

d f  8 = 1

d2x
— r, s = 2
d<J)2

d3x

dcj)3 ’ 8 = 3

d4x
-----, s =4
d<|>4

ACCURACY h6 h6 h4 h4 . h6 h6 h4 h4

1 1 1 1 1 1 1 1

r ^ ----- 60h 180h2 8 h3 6 h4 60h 180h2 8 h3 6 h4

-5 0 0 0 0 0 0 0 0

-4 0 0 0 0 0 0 0 0

-3 0 0 0 0 -1 2 1 -1
- 2 2 -1 1 -1 4 9 -27 - 8 1 2

-1 -24 214 - 8 - 1 1 -45 270 13 -39
0 -35 -378 35 0 0 -490 0 56
1 80 130 -48 31 45 270 -13 -39
2 -30 85 29 -44 -9 -27 8 1 2

3 8 -54 - 8 27 1 2 -1 -1

4 -1 16 1 - 8 0 0 0 0

5 0 - 2 0 1 0 0 0 0

LOCATION 
(Figure 5.2) REGION III & V EXPRESSIONS REGION IV EXPRESSIONS

DERIVATIVE
dx

d4>’ 8 = 1
d2x

dd>2 ’ 8 = 2
d3x
— r * s = 3 
dd>3

d4x

d^4 ’ 8 = 4

dx
— , s = 1 
d<t>

d2x
— “ > s = 2
d4>2

d3x
— r , s = 3 
d<|)3

d4x
----s =4
d<h4

ACCURACY h8 h8 h6 h6 h10 h i° h8 h8
1 1 1 1 1 1 1 1

840h 5040h2 240h3 240h4 2520h 25200h2 30240h3 15120h4

-5 0 0 0 0 - 2 8 205 -82
-4 3 -9 -7 7 25 -125 -2522 1261
-3 -32 128 72 -96 -150 1 0 0 0 14607 -9738
- 2 168 -1008 -338 676 600 -6000 -52428 52428
-1 -672 8064 448 -1952 - 2 1 0 0 42000 70098 -140196
0 0 -14350 0 2730 0 -73766 0 192654
1 672 8064 -448 -1952 2 1 0 0 42000 -70098 -140196
2 -168 -1008 338 676 -600 -6000 52428 52428
3 32 128 -72 -96 150 1 0 0 0 -14607 -9738
4 -3 -9 7 7 -25 -125 2522 1261
5 0 0 0 0 2 8 -205 -82

TABLE 5.1 Coeffecients a s>r and fg of the Finite Difference Expressions; 

dfx +5

d<j>*
d*x- +5 

=  - ^ r  =  f« X  a *.r xj-r , equation (5.7).
r = -5
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LOCATION 
(Figure 5.2)

REGION VII EXPRESSIONS

DERIVATIVE  , s = 2

ACCURACY

6 h460h

-54
-29 -44

-80 130
-35-378

214
-11

LOCATION 

(Figure 5 .2)

POLE

BOUNDARY EXPRESSIONS

DERIVATIVE
dx d^x d3x
— , s = 1
d<J>

— r> s =2  
d(J)2

— r, s = 3 
d<()3

ACCURACY h6 h6 h6

N .  fs 1 1 1

60h 180h2 240h3

-1 - 1 0 126 -469
0 -77 -70 1818
1 150 -486 2924
2 - 1 0 0 855 2690
3 50 -670 -1710
4 -15 324 814
5 2 -90 -268
6 0 1 1 54
7 0 0 -5

LOCATION EDGE

(Figure 5.2) BOUNDARY EXPRESSIONS

DERIVATIVE
dx
— , s = 1 
d<>

d2x
d ^ ’ 5=2

dJx
— r» s =3 
d(J>3

ACCURACY h6 h6 h6

1 1 1

60h 180h2 240h3

- 6 0 11 0

-5 - 2 -90 1

-4 15 324 - 8

-3 -50 -670 29
- 2 1 0 0 855 -64
-1 -150 -486 83
0 77 -70 -56
1 1 0 126 15

TABLE 5.1 Coeffecients a s r and f, of the Finite Difference Expressions; 

d*x d*Xj &
— s = - 7 7 7  = f* 2^ a *.r xj.r , equation (5.7). 
d<|> d<J>* r=- 6



Region r -

Xj-2
Xj-1

<l> = 4>i -t- z

I------ 1$ = o

Figure 5.1 Finite Difference Collocation.

Boundary Conditions, 
equations (2.76) Equilibrium Equations,

equations (4.31) and (4.39)

n-5
n-4

n-3

Boundary Conditions, 
equations (2.77)n + l«

Figure 5.2 Finite Difference Mesh and Shell Regions (Table 5.1).
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Remainder 
of Program

No
r = r + 1

t = 0

Is the Fundamental 
Path Complete?

Set pt j and Evaluate (x t l ) 
{ equ. (5.13) }

Determine Limit of 
Convergence eg < a t 

{ equ. (5.19) }

Improve the Accuracy 
o f(x t+i,o) andp t+if0 

{ equs. (5.20) and (5.21) }

Evaluate p t and (xt^ )
{ equs. (5.14) and (5.13) }

Evaluate (d ) and 
Solve for (x*tJ )

{ equs. (5.11) and (5.13) }

Set Up of [A] Matrix 
and (b) Vector 

{equs. (5.10) and (5.11) }

J

Figure 5.3 Solution Algorithm For The Nonlinear Fundamental Path
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Lo
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p

Exact Path
Approximate Path, from the Algorithm of Figure 5.3

t = 11

t = 5

t = 4

t = 3

t = 10

t = 2

t = 8

Displacement x f

Figure 5.4 Piece-wise Continuous Modelling of the Nonlinear Fundamental Path
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Second Estimate to X

First Estimate to X,

Resulting in X[ andxj

Shift of Origin 
[A], p^e

{equ. (5.36) }

Shift of Origin
r ai  s A[A], x x e pxe 

{equ. (5.36) }

Inverse Iteration with Orthogonalization 
and Convergence Check 

{ equs. (5.35) and (5.39))

Inverse Iteration with Shift of 
Origin, Orthogonalization 
and Convergence Checks 

{ equs. (5.37), (5.39) and (5.40) }

Inverse Iteration with Shift of 
Origin and Convergence Checks 

( without Orthogonalization)
{ equs. (5.37), (5.39) and (5.40) }

Figure 5.5 Solution Alogrithms for the Nonlinear Eigenvalue Problem
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VALIDATION OF THE COMPUTER PROGRAM
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VA LID A TIO N  O F T H E  C O M PU T ER  PRO G RA M

6 .1  IN T R O D U C T IO N

Three computer programs were written in the course o f the present work. Two of these 

programs were written to perform the classical axisymmetric bifurcation analysis, and the post 
bifurcation analysis for complete spherical shells. The mathematical basis of these programs 

has been described in Chapter Three and Appendix A. The validation of these two programs 

was performed by simple comparisons with results reported in the literature, and will not be 

reported here.

The third program, NLSPHERE, which implements the solution methods described in 
Chapters Four and Five, and in particular the validation of this program, are the concern of this 

Chapter. It is not intended to present a complete validation and description of the program 

NLSPHERE, but to draw attention to those features o f the program and its operation which 

influence the accuracy and efficiency. The source listing (Fortran) and a typical output file are 
included in Appendix B.

The task of program validation has been separated into two parts. First, attention is focused on 
internal error limits and accuracy in Section 6.2. Then, comparisons between the present 
numerical results, and results obtained independently by other workers using nonlinear shallow 
shell theory are presented in Section 6.3.
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6 .2  INTERNAL CONVERGENCE AND ERROR LIMITS

6.2.1 Finite D ifference Expression and Convergence

Replacing the continuous partial differentials of the 'exact' differential equations of Chapter 

Four with discrete finite difference approximations results in the set of simultaneous equations 

described in Chapter Five. The matrices that result will be 'banded', that is non-zero elements 

will be clustered about the principal diagonal of the matrix, all the solution techniques that have 

been used allow for the banded nature of the matrices to reduce both storage and the number of 
arithmetic operations required to perform a given computation. The accuracy with which the 
set of simultaneous equations models the 'exact' differential equations is nonlinearly dependent 
on both the accuracy o f the finite difference expressions used in the transformation and the 
mesh spacing, h. The error may be reduced by using more accurate finite difference 
expressions, resulting in an increase in the number o f non-zero elements in each row of the 

matrices, increasing the bandwidth K, or by reducing the mesh spacing h, resulting in a greater 

number of simultaneous equations to be solved, which increases both the order of the matrices 
and the length of the vectors, N. The use of central finite difference expressions with a high 
order of accuracy at or near the boundaries of the shell will increase the number of off shell 
'fictitious nodes', while the use of highly accurate partial forward or backward expressions at 
or near the boundary may introduce errors due to the extra 'weight' attached to the near 
boundary nodes.

The computer program NLSPHERE requires the finite difference expression to be supplied as 
part of the input data file, and allows as many as seven sets of finite difference expressions to 

be used over the surface of the shell, the 'shell nodes'. The finite difference expressions used 
at the boundaries, the 'boundary nodes', are specified separately. This has been described in 
Chapter Five, in particular Figure 5.2 shows the node numbering and Table 5.1 presents the 

finite difference expressions that were eventually used.

The optimum (to minimise memory and CPU time required) choice of finite difference 

expressions and num ber of nodes will depend on the geometry of the shell under 

consideration. The degree of accuracy (the node spacing and the order of the finite difference 

expressions) required by the finite difference modelling of the elastic behaviour of the spherical 

shell will depend on the shortest wavelength present in the midsurface displacements. For 

spherical shells the wavelength of the buckling mode (both the axisymmetric buckling and 

periodic bifurcation modes) decreases as the geometric Bartdoff parameter, X, increases. From 
the classical analysis of complete spherical shells n «  1.81 Vr/t, and for X* 56 or r/t=100, then 
n »18 where n is the order of the Legendre polynomial describing the buckling mode. In the 
numerical solution it is only necessary to model half of the spherical cap, therefore n is equal to 

the number of half waves modelled by the finite difference representation. The need for a
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highly accurate finite difference discretization results from the presence of these short 

wavelength components of the midsurface displacements.

In the overall solution algorithm the boundary conditions are used to eliminate the boundary 

and off shell fictitious nodes from the matrices and vectors before the solution techniques 
described in Chapter Five are used. If the boundary and off shell fictitious nodes were not 

eliminated from the matrices of the nonlinear eigenvalue problem they would give rise to 

spurious eigen-values and vectors.

Storage requirements for banded matrices and vectors are linearly dependent on the nodal 
spacing, i.e. the order of the matrix or vector. The accuracy, or order, of the finite difference 

expressions will have a much weaker effect on the bandwidth of the matrices and will not affect 

the length of the vectors at all, hence the accuracy of the finite difference expressions used will 
have a weak effect on the overall storage requirements of the program. The product N(K -l) 
where N is the order of the matrices, [N=3x(number of 'shell nodes')] and K is the bandwidth 

o f the matrices [K=3x(number o f nodes used by the finite difference expressions)], is 
representative of the number of arithmetic operations, and therefore the CPU time, required to 
evaluate the derivative of a vector or perform back substitution of a decomposed matrix. Also 
the CPU time taken to perform Gaussian elimination with partial pivoting on banded matrices is 
proportional to N (K -l)2. As a result of these nonlinear dependencies simple second order 
central finite difference expressions will not be the optimum expressions for use with the 
solution algorithms.

Convergence was studied in two parts, due to the large number of combinations of finite 
difference expressions and node spacings that were considered and tested. First a linear 
fundamental path problem ( wf = Pr(l- p.)/2Et) with bifurcation into axisymmetric and periodic 

modes was used to select the optimum set of finite difference expressions. A typical 

comparison between finite difference expressions is shown in Figure 6.1, for a spherical cap 

with X « 32. Figure 6.1 compares standard central finite difference expressions with a set of 

finite difference expressions in which all error terms are of order h4 and with the set of finite 

difference expressions that were eventually used, i.e. the finite difference expressions in Table 

5.1. After selecting the optimum set of finite difference expressions from the linear 
fundamental path convergence study, a second convergence study using the full nonlinear

t
capabilities of the program was undertaken. Results from the second convergence study are 
shown in Figure 6.2, where the axisymmetric buckling pressure, pbk (i=0), and the minimum 

critical bifurcation pressure, pCT (i=2 and i=26), for two shells (k=6 and X=38) are compared, 

as the number of nodes is increased.

As a result of these convergence studies the finite difference expressions given in Table 5.1 

with 51 shell and boundary nodes and two off shell fictitious nodes were used throughout. It 
is estimated that the relative errors introduced into the final numerical results due to the finite
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difference discretization will for all the shells considered in this work, 3.5 < X < 60, be less 

than 1%, and usually less than 0.1%.

6 . 2 . 2  The Perturbation Series and Relative Error Limits used in the 
Solution of the Equilibrium Equations

The overall accuracy of the program depends on the accuracy with which the nonlinear 

fundamental path is modelled. The tendency, in the nonlinear modelling of the fundamental 
path, for errors to increase with increasing values of the perturbation parameter has been 

discussed in Chapter Five, (Section 5.3). As a consequence the local perturbation series was 

introduced, equation (5.15), and a measure of the relative error based on the equilibrium 

equations was defined, equation (5.19). Subsequently a Newton-Raphson iterative scheme for 
the improvement of the displacement vector prior to its use as the initial vector in the next local 
perturbation series was given by equation (5.20).

The computer program NLSPHERE requires the user to specify the number of terms used in a 
local perturbation series and the number of these local perturbation series that are used to model 
the complete fundamental path. Trials were undertaken in which the order of the local 

perturbation series was varied, resulting in the adoption of sixteen local perturbation series of 
ten terms each. As a result o f tests, the upper bound relative error limit, equation (5.19), used 
in the evaluation of % was set at 0.005, with the Newton-Raphson iteration reducing this error 
to 10'6, this ’improved' displacement vector is then used as the initial displacement vector for 
the next local perturbation series. Due to the adoption of the error limits discussed above, the 
relative errors introduced into the final numerical results by the nonlinear fundamental path 
solution method will in all cases be less than 0.5%.

The iterative solution method used for determining the eigen-values and vectors have been 

described in Chapter Five, (Section 5.2). The measure of the relative errors in the eigenvalues 

and eigenvectors have been defined by equations (5.39) and (5.40). Various error limits are 
used within the solution algorithms to determine when shifts of origin are to be performed. 
Each shift of origin requires the recalculation and decomposition (Gaussian elimination) of the 

banded [A] matrix, equation (5.28), this improves the speed with which the iterative solution 

method converges, equation (5.29). Trials performed using various combinations of error 
limits and origin shifts resulted in the following rules being incorporated in the solution 
routines for the nonlinear eigenvalue problem.

First - Inverse iteration and orthogonalization (if j>2) are used until the relative change in 
the eigenvalue, equation (5.39), is less than 10*3



Second - Inverse iteration with a shift of origin to Xq and orthogonalization (if j>2) are used 
until the relative change in the eigen-value and vector, equations (5.39) and 
(5.40), are both less than 10*5.

Third - Inverse iteration with a shift of origin to Xq without orthogonalization is used until 
the relative error in the eigen-value and vector, equations (5.39) and (5.40), are 
both less than 10-8.

In practice the above rules were found to be a reasonable compromise between the increased 
rate of convergence that results from a shift of origin, and the CPU time used in setting up the 

[X] matrix and performing the Gaussian elimination with partial pivoting required by each shift 

of origin. It was found that the second and third error criteria, 10-5 and 10-8 above, were 
usually satisfied in less than ten iterations, when the estimate to the eigenvalue used for the 

shift of origin, XQ, was given by the final value of the previous iterative step. The error limit of 

10‘8 on the final calculated value of the eigenvectors is important when subdominant 
eigenvalues are required, as the error introduced by the orthogonalization o f the subdominant 

vectors during iteration depends on the errors present in the previously calculated 'dominant' 
eigenvectors. Also, as a result of using the final relative error limit of 10’8 on the eigenvalue 
and vector, the numerical solution algorithm used for the nonlinear eigenvalue problem, will be 
responsible for errors that are entirely negligible in comparison with those introduced by the 
finite difference discretization (0.1 to 1%) and the nonlinear fundamental path solution 
algorithm (<0.5%).

6 . 2 . 3  Quadratic, Cubic and Quartic Terms of the Strain Displacement 
Relations and the Equilibrium Equation

The fundamental path equilibrium equation, equation (4.31) and Table 4.1, contains the terms 
A^x*5) and $B0, A2(xs)2 and pB^x*5), A3(xs)3 and pB2(xs)2, and A4(xs)4; these are the linear, 

quadratic, cubic and quartic terms of the equilibrium equation. As mentioned in Chapter Four 

the derivation of the equilibrium equations for both the nonlinear fundamental path and the 

linearised secondary path were based on quartic strain and quadratic curvature expressions, 

equation (2.66). However for spherical shells with radius to thickness ratios greater than 100 

(a= t2/12r2 < 8.3xl0-6) the quadratic curvature terms were found to have a negligible influence 

on the numerical results. As the inclusion of the quadratic curvature terms requires the notation 
used for the bending energy to be extended, and as for all cases considered these terms will for 

all practical purposes be zero, only the linear curvature terms are presented and discussed in the 
present work.

Figure 6.3 shows the effect on the nonlinear fundamental path for two, X=6 and A.=26, perfect
spherical caps. Pressure is plotted against perturbation parameter, when the equilibrium
equations, equation (4.31), are used and all consistent terms up to and including the quadratic,
the cubic, and the quartic are maintained. The necessity of maintaining terms in the equilibrium
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equation up to and including the cubic terms is clearly demonstrated. The difference between 

the numerical results obtained from the consistent cubic and quartic expressions at most 
affected only the fifth significant figure.

Cubic terms in the equilibrium equation arise from quartic terms in the total potential energy 

functional. Which in turn arise from the product of cubic terms of the change in volume and 

the pressure load, equation (2.69), from the product o f the quadratic terms o f the strain 
displacement relations, and from the product of the cubic and linear terms o f the strain 

displacement relations. Therefore consistent cubic terms in the equilibrium equation may only 

be achieved when the strain displacement relations and the change in volume are also consistent 
in their cubic terms. The ’largest' of the cubic terms in the equilibrium equation arise from the 

quadratic terms of the strain displacement relations, the classical axisymmetric analysis reported 
in Chapter Three is based on only the largest o f the quadratic terms of the strain displacement 
relations, equation (3.1). The nonlinear, up to and including all cubic terms, strain 
displacement relations are given by

e ,  =  e , ( x )  =  +  (P)2j  - i e ,  j ( v )  +  (P)2J  +  . . .  (6 .1 )

£a =  e , ( x )  =  % +  i { ( y )2 +  (S)2}  - i ( e 2) { ( Y )2 +  (8)2}  + ...

%  = = f t  [v + y ) + ^ p 5 -e 1v -e 2 Y) - ^ ( v + 1 ')j(v )  + (y)2 + (P)2 + (5)2 j

+  4 v + y 1  + y ( e 2 ) 2 + v ( 8 1)2 - p Y ( e 1 +z^) +  . . . ]

where 

= u + w 

£2 = w + ucot<|) + v/sin <])

P = u - w 

y =  u/sin<|)-vcot<|>

5 = v -  w/sin<J>

Profiles of the fundamental path displacements and their derivatives as well as the linear strain 
components, and the quartic contributions to the total membrane energy, are all presented in 

Figure 6.5 and Figure 6.6 at the axisymmetric buckling point, the fundamental paths for these 

shells, X=6 and A.=26, are shown in Figure 6.3 and Figure 6.4. Profiles o f the fundamental 

path displacements (normalised by the shell thickness) and their derivatives are shown in 

Figure 6.5 and Figure 6.6, (a) and (b), where the inplane displacement, u, and its derivative, 
u’, have been amplified by a factor of fifty (x 50) to allow presentation on the same graph as 
the radial displacement, w, and its derivative, w’. The profiles of the axisymmetric linear
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strain components, £j, £2, and P, are depicted in Figure 6.5 (c) and Figure 6.6 (c), where £i 
and £2 have been amplified by a factor of ten (x 10). Finally, in Figure 6.5 (d) and Figure 6.6 
(d) the contributions to the total membrane energy, Ui,m, arising from the quadratic, p4/4, and 

cubic, (£i2+|i£ie2)P^> terms of the strain displacement relations are shown separately, the 
contribution from the cubic terms of strain displacement relations have been amplified by a 

factor of fifty (x 50).

Figure 6.5 (d) and Figure 6.6 (d), show that the quartic contribution to the fundamental path 

membrane energy, U itM> from the quadratic terms, p4/4, o f the strain displacement relations 
decreases from approximately 10% for X=6 to 5.5% for \=26> at the maximum point on the 
profile. And the corresponding contribution from the cubic terms, (£i2+jj.£1£2)P^, of the strain 

displacement relations is approximately 0.1% for X=6 and 0.05% for X=26.

The linear terms of the secondary path equilibrium equation, the nonlinear eigenvalue problem 

given by equations (4.39) or (5.31) and Table 4.2, contain terms of orders A0(x), [Ax(xs)](x) 

and pB0(x), [A2(xs)2](x) and p[B1(xs)](x), and [A3(xs)3](x), these are the terms that are linear, 
quadratic, cubic, and quartic in the generalised coordinates (p,xT), xT=xi+xf+x .

In the derivation of the quartic terms of the equilibrium equation, [A3(xs)3](x), only the 
'largest' terms (those containing the radial displacement w and its derivatives) were maintained 
and included in the computer coding of the eigenvalue solution routines. Comparisons of 
eigenvalues and vectors resulting from the maintenance o f all the cubic strain displacement 
terms, consistent cubic equilibrium equations, in both the fundamental path solution algorithm 
and the solution algorithm for the eigenvalue problem with the corresponding results when the 
equilibrium equations for the fundamental path contained consistent quartics, and the 
equilibrium equation for the secondary path contained consistent cubics and 'large' quartics, 
were performed, and resulted in differences in the fifth significant figure.

Bifurcation from the axisymmetric fundamental path into periodic modes occurs before the 

axisymmetric buckling pressure, Pbk, is reached for the two shells discussed above the critical 

periodic modes and buckling pressures are i=2 and Pct/Pci=0.7618 for X=6 and i=18 and 

P Cr/Pci=0-7924 for X=26. Figure 6.7 and Figure 6.8 present profiles of the initial secondary 
path incremental displacements (the eigenvector), their derivatives, and the linear strain 

components; as these are all based on the eigenvector the vertical scale is arbitrary. Figure 6.7 

and Figure 6.8, (a) and (b), use the same arbitrary vertical scale, and the inplane 

displacements, u and v, and their derivatives, u, u, v, and v, have all been amplified by a factor 

o f fifty (x 50) compared to the radial displacement, w, and its derivatives, w and w. In Figure 

6.7  (c) and Figure 6.8 (c) the profiles o f the initial secondary path linear strain components 

have been normalised by the largest value, and the components £1, £2, v, and y have been 
amplified by a factor o f fifty (x 50) in comparison to the components p and 6.

125



By considering the contributions to the quartic terms o f the strain energy that result from the 
inclusion of cubic terms of the strain displacement relations and by inspection of Figure 6.5 

through Figure 6.8, it may be concluded that the inclusion of cubic terms in the strain 

displacement relations will in general make a difference to the strain energy of spherical shells 

of approximately 0.1%. The total potential energy and the equilibrium equations that result 
from the use of quadratic strain displacement relations will be inconsistent in their quartic and 

cubic terms respectively; however the errors introduced into the analysis by neglecting the 
cubic terms of the strain displacement relations should also be of the order of 0.1%.

For mathematical consistency and for practical reasons, as the extra terms that result from the 

use o f cubic strain displacement expressions were already included in the coding of the 

com puter program, and as the effect o f including these extra terms on the CPU time and 

storage required for execution of the code are entirely negligible, the equilibrium equations for 
both the fundamental and the secondary paths used in this study are based on the cubic strain 
displacement expressions given by equation (6.1).

6 . 2 . 4  Remarks on Efficiency and Accuracy.

The solution algorithms presented in Chapter Five have been used with the finite difference 
discretization, fundamental path modelling, eigenvalue problem solution strategy, and error and 

accuracy limits discussed above, in the computer program NLSPHERE. It is of interest to note 
that the algorithm used for the solution of the nonlinear eigenvalue problem, equations (5.35) 
and (5.37), results in the CPU time required for the solution being very weakly dependent on 

the number of terms used in the local perturbation series, and completely independent of the 
total number o f terms in the fundamental path. This program was compiled (Minnesota 
Fortran, MNF, compiler) and executed on the University of London Computer Centre CDC 
7600 computer.

The program NLSPHERE evaluates a number of path parameters, mode shapes, and energy

components associated with the fundamental and secondary paths, a sample output for a perfect

spherical cap, A,=12 (r/t=100, 0 < i < 2), is contained in Appendix B. The energy contributions

to VQ, V lf and V2 of the total potential energy, equations (4.46) to (4.51), are calculated at four

points along the fundamental path (contribution to V0), at the point of axisymmetric buckling
/

(contributions to V0 and V i) and at the point of 'bifurcation' into axisymmetric or periodic 
modes (contribution to V0, and V2). The individual components of the membrane, bending 

and load potential energy are evaluated in the meridional direction by numerical integration 
using Simpson's rule.

The total potential energy functional, equations (4.14) and (4.15), is the starting point for the 

derivation of the equilibrium equations, therefore a final check on the accuracy of both the 
fundamental and secondary path solutions may be based on back substituting the displacement
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vector and load into the total potential energy functional. This check is significant as it is 

independent of the solution methods used. The computer program evaluates the error in the 

terms o f the total potential energy functional at the axisymmetric buckling point (Vj) and at all 

points o f periodic bifurcation (Vj and V2). The relative error has been defined as twice the 
sum of all the individually integrated energy components divided by the sum of the absolute 
values o f the same energy components, where the energy components are defined by equations 
(4.46) to (4.51). The relative error in the total potential energy based on this definition is 
typically of the order of 0.1%, this final and important check demonstrates that the fundamental 

path displacements, the bifurcation modes and the loads satisfy the total potential energy 

functional, which is the fundamental equation on which the analysis is based.

127



6.3 COMPARISONS WITH OTHER NUMERICAL RESULTS

The internal limits on errors and checks by back substitution, described in the first part of this 
chapter provide only a partial confirmation of the validity of the numerical results obtained from 
the program NLSPHERE. Independent confirmation of the present results by comparison with 

the published results of Huang, Reference [17], and Uchiyama and Yamada, Reference [18], 

are presented below.

Both Huang and Uchiyama and Yamada use shallow shell theory; the spherical geometry of the 

shell is replaced by a paraboloid and with the introduction of a stress function into the analysis 
they arrive at Marguerre's nonlinear differential equation, in polar coordinates for shallow 
spherical caps under uniform pressure loading. The derivation of Marguerre's nonlinear 
differential equation incorporates the Kirchhoff assumptions, discussed in Chapter Two, as 

well as the following assumptions.

- The ratio of rise height, h = r (1-cosa), to the base diameter or chord, D = 2r sina, of 
the spherical cap is less than say 1/8, or equivalently half the open angle of the cap, a , 

is less than 28 degrees. This is the shallow shell assumption, and the spherical 
geometry is represented by a paraboloid.

- The inplane meridional and circumferential displacements u and v are small in 
comparison with the radial displacement w. That is, the only nonlinear terms used in 
the expression for the middle surface strains are quadratic terms involving the radial 

displacement w.

The introduction of these assumptions in the work of Huang and Uchiyama and Yamada 

results in a different method of analysis and different solution techniques to those used in the 

present work. For this reason comparisons between the present results and those of Huang 
and Uchiyama and Yamada are comparisons between the results of different shell theories.

6 . 3 . 1  Com parison of Axisym m etric and Periodic Buckling Pressures 
for Perfect Spherical Caps with Clamped Edges.

The present results (|i=0.3) are compared with those of Huang ( |i= l/3 ) and Uchiyama and 

Yamada ( |i=0.3) in Figure 6.9 where the axisymmetric (i=0) and periodic (i=l,2,..) buckling 

pressures have been plotted against the slenderness or Bartdoff parameter X for perfect clamped 
shallow spherical caps.

The present results in Figure 6.9 are seen to be in good agreement with those of Huang, 
Reference [17], as well as Uchiyama and Yamada, Reference [18], especially when the 
different values of Poisson's ratio, ji, used by Huang and the differences between the shallow



shell derivations and the present analysis are considered. In general the difference between the 
present results and those based on shallow shell theory are of the same order as the differences 
between the two results obtained using shallow shell theory with slightly different values of 
Poisson's ratio. The greatest variation in results occurs for the antisymmetric (i= l) buckling 
mode, even so the differences in buckling pressures are less than 5%. The locus o f the 
antisymmetric buckling pressures given by the present results have a similar shape to that of 

Uchiyama and Yamada and have an opposite curvature to the results of Huang. When 
displacement profiles of the fundamental path or periodic bifurcation modes were visually 

compared, as Uchiyama and Yamada give their results graphically, no differences between the 

profiles could be detected.

6 . 3 . 2  Comparisons of the Axisym m etric Nonlinear Fundamental Path 

Solution with Initial Im perfections.

Various comparisons between the results from the computer program NLSPHERE and those 
reported by Uchiyam a and Yamada, Reference [18], for spherical caps with initial 
axisymmetric imperfections have been undertaken. Agreement between the results of the two 
methods are remarkably good, with relative errors o f less than 5% in all cases. A single typical 
comparison will be presented.

Uchiyama and Yamada present graphs of pressure (Q) against displacement at the pole (5) for a 
shallow spherical cap, X-5.15  or H=5 for different amplitudes of initial imperfection 
(A2, W^), in figure 10.2 of Reference [18].

The following notation is used by Uchiyama and Yamada,

H- r
X = 2 y 3 (l- | i2)H2 

w? = (i-S2)2
t _ tan<{> 

tana
ji = 0.3

A^ = imperfection amplitude

in which h is the rise height and t the shell thickness. The parameter (0<£<1), used by 

Uchiyama and Yamada is the nondimensional distance measured along the chord of the cap 
from beneath the pole or apex, and is given above in terms of the meridional coordinate <j) and 
the half open angle of the cap, a .
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The same shape o f initial imperfection (W£), was used with the program NLSPHERE, 
resulting in the excellent agreement shown in Figure 6.10. The values of the imperfection 
amplitude shown in Figure 6.10 have been nondimensionalised with respect to the shell 
thickness and positive values indicate an initial imperfection with an outward displacement at 

the pole of the cap. Comparisons of other cases incoiporating initial imperfections reported by 

Uchiyama and Yamada resulted in equally good agreement with the predictions from the 
program NLSPHERE.

As a result o f the validation exercises reported in this Chapter, and other tests undertaken 
during the course of the work, it is believed that no significant 'bugs' or errors remain in the 

program source code.
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1.14
O Standard Finite Difference Expressions, accuracy h 
□ Finite Difference Expressions, accuracy h4 
•  Finite Difference Expressions, Table 5.1
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Figure 6.3 Nonlinear Fundamental Paths, based on Quadratic, Cubic, and ’'Quartic'’ 
Equilbrium Equations, for a Spherical Cap with X = 6.

I n 
consistent Cubic, or Consistent 
Quartic Terms, Pbk/Pci = 0.9901

Consistent Quadratic Terms, P^/IJj = 0.8307

1.5 2 2.5
Perturbation Parameter, e

Figure 6.4 Nonlinear Fundamental Paths, based on Quadratic, Cubic, and "Quartic" 
Equilbrium Equations, for a Spherical Cap with X = 26.



(UA) x 501.5

X = 6, rA = 500 
P/Pci = 0.9696

0  —

WA
-1.5

300 10 20 40 50
Node Number, n (Pole at n= l, Clamped Edge at n=51)

(a) Displacements

.08

.06

.04

.02

-.02
-.04
-.06
-.08

(u) x 50

10 200 30 40 50
Node Number, n (Pole at n= 1, Clamped Edge at n=51) 

(b) Derivatives

.04

.03

.02

.01

-.01
-.02
-.03
-.04
-.05
-.06

0 10 20 30 40 50
Node Number, n (Pole at n=l, Clamped Edge at n=51) 

(c) Strain Components
' '■— ........... -  . ■.
...... ................ ................Quart

A. = 6. rA = 500

■
.ic from Quadn

■
itic/T otal Mer

...............
nbrane Energy

P/Pcl = 0.9696

.......................| ........................ /
......... J -" ~ \..... ....... ............ J

...: .........A ......... \ ...................1 .........

(puartic from C ubic/Total Me
r ...............

mbrane Energy/) x 50
0 10 20 30 40 50

Node Number, n (Pole at n = l, Clamped Edge at n=51)
(d) Contributions to the Quartic Terms of the Membrane Strain Energy

Figure 6.5 Fundamental Path Displacement, Strain, and Membrane Energy 
Profiles at the Axisymmetric Buckling Point, for X = 6.

133



(U/t) X 501.5

WA
-1.5

Node Number, n (Pole at n= l, Clamped Edge at n=51)
(a) Displacements

.06

.04

.02

-.02

-.04
(u) x 50

-.06

Node Number, n (Pole at n= l, Clamped Edge at n=51)
(b) Derivatives

.03

.02

.01

-.01
-.02
-.03
-.04

X = 26, rA = 500 
P/PH = 0.9901 (e^) x 10(Ej ) x 10

500 20 30 4010

.06

.05

.04

.03

.02

.01
0

-.01

Node Number, n (Pole at n= 1, Clamped Edge at n=51) 
(c) Strain Components

i i
A, -  2b, T / t  -  5UU Quartic from Quadratic /  Total Membrane Energy/ \  1 
d / d  -n o o m  ^  ^  ^ I I
" ' cl ” ' " T X T ™  . . . . . . . . . .

.....  \ f \  r \ A  /J X r x j  XaIxj
(Quartic from Cubic /  Total Membrane Energy) x 50

---------------------------- -------------------------- 1------------------------- -------------------------- i -----------------------------------------------------1------------------------- ---------------------------i ----------------------------------------------------

0 10 20 30 40 50
Node Number, n (Pole at n = l, Clamped Edge at n=51)

(d) Contributions to the Quartic Terms of the Membrane Strain Energy

Figure 6.6 Fundamental Path Displacement, Strain, and Membrane Energy 
Profiles at the Axisymmetric Buckling Point, for X = 26.

134



1.5

U x 50

- 1 4  = 6, r/t = 500- 
P/R, =0.7618 V x 50

-1.5

Node Number, n (Pole at n=l, Clamped Edge at n=51)

(a) Normalised Displacements

I—  (v) x 50 ~“j

L(u) x50

A. = 6, rA = 500 
P/Pcl =0.7618

(v) x 50

10 20 30 40
Node Number, n (Pole at n=l, Clamped Edge at n=51)

(b) Normalised Derivatives

1.25
1

.75
.5

.25

.25
-.5
.75
-1

" = ts7 ^ .
(e, 1 x 5 0 y ^ S. ---mrt"*r 1 '

(82 ) X 50

X 50

r/t-^00
p ! P/P. =0.7618 |"•UUL,JUUUU UlJ.....— - ... t..........  Cl _

0 10 20 30 40
Node Number, n (Pole at n=l, Clamped Edge at n=51)

(c) Normalised Strain Components

50

Figure 6.7 Secondary Path Initial Displacements, Derivatives, and Strain Components 
at the Point of Bifurcation into the Critical Periodic Mode, i = 2, for X = 6.

135



1.5

U x 50

V x 50X = 26, r/t = 500 
P/Pr l = 0.7924

-1.5

Node Number, n (Pole at n= l, Clamped Edge at n=51)

(a) Normalised Displacements

y------------------

............................................... .................

(u) x 50 | (v) x 50__
r

.................................................................
(u) x 50 I

r

y. X = 26, r/t =
P/Pcl = 0.792

.....................................................................

500...................
A W------

inr

L------------------------- --------------------------

(v) X 50

0 10 20 30 40
Node Number, n (Pole at n=l, Clamped Edge at n=51)

50

(b) Normalised Derivatives

1.2
{£ i) x 50

(y) x 50

(£2 ) x 50

- .4
(v) x 50

0 5010 20 30 40
Node Number, n (Pole at n= l, Clamped Edge at n=51)

(c) Normalised Strain Components

Figure 6.8 Secondary Path Initial Displacements, Derivatives, and Strain Components 
at the Point of Bifurcation into the Critical Periodic Mode, i = 18, for X = 26.

136



P
/P

cl

1.2

0.8

*4
\0

*

o O r  JT, ■ V x

\
\  t
\  '‘ \  \

\  \ 
\  \ 
\  \

/

/ /
t• / x

► x /  1 . >  ** / / /

/ X1 /* /  \

°Y\\’ V \ 7  y

u
i ' /
[ / "
V  ^

X X 4

f
\ 5  / *

\  ✓ y

k / /

K  NN< i

P '^  1

\
/

X. N•«*

Huang, |i= i/3 , Ket. Ll/j.
- Uchiyama and Yamada, p.=0.3, Ref.[18].

Present results, JJ.—0.3. -

i : number of circumferential 
buckling mode.

i i. . .  L

0.6

0 .4

Figure 6.9 Comparisons of Axisymmetric and Periodic BucMlinjg Pressures for Clamped 
Perfect Spherical Caps with Shallow Shell Theory Results, References [17] and [18]

137



0.8

N

0.6

0.4

" o.
"  o.

Uchiyama and Yamada, [1=0.3, Ref.[18]. 

Present results, [1=0.3.
0.2

0.0'
t.O 3.02.00

Figure 6.10 Comparisons of Nonlinear Fundamental Path for Clamped Imperfect Spherical
Cap, A.=5.75, with Results from Shallow Shell Theory, Reference [18], 
Imperfection Amplitude is Indicated, see equation (6.2).

138



CHAPTER SEVEN

PRESENTATION OF RESULTS



CHAPTER SEVEN

C O N T E N T S

7 .1  IN T R O D U C T IO N

7 .2  TH E  G E O M E T R IC  SLENDERNESS OR B A RTD O FF PA R A M E TER  Jt

7 .3  PR ESSU R E LOADED PE R F E C T  SPH ER IC A L CAPS C LA M PED  AT 
T H E  BOUNDARY

7 .4  PR ESSU R E LOADED SPH ER IC A L CAPS C LA M PED  AT T H E  
BOUNDARY W ITH  A X ISY M M ETR IC  IN IT IA L  IM PE R F E C T IO N S

140



PRESENTATION OF RESULTS

7 .1  INTRODUCTION

In this Chapter results from the computer program NLSPHERE, described in Chapters Five 

and validated in Chapter Six, are presented for perfect and imperfect spherical caps clamped at 
the boundary. Before the main results are presented in Section 7.3 and Section 7.4, results 

from different shells with the same value of the geometric slenderness or Bartdoff parameter, 

X, are compared in Section 7.2. As a result o f the comparisons presented in Section 7.2 the 

geometry of the spherical caps are described by the single slenderness or Bartdoff parameter X 
in the remainder of the Chapter.

In Section 7.3 detailed results are presented for six perfect spherical caps with slenderness 

values of 3.5, 4, 6 , 9, 12, and 30. And general results are given for perfect spherical caps 
with slenderness values between 3.5 and 60.

Section 7.4 presents detailed results for five spherical caps with initial axisymmetric 

imperfections and slenderness values of 4, 6 , 9, 12, and 30. The initial axisymmetric 
imperfection mode that is used in the results presented in this Chapter is the buckling mode that 
results from a linear membrane fundamental path problem with boundary constraint imposed at 
the axisymmetric or periodic buckling point. This results in a linear eigenvalue problem, the 
eigenvector associated with the smallest eigenvalue is in all cases axisymmetric, and the radial 
component of the eigenvector associated with the smallest eigenvalue is used as the initial 
stress-free imperfection mode shape.
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7.2 THE GEOMETRIC SLENDERNESS OR BARTDOFF PARAMETER X

The geometric Bartdoff parameter X for isotropic spherical shells is given by,

X = ^ 1 2 ( l - p 2 ) ^ < x  (7.1)

where

[L 4pojssons ratio 

r = radius of the shell 

t = the thickness of the shell

a  = the open angle of half the shell, for a complete sphere a  = n

The geometric param eter X is proportional to the ratio of the arc length, C (/=ar) to the
characteristic shell length (Vrt), and by analogy with cylindrical shells is often referred to as the

slenderness parameter. For complete spherical shells a  = % and the slenderness parameter X is 

proportional to Vr/t. Also the order of the Legendre polynomial, N of the critical axisymmetric 
buckling mode is given by

N(N +1) -  ( £ ) 2 = / 12(1 -p.2) I  (7.2)

\ f

The wavelength of the critical buckling mode, the critical wavelength, is inversely proportional 
to N for slender shells, large values of X and N. The ratio o f the characteristic shell length, 
Vr/t, to the arc length, £ may be expressed as

c  _ 1 12(1 -(I2) /*
r -------x -------r  (7-3)

and this nondimensional parameter is indicated on many of the figures presented in this 
Chapter.

When shallow shell assumptions are used in the analysis of spherical caps the equilibrium 

equations governing the elastic behaviour of the shell may be written in a nondimensional 

form, which incorporates the shell geometry in terms of the single parameter X. In the present 

work no attempt has been made in the derivation of the deep shell equations contained in 
Chapters Four and Five to express the shell geometry in terms of the single parameter X. In the 

computer program NLSPHERE the geometry of the shell is specified by two parameters, the 

radius to thickness ratio r/t, and the open angle o f the half shell a .  For isotropic spherical 
caps, clamped at the boundary, the results of the nonlinear fundamental path and bifurcation *
analyses, when suitably nondimensionalised, were found to be dependent on X alone. »
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For example Figure 7.1 (3 pages) compares results for two different shells with the same 
slenderness value of X=12. These shells were specified by r/t=100 and a=0.660 which does 
not satisfy the shallow shell conditions, and r/t=500 and a=0.295 which does satisfy the 
shallow shell conditions.

In Figure 7.1 (a), (b) and (c) the nondimensional load, P/Pci, is plotted against the perturbation 
parameter, e, the relative change in volume, AV/V, and the displacement at the pole, 8 , 
respectively. In the solution of the perturbation problem, Section 5.3 o f Chapter Five, the 
value o f p u  is arbitrary. In the computer program NLSPHERE the first term of the 

perturbation series for the load, p i j ,  was set equal to the classical buckling pressure for the 

complete sphere, consequently the linear fundamental path solution, the solution for the 

complete sphere, would in all cases pass through the origin and the point with coordinates 

(1,1) in Figure 7.1 (a). Figure 7.1 (b) again shows the fundamental path, the load is plotted 

against the change in volume of the spherical cap, where the change in volume, AV, is 
normalised by the initial volume, V, of the spherical cap, and this is not the 'correct' 
nondimensionalisation. It may be shown that the 'correct' nondimensionalisation will result 

when the change in volume of the spherical cap is normalised by the change in volume of the 
complete sphere at the buckling load. The fundamental path is shown once again in Figure 7.1 
(c), in this case the nondimensional load has been plotted against the displacement at the pole, 
8 , normalised by the shell thickness. For the complete spherical shell the radial contraction is 
proportional to the load and the contraction at the point of buckling is given by equation (3.5) 
of Chapter Three, for Poisson's ratio of 0.3 the radial contraction at buckling is equal to 42.4% 
of the shell thickness. The linear fundamental path solution, the solution for the complete 
sphere, would in all cases pass through the origin and the point with coordinates (0.424,1) in 
Figure 7.1 (c).

The difference in the axisymmetric buckling pressures (Pbk/Pcl~0-960) for the two shells is 

0.11% which is within the limits of accuracy of the program NLSPHERE discussed in 
Chapter Six.

The radial, W, and inplane, U, displacements normalised by the shell thickness at the point of 
buckling are shown in Figure 7.1 (d) and (e) respectively for the two spherical caps. The 

radial displacements, Figure 7.1 (d), agree within the accuracy of the program, however there 

is a factor of V5 between the inplane displacements, Figure 7.1 (e). The 'correct' length to use 

in normalising the inplane, U, displacements is the arc length, fera, of the spherical cap.

The difference in the critical periodic buckling pressures (Pcr/P ci=0.772, icr=7) for the two 

shells is approximately 0.13% , which is within the limits of accuracy of the program. Figure

7.1 (f) and (g) show the meridional, g^, and circumferential, Ge, stress profiles at the critical 
load, P cr/P ci»0.772, and at the axisymmetric buckling load, Pbk/Pcj~0.960, and these stresses 
are normalised by the classical buckling stress, o ci, for the complete spherical shell. It is of



interest to note that the critical bifurcation load, Pa /Pci»0.772, occurs when the circumferential 

stress, a©, first reaches the classical value, o c\. Comparisons of the critical meridional mode 
shape, icr=7, that result from the nonlinear eigenvalue problem have not been shown as the 
amplitude of the displacements is necessarily arbitrary.

When an axisymmetric initial imperfection with an amplitude of one tenth of the shell thickness 
is introduced into the analysis no periodic bifurcation from the nonlinear axisymmetric 

fundamental path occurs. This magnitude of initial imperfection reduces, the axisymmetric 

buckling pressure for the two shells (A,=12, r/t=100 and r/t=500) to 0.596 o f the classical 

pressure (Pbk/Pcl® 0-596), and the difference between the results obtained for the two shells is 
less than 0.3%.

The geometry of the spherical caps will be described by the single slenderness or Bartdoff 
parameter X in this Chapter. As a point of interest a radius to thickness ratio of 500 has been 
used in all the cases presented below.
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7 .3  PR ESSU R E LOADED PE R F E C T  SPH E R IC A L  CAPS C LA M PED  AT 
T H E  BOUNDARY

Periodic buckling occurs at a lower pressure than axisymmetric buckling for spherical caps 

with slenderness values, X> of more than about 5.5, see Figure 6.9. In the detailed discussion 
and presentation of the results for perfect spherical caps below only the lowest bifurcation or 

critical load is mentioned. However as the slenderness increases, X increases, the number of 

periodic bifurcation modes increase and the proximity of these periodic bifurcation modes also 

increases. The position of the points of bifurcation on the fundamental path of the dominant 

and subdominant periodic modes with circumferential mode numbers, i, between 16 and 33 are 
shown in Figure 7.2 for a perfect spherical cap with a slenderness value of 30.

In Figures 7.3 to 7.8, the nonlinear fundamental path, the fundamental path displacement 

profiles, the meridional and circumferential stress profiles, and the lowest, or critical, periodic 
buckling mode, eigenvector, are shown for caps with X values of 3.5, 4, 6 , 9, 12, and 30. In 
the graphs of the fundamental path radial displacement and stress profiles contained in Figures 
7.3. to 7.8, the parameter 's' is the normalised arc length measured from the pole (s=0) to the 
clamped edge (s= l) of the spherical cap. To avoid confusion the value of the perturbation 
parameter, e, is used to indicate the location on the fundamental path to which the fundamental 
path displacement or stress profiles refer. The amplitude of the eigenvector resulting from the 
linearised eigenvalue problem is indeterminate, and the amplitude o f the incremental mode 
shapes shown in Figures 7.5 to 7.8 have been normalised such that the maximum displacement 
is one.

Figure 7.3 ^=3.5

Figure 7.3 (a) shows the fundamental path, load is plotted against perturbation parameter, for a 

spherical cap with a X value of 3.5. Axisymmetric buckling, a local maximum, occurs at 

e=1.35, when the load Pbfc/Pd^.597, and a local minimum occurs at e=2.54, when the load 

P/Pci=0.559. Figure 7.3 (b) and (c) show the radial, W, and inplane, U, displacement profiles 
at various positions along the fundamental path. For this spherical cap the rise height h=1.85t, 

and from inspection of Figure 7.3 (b) it may be seen that buckling, a local maximum, occurs at 

e=1.35 when the radial displacement at the pole 5 ~ -l.l t , and the local minimum•oeeurs>t 

e=2.54 when the radial displacement at the pole 5~-2.0t, that is the shell .turns 'inside out'. 
The meridional and circumferential stress profiles are shown in Figure 7.3 (d) and (e), the 

circumferential stress, a©, at buckling, e=1.35, has a maximum value of approximately 1.1 o ci, 

Figure 7.3 (e). Both the meridional and circumferential stresses become tensile, negative in 
Figure 7.3 (d) and (e), near the pole for large values of the perturbation parameter, e.g. 

e=4.89. No periodic bifurcations from the fundamental path were found.
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Figure 7.4, X =4

The fundamental path for a spherical cap with a X value o f 4 is shown in Figure 7.4 (a) and

(b), in (a) the load is plotted against perturbation parameter, and in (b) the load is plotted 

against the relative change in volume of the spherical cap. Axisymmetric buckling, a local 

maximum, occurs at e=1.24, when the load Pb^/Pci^.563, and a local minimum occurs at 

e=3.84, when the load P/Pci=0.381. Figure 7.4 (c) and (d) show the radial, W, and inplane, 
U, displacement profiles at various positions along the fundamental path. For this spherical 
cap the rise height h=2.42t, and from inspection of Figure 7.4 (c) it may be seen that buckling 
occurs, a local maximum, at e=1.24 when the radial displacement at the pole 5~-1.0t, and the 

local minimum occurs at e=3.84, when the radial displacement at the pole 5*-3.1t. The 

behaviour of this spherical cap, X=4, is similar to that described above for X=3.5, the shell 

turns 'inside out' between the buckling load and the minimum load. The meridional and 

circumferential stress profiles are shown in Figure 7.4 (e) and (f), the circumferential stress, 
O0, at buckling, e=1.24, has a maximum value of approximately 1.0gci, Figure 7.4 (f). Both 
the meridional and circumferential stresses become tensile near the pole for large values of the 
perturbation parameter. Once again no periodic bifurcations from the fundamental path occur.

Figure 7.5. X=6

In Figure 7.5 (a), (b) and (c) the fundamental path for a spherical cap with a X value of 6 is 
shown, in (a) the load is plotted against perturbation parameter, in (b) the load is plotted against 

the relative change in volume of the spherical cap, and in (c) the load is plotted against the 
radial displacement at the pole. Axisymmetric buckling occurs at e=1.58, when the load 
Pblc/Pci=:0.970. The radial, W, and inplane, U, displacement profiles at various positions 
along the fundamental path are shown in Figure 7.5 (d) and (e). From inspection of Figure 7.5

(c) and (d) it may be seen that axisymmetric buckling occurs, at e=1.58, when the radial 

displacement at the pole 5»-0.5t, however at this load the maximum radial displacement is 

approximately -1.2t and occurs at 5*0.46, Figure 7.5 (d).

For values o f the perturbation parameter, e, o f less than about 0.83 the behaviour of the 

spherical cap is fairly linear, while for values of the perturbation parameter greater than 0.83 

the behaviour becomes highly nonlinear, Figure 7.5 (a), (b) and (c). Prior to buckling, 
0.83<e<1.58, the radial displacement at s«0.46 grows rapidly with only small changes in the 

radial displacement at the pole. The radial displacement profile, Figure 7.5 (d), at buckling 
contains two points o f inflection, j= 2 , and the radial displacement at the pole is a relative 

minimum. On the postbuckling part of the axisymmetric fundamental path, 1.58<e<3.33, the 

displacement mode shape changes, the radial displacements at the pole increase rapidly, Figure
7.5 (c) and (d), the radial displacement at the pole becomes the maximum j= l ,  while the radial
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displacement at s=0.46 decreases rapidly. This change in mode shape results in a decrease in 

the change in volume of the deformed shell, Figure 7.5 (b).

The meridional and circumferential stress profiles are shown in Figure 7.5 (f) and (g), the 

circumferential stress, Gq, at the axisymmetric buckling load, e=1.58, has a maximum value of 

approximately 1.82aci, Figure 7.5 (g).

Bifurcation from the axisymmetric fundamental path into periodic modes occurs before the 

axisymmetric buckling point is reached. The minimum or critical bifurcation is in the 
circumferential mode icr=2 at e=0.90 when the load PCI/P cp=0.762, and this occurs when the 

maximum value of the circumferential stress, g q ,  is approximately equal to the classical value, 

g ci, Figure 7.5 (g). The shape o f the critical mode is shown in Figure 7.5 (h).

Figure 7.6. A=9

The fundamental path for a spherical cap with a X value of 9 is shown in Figure 7.6 (a), (b) 
and (c). Axisymmetric buckling occurs at e=1.14, when the load Pbfc/PcpO.915. The radial, 
W, and inplane, U, displacement profiles at various positions along the fundamental path are 
shown in Figure 7.6 (d) and (e). From Figure 7.6 (c) and (d) it may be seen that axisymmetric 
buckting_occurs when the radial displacement at the pole 8«-0 .6 t, however at this load the 

radial displacement is approximately -0.75t and occurs at s~0.65, Figure 7.6 (d).

The radial displacement profile, Figure-7.6 (d), at buckling contains three points of inflection, 
j=3, and the radial displacement atfthe pole is a relative maximum. The behaviour of the 
spherical cap is fairly linear for values d f  the peiturbatiofi pafameter, e, of less than about 1.1, 
while for values of the perturbation parameter greater than 1.1 the behaviour becomes highly 
nonlinear, Figure 7.6 (a), (b) and (c). On the postbuckling part of the axisymmetric 

fundamental path, 1.14<e<9.26, the displacement mode shape changes rapidly, the radial 

displacements at the pole increase, Figure 7.6 (c) and (d), and the radial displacement mode 

shape changes from j=3 to j= l. This change in mode shape results in a decrease in the change 
in volume of the deformed shell, Figure 7.6 (b), as the inward radial displacements at s=0.65 

change to outward displacements.

The meridional and circumferential stress profiles are shown in Figure'7.6 (f) and (g), the 

circumferential stress, gq, at the axisymmetric buckling load, e=1.14, has a maximum value of 

approximately 1.75gci, Figure 7.6 (g).

Before the axisymmetric buckling point is reached bifurcation from the axisymmetric 

fundamental path into periodic modes occurs. The minimum or critical bifurcation is in the 

circumferential mode icr=4 at e=0.80 when the load PCI/P ci=0.767, and this occurs when the
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maximum value, at s«0.61, of the circumferential stress is approximately equal to the classical 
value, Figure 7.6 (g). The shape of the critical mode is shown in Figure 7.6 (h).

Figure 7.7. X -12

Figure 7.7 (a), (b) and (c) show the fundamental path for a spherical cap with a X value of 12. 

Axisymmetric buckling occurs at e=1.28, when the load Pbk/P ci=0.959. Radial, W, and 

inplane, U, displacement profiles at various positions along the fundamental path are shown in 

Figure 7.7 (d) and (e). It may be seen from inspection o f Figure 7.7 (c) and (d) that 

axisymmetric buckling occurs when the radial displacement at the pole 8«-0.55t is a local 
minimum, however at this load the radial displacement profile has two local maxima of 
approximately -0.75t at s«0.2 and at s-0.74, Figure 7.7 (d).

For values o f the perturbation parameter, e, o f less than about 0.90 the behaviour of the 
spherical cap is fairly linear, while for values of the perturbation parameter greater than 0.90 

the behaviour becomes highly nonlinear, Figure 7.7 (a), (b) and (c). Prior to buckling, 
0.97<e<1.28, the radial displacements at s»0.2 and s«0.74 grow rapidly with only small 
changes in the radial displacement at the pole. The radial displacement profile, Figure 7.7 (d), 
at buckling contains four points of inflection, j=4, and the radial displacement at the pole is a 
relative minimum. On the postbuckling part of the axisymmetric fundamental path the 
displacement mode shape changes, the radial displacements at the pole increase from 
approximately -0.55t to approximately -0.9It as e increases from 1.28 to 1.94, Figure 7.7 (c) 
and (d), and the radial displacement at the pole becomes a local maximum j=3, while the radial 
displacements at s»0.2 and s=0.74 decrease. This change in mode shape results in a decrease 
in the change in volume of the deformed shell, Figure 7.7 (b).

The meridional and circumferential stress profiles are shown in Figure 7.7 (f) and (g), the 

circumferential stress, Ge, at the axisymmetric buckling load, e=1.28, has a maximum value of 
approximately 1.5aci, Figure 7.5 (g).

Bifurcation from the axisymmetric fundamental path into periodic modes occurs before the 

axisymmetric buckling point is reached. The critical bifurcation is in the circumferential mode 

iCr=7 at e=0.82 when the load PCI/P ci=0.772, and this occurs when the maximum value of the 

circumferential stress, Go, is approximately equal to the classical value, Gci, Figure 7.7 (g). 
The shape of the critical mode is shown in Figure 7.7 (h).

Figure 7.8. ^=30

The fundamental path for a spherical cap with a X value of 30 is shown in Figure 7.8 (a), (b) 
and (c). Axisymmetric buckling occurs at e=1.05, when the load Pbk/Pci=0.952. From Figure 
7.8 (c) and (d) it may be seen that axisymmetric buckling occurs when the radial displacement
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at the pole 5»-0.52t, is a local maximum. The radial displacement profile, at the buckling load, 
has four other local maxima the largest of which is approximately -0.68t at s=0.90, 
F igure  7.8 (d).

At buckling the radial displacement profile, Figure 7.8 (d), contains nine points of inflection, 

j=9, and the radial displacement at the pole is a relative maximum. The behaviour of the 
spherical cap is fairly linear for values of the perturbation parameter, e, of less than about 0.9, 

while for values of the perturbation parameter greater than 0.9 the behaviour becomes highly 

nonlinear, Figure 7.8 (a), (b) and (c). On the postbuckling part of the axisymmetric 

fundamental path the displacement mode shape changes, the radial displacements at the pole 
increase from approximately -0.52t to approximately -1.16t as e increases from 1.05 to 1.55, 

Figure 7.8 (c) and (d). The radial displacement mode shape also changes from j=9 at e=1.05 
to j=7 at e=1.55, the radial displacement at the pole becoming the maximum displacement at 
e=1.55. This change in mode shape results in a decrease in the change in volume of the 

deformed shell, and the unloading path in Figure 7.8 (b) is virtually indistinguishable from the 
loading path.

The meridional and circumferential stress profiles are shown in Figure 7.8 (f) and (g), the 
circumferential stress at the axisymmetric buckling load, e=1.05, has a maximum value of 

approximately 1.38gci, Figure 7.8 (g).

Before the axisymmetric buckling point is reached bifurcation from the axisymmetric 
fundamental path into periodic modes occurs. The minimum or critical bifurcation is in the 
circumferential mode icr=21 at e=0.80 when the load PCI/P ci=0.795, and this occurs when the 
maximum value, at s=0.89, of the circumferential stress is approximately equal to the classical 

value, Figure 7.8 (g). The shape of the critical mode is shown in Figure 7.8 (h).

Summary

The axisymmetric buckling and periodic bifurcation or critical pressures for clamped spherical 

caps where the slenderness parameter X is in the range 3.5 < X < 60 are presented in Table 

7.1(a) and (b) and graphically in Figure 7.9. When two values of the normalised axisymmetric 

buckling pressure are given in Table 7.1 this indicates that the fundamental path solution 

algorithm found a second (minimum) turning point, and this value is given as the second figure 

in Table 7.1. For example, when X=3.5, see Figure 7.3, maxima and minima occur on the 

fundamental path at values of P/Pci equal to 0.597 and 0.559 respectively. Also two values of 
the normalised periodic bifurcation pressure appearing in Table 7.1 for the same circumferential 
mode number, i, indicate that subdominant eigenvalues and vectors have been found by the 
computer program NLSPHERE. When subdominant eigenvalues have been found the load 
corresponding to the first bifurcation (lowest value of perturbation parameter) is given first. In
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the case h=\5 and i=5, where the first value given in Table 7 .1(a) is larger than the second, the 

second bifurcation occurs after the axisymmetric buckling point

For spherical caps with values o f the geometric parameter X greater than about 5.5 bifurcation 
into periodic modes occurs at a lower pressure than axisymmetric buckling. The maximum 

radial displacement of the periodic critical mode and the maximum radial displacement of the 

axisymmetric fundamental path displacements at the critical load occur at approximately the 
same position on the shell. As X increases the periodic buckling displacements affect a smaller 
area o f the shell adjacent to the clamped boundary and the critical circumferential mode number 

icr increases, as may be seen from Figures 7.5 to 7.8. The number o f periodic bifurcation 

modes, and their proximity to the critical mode also increases as X increases. For a cap with a 

X value of 30 some of these subcritical modes are shown in Figure 7.2.

For all spherical caps with X values greater than 4 axisymmetric buckling, 4<X<5.5, or the 

lowest periodic bifurcation, X>5.5, occurs when the circumferential stress, Gq, first reaches the 
classical buckling stress, gci, for the complete sphere with the same radius to thickness ratio.

For axisymmetric displacements j has been used to denote the meridional mode shape, and 
corresponds to the number of points of inflection (j> l) occurring on the half shell (0 < s < 1), 
while N is reserved for the order of the Legendre polynomial of the buckling mode of the 
complete sphere. The values of j and N for clamped spherical caps and complete spheres 
respectively are also given in Figure 7.9, and are approximately equal for shells of equal 

slenderness, X. Inspection of Figures 7.3 to 7.8 reveals that for axisymmetric displacements 
odd values of j occur when the displacement at the pole is a local maximum and even values of 
j are associated with a local minimum of the radial displacement at the pole. The undulating 
nature of the locus of axisymmetric buckling points in Figure 7.9 reflects the transition between 

odd and even values of j. Axisymmetric buckling pressures'being locally less for odd values 
of j, and the odd j modes extend over a larger range of X than the modes corresponding to even 

values of j.

Although the periodic post bifurcation paths have not been calculated in the present work, it 

may be of interest to speculate on the behaviour that they would reveal. For slender shells 

periodic bifurcation occurs before axisymmetric buckling and the critical mode shape affects the 

portion of the cap close to the boundary, the remainder of the cap being less affected by the 

initial critical bifurcation mode. However, if we consider the ’unaffected’ part o f the cap as a 

separate cap with a smaller slenderness value, A., and ’softer’ boundary conditions then it is 

reasonable to suppose that this part of the cap will have a lower buckling or critical load than 

the entire cap, see Figure 7.9. In this way it may be imagined that elastic buckling behaviour 

o f slender spherical caps will start with periodic bifurcation near the boundary and then 
propagate towards the pole.
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The terms of the total potential energy, V, that are independent, V0, linearly dependent, Vl5 
and quadratically dependent, V2, on the incremental displacements are given in Chapter Four, 
by equations (4.46) to (4.51), and the program evaluates these terms at various points along 
the fundamental path. In evaluating the energy contributions to the rate of change of the 

fundamental path displacement vector is used as the incremental vector, as all contributions to 

Y l arising from periodic displacements are necessarily zero. The linearised eigenvalue problem 
that results from the application of the stationary condition to V2 has axisymmetric solutions 

corresponding to the stationary points o f the fundamental path, and periodic solutions when 

X>5.5 corresponding to the points of bifurcation to a periodic secondary path from the 

axisymmetric fundamental path. The contributions to the quadratic term of the total potential 

energy, V2, are evaluated for all eigenvalues and vectors, that is at both the points of 

axisymmetric 'snap' buckling and at the points of periodic bifurcation. In the sample output in 

Appendix B the evaluation of these energy contributions is shown.

For a spherical cap with a X value of 12 the contributions to the quadratic terms of the total 
potential energy V2 are plotted against the circumferential mode number, i, in Figure 7.10. As 
the sum of the quadratic energy contributions is zero and the amplitude of the eigenvector is 
indeterminate the quadratic energy contributions shown in Figure 7.10 have been normalised 
such that the total positive (stabilising) or negative (destabilising) energy is equal to one or 

minus one.

The destabilising energy contributions are due to the interaction between the axisymmetric 

fundamental path displacements and the periodic secondary path displacements. The stabilising 
contributions to the quadratic energy in all cases come from the terms that are functions of the 
secondary path displacements only, that is the positive energy is independent of the 
fundamental path displacements at the point of bifurcation. The quadratic components of the 

load potential energy J2L given by equation (4.50) are not shown in Figure 7.10 as they are 

small by comparison to the other terms. Typically J2L is responsible for less than 0.1% of the 

total destabilising energy.

The critical circumferential buckling mode, iCT=7, occurs where the stabilising secondary path 

membrane and bending energies are equal in magnitude, as far as this is possible for integer 
values of i.

The stabilising and destabilising energy contributions to the circumferential membrane energy 

exhibit opposite trends, as the periodic buckling mode number, i, varies. A t the critical 
buckling mode number, icr=7, the stabilising energy resulting from the secondary path

i i
circumferential membrane energy, Nee0, is small and decreases with increasing values of i. 

However the interaction between the secondary path and fundamental path circumferential
* H » -f

stresses and strains, Neee, N0e0 and N0e0, are responsible for approximately 50% of the 
destabilising energy at the critical buckling mode, and the relative magnitude of these energy
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components increases with increasing i. This is a result o f the interaction between the 
fundamental and secondary path displacement fields shown in Figures 7.5 to 7.8. Periodic 
bifurcation results in a release of this fundamental path circumferential membrane energy, 
which is present in the form of compressive strain energy.

The total bending energy (U2B= U23 <j, + U2.Be + ) is stabilising and increases when the
periodic buckling mode number increases, this is almost entirely due to the increase in 

circumferential bending energy U2 B0 which increases as i increases. All other energy 

contributions to both the stabilising and destabilising energy are either fairly insensitive to 

changes in the circumferential buckling mode number i, Nq^Eq^ and U2B0(j>, or decrease as i 

increases, , N00e00 , N f y  , N0e0, U2<B0.
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7 .4  PRESSU RE LOADED SPH ER IC A L CAPS CLA M PED  AT T H E
BOUNDARY W IT H  A X ISY M M ETR IC  IN IT IA L  IM PE R F E C T IO N S

The mode shape of the axisymmetric initial imperfection, the nonlinear fundamental path, the 

imperfection sensitivity, and the fundamental path radial displacement profiles and the 

meridional and circumferential stress profiles for the perfect spherical cap and for a cap with an 
axisymmetric imperfection with an amplitude of one tenth of the shell thickness, are compared 

for caps with X values o f 4, 6, 9, 12, and 30 in Figures 7.11 to 7.15 (two pages each). To 

avoid confusion the value of the perturbation parameter, e, is used to indicate the location on 

the fundamental path to which the fundamental path displacement or stress profiles refer.

A number of different initial axisymmetric imperfection mode shapes/were tested, thjfese 

included the buckling mode from the linear membrane fundamental path problem, the clamped 
Legendre solution for a complete sphere of equivalent X, the buckling mode resulting from the 

nonlinear solution of the perfect cap, the axisymmetric mode with the same meridional mode 

shape as the critical mode for the perfect cap, and the mode shape that results from a uniform 

radial edge displacement of the cap. Comparisons of the results for the different types of initial 
imperfections showed that the imperfection sensitivity was greatest, and almost identical, for 
the first two types of imperfection mentioned above, the buckling mode from the linear 
membrane fundamental path problem, and the damped Legendre mode for a complete sphere of 
equivalent X. Results will be presented below for the initial axisymmetric imperfections that 
have the same radial shape as the buckling mode of the linear membrane fundamental path 
problem. That is a linear membrane fundamental path solution, radial displacements only, was 
used with boundary constraint, fully clamped, imposed at the axisymmetric or periodic 

buckling point, resulting in a linear eigenvalue problem; the eigenvector associated with the 

smallest eigenvalue is in all cases axisymmetric, and the radial component of the eigenvector 
associated with the smallest eigenvalue is the imperfection mode shape used below. In the 

computer program NLSPHERE these initial imperfections were treated as stress-free 
imperfections as described in Chapter Four by equations (4.9) to (4.11).

In all cases when the amplitude of the initial imperfection was greater than one tenth of the 

thickness of the spherical cap all periodic bifurcation was eliminated and the behaviour of the 

cap was entirely axisymmetric. In the results presented below no mention is made of periodic
t

bifurcations from the imperfect axisymmetric fundamental path, as relatively small 

axisymmetric imperfections in the mode used are sufficient to eliminate any periodic behaviour.

Figure 7.11. X=4

The stress-free initial imperfection mode shape, W°, is shown in Figure 7.11 (a), for the 
sp’ ■' with a X value of 4. The fundamental path is shown in Figure 7.11 (b), (c) and
(d load is plotted against perturbation parameter, in (c) the load is plotted against the
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relative change in volume of the spherical cap, and in (d) the load is plotted against the radial 
displacement at the pole, 8. The nondimensional amplitude o f the initial imperfection with 

respect to the thickness of the shell, W*/t, is indicated on Figure 7.11 (b), a negative amplitude 
indicates an inward initial displacement. Imperfection sensitivity, the locus of the maximum 

values or buckling loads on the fundamental path is shown in Figure 7.11 (e). Radial 

displacement profiles, and meridional and circumferential stress profiles at both the local 

maximum and minimum of the fundamental path, are shown in Figures 7.11 (f), (g), and (h) 

respectively.

For this spherical cap, X=4, the rise height h=2.42t, and for all imperfections shown in Figure 
7.11 the cap turns (inside outVbetween the local maximum and minimum on the fundamental 

path, and the local minimtim occurs for positive values of load. As the amplitude of the inward 
imperfection increases, the difference between the local maximum and minimum decreases, and 

for an imperfection amplitude of W°/t=-0.3 no turning points were detected on the fundamental 

path, the maximum and minimum were completely elim inated and the load increased 

monotonically. The imperfection sensitivity shown in Figure 7.11 (e) represents the load at 
which buckling occurs, although in this case the spherical cap will support larger loads in the 
'inside out' configuration.

Figure 7.12. X=6

Figure 7.12 (a) shows the stress-free initial imperfection mode shape, W°, for the spherical cap 
with a X value of 6, and Figure 7.12 (b), (c) and (d) show the nonlinear fundamental path. 
The nondimensional amplitude of the initial imperfection with respect to the thickness of the 
shell, W s/t, is indicated on Figure 7.12 (b), a negative amplitude indicates an inward initial 

displacement. Imperfection sensitivity, the locus of the maximum values or buckling loads on 

the fundamental path is shown in Figure 7.12 (e). The nonlinear fundamental path solution 
routine, in the program NLSPHERE, found no minimum value within the one hundred and 

sixty terms allowed for the fundamental path, and Figure 7.12 (b) suggests that the minimum 

value will occur for negative values of load. Radial displacement profiles, and meridional and 

circumferential stress profiles at the local maximum, e=1.58 for the perfect cap WYt=0.0, and 
e=0.89 for the imperfect cap W%=-0.1, of the fundamental path and at the postbuckling points 

given by e=2.50, P/Pd =0.893 for W°/t=0.0 and e=2.37, P/Pd =0.329 for WVt=-0.1 are 
shown in Figures 7.12 (f), (g), and (h).

For this spherical cap, X=6, the rise height h=5.44t, and for all fundamental paths shown in 

Figure 7.12 no minimum load has been found, and the cap has not yet turned 'inside out', i.e. 
5<5.44t in Figure 7.12 (d). For the perfect cap periodic buckling occurs before axisymmetric 

buckling, when the circumferential stress first reaches the classical value for the complete 
spherical shell. For the imperfect spherical cap with an imperfection amplitude o f -0 .lt the 
maximum meridional stress at buckling is approximately 1.1 a d  at s=0.28, and the maximum



circumferential stress at buckling is approximately 0.9ad  at the pole, s=0, Figure 7.12 (g) and 

(h). The imperfection sensitivity is shown in Figure 7.12 (e), the axisymmetric buckling load 

is reduced by approximately 60% for an inwards imperfection with an amplitude of 30% of the 
shell thickness.

Figure 7.13. X=9

For the spherical cap with a X value of 9, Figure 7.13 (a) shows the stress-free initial 

imperfection mode shape, W°, and Figure 7.13 (b), (c), and (d) show the nonlinear 

fundamental path. The nondimensional amplitude of the initial imperfection is indicated on 

Figure 7.13 (b). Figure 7.13 (e) shows the imperfection sensitivity for this value of the 

slenderness parameter, h=9. The nonlinear fundamental path solution routine, in the program 

NLSPHERE, found no minimum values of load although negative loads were obtained for 
large values o f the perturbation parameter, e, in a number of cases. Radial displacement 
profiles, and meridional and circumferential stress profiles at the local maximum, e=1.14 for 
the perfect cap W°/t=0.0, and e=0.86 for the imperfect cap W°/t=-0.1, on the fundamental path 

and at the postbuckling points given by e=3.09, P/Pd =0.549 for W 7t=0.0 and e=1.56, 
P/Pcp0.441 for W°/t=-0.1 are shown in Figures 7.13 (f), (g), and (h).

For the imperfect spherical cap with an imperfection amplitude of -0 .lt  the maximum 
meridional stress at buckling is approximately 1 .25aci at s»0.18 and the maximum 
circumferential stress at buckling is approximately 0.85ad  at s~0.12, Figure 7.13 (g) and (h). 
The imperfection sensitivity is shown in Figure 7.13 (e), the axisymmetric buckling load is 
reduced by approximately 55% for an inwards imperfection with an amplitude of 30% of the 

shell thickness.

Figure 7.14. X,=12

Figure 7.14 (a) shows the stress-free initial imperfection mode shape, W°, and Figure 7.14

(b), (c), and (d) show the nonlinear fundamental path for the spherical cap with a X value of 

12, and the amplitude o f the initial imperfection is indicated on Figure 7.14 (b). Figure 7.14 
(e) shows the imperfection sensitivity. The nonlinear fundamental path solution routine found 

no minimum values o f load although in a number of cases negative loads were obtained for 
large values o f the perturbation parameter. Radial displacement profiles, and meridional and 
circumferential stress profiles at the local maximum, e=1.28 for the perfect cap W°/t=0.0, and 

e=0.81 for the imperfect cap W°/t=-0.1, on the fundamental path and at the postbuckling points 
given by e=1.94, P/Pd =0.786 for W°/t=0.0 and e=2.37, P/Pd =0.316 for W %=-0.1 are 

shown in Figures 7.14 (f), (g), and (h).

The imperfect spherical cap with an imperfection amplitude of -0.lt buckles axisymmetrically
when the maximum meridional stress is approximately 1.20ad at s~0.13 and the maximum
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circumferential stress is approximately 0.80g ci at s«0.08, Figure 7.14 (g) and (h). The 
imperfection sensitivity is shown in Figure 7.14 (e). The axisymmetric buckling load is 

reduced by approximately 60% for an inwards imperfection with an amplitude of 30% of the 

shell thickness.

Figure 7.15. X=30

The stress-free initial imperfection mode shape, W \ is shown in Figure 7.15 (a). Figure 7.15

(b), (c), and (d) show the nonlinear fundamental path, and the amplitude o f the initial 
imperfection is indicated on Figure 7.15 (b). The imperfection sensitivity is shown in Figure 

7.14 (e). Once again the nonlinear fundamental path solution routine found no minimum 

values of load although in a number of cases negative loads were obtained for large values of 

the perturbation parameter. Figures 7.15 (f), (g), and (h) show the radial displacement 
profiles, and the meridional and circumferential stress profiles at the local maximum, e=1.05 
for the perfect cap W°/t=0.0, and e=0.74 for the imperfect cap W7t=-0.1, on the fundamental 
path and at the postbuckling points given by e=1.55, P/Pci=0.682 for W 7t=0.0 and e=2.16, 

P/Pd =0.321 for W 7t=-0.1.

The imperfect spherical cap with an imperfection amplitude of -0 .lt buckles axisymmetrically 
when the maximum meridional stress is approximately 1.20aci at s~0.06 and the maximum 
circumferential stress is approximately 0 .80aci at 0<s<0.04, Figure 7.15 (g) and (h). The 
imperfection sensitivity is shown in Figure 7.15 (e). The axisymmetric buckling load is 
reduced by approximately 60% for an inwards imperfection with an amplitude of 30% of the 

shell thickness.

Summary

As mentioned above when the initial axisymmetric imperfection is inwards and of the type used 

above, and when the amplitude of the imperfection is greater than one tenth of the thickness of 

the spherical cap all periodic behaviour of the cap is eliminated. The spherical cap buckles 

axisymmetrically with the radial displacement at the pole 'leading' the buckle. In some, but not 

all, cases a small outward initial imperfection of the type used resulted in a small increase in the 

axisymmetric buckling load. For spherical caps with slenderness values, X, greater than 6 the 

results presented above indicate that the postbuckling path becomes negative before the cap 
turns 'inside out'.

As a matter of interest the fundamental path solution algorithm implemented by the computer 

program NLSPHERE stops when the load reaches twice the classical buckling value, or when 

negative values of load are encountered, or when the one hundred and sixty terms allowed for 
fundamental path have all been utilised. In a large number of cases negative values of the load 
were encountered before the limit of one hundred and sixty terms was reached.
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Table 7.1(b) Axisymmetric and Periodic Buckling Pressures for Clamped Perfect Spherical
Caps, 20< X < 60 .
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Figure 7.1 Fundamental Path and Shell Profiles for Perfect Shells, ^=12, r/t=500 and r/t=100.
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Figure 7.1 Fundamental Path and Shell Profiles for Perfect Shells, ^=12, r/t=500 and r/t=100.

160



2-

1.8-

1.6-
0

1.4-

1.2-

1-

❖ r/t = 500, a  = 0.295, Pbk/Pci =0.959 at e=1.28
♦  r/t = 500, a  = 0.295, PCT /& =0.772 at e=0.82 
O r/t = 100, a  = 0.660, Pbk/Pcl =0.9601 at e=1.27
•  r/t = 100, a  = 0.660, PCT /Pci =0.773 at e=0.81

V
I

.1 .2 .3 .4 .5 .6 .7 .8 .9
Arc Length, s (s=0 at Pole, s=l at Clamped Edge)

(f) Meridional Stress Profiles at Buckling Point and Critical Point

O r/t = 500, a  = 0.295, Pbk/Pd =0.959 at e=1.28 
♦  r/t = 500, a  = 0.295, I£r /& =0.772 at e=0.82 
O r/t = 100, a  = 0.660, Pbk/Pcl =0.9601 at e=1.27

1.6-, •  r/t = 100, a  = 0.660, Pcr /Pd =0.773 at e=0.81

1.4

1.2

Arc Length, s (s=0 at Pole, s=l at Clamped Edge)

(g) Circumferential Stress Profiles at Buckling Point and Critical Point

Figure 7.1 Fundamental Path and Shell Profiles for Perfect Shells, X=12, r/t=500 and r/t=100.
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(b) Enlargement of Fundamental Path, P -vs- e, Showing Secondary Path Bifurcations

Figure 7.2 Fundamental Path and Secondary Path Bifurcations for Perfect Shell, ^=30, r/t=500. 
(on figure (b) the circumferential mode numbers, i, are indicated)
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Figure 7.3 Fundamental Path and Shell Profiles for Perfect Shell, ^=3.5, r/t=500. 
Pbk/Pci =0.597, at e=1.35

163



1.5

.4 .6 .8 1 1.2 1.4 1.6 1.8 2
Change in Volume, AV/V

1.5

Perturbation Parameter, e

(a) Fundamental Path, P -vs- e (b) Fundamental Path, P -vs- AV

0.53 .25

7.87
1.24

.15-3.84 5.90

0.53 -5.90
3.84C A .

.05
.247.87

Arc Length, s (s=0 at Pole, s=l at Clamped Edge) Arc Length, s (s=0 at Pole, s=l at Clamped Edge)

(c) Radial Displacement Profiles (d) Inplane Displacement Profiles

45i

7.87

5,90

3.84

1.24 7

0.53

14i

17.87

5.90.

3.84

1.24

053

Arc Length, s (s=0 at Pole, s=l at Clamped Edge) Arc Length, s (s=0 at Pole, s=l at Clamped Edge)

(e) Meridional Stress Profiles (f) Circumferential Stress Profiles

Figure 7.4 Fundamental Path and Shell Profiles for Perfect Shell, 4, r/t=500.
Pbk/Pcl =0.563 at e=l .24.
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Figure 7.5 Fundamental Path and Shell Profiles for Perfect Shell, fc=6, r/t=500.
Pb^d =0.970, at e=1.58, PCT/Pcl =0.775, iCT=2, at e=0.90.
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Figure 7.6 Fundamental Path and Shell Profiles for Perfect Shell, ^=9, r/t=500.
Pbk/Pci =0.915 at e=1.14, Pcr/Pci =0.767, iCT=4, at e=0.80.
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Figure 7.7 Fundamental Path and Shell Profiles for Perfect Shell, X=12, r/t=500.
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167



£CU

0 .001.002 .003.004 .005 .006 .007 .008 
Change in Volume, AV/VPerturbation Parameter, e

(a) Fundamental Path, P -vs- e (b) Fundamental Path, P -vs- AV

0.39

- .4

0.78
1.16 1.05

CIX 
H

1.55

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 10 .2 .4 .6 .8 1.21
Displacement at Pole, 8/t Arc Length, s (s=0 at Pole, s= l at Clamped Edge)

(c) Fundamental Path, P -vs- 8 (d) Radial Displacement Profiles

.55

to 1.05
1.4 0.801.16 "

0.39

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1

.02n 0.781.55
1.16 1.05^ .01

0.39

-.01

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1
Arc Length, s (s=0 at Pole, s=l at Clamped Edge Arc Length, s (s=0 at Pole, s= l at Clamped Edge)

(e) Inplane Displacement Profiles (f) Meridional Stress Profiles
1.5i

U x 50

V x 50

-1.5
0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1

1.6i
1.4- 0.80

1.05

1.55
r~ ji......

0.39

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1
Arc Length, s (s=0 at Pole, s=l at Clamped Edge) Arc Length, s (s=0 at Pole, s= l at Clamped Edge) 

(g) Circumferential Stress Profiles (h) Critical, i=21 Displacement Profiles

Figure 7.8 Fundamental Path and Shell Profiles for Perfect Shell, ^=30, r/t=500.
Pbk/Pcl=0.967 at e=1.05,Pcr/Pcl =0.794, i cr=7 ate=0.80.



169

Fi
gu

re
 

7.9
 

A
xi

sy
m

m
et

ric
 

and
 

Pe
rio

di
c 

Bu
ck

lin
g 

Pr
es

su
re

s 
for

 C
lam

pe
d 

Pe
rfe

ct
 S

ph
er

ic
al

 C
ap

s,
3.

5<
X

<6
0,

 N 
- L

eg
en

dr
e 

Po
ly

no
m

ia
l 

for
 C

om
pl

et
e 

Sp
he

re
, 

J 
- M

od
e 

Sh
ap

e 
for

 S
ph

er
ic

al
 C

ap
.



<N

- .4

-.6

109 123 6 8 114 5 7
Circumferential Mode Number, i

LEGEND
Contributions to the Quadratic Terms of the Total Potential Energy, V2 

{ notation defined by equation (4.51) }

"Stabilising Energy" 
Secondary Path 
Membrane Energy

"Stabilising Energy" 
Secondary Path 
Bending Energy

"Destabilising Energy" 
Interaction Between 
Fundamental and Secondary 
Path Displacements

•  N0e 0+

□ N080

♦

+  U2,B>+ U2Je+ u 23

“ U 2 3 „

■ u 2J#f

f.' £.» f »i "  f
A N^e ^

t 1 f ** » r
o  Ne£e+ N 0 e 0 +  N0e e 

°  Ne<})ee<j)

Figure 7.10 Relative Contributions to the Quadratic Terms of the Total Potential Energy 
as a Function of the Circumferential Mode number, for X=12.

170



0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1
Arc Length, s (s=0 at Pole, s=l at Clamped Edge)

(a) Imperfection Shape, W*

+0.1

,—  0.0
£Oh -0.05

—  - 0.2

Perturbation Parameter, e
(b) Fundamental Path, P -vs- e

Displacement at Pole, 8/t

Change in Volume, AV'/V
(c) Fundamental Path, P -vs- AV

-.15 -.1 -.05 0 .05
’ mperfection Amplitude, W°/t

(e) Imperfection Sensitivity, W*(d) Fundamental Path, P -vs- 8 

Figure 7.11 Fundamental Path and Shell Profiles for Imperfect Shells, X=4, r/t=500.
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Figure 7.11 Fundamental Path and Shell Profiles for Imperfect Shells, X=4, r/t=500.
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Figure 7.12 Fundamental Path and Shell Profiles for Imperfect Shells, X=6, r/t=500.
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Figure 7.13 Fundamental Path and Shell Profiles for Imperfect Shells, X=9, r/t=500.
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Figure 7.14 Fundamental Path and Shell Profiles for Imperfect Shells, ^=12, r/t=500.
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Figure 7.14 Fundamental Path and Shell Profiles for Imperfect Shells, A^=12, r/t=500.
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Figure 7.15 Fundamental Path and Shell Profiles for Imperfect Shells, k=30, r/t=500.
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Figure 7.15 Fundamental Path and Shell Profiles for Imperfect Shells, ^=30, r/t=500.

180



CHAPTER EIGHT

CONCLUSIONS



CHAPTER EIGHT

C O N T E N T S

8 .1  EL A ST IC  ANALYSIS O F SP H E R IC A L  SH ELLS

8 .2  G EN E R A L C O N C LU SIO N S



C O N C L U S IO N S

8 .1  ELASTIC ANALYSIS OF SPHERICAL SHELLS

In the classical analysis of complete spherical shells the bifurcation, or buckling, pressures are 
calculated from a linear eigenvalue problem in which the fundamental path consists of a pure 

radial contraction of the sphere, and the secondary path is axisymmetric. The total 

displacement of a complete perfect sphere under uniform external pressure loading at the lowest 

point of bifurcation on the fundamental path is approximately 42 per cent of the thickness of the 

shell, and the load carrying capacity of the shell on the secondary paths fall rapidly for small 

amplitudes of the secondary path displacements. In most cases the load carrying capacity of 

the shell drops to zero for secondary path displacements with an amplitude of about 20 per cent 
of the thickness of the shell. Despite the relatively small amplitude of the secondary path 
displacements, it is at least necessary to model the secondary path using a cubic expression, 
that is the total potential energy must contain at least quartic terms.

The axisymmetric nature of the secondary path displacements in the classical analysis implies 

that these displacements will cause circumferential bands of tension and compression to 
develop in the shell. The ability of the shell to develop circumferential bands of membrane 
compression will be sensitive to the presence of imperfections. When the circumferential 
membrane energy is completely eliminated from the classical analysis the bifurcation, or 
buckling, wavelength increases and the bifurcation, or buckling, loads decrease. For shells 
with radius to thickness ratios of more than 250 the critical buckling load is reduced to less than 
one quarter of the critical classical value, and the corresponding critical buckling wavelength 

doubles by comparison to the critical classical wavelength.

The comparisons for isotropic spherical caps clamped at the boundary under uniform pressure 
load, presented in Chapter Seven, show that the nonlinear fundamental path and bifurcation 

analysis are, when suitably nondimensionalised, dependent on the geometric slenderness 
parameter alone.

For initially perfect spherical caps with values of the geometric slenderness parameter greater 

than approximately 5.5, bifurcation into periodic modes occur at a lower pressures than 

axisymmetric buckling. The maximum radial displacement of the periodic critical mode and the 

maximum radial displacement of the axisymmetric fundamental path displacements at the 
critical load occur at approximately the same position on the shell. As the geometric 
slenderness parameter increases the periodic buckling displacements affect a smaller area of the 

shell adjacent to the clamped boundary, and the critical circumferential mode number increases. 
The number of periodic bifurcation modes and their proximity to the critical mode also 
increases as the geometric slenderness parameter increases.
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For all initially perfect spherical caps with values of the geometric slenderness parameter of 
more than 4 the lowest buckling pressure, axisymmetric buckling or periodic bifurcation, 
occurs when the fundamental path circumferential stress first reaches the classical buckling 

stress for the complete sphere with the same radius to thickness ratio.

For perfect slender caps under uniform pressure loading periodic bifurcation occurs before 

axisymmetric buckling, and the initial displacements of the critical periodic buckling mode are 
large close to the boundary of the cap, and small in the central part of the cap. The periodic 
post bifurcation paths have not been calculated in the present work. However, if we consider 

the central part of the cap as a separate cap, with a smaller slenderness value and less restraint 
at the boundary, then it is reasonable to suppose that this part of the cap will have a lower 
bifurcation or axisymmetric buckling pressure than the entire cap. It may be imagined that the 

elastic buckling of perfect slender spherical caps under uniform external pressure, will be 

initiated by periodic bifurcation, in which the initial secondary path displacements near the 

boundary will be relatively large, the central portion o f the spherical cap which has a lower 
critical pressure will then bifurcate or buckle axisymmetrically, and in this way the 'buckle' 
will propagate toward the pole.

The influence of one particular type of initial stress-free axisymmetric imperfection on the 
elastic behaviour of spherical caps has been examined in Chapter Seven. In all cases when the 
amplitude of the initial imperfection was greater than one tenth of the thickness of the spherical 
cap all periodic bifurcation was eliminated and the behaviour of the cap became entirely 
axisymmetric. Spherical caps with initial axisymmetric imperfections, of the type considered in 
Chapter Seven, buckle axisymmetrically with the radial displacement at the pole 'leading' the 
buckle.

For spherical caps with geometric slenderness values greater than 6 the results presented in 
Chapter Seven indicate that the postbuckling path becomes negative before the cap turns 'inside 

out'. In some cases, but not all, a small outward initial imperfection, of the type considered, 
resulted in a small increase in the axisymmetric buckling load.
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8 .2  GENERAL CONCLUSIONS

The derivation o f the nonlinear strain-displacement expressions presented in Chapter Two 

makes use of the first Kirchhoff assumption and the resulting strain-displacement expressions 

may be applied to thin shells of arbitrary shape. By extending the derivation of the strain- 

displacement expressions to include the terms that are quartic in displacements, the limitations 
present in linear thin shell theory may be lifted and for all technical applications 'exact' partial 
differential equations governing the nonlinear elastic behaviour of thin shells are available.

The conditions that are required at the boundaries o f incomplete shells in order that the 

displacements within the shell are continuous have been considered. In general, thin shell 

theory does not allow the reference surface displacements and their derivatives to be uniquely 

determined at the boundary by the displacements of the boundary surface alone. Five 

boundary conditions are required for the unique definition o f the reference surface 

displacements and their derivatives. The 'natural' boundary conditions o f the variational 
calculus correspond to boundaries at which no work is done. If work is done at the boundary 
supports, then the appropriate energy components expressed in terms of boundary integrals 
must be included in the total potential energy of the system. Particular boundary conditions for 
the spherical shells considered in this thesis are introduced in Chapter Two.

In the development of the total potential energy functional contained in Chapter Two, the use of 
the second Kirchhoff assumption and of Hooke's Law for an isotropic linear elastic material, 
allow the development of the expression for the strain energy of a spherical shell. The 
particular expression given in Chapter Two contains all the terms in the displacements up to 
and including the fifth order terms in the membrane energy, and up to and including the cubic 
terms in the bending energy. The expression for the load potential energy for a uniform 

external pressure load acting on a spherical shell is also derived in Chapter Two, allowing the 

total potential energy functional to be expressed in terms of the middle surface displacements 

and their derivatives. The methods used in the development of the total potential energy 

functional for pressure loaded spherical shells contained in Chapter Two are applicable to shell 

structures composed of one or more incomplete shells of arbitrary shape under arbitrary 
loading.

For a system to be in a state of equilibrium it is necessary that the total potential energy of the 
system be stationary with respect to any small kinematically admissible displacement function. 
The calculus of variations provides the necessary and sufficient conditions for equilibrium of 

the system. The total potential energy functional provides the common starting point for both 

the fundamental and secondary path analyses. Application of the stationary conditions yield the 
nonlinear differential equations that govern equilibrium of the fundamental and secondary 
paths.
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A perturbation method is developed for solving the nonlinear fundamental path problem. The 
linear terms of the secondary path equation give rise to a nonlinear eigenvalue problem. The 
eigenvalue problem is nonlinear in terms o f the fundamental path displacements and load. A 
method for solving the nonlinear eigenvalue problem is presented in Chapter Five. The 

solution of the nonlinear eigenvalue problem, in which the eigenvalue is the bifurcation load 
and the eigenvector is the initial displacement vector of the secondary path at the point of 

bifurcation, presented in Chapter Five is identical to solving for the first term in the secondary 
path perturbation series.

The fundamental and secondary path equations that are the subject of the solution algorithms 

are both equilibrium equations, and the fundamental and secondary path solutions, obtained by 

solving the equilibrium equations, have been used to calculate various contributions to the 
strain and load terms of the total potential energy. For a conservative system the sum of these 

various energy contributions must be zero, therefore the error in the sum of these energy 

contributions may be used to provide a check on the solution method. This check, back 
substituting the displacement vector and load into the total potential energy functional, is 

significant as it is independent of the solution methods used.

The methods used to solve the nonlinear partial differential equation, the equilibrium equation, 
for pressure loaded spherical shells presented in Chapters Four and Five take advantage of the 
axisymmetric nature o f the problem to develop efficient solution routines. However, the 
solution methods and techniques developed in Chapters Four and Five may also be used for 
shell structures composed of one or more incomplete thin elastic shells of arbitrary shape under 
arbitrary loading.
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APPENDIX A

AXISYM M ETRIC ANALYSIS OF COMPLETE SPHERICAL SHELLS  

A. 1 POST B U C K LIN G  ANALYSIS

Using the strain displacement relations

e  ̂= u -(w f + w) + | w 2 (A. 1)

£q = U COt<|) - (wf + w)

X„ =  7W 

J C e  = ±w cot(|>

The strain energy, U, is then given by

7C
U = f2jcr2Ksin<|) d(|> (A. 2)

0

where

K = 2(l^V) ^  + 4  + 2^ ee) + 2 4 ^ 2 y (4  + %9 + 2^%e) (A-3)

The load potential energy, JL, is given by 

%
JL=-P27CI3 Jwsin(j) d(|) (A. 4)

o

The total potential energy functional may now be written as,

V(u, w) = V0 + Vj (u, w) + V2 (u, w) + V3 (u, w) + . . .  (A. 5)

and the fundamental state is given by Vj(u, w) = 0, which yields

X u 'l P r(l - | i2) /A ^
Wf=i+jr where 2Ht (A-6)

The total potential energy may now be written as

V (u, w, X) = V2 (u, w, X) + V3 (u, w) + V4 (w) (A. 7)
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where
n

V2 (u, w, X) = J  [ (u + w )2 + (u cot<J>-w)2 + 2p (u -w )(u  cot<J>-w) (A. 8)
o

+ a(w  2 + w 2cot2<|) + 2pww cot(()) - A-w 2] sin<t>d(t>

V3 (u, w) = J [ w 2(u-|iucot<l>-(l+ |i)w  )]sin<j)d<|>
o

n
V4(w) = J  j w 4sini))d<|)

0

in which a  = 7— 5- 
12r2

The displacements of the middle surface, u and w, may be expressed in terms of the Legendre 
polynomials Pj(x).

w (x) = a^Cx) 
u(x) = bizPjCx)

Where repeated subscripts imply summation, and using the following notation,

1
x = cos<j), z =  (1 -x 2) 2 = sin<J>, pi = i ( i+ l )

( ) = V* (u w) = IlH L  y ( u w) ̂ } dx ’ v vu,w; vvu,w;

equation (A. 8) may be written as 

+1

V^(u, w, X) = J b ? [p ? lf+  2 ( l-n ){ z 2Pi -x P i }Pix] (A.9)
-1

+ ^ [ - 2 ( 1  + n ) P ^ 2) + a2 (2(1 + |I)P2]

+ a a 2[p;P2 + 2(1 - |i)(z2P, - xP,)P,x]

-Xa2[z2P j] dx

+ 1
(u, w) = J  [ (1 + p)xz2PiPjPkbiajak - z4PiPjPkbiajak - (1 + ^ z ^ P j P ^ a j a J  dx 

-1

+1

-1
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Using the Legendre integrals given in Section A. 2 we may write the total potential energy as 
follows,

V* (a, b, X) = V^(a, b, W + V^Ca, b ) + V > )  

and
oo

V*(%, bi, W = X  (mC,a^+'"C2ambm+” C3b2+X'"C4aJ1) (A.10)
m = 0,1

+ 'H ijk b; aj ak+2Hijkaiakak + H ijk^ iajaka(

where

mCl = 2d h T {2(1 + ^ ) + a ( P'» ‘ (1 

mC2 = 2 5 r n {' 2 (1 + ^ )|3'"}

c 3 = 2 H r r r {Pm -(1 - ^ P m }

-c* = *-2^ {-p.}2m+

The use of the condition 5V*/5br = 0 allows the elimination of the passive coordinate,

%  = 0 =* b' = 2 ^ 7 (rC2af + ' H ^ aiak) (A- n >

and
OO

V (a ,, X) = £  ( mCi + X mC2)a2 + j ‘C3 ' H ^ a ,  (A. 12)
m  = 0

+ i  'C4 'H ijk ‘Hjip ajaka(ap+2Hijka,ajak + H ijkr a,aJakaf

where

(mC,)2m P  _  m / ^  v *•' m r  _

1 ”  1 ~ 4 mC3 ’ ^  ~ 4

if* — ip  — 1
^  ”  iC3 * ■ iC3

The condition 5V* /8a,. = 0 yields

2( rQ  + rC2X)ar + l-  'C3 ^  a ^  + ‘C, ^  aiak (A. 13)

+ 2H ljkajak + 2 2Hirk aiak + iC4 1HiA 1H i,p aka ^  + 4Hrjk^ a kaf = 0
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Introducing the perturbation series

a^s) = (aN) s + j i j  s2 + f- a jS3 + . . .  for j *  N

X(s) = Xcr + i s  + -̂A,s2 + |-^ s 3 + ...

and identifying s with aN:

s = aN —) aN — 1, aN —■ a ^  — ... — Oj â  — 0 for i ^  N

By comparing coefficients of the powers of s, s2, s3, and s4 we have

SV*From the s term, or = 0

_ »C, _ aP?, + ( l - n 2)
cr '  n c ,  &

where

pN = N ( N + D = y I ^

then

6Xcr “  0 =* (^cr)min ~ 2 / a ( l  - p.2)

S2y *
From the s2 term, or -ggy- = 0

i — (3 nC3 1 + 6 2Hnnn)
»i=o 4 N Q

s=° 'C3 >HrNN + 2N Q 'H NrN + 2 2HrNN + 42HNrN
2('C ,+  ‘C2Xcr)

&3 V*From the s3 term, or ^  ■ = 0̂

s = 0
(2 nC3 *HNjNaj + ‘Cj ^ ^ a *  + 2 *C4 !HiNN *11^  

+ 2 2HiNN aA + 4 2HNNkak + SHnnnn)

(A. 14)

(A. 15a)

(A  15b)

(A  15c)

(A. 16a)

(A. 16b)

(A. 17a)



and

»=o .3 ( 2 'Q ,Xar + rOj 'H Nrkak (A.17b)
2(rC, + ’C2Xct)

+ 2 1C4 !H iNN + 2 2HrjNaj + 2 2H irNaj

+ 2 2HNrkak + 8HrNNN)

From the s4 term, or g * = 0

( 8 NC, 'HNjNaj + 3 NC3 lHNjkajak + 4 iC3 ‘HlNNa, (A.18)

+ 6 lC$ 1HiNkaiak + 12 XC4 1HiNk 1HiNNak + 24 *C4 *HiNN 

+ 16 2H NjN aj + 6 2H Njkajak + 8 a A +12 2HiNk&i&k + 144 H j^j^aj)
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A .2 THE LEGENDRE INTEGRAL FORMULAE

The Legendre equation and other related formulae are given by Byerly [19] The Legendre equation 
is,

z2P-2xP  + pP = 0 ,  where z2 = ( l - x 2) (A. 19)

and the Legendre polynomial of order N is given by,

P = V  ( i r  QN-2m)! x(N' 2m) f M =  T > N even
N ^  2Nm!(N-m)!(N-2m)! [ M = ^ i , N o d d

Also,

{- u ^ p  m  e v e n

+1 ‘ N odd (A-21)

and,

(x2 - 1)PN = NxPn - NPn_ , (A. 22)

hence xPN may be written in terms of R where j  £  N, by using

xPn = NPn + Pn.,  (A. 23)

The integral of the product of Legendre polynomials is given by

/ p- p- - { 5if r : r , " »  w 24>-1

And the integrals of the quadratic terms of the total potential energy may be evaluated using the 
following formulae,

+i +i +i +i
J (z 2Pi -  xP^xPj dx = J ( x 2 - l)Pi dx + JP j  dx - JPiXPjPj dx (A. 25)
-l -l -l -l

and
+i +i +i

J (x 2 - 1)PNdx -  Pn » J P _ Pn » J Pn^ nPn^  _  ^2N + 1 ̂  ^  ̂
-l -l -l

Hence

+i +i +i +i
J (z 2Pi - xP^xPjdx = J(xPi - PiPi)xPjdx = J  - i-piPj2 dx = J  - ±-z2Pf dx = (A.27)
-l -l -l -l
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In order to evaluate the integrals that are cubic and quartic in the Legendre polynomials P we 
will need to make use of the following product formulae given by Adams[20].

s = t
d d _  V  A(a-s)A(s)A(P-s) (2 a + 2 p -4 s  + 1) n 

f Z j  A (a + B -s )  (2a+ 2B -2s  + 1) a+P-2>
s = 0,1

w h e re t= a  if (3 > a , o r t  = P if a  > p, and

A(m) = 1-3-5--'(2l” ' 1); with A(0) = 1,and A(-m) = 0

Also

i> f. _  V  B ( a - r - l ) B ( r ) B ( P - r - l )  (2a + 2 p - 4 r - 1) h
“  Z j  A(a"+P-'r) 5 a + p - '2 r -  i ) ( a  + P - 2 r )  ->

where u = a  - 1  if p > a ,  o ru  = P - l i f a > P ,  and

B(m) = 1-3-5^ -  (2n^ ' X) ; with B(0) = 1, and B(-m) = 0

The cubic integrals 1Hijk and 2Hijk may be written as follows,

+i
= J [ ( l  + n)xz2PiPjPk - ^ P j P J d x  

-1
+ 1

= J t i a + r t t P i P i . i P i c - ^ ^ p j + a - ^ t P i - . P k P i ^ i - P i . i P k 1

and

+ i  + i

2Hijk=2Hikj = J - ( l  + n)z2P,PJPltdx = g ± i l  J d  + ix H P .P ^ .P .-P .^ .P J  dx
(2 j+ 1)

-1  -1

The quartic integral, Hijkr may be written as,

+i
Hljkf= J  Z ^ P j P ^ x  

-1
+ 1

= (2k^Y)(2f+l) - pt - i pt+i -PicmPm ) ] dx

(A. 28)

(A.29)

(A. 30) 

j . 11} dx

(A.31) 

(A. 32)
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Finally the integrals of the cubic and quartic Legendre polynomials may be evaluated as follows.

V  ^  A (a -s )A (s )A (p -s )  ( 2 a + 2 P -  
J PaP„P6dx -  ^  a  A (a + (J -s)------ ( 2 a + 2 0 -

-4 s  + 1) 
2iTlT (A. 33)

n = 2
if

a  > 0 and p > 0 and 8 > 0 
and a  + p + 8 = 1,3,5,... (odd) 

and a  + p - 2s < 8

a  = o
if

a < 0  or P < 0  or 8 < 1  
or a  + P + 8 = 2,4,6... (even) 

or a  + P - 2s > 8

%  n V  ^ B (a -r - l)B (r )B (p -r - l)  (2a + 2 p -4 r ~  1)
J a p 5 A (a+ p -r) ( a + p - 2 r - l ) ( a  + P~2r) (A. 34)

a = 2
if

a  > 1 and p > 1 and 8 > 0 
and a  + p + S= 2 ,4 ,6 ...(even) 

and oc + P - 2 r - 1 > 8

Q = 0 
if

a < l  or P <1 or 8 < 0  
or a + p  + 8=  1,3,5...(odd) 

or a  + p - 2 r -  1 < 8

W -  2  I  Q---“ ~ r~ - A ^+P-r)~A (S+Y -s)A(S)A(Y~ S) ® (A-35)-1 r=0, Is =0,1 '
^  (2a + 2 P -4 r -  l)(2S+ 2y-4s + 1)

(a + P -  2r +1) (a + P -  2r) (28+2y- 2s + 1)

Q = 2
if

a  > 1 and P > 1 and 8 > 0 and y > 0 
and a  + P + S + y = 0 , 2, 4 ...(even)

and a  + p - 2 r -  1 > S + y -2 s

Q = 0 
if

a < l  o r P < l  o r 8 < 0 o r y < 0  
or a + P + y + S =  1,3,5... (odd)

or a  + p - 2 r - 1 < 8 + y -2 s
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A. 3 ENERGY CONTRIBUTIONS TO THE QUADRATIC TERMS OF THE  
TOTAL POTENTIAL ENERGY

The energy contributions to V^(u, w, A,) may be evaluated as follows.

U 2 M ,  = + H )  + C 2(m - p j  -  (PS, -  2 2 L h ip m + i-Hpm) ( ^ | a i

UzM» 2 m + l{ ^ 1 +  ^  + 2̂ m + ^ I"^(2," Q ) + ^2 2 1P™ + 2^P">^(2'"C3)



APPENDIX B

COM PUTER PROGRAM, SOURCE AND OUTPUT LISTINGS



C LAVU! SMITH SPHFR1CAL SHFLI. FIN1TF TIFF.  ANAIYMH VAR. t . l ) .  EXPRESSION'S STHtRE 4
C CAVIL SMITH S T H t R T C A I, SHFLL FIHTTF CIFF.  ANALYSIS VAR. F.D.  EXPRESSION'S SFHF.RF 5

Rl*ENSl(]N H A ( t 4 7 , f . ? ) - A ( H 7 , 4 1 ) , U K H 7 #16C)f l,F P ( H 7 , l h O ) , l ' ( t 4 7 , 7 ) ,  SF H F RF 6
C X ( l S 9 ) . V ( 1 1 7 ) , V 2 ( l 4 7 ) , V 3 ( l 4 7 ) , v 4 ( l 4 7 ) eP l 7 ) , AF( 7 , 4 ) , AM( l 2»77) , Z3( l 4  SPllfcFF 7
C7 ) , Z4 ( i 6 9 ) , F F ( i e 0 ) , l ' F C ( l 0 6 ,  1 6 0 ) , 7 5 ( K 6 ) , Z 6 ( t 0 6 )  SPhFRF H

CCMMCP/CI’MI/ AM(7 , 1 ,  I 2) , 11 YPE, TLMI 7) , IMN(7) ,.)5N (7)  „.1MH 71 ,KMOE( 7 ) SFHFRE 4
C T M M C N /  T T *4 2 /  1)0, Cl , C2 , 1)3,04. AI, .TIIFTA,PCl.H. AI ,TFP« ION SPHERE 10CLMMCN /fUM3/ JAC.JAV , JARW,1E, in,TC,FT,12AP SFHFRF 11
CTMMCN / r  0,-14/ 1N.N1.N2 SFHERF 12
CCMMCN /COMS/ VFM47 ,20) ,VFR(  147 , 20) , VFC( l Pf i , 2n) , PFC(20) t FFC(20) SFHFRE 13

C.SFC147) SPHERE 14
CCJMMPN HF.iIFP.IIFC SPHFRE 15
I.FVF1 2,HF,UFH,UFC SPHERE 16

CALI SECOND( AAA J SPHERE 17
KRITF (6 , 8000)  AAA SPHERE 18

nc 1 1=1,20 SPHERE 19
PFC(I )=0. 0 5FHERE 20

1 FFC(I )=0 . o SPHERE 21
T 87 = 14 7 SF HERE 22
199=159 SFHERE 23
K A = 41 SFHERE 24
K H A = 6 2 SFHERE 25
N IIF= 16 0 SPHERE 26
KU=7 SFHERE 27
KAP=27 SPHERE 28
NUFC=106 SFHERE 29
IFT=Q SPHERE 30
READ (5, 1000)  N,NMR,Nn, lTYPF, IPP,AI,CO, i rN 5FHERE 31

1000 FCRMAT ( 5 I 1 0 . 2 F 1 0 . 2 , 1 10) SFHERE 32
REAP (5, 1005)  R, C1V SPHERE 33

1005 FORMAT (2F10. 2)  SPHERE 34
m  20 1=1 , ITYPF SPHERE 35

CO K »J = 1 ,4 SPHERE 36
REAR ( 5 , 1010)  AF( I . J ) , ( AN( 1 , J , K) , K=1 , 7 )  SPHERE 37
READ (5,  1020) ( AN ( I  , . J, K ) ,  K = H, 1 ? ) SPHERE 38

10 CHNTINI1FT SPHERE 39
REAC(5,103C) IRN(I)  ,111' ( i ) , JS11 (1 ) , JFM(I ) , KPCF ( I )  SFHEPF 40

20 CL'NTlNL'F SFHERE 41
1010 FORMAT(HP 10, 1)  SPHERE 42
1020 F(1RMAT(5F10.1) SFHERE 43
1030 FORMAT (5110) SPHERE 44

RFAD ( 5,1010)  IAn,IAPW,lSTFP SPHERE 45
1040 format (3 T10) SPHERE 46

THtTA=3.141592654/CIV SFHFRE 47
AI .AMRsSOPT(1?.0*(1.0-DO»U0))  SFHEPE 48
AlAMP=SORT(ALAMB*R)*THFTA SPHERE 49
AL = t . 0 / ( 1 7 . 0*(K**2))  SPHERE . 50
D1=1.0+AL SPHERE 51
D2=l.0-I10 SFHFRE 52
C3=1.0-»no SFHFRE 53
04=3.0-00 SFHERE 54
HN = IJ SPHFRE 55

(U = N i
H = THFTA/(Hfl-1 . 0)
PCI =-(  1 .0-00*1)0)/  (SORT ( 3.0* ( 1 . 0-110 *C0 ) )*R )
N X = 3 ♦ ( f ’ -  ? )
NY = HX♦ 1 2 
i : i=7»(N-7)
N2=N1♦8
j Ar=( i An*2) / 3 
,IAW = 2*JAr-l  
JAHW=(lAPw*7)/3 
1 F = 1 
in=4 
1C = 2
WR1TF (6,2000)

2000 FORMAT ( 1H1 ,10X,  )2)»******** PARTIAL SFHFRF ******** )
WRITE ( 6 , 7 0 / 0 )  N , R , CO , TUFT A, ALAMH, ITR 

2020 FORMAT ( 11* 0 , 2 X , 1 6 H N U F H F R Cl NO HES = , 1 3 , 3X , 4 HR/T = . F R . 3 , 3 X . 15HP1J1SSCN 
CS PA’t 10=,P 5.  3, )X , 1 lFCI’FH A NGL E = , F 7 . 3 , 3X , 7 HL A MPP \ s , F7 . J , 3 X , 1 1HPFHI 
CnilCER=, 13)

CO 50 { =1 , ITYPF
r r r j  =ii .o( t j 
CO 50 ,1=1 ,4

a n = n  *♦j  
nr 50 K=1 , ITCL

AN( I , J , K) =AN( I , J , K) / ( AF( I , J ) *AI T)
50 CONTIM'F 

A IT = A1 
A I = 0 . 0 
ASTEF=ISTFP
CAI I. !yPNFT(75,M1iFr,F,HA, A , K H A , K A , 1 87 , AP , K AP , IIF , CFH , KOF , 26 , V2,V3, 

CV4.V)
CALI, FNRFTH (A, 19 7 , K A , H A , P H A , X . 199 , UF , Kf F , A P , K AP , HFB, PF , ? 4 , ESN , E L M 

CT,E.V,!'FC,NI1FC, IFT,Z3,  V2,V3,LN0,V4,Z5,Z6,ll ,K11)
AI = A IT 
AI=AI- ASTFP
KFFP=NO ,nr 370 L=i ( NMn 

NO=KEFP 
AI=AIfASTFP 
WRTTF ( 6,2030)

2030 t OPMAT ( 1H0, 25X , 30H-------------       )
WRITE (6, 2040)  AI

2040 FCRMAT(1HO,25X,10H---- AI=,F4.1,7H   )
WRITE ( 6.2030)
AI2=AI**2 
AI3=A1**3 
AI4=A1**4
IF (AI.EQ.O.O) GC TO 60
IF (Nl.EO.NX) GO TC 60
N1 =N X
N2 = NY
JAD=IAO
JAW=2*IAD-1
JABW=IAPW
IF = 2

SFHtRE 
SPHERE 
SPHERE 
5F HERE 
SFHFRE 
SFHERt 
SFHERE 
SPHERE 
SFHEPE 
SFHERt 
SFHERE 
SFHtRE 
SFHFRE 
SFHtRE 
SPHERE 
STHFRE 
SFHtRE 
SPHERE 
SPHERE 
SFHEPE 
SFHERE 
SFHEPE 
SFHERE 
SPHERE 
SPHERE 
SPHERE 
SPHERE 
SFHFRF 
SPHFRE 
SPHERE 
SFHERE 
SFHERE 
SPHERE 
SFHERE 
SFHERt 
SPHERE 
SPHERE 
SFHERE 
SPHERE 
SPHERE 
SPHERE 
SFHFRE 
SPHEPE 
SPHERE 
SPHERE 
SPHERE 
SPHERE 
SFHERE 
SFHERE 
SPHERE 
SPHERE 
SFHFRE 
SPHERF 
SFHERE 
SPHERE

56
57
58
59
60 
61 
62
63
64
6566
6768
69
70
71

74
75
76
77
78
79 RO 
81 
82
83
84 
R5 86 
H7 
RH
89
90
91
92
93
94
95
96
97
98
99 100 101 102

103
104
105
106
107
108
109110

200



rt
nn

n
120

1 40

no 1 2 0  r - t f Nt 
no 1 2 0  j=i , j avi

A ( I , . I )  =0.0 
CO 110 1=1,12 

nr: 1 1 0  j =i , j api »
AP(1,\I) = 0,0 FA=0.0 

A K = 1.0 
AJ= 1 .0
i f  ( i c n . F o . 2 0 . n p . 1 cN. Eo . 3 0 ) ak=2.o
IF ( ICN.EO.20.nR.ICN.EO.O) AJ = 0.0 

CO 200 KK=1,ITYPF
CALL FDDATA (KK , IT CL , « ID, TSTART, IF IN)

DC 280 IJ  = 1START , IF IN 
F A = PA +1.0 

PHI=PA*H 
S = SI*I (PHI)
C = CUS(PHI)
CT=C/S 

Kl=IC*IJ - IE 
K2=Kl+TF/2 
K I = KI+ IF 

K4=.l*TJ-7
E0=VF(*1,1 ) 4 ( 1 . 0 - VF ( K4 , t ) ) * ( VF ( K4 4 2 , l ) * * 2 ) / 2 . 04 CC*VF(K4H,1) 
t r=VF(K1* l , I )+D0* ( VKM , I )4 ( 1 .0-VFCK4 . 1 ) )*(VF(K 14 2, 1 )**2) /V. O)
E01 = VF M (K1 , 1 ) 4 ( 1 ,0-VF ( K -1 , t ) )♦ C VFH(K4 42, 1 )* VF f K 4 42, 1) l-VHM K4 , 1 )♦ (V

l K K 4 l 2 , l ) * * 2 ) / 2 . 0 * C 0 m n ( M  + l , l )
EO=EO*#K/2.0-AJ*SF(K4)/2,0 
EOl=E01*AK/2.0-AJ*SF(K4+2)/2.0 
FC=EO*AK/2.0-AJ^SF( K4 + 1) / 2 , 0  

CO 200 1 = 1 , ITCL 
M A = J A D 4r c * C! • »  ID )
A(K1,MA)=A(Kl,FA) + AN(KK, l , I )*mCT4A»; (KK, 2, l ) »ni  
A( M. l Mf I F)  = A(Fl ,MA4[F)*AM(KK,If I ) l (Dl4At  * (1)0 4CT*CT ) 4 A 12 * AI /  C (.'? * S 1 ) - A W ( K K ,2 , I ) * ® 1. * C T * A N ( R K , 3, f ) ♦ A1.
A (M,HA-IF ) = A(K3,/«A-IF)-f AN(KK , 1 , 1 ) 4 ( 0 ) m  * (DUI 1 , 0 / f S*S)  ) 4A12 

C ♦AL/ (S1S) ) -2 , C’tAl.*Af!(KK,2,I)4CT-At4A,. ' (KK,3, l )
A(K3,HA)=A(M, M)nH(KK, 1, I )*AI*CT*n. n/C. <;*«; )+D2f2. 0*A12/ l5* 

C S) )-AH(KK, 2,  1 )1AL*(C3 4CT»CT+2.0*AI2/(S*S) ) 4 2 . 0* ALH’T * AN ( KK , J
C , l ) 4ALMN( KK, l , I )

IF( ION,F0 , - 1 0 )  CC TC ISO 
A(Kl ,FAfIE)=ACKl,PA4TE)-AN{KK, l , I)*E0 
A(K),"'A-IE) = 4(K3, FA-IE) -AN(KK, l , f )*F0
A(K 1,FA) = A(K 1,MA) 4A-f- (KK , 1 , T )*IF01 4F0*CT ) 4 AN (KK , 2 , J ) *EP 

150 COOT IMt1 F
I F ( A I .FO.O.O) CO TO 200
A(K 1 , .M A 4 1 ) s A ( K 1 , H A 4 1 )4*N(KK,1 , T ) * A I *P 1 * D3 / ( 2.  0*S)
A(K2,na- l  ) = A(K2,f»A-l )-AN(KK.l ,1 )*AI*Pt  ♦C3/ (2,0*S)
A(4-2,MA) = A(K2,WA)4AN(KK,1 , I )4Cl*C2 4CT/2.C4ANCKK,2, I}*nn02/2 

C ,0
A(K2,MA4l)=A(K2,MA4l)4AN(KK,l, I)*AI*AT.*CT/S4AN(KK,2,I)*AI*AL 

C / S

SPHERE
SFHERE
SFHFRF
SPHERE
SPHERE
SFHFHE
SPHERE
SPHERE
SPHERF
SPHERE
SFriERE
SFHERE
SFHERE
SFHERE
SFHERE
SFHERF
SFHERE
SPHERE
SPHERE
SFHFRE
SFHERF
SPHERE
SFHERE
SFHERE
SFHFRE
SFHKRF
SFHERE
SFHERE
SFHFRE
sphere
SFHERE
SPHERE
SPHERE
SFHERE
SFHERF
SFHEPE
SFHERF
SPHERE
SFHERE
SPHERE
SFHERESPHERE
SFHFRE
SPHERE
SFHERE
SPHERE
SPHERE
SPHERE
SPHERE
SPHERE
SFHFRE
SPHERE

114
115
116 117 i ia
119
120  
121 122
123
124
125
126
127
128
129
130
131
132 
1 33
134
135
136
137 
1 38 
I 39
140
141
142
143
144
145
146
147
148 
1 49
150
151
152
153
154
155
156
157
158
159
160 
161 
162
163
164
165

AfK3,HA-lJ = A(K3, RA-l )4 AM( KK, 1 , 1) *A1 *AL*CT/S-AN(KK, 2 , I ) *AI *AL 
C /fl

IF (1CN.EO.-10) GC TC 200 
A(K2,VA)=A(K2,FA)-AK(KK, l ,n*(F0l4Fn*CT)-ANfKK,2,T)*E0 

200 CONTINUE
A( KI, JAD)=A(Kl#JAn)-ni*(U0+C1*CT)“ Al2*014C2/ (S*S*2.n)  
A(Kl. .JAC4lF)=A(F t , . IAP4lE) -2. 0M I 2 * AI *CT /  ( S ♦ S )
A(K 3, JA0-1E )=A (K 1, JAC- IF)-AL*(C T /  ( £ « S ) +P 2 KT ) +D 3 *CT 4 A 12* A L K  T 

C /  (5 ♦ S)A(KJ,JAC)=A(K3,JAI’)+2.0*D3”AL*AI2*(4.0*((CT/S)**2)+E4/(S*S))4 C AL*AI1/(S**4)
TF (ICN.E'1, -10) GC TC 210 
A(K1 ,JAC) = A(K1, JAC)4E0 
A(K3. JAC-lE)=A(K3, JAn- lE)-hr i -E0*CT 

210 CONTINUE
IF(AI.EO.O.O) GC TO 280
»(Kl,JAnt1)=A(Kl,JAC4l)-AT*ni*ni*CT/C?.fl4Sl A(K2,.)AC-l) = A(K2,.IAn-|)-AI*Dl*C4*CT/(2.0*S)
A(K; , jAr)  = A(K7f jAC) + ni *r 2t ( i . n - CT»CT) / 2 . o- AT2*ni / c r i 4S)  
A(K2, JAC4l)=A(h2, JAlHl )-Al*(C3-AL*C2)/S-AI34AL/(S**31 
A(K3, JAr- l )  = A(K3, JA| : - l ) -AL*AI*(1.0/ (S**3)4r7/SJ4-AI*L3/5 + AL4AI 

C 3/ (S**3)
IF (1CK.F0. -10)  GO TC 280 

A(K1,JAC)=A(K1,JAC)4AI2*EC/(S*S)
A(K1 ,JAP4 1 )=A(K 1 ,.IAC-4l )4AI*FC*CT/S 
A(K2,JAC-l)  = A(K2,JAr- l )4AI*F(l*CT/P 
A(K2,JAP) = A(K2,JAn)4F(]/ (S4S)
A(K2,\jaP4l ) = A(K2,«JAC+1 )+Al*EU/S 
A(K3,JAT-1) = A(K3.JAC-1) - A 1 *FCJ/S 
A(K3,JAL’ ) = A(K3,JAC)-AI2*EC/(S*S)280 CCNTTIUE

290 CCNT1NIJE
THE POlinnARY CCNDITIOMS 
THF PCU'JDARY CONDITIONS 
1W1LL=AI :
CALL ECOHC ( AB. KAP, IWT1L , THElA , AL , H) /

ENC CF PCUNCARY CONDITIONS /
END CF HCUNCAPY COMDITICNS 

CALL SECOMCCAAA)
AAP=AAA
WRITF (6, 8001)  AAA

CONTROL CF SCI.IITION AND FNERGY FCHTINFS 
CrNTROL CF SCLUTIOH AMD FNERGY RCUTIFFS 

TZAF=0
CAI L PF [:UCF(A,Ae. IR7,KA,KAI' ,N1,AI,  JAI* ,JARW, I7AP,V , 187)CALL SECOND(AAA)

AAC=AAA-AAfi 
AAB=AAA
fcRITF (6,8002) AAA , AAC

I FA I I =0
CALL SL VITR( A.HA, I 87 , K A , KH A . HF , 187 , K liF . UF U , I R7 , K UF, IJ, 187 , KU, V2 , V 3 , 

CIR7, X, I99, V, I87, F, KL' , Nn, lFAl l  , A H , K AP , N1 K , Z3 , 74 , V 4 , PF , KSN , El MT , E , 
CUF C , N11F C , I FT , LNC )
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4RJIE 16,8001)  A AA, A AC 
IF ( IFAIL.FO.O) GC TO 360 
WRITF (6,2050)  I , IF A IL 
IF(NIK.EQ.O) GC TC 370 

360 CONTINUE
CAF L C0NTFL(A,IR7»FA,V,TR7,X,I99,An,KAR,l 'F,Tn7,KDF,UFB,IR7.KIJF.V2» 

CV3,107, V 1, tH7,P,Kl t ,AIK,U,  187,  KU , PF , 23 , Ilf C , f'MFC, 1 F T, I,Ml, FI Ml ,74 ) 
CALL SECOND ( A A A )
AAC=AAA-AAU 
AARsAAA
VIPI7F ( 6 , 8005)  AAA, AAf

370 CCNTINUF
2050 FORMAT (1H , 5X. 2 4H51VITR HAS FAILFC FOR L = , I 3 , 3X, 6HIFA11= ,13)
8000 FORHAT(1H ,2X,I4HELArSED TIMF = ,F1C.4)
8001 FORMAT ( IF' ,75X,26HFNr OF SET HP. TCTAL TJMTs , F9. 3)
8002 FPRMAT(1H , 60X , 5liT . T . = , F7 , 2 , 2X , 1 OHT . RFCICF* ,Fb . 3 )
8004 FORMAT(1H , 60X, 5PT.T. = , F7 .2 , 2X , 1OHT . SLV ITRs, F6 . 3 )
8005 FORMAT ( 1H , 60X, 5F1. T. = , F7 . 7 , 2X, 1 OHT . COKTRL=, F6. 3)

STOP
FMR

*♦ *deck fndpth
SUBROUTINE FNDPTH ( A . N A , K A . H A . KHA, F V . NFV . H , Kf|, A P K AH , UFP , PF , V , ESN , 

OFF HT , f  , VH,UFC,NIJFC, tFT,Z3,  V2,V3,LHC,V-1,Vl!'r»,76, XX,KX)
IM MOMS TOM A(fiA,KA),RA(MA,KHA),F7(NFV),ll(r;A,KII),BP(17,KAn),l 'FfHNA, 

CK1M , PF ( HI ) , V ( NF V ) , VP ( HA ) , UFC ( WFIKC , Fll ) , 73 ( NA ) , V? ( v A ) , V J ( N A ) , V4 ( N A ) 
C,VIf'P(MIFC) ,Z6(fM'FC) .XXCMA.KX)

COMMON/COM 1/ AFI (7,  4,  12) ,  I T YPF., JLM ( 7 ) , F M) ( 7 ) , JS N t 7 ) , JF |J ( 7 ) , K HOE ( 7 ) 
COMMON /CMM2/ DO,ni .C2, 0 3 . 0 4 , AL.THFTA.PCL , ’I,AF , ITR, ION 
COMMON /Cn**3/ J AO. j H ,JAH(i, IC, JK, Fr ,FT, I7AP 
COMMON /CHM4/ lN,Nt ,A2
COMMON /C0M5/ VF(147, 20) , VFH(147, 20) , VFC(106, 20) , PFC(20) , EFC(20)  C, SF(147)
LFVEL 2 , IF, IFFP , UFC
IFT*0
LNC*10
IPR1-30
N N H * 3 * ( IN” 7)
►MM*1N42
PA=0,0
ro 30 i * t , ni 

no 30 .1*1 .JAW 
30 A( I , J )= 0.0

no 4n i s i  , 1 2  
cr  4 0«J= 1, JADW 

40 Ae( F, J ) *0 . 0
IF ( ICN.EO. - lO.CP. ICN.FO. -20)  GO TO 65 r=i
CAF L ST I ‘TP ( V IMP , MJFC , "  , NA , F U , IIFH , N A , KII, I )
Li; 50 I = 1,H2
vfc ( i , i ) =v i f ' p ( n

50 VIM P ( 1 )*0.0 
on 60  t * i , f ’hm

SPHERE
SPHERF

• 224 
225 
27.65FHERE

5FHEHE 227SFHERE 228SPHERF 229
SPHERE 230
SPHERE 231
5PHEHE- 232
SPHERE 233
SPHERE 234
SFHERE 235
SFHERF 236
SFHERE 237
SFHERE 238
SFHERE 239
SFHERF 240
SFHERE 241
SFHERE 242
SFHERE 243
FNDPTH 1
FNDPTH 2FNDPTH 3
FNDPTH 4
FNDPTH b
FNHFTH 6
FNDPTH 7
F NnPTH 8FNDPTH 9
FNDPTH 10
FNDPTH 11
FNDPTH 12
FNDPTH 13
FNDPTH 14
FNDPTH 15
FNDPTH 16
FNDPTH 17
FNDPTH 18
FNDPTH 19
FNDPTH 20
FNDPTH 21
FNDPTH 22
FNDPTH 23
FNDPTH 24
FNDPTH 25
FNDPTH 26
FNDPTH 27
FNDPTH 28
FNDPTH 29
FNDPTH 30
FNDPTH 31
FNDPTH 32

vf( t , i )=iir i , l )
6 0  v F e u , t ) = i i F p ( j , n  

GC TO 85 
65 r;r: 70 r = i,*i2 

VFC( 1, 1 ) *0 . 0 
70 V I HP( I ) = 0.0

no 80 1s t ,  FINN 
v F ( i , n * o . o  

80 VFP(I , I )*o.O 
85 CCNTINI'F 

AKs 1 .0 
AJ* 1,0
FF ( ICR. E0. 20.0R. ICN. E0. 30)  AK=2.0 
IF (TON.EO.2 0 . (1H.ION.EG.0) AJ = 0.0 
no 110 KK = t , [TYPE

CALL PCDATA ( KK, ITCL,MTD, ISTART, TFIN)
HO tOO IJ=I3TAPT,IF1N 

P«=PAtl.O 
PHT=rA*H 
S=S1N(PHI )
C*CQS(PH1 )
CT=C/S 

M1*3*IJ -2 M2*M 1 ■» 1 
M3=Ml+7 

K=2*lJ- l
K 1 sK 4 1

FO*AK*(VF(Ml, lH0.5*VF(M3, l )**2»D0*VF(M2, l )) -AJ*SF(Mt)  
F01sAKMVFn(vi n  + VFP(M3,l )7VF(M3, l )  + DO*VFR(M2,1 ) )-AJ*SF(M3)

TC 00 I=t , ITCL 
MA=JA042*(t-MJC) 

A(K,MA)*A(K,NA)4AN(KK, l , I )*ni*CnAN(KK,2, IHri  
A(K,mA-M)*A(K,MAM)+AN(KK,1,I)*(E3»AL*(D0 + C7*CT))-AL*AN(KK,2,I 

C ) ♦CT-A4(KK,3, I)*Al
A(K1,MA-1 )sA(K1 , *A-l  ) + AN(KK,l, I)*(D3*AI.*(D0M . 0 / ( 5 * S ) l  )-2.0*AL 

C*AN(KK,2,I)*CT-AL*AN(KK,3,I)
A(Kl,MA) = A(Kt fMA)+AN(KK.lf I)*(AL*(D2*CT4CT/(S*S)))-AL*AN(KK,2,  

C I )*(00+1.0/ (S*S)) t2.0*AL*AN(KK,3, I )*CT»AL*»N(KK,4,1)
IF (ION.FT.-10)  GO TC 90 

A(K,MA4l)=A(K,MA4l)-AN(KK,l. I )*EO/2.0 
A(K1, MA-1)sA(K1.MA-1 )-AM(KKf 1, 1)  *60/2. 0
A(KL,MA)sA(Kl,MA)*AN(KK,l, I)*(E01 + E0*CT) / 2 . 0m( KK, 2 , I ) *FO/ 2 . O 

90 CCNTIMIIE
A(K, JAO) = A(K,.IAC)-D1*(CI*CI*UO)
A (K 1 ,JAI)-1 ) = A ( K t , J A D - 1 )4CT*CD3“ AL4(024l . 0 / ( S*S)  ) )
A(K1 ,JAD)*A(KI,JAC) + 2.0*C3 

IF(ION.EO.-IO) GC TC 100 
A(K,JAC)=A(K,JAC)+EC/2.0 
A( K1 , JAC-1)sA(Kl , JAC- l ) - ( EO*CTFEO1 ) / 2 . 0  

IF (ICN.FQ. -20)  GO TC 100
VIMP(K)*VF(»),1) 4 ( 0 . 5*02*VF(M3 , l )*CT4VFe(M3, l ) -VF(Ml , l )-nO*VF(M2, l  

t ) )4VF(W3.1)*(-VF(M3 J)*(O. 5*VF(M3, l )4( l . C-n0/ 2. 0)*VF(Ml , l )4CI4D0*V 
2F(M2, n*CT/2. O4C0*VFP(M2, l ) /2. 0 + VFe(MI, i))*VF(Mj , 1 ) * ( -2 . 04 VFH (M3 ,1 

. 3)4VF(M1 . l )4n04VF(M2.U)-00*VF (M2. l )4VFH(V3.1))
V IMP (Ft )sVF(M3,1 )*(C.5*D3*VF(M3,1)*VF (M1,1)4CT »CC 4 VF (M2,1 ) 4CT +VFE (
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FNDPTH 59
FNDPTH 60
FNDPIH 61
FNDPTH 62
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*l , 1 I J - i r * v r in r l f | J » v r I '-i /  , 1 J J - V I* M I If J , J J * V I1 I f! 1 f 1 J M V I* I H 1 , I J ♦ HI) * V P I P 2 #
’ F0 = AKMVF(Ml , l )+no*VF(N2, l ) ) -AJ*SFm)

E01=AM(VFM(R1, 1 ) + r,0 +VFI!(M2 , 1) )-AJ*SF (R3)
VI«r(K)=VlMP(K) + VF(R3, lM(WF(R3, t )*CE01+Fn*CT)/1.O-VF(M1, l )*EO/2.O 

1+VFB(M3,1)*FO/2.0)
V|RP(K1) = VIMF(Kl) +VF(M3,1)*<VF(M3,1)*F0/4.O+VF(V1, 1)4(E0*CT +E01)/2 

1 ,0+VFE(Ml. l )*FO/2.n)*VFH(M3,1)*VF(Nl , lMF 0/ 7 . 0  
100 CONTINUE
110 CCNTINUF:

IJ = 0
CALL PCCND (AH,KAP,Id,THETA,AL,H)PT=1.0
IZAPsO
CALL HFUIICK (A,Ap,r:A,KA,KAP,Nl,AI,JAfc,JAPW,T7AF,V,nm 
IZAP=1 
Ft=PCt 
11=0 

241 IF7=lFT+1 
1=1 
11=11+1 
H=1 . 0
do 250 j =i . ni PC 250 K= I , J AW 

250 HA(J.K)=A(J.K)
CALL FNCLHS(HA.NA,KHA,V,NFV, I FT)
CALL REDUCE (HA, AO,NA .KHA,KAP,N1 .AI .JAWjJAM - , | 7ri  , V, - F w )
CALL M A c 7 0 (HA, V ,NA,Al ,.JAW,PT,KHA,NF V)
PT=0.0
CALL BfKSUB ( V , NFV , AP, KAP , AI , LN , JAPW)
CAIL FFPTHN ( I , V, NFV, UFC, NUFC , PF, KU, FE, 1 FT, 1 ' r )
CALL STRHCP ( V , NF V ,L', N A , KU , UFB , HA , KU , 11)

261 1=1+1 
11=11+1
i F ( i . m. r . r m)  go to 2 7 0
call fnpkhs ( u, na, ki: , ufh, t , f v , nfv, ff ,1FT,1 "I )
CALL FAPPH2 (U,HA,Kl,HFP,I,FV,NFV ,FF ,IFT ,i "i )
CALL PAC7n (HA.FV.NA.N1, JAW, FT, KHA, NFV )
CAIL PCKSUP (FV,KFV,AR,KAP,A1,IN,JAEW)
CALL FFPTHN ( I , FV, HFV, MFC, NUFC , PF , KU , PF, IF 1 , 1 ' I )
CALL STPNCP (FV ,NFV ,L ,NA,KU,UF8,NA,KU,11 )
GO TU 261 

270 CCNTINUF 
11=11-1
CALL CNVRGE ( MFC, PF, M)FC. KU . U, UFB, NA, IFT, I 

C^V?^NA,V 1,NA,V4,NA,A,NA,RA,VIPF)
FFC(IFT)=E
IFUFT.NE.1 ) EFC( I FT )=F + FFC(IFT-1)
FI.RT = FFC(IFT)
IK=(IFT-UUNO
F=FFC(IFT)+FF(1+TK)*E+PF(2+IK)*E**2
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UP 
11 9 120 121 122
123
124
125
126 
127 
1 28
129
130
131 
1 32
133
134
135
136
137
138
139
140
141
142

A , t: I , l.r-1 •, IF 1 ,LNO,E,E

PF=PF(l t IK)+2.0*PF(2+IK)4E 
FMX=2.0*FF(2+1K)
DO 280 1=3,LNO 
K = I -  1 
K1=1-2 
A J= 1 
AK = K
P=F+PF(I+IK)*(E**I)
PE = PE + AJ*PF(IHK)4(E**K)280 FMX=PMX+AJ*AK*PF(I+IK)*(F**K1)ITNP=LN0*( TFT+t)
IF(1TRF.GT.IPR.CR.IFT. GF.20)  GO TC 308 
PFC(1FT+1)=P 
IEMP=AES(P/PCL)
IF(TFMF.GT.l ,25)  GC TC 308 
IF(P.GT.O.O) GO TC 3CR 
E=EFC(IFT)
EMN=0.0 
ITMP = 0
CALL Fl'NVEC(U,UFP,KU.NA.UFC,NIIFC,V,FV,NF 1 

chn, i n , f , i tmp , I f a i l , elnt)
DC 290 JS1.NNN 
VF (J , TFT + 1) = V(J )

290 VFP(J.TFT+1)=FV(J) 
rc 300 J = I , rj2 

300 VFC(J,IFT + U = VB(J)
CALL TPPRVF (VB.V,FV,NA,NFV,Z3,V2,V3,V4,I , », A , YI A , I M , ’ M , K AP , 

CU,UFn,KIJ,llFC,PllFC,rF,Lwn,LNC,F,FfN,IFATL,i  I 'I , v I ’ I’ , / •* )
F = EFC( TFT)
1F(IFT. GT. l ) E = FFC(TFT)-EFC(IFT-1)
E H t. D = F
FLNT = F. FC(IFT)
IK=(IFT-1)^LN0
P=PFC(IFT)+PF(1+IK)*F+FF(2+IK)*E**2
PE=PF(1+IK)+2.0*FF(2+IK)*E
PMX=2.0*PF(2+IK)
CC 305 1=3, INC ,
K = I -1 
K 1 = 1-2 
A J=1 
AK = K
P=F+PF(I+1K)*(E+*I)PE=PE+AJ*PF(1+IK)*(E*4K)

305 PMX = PNX + AJ*AK»PF(I + IK > * ( F + *K1)
308 WRTTE (6.2000)  I FT , FELD , EFC(TFT ) , F , PE, PR X 

ITRP=LNC*(IFT+1)
JF( ITRF.CT. IFR. rR.TFT.0E.20)  GO TC 320 
TFVP=APS(P/PCl)
1F(TERF.GT.1.15) GC TO 340 
IF (F.GI.O.O) GC TC 335 
GC TO 241 

C **** LACK CF STCRAGH *****
320 WRITE (6.2020)

GC TO 350 
C **♦* P.GT.0.0 *****
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340 WRITE ( 6 . 2050)
C ******* EVALUATE F ANC CHECK FOR TURNING F f T' ^ m *

350 AK=1.C 
SAVsO.O 
K = 0
WRITE ( 6 , 2060)
ITNP=0
PMNsO.O
DO 390 1=1, IFT 
I F ( l . F C . l )  GC TO 360 
ENN = EFC( t ) - EFC( I - l  )
EFX=EFC(I-l)
GO TO 370 

360 ENNsEFCCl)
ENX=0.0 

370 DO 380 J=1,R 
A J=J
F=FMX*AJ*EMN/R.O
CALL FtJNVEC ( U , UFP , Kl' , N A , UFC , NUFC , V , F V , NF , i;!!, f * , , I 1 F I ,LNC,E,

CPHN,IN,P,1TMF,IFAIL,ELMT)
Z3(10-»J) = P 
23 ( J ) =F/PCL 
Z3(20*J)=E
CALL VCLClS(Vn,NA,V,KFV,AJ,FNX)
Z3(30-»J) = AiJ 
Z 3(40* J ) rP'IX 
TFVP = A K *Z 3( J )
IF(TFVF.GT.SAV) SAV=TENP 
IF(TEWF.FU.SAV) GO 1C 380 
K =  K + 1
Z3(1004K)=E-EMN/8.0 
Z3(50* K) sFMN/8.0 
AK=-AK 
SAV=-TFMr 

3R0 CCNTINUF
WRITE (6, 2070)  I , ( Z 3 ( J ) ,,1 = 21,  28 )
WRITE (6, 2080)  (2 3 ( J ) , .J=11 ,1 8 )
WRITE ( 6 , 2090)  (Z3( J )  , J = 1 ,8)
WRITE (6, 2091)  (Z3 ( J ) ,.1= 3 1 , 38 )
WRITE (6, 2092)  (7 3 ( J ) .  J = 4 1,4 8 )

390 CCNTINUF 
ITMPs-t 
I(J = LNC
TF(K.FC.O) GO TC 490 

C *** WF. HAVE FOUND TURNING POINTS *****
AK=1,0
DO 460 1=1 , K
AK=-AK
rE=Z3(50+I)
E = Z3(100*1)

440 FNN=E-FE/2.0 
ENX=E*FF/2,0

FNDPTH 201FNOPTH 202FNCPTH 203
FNDPTH 204FNDPTH 205
FNDPTH 206FNDPTH 207
FNDPTH 208
FNDPTH 209
FNDPTH 210FNDPTH 21 1
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FNDPTH 213
FNOPTH 214
FNDPTH 215
FNDPTH 216
FNCPTH 217
FNDPTH 218
FNDPTH 219
FNDPTH 220
FNDPTH 221
FNDPIH 222
FNDPTH 223
FNDPTH 224
FNDPTH 225
FNDPTH 226
FNDPTH 227
FNDPTH 228
FNDPTH 229
FNDPTH 230
FNDPTH 231
FNDPTH 232
FNDFTH 233
FNDPTH 234
FNDFTH 235
FNDPTH 236
FNDPTH 237
FNDPTH 238
FNDPTH 239
FNDPTH 240
FNDFTH 241
FNDPTH 242
FNDPTH 243
FNDPTH 2*4FNDPTH 245
FNDPTH 246FNDPTH 247
FNDPTH 248
FNDPTH 249
FNDFTH 250
FNDFTH 251
FNDPTH 252

CALL FUN VFC (U,UFP,Kl .NA,HFC,NIIFC,V,FV,NF V , vn,i» « ,PF,  l(),IFT,LNO,ENN 
C,FCN,IN,F,1INP,  IF All , FLf'T )

V( 1 )=F*AK
CALL FUNVEC (U.UFP,KL, NA, UFC, NUFC, V, FV, NFV,VP,NA,PF,1 0 , 1FT,LN0,E,P 

CPN,IN,F,ITMP,IFAIL,FIMT)
V(2)=F*AK
CALL FMNVKC ( U, UFP, KU, NA, UFC, NUFC, V,FV, NFV, vp , KA, PF, 10, IFT, LNO , ENX 

C,F**N, IN .F,  ITMP,IFAII ,ELMT)
V(3)=F*AK
I F(V(2) . GT. V(1) , ANC. V(2) . GT, V(3) )  GC TC 450 
I F ( V( 2 ) . [ T.V(1) ) E = EF N 
I F ( V( 2 ) . LT. V( 3) ) F = EEX 
GO TO 440 

150 TENPsAPS((V(2)-V(3))/PCL)
PEFP=APS((V(2)-V(I ) )/PCL)
FF=PE/2.0
IF(BEFF.LT.TFMP) BENF=TENP 
IF(RENF,GT,O.Ol) GC TO 440 
V(50+t)=F

460 CONTINUE 
WRITE ( 6 , 3000)
ITNP=0
CO 480 1 = 1 , K 
E = V(50♦I )
CALL FUNVFC(U.MFP.K[I.NA.UFC,NUFC,V2,Z3,NA,VP,NA,FK,IO,TFT,LNO,E,P CNN,IN,F,1TMF,IFAIL.ELNT)
PE=P/FC1 
FSN = E
DC 461 JK=l , 20 

IK=2t-JK
461 I F ( E. L E. FFC(IK)) 1KX = IK 

IF(IKK.GT. l )  FSNsFSN-FFC(IKK-l)
IK = LNC*(IKK-1 )
DC 462 JK=1 , N2

462 XX(JK,T)=UrC(JK,IK+l)
DC 463 JK=2,LN0

- AJ=JK
A1 = ESN**(JK-1 )

DC 46 3 J=1.N2
463 XX(J, I )=XX(J, I )*AJ*UFC(J, IK+JK)*A1 

TEN P = 0 .0
DO 16 4 J=l ,N2 

SAV = APS(XX(J, I)  )
IF (SAV.LE.TEMP) GC TO 164 
IK =J
TF»P=SAV

464 CONTINUE
DC 465 J = 1 , N2

465 XX(J, I )=XX(J, I ) /TFNF 
WRITE (6, 3010)  I , E , F , PF  
WRITE ( 6,3020)
DO 470 J s 1 , MNH 
JK=J-1 
1U=2*J-1 
IW=1U+1
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FNDPTH 260
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FNDPTH 262
FNDPTH 263
FNDPTH 264
FNDPTH 265
FNDPTH 266
FNDPTH 267
FNDPTH 268
FNDPTH 269
FNOPTH 270
FNDPTH 271
FNDPTH 272
FNOPTH 273
FNDFTH 274
FNDPTH 275
FNDPTH 276
FNDPTH 277
FNDPTH 278
FNDPTH 279
FNDPTH 280
FNDPTH 281
FNDPTH 282
FNDPTH 28 3
FNDPTH 284
FNDPTH 285
FNDPTH 286
FNDPTH 287
FNDPTH 288FNDPTH 289
FNDPTH 290
FNDPTH 291
FNDPTH 292
FNDPTH 293
FNDPTH 294
FNDPTH 295
FNDPTH 296
FNDPTH 297
FNDPTH 298
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FNDPTH 301
FNDPTH 302
FNDPTH 303
FNDPTH 304
FNDPTH 305
FNDPTH 306
FNDPTH 307
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I F C E . I . F  •F. FCCO)  ) I K s J  
4 7 1  CONTI NUE

KK=(  I K- 1  ) *LNC 
A 1 =E
l F ( I K. CT. I )  Al=E-EFC(IK-l )
IW 4 7 2  J = 1 , N N N  
V3(J)sU(J ,KKM)

4 / 2  V 4 ( J )  = I I FF1( J , KK>1 )
CD 4 7 3  J K = 2 , L N O
AKsJK
K J s J K - 1
A J = A M (  A 1 * * K J )
Cn 4 7 3  J s l , M N M  
V1(J ) s V)( J ) »I J ( J vKK4JK)«AJ 

4 73  V 4 ( J )  = V 4 ( J ) + I I F R ( J , K M J K ) * A J  
RRK=0
CALL T P E V 0 1 ( V 3 , V 1 , N A , V 2 , Z 3 f N A , F V , N F V , P , F F K )  
WRI TE ( 6 , 4 0 0 0 )
WRI TE ( 6 , 4 0 1 5 )  ( F V ( J ) , J s  1 ,  5 )
WRI TE ( 6 , 1 0 2 0 )  ( F V ( J ) , J s 6 , t O )
WRI TE ( 6 , 4 0 3 0 )
WRI TE ( 6 , 4 0 1 0 )  ( F V ( J ) , J = 5 1 f 5 5 ) , F V ( 6 l )
WR I T E ( 6 , 1 0 2 0 )  ( F V ( J ) , J = 5 6 , 6 0 )
CD 4 7 4  J = l , 1 0  

4 7 4  F V ( 2 0 + J ) s F V ( J )FBKs-1
A l = E - 0 . 0 5
CALI, Fl'MVEC (U,UFe,KL',NA,UFC,NIJFC, V2,Z3,NA, VP,NA,PF,  IQ, IFT, LNO, A 1 , 

CF*N.1\’, F,  IT'jP, lFA TL,ELMT)
CALL TFEV01 ( V3, V4 , NA, V2, Z3, NA, FV, NFV, P , FRK )
E F Ns O. O 
PF=0,0 cn 1 76  J s l , 5 
FV(4D+J)=FV(20+J)-FV(J)  
JF(FV(4O*J) . LF. 0 . 0)  GO TD 475 
PE = PE + F V(40 +J )
GO TO 476

475 F»N=EFN+FV(40+J)
476 CONTINUE 

PF=(PE-EVN)/2.0 
OC 477 J s l , 5

477 FV(45«J)=FV(40*J) /PE 
WRITE ( 6 , 4040)
WRITE ( 6 , 4015)  ( F V ( J ) , J s 4 1 ,45)  
WRITF(6 ,40201 ( F V (0 ) , ,!= 46 , SO)

4RO CONT INOF 
FSNsV(51)
GO TO 195 

490 WRITE (6, 3040)
E5N=2.0*FLMT 

495 ITRPsO 
MRKs-1

rnurin
FNOPTH
FNOPTH
FNDPTH
FNOPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNOPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNOPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH
FNDPTH

JiY
312
313314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337 
33R
339
340
341
342
343
344
345
346
347
348
349
350
351
352 
153
354
355
356
357
358
359
360
361
362

FRNsELRT/1.0 
F = 0,0 
EsF+FRN
CALL FL'HVEC(U,IJFP,KlJ, tlA,MFC,NUFC,V4,FV,NA,VR,FA,PF,lO,IFT,LNO,E,FCNN.IM,F,ITMp,TFAIL,ELMT)V(I)=F 
V( 5 ) =P 
V(9)=F/PCL 
Fs F + FNN
CALLTFFVni (Z3,VP,NA,V4,FV,NA,Z6,N!lFC,P,yRK)
CD 496 J s l , 10

496 Z6(6(HJ)=7,6(J)
CALL FUNVEC(I’,IIFP Kl'/ MA.HFC,NHFC,V4,FV,rA,Z3,NA,KF, ID, TFT , INO,E,F CNN. IN.F, ITVP, IFAIL,FI"T)  '  '
V(2)s§V(6)sP
v( i O) sF/ r c i ,E = F-» ERN
CALL TrF.VOI (7.3,VH,NA,V4,FV,NA,7.6,NUFC,F,MRK)
DO 4 9 7  J s l , 10

497 Z6C4n*J)=Z6(J)
CAI I. FLNVKC (U,HFP,KL' , N A , IIFC , NUFC , V 4 , F V , N A , V2 , N A , PF , 10 , I FT , LNO , E , P 

CNN , 1N, P , ITMr , IFA 11., E L RT )
V(3)=E 
V( 7 ) =F 
V ( I 1 ) = F / F C L  
Fs F+ERN
CAIL TFEV01 (Z3,VP,KA,V4,FV,NA,Z6,NUFC,F,MHK)
DO 498 J s l , J O  

49R Z6(20+J)=Z6(J)
CALL FUN VFC ( U , UFP ,KP , N A , IJF C , TH1FC , V4 , F V , N A , V3, R K , P F , I i l , 1 F T , LNO ,E , P 

CMN.IH,F,TTHP,IFML,HMT)
CALL TrtVOl (Z3,VP,NA,V1,FV,NA,7.C,flt 'FC,F,MPK)V(4)sp
V(R)=P 
V ( !12) , = F/FCL 
WRI TE ( 6 , 3 0 5 0 )  ( V ( J ) , J = 1 , 4 )
WRI TE ( 6 , 3 0 5 1 )  ( V ( J ) , J s 5 , R )
WRI TE ( 6 , 3 0 5 2 )  ( V ( J ) , J s 9 , 1 2 )
WRI TE ( 6 , 3 0 6 0 )
CO 5 0 0  1 = 1 , *MM 

■ J K s T - 1  
I U = 2 * T - 1  
1 W s  IIJ 4 1

5 0 0  WRI TE ( 6 , 3 0 7 0 )  J K ,  VP ( I I I ) ,  V P ( I W) , Z 3 ( I D ) , Z 3 ( T« ) ,  V2 ( I I I ) ,  V 2 ( TW) ,  V 3 ( I U ) 
C , V 3 ( I W ) , J K  

F s O . O
WRI TE ( 6 , 5 0 7 0 )
WRI TE ( 6 , 5 0 0 0 )  7 6  ( 6 1  ) , Z 6 ( 1 1 ) , Z 6 ( 2 I ) , 7 6 ( 1 )
WRI TE ( 6 , 5 0 1 0 )  Z 6 ( 6 6 )  , 7 6 ( 4 6 ) , Z 6 ( 2 6 ) , Z 6 ( 6 )
WR I T E ( 6 , 5 0 2 0 )  Z 6 ( 6 2 )  , Z 6 ( 4 2 ) , Z h 1 2 2 ) , 2 6 ( 2 )
WHI T E ( 6 . 5 0 1 0 )  Z 6 ( 6 7 )  . 7 6 ( 4 7 ) . 2 6 ( 2 7 ) . 7 6 ( 7 )
WRI TF ( 6 , 5 0 3 0 )  Z 6 ( 6 3  ) , 7 6 (  4 3 ) , Z 6 ( 2 3 ) , Z 6 ( 3 )
WRI TE ( 6 , 5 0 1 0 )  Z 6 ( 6 8 ) , Z 6 ( 1 f l ) , Z 6 ( 2 R ) , Z 6 ( 8 )
WHTTF ( 6 , 5 0 4 0 )  Z 6 ( 6 4  ) , Z 6 ( 4 4 ) , 7 6 ( 2 4 ) , Z 6 ( 4 )

FNDPTH 3b J
FNDPTH 364
FNDPTH 365
FNDPTH 366
F NDPTH 367
FNDPTH 368
FNDPTH 369
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FNDPTH 372
FNDPTH 373
FNDPTH 374
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FNDPTH 376
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FNDPTH 3n 3
FNDPIH 38 4
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FNDPTH 386
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FNDPTH 39 3
FNDPTH J94
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FNDPTH 402
FNOPTH 403
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FNDPTH 417
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PFTIIRN
7000 FORMAT (1HO,5X,14HFCF PEP 7 F:APM , 12.1 .1H FAX LITAr F= , E10. 4, °H TOT 

CAL F=.F 10. 1,  12II AT WHICH P=,E1(».4.6P PDIF s , F 1 0 . 4 , 7 H PDIF2=,K10.4)  
2020 FORMAT (111 , 5 X, 14HVFPT MFTHCT COMPIETF, ** I ACK MF STORAGE ♦♦ )
2040 FORMAT (111 ,5X,3FHrFFT MFTHCE COMPIFTE, ** I’.CT.O.O ** )
2060 FORMAT (111 ,5X,39HPEFT MF1PUP CDMPLFTF, ** P TC LARGE ** )
2060 FCR,JAT ( 1IIO,45X,fPF-VS-E )
2070 FORMAT (1 MO, 2X, 1 4HFCR PERT PARM = , 1 7 , 5X, 2»IF = , R( 2 * , E10. 4) )
2080 FORMAT (1H , 22X , 2I'F = , 8 ( 7X , E I 0 . 4 ) )
2 0 9 0  FORMAT < 1 H , 18X, 6HF/ rCL=,B(2X.F; i0.4) )
2091 FORMAT C1H , 20X, 4HVCt = , 8 ( 2X, FI 0. 4 ) )
2092 FORMAT (1H , ?(>X . 4PD I H- , 8 ( 2X . F J 0.4 ) )
3000 FORMAT (1 HO , 5X, 4 2HWF HAVF FOUND THF FOLLOWING TURNING POINTS )
3010 FORMAT (1HO.5X.4RNG. ,T?,6H AT K=,F10.4,3H P=, Fi n . 4 , 7H P/PCL=,K10.

C4 , 1 5X , 13HBUCK LTNG "CCF )
3020 FORMAT (111 , 4 X , 2 ( 4HNCCF , 1 OX , 1HU , 14X , 111W , 1 OX , 4RNCrF, 1 OX) )
3030 FORMAT ( 1H , 5X, 2 n 2 , 5 X, E1 2 . 6 , 4 X, F1 2 . 6 , 5 X, T? , 1 0 X) )
3040 FGPMAT ( 1 HO , 5 X , 3 1 R W E HAVF FCIJND DC T I R N T A 0 PCTNT? )
3050 FCPMAT (1H0, 15X,4(7RE=,F12.6, 11X))
3051 FCPMAT (1H , 1 5X, 4 ( 2FP= , El 2 .6 . 11 X ))
3052 FCF*MT (1H , 1 2X, 4( 6PF/ PCI - , F12 . 6 , 6X)  )
3060 FORMAT (111 ,5 X , 4 Hf'CC E , 6X , 3 (1 HU, 11 X . J HW , 1 J X ) , 1 HI), 11 X, 1 MW, 5X , 4HN0CF )
3070 FCRMAT (1H , 6 X. 1 2 , 2X, 8 ( F 10.4 , 2 X ) ,  1 2 )
4000 Ff]PMAT(1HO,3X,i6RT.F.E.  VO IIMO , 10 X , 3R L’«'n , 1 OX , 3HUH0 , 1 OX , 3H0B0,10

CX,4DL.F.  )
4010 FCRMAT (111 , 16X,5(F1C.4,  IX) ,4X,  1 3HENFRGY FRRC!R= , F7. 3 , IX , 8HPFJF CRN 

CT)
1015 FCRMAT (111 , 16X, 5 ( MC. 4 , 3X) )
4020 FCRMAT (1H , 16X, 5(E1C. 4, 3X) )
4030 FORMAT ( 1H , 3X, 1 6HT. P.F . VI IJMO , 1 OX, 3RHM0,1 0 X , 3HUH0,1 OX, 3HIJEC , 1

rOX. 4Ht .P.  )
4040 FURMAT(1H0,1X,1RRTPF DFLTA VO IJMO , 1 OX , 3HHMC , 1 0 X , 3HIIH0 ,1 OX , 31UJPC , 

■10X,4Hl .F. )
5000 FCRMATUHO. 13X,4(5HL'MO = , E10 . 4 , 9X) )
5010 FCRMATdH 1BX, 4(F10.4, 14X))  •
5020 FCRMAT ( 1110, 1 3X,4(5Hl'Mn = , F10 . 4 , 9X) )
5030 FORMAT (1HO,13X,4(5FIPO= , E10 . 1 , 9X) )
5040 FORMAT ( lHO. l3X,1(5RCPr= , F10. 4 , 9X)}
5050 Fi;PMAT(lHO,i2X.4(6R1 . P . r  , E10. 4,HX))
5070 FORMAT (1 HO, 1 OX , 36H TOTAL PCITFNTTAI FNERGY, VO   )

EMC
♦ DECK IMPRFT

SUPPOin INF IMPRFT ( V , M!FC , R , H A , A , KHA ,KA,N'A , AR,KAf*h , IIF , UFP , KU , H , V2 , 
CV3, V4.V5)

IJIM E N S IG N V(NMIFC) ,l> A (NA ,K1IA ) ,A(NA,KA) ,AE(17,KAPK) , UF ( NA , KU ) , UFB ( N A 
• ,KP),RfNUFC),V2(NA), V3(NA),V4(MA).V5(NA)

CCmmgn /CIlMi/ AN (7,  4 , 12)  , TT YFF , 1LN (7 ) ,  1MN ( 7 ) ,  JS N ( 7) , JKH ( 7 ) ,  KHOE ( 7 ) 
CCMMCr./CCM?/ 00, r , l  ,C7 ,U3,C1 ,AL,THFTA.PCL AT , TFR , inN 
CCMMCN/CCM)/ JAC,JAVt,JAHW,TF, in, IC,FT,TZfP 
CCMMCN/CCH1/ TH,N1,N2C C v M C N /cn'15/  VF ( 1 47 ,20 ) ,VFP(1 47,  20) ,  VFC ( 106,20)  ,PFC (20) ,EFC( 20) 

C,SF(147)

FNDFTH 
FNDPTH 
FNDPTH 
FNDFTH 
FNOPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNCPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDFTH 
FNOPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNCPTH 
FNDFTH 
FNDPTH 
F NDPTH 
F NDPTH 
FNDPTH 
FNOPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
F NDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
FNDPTH 
1MPHFT 
I MPRFT 1vpRFT 
I MPRFT 
I MPRFT 
IMPRFT 
I MPRFT 
I MPRFT 
J MpRFT 
1 MPRFT 
I MPRFT

4 2 1
4 2 2
4 2 3
4 2 4
4 2 5
4 2 6
4 2 7
4 2 8  42P
4 3 0
431
4 3 2
4 3 3
4 3 4
4 3 5
4 3 6
4 3 7
4 3 8
4 3 9
4 4 0
4 4 1
4 4 2  
44  )
4 4 4
4 4 5
4 4 6
4 4 7
4 4 8
4 4 9
4 5 0
4 5 1
4 5 2
4 5 3
4 5 4
4 5 5
4 5 6
457
4 5 8
4 5 9
460
461  1 2

3
4
56
78 
91011

LFVFL 2 , UF, UFP 
ID IR=0
NNNs34( IN-2)
DC 5 1s 1 , NNN 

5 F ( I ) 30 . 0  
DC 10 l3l , N2 

V( DsO.O 
IF (ICN.LT.O) GC TC 1000 
IF(IGN.LT.20)  GC TC 2000 
TFdON.LT.40)  GC TC 3000 

ION . GF. 40 — PERFECT 5IIFLL —
IF (ICN.E 0 , 11)  ICMs-10 
IF (ICN.FO.42) ICNr-20 
WRITE ( 6,8000)
FORMAT ( mo, 20X, 23H*M PERFECT SHELL ♦♦♦ )
- -  *♦ IF inN.Eft . -20 SET SF ( I ) TO STRESS FTFID 
RETURN 

1000 CONTINUE
I0N.LT.0 1MPERFFCTICN PROFILE WILL RF READ IN IJU = Q ONLY W TERMS. 
IF ( 1CN.E0 . - 1 ) ICNs2C 
IF ( ICN. E0. -2)  ICN=0 
IF (TCN.EO. - l l )  ICNs 3 0 
IF ( ICN. E0. -12)  IONs10 
READ (5, 7000)  WT.TJU 

7000 FCRMAT(F10.6,I10)
DC 1010 1=1,6 Ks(I-1)*16+2 
K 2= K -*■ 14

5

t o

8000

1010
7 0 1 0

J = K-1 
J2=K2-1
IF(IJU.NE.O)  HEAD(5.7010) ( V(L ) ,L=J , J 2 , 2  ) 
PFAD(5,7010) (V(L) , f=K, K2, 2)

FTPMAT(BF10.6)
IF(I.JU.NE.O) READ(5,7020) ( V ( J ) ,  J=97 , 105 , 2)
READ (5, 7020)  ( V(J ) , J 3 9 P , 106 , 2  )

7020 FCRMAT(5F10,6)
WRITE ( 6 , flOj 0) WT, R 

B010 FORMAT(1H0,10X,45H44* IMPERFFCT SHELL, *FRDFTLF READ IN. 
CF8.4,2X,1HR/T=,F9.3)

GC TO 5000 
2000 CONTINUE

ION.LT.20 IMPERFECTION PROFILE OF LEGENEFF TYPF ID 10= 1
IF ( ICN. FQ. l )  IC N s 2 0 
IF (ICN.E0*2) ICNsO 
IF ( ICN. F0. 11)  ICN=30 
IF ( ICN. F0. 12)  lCNrlC 
RT = R* (7IIETA/3.141592654 )*42 
ALPHAsl.0 / ( 1 2 , 0*RT*FT)
ALPs-( J . 0+3 . 0*00)+SCFT(( 1 . 0 ♦ 3 . 0 * 0 0 ) * * 2 ♦ ( 1 . 0-D0*D0 ) /ALPHA) 
ANls-0,5 + 0. 5*SQHT(l .0 +4. 0*( ALB♦2. 0)  )
NNlsftNL 
NN23NN1+1 
A I.B3NN 1 MN2-2 
ALP23NN2*(NN2+l)-2

W/Ts

I MPHFT
I MPRFT
I MPRFT
I MPRFT
IMPRFT
IMPRFT
I MPPFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I»*PRFT
I MPRFT
I MPRFT
I MPRFT
IMPRFT
I MPRFT
IMPRFTIMPHFT
IMPRFT
I MPRFT
I MPPFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPPFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
IMPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT
I MPRFT

12 1 3
14
15
16
17
18
19
20 21 22
23
24
25
26
27
28 
29

1?
I]
34
35
36
3 7
38
3 9
40
41
4 2
43
44
4 5
46
47
48
49
5 0
51
52
53
5 4
5 5
5 6
5 7
5 8
5 9
60 
61  
62
63
6 4
6 566
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1*1)0)
IF (PCP1 .LT.PCW2) GC i n  2010 
p c p i =fcr2
N H 1 = N N 2 
A L P = A I. P 2 

2010 CONTINUE
HN=-(ALPHA*ALn4| .04CC4PCR1)/(ALB4l.0 4D04FCW1)
P=PCR1*SORT(3.0*(1.0-D0*D0))*RT/(1,0-D0*C0)
CAM LFGENO ( NN1, IN ,  PN , V, NUF C )
RFAD ( 5,7000)  WT.IJU 
IF( I J U. Nt . O)  GO 10 2010 
PC 2020 1=1,N2,2 

2020 VdJaO. O
2030- WRITE (6.H020) NNI,F,WT,R
9020 FORMAT (1 MO, I OX, 5 JH** * IMPERFECT SHELL. PRCFll.F UF LEGENDHE TYPE 

CCRDFRs , I2,11H *♦♦ P/PCL= , El 0 . 4 , 5H W/T=,FR.4,2X,4HR/T=,F9,3)
GC TO 5000 

3000 CONTINUE
C inU.LT.-10 EDGE DISPLACFMFNT TYFF. TMFR RFFCTTCN FHfFlLF

IF ( ICN.F0.21)  ICN=2C 
IF ( i rN. EU. 22)  ICNsO 
IF (ICN.EQ.31) ICNslC 
IF ( l f N. E0 . J 2 )  ICN=1C 
REAR (5,7000)  WT,IJ!J 
DC 3010 1=1,N2 

3010 P( I ) =0 . 0
PC 3020 1=1. N1 

DC 1020 J=1,JAW 
3020 A( I . J ) =0 . 0

PC 3030 1=1,12 
or  JO30 J=1,,JARW 

3030 AP( I , J ) =0 . 0  
P A = 0.0
DC 3060 KK=1,ITYFE
CAM, FCDATA (KK , ITCL, M ID, ISTART, IF IN)

DC 3050 IJslSTART,  IFIN 
PA = FA 41.0 
PH I = PA*H 
S=SIN(FHI)
C=CCS(PHT)
CT=C/S 
K = 2* IJ-1 
K1 = KM
DO 3040 1 = 1 , ITCL 

MA=JAP+2*(1-NIP)
A(K,VA)=A(K,MA)4Ar!(KK,l ,I)*ni*CT + AN(KK,2, I )*r i  
A(K,NA + l)=A(K,WAll)+AN(KK, l , I )*(r .3 + AL*(P0 4CT*CT))-Al*AN(KK,2, l  

C )*CT-AN(KK,3,f)*AL
A(F1,MA-1)=A(K1,NA-1)4AN(KK,I , I )*(P3+AI.*(D041.0/ (S*S)))“ 2.0*AL 

C♦A H( F K,2, I)*CT-AI*AN(KK,3 , 1)
A( K1 , M A)= A( K1 , M A) 4  A N( K K, 1 , T ) * ( AI * ( C 2 * CT 4 C T/ ( S * 5 ) } ) - AI *AN(KK,2, 

C n*(n0+1.0/ (S*S) )42.o*AL*AN(KK,3, l )*CT+Al*AN(KK,4, l )

IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPHFT
IMPRFT
IMPHFT
IMPRFT
IMPRFT
IMPHFT
IMPPFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPPFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPHFT

70
71
72
73
74
7576
77
78
79
80 
91 
82 
R 3 
84 
R5 86 
87 8R
89
90
91
92
93
94
95
96
97
98
99 

100 
101 102
103
104
105
106
107
108
109110 111 112
113
114
115
116 
117 119
119120 121

3 0 4 0  CCNTI NUF
A(K , . J An ) =A (K , J A D ) - D 1 * ( C T * C T  + D0)
A(K1 , .1 AD-  1 ) = A ( K 1 , J AD - 1  ) 4 CT* (D 3 - AL * ( D 2 4 1 . 0 / ( S * S )  ) )
A( K 1 , J A n ) = A ( K l , J A C ) + 2 . 0 * C 3  

3 0 5 0  CONTI NUE 
3 0 6 0  CCNTI NUFB(NI * fi) = 1 .0

I  J  = 0
CALI  PCOND ( A H , K A P , I J , T H E T A , A L , H )
FT= 1 . 0  
I Z A P = 1 0
CAI L RFDUCF(A,AP, NA, KA, KAH, N1 , AT, JAW, JABW, T 7 AP, P, NUFC)
DC 3 0 7 0  1 = 1 , Nl  

V ( T ) = R ( T + 4 )
DC 3 0 7 0  J = 1 , JAW 

3 0 7 0  PACT , J ) = A ( I , J )
CALL M AC7R ( H A , V , r * A , M  , J  AW , PT , K H A ,  NUFC)
A.J = -  3 .  fl
CAI L HC KS UP ( V, HUF C, AE  , K A P , A J ,  I N . J AUW)
I F  ( I J U . N E . O )  GC TC 3 1 7 0  
DC 3 1 6 0  1 = 1 , H 2 , 2 

3 1 6 0  V ( I ) = 0 , 0  
3 1 7 0  WRI TE ( 6 , 8 0 3 0 )  * 7 , R
8 0 3 0  F C P MAT ( 1H0 ,  1 0 X , 5 & H * * *  TMPERFFCT SHELL FPUFTLF DUF TO ECGF. DI SFLA  

CCFMFM7 * ♦ *  , 2 X , 1 H W / T  = F R . - 1 , 2 X , 1 H R / T s , F 9 , 3 , 3 X , 1 5 H I  1NE:AR SCMJ TI UN ) 
5 0 0 0  TF.MP = C. O

I F  ( I C f . F O . 2 0 . O R . I C N . F O . 3 0 )  WRITE ( 6 , 9 0 2 C )
0 0 2 0  ECWMATMH , 6 0 X , 2 3 H S T F E 5 5  FREE HEFCRMATI CN )

I F ( I C N . F O . O . O R . I C N . F Q .  1 0 )  WRI TE ( 6 , 9 0 3 0  )
9 0 3 0  FCRMAT ( 1H , 6 0 X , 2 1 H S T R F S S F D  DEFORMATION )

DC 5 0 1 0  1 = 1 , M2  
H C i n  = A P S ( V ( I ) )
I F ( HCLC. L E . T F M P ) GC i n  5 0 1 0  
EF MP = V( I )
TFMPsHCLD 

5 0 1 0  CCNTI NUF
DG 5 0 2 0  1 = 1 , N2 

5 0 2 0  U ( l ) = V ( t ) * W T / ( P F M P * F )
WRI TF ( 6 , 9 0 0 0 )

9 0 0 0  F C R MAT d f i  , 1 0 X , 4 H N C C F , f l X , 1 H U , l 4 X , 1 H W , R X , 4 H N 0 D F )
NNN= I N4 2  
DO 5 0 3 0  1 = 1 , NMN 
J = I - 1  
K = 2 * I — 1 
K 2 = K 4 1

5 0 3 0  WRI TE ( 6 , 9 0 1 0 )  J , V ( K ) , V ( K 2 ) , J
9 0 1 0  F C P M A T d H  , 1 1 X , I 2 , 3 X , F 1 2 . 6 , 2 X , E 1 2 . 6 , 3 X , I 2 )

IF ( I C i n . E O . O )  RETUFN 
k=o
A J = 1 .  0

I F ( V ( 2 ) . G T . V ( 4 ) )  A J s - 1 . 0  
NN2 =I N4  I
DC 5 0 4 0  1 1 = 1 , NN2 

J = 11 ♦ 2 f  2
T F M P = ( V ( I ) - V ( t - 2 )  ) * A J

IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
I WPPFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPHFT 
IMPRFT 
IMPRFT 
IMPHFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPHFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPPFT 
IMPPF T 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPPFT 
IMPRFT 
IMPHFT 
IMPRFT 
IMPHFT 
IMPRFT 
IMPRFT 
IMPRFI 
IMPRFT 
IMPPFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFT 
IMPRFI

122 
123 I 7 *
1/6
127
128
129
130
131
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1 33
134
135 
1 36 
1 37 
1 38
139
140
141
142
143
144
145
146 
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165
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170
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172
173
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A,l = - A,J 
V 2 ( K ) = I - 2 

5040 CONTINUE
I l = ( V 2 ( K- l ) - 2 ) / 2  
AJ=IN-T1 
Ad=Ad/2 
NN2=lN-2
nn 5050 t s t l , NN2 

d= 1*2+ 3 
d l =d f l  
AK=I- 11M
TFMP=4,0»(AK-Ad) / (AJ- l , 0)
TFMP=0.5-o,5*TANHITFMP)
V(J) = Vf.J)*TEMP 

5050 V(J1JsVCJl)*TFMF 
V(N2-3)=0.0 
V(N2-2) = 0.f>
VCN2-1)=-V(N2-5)
V(N2)=V(M2-4)
IlJinsO 
CC TC 5O00

C . ** IF ( I CN. FG. l O. CP. i nN. FC. 10) SET tJF SF( I )  FOR STRESS FIELD
END

♦DECK LEGEND
sup routine; legend ( N, IN, ON, V, NV) 
ni^FN’STPN V ( N V }
nr  t 1 = 1 , nv

1 V(NV)=0.0
ANNS IN-I 
NMM=IN*2 
NTFRV = r.'/?+1
id=2 n ; - i
CCFFF =1.0
nc io j = i , i j , 2

Ad=d
10 CrEFFrCGEFF*AJ 

DC 20 d = 2,  M 
Ad=d

20 CGEFF =CCEFF/Ad
CCEFF=?.0*COEFF/f2.0**N)
ANN = N
THET=3,111592654/ANN
SPCF=1.0
K=- 2
CC 40 ,1=1 , ’tTERM 

A ,1=,1 K = K + 2 
SUHNsN-K ‘
CC 30 I=1.NVM,2 
A I = ( 1*1) / 2 - l

V( 1 ♦2) = V(I + 2)-PriFCCEFF*SRCF*5URN*SIN(SUnN*AI*TPFT)
V(I ♦ * ) = V ( I«3)+CnFFF*SBfF*CCS(SHPN*Al*TFFT)

IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFI
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
I MPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
IMPRFT
LEGENC
LFGENC
LF.GENC
LEGEND
LEGEND
LEGEND
LEGEND
LEGEND
LEGEND
LEGEND
LEGENC
LEGENC
LFGENC
LEGENC
LEGENC
LEGENC
LEGENC
LEGENC
LEGENC
LEGENC
LEGENO
LEGENC
LEGEND
LEGENC
LEGENC
LEGENC
LEGFNC
LEGENC
LEGENC

I  I 'S  
180 
181 
182
m
185
186
187
188
189
190
191
192
193194
195
196
197
198
199
2 00  
201 20212

3
4
56
78 
910

n
H15
16
17
18
1920 21 22
23
24
25
26
27
28 
29

30 CONTINUE
I F ( J.MO.NTERH) GC TC 40
SPCF=SPCF*(2,0*AJ-1,0)*(ANN41 . 0 - AJ) / ( AJ♦ ( 2 , 0 ♦ ANN+ 1 . 0 - 2 , 0 * Ad))
IFCN.F0.2)  SBCF=1.0 / 3 . 0  

10 CONTINUE 
V( 1) = - V(5 )
V(2)=V(6)
V(HMMt ])=-V(NMM-l)
V(NMM+4)=V(NVM)
RETURN
Ff.'C

♦DECK REDUCE
5UPRCUTINE REDIICF (A,ABf NX.KAW.KAPW,N,AT,TAW,IAPW, IZAP,P,NP)DIMENSION A(NX,KAW) . J * ( 12 , *  APIJ, B( nG ) . i f f /

C TC REDUCE nOTH AE ANCA MATRIX WHEN IZAP = 0,  WHF N T7.AP.NF.0 AB MUST BE IN
C REDUCED FOPM ALLREACY
C N = CRCFP TF MATRIX A,AI = CIRCUM MODF NC. 1 AW=PANCVI1PTH OF A IARWsRANDWIDTHC C F A P
C TC RFDUCE AB(T,J)  TO TRIANG. FORM, UPPER S LOWER

IAD=( IA- + D / 2  
I F ( AT .FO.O.O) GO TC 10 
1 C=6 
IE = 11 
GC TO 20 

10 CONTINUE 
IC=4 
I F= 10 

20 CONTINUE 
IAO=IAEW-IC 
IC= IA P +1
IF( IZAF.FQ, 10) GC TC 25 
IF (IZAP.NE.O) GC TC 35 

25 IF (IZAP.EQ.10) IZAF=20 
DC 30 1=2,1C 

IK1=I - 1 
TKP=1E- I 

IKC = N-F2*IC + 2- I
TEMP=1.0/AP(IKI , IC)
PEMP=l.O/AP(IKE,IC) d = 0
DC 30 dd=I , IC 

d=J +1
dB=IF-1-dd 

dC=N+2»ICll-dd
HOID=AB(ddfIC-d)»TEMP 
BCI D = AB(dB,IC-»d)*l)FMP 

I FUZAF. F0. 20)  e(dd)=B(dd)-P(IKI)*HCLD 
IF( IZAF.EO.20) C(dC) = B(dC)-P(IKC)*PCin 

DC 30 K= 1, I AP
*H(dd, IC-d+K)=AR(dd, IC-dtK)-AP(IKI, IC4K)4HCLD 

30 APfdB, in*d-K)  = AH(dP, i r  + d"K)-AP(lKE,TD"K)4PCLf)
C TO RFMOVF FIRST AND LAST 4/6 C01S.  CF A ( I , J )

35 CONTINUE
DC 50 1 = 1,1C 

IL=IAC-IC-1+I

LEGEND
LEGENC
LEGEND
LEGENC
LEGENC
LEGENC
LEGEND
LEGFNC
LEGEND
LEGEND
LEGEND
REDUCE
REDUCE
REDUCE
REDUCE
HEDUCE
REDUCE
REDUCE
REDUCE
REDUCE
HEDUCE
REDUCE
REDUCE
REDUCE
RF.DUCE
REDUCE
REDUCE
REDUCE
REDUCE
REDUCE
RFDUCE
REDUCE
REDUCE
HEDUCE
REDUCE
REDUCE
REDUCE
REDUCE
REDUCE
REDUCE
HEDUCE
REDUCE
REDUCE
REDUCE
REDUCE
REDUCE
RFDUCF
REDUCE
REDUCE
RFDUCF
RFDUCE
REDUCE
REDUCE
RFDUCE
REDUCE

30
31 
3 2
33
34
35
36
37
38
39
40 1 2

3
4
56
78 
9101112

13
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16
17
18
1920 21 22
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26
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32
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35
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38
39
40
41
42
43
44
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Tt'MFs 1 .O/AP ( I ,  TC)
PE*F=1 .O/ A0( IP,  ID )
IMJ 40 J=1.TL 

je=H41-J  
,1C=JH+ ICHCLD=A(J,I AC-1C*1-J)*TEMP BCI. D=A(JB, IAD + If - I IiJ)*BFNP [F(IZAF.E0.70) P(J«IC)=P(J»IC)-R(I)*HOLC IF(IZAF.EO.?0) P(.JC) = P(JC)-L<(JD)*RrLC A(J, IAn-ICfI-J} = 0.0 

A(j b . iad+tc- I * J ) = o . o nc 40 K=1,IAP KT=IAD-IC+I-J»K KPrlAC+IC-I+J-F
A(J , KT)sA( J , K1) -AR(I f IC*K)*HCIC 

40 A(,IH,KP)=A(JH,KP)-AP( I E, ID-K )*P0LC
50 CONTINUE 

RETURN 
END

♦ DECK FERTBN
SUP ROUT INK PFRTPN ( IF R , X , NF V , UFC, NUFC , FF , K (I, PF , 1F T , I,Nil) 
DIMENSION X(NFV) , UFC C NOFT , KIJ 5 ,PF(KU)
CrPTIJN /COM2/ D0,Dl , r2, nl , R4, AL, THFTA, PCl , H, AI , 1FR, IUN
fCMMCN /rriMi/  t h , n i , n 2
LEVEL 2 , UFC 
KK = 0
IFUFT.NF.O)  KK= ( I FT- 1) *LNO 
IF( IRR. EO. l )  GO 70 ICO 
AJ=7*IRR 
HOID=0.0 
rn 2 0  i=t ,M2 

20 HOLDS HOI f)*IJFC(T ,KK4 1 )*X(1)*AJ 
IPR1 = ( TRRH ) / 7  
I Ff l FRl . LT. 2)  GO TC 50 
CC 30 T=2,IPH1 

J=IFF♦1 - 1 
F=(T«J)*2 
AK = K
IF ( l . F C . J )  AKsAK/2.0
HCLDsHOI.IHAKFPF ( I ■» ¥ K ) *PE ( J-f KK )
CC 30 L = l , U 2 

30 HCIC=HCLD+AK*UFC(L,.MKK)*UFC(L,I+KK)
50 CCNTIM'E

FF CIRR + KK )=-HI)LL/C AJ4IJ1)
IlCLDsFF ( IFR + KKI/FF (1 + KK )
CO 10 1=1,M2X(I)=X(t J + HOl n*UFC(1,14KK)

10 UFC(I.IRR+KK)=X<I)
RETURN 

100 PF( l + KKJspO 
CC 120 1 = 1 , N2 
X(I)=X(I)*PE

*r  u u t t 4 7
REDUCE 48
RFDUCE 49
REDUCE 50
REDUCE 51
HEDUCE 52
REDUCE 5 3
REDUCE 54
REDIICF 5 5
REDUCE 5 6
RFDUCE 57
REDUCE 58
REDUCE 5 9
REDUCE 6 0
REDUCE 61
REDUCE 6 2
REDUCE 63
REDUCE 64
REDUCE 65
REDUCE 6 6
PFRTBN 1
PERTBN 2
PEHTBN 3
PERTBN 4
PERTBN 5
PERTBN 6
PERTBN 7
PERTBN 8
PFRTBN 9
PFRTPN 10
PFRTBN 11
PERTBN 12
FERTBN 1 3
PERTPN 14
PFRTBN 15
PFRTBN 16
PERTBN 17
PERTBN 18
PERTBN 19
PERTBN 20
PERTBN 21
PFRTPN 22
PFRTBN 23
PERTBN 24
PFRTBN 25
PFRTBN 26
PERTBN 27
PERTBN 28
PFRTBN 29
PFRTBN 30
PERTBN 31
FERTBN 32
PF.RTBN 33

120 UFC(I.KK+1)=X(I)
SAV=0.0 
CC 125 1=1, N2 

125 SAV=SAV + X ( I ) # X( n  
B1=PE*SAV/PF 
RETURN 
FNC

♦DFCK CNVRGE

rg5,,:;?S?.I5i,S5^S:i ,̂ S:5K:rs:5iEJ.,i,,,r' UFP*'£,’F' ,FT' t "0' F' p'" p' u'" ,J' x'

rCHHCN/CCM4/ TN.H1.K2
,.CMr?,,: 1!-,<CnM5/ V'  ( 147, 2O) , VFFCH7, 20)  , VFC ( 106,  201 , PFC ( 20) ,  EFC (20) r , SF( 147)

LFVfcL 2 . UF,UFB,UFC 
CHK 1 =0.005 
CHK2=1 . 0 / ( 1 0 . 0 * 4 9 )KK = 0
IF ( I FT .  NF « 0 ) KK=(IFT-1)*LNC 
NflN=3* ( IN-2)
FHXsO.O
Ff'NsO.O

1
200

210

F= I . 0
I F ( I F T . f O . O )  GO TC 2 2 0  
CC 2 0 0  T = 1 , N 1 

U ( I ) = V F C ( I * 4 . I F T ) " V F C ( I + 4 , 1 )
CC 2 1 0  1 = 1 , NNN 

X ( n s V F ( I , l F T )
Y ( I ) = V F B ( I , I F T )

PL = P F C ( I F  D  
GC TO 2 5 0  

2 2 0  CC 2 3 0  1 = 1 , M l  
2 3 0  U ( 1 ) = 0 . 0

CC 2 4 0  1 = 1 , NNH 
X c I )  = 0 . 0  

2 4 0  Y( I )  = 0 , 0  
F l = 0 . 0  

2 5 0  CCNTI NUF 
TF HP s f l . O  
CO 2 0  J = 1 , LNO 

A 1=E*  * J
F l = P L + P F ( K K + D ) * A t
rc io 1=1, ni

U ( l ) = U ( I ) t U F C ( l 4 4 , K K + J ) * A l  
CC 20  T = 1 , NNN 

X ( I ) = X ( I ) t U F ( I , K K + J ) * A l  
V( I ) = Y ( I ) + I I F P ( I  , K M J ) * A 1  

CALL F V A L F N ( U , w | j , X , N X , Y , M Y , V 2 , N V 2 , V , K V , A , N A , K A , F l )  
TC 3 0  1 = 1 , Ml 

B F R P = A P S C V ( I ) ) 4 A P S ( V 2 ( I ) ) + A B S ( V I M P ( I ) ) 
P F * P = E E M P / 3 . 0  

V ( I ) = W ( J ) - V I M P ( I J  
IF ( P E F F . L E . C H K 2 )  GC TO 30  
HCI. D = AP S (  ( V 2 (  1 ) 4 V ( T)  J / P F M P )

10

20

PERTBN 34
PFRTBN 35
PEHTBN 36
PERTBN 37
PFRTBN 38
PERTe N 39
PF.RTPN 4 0
CNVRGE 1
CNVRGE 2
CNVHGE 3
CNVRGE 4
CNVRGE 5
CNVRGE 6
CNVRGE
CNVRGE
CNVRGE

7

I
CNVRGE 10
CNVRGE 11
CNVRGE 12
CNVRGE 13
CNVRGE 14
CNVRGE 15
CNVRGE 16
CNVRGE 17
CNVRGE 19
CNVRGE 19
CNVRGF. 2 0
CNVRGE 21
CNVRGE 22
CHVHGfc 23
CNVHGE 24
CNVRGE 25
CNVRGE 26
CNVRGE 27
CNVRGE 28
CNVRGE 29
CNVRGE 30
CNVRGE 31
CNVHGE 32
CNVRGE 33
CNVRGE 34
CNVRGE 35
CNVRGE 36
CNVRGE 37
CNVRGE 38
CNVRGE 39
CNVRGE 40
CNVRGE 41
CNVRGE 42
CNVRC-E 43
CNVRGE 44
CNVHGE 45
CNVRGE 4 6
CNVRGE 47
CNVRGE 48
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I K  TEMP . 1 K. CHK1 ) GH TU 10
v. r , ,  n  v, r.
CNVHGE n

FNX = F CNVRGE 5 3
I F ( E M N . N E . O . O )  CC TC 5 0 CNVRGE 54
F . s F M X / 2 . 0 CNVRGE 5 5

40
GO TO 1 CNVRGE 56
FMN = E CNVRGE 57
I F ( E V X . N F . O . O )  GC TC 5 0 CNVRGE 58
E = EM»! + E M N / 2 . 0 CNVRGE 59

50
GC TO 1 CNVRGE 6 0
CO 1 0 0  K s l , 6 CNVRGE 61

E s (ENN » F M X ) / 2 . 0 CNVRGE 6 2
I F  ( I F T , E ° . 0 )  GC TC 3 2 0 CNVRGE 6 3
n r  3 0 0  1 x 1 , N1 CNVRGE 64

3 0 0 U( 1  ) = V F C ( I + 4 , IF 7 ) - V F C (  1 + 4 , 1 ) CNVRGE 65
DC 3 1 0  I s 1 , nDN CNVRGE 6 6

3 1 0
X ( I ) = V F ( I , J F T ) CNVRGE 6 7
Y ( I ) x V F H ( I , I F I ) CNVRGF. 6 8

PL s P F  C ( 1  F T ) CNVRGF. 6 9

3 2 0
GC TC 35 0 CNVRGE 7 0
DP 3 30 I = 1 , N 1 CNVRGE 71

3 30 II ( I ) s O ,  0 CNVHGE 72
r c  3 4 0  1 = 1 , NNN CNVRGE 73

3 4 0
X ( I ) s O . O CNVRGE 74
Y ( I ) s O . O CNVRGE 7 5

3 5 0
P L = o . n CNVRGE 7 6

CONTI NUE CNVRGE 77
TF. Vps O. O CNVRGE 7 8
DC 70  J s l ,  LNO CNVRGE 79

a i = e * * j CNVRGE 8 0
F L = F L + F F ( K K t J ) F A 1 CNVRGE 81
n o  <50 1 = 1 , N1 

U ( I ) =11 ( I ) + U F C ( T  + 4 , K K  + J ) ^ A l
CNVRGE 8 2

f>0 CNVRGE 83

7 0

CC 7 P  1 = 1 . NNN 
X( 1  ) = X(  1 3 -f n P ( I , KK + J ) T A 1

CNVRGE
CNVRGE

84
8 5

Y ( I ) = Y ( I ) + U F R ( I , K K + J ) F A 1 CNVRGE 8 6
CALL F V A r , F N ( U , N I I , X , N X , Y , N Y , V 2 , N V 2 , V , N V , A , N A , K A , F l  ) CNVHGE H7
DC 80  1 = 1 , rl l CNVRGF 88

P E MP = A« S (  V ( l )  )■! APS ( 112 ( 1  ) ) + A R S ( V I M P ( D ) CNVRGE 89
R F N P = R E N p / 3 . 0 CNVRGE 9 0

V ( I ) = V ( I ) - V I M P ( I ) CNVRGE 91
IF ( P E N P . L F . C H K 2 )  GC TO 80 CNVHGE 9 2
HOT D = A P S ( ( V 2 ( l )  + V ( I ) ) / R E M P ) CNVRGE 9 3
I F  ( H O L D . I . E . T E M P )  GC TC 80 CNVRGE 94
t  f  p  p = h  r  l  n CNVHGE 9 5

8 0 CONTI NUE CNVRGE 96
I F ( T E N P . L E . C M K 1 ) GC TO 9 0 CNVRGE 97
F.MX = F CNVRGF 98

9 0
GC TP 1 0 0 CNVRGE 9 9
EMN = E CNVRGE 1 00

1 0 0 CONTI NUE CNVRGE 101
PFTIIRN CNVRGE 1 0 2
FNP CNVRGE 1 0 3

♦DFCK IMPRVE
SIIPROl'T IMF IMPRVF ( D , X , Y , N A , NF V. V J , V 2 , V 3 . V 4 . P - A , K A , H A , KH A . I F T , AP , K 

rAH,MF,UFP,KII,UFC,NUFC ,PF,  II 0,MI( ' ,K.E»Nf IF ATI.,FI FI , VIMP , Z6 ) 
rjMKMSTfjrj IIĈ -'A) ,X(NFV ) ^Y(NFV) »V1 CNA) ,V2(Ky') »V3Ĉ fl ) r A(NA.KA)

C,HA(NA,KHA) , A8( 12,KAF) ,IJF(NA,KIJ) , UFE ( N A , Kll) , UFC ( NUFC, K U) ,  FF ( KU ) 
C,VIMF(MIFC)£Z6(NIFC)

COIMUN /COMj/ nO,Dl , n7,D3, n4,AL,THF-lA,FCl ,H,AT, IFK,ION 
CCMHCN /CO'13/ JAr . JAh.JARW,IC,  I E, i r , FT, I ZAP COMMON / c n«4 /  1N,N1. n2
CCP«CN /COM5/ VF( 147 , 20) , VFI ! ( !47, 20) , VFC(106, 20) , PFC120) , EFC(20)C, SF(147 )
LEVEL 2 ,UF, IIFB, UF C 
ICC = 0 
H1 = 0 
PT = 1,0
NNN = 3M IN-2)
IGT=IFT+t
LMT=15
IL=IPR
CHK1=1.0 / ( 1 0 . 0*«6)
CHK2=1.0 / ( 1 0 . 0M49)

21
IF (N1.GT.LMT) GC TC 90 
CC 5 1=1, N7 

Z6 CI) = U CI)
5 U( l ) =U( T) - VFC( I , l )

DC 10 T=1,HNN 
VKl ) xVF( I . I GT)

10 V2(l )=VFH(l , IGT)
CO 30 1x1 , 9 J 

U(I )=U(I+4)
DC 30 Jsl . JAW 

30 H A ( l . J ) s A ( I , J )
CALL EvALFN(U,NA,VI,KA,V2,NA,V3,HA,V4,NA,A,NA,KA,P)TFNPsO.O 
PC 35 1=1,91 

BF.MPsAPS(Vl(I))-fARS(V4(I)) + ARS(VlNP(I))
PhN PsHFMP/ 3 . 0  

V4(I )=V1(I) -VIMP(1)  
lF(RtNF.LE.CHK2) GC TO 35 
HOLR=APS((V3(I)*V4(I))/HFMP)

IF (HCLD.LF.TEMF) GC TO 35 
TFNPs HGLU 

35 CCNTINl’F
IF (TFKP.LE.CHKl) CC TO 60 
TC 40 I x I , fj I 

40 V3( I ) s - ( V3( T) +V4( D)
CAIL FKPIMS(HA,NA,KHA,V4,NA,IGT)
CALL REDUCE ( HA. AP, KA. KMA. KAP, Ml, A I . JAW, JARW, TZAF, VIMP,NUFC)
CAIL MAC7H ( H A, V 3 , N A , N1,  JA W , PT , KHA, N A )
CALL PCK5IIB(V3,MA,AP,KAB,AI,TN,JABn)
CC 50 I s 1 , N2 

50 U(I )  = Z6(I)-»V3(I)
CALL S7RNCP(U,NA,UF,NA,KU,UFP,NA,KU,IL)
CC 55 I s | , NNN

I MPRVF 1
I MPRVE 2
I MPRVE 3
1 MPRVE 4
I MPHVE 5
I MPRVF 6
1MPRVE 7
I MPRVF 8
IMPRVE 9
I MPRVE 10
IMPRVE 11
IMPRVE 12
I MPRVE 13
IMPRVE 14
I MPRVF 15
I MPRVE 16
IMPRVF
IMPRVE
I MPRVE

n
19

I MPRVE 2 0
I MPRVE 21
I MPRVE 22
I MPRVE 23
I MPRVE 24
IMPRVE 2 5
IMPHVE 26
IMPRVE 27
IMPRVE 28
I MPRVE 2 9
I MPHVE 30
I MPRVE 31
I MPRVE 32
I MPRVE 33
I MPRVE 34
I MPRVE 35
IMPRVE 36
I MPRVE 37
I MPRVE 38
I MPRVE 39
I MPRVE 40
I MPRVF 41
I MPHVE 42
IMPRVE 43
I MPRVE 44
I MPRVE 4 5
IMPRVE 46
IMPRVE 47
IMPRVE 48
I MPHVE 49
I MPHVE 50
IMPRVE 51
I MPRVE 5 2
IMPRVE 53
I MPRVE 54
IMPHVE 55
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o'f mj m  i =
70 U(I )=Z6(1)

WRITE (#>.2010) M1
cn so i * i , m2 

80 VFC( I , IGT)*U(1)RETURN
90 IFUCC. GT. l )  GO 70 140 

WRITE (6. 2010)  Ml 
ICC=ICC4l
IF ( I FT. LF. l )  GC TC 100
FFC(1FD = 0.75*(FFC(1FT)-EFC(1FT-1 ) ) 4 EFC(1 FT- |  )
F.sEFCCIFT)
Cl' TC 110 

100 F =0.75 4F
IF ( IFT,MO.1) EFC(IFT) = E 

1 10 CONTINUE 
ITMF=0

I U FUNVEC(UF,UFP,Kl,NA,llFC,HUFC,X,Y,NFV,U,Nfl,FF ,11,(1, IFT ,1 N(),E, 
CEMN,IN,F,1TMF, lFAFL,FLf*T)

PFC ( IGT )*P 
CC 120 Jsl ,NNN 
VF(J, IGT)=X(J)

120 VFP(J,1GT)=Y(J)
CO 1)0 J=1,N2 

130 VFC(J, IGT)*U(J)
HI aO
GC TC 21 

140 WRITE ( 6,2000)  
l!C 150 1 = 1 , NNN 
VF(1,1CT)=X(I)

150 VFP( 1 , IGT)*Y( I )
PFTURN

2000 FCRMAT ( i n  , 1 OX, 1 7HIwPRVE HAS FA1LFC )
2010 FCRMAT (1H , 5X , 3HM 1= , 13 )

FNC
♦CFCK TFFV01

SURRGUTINF TPEV01 (XX, YY, NXX, X, Y, NX, V,NV, P,MRK) 
r i MENSIf!t! XX(MXX ) , YY (MXX) ,X(NX) , Y(NX) ,V(KV>
CGMMGN /CI1M2/ DO , C 1 , C2 ,1) 1 , M , AL ,THFTA , PCI , H , A I , TPR , 1GH 
CGWMCN /C'1M4/ IN , M I , A 2
CCMMCN /CMH5/ VF( 1 1 7 , 2 0 ) , VFP( 147 , 2 0 ) , VFC( 1 0 6 , 2 0 ) , PFC( 2 0 ) , EFC(20) 

C,SF(147)
Al' = 0 ,0 
AJ*1 .0
IF( ICN.EQ.20.OR. IGN.FO.30)  AK = 1,0 
IF(ICN.EQ.20,OR,TCN,FQ.O) AJ=0.0 
1M=IN-2
TF(MRK.GT.O) GO TO 150 
CC 10 1*1,5 

10 V(J)=0.O 
F A = 0 ,0
nc ion i j = i , i.M

IMPRVE
I MPRVE
IMPRVE
IMPRVE
IMPRVE
IMPRVE
I MPRVE
IMPRVF
IMPRVE
IMPRVF
I MPRVE
IMPRVE
I MPHVE
IMPRVE
I VPRVE
IMPRVE
I MPRVE
IMPHVE
IMPRVE
IMPRVE
I MPHVE
IMPRVE
IMPRVE
IMPRVF.
IMPRVE
IMPRVE
I MPRVE
IMPRVE
I MPRVE
I MPHVE
I MPRVE
I MPRVE
IMPRVE
IMPRVE
IMPRVE
TF EV0 1
TP EV0 1
TPEV01
T FFVO 1
I F E V0 1
TFEV01
TPFV01
TPFV01
TP EVOl
TF EV0 1
T P E V0 1
TP EV0 1
TP FV0 1
TP EV01
TF EV0 1
T P F V0 1
TP F V0 1

5 9
6 0

11
6 3
64
6 566
6768
6 9
7 0
71
72
73
74
75
76
77
78
79
80  
81 
82  8) 
«4
8586
8788 
B9
90
91
92
93 1 2

3
4
56
78 
910 1112 

I 3
14
15
16 
17

K = I J * 3 - 2  
M1 = K+ 1 
K2=K+2 
1 K T * I J / 2  
I K T = I J - 2 * I K T  
AKT = I K T 4 1 
PA=P A- U . 0  
F HI = P A4 H 
S * S I N ( F H I )
C s C D S ( F I ' l )
C T = C / S
E 0 I * A K 4 ( V F ( K , 1 ) 4 ( 1 , 0 - O , 5 * V F ( K 2 , l ) * 4 2 ) 4 0 . 5 * V F ( K 2 , l ) * * 2 + D 0 * V F ( K l , l ) )  

1 - A J * S F ( K )
F C I  = A K t ( V F ( K l , l ) t C 0 * ( V F ( K , l ) * ( 1 . 0 - 0 , 5 * V F ( K 2 , l ) * * 2 ) + 0 , 5 * V F ( K 2 , 1 ) 4 * 2  

1 ) ) - A J * S F ( K 1 )
X0T=AR*(VF8(K2.1)«C04VF(K2,1)4CT)
X n i = A M * ( V F ( K 2 , i ) » C T * C 0 4 V F B ( K 2 , l ) )
E O £ = X ( X ) + 0 . 5 4 ( X ( K 2 ) 4 * 2 ) 4 ( 1 , 0 - X ( K ) )
E0=VF(K,1 ) + 0,54(VF(K2 , 1 )442)4(1 . 0 - VF(K. l ) )
V ( l ) = V ( l ) t A K T 4 ( E 0 S 4 ( F 0 S f D 0 4 X ( K l ) - F 0 - E 0 1 ) - P O * X ( K l ) * E 0 + E 0 4 E 0 I ) 4 S / 2 . 0  
V ( 2 ) = V ( 2 ) + A K T M X ( K 1 ) 4 ( X ( K 1  ) 4 C 0  4 E 0 S - V F  ( K1 , 1  ) - E C I  I - D 0 4 E 0 S 4 V F ( K 1 , 1  ) +

1 V F ( K 1 . 1  ) * F G I ) 4 S / 2 . 0
V ( 3 ) = V ( 3 ) + A K T 4 A L 4 ( Y ( K 2 ) 4 ( Y ( K 2 ) 4 n 0 * X ( K 2 ) 4 C T - V F P ( K 7 , l ) - X 0 I ) - n 0 4 X ( K 2 )  

1 * C T 4 V F P ( K 2 . 1 ) 4 V F P ( K 2 , 1 ) 4 X 0  I ) 4 £ / 2 . 0  
V ( 4 )  = V ( 4 ) 4 U T 4 A L 4 ( X ( K 2 ) 4 C T 4 ( X ( K 2 ) 4 C T + D 0 4 Y ( K 2 ) - V F  ( K 2 , l  ) 4 C T - X 0 l ) - C 0 4  

1 Y ( K 2 ) 4 V F ( K 2 , I ) 4 C T 4 V F ( K 2 , 1 ) 4 C T 4 X O I ) 4 S / 2 . 0  
1 0 0  CONTI NUE 

F 0 I = 0 . C  
F C 1 = 0 , 0  
CC 1 2 0  1 = 1 , 5
I F ( V ( 1 ) . I , E . 0 . 0 )  GO TC 1 1 0
F 0 l * E 0 l 4 V ( f )cn TO 12 0

1 1 0  F.CI=ECI4V(I)
1 2 0  CONTI NUE

V ( 5 ) = - ( E 0 I 4 E 0 I )
I F ( V ( 5 ) , L E . 0 . 0 )  F G I = E 0 I 4 V ( 5 )
1 F ( V ( 5 ) . G F . 0 . 0 )  E 0 I = E 0 I + V ( 5 )
F 0 S = ( F 0 1 - E n i ) / 2 , 0  
CO 1 3 0  1 * 1 , 5  
V ( T 4 5 ) = V ( I ) / E 0 S  

1 3 0  V ( I ) * V ( I ) * H / 3 . 0
I F ( M R K . L T . O )  RETURN 

1 5 0  CCNTI NUF
CO 2 8 0  1 * 5 1 , 5 5  

2 8 0  V ( I )  = 0 , 0  
PA*0 , 0
CC 3 0 0  I J * 1 , I M  
K = I J 4  3 - 2  
K1*K41 
K2 * K4 2  
I K T * I J / 2  
I K T * I J - 2 4 I K T  
A K T = I K 7 4 l  
PA* PA4  1 , 0

TF EV0 1  
TFEV01  
7 F E V0 1  
TF EV01  
TP EV0 1  
TP E VO1 
TF EV01  
TP E VO1 
TPEV01  
1 P E V0 1  
TP E VO1 
TP EV01  
1 PEV01 
TP EV0 1  
I F EVOl  
TP EV0 1  
TF EV0 1  
T FF VO 1 
T F F V0 1  
1 FEV01 
TP EV0 1  
TF EV01  
1FEV01 
TP EV0 1  
TF EV0 1  
TPEV01  
TP EV0 1  
TF EV0 1  
TF EV0 1  
TF EV0 1  
TF EV0 1  
TF EV01  
TF EVOl  
TF EV0 1  
TP EV0 1  
TP EV0 1  
TP EV0 1  
TP EVOl  
TPEVOI  
TF EVOl  
TP EVOl  
TFEVOl  
TP EVOl  
TP EVOl  
TP EVOl  
TP EVOl  
TP EVOl  
TF EVOl  
TF EVOl  
TF EVOl  
TPEVOl  
I F F V 0 1  
TP EVOl  
TF EVOl  
TF EVOl

18
1920 21 22
23
24
25
26
27
28
29
30
3132
33
34
35
36
37
38
39
40
41
4243
44
45
46
47
4 8
49
50
51
5 2
53
54
55
56
57
58
59
60 
61 
62
63
64
6566
6768
69
70
71
72
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Fni=AK*(VF(K,l  ) M 1 .C“ 0. 5*VF(K2, l )**2)+0. 5*VF(K?,1 ) ** 2 + DO* WF ( K 1 , 1 ) ) 
1 “ AJ *S F f K)

Fr i  = AK*(VF( Kl , l ) - tD0*(VF(K, 1)*(1. 0-0. 5*VF(K7, 1)**2)+0.5*VF(K2, l )**2 
t ) ) - AJ*SF( Kl )

XO I = AM(VFB(K2,1 ) + D0*VF(K2, l)*CT)
XCI = AK*(VF(K2,l)*CT + CO*VFB(K2,1))
F0S = X(KH0.5*(X(K2 )♦*?)♦(  1 ,0-X(K))
FO = VF ( K , l ) l O f 5MVF(K?, l  ) ♦ ♦ 2 ) ♦ ( I.O-VF(K . 1))
V(51)=V(51HAKT*(XX(K)*(2.0*FOS+D0*X(Kl))*(1.0-O.5*X(K2)**2)*XX(K2 

i )*C2.0FEOs-»no*x(Ki ) )«x(K2)  *( i  , o- x( k j ) »no* XX C K 1) ♦ F OS-( XX (K ) ♦ (1 . 0 - 0 .  
25*X(K2)**2)fXX(K?)*X(K2)*(1. 0-X(K)) )*(E0<EO. n-n0*XX(KU*E0)*S/2. 0 

V(52) = V(52MAKT*(XX(Kl)*(2.n*X(Kl)-»r0*EflS)4C0*X(Kl)*(XX(K)*(l .O-fl .  
)5*X(K2)**2HXX(K2)*X(K2)*( l . 0-X(Kn)- (XX(K1)*(VFC K1r 1)4 EC I )*00 *VF( 
2Kl , t ) *( XX( K) *( l . C- 0 . 5*X( K2) **2HXX( K2) *X( K2) *( l . G- X( K) ) ) ) ) *S/ 2 . 0  

V(S3)=V(53)»AKT*AL*(YY(K2)*(2.0*Y(K2)«r0*X(K2)*CT)+XX(K2)*DO*Y(K2) 
l*n-YYfK2)*(VFB(K2, l )»X0I)-DO*XX(K2)*VFF(K7, l )*CT)*S/7.O 
1 *CT-YY(K2)*(Y(K2)4X0I)-D0*XX(K2)*VFP(K2,1 )*CT)*S/2.0 
V(54)=V(54)*AKT*AL*(XX(K2)*CT*(2.0*X(K2)*CT#C0*Y(K2))fYY(K2)*D0*X( 

1K2)*C1-XX(K2)*CT*(VF(K2,1) *CT+XUI) - YY( K2 ) *nO♦VF(K2 , 1 ) *CT) * S / 2 .0 
A)=XX(K)-XX(Kt)+XX(K2)*CT 
A2=X(K)-X(K1)+X(K2)*CT 
FOsVF(K, l ) -VF(Kl , l )+VF(K2,1)*CT
V(55)=V(55)-AKT*F*(X>(K1)*(3.0+X(KI)*(6.C+3.0*X(K1)+2.0*A2)*2.0*A2 

l - VF( Kl , 1) *( 6 . 0*6 . 0*X( Kl  ) -  3 . 0* VF ( K 1, 1) ♦ 2 . C * A 2- 7  . 0 * EO ) -FJO * ( 2 . 0 ♦ 2 . 0* X 
2 ( K n m A 1 M l . r >  + X(Kn*( 2 . 0f X(Kl ) ) - VF( K1 , 1 ) * ( 7 . 0+2 . 0*X( K1) ” VF(K1 , 1 )) 
3) )*(S**3)

300 CCNTINUF 
EOIsO.O 
ECI=0.0
DC 320 1=51.55
i F f v m . i  e . o . o )  go i r  n o
F 01=E0I ♦ V ( I }
GC TO 320 

310 F.OI=ECI+V(T)
320 CONTINUE

V (61 1 = 20 0 . 0 * (EOI4FCI) / (EOI-ECI)
FOS=(EOI-EOI) /2.0 
DC 330 1=51,55 
V(1+5)=V(I) /E0S 

330 V(I )  = V ( n * H / 3 . 0  
PETURN 
FNT

♦ DECK VCLDIS
SUBROUTINE VCLOIS ( U , I It, X , IX , VCL ,DFLT A )
DIMENSION HCIl l J .XdX)
COMMON /COM2/ DO,01,  D 2 , 03 ,04 , AL ,THFTA , PCL , H, A T , IFR, II1N
COMMON /CnM4/ IN,Nt ,N2
VCLsO.O
F A = 0 .0
IM=IN-2
no 100 T»J= 1 , TM

TPEVOl
TFEVOl
TPEVOl
TFEVOl
TPEVOl
TFEVOl
TPEVOl
TPEVOl
TFEVOl
TFEVOl
TFEVOl
TFEVOl
TFEVOl
TFEVOl
TPEVOl
TPEVOl
TFEVOl
TFEVOl
TFEVOl
TFEVOl
TFEVOl
TPEVOl
TFEVOl
TFEVOl
TFEVOl
TFFV01
IFEVOl
7FFV01
TPEVOl
TFEVOl
TFEVOl
TFEVOl
TPEVOl
TFEVOl
TPEVOl
TFEVOl
TFEVOl
TFEVOl
TPEVOl
TFEVOl
TFEVOl
TFEVOl
VCLDIS
VCLDIS
vgldis
VOLDIS
vci.ms
VLI.DIS
VCLDIS
VCLDIS
VCLDIS

H
79
80 
91 
82
83
84
8586 
97 89
89
9091
92
93 
91
95
96
97
98
99 100 

101 
102
103
104
105
106
107
108
109110 111 112
113
114
115
116
117
118 1 2

3
4
56
78 
9

100

K = I J * 3 - 7  
K1 = K + 1 
K 2 = K + 2 
I K T = U / 7  
T K T = I J - 2 * t K T  
AKT=IMT-* I 
FA = PA-» 1 . 0  
F HI  = F A * M 
S=SIN(PHI)
C = C O S ( P H I )
C T = C / S

* (  t T VSVx CKt  J 5 , 0 + X ( K 1 ) ) 'f ) ( ( K n * * 3 + ( X ( K ) " X ( K 1 )  + X C K 2 ) * c ’f J
~ P F l = P H i » H

C = C Q S ( F H T )
S = S I N ( F H 1 )
C T = C / S
F = U ( N H 6 ) * U ( N t * 5 ) * C T
V C l = ( U / 3 . 0 ) * ( 2 . 0 * V C L + ( 3 . 0 * E * ( 1 . 0 + E ) + E * * 3 ) * S * * l )
VCL = - V C L / ( ( 2 . 0 - 3 . 0 * O C * * 3 ) / 3 . 0 )
CELTA = I! ( 4 )
RETURN 
F NC

♦DECK EVALEN
Sl i nROUTTHE E V A L F K ( U , N I J , X , N X , Y , N Y , V 2 , N V 2 , V , N V , A , N A , K A , P )
C l  MENS I CN U ( N U ) , X ( N X ) , Y ( N Y ) , V 7 ( N V 2 ) f V ( N V J , A ( N A , K A )
CC*»MCN/ CCM?/  D O . r i  , n 2 , D 3 , D 4 , A L , T H F T A , P C L  , I I , A T ,  I PR , I DN 
C C M M O N / C C d /  J AC . J AV* , J A F d ,  I E ,  1 P , T C , F 7  , 1 2 AP 
C C M M C N / C 0 M 1 / 1 U , N 1 , N 2
CCMMCN/ CCM5/  V F ( H 7 , 2 0 ) , VF B ( 1 4 7 , 2 0 ) , V F C ( 1 0 6 , 2 0 ) , P F C ( 2 0 ) , E F C ( 2 0 )

C , SF ( 1 1 7 )
N N N z I N - 2
GALL FPCCUC ( NA, KA, A , V 2 , U , N 1 , N V ? , J AW)
F A = 0 . 0  
A K= 1 . 0  
A J s l . O
I F  ( I C N . F O . 2 0 . O R . I 0 N . E Q . 3 0 )  A K = 2 . 0  
I F  ( i r N . E O , 2 0 . 0 R . I 0 N . E O . 0 )  A J = 0 . 0  
DC 5 0  1 = 1 , JINN 

P A = P A + 1 , 0  
PH I = P  A * H 

S = 5 I N ( P H I )
C = C n S ( P H I )
C T = C / S  
K 1 = I  ♦ 2 - 1  
K 2 = K 1 ♦ 1  
L = I  * 3 -  2 
L 1 = L ♦ 1 
L 2 = L + 2
V ( K 1 )  = X ( I , 2 ) * ( X ( L 2 ) * C 2 * C T / 2 . 0 * Y ( L 2 ) - X ( L ) - D 0 * X ( U  ) )
V(K2) = X(L2)*(n3*X(L2)/2.0*X(L)*CTtr0*X(I .  I )*CT♦Y(L)+DO*Y(L 

t 1))+Y(L2)*(X(L)4C0*X(L1))
V ( K 1 ) = V ( K 1 ) » 2 , 0 * P * X ( L 2 J
V ( K 2 ) = V ( K 2 ) - 2 . 0 * P * ( 1 . 0 + X ( L ) * X ( L 1 ) )
V ( K 1 )  = V( K1 H X ( L 2 ) * ( X ( L 2 ) * ( - X ( L 2 ) / 2 . 0 - ( l . O - 0 . 5 * C O ) * X ( L ) * C T - l > O * C T

VCLDIS 
VCLDIS 
VCLDIS 
VCLOIS 
VOLDIS 
VCLDIS 
VOLDIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLOIS 
VCLDIS 
VCLDIS 
VCLDIS 
VCLD IS 
VCLDIS 
VCLDIS 
VCLDIS 
VOLDIS 
FVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
FVALFN 
FVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
FVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
FVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN 
EVALFN

10 1 1 12
13
14
15
16
17
18
1920 21 22
23
24
25
26
27
28
29
30
31
32 1 2

3
4
56
78 
9101112

13
14
15
16
17
18
1920 21 22
23
24
25
26 
27 
29
29
30
31
32
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1 ( r ) - i : o * x ( i . i ) / 2 . 0 ) - * x ( L) * ( - c ,F»x(L) - rn*CT*) i ( r , n- r c*Y( r Ji ) - 2 . o*Y( L) ) - D
2 n*Y(I. )«X(LI )) + Y(l .?)*X(I. )*(-X(L)-DQ*X(LI )) 

V(KI)=V(K1)»2.0*P*X(I2}*X(L1>V(K2>=V<K2)-2.0*P*X(L)*X(l i )
EO=AK*(VF(L, 1 )fCO*VF C»,l . 1 ) )-AJ4SF(T.)
F.01=AM (VFP(L,1 )+C04VFH(Ll , l  ) ) -AJ*5F(L2)
V ( K 1 )sV(Kl)4X(L2)*(X(I  2)*(FOl+FO4CT)/4.0-X(L)4F0/2.O+Y(I  2 )*t ( l /2.C ) 
V(K2)sV(K2MX{L2)*(Xfl  2) *F0/ 4. 0*Xa)4CF0*CT + F01 ) / 2 . 0  + YU )*EO/2.0)  

]*Y(L2)*X(L)*E0/2»0
V( Kl ) sV( Kl ] - 2 . 0 t P*( C1. 0-VF( Ll ' l ) )*VFCf . 2 , 1  )+X(l ?)*VF (I.1,1)+X(L1)*V 

1 FCL2 . t ))
V(K2)=V(K2)42.04P4(VF(L,  l )+VF(Ll  . 1 ) - VF( 1.1 ,1 )*VF(L, 1)*X(L1) * ( VF (L,  

1 l ) * V F < L I , 1 ) ) 4 V F ( U , l ) * ( X ( L ) - X ( l l ) ) )
50 CCNTINUF 

RETURN 
FNC

♦DECK FNCRHS
.5II PRC HI INF F NORMS ( L'F , NHF , KUF , UFB , I PR , V , N V , PF , I FT , T.NH )
I! I MENS I CM UFtmiF ,KIJF ) ,UFH(NUF , KIJF) .V(NV) ,PF(KIIF )
CCNmcn/ ccMI/ AM( 7 , 4 , 1 2 ) ,  I TYPF, ILU( 7 ) , I*N( 7 ) , JSN( 7 ) , JEN( 7 ) , KBDF(7) 
CCFMCN/CCM2/ 00, c  1 ,r.2 ,P3,D4 , AI,,THFTA,PCL ,H, A I , TPP , TON 
CCMMGN/CGM4/ 0N , I 1 , 1 2
CCMMCN/CP05/ VF(147,20) ,VEP(1 47 , 2 0 ) , VFC(1 Oft, 2 0 ) , FFC( 2 0 ) , FFC(20)

C, SF(147)
LEVEL 2,UF,IJFB 
IPR1=IPR-1 
lPR2=TRR-2 
JJ=0
IF ( IFT ,GT. 1 ) J J=<IFT-1)UHC
FA=0,0
AK=1.0
AJ=1.0
IF CICN. F0. 20.0R. ICK.E0. 30)  AK=2,0 
IF (TPM.FU.2 0 . HR.TON.EC.0) AJ=0,0 
cn 10 1=1,LI 

10 V( I ) =0, 0
PC 110 KKsJ.ITYFE

CALL FCDATA ( KK, ITCL, MT0 , ISTART, IF IN)
1 CO 100 IJ=ISTAFT, IF IN 

P A = P A +1.0 
PHI= PA*H 
SsSIH(PHI)
C=COS(PHI)
CTsC/S 
K = 2 * I J - 1 
K 1 = K ♦ 1 
Nl=3*IJ -2 
N2=H1+1 
H 3 = N1 ♦ 2

E0=AK*(VF(N1, 1 )*CO*VF(N2, 1) ) -AJ*SF(M) 
E01=AK*(VFH(Nl, l )*nO«VFR(N?,1) )-AJ*SF(N3)
CC 20 1=1 , IPR1

FVALFN
FVALFN
FVALFN
EVALFN
EVALFN
EVALFN
EVALFN
FVALFN
FVALFN
EVALFN
EVALFN
EVALFN
EVALFN
EVALFN
EVALFN
EVALFN
FNDRHS
FNCRHS
FNCRHS
FNCRHS
FNCRHS
FNCRHS
FNCRHS
FNCRHS
FNCRHS
FNDRHS
FNCRHS
FNDRHS
FNDRHS
FNDRHS
FNDRHS
FNDRHS
FNDRHS
FNDRHS
FNCRHS
FNDRHS
FNDRHS
FNDRHS
FNCRHS
FNDRHS
FNDRHS
FNCRHS
FNCRHS
FNDRHS
FNCRHS
FNDRHS
FNDRHS
FNCRHS
FNDRHS
FNDRHS
FNCRHS
FNDRHS

36
37 
30 
39

1!
42
43
44
45
46
47
48
49
50
51 1 23

4
56
78 
910 1 1 12

13
14
15
16 
17 10
1920 21 22
23
24
25
26  
27  20
29
30
31
32
33
34  
3 5 
36

11 = T +JJ
T2=IPP-t  »JJ

V(K) = V(K)-1JF(N3, I l ) * ( HF( N3 , I 2 m2 * CT/ 2 . 0 4 l l FP ( N3 , I 2 ) - UF ( Nl , I 2 )  
1 -UFCM2, 1 2 ) * C f))

V CK 1 )=V(K1 )-IIF(F 3,  1 1 )*(11F(N3,I 2 ) *D3/2 . 0 ♦ IIF f N 1 , 12) *CT + UF( H2 , 12
1 ) ♦CO*CT »HFP f M , 12) tUFP(N2,12 ) *C0 ) -L’F 11 ( N 3 , 1 1 ) * ( UF (Ml , I2)+IIF(N2
7 , 1 2 ) ♦DO )

V(K) = V( K) - ? . 0* t l F( r : 3 , m*PF( T2)
V(K1 ) = V(K1 ) «? . n*( UF( M , I t  )*I!F(N2,I1 ) )*PF(T2)
IF ( 1CN.EU.-10) GC TC 20
V(K) = V(K)-HF(M3f II  )*( I IF(f l3, I7)*(F01+F04CT)/4.0-UF (N1 , 1 2 ) 4 E0 / 2 . 0 + UF 

1R(N3. 12)*F0/ 2, 1)
V(M ) = V(K1 )-i |F(fl3 . 11 )*(UF(N3.12) *E0/4 , 0-»L’F(N1 , 12 ) * ( F O*CT4EO1 ) / 2 . 0*  

1 UFP(Ml, T2) *F. 0 / 2 . 0  )-L’F (N1 , 1 1 ) * IJF P ( N 3 , 1 2 ) ♦ F »/ ?  . 0
V(K) = V( E) t 2 . 0*FF( i n*( t J F( N2 , I ? ) *VF( N3, l ) H' F( N3 , l 2 ) *VK( N2. 1) )
V(Kn = V( KI ) - . 2 . 0*PF(M)*( I JF(N2, 12)*(VF(Nl , l )*VF(N2, l ) )+VF(N2, l )*(U

1 F ( N l , I ? ) - H F ( N 2 , 1 2 ) ) )  
2 0  CCNTI NUF

IF( IRP, LT, 3)  GC TO 100 
DC 40 I = | , IPR2 

IHDsIPH-l - I  
CC 30 .1=1, IHD 

I i = T+.l.)
I2=J+JJ
I3=IFR-I- . J*JJ

V(K) = V( K) - UF( N3, I l ) * ( UF( N3, I 2 ) 4 ( - 0F( f 3 . T3) / 2 . 0 - ( I F( Nl .  I3)*CT4(
1 1 .0-l>O/7,O)-lJFP(N2,  T3)»CO/2, 0-UFP(Nl , T3) - l !F(H2, I3)*ro*C1/ 2, 0)
2 + UF(N1 , I 2 ) * ( -OFP(N3, 13)42, 0 + UF(N1, I3) t UF( N2, 1  3)* DO) -UF(N2,12)
3 ♦ VFP(N3,I3MDO)

V(K1 )=V(K1 )-UF(F 3, II )*(UFCH3,T2)*(L’F(M3,T3)4CT/2.0+UFH(H3,I3)
1 ♦J .0/2.0-UF(N1 , T ) )*(  1 .0 + n0/2 , 0) - UF( K7, I 3) 4r 0 / 2 , O) +l JF( N1. 12) 4(
2 -OF (Ml I 1)*CT-LF (N7,13)*D0«CT-IJFP(H , 13 ) *7 , C-UFP ( N2 , 13 ) *D0 ) -IJ
3 F CD?, 12) HIFP (N1 , 1 3)*D0) + UF(N1 , I1) *( I F( N1 , 12 ) *UFP ( N3,13 ) ♦D04IJF
4 ( N2, I2) *UFP( N3, i 3) )

V(K) = V(K)-2,0*IIF(N3,  II )*HF(N2. 12)*PF(I3)
V(K1.) = V(K1 ) «?, 0*UF(M ,11 )*UF ( N2, I2) *FF( I3)

30 CONTINUE
40 CCNTIMUE

100 CONTINUE 
110 CONTINUE 

RETURN 
END

♦DECK FNDRH2
SUPRRUTINF FNDRH2 ( I F , WHF, KUF, UFB. IRP, V, NV, PF. TFT, LNO)
DIMENSION IIF ( M11F , K IJ F ) , UFP ( NIJF , KUF) ,  V ( N V ) , PF ( KIJF )
COMMON/rCMI/  AN( 7 , 4 , 1 2 ) ,  ITYPF, TLM( 7 ) , IMN( 7 ) , JSN( 7 ) , JFH( 7 ) , KHOE(7) 
COMMON /C0M2/ nO, ni . r 2 , n) , C4, AL, THFTA, PCt , H, Al , !FH, IOH 
COMMON / C0M5/  VF(117 , 20 ) , VFP( 1 4 7 , 2 0 ) , VFC( 1 0 6 , 2 0 ) , PFC( 2 0 ) , FFC(20) 

C, SF(147)
LFVFL 2 ,UF,UFU 
IPP1=IRR-1 
JJ=(1FT-1 )»LNO 
PA = 0 - 0
DO 110 KK=t, TTYFE 

CALL FDCATA CKK, ITCL, MID,1START, IF IN )

F NDRHS 37
FNDRHS 38
FNDRHS 39
FNDRHS 40
FNDRHS 41
FNCRHS 42
FNCRHS 43
FNDRHS 44
FNCRHS 45
FNCRHS 46
FNDRHS 47
FNDRHS 40
FNCRHS 49
F NCRHS 50
FNDRHS 51
FNDRHS 52
F NCRHS 53
FNDRHS 54
FNCRHS 55
FNCRHS 5ft
FNDRHS 57
FNDRHS 50
FNDRHS 59
FNDRHS 60
FNDRHS 61
FNDRHS 62
FNDRHS 63
FNDRHS 64
FNDRHS ft5
FNCRHS 66
FNDRHS 67
FNCRHS 6 P
FNDRHS 6 9
FNCRHS 70
FNDRHS 71
FNDRHS 72
FNDRHS 73
FNDRHS 74
FNDRHS 75
FNDRHS 76
FNDRHS 77
FNCRHS 78
FNDRH2 1
FNCRH2 2
FNCRH2 3
FNCRM2 1
FRCRH2 5
FNDRH2 6
FNCRH2 7
FNDRH2 8
FNDRH2 9
FNDRH2 10
FNDHH2 11
FNCRH2 12
FNDRH2 13
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M M

S=SIN(FHl)
C=CCS(PHI)
CT=C/S 
K = 7 * I J - 1 
K1=K+t 
L=3*IJ-7 
L l = l *1 
I2 = L > 2
TC 20 1 = 1 , 1PR 1 

11 = 14JJ  
I 7 = IRH- T J

V(K ) = V ( K ) -VF CL 2 - IF! ) * ( UF ( L2 , 11) * ( - 1 . 5 U'F( L? . T 7 ) - ( 2 . 0-DO) *CT*IIF (I
1 , I 2 ) - l ’0*CT*'iF(f. 1 ,12 (I. t , T2 ) - 2 . 0 * HFH(L, 12) )4UF(L, I1 ) * ( - 2 . 0
2 •UFPr i?,  m*MF (L,  J2 ) + Ufl*HF(lil, l2) )-nr j*l ' Fpn.2, . l  1 )*IJF ( L I , 12) )-VF (L 
1 , i m* HK ( L2 ,  J 1 ) * ( - (  1 ,n-o.5*»0)*l lF(F 2,  I 2 ) *C7-7 . 0 *IIFHU.7 , J.7)42.0*U
4 F (I , T 2 ) *1)0 ♦ IJF (I t , 1 2 ) ) -VF(L1, I FT) *UF( L2, l l ) * ( - r a*CT*UF( L2, 12) / 2 . 0
5 4r.0*(l 'K(L, | 7)-MFP(I  2 . 1 2 ) ) )  »VFB(L2( J F T ) * r F r L ? . n  )*(2.0*UF (L,  I2)«C0
6 ♦HFCF 1 , I ? ) )« VFPC1., IKT) *UF (I 2,1 1 )*IF(! .2,  I2)  + VFf>(Lt, I FT)*UFU 2 , 11)
7 *UF(|  2,  I 7 ) * r 0 / 7 . n - 2 . O*r PFC( l FT) H! F( L2 . I  n*UF (I 1 , I2)4VF(L2,  IFT)*P 
H F( U )*l!F(Ll , I?)»VF (LI ( IF7)*PF(I 1) *UF( 12, T2) )

V ( K t )=V(K1)-VF CL7,IFT)*(IIF ( 1.7 , 11 ) ♦ ( 1 . 5 * UF N. 7 , I 2 ) * n  43 . 0 * I'FH ( |, 2 , I
1 7 ) - ( 7 . 0  4hO )*UF (L , 12 )-DO*UF(L1 , T2) )4t)F(l , n  ) « ( -CT*DF ( | , , j 2 ) -DO *UF (
2 I 1 , I 2) K’T-2.0»IJFP (f , 12 )-D0*UFP(L 1.17)  )-DO*lJF (I | , I 1 }*»FH( L , 12) )-V
3 F(1  ̂I H )  *(l)f (I 2 i M ) ♦ ( - (  1 , 0400 / 2 .  0)*UF ( 1 2 , 1 7 ) -Cl ♦(?.U*IJM L, 12) ♦CO
4 * «> F ( f 1 , 17)  )-2.0*UFP (I , F2)-C0*UF8(L1 , T 2 ) ) -UF P f f 7 , T 1) * (2 . 0*IJF (L, I 2
5 )4D0*UF(?,1 , 1?)  ) )-VF (LI , I FT ) * (UF(L2, 11)* I -DO*(UF(L7, 17 ) / 2 , O + UF( L.
6 I2)*CT4l.lFR(Lf 12)))-MFB(L2#l l )*IIF (1 , 1 2 ) < DO ) - VK P ( L2 ,1 FT ) * ( J . 5 *UF ( L
7 7,11 )*HF(L2, T2)-UF(L, I l )*( I IF( r . . I2)4Dn*l ' F(Ll  , 12 ) ) )4 VF B( L, IF T) *UF (
P L ? , I I ) * ( 2 . 0 * U F ( L , 12)4 D0*IIF(L1,12))4VFP(L1, IF7)* 1)0 *UF(L2,11)*UF(L 
9 , 1 7 ) 4 7 . 0 * (PFC( IFT)*IIF(L, I  1 ) *UF ( L 1, 12 ) 4 V F (L , T F 7 ) *PF ( 11) *'IF ( L I , I 2 )
A 4 VF( l l , I FT) *PF( l l ) *UF( L , T2) )20 CtlNl TMIIR 

100 CCNTINUF 
110 CCNTINUF 

RETURN 
END

♦DFCK FNCLHS
SUPH0U7INK FNDLHS ( A, NA, KHA, V, NV, 1 K)
DIMENSION A(NA,KHA),V(NV)
COFMCfJ/ COM 1 /  AN(7' 4,12) , ITYFF,TLN(7},1FN(7) , JSN(7) , JF.N(7) ,KHUEC7)CCVMCN /CDK2/ DO,Cl . P2 , D3 , D4 , AL, THE7A, PCI ,H,AI , IFR. IDN 
CCHMCN /COM)/ JAD,JAV>,JAPW,JC,IE,IC,PT,12AP 
CCMMCH /CdM4/ 1N,N1,A2 

CC^F(14 7 ) r " M5/ VFC H ' , 2 Q ) 1 4 7 ^2°3 *VFC('OS* 2 0 ) , PFC( 2 0 ) , FFCC20)
P=PFC(TK)
FA=0.0 
AKrl .0 
A») = 1 .0
IF (TCN.FO.20.nR. ICN.FO.30)  AK=2,0 
IF (ICN.FO.70.DR. ICN.EO.O) AJ=0.0 
CC l t o  KK = l , ITYFE

FNDRH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNURH2 
FNDHH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNMRH2 
F NDRH2 
FNDMH2 
FKDRH7 
FNDRH2 
FNDRH? 
FNDRH2 
FNURH2 
FMJRH2 
FNDPH2 
FNDRH2 
FNDRH2 
F NDRH2 
FNDHH2 
FNIJRH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNDRH2 
F NURH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNDRH2 
FNDHH2 
FNDRH2 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
f NDLHS 
FF.PLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS

J V
17
18
1920 21
\ \
24
25
26
27
28
29
30
31
32
33 
3 4
35
36
37 
3 H
39
40
41
42
43
44
45
46
47
48
49
50
51
52 1 2

3
4
5 fa
78 
9101112

13
14
15
16

CALI FDDATA ( KK, ITCI , NID,1ST ART, IF IN)
CC IOC U=ISTAR7 ,TFIN 

PA = F M1 .0 
FHTsFAMI 
S=SIN(PHI)
C=CCS(FMI)
CT=C/S 
K = 2 * T J -1 
Kl = K♦ 1 
L=3*TJ-2 
I 1 = 1.41 
1.2=L 4 2

FO=AK*(VF(L,1)4C0*VF(LI, 1 ) )-AJ*SF(L)
F01=AK *(VFD(L, t )4D0*VFP(L1, 1)  )-AJ*SF (1.2)

CD 70 1 = 1 . ITOL 
FA=JAC42*(1-M1C)

A(K,«AM ) = A(K,FA4l)+AN(KK,J, I ) * ( - 2 . 0 *P4VF( L, !K)4D0*VF(L1, IK)-VFB 
1 (L2,FK)-D2*VF(l2, lK)*CT)tAN(KK,2, I )*( -VF(f .  2.TK))

A(K| , N A -1 )=A(K1,HA-1 ) f A M ( K K 1 , 1)  * ( - 2 .0 * P  *n 3 * V F (1,2,1K ) *CT4 VFP ( L 2 , 
1 TK)4VF(L, IK)4rO*VF(Ll , rK))4AN(KK,2, I )*VF(! .7, IK)

A(Kl,MA) = A( Kl , FA) 4AM(KK, t , I )*( - VF( l , I K) *CT-VFP( I., IK) -DO♦( VF ( L 1 , I 
J K )*C7 4 VFP(LI , IK ) ) )4 AD(KK ,2 , I )*(-VF (L,  IK )-DO*VF(Ll , IK)  )

A(K,FA) = A(K,MA)-AN(KK,lf l )*VF(L2, IK)*(VFri .  ?,1K)*C’I4VFB(L7,1K)*2 1 . 0) -AH(NK,2, l )*VF(12,1K)**?
A(K.FA4 1 ) = A (K,FA4l )4-AN(KK , 1 , I )*(-2.0*F*VF(I . l  , IK )4VF(L2.  1K)*(D2*

1 VF(f .2, IF: ) /?,04(2.C-D0)*VF(L,IK)*CT4D0*CT*VF(f 1 , IK ) 4D0* V FH ( L 1 , IK )
2 4 7.(1* VFP (I , IK))4VF (t . IK)*(2.0*VFP(12, IK )-VF(L f IK)-D0*VF(L1 , J K ) ) +
3 P0*VFP(L2, IK)*VF(1.1, IK))4AN(KK,2, I)*(VKL2, IK)*(2.0*' VF(L, IK)4C0*4 VF ( l l , I K) ) )

A(Kl . PA- l ) =A( Kl , HA- 1)4AN(KK. l , J ) *( - 2 . 0*P*VF( l t , I K) 4VF( 12, I K)*( C2
1 * V K L2 , ( K) / 2 . O- ( 2 . r  + nO)*VF(L. IK)*C7-n0*(VF(Ll ,  1K ) *CT+ VF 8 ( L) , IK ) )
2 -2.0*VFP(L,  IK) ) - VF(L, IK) ♦ ( 2 . 0 *VFP(I 2 , 1K) ♦VF( I , IK) 4D0*VF(L1 , IK) ) -
3 D0*VFP(L?,IK)*VF(L1 , IK ) ) 4 AM ( KK, 2 , 1) * VF ( L? , TK ) * ( -2 ,0*VF (L, IK)-L’C*
4 VF ( l t , I K) )

A(K1,MA)=A(K1,NA)4AN(KK#1 , I ) * ( - VF( L2 , I K) * ( VF( I 2 , IK) * 1 . 5*CT*3,0♦
1 VFP(L2. IK))4VF(L, IK)*(VF(L. IK) *CT♦2 . 0*VFD( L, IK) *00*( VF( L1 , IK) *CT
2 4 VFP (Li , l K) ) )»m*VF(L1 , IK)*VFB(L. IK))4AN(KK,7,T)*(4VF(L,1K)*(VF(
3 l , I K) 4CO*VF( l t , I K) ) - 1 . 5*VF( L2, JK) **2)

IF ( ICN. F0. -10)  CC 7C 70
A (K. HA 4 1 )=A(K.HA4n4AH(KK. 1 . 1) * ( -E 0 ♦ ( VF ( L 2 , 1K ) *CT-VF ( L , IK ) 4 VFD ( L 2 , 

1IK) ) -VF( L 2 , I K) *E01) / 7 . 0 - AN( r K, 2 , I ) *VF( l 7 , I K) *F0/ 2 , O 
A(Kl.M»-1) = A(Kl ,HA-l )4AN(KK, | , n*(F0*(VF(I .7, IK)*CT4VFB(L?, IK)4VF(L 

1 »IK))4VFR(L2f lK)*F01)/2,O4AN(KK£2 , l ) * VF ( L? f IK)*E0/2. 0 
A(K1,HA) = A(K1,HA)-AN(KK,1 , I)*(FO*(VF (L,  J K ) *CT 4 V FP ( I,, IK )) 4 VF ( L, IK ) * 

IF01 ) /2.0-Ari (KK,2.  T )♦ VF( L. IK)*F0 / 2 . 0
A(K,HA4l)sA(Kf HA4l )4AN(KK, l , l )*2. 0*F*VF(Ll f l )

A(Kl , HA-1)5A(Kl , HA- l )4AM(KK, l , I )*2. 0*P*VF(Lt , l )70 CCNTINUF
V(K)=-2.0*VF(L2, IK)
V(K1)=2.0*(1.04VF(L, IK)4VF(L1,TK))
A(K. JAD)s A(K,JAC)4 2.0*P4VFE(L2,1K) - VF( I , IK)-D0♦VF( M, IK) 4 ( 1 . 0 - 2 . 0  

1 *CO)*VF(L2,IK)*CT
A(K.JAD41)=A(K,JAn4l )-D3*VF(L2, IK)
A(K i , JAD-1) = A(K1, JAC-1) - 2 . 0 ♦ P*CT4VF( L2 , 1K) 4VF( L, IK) *CT*VFP(L, IK)

1 4r0*(VFP(L2, IK)*C74VF(L1, IK) *CT*VFB( M , IK))

FNDLHS 17
FNDLHS 18
FNDLHS 19
FNDLHS 20
FNDLHS 21
FNDLHS 22
FNDLHS 23
FNDLHS 24
FNDLHS 25
FNOLHS 26
FNDLHS 27
FNOLHS 28
FNDLHS 29
FNDLHS 30
FNDLHS 31
FNDLHS 322 FNDLHS 33

2 FNDLH5 34
2 FNDLHS 35
2 FNDLHS 36
2 FNDLHS 37
7 FNDLHS 38

FNDLHS 39
FNDLHS 40

3 FNDLHS 41
3 FNDLHS 42
3 FNDLHS 41
3 FNDLHS 44
3 FNDLHS 45
3 FNDLHS 4 6
3 FNDLHS 17
3 FNDLHS 48
3 FNDLHS 49
3 FNDLHS 50
3 ENDLHS 5 1
3 FNDLHS 52
3 FNDLHS 53
3 FNDLHS 54

FNDLHS 55
FNDLHS 56
FNDLHS 57
f NDLHS 58
FNDLHS 59F NDLHS 60
FNDLHS 6 1
FNDLHS 62
FNDLHS 63
FNDLHS 64
FNDLHS 65
FNDLHS 66

2 FNDLHS 67
2 FNDLHS 68
2 FNDLHS 69
2 FNDLHS 70
2 FNDLHS 71
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M

A(K, 0AD)=A(K, . lAC)42. fur4(VF(Ll , !K)4VF( l?, IK)*C7)-VK(L2, IK)4(0. 5*D
1 4*VHt2.1K)*2.ntL' 2»CT*VFCl , IK ) 4T0♦( VF(I 1 , fK ) *CT 4 VFB ( L1 , JK ) 4 VFI! ( I Tm
2 , rK)»CT) + 2. 0*VFP(I ,  IK) ) *VF(l ,  TK )* ( VF(L, 1K1 - 2 . C♦VFU( L2, IK)4l)0*VF CL
3 l , IK) ) - r i )*VF(Ll , IK)*VFR(L2, lK)

A(K.JAD + 1 )aA(K , JAT4 1 )-»2.0*P»VF(L2, IK)4 VF fl ,7,  T» )♦ (-VK(l .2.1K)*CT»2.  
t 0*(Vf (L,  IK)-VFR(l.2, .IK) ) 4 DO* (VFC 1,1 , IK )4VF Cl,, TK ) - VFB(L2, IK) ) )

A C K1 . JAC-1)=A(K1, JAI >! ) -2. 0*P*VF(L, IK)*CT+VF(I2 , IK)* ID4*CT*VF( I 2,
1 l K) / ? . 0 - 2 . 0 * VF( l  , IK)4.3,0*VFP(12, IK) -DO * ( VF ( I. 1 ,1K )+VFH(L, lK)*CT) ) -
2 VF( I , JK) t (VF(L, lK)*CT42.0*VFB(L/ IK)4DOt(VF(Ll ,TK) *CT+VFfi( L1 , IK) 4V
3 FP( L? , m*CT) ) - CO*VFB(L, l K)«VF(Cl , I K)

A(K1, JAD)=A(K1.JAD)-2.0*P*(VF(L, IK)4VFU1 .TK))4VF(L2f 1K)*(-D3*VF(
1 I 2. IK ) - ( 2 . 0 * 0 0 ) *(VF (L.IK)*CT*VFH(L,1K) )-DO*(VF(I. 1 , IK ) *114VFHCL 1 , 1
2 K) ) ) -VF(Lr IK}*(2.C+cn)*VFP(L2«IP)-CQ*VFF(L2,JK)«VF(bl ' lK)  

i f  ( i c f . f o . - i o ) cc rr ioo
A(K,JAr)sAfK, JAR)*EC*(VF(L2, IK)*CT-VF(L, IK)*VFe(L2, IK)) / ? .0+VF(L2,  

1TK ) *F01/7. 0 
A(K,JAC*1)=A(K,JAD4l )-VF CL2,TK)*E0/2.O
A(K1,JAD-1) = A(Kl,<]Ar. • l )*F0*(VF(I .2, lK)4VF(Ti , IK)*CT4VFH(L, IK)) /2.C4V 

1F(Lf TK)#Fi)l /2.0
A(K1fJAP)=A(K1, JAR)«E0*(VF(L2t lK)*Cl4VFR(T.2pTK))/2.04VF(T 2 #IK)*E01 1 / 2 . 0

A(K,.J#D)=A(K ,.JAD ) -2 . 0*P*(  VFC LI , 1 )4VF (I 2,  1 )*CT )
A(K, J A 1)4 1 ) = A(K , JAD41 ) - ? . 0*F*VF( L2, l  ) 
A(Kl , . JAr- l ) sA(K1, JAI>1)*2. 0*P*VF(L, l )*CT 
ACK1,JAD)=A(K1,JAD)4 2 . 0*P*( VF( L, l ) 4VF( L1. 1) )
V(K) = V(K)+2.0*( ( t . C-VF(I i l , 1) )*VF(L2,  1)4VP(L1 , IK) * VF( L2, 1 } * VF( L2 , 1 

1 K)*VF(L1,1))
V(K1 ) = V(K1 )-2.0*(VF (T.. 1 )4VF(Lt , J ) -VF(L, l  )*VF(L1 ,1 )*VF(L1 , IK)*(VF(

1 L, 1)4VF(M, 1) )4VF U 1, 1)*(VF(L, IK)-VF ( Ll , TK) ) )
100 CCNTINUF 
110 CCNTINUF 

RFTURN 
FKC

♦DFCK STRNCF
SUBKGUTIUF STRUCT (X, MX,IIF.NHF,KIIF , UFP, MJFH , KI'F P , 1 KK ) 
n^FNSION XCNX) ,UF<NIF,  KIJF) , UFP (N1IFE ,KIIFP)
CCKFUN /CdMl/  AN (7,  4,  17 3, IT YPF, II.N ( 7 ) f IFF ( 7 ) , ,JSK (7)  ,.1KN (7 ) ,  KBOF (7 ) 
CCIKWCN /COM?/ U0,D1 , C2f n i f R4,ALf THF7A,PCl , " ,  A1 , 1FR, iUN 
IEVFI 7,MF,IIFH 
PA=0.0
CC 1O0 KK=1,ITYPF

CAIL FPDATA (KK, nCL,Min, ISTART, IFIN)
TU 90 | .J=ISTART,TFTN 

PAsPA4 1 .0 
Pll I sPA *11 
S=£IM( PM I )
C=CrS(PI!T)
CT=C/S 
Kl s3*1J-2 
K2 = K1 4 1.
K3=Klf2
III=IJ*243

FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
F NDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
FNDLHS 
STRNCP 
STHNCF 
STRNCP 
STRNCF 
S ’I NNCF 
STRNCP 
STRNCP 
STRNCP 
STRNCP 
STRNCF 
STRNCP 
STRNCP 
STRNCF 
STRNCF 
STRNCF 
STRNCF 
STHNCP 
STRNCF 
STRNCP

75
76  
7 7
78
79
80 
91 82- 
83  
94
8586
8788
89
90
91
9 2
9 3
94
9 5
96
9 7
9 8
9 9  100 101 102

10 3
10 4
1 0 5
106  
1 0 712

31
56
78 
910

1112
13
14
15
16
17
18 
19

I W=| l . l 4 l  STRNCP 20
I S I I = I I ! - 2 * wi n  STRNCP 21
H1 s 0 . 0  STRNCP 22
U 2 s C . O  STRNCP 23
Wl s O . O  STRNCP 24
W2 = C. 0  STRNCF 25
DO F 0 K= J , I T CL  STRNCF 26

ICU = TS t l 42*K STRNCF 27
ICV> = I C U 4 l  STRNCP 29
U1 = I I 14ANCKK, 1  , K ) * X ( I C I I )  STRNCF ? 9
U 2 = U 2 4 A N ( K K , 2 , K ) * X ( I C U )  STRNCP 30
W1s W 1 4 A N ( K K , 1 , K ) 4 X ( I C W )  STRNCF 31
V 2 * W 2 4 A N ( K K , 2 , K ) * X ( I C W )  STRNCP 32

8 0  CONTI NUE STRNCP 33
U F ( K l , l K K ) = I J l 4 X ( I h )  STRNCP 34
U F ( K 2 , I K K ) s X ( H I ) * C T * X ( I W )  STRNCP 35
I I F C K 3 . I K K ) a X ( I U ) - k l  STRNCP 36
MFRCK1 , I K K ) s l J 2 4 Wl  STRNCP 37
U F E ( K 2 , I K K ) = M 4 U 1 * C T - X C I U ) / ( S * S )  STRNCP 38
U F P ( K 3 , 1 K K ) = U 1 - W 2  STRNCF 39

9 0  CONTI NUE STRNCP 40
1 0 0  C C N T I M ' F  STRNCP 41

RFTURN STRNCP 42
END STRNCP 43

♦DECK HCKSUP BCKSUB 1
SUBROUTI NE BCKSIJP ( F  V . NF V . AP ,  K AB , AI  f I N , IA BW) PCKSUB 2
CIKfcNSTON F V ( U F V ) , A E ( l 2 , K A P )  HCKSUP 3

C T C F INC THF F I R S T  ANT LAST 4 / 6  NODAL V A t t E S  FRCR THE HOUNOARy C CNDI T I DNS  HCKSUP 4
C CN ENT F I  FV CUNT A T NS THE RFLMICED VECTOR STARTI NG WITH F V C1 )  BCKSIJP 5
C CN EXI T FV CCMTAI NS THF FULL VECTOR ST AFT TUG WITH F V f l )  PCKSUB 6

I F t A I . T T . 0 . 0 )  GC TO 10 BCKSUB 7
I F  ( A l . F G . O . O )  GC TC 10  RCKSUK 8
1D=6 BCKSUB 9
I C = 3  BCKSUB 10
GO TO 2 0  BCKSUB 11

10 I D s 4  BCKSUfl  12
TC=2 BCKSUB 13

2 0  CCNTI NUF PCKSUB 14
I AB= I ABW- TD ECKSUP 15
I G s  I A P 4 1 BCKSUB 16
NNA= I C * (  I M - 2 )  BCKSIJP 17
KJ = N N A4 l  ' PCKSUB 18
CC 3 0  J t J s  1 ,  NN A BCKSIJP 19

J = K J - J J  BCKSUB 20
3 0  FV ( U4 ID ) = FV ( J )  BCKSIJR 21

DO 5 0  I J = 1 , ID PCKSUB 22
P E MP s O . O  BCKSUR 23
T E H P s O . 0  PCKSUB 24
r n  40 j s i , i a b  r c k s i j b  25

BEKP = RFMF4AB(IC4lJ. IG-J)*FV(NNA4lD4lJ- lJ) BCKSUB 26
4 0  TERPsTEMF4AP(ID4l -TJ, ID4j )*FV(lC4l -J j4i f )  HCKSUP 27

IHC = f i N A 4 l D 4 i J  PCKSUB 28
I F d H C . E 0 . 1 0 4 . A N R . A I . L T . 0 . 0 )  BEHP = P E K P - 1 . 0  BCKSUB 29

F V ( N N A 4 l D 4 l J ) s - H E K F / A B ( ! n 4 l J , I G )  PCKSUB 30
50  F V ( i r + 1 - I J ) = - T E M P / A n ( l D 4 l - I J , I D )  HCKSUP 31

215



!**♦

***

suphci i tuf : FrnATA ( kk , i t c i - mi d , istart , i F . m
roMMON/rcn/  an( 7 , 4 , 1 2 ) , ityff , i lni  7 ) ,  I mn r i ) , j sn ( 7 ) ,  j f n (7)  , kboe( 7) 
CĈ MCN / C M /  l f l , m, K2 
ITCL=TL N(KK)
M1C = IJ*N(KK)
IF(KUCF(KK)) 10,20,1C 

10 IS T A R T = J 5 M ( K K )
IFIN=JEN(KK)
RETURN 

20 ISTART=JSN(KK)
IF IN=IN-2-i)EN(KK )
RETURN 

30 lSTART=IN-2-0SN(KM)
IFIM=!K-2-v)FN(KK)
RETURN
f: m n

♦ DECK FUNVEC
SUPBCl’T IMF Fll'l VFC ( t;F , UFB , KUF , NIIF , UFC , NPF C, X , Y , N Y ,7., N7., I F , I PH , IF 1,  

CL’. T. E.Fn,  Jfl .PL,  I CHS, IFAIL,ELMT) 
r U ' E ' i Mr '  "P ( ri 11F ,KUF ) ,UF H(NI!F,KUF) ,UFC(NTFr,KUF ) ,PFf KIIF) , X(UY), Y(N 

CY),Z(N2)CMCN / C M /  VF ( 1 -17,20) , VFP ( 1 17 ,20)  , VFC (106 ,70)  , PFC (20) , tFC(20)  
C,SP 1147)

IE VKI 2 , UF, UFU, UP C 
C*2=l , 0 / (1O. 0»*6)
A 1 =F-f F r
IF(Al.GT.I£T,MT.nP.Al. lT.CK2) GO TO 130 
K=3*(IF-7)
N'2 = 2 » ( I H 2 )
(KrO
KKrO
I F ( I FT. FO, 0)  GO TO 40 
CO 1 I J21 , 20  
1 = 21-1 J
IF (A1.LF.KFCU)> TKrJ 

1 CCNTIKUE
KK = (IK-l)M,HC 
FL=PFC(IK)
I F( I K. GT. l )  At=Al-FFC(IK-1 )
IFCTCHS.LT.0) GC TC 80 
IF ( ICHS.F0.7)  GT TC 20 
r e  10 I = 1 . N 

X(I )=VF(I , IK)
10 Y(I )=VFP(1, IK)

IF ( ICH5.E0. 1) GC TC 80 
20 CO 30 1 = 1 , N2 
30 Z( I )  = VFCd, l K)

GO TO 9 0 
40 PLrO.O

IF(ICHS.I.T.O) GC TC 80 
IF (1CHS.E0.2)  GC TC 60 
CC 50 I s l . M

F [; n a i a
PCDATA 
FCDATA 
PCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
FCDATA 
F U N V F C 
FlINVEC 
FUNVFC 
FUNVFC 
FUNVFC 
FlINVEC 
FUNVtC 
P UNVEC 
FUNVFC 
F i r m . c  
FUMVEC 
F UNVEC 
FUNVEC 
FUMVEC 
FUNVEC 
FUNVEC 
FUNVFC 
FUNVEC 
F UNVEC 
FUNVEC 
FUNVFC 
FUNVEC 
FUNVFC 
FUNVEC 
FUNVEC 
FUNVFC 
FUNVEC 
FUNVEC 
FUNVEC 
FUNVEC 
FUNVEC 
FUNVEC 
FUNVEC 
F UNVEC 
FUNVEC 
FUNVFC

2
3
4
56
78 
9

10
11
12
13
14
15
16 
1712

3
4
56
78 
9

10 
11 
12 
1 3
14
15
17
18
19
20 
21 
22
23
24
25
26
27
28
2930
31
32
33
34
35
36

90
100
110

X ( I ) = 0 . 0  FUMVF
5 0  Y ( I ) = 0 . 0  FUHVE

I F  ( I C F ' S . F O . l )  GC TC 8 0  FUNVE
6 0  CO 7 0  1 = 1 , H2 FUNVF
7 0  Z ( I ) = 0 . 0  FUNVF
8 0  DC 1 2 0  1 = 1 ,  1 PR FUNVF

A F = A 1 * * 1 F UN VE
PI  = P l  + P F ( I - f K K ) * A F  F UN VE
I F  ( I C I I S . L T . O )  GC TC 1 2 0  FUNVE
I F  ( I C H 5 . E 0 . 2 J  GC TC 1 0 0  FUNVF
PC 9 0  J s l . N  FUNVF

X ( J )  = X ( . ) M U F ( J , I 4 K K ) * A F  UJNVF
Y ( J )  = Y U M ' J F B ( J ,  W K K ) * A E  FUNVE

IF ( T C U S . E O . l )  GC TC 1 2 0  FUNVF
PC 1 1 0  J = 1 , N 2  FUNVE

Z ( J )  = Z ( J M U F C ( J , T « K K ) * » F  FUNVE
17.0 CCNTI NUF FUNVF

RFTURN FUNVE
1 3 0  I F ( A 1 , C T . R L « T )  I F A I L  = 1 FUNVE

1 F ( A 1 . L T . C K 2 )  I F  AI L  = 2 FUNVF
RFTURN FUNVE
FNT FUNVF

♦ DFCK 51. V IT R SL VI TH
S UP NCUTI NF SLVTTH ( A , U A , N A , K A , K H A , I J F , N U F , K I I F , U F P , N U F P , K U F P , U , N U , K U  5 L V I T P

C ,  71 , 7 2 , f f Z , X , N X . V . M V . r  , M P ,  NOW, I F  A H ,  A P , K  A P ,  N I K ,  7 3 ,  Z 4 , V 4 , P F  , E S N , E P C L  S L VI T R
C , E ,  UFC,  N U F C , I F T , I  NT)  S L Vt T H

r  I PEN 5 1C*' r t ( NA, KA)  , F A ( N A , K H A )  , UF ( f ' UF  . KIJF ) ,  " F  I* ( N UF H , KIJF B ) , U ( «U , K U ) ,  SI  V IT R
C Z l ( M Z )  , Z 2 C I 7 )  , X ( P X )  , V ( N V )  , P ( N P )  , A P (  1 7 , KA P  ) ,  7 3 < N7 ) ,  7 4 ( NZ ) ,  V4 ( H Z ) ,  F F SI. V ITU
C ( KUF ) ,  UF C ( Ml ) F C, KUF ) SI  V ITH

l . FVEL 2 , U F , U F B , U F C  S l . VI TR
C SLVI TR C C T R C L S  THF I T E R A T I V E  ROUT I NFS C I P I T R  AFC I MVI TR WHICH SCLVE THF S 1 V U R
C SKCCNCARY PATH EIC-FN VALUE FROBLEN,  THF A MATRIX I S  UNCHANGED HA I S  USED S I V I T R
C TC STCRF THE A MATRIX BEI NG WCRKFD CN S L VI T R

I F NVs O S I V I T H
CO 40 I . KK=t , NUM S L VI T R
M K r N K K  * S L VI TH
CAI L C1 HI TR ( A , H A , P B , K A , K H A . X . N X , U F , F U F , K U F J H F P , N U F B , K U F P , U , N U , K L ' ,  S L VI TH

CZ1 , 7 7 , K 7 , V , N V ,  l F A I 1 . , U K , Y , A l * , K A n , P F , F S N , E P C L , F , C , F C , N f J F C , i n  , LNO,  I F  S L VI T R
CI. V)  S L VI T R

I F ( I F A I L . H E . 0 )  GC TC 2 0  S L VI T R
10 CALL I f JVI TH f A, HA ,WA , K A , KIIA , X , NX , Z 1 , Z 2 , N 7 , V , N V ,  IF A I L , N I K , Y  , U, NU, KI J  S I V I T R

C , UF ,  NL'F , KUF , UF  B ,  N U F B , K l l f P , F ,  MP,AM,K A P , 7 3 ,  7.4 , V 4 , r F , F S N , F F  Cl  , P ' , U F C ,  S I  VI TR
C N U F C , I F T , L N C . I F N V ) S L VI T R

I F ( I F A I L . H K . O )  GC TC 30  S L VI TR
GC TO 40 SL VI T R

2 0  WRI TE (6,R OOl )  S LVI TH
1 F A I L  = 0 S L VI T R
GC 1 0  10 S L VI TR

30 M K  = NTK- 1  S L VI T R
WRI TE ( 6 , 8 0 0 2 )  NI K S L VI T R
RETURN SLVI TH

4 0  CCNTI NUF S I V I T R
8001 FORMAT (111 , 1 OX,6 IHCJRECT ITFR ATICN HAS FATLFD, 1NVF:RSE JTFRATICN Sl.VITR

CWILL PF TRIED ) SLVITR
8002 FORMAT ( I I I  , 10X,34HINVERSF ITERATION HAS FAIT FT VITH , 13 , 1X , 1 SHE-V SLVITR

37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
s!
5812

3
4
56 
7 n 
910

11
12
13
14
15
16 
17 1 8
19
20  21 22
23
24
25 2b
27
28
2930
31
32
33
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* u e c k  d i p i t h
SIlHRHin TNE niRTTR (A.HA,HA.KA,KHA,X,NX,UF , NUF, KUF, UFB.MUFR. KUFB, U, 

CNIJ,KU,71 ,72,N7.,V,NV,1FA 11., N TK , Y , AP , K AP , FF , ESN , F I. NT, F , (IFC , NIIFC , IF T ,
CLNC,IFKV)

H I HEWS ION A (II A, K A ),HA (NA,KHA) ,X(NX),LF (MF,KUF ) , I’F H ( N UFB , KIIF P ) ,
CU(MI,Ki;j ,7,1 ( *l Z 5,72(NZ) . V(NV) .AIM 12.KAB). F F ( K UF ) ,  UECf NtlKC, KUF)

C(;H*C*:/CCM2/ no,r, t , C2 , I H. n4 , ALf TIIFTA,PCL,U,AT ,TFP,ION 
COWMCN /COM3/ JAD,JAW,JAMW,IF,ID,  IC,FT,IZAP 
rrNMCN /riiM4/ i n , n i , i ?
LFVEL 2 . UF,UFB,UF C
TO PERFORM DIRECT TTFPATTCN WHFN THE LFFT SIDE IS A PANl’FD MATRIX A (HA) 
AMP THF »IIS IS CALCULATED AS A S1NGLF VECTOR V BY SMDRHS SUH-DCFJNANT F-VA 
IUFS/VFCTMR5 ARF FCL'Ml PY CRTHCGCNALIZATirin THF SMALLEST F-VAL IS FOUNT 
F TP,ST
ARGUMFNTS ******
AHGUMFMS ******
A- LBS MATRIX (IJNCHNGi: ) , IIA-W RKSPC (T PI AUG DECCNT C F' A ON FXIT),  L'F- FTIPp 
PATH STRFSS COMPCNFKT5 (UNCHNGP) U- FRFVIOUSLY FrtlNI) VFCTOPS USED PY 
rPTHOC. (HUCHNGD), V-KPKSPC,X- IIMDF F 1 NF C (AFPPCX E-VF CT , NCR « ) Y- UN DEFINE I! 
(APFRCX F-VAL) NIK- A I] (IF E-VALS BF7NG FCHfT. f’THF'.RS AS DEFINED f'Y MAIN 
FRCGf'AN
THE FCLLCWING CCUIP PF DFFINFD F.LSFWFFRF 
CK2 = 1 , 0 / ( i n . 0**6)
IG=LNCIF(IFT.FO.O) IfJsIPR
ICHS=1 
IFFV=0 
YZ = 0.0 
LM7=30
CHKlsl 0 / ( 10 . 0**3)
I5TEP=I 
IWI l,L = 3

C LMT -  MI. OF ITEPATICMS THAT WILL PF Al.LCWFD C*' FIRST TRY.CHK1 - A
f  CCHPRACY KFOUIRFr FCF F-VAL ISTFP - KU CF ITFRBT IONS PF!RFCRMFD PET

lCCUMTs TSTFP-I 
FT = 1.0

C WFFH CPTUHGS. IWII.I. - NO CF ATTEMPTS I . E . 4 0 - I 0 - t f — FAIL.
iniu=o
Y=0.295*(E(0. 05)
M1 =0
DC in i = t , nl 

RU 10 J =1 , J AW 
HA( I , J ) =A( I , J )

10 CONTINUE
PP 30 1=1,H2 

X( I )=1. 0 
30 CONTINUE 

C START CF DIRFCT ITFRATION
40 M] sM1+1

ICCUNTs rCOHNTtl 
IF(M1 .GT.L'IT) GC TC 70
CAI L FI !4VFC ((IF,r 'FP,MIF,NUF,IJFC,rJIJFC,Zl,Z2,N7,V,NV,PF,  IU,IFT,LNC,Y

D I R I T R 1
D I R I T R 2
D I R I T R 3
D I H I T R 4
D I R I T R 5
D I R I T R 6
L' I R I T R 7
D I R I T R B
C I R I T R 9
D I R I T R 10
D I R I T R 11
D I R I T R 12
D I R I T R 13
DI R I T R 14
D I R I T R 15
D I R I T R 16
C I P I T H 17
D I R I T R IB
C 1 R ITH 19
D I R I T R 20
D I R I T R 21
D I R I T R 22
D I H I T R 23
D I R I T R 24
D I R I T R 25
D I R I T R 26
D I R I T R 27
n i R I I R 28
D I R I T R 29
D I R I T R 30
D I R I T R 31
D I R I T R 32
D I R I T R 33
D I R I T R 34
D I R I T R 35
D I R I T R 36
D I H I T R 37
D I R I T R 38
D I R I T R 39
D I H I T R 40
D I R I T R 41
U I H I T R 42
D I H I T R 43
D I H I T R 4 4
D I R I T R 45
D I R I T R 4 6
C I R I T R 47
D I R I T R 4 8
D I R I T R 49
D I R I T R 50
D I R I T R 51
D I R I T R 52

C.YZ,IN . n  .TCHS, 1FNV ,FI.MT)
1F( IFNV.NE.O) GC TC 70
CAI L SI. UP IIS (7 1,72 , Z , V , N V , X , N X , PL)
PC 45 1=1, hi 

45 V( I)  = V( I ) / Y
CALL VAP7P (HA,V,NA,M , . I AW, nf KIIA,NV)
FT=0.0
TF SUP-DCM IN AIIANT E-VECT CPTHOG
J.F (MIK.GT.l .AMP.ICCl'MT.GF.ISTFP) GALL CFTHCG ( M IK , 1STEP , I COUNT , M 

C , V . IJ, K I1, 1! V , K I))
FUD IARGEST ELEHFNT CF V, V( I J J )
SAVsO.O 
PC 50 1 = 1 , III 

TEMP=APS( V(1) )
IF (TE *ip. |,E .SA V ) GC TC 50 
5AV=TFHP 
I J  J= I 

50 CCNT IRUE 
TFHP = V ( I J«J)
CC 60 1=1, Ml 

X ( I ) = V( I ) /TEMP 
60 CONTINUE

TFST FCR CONVERGENCE ON F-VALUEHCLD=1,0/TFMp
SAV=AES((Y-HQLn)/HCLC)
Y = H 0 L C
CALL BCKSUB (X . MX , AP, KAB, A I , JN, JAHW)
IF(SAV.GT.CHKt) CC TC 40 
WRITE ( 6 , BOO 1) CHK1 , K1 , Y 
RFTURN 

70 CONTINUE
lF(IFNV.EO.O) GC TC75 
IFFV=IFFVH 
T H1=FIHT-ELMT/50,0 
IF (Y. IE.CK2) TH1=0. 6*ELMT 
F5N = Y
Y = Tllt 
IFNV=0
IFI1FFV.LE.4)  GC TO 40 
WRITF ( 6,8003)  ELMT.FSN 
IFAIL=IFAII.+ 1 
RETURN 

75 CONTINUE
WRITE (6, 8002)  CHK1,LMT,Y .
IC1D=ICIC*1
IF(IDJD.GE. IUILL) GC TO HO 
LMTslO
i no=2»( i n i D/ 2)
IDO=IDID-IPO 
LMT =LMT ♦11)0
Y 1 = 0
CC TO 40 

80 IFAILsIFATI. + l 
RETURN

0001 FORMAT (1H ,28IICCNVFFGFNCE OK E-VALUE (FRIK , E10. 3,8H)  AFTFH , 13, 1

D I R I T R  
DI R 1 T R  
UI R I T R  
U I H I T R  
D1 HI TR 
U I R I T R  
C I R I T R  
C I P I T H  
U I R I T R  
D I R I T R  
C I R I T R  
D I R I T R  
D I R I T R  
U I R I T R  
D I R I T R  
n I R I T  R 
D I R I T R  
L’ 1 R I TR 
DIRITR 
D I R I T R  
C I R I T R  
C I R I T R  
DIRITR 
C I R I T R  
C I R I T R  
D I R I T R  
C I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
D I H I T R  
D I R I T R  
DIRITR 
D I R I T R  
C I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
C I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
D I R I T R  
DIRITR 
D I R I T R  
D I R I T R  
U I R I T R  
D I R I T R  
D I R I T R  
C I R I T R  
C I R I T R  
DIRITR

5 3
5 4
5 5
56
57 
5H
59
60  b 1 
6 2
6 3
6 4
6566
6 768 
69

W
72
73
74
75
76
77
78
79 
BO 
PI  
82
83
84
8586 
87 8R
89
90
91
92
93
94
95
9 6
97
98
99  

100 
101 
102
10 3
10 4
1 0 5
10 6  
1 0 7
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***
1 F C p M A 7 f l ' i  , 5 X , 2 9 H Y  C U T S I P F  CF FUNVFC RANGE,  0 -  ,  E 1 0 .  1 ,  2X ,  2H Y = ,

u i r\ i  i r
DI R I T R

1 1 u 
111

1 F 1 0 . 4 ) U I R I T R 1 1 2
END C I R I T R 1 1 3
I N V I T P I N V I T P 1
SURRCUT I HE I N V I T P  C A ,  H A *J A ,  K A ,  KIIA ,  X , N X , Z 1 ,  7 2  ,  NZ ,  V ,  N V ,  I FA I L , NIK ,  Y,

CU , N’U , KU , I ! F , NUF , M ' F  , I F P , N U K P  , K U F n , F , N F  , AH , K A P , Z 3  , 7 4 , V 4 , P F , E S N , F P C L  ,
I NVI T R 2
I NVI T R 3

CF . U F C , N U F C . I F T , L N C , I F U V )
DI MENSI ON A C I A . K A )  , P M N ’A , K H A ) , X ( H X )  , Z 1  ( N Z )  , 7 2 ( N Z )  ,  V ( N V ) ,  II C NIJ, K U ) ,  

CUFIN' UF , K U F ) , U F B ( N I I F P , K H F B ) , P ( N P J , A P ( 1 2 , K A H l , Z 3 ( K 7 ) , Z 4 ( i J Z ) , V 4 ( N Z J  
C , F F  CKUF ) , OKC ( H! I F C , KUF  3 

C C ^ C N / C C ^ /  C O , C l  , C 7 , n i , D 4 , A L , T H F T A , P C L , H r A T , I F P , I O H

INV H R 4
I N V I T P 5
I NVI TR 6
I NVI T R 7
I NVI T R 8

COMMON / COB 3 /  J A C , J A N  , J A H W , I F , I D , I C , F T , I Z A P  
COMMON / C 0 P 4 /  IN , N1 , N2

I NVI TR 9
I NVI TH 10

LEVEL 2 , I I F , U F I ) . I I F C
TO PERFORM I NVERSE I T E RAT I ON WITH MULTI PLE S H I F T S  OF O R I G I N ,  WHEN THF l .HS

I NVI T R 1 1
I NVI T R 12

I S  A PA NOFI) *ATP1X A AND THE APPROX F- VAL I S  GTVFN PY Y AMD I N I T I A I  E- VFC1 I NVI TH 13
PY X.  THF RMS I S C Al .CHL ATEC PY SHCRHS AS A S T ACI F  VFCT V ADD THF NFW l.HS I NVI T H 1 4
PANPFr MATRIX PY 5 N C 1 H S ,  OPTHOG I S  USFD TM FI ND THF 5 UH- C0M E - VF C T  I N I T I A L I NVI T R 15
I.Y ANC P P i i p p F n  ( AS IT HAY I NI  HCDIICF S I G N I F I C A N T  F R R OP S )  FOP THE E INALS FT I N V I T P 16
OF I T E R A T I O N S .  F . G .  S H I F T  OF OR I G I N  PY SNPI . MS TC Y I T E R AT I ON TC 1 0 * * - 6 I NVI TH 17
ACCURACY USI NG CPTHCG THEN NFW S HI F T  OF C P I C I N  PY SMDLHS AND I T ERATI ON TC I NVI T R 18
l 0 * * - 9  WITHOUT CPTHCG. I NVI TR 19
ARGUMENTS I NVI T R 20
arguments I NVI T R 21
A-  LHS MATRIX ( t JNCHNCD)  HA- WP KS P CF ,  UF- F UND PATH S T R E S S  COMPONENTS ( I INCHG) I NVI T R 22
U-  t - V E C T O P S  (NEW VECT ADDFPAS U(  . U K ) ,  V- WRKS FC,  X- APFROX fc-VECTOR ( EI N A 
L F - V E C T ) ,  Y-  AFFROX E' - VAL,  F -  E - V A I S  (NEM F. -VAI ADDED AS P ( N | K ) J  
CTHFPS AS OFF I  UFP IA THF, CALLI NG PPCCPAM

I NVI T R 23
I NVI TR 24
I NVI TR 25

THF FCTI.CV' TNG C C I L P  FF DF F I NE D ELSEWHERE. I NVI T R 26
C K 7 = 1 . 0 / ( 1 0 . 0 * * 6 ) I NVI T R 27
TOsLNC I NVI T R 28
I F ( I F T . E O . O )  1 0 = I PR I N V I T P 29
I CHS =1 I NVI TH 3 0
I F F V = 0 I NVI T R 31
I Z AP = 1 I NVI T R 32
LMT=40 I NVI TR 33
CHK1 = 1 . 0 / ( 1 0 . 0 * * 5 ) I NVI T R 34
C H K 2 = 1 . 0 / ( 1 0 . 0 * * 1 2 )  
I S T E P = 1

I NVI T R 35
I NVI T R 36

I WI L L = 5 I NVI T R 37
K K1 2 =1 I N V I T P 38
NJ Ks NI K I N V I T P 39
P T = 1 . 0 I NVI TR 40
I T E S T = 0 I NVI T R 41
I C C U N T s I S T F P - t I NVI TH 42
1 CI D= 1 I NVI T R 43
M 1 =0 I NVI TR 44
Z = Y I NVI T R 45
F C = 0 . 0 I NVI TR 46
CHK1- ALI . CWFD EPF I N E- VAMI F  AND F - VE CTCP  , C»' K? ELEMENT Of  F - VF CT I NVI T R 47
LESS NOT C HF CKE P .  I S TEP UO CF I T E R AT I VE  S T E P S  PFTVFEN OHTHOG.  , IW IL L 
NC.  OF O R I GI N S H I F T S  TP HE T R I E D .  LMTNO CF I T E R AT I ONS  BEFORE S H I F T

I NVI T R 48
I NVI T R 49

C CF ORIGIN
C SHIFT CF ORIGIN I . F .  SET UP HA=A+Y*e

I PC 10 l=t , Nl
TO 1C J=1,JAN 

10 HA( I , J ) =A( I , J )
CAI L F I'll VFC (IJF,UFP,KUF,NIJF,UFC,NUFC,Z3,Z4,N7,  V,NV.FE, 1 0 , 1FT,LNC,Z 

C,FC.TN,Pl , ICHS,TFNV,FPCL)
CALL SNDLHS (HA,NA,KHA,Z3,Z4,NZ,PL)
CALL PFnUCF (HA,An,NA,KHAf KAP,Nl,AI,JAW,JAnW,T7AF,Z7,NZ)FC=Z*CHKJ*sn.o 
Z=Y+PC

C START CF INVERSE ITFFATTON20 HlsMl+1
ICCUNTsICOUriT + l 
IFCM1.GT.LMT) GC TC 90
CALL FUNVFC ( UF , UF P , K UF , NUF , UFC , NUFC , Z 1 , 2 7 , HZ , V , v V , PF , 10 ,1 FT , I,NC , Y 

C.FC,TN,F|  2,ICHS,1FMV.EPCI.) '
IF f JFNV.NK.U) OC TC 9 0 
CALL SNUPHS(Z1 ,Z2,NZ,  V, NV, X, NX, PL2)
CALL SNCPMS(Z3,Z4 ,NZ , V4 ,MV,X ,NX,PI.)
PC 25 1=1, N1 

25 VCI ) =( V( I ) - V1( I ) ) / FC
CALL MAC7R ( HA , V , MA , M , JAW, PT, KUA, NV)
PT = 0.0

C IF SUP-PCMTNANANT F-VAL/VECT CRTOG
IF (NJK.GT. l .ANP.TCri f’T.GF.TSTFP) CALL CFTHfJG ( M K , ISTFP, 1C0UNT , N1 

C,V.U,Kl' ,NV,KM) f
C FIND LAIlGFST ELEMENT CF V, V( I J J )

SAV=0.0 
CC 30 1=1, N1 

TENF = APS(V(I) )
IF (TEKP.LE.SAV) GC TO 30 
SAVsTE^P 
1JJ=1 

30 CONTINUE
TENP=V(1JJ) ,
PC=1.O/TFMP 

C TEST FCK COHVRGENCE CN E-VAL
«I F = 0 
KLM = 0 
IKKs(TFST 
HCLH = Y-f 1,0/TFMP 
SAV=AHS( (Z-HCIJU/HCLC 1 
7=H0LC
IF CSAV.GT.CHKl) KLL= 1 

C TEST. FOP CCNVE'FCFNCF ON E-VECTUP, AND CCPY V CNTO X
DC 10 1 = 1, «1 

V(I)=V(I) /TERP 
HOLCsAPSCVU))
IF CP0LD.LE.CHK2) GO TO 40 
H0LC=APS((X( l 4lC) -V( I ) ) /V( I ) )
IF (H0LD.GT.CHK1) KLM=2 

40 X(I )=V(I )
IKK=IKK*KLL*KLM
CALL PCKSUB (X , NX , AP , KAP, AI , IN, JARN)

I NVI T R 
I NVI T R 
I NVI T R 
I NVI T R 
I NVI T R 
I NVI TH 
I NVI T R 
INVITR 
I NVI TR 
I NVI T R 
1NV CTR 
I NVI T R 
I NVI T R 
I NVI TR 
I NVI T R 
I NVI T R 
I NVI T R  
I NVI T R 
I NVI T H 
I NVI T R 
I NVI T R  
I NVI T R 
I NVI T R 
I NVI TR 
I NVI T R 
INVITR 
I NVI T R 
I NVI T H 
I NVI T R 
INVITR 
I NVI T R 
I NVI T R 
I NVI T R 
I NVI T R 
I NVI T R  
I NVI T H 
I NVI T R  
IN V H R  
I NVI T R  
I NVI T R  
INVITR 
I NVI T R 
I NVI T R  
I NVI T R 
I NVI T R 
I NVI T R 
I NVI T R  
I NVI T R 
I NVI TR 
I NVI T R 
I NVI TR 
I NVI T R  
I NVI T R 
I NVI T R 
I NVI T R

50
51
52
53
54
55
56
57
58
59
6 0  61 
62
63
64
6566
6 7
68
69
70
71
72
73
74
75
76
77
78
7 9
80 
81 
8 2
8 3
84
8586
8788
89
90
91
92
93
94
9 5
9 6
9 7
98
99  

100 
101 
102
1 0 3
10 4
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IF( IKK.FO. l )  KHI1E (6 ,8001 ) CHK1,M1,7 
IF( IKK.F0.2)  WMTTFC6,0002)  CHK t , M 1 
ITFST=10 
GC TC 20

5 0  con t i nue
c ,  wjll r »nr  ortog ncw and pfpfchw final itf.hati ci .s without

IF (KK12.F0.2)  GC TC 60 
WRITE ( 6 , 8003)  CI!K1,N1,Z 
NJK = 1
K K12 = K K12*1 
CHKlsCHKl/ (10.0**3)
CHK2=CWK2/(10.0*^3)
FC=0.0 
PTsl .O 
ITE ST = 0 
N1 = 0 
Y=Z
LMT=40 
1EJD=1 
GO TO 1 

60 CCNTINUF 
C FFCnPn NFW E-VAL/VECT

F ( NIK)=Z 
r:n 70 i = i , mi 

70 UCI,NTK)sV(I)
WRITE (6, 8003)  CHKl.Nl .Z 

C TO CONFUTE A NO STORE FuCL IDF AN NORN CF NFW VFCTCR
IF(NIK.F.O.KU) RETURN 
l l ( M - r : i K , K l t )  = 0 . 0  
CO 80 1=1, Ml 

00 (KNl-H JK,KU)=IJ(U1-MK , KII) 4 V ( I ) * V ( I )
RFTURN 

90 CONTINUE
IF( IFNV.F(I.O) GO TC 55 
FSf=Y*FC
FC = EFCL-FPCI. /25.0-Y 
IF (Z. IF.CK2)  PC=0.5*EPCL-Y 
IF N V = 0 
IFFV= IFFV + 1
IF ( IFFV.LF.4)  GC TO 20 
WHITE ( 6 , 8006)  EFCF.,ESN 
IFATL=TFAIL»2 
RETURN 

95 WHITE (6, 8004)  LMT ,Z
IF (IC1U.EQ.1WUL) GC TO 100
FT=1.0
I TF. STs O
H1=0
Y = Z
LNT=20
IC0=2*(IDID/2)
IDO=ICID-lOO

INVITR 
INVITH 
INVITH 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITH 
INVITH 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITH 
INVITR 
INVITP 
INVI1P 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITH 
INVITR 
INVITR 
INVITR 
INVITP 
INVITR 
INVITR 
INVITR 
INVITH 
INVITP 
INVITR 
INVITR 
INV ITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR

108
109
110 111 
112
113
114
115
116 
117 110
119
120 
121 
12 2
123
124
125
126 
127 
1 2 0
129
130 
1 31 
132
133
134
135
136 
1 37
138
139
140
141
142
143 
1 44
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159

LMT = LNT +IDQ 
I Cl Ds I Ci r t l  
WRITE ( 6,0005)  Z 
GC TC 1 

100 TFAlL=TFML + 2 
RETURN

8001 FCPMATMH , 1 9 X, 2 9 HCCKVFRGFNCF ON F.-VALHF (FRR< , F10.3,RH) AFTER ,1 
C3, IX,IzMITERATIONS , E12. 5)

8002 FCRHATCIH , 10X, 30HCCNVERGFNCE CN “ ---------F-VECTCF (FFR< , K10. J ,8H)  AETER
C I 3 . 1 X . 1 2 U 1 T F P A T I C N S  )

8 0 0 3  FORMAT ( 1H , 1 0 X , 3 9 HCOMPLETE CONVERGENCE,  E - V A L / V F C T  (F.RR< , F 1 0 . 3 , 8  
CH)  AFTER , 1 3 , I X , 1 2 H 1 T F R A T I O N S  . E 1 2 . 5 )

8 0 0 4  FORMAT ( 1H , 1 OX , 50HF A I I .FO TO C U N V E R G F USI NG 1 NVFRSF I T F RAT I C N WI THI
CN . 1 3 , I X ,  I 7 H ITEIJ AT I C US F - V A I =  , E 1 2 . 5 )

8 0 0 5  F CR MAT ( 11! ,  1 0 X - 36 HWI f L TRY ANOTHER S H I F T  DF C H I C I N  TO , E 1 2 . 5 )
9 0 0 6  FCRMAT( 1U , 5 X , 2 9 H Y  C U T S I P F  CF FUNVFC RANGE,  0 -  , K 1 0 . 4 , 2 X , 2 HY= , fc10

1 . 4 )
END

♦DFCK SNDRHS
SUPROUTI NE SNDRHS ( Z1 , Z 2 , NZ , V , NV, X , NX, P )
P I VE NS I UM Z 1 ( N Z ) , Z 2 ( N Z ) , V ( M V ) , X ( H X )
COMMON/ CCM1/  AN( 7  , 4 , 1 2 )  , TTYFF , I L N C 7 )  , IMF ( 7 )  ,  J S N ( 7  ) , i lFN ( 7 ) ,  K Hf.'F ( 7  ) 
CCMM0N/ CCM2/  n o . r i  , C 2 , n 3 , P 4  ,  A I . , T H F T A , P C L , H , A I  , T P P ,  TUN 
CCMMCN / COM3 /  J A H , J A W . J A H W , I t , I P , I C , F T , 1 7 AP 
COMMON / COM4 /  I N . N 1 . N 2
CCMMCN/ C0M5/  V F ( 1 4 7 , 2 0 ) , V E P ( 1 4 7 , 2 0 ) , V F C ( 1 0 6 , 2 0 ) , F F C ( 2 0 ) , E F C ( 2 0 )

C , S F ( 1 4  7 )
A I 2 = A I * A T
P A = 0 , 0
DC 30 1 = 1 , N1 

30 V ( I ) = 0 . 0
A K s l . O  
AJ =1  , 0
I F  ( I C N . E 0 . 2 0 . 0 R . I C N . F 0 . 3 0 )  A K = 2 . 0  
I F  ( I C N . F O . 2 0 . U R . T 0 N . E O . 0 )  AJ  = 0 , 0
CC 12 0  K K = 1 . I T Y P F  >

CALI  FPDA1A ( K K , I T C L , M I D , 1 S T AR T , I F I N )
DU 1 1 0  I J  = I S T A P T , I F  IN 

P A s P A + 1 , 0  
FHI = P A4 H 
S = S I N ( P H I )
C = C OS ( P H I )
CT = C / S  
K x I C M J - I E  
K l = K + I E / 2  
K2 = K + I E 
1= 3 * T J  -  2 
L 1 = I, ♦ 1 
L2 = L ♦ 2

F 0  = VF ( I , 1)  ♦ (1 . 0 - V F ( L  , 1 ) ) * ( V F ( I . 2 , 1 ) ♦ ♦ 2 ) / 2  . 0 4 D0  ♦ V F (1,1 , 1 )
EC = VF( L1  , l ) + D O * ( V F ( l  , 1  ) * ( l . n - V F ( L , l ) ) * ( V t r L ? , l ) « 4 2 ) / 2 . 0 )  
t 0 1  = V F P ( L , l )  + ( 1 . 0 - V F ( I , ,  I ) )  + V F P ( L 2 , 1  ) * V F ( L 2 , 1  ) - V  FE ( L , 1 )  ♦ ( V F ( L 2 , 1 )  ♦ ♦ 

1 2 ) / 2 . 0 * D U ? V F E ( M , 1 )
F O = ( A M f c O - A J » S F ( L  ) > / 2 . 0  
Ff i =(  A K * E C - A J 9 S F ( I . t  ) ) / 2 . 0

INVITR 
INVITP 
INVITR 
INVITR 
INVITR 
INVITH 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INVITR 
INV ITR 
INVITR 
INVITH 
INVITR 
INVITR 
INVITR 
SNDRHS 
SNUHHS 
SNDHHS 
SNDRHS 
SNDHHS 
SNDHHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDHHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDHHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDHHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS 
SNDRHS

160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177  1 2

3
4
56 
7 0 
9101112

13
14
15
16
17
18
1920 21 22
23
24
25
26 
27 20
29
30
31
32
33
34
35
36 
3 7
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R2 = "1+ IF/2 
R 3 = Ml ♦ if

V(K) = V(K)-A'I(KK, 1 . I )*X(»J)*(7. 1 Cl HL'O + ZI (M ) - C7*Z1 ( L2) +CT-Z2( L2) 
-2.0*P)»AN(KK . 2 , 1  j*X(M3)*Zl(1.2)
V(K2) = V(K7)-AN(KK, l , l )*(X(Ml )*(71( l .  ) ♦ C0*Z1 (1 1 ) ♦ D3*ZI ( L2 MCT + Z2 ( 

I 2 ) - ? . 0 * P ) - X( R ) ) * ( ( Z l  (L) tCO*Zl (Ll  ))*CTf7.2(T ) f rC*Z2( l . l )  ))-AN(X|(,2 
»T)*(X( ,M) *Z1( L7) - X( M) ) *( Z1( L) +C0*71( l l ) ) )
V(K) = \/(K)-Afl(KK. 1 , TM(X(M1)*( -Z1( L2M( 2, 0*Z7( 1 2 ) +Z 1 ( 1 7 ) *CT) ) ♦ X( 
P3)*(Z2(L2)*(?, f t*Z1 (LMPO*Zt (LI ) )f  Z 1 (L2 ) • (( 2 . 0-1)0 ) *Z! (L)f(3V*Zl( 
LI })*CT«Z1 ( t . ?)*(Zl  ( L2 ) * n 2 / ? . 0 f  2 . 0*Z2( l  )fCQ*7?(LI ) 3 - ZKLM (Z1 (L ) 

f C O * 7 l ( L 1 ) ) - 2 . 0 * P * Z l ( L l ) ) ) - AN ( KK , 2 , I M( Xm ) * ( - Z l ( L 2 ) * * 2 )  + X(M3)* 
Z1 ( ( 2 ) * ( 2 , 0*Zl ( L) f D0*Z1( Ll ) ) )
V(K2) = V( K2) - AN( KK, l , J M( X( M1) * ( - Z2U2) * ( 7 . 0*Zl ( L) f P0*Zl ( Ll ) MZl  
C L7 ) ♦ f r»2 * Z I ( f 7) /2 . O-7. O*Z2(L) -U0*Z2( I  1 ))-Z1 (I )*(Z1(LMI)0*Z1(L1)  
) - Z l ( l . 2 ) * ( ( 7 . O» r n ) * 7 1 ( l MCO* ZJ ( L1 ) MCl - 2 . 0 * r * 7 1 ( L l ) ) f X( M3 M( - 3 .  
0 * 7 7 ( L2 ) * 7 1 ( l 7 M2 . 0 * 7 1 ( L) * Z2 ( | . ) f r n * ( 7 2 ( r . ) * 7 l ( T l ) f Z l ( L ) * 7 2 ( L l ) ) f  
( - l . S*Zl  ( I ) * ♦ 2 ♦ Z 1 (I )**7fC0*Z1 ( I )  *71 (LI ) Mr T) ) - AN( KK, 2 , l  ) ♦ ( X C M 
)M-Z1 (L21* (7.0*71 (I HD0*Z1 CL1))  ) + X ( V 3 ) * (-1 .5 *7,1 (1,2) **2 »Z 1 ( I.) * * 
2 t M*Z1( 1) *Z1( L1) ) )

IF (ICN.ED.-IO) GT TC 50
V(K)=V(K)-AN(KK, 1 , J ) *X ( M3 M ( F_0*Z 1 (T. ) -Zt  (1.2 M (FOffT + ElOl )-Z2(L2MFO

l)fAN(KK,2, IMZl(L7MFO*X(M3)
V(K2)=V(K?)-AN(KK ,1 , I )*(X(M1)*(71 (L2M(FO*CT*F01 ) + E 0 * ( Z J (L)+Z2(1.2

1 ) ) ) -X(»3)*(Z1 (L )*(FC*CT+F01 ) »Z2(L )*F01 )-AN( KK , 2 ,  ! ) ♦ C X ( F* 1 MZ1 (L2 J*
2 F.0-X(F3MZ1 (LJ*FO)

V(K)=V(K)-AN(KK,1 , I ) * 2 . 0 * X( V3) ♦P♦VKL1. 1)
V(K2)=V(K7)-AN(KK, 1 , I )*2.0*X(RlMF*VF(f  1, I)

50 CCflTINUE
IF(AI.EO.O.O) GC TC 6 0

V(K)=V(K)-AT»AN(KK, 1 , T ) * X ( M 2 ) * ( -C? * ( Z 1 (LMZ1 (1 1 ) ) / ( S*2. 0 ) - P*£) 
V(K2) = V(K2)-AI*AN(KK, t ,TMX(H2)*(C3*Zl (T. .7) / (2,0*S)- f>*C)
V ( K 1 ) s V ( K 1 ) -AN(KR.1,T)*(X(Ml)*AJ*(D2*(7.1 (1 ) + Z 1 (LI ) ) / ( 2»0*S) f F*S
)*x(M2 ) * ( no<( z? ( TWZ 2 ( i 1 m r o t c z i  ( l m  z i c n  ) Mct ) +x ( R3 ) * a m( D3 * z
l ( L 2 ) / ( ? . o * S ) - P * C ) ) - A M ( K K , 2 . 1 MX ( N 7 m n * m ( f .  J + ZHL1) )
V(K) = V(K)-AI*AM(*K , 1 , l ) *X( r ' 2) *( -Zl  (1.2MZ1 (I 2 ) / ( 2 .  0*S )♦!)?*( 7.1 (I ) 
* * 2 f Z 1 ( M M * 2 f Z l ( l ) * 7 . 1 ( L l ) ) / ( 2 . 0 * S ) - F * Z 1 ( m * S )  
V(K2)sV(K2)fAI*AN(KK, l , IMX(M2)*(Zl ( I2M(71(MM)2*7.  l ( L 1 ) / 2 . 0 ) / S  
♦P*71( L I ) *C)
V( K1 ) = V( K 1  ) - AN ( K K  , 1 , I ) * ( - A I * X ( I > I M ( - Z 1  ( L 2 M Z I  ( L 2 ) / ( 2 , 0 * S ) ♦ 0 2 * ( Z 
l ( I ) * * 2 f 7 1 ( L l ) * * 2 3 Z l ( L M Z l ( l .  l ) ) / ( 2 . 0 * S ) - P * 2 1 ( L l ) * S ) f X ( P 2 ) * ( D 0 * Z  
1(1 2 3 * 7 7 ( 1 2 )  ♦ ( l . C - 3 . 0 * 0 0 ) * Z 1 ( L ) * Z 2  ( I  ) - l > 0 *  ( 7 ?  ( I  ) * z i  (1.1 ) f  Z I ( L )  * 7 2  
( L l ) ) f ( D O * Z 1 ( l 2 M * 2 * ( l « 0 - 3 . O * C 0 M Z l ( L ) * * 2 - 7 . 0 * l ) O * Z l ( L ) * 7 1 ( L l ) ) *  

r T / 2 . 0 ) - M * X ( l » 3 M ( Z 1 ( I . 2 M ( Z l ( L M C 7 * 7 . 1 ( | .  l ) / 2 . » ) ) / 3 « P * Z l ( L l ) * C ) ) - A N  
( K K . 2 . I M ( O . 5 * m f Z i ( i 12 ) * * 2 f O . 5 * ( l . 0 - 3 . O * n 0 ) * 7 1 ( ! . ) * * 2 - D O * Z l ( L ) * Z  
1 ( L I )  M X  ( M2)

I F( i r i t . EO. - l O)  CC TC 8 0
V(K1) = V(KI)-AN(KK.1. IM(X(M2M((F0*CT«EC1MZ1(L)+KO*Z2( L) ) )-AN (K 

1 K , 2 , 1) *X(H2ME0*7 1 (I  )
Vd<)aV(K)-AN(KKf l , l MX( M2MAMP*VF( Ll , l ) *S  

V(Kl )sV(Kl ) - fAH(KK, l , I )*(X(Rl )*AI*F*VF(Ll#1)*S-X(R3)*AI*P*VF(Ll#l )1 *C )
V(K2) = V(K2)-AN(KK, 1 , I)*X(P2)*AI*P*VF(L1 , 1 MC

SNDRHS 4 0
SNDRHS 41
SNDRHS 4 2
SNDRHS 43
SNDRHS 44
SNDRHS 45
SNDRHS 46
SNDRHS 47

I SNDRHS 48
2 SNDRHS 49
2 SNDRHS 5 0
2 SNDRHS 51
2 SNDRHS 52
2 SNDRHS 5 3
2 SNDRHS 5 4
2 SNDRHS 55

SNDRHS 56
2L SNDRHS 5 7
2 SNDRHS 58
2 SNDRHS 59

SNDRHS 6 0
SNDRHS 61
SNDRHS 6 2
SNDHHS 63
SNDRHS 64
SNDHHS 65
SNDRHS 6 6
SNDRHS 6 7
SNDRHS 68
SNDRHS 6 9
SNDRHS 70
SNDHHS 71
SNDRHS 72
SNDRHS 7 )
SNDRHS 74

2 SNDRHS 75
2 SNDRHS 76

SNDRHS 7 1
SNDRHS 78

2 SNDRHS 7 9
2 SNDRHS HO
2 SNDRHS 81
2 SNDRHS 82
2 SNDRHS 83
2 SNDRHS 8 4

SNDRHS 85
SNDRHS 86
SNDRHS 87
SNDRHS 88
SNDRHS 8 9
SNDRHS 90
SNDRHS 9 1
SNDHHS 9 2

8 0  CONTINUE.
V ( K M V ( K ) - X ( K * i r ) * ( Z 2 ( L ? ) f Z t ( ! . 2 ) * ( 1  . 0 - 2 . 0 * r 0 ) * C T - Z 1 ( L ) - D 0 * Z 1 ( L 1 )  

♦ 2 . 0 * F ) + X ( K 2 4 i n i * r 3 * Z l ( L 2 )
V( K7 1  = V ( K 2 ) - X ( M  I C ) * ( Z 1  ( L 2 ) f Z 2 ( L ) f C 0 * Z 2 ( l . l ) f  ( r . 0 * Z 2 ( L 2 ) f Z K L ) t C 0  
*Z1 ( l . l )  M C T - ? . 0 * F * C T ) - X ( K 2 f  i n ) * ( C 3 * Z 7 ( L ? ) f  r 3 * Z l ( l . 2 ) * C l - 4 . 0 * P )  
V ( K ) s V ( K ) - x ( K 4 i r ) * ( - 0 . 5 * C 1 * Z l ( I 2 ) * * 2 - C n * 7 2 ( l . 7 ) * 7 . l ( L 2 ) * C T - Z l ( L 2 )  
* ( 2 . o * n ? * z  t (i .  ) 4 C C * Z  I ( L I )  ) * C T - Z 2 ( I  7 ) I ( 7 . 0 4 7 1  ( I  ) t n o * Z l  ( 1 . 1 )  ) - Z l  ( 1 2  
) *  ( 2 . 0  *7.2 ( I . )  4 C 0 4 Z 2  (1.1 ) ) + Z l  ( L ) * * 2 t C 0 * Z ]  ( l . ) * 7 1  (L 1 )  t P * 2 . ( l *  ( Z l  (L 1 ) -  

Z 2 ( L l M C * S f ( Z l ( l ) - ? l ( I , l ) f Z l ( L ? ) * n M C * C ) } - X ( K 7 f I 1 » ) * ( Z l ( L 2 ) * ( ( 2 . 0  
+ P 0 ) * ( - 7 7 (  1 2 )  471 ( L)) + D 0 * Z 1( 1 1  ) -  7 1 H. 2 M C  T) - 2  . 0  * F* ( Z2 ( L I ) * 5 * S - (  Z l ( 

L ) - Z I ( L 1 M Z I ( L 2 M C T M C * S ) )
V(87) = V(K2)-X(Mir.  M (71(1.2 M(  3.0*22 ( 1 7 ) - ? .  0*71 ( I. )-f>0 * 2  1(1.1) + C4* 
7.1 (1 2MCT/2.0- I ' 0*7 2(I, MCTMZ1 (LM(-7.C*7.2( !  ) - ro*Z2(L1)-Z1(! .MCT 
-004 7 2(1.7 ) *CT-no«7 1 ( 1 . 1 )  4(1 ) -no 472 (1- )*Z 1 (I. 1 ) - 7 . o 4 P 4 ( Z 1  ( M  MCT + Z2 
(LI ) 4C4CMZU 1 )-Z1 ( I  1 )-7 l (L 2 ) 4f1 ) 4C4J j ) - x  (K24 1 0 )  4(zi  ( I  ? )*(-D3*Z 
1 ( 1 . 7) - (2 . 0  + 1)0 ) 4(72 (I. ) + Zl (L ) *rT)-r:04Z2(l . l  ) - r c*Z 1 (1,1 MCI )-Z2(L2)4 
( ( 2 . 0» DOM 7. HI. HCC*Z1( L1) ) - 2 . 0*P*( 2 . 0*7.1(L1) + Z2( I. l ) *S*Cf ( Zl ( L) -  Z1 ( L I ) + Z1 (L2MCT ) * S * S )  )

I F ( I C N . E O . - I O )  CC TC 1 0 0
V( K)  = V(K ) + X ( K 4 l D 4 f F . n 4 7 i  ( I  ) - z i ( L 2 ) 4 ( f c n i 4 F O 4 C T ) - 7 2 ( L 2 ) 4 E 0 ) 4 X ( K 2 4 l D  

1 ) 4 Z 1 ( 1 2 ) * E 0
V ( K 2 ) s V ( K 2 ) - X ( K 4 l i : ) 4 ( Z l ( L ) 4 ( E 0  4CT + F . n i ) * F 0 4 ( 7 2 ( l ) f Z 1 ( l , 2 ) ) ) - X ( K 2  + l D 

1 ) * ( 7 1  ( 1 . 7 ) *  ( F O4 CT + F0 1  ) » Z 2 ( L 2 ) * F O )
V ( K ) s V ( K ) 4 7 . 0 * X ( K 4 l C ) 4 ( V F ( l l , l ) 4 V F ( 1 2 , n * C T ) 4 F  + 2 . 0 * X ( K 2 + T D ) * P * V F (  

1 L ? , t )
V ( K 2 ) s W ( K 7 ) - 2 . 0 * X ( K 4 l l J ) 4 F 4 V F ( L , l ) 4 C T - 2 . C * X f K 7 4 l D 4 P * ( V K L , l ) + V F ( L  

1 1 . 1 ) )
1 0 0  c o n t i n u e

I F ( A I . S O . 0 . 0 )  GC TC 1 1 0
V( K)  = V ( K ) f A I 2 * X ( K * T 0 M D 0 * ( Z l ( L ) f Z l ( L l ) ) / ( S * S ) - A J * X ( K l f I D M ( ( l . C -
3 . 0  * C 0 ) * Z l ( L 2 ) / ( 2 . 0 4 * :  j - 0  0 4  ( Z i  ( L J  + Z1 ( t 1 ) ) 4 r T / S ) - A I 2 4 X ( K 2 4 l l ) ) * l ) 2 4 Z  
1 ( 1 2 ) / ( S * S * 2 . 0 )

V ( K 2 ) s V ( K 2 ) 4 A I 2 * X ( K 4 l D ) * C 2 * Z l ( L 2 ) / ( 2 . C * S * S ) - A I * X ( K l f l C ) * ( D 0 * Z 2 (  
L 2 ) / S  4 ( 7 1  ( |  1 ) + C 0 * Z l  ( L )  ) / S - C  2*7. 1 (1. 2 ) 4 C 7 /  ( 7 .  0 * S  ) - p / s ) -  AI  2*X ( K2 f  IC ) 
* ( Z 1  ( H M I ) 0 * 7 1  ( L ) ) / ( S * S )
V ( R 1 ) = V ( K 1  ) 4  AT * X( K4  I P )  * (  ( 3 . 0 4 0 0 - 1  , 0 ) * 7 » 1  ( L 2 ) / ( 2 . 0 * S } - D 2 * ( Z 2 ( L ) + Z 2 
( L l ) ) / ( 2 . 0 4 ; ; ) 4 C 0 4 ( 7 1 ( L ) 4 Z l ( L l ) ) 4 C T / S - 2 . O 4 P 4 C ) - X ( K l * T 0 ) * ( 0 2 * Z 2 ( l 2  
) / 2 . C - (  1 . 0 - 1 ) 0 ) 4 7 1  ( I  1 ) / ? . 0 - C 3 * Z l  ( L ) / 2 . Q f  " 2 * ( 3 . Q * Z 1  ( 1 , 2 )  t 7 . 2 ( L ) f Z 2 ( L  
1 ) ) * C T / ? . 0 - l ) 0 * ( Z l ( l  ) + Z l ( l  1 ) M C T * C T ) * A M X ( K 7 f f n M ( - l > 2 * ( Z 2 ( l . 2 ) f Z l (  
1 . 2 ) l C T ) / ( 2 . 0  4 S ) - » ( 7 1 ( L t ) 4 r o * Z 1 ( l , ) ) 7 S - 2 . C * P * 5 1
y ( K ) s V ( K ) 4 A T 7 * X r K 4 l R ) 4 ( - ( 1 . 0 - 2 f 0 4 i : 0 ) 4 Z l ( L 2  ) 4 4 2 f Z 1 ( L l ) 4 ( ( l . O - 3 . 0 *  
1 ' 0 ) * Z1  (1.1 ) - 2 . 0 4 r 0 4 Z l  ( I , )  ) ) / ( 7 . O * 5 * S ) - A I 4 X ( K l 4 i r ) 4 ( - z i ( L 2 ) 4 ( l ) 0 4  22  ( 
L 2 ) 4 ( 1 . n - 3 . 0 * r 0 ) 4 7 1 ( l . ) / 2 . 0 4 0 2 * Z l ( L l ) ) / S f f n , 5 * (  1 . 0 - 7  .  04  00  J * Z 1 ( I 2 ) 
♦ 4 2 - ( 0 . 5 - 1 . 5 * l * n ) * Z J  ( M ) * 4 2 f D 0 * Z l  (L M Z 1  ( LI  ) M C T / S - P * ( Z 2  ( LI  M S *  (Z 1 
( L ) - 7 1  ( L I  H Z  I (L 2 ) *CT ) * C ) ) + A 1 2 * X ( K 2 f  1 0 * 0 2 * 2 1  (1 2 ) 4  CZ1 ( L ) f 2 . 0 * Z l  (I,  
1 ) ) / ( 2 . 0 « S * S )
V ( K 1 )  = V ( K 1 ) 4 A 1 4 X ( K 4 I P ) 4 ( Z 1 ( L 7 ) 4 ( - c 7 4 Z 2 (  1 . 7 ) 4 ( ( 1 . 0 - 3 . 0 4 T 0 ) 4 7 1 ( L ) 4 2  
, 0 4 r 2  4 Z K I  l ) ) / 2 . 0 ) / S f U 2 * ( Z l ( L M ( Z 2 ( L ) f 0 . 5 * 7 7 ( T  1 ) ) +Z I ( I 1 ) * ( Z 2 ( L 1 )  
* 0 . 5 * 7 2  ( L )  ) ) / S f ( - ( C . 5 - l ) 0 ) * Z t  ( l . 2 M * 2 f  ( 0 . 5 - 1  . 5 * r C ) * Z l  (1.1 ) * * 2 - P 0 * Z t  
((. M Z l ( L l ) M C T / S - F * ( Z l ( L l M C * 2 . 0 f ( Z l ( l ) - 7 . 1( 1 1 M Z I ( 1 .  ? M C T M C ) ) - X (  
H M I C )  * ( Z 1  ( L 2 )  * ( - ( 2 . 0 - P 0 ) 4 Z H L 2 ) - C 2 * ( 2 . 0  4 Z 2 ( f . ) #7.2 ( L I  ) H 2 . 0 * D 2 * Z 2  
( L 2 ) * C T - r > 2 * C T * ( 6 . 0 * Z l ( l l  M 4 . 0 * Z l ( l  ) ) ♦ ( ! . 0 - 2 .  0 * C O ) 4 Z 1 ( L 2 ) * C T * C T ) /  

2 . 0 f  ( - 1 : 2 * 7 2 ( 1 . 2 )  * ( 2 . 0 * Z 1  ( L ) f Z l  ( L I )  ) « C 2 * Z 1  ( L ) * * 2 f r 4 « Z l  ( L I  ) * * 2 * D 3 * 7 1  
( L ) 4 7 1  (1,1 ) - 2 . 0 * R 2 * C T * ( Z l ( L ) * ( Z 2 ( l ) » 0 . 5 * 7 . 2 ( !  I )  ) 4 Z 1 ( L I ) * ( Z2 ( L 1 ) 4 0 .  
5 4 7 2 ( 0  ) ) - Z l  ( I  I ) • ( ( ! .  0 - 3 .  0 * R 0 ) * Z  1( 1. 1 ) - C 0 * Z 1  ( 1 )  ) * C T 4 « ) / 2 . 0  ) 4  A14X

SNDRHS 9 3
SNDRHS 9 4
SNDRHS 9 5
SNDHHS 9 6
SNDRHS 9 7

2 SNDRHS 98
2 SNDRHS 9 9

SNDRHS 1 0 0
2 SNDRHS 101
2 SNDRHS 1 0 2
2 SNDRHS 1 0 3

SNDRHS 1 0 4
SNDRHS 1 0 5
SNDRHS \ 0 6
SNDRHS 107
SNDRHS 1 U 8
SNDRHS 1 0 9
SNDRHS 1 1 0
SNDRHS 111
SNDRHS 1 1 2
SNDRHS 11 3
SNDRHS 11 4
SNDRHS 1 1 5
SNDRHS 1 1 6
SNDRHS 1 1 7
SNDRHS 1 1 9
SNDRHS 1 1 9
SNDRHS 1 2 0
SNDRHS 121
SNDRHS 1 2 2
SNDRHS 1 2 3
SNDRHS 1 24
SNDRHS 1 2 5
SNDRHS 1 2 6
SNDRHS 127
SNDRHS 1 2 8
SNDRHS 1 2 9
SNDRHS 1 3 0
SNDRHS 131
SNDRHS 1 37

2 SNDRHS 1 3 3
2 SNDRHS 1 34
2 SNDRHS 1 35i SNDRHS 1 36
2 SNDRHS 1 37
7 SNDRHS 1 38
7 SNDRHS 1 39
2 SNDRHS 1 4 0

SNDRHS 141
SNDRHS 14 2

2 SNDRHS 14 3
7 SNDHHS 14 4

i SNDRHS 1 4 5
2 SNDRHS 1 4 6
2 SNDRHS 1 47

220



V(K2J = Vf *2) - A| *X( Kl +i p) t (Zl ( I .  7)*tn2*71 ( L7 ) /2 . 0 - DO*7.?( L ) *1)2* (Zl (L
1 1 ) 4 0 .5 ♦ 7.1 (I, ) ) ♦ C T ) /  S -  7 1 U. ) ♦ ( Z I ( 1.1 )*Z7(17)  ) ♦ T 0 /  S - 7.1 (I. l ) **2 / S- P*(
2 Zt d. 1) / S4Z2( L1) *C4( Zl ( L) - Z1( Ll ) *Z1( I2)*CT)*S) )*AI2*X(K2*ID)*( -0,
3 S*Z1 (1.2)* *2*7.1 ( I  1 )* *2*D0*71 11. J ♦ 7 1 (1.1 ) ) /  (S*S)-A 12* X ( K +11)) *D2*Z 1 CL
4 2 J * ( Z I (L)*2.0*Z1 (LI ) ) / ( 2 . 0*S*S)IF ( ICN.FO. - lO)  GC 1C 110

V(K)=V(K)fX(K* IC)*A12*fcL’*Zl(l..l ) / (S*S)*X(K1 ♦IC) *AI*E0*Z1 111 )*CT/S 
V(K1 ) = V(K1 )*X(K* 1C)*At*tn*Zl  (1.1 )*C1/S*X ( K 1 ♦ IP ) ♦ F(l*7.1 (l.l ) / (S*S)*X ( 

1 K2* IC)*AI*FC*Z1( t1) / 5
V(K7)SV(K2)-X(K1*IC)*AI*E0*Z1( 1 1 ) /S-X ( K 2 * T D) * A T 7 * F(J*Z 1( M ) / ( 5 * S )  
V(K)sV(K)4X(Kt l f )*AI*P*VF(I .2, l ) /S
V(Kl)*V(K))*(X(K+ir)*C*X(K 2*111 ) *S) *AI*F*(VF(LI , 1)*VF(Ij , I )*VF(L2, 1  

1 )*CT)
V(K2)=V(K2)-X(Kl4Tr)*AI*P*VFCL, l ) /S 

110 CCNTIfMIF
120 CCNTIHDF

RETURN 
ENT

♦DECK SNTLHE
SUPROUTINF SNDLHS (A,MA,KA,Z1 ,Z2,NZ,F)
DIMENSION A(r.’A,KA ) ,71 (l '7) ,Z2(NZ)
COFMf.'N/COMl /  AN( 7 , 1 ,  1 2) . ITYPF , ILH(7) ,.IMA (7)  , JSN(7) , DEN( 7 ) , KHOF(7) 
ccm" cn/ ccm2/  p o , ki , r 2 , n i , r : i , A r , T H E T A , r c i . H . A i , i f f , ion 
CCM”0N / r nMj /  .|/\ r , j  ̂  Vi ..)AI«w, IF , I D, 10 , FT, I7AP 
CCMMCN /COM*/ ir , N I , N 2
CCFMCN/COMS/ VF(1 17,20)  , VP P( 1 4 7 , 2 0 ) , VFC( 106,20 ) , FFC(2 0 ) , FFC(20)

C, SF C147 )
FAsO.O
AI2=A1*AT
AKsl.O
AJ=1.0
IF (ICN.FO.2O.nP.TCN.EO.30)  AK=2,0 
IF ( ICN.FO.20.OR. ICN.FO.0)  AJ=0.0 
nc 1)0 KK=1,ITYFF

CALL F DDAT A ( KK, ITCL, M I D , 1START, 1 FIN)
ra too i j = tstart , i f i d

PA=PA*1 ,0 
FHI=PA*H 
5 = SIN( PH I )
CsCQS(PIIT) i
CT=C/S
k= i c * i j - if:
Kl=K+lF/2K2 = K + IF
L=3*IJ-2  
l i = r ♦ i
L 2 = I. * 7

EO = VF(I »I )*(1 . 0- VF( 1 , 1) ) *(VF(L2, 1) **2) / 2 . 0*RO*VF( I . 1 , 1)  
F C=VF ( M, t ) * C! O*( VF ( L, U*( 1 . 0 - VML, l ) ) * ( VF ( I . ? , t ) M2) / 2 . 0 )  
F0 l sVFP( L. J ) * ( l . P - VFCL, l ) ) *VFH( L2 , i ) *VF{ l 2 , l ) - VFP( L, l ) * ( VF( L2 , l ) **  

12)/2«0*EO*VFP(1,1 , 1 )
F0=(AK*FO-AJ*SF(l) ) / 2 . 0

2 SNDRHS
1 JU
151

SNDHHS 15 22 SNDRHS 1532 SNDRHS 15 4
SNDRHS 1 55
SNDRHS 1 5 6
SNDRHS 1 5 7
SNDHHS 158
SNDRHS 16 9
SNDHHS 16 0
SNDHHS 161
SNDRHS 1 6 2
SNDHHS 1 6 3
SNDHHS 1 6 4
SNDRHS 1 6 5
SNDRHS 1 6 6
SNDRHS 1 6 7
SNDRHS 16 8
SNULHS I
SNDI. HS 2
S NDI.HS 3
SNDLHS 4
SNDLHS 5
SNDLHS 6
SNDLHS 7
SNDLHS B
SNDLHS 9
SNDLHS 10
SNDLHS 11
SNDLHS 12
SNDLHS 1 3
SNDLHS 14
SNDLHS 15
SNDLHS 16
SNDLHS 17
SNDLHS 18
SNDLHS 19
SNDLHS 20
SNDLHS 21
SNDLHS 22
SNDLHS 23
SNDLHS 24
SNDLHS 25
SNDLHS 26
SNDLHS 27
SNDLHS 28
SNDLHS 29
SNDLHS 30
SNDLHS 31
SNDLHS 32
SNDLHS 33
SNDLHS 34

FC=(AK*EC-AJ*SF(l 1 ) ) / 2 . 0  
F01=(AK*E01-AJ*5F(L2)) /2.0

nc 70 1 =1 , i t c l
MA=JAn*IC*(I-MIC)

A(K,wA+TF) = A(K,VMIF)  + AN(KK, l , T)*(Zl (L)*nn*71( l  1)-P2*Z1(L7)*CT"Z 
2( L2) - ? . o*P) - AN( KK, 2 , I ) *Zl ( L2)
A(K2. f ' A-JF)=A(K2,»»A-lFl*AN(KK, l , r )*(Zl(I . )4C0*71(Ll )+r)3*Zl(L2)*CT 
♦ 72( f . 7) -2. 0*P)*AN(KK, 7, I )*Zl (L2)
A ( * 7 . « A ) = A ( K 2 . * A ) - A N ( K K , 1 , I)  * ( Z2 ( I.) ♦ PC * 7.2 ( M ) 4 ( 7.1 ( L ) ♦ DO * 7 1 ( L1) } * CT)-A«(KK,2,15 * ( 7 1 (L)+nO*Zl (Ll ) )
A?K1 )»Z1 (L2 5M7’ /' r (KK' * ' n * (Z1 ( L23»( 2 . C*72(L2)4Z1(L2)*CT))-AHCKK

+ H I  2)7(07 *71 ( L7) / 2 . 0*( 2 . 0*Z2(L)*C0*Z2(t.  1 ) ) 4 ( (2.C-P0 ) *Z1 (L )+PO*Z 1 (I. 1)>*CT)-21(L)*(Z1(L)*D0*Z1(  
11 ))*Z2 (1,2)* (2.0*Z1 (I )*m*Z1 (L,1 ) 1-2.  OFF *7.1 (I 1))  4 AN < KK , 2,  ) *Z1 (I 2 
)*(2.0*Z1(L) tCO*Zl  ( M ) )
A(K2, 9A- IE)=A(K2. MA-IF)+AN(KK, 1, I )*(Zt ( f i2)*( r2*Zl (L2) /2. 0- 2. 0*72 
(L)-C0*Z7( l  1 ) - (  (2.C*P0)*Z1 (I. ) 4-OCi + z 1 ( l . l ) )*CT )-71 CD* tZl  (L)*C0*Z1 ( 
L1) ) - 72( L2) *( 2 . 0*Z1( I  ) + D0 *Z1( L1 ) )"2.0*F*7. 1(1.1 ) ) -AN(KK,2»l )*(Z2(L
2)*(7. 0*7.1(L)*C0*Z1(L1) ) )
A(K2,VA) = A(K2,«A)4AM(KK, 1.1 ) *( - 3 . 0*71  (L7)*Z7(12)+2.0*Z1 (L)*Z2(L) 
*00* (Zl (LI )*Z2(L ) 4 7 1 (L)*Z2(L1)  ) 4 ( - l  .5*Z1 ( L2) * * 2 *7,1 ( L) * (Z1 (I.)* CO* 
ZUL 1))  )*C1 )*AN(KK,2,1 )♦ (-1 .5*7.1 (L2 ) **2*7,1(1. )* (Zl (1.) *1)0*7.1( LI ))  ) 

IF ( ICN.FO. -10)  GC TC 20
A(K,MA*1E) = A(K,NA*IF)*AN(KK,1,1)*(FO*Z1<I.)-Z1(L2)*(F.O*CT + F01)-Z2(  
L2)*F0) -AN(KK,2, I )*Z1(12)*E0
A(K2.NA-IF)=A(K2,MA-IE)4AN(KK,1,1)*(Z1(17)*(FO*CT*F01)*(Z1(L)*Z2(  
L2))*E0)*AN(KK,2, I )*Z1(L2)*E0
A(K2.NA)=A(K2,MA)-AN(KK,) , I )*(Z1 ( I.) * ( EO * CT+F01 ) 4 7.2 ( L) *E0) -  AN ( KK , 2 
, 1)*Z1(L)*E0
A(K.MA+TF:) = A(K,KA + 1F )+AN(KK. l , I )*2.0*F*VF(L.1/ l), 
A(K2,NA-IF)=A(K2,MA-1F)*AN(KK,1,T)*2. 0*F*VF( f l  ,1 )

20 CCNTINl'F
IF(Al .EQ.O.O) GC TO 70

A(K,l»A*l)sA(K,VA4l)-AI*AN(KK,! , ! ) * (  I)2*(Z1(I)*Z1C 1.1)) /12.0*S)*F*S 
1 )

A(K1 , M A -1 )=A(K1 ,MA-1)*AI*AN(KK, 1 ,1 )*(C2* CZ1 ( I )  4 Z1 (1.1) ) / ( 2 . 0*S) +P 
1 *S)

A(K1 . VA)=A(K1,F A)*AH(KK,1,I)*(D0*(Z1 (L )*7.1 (I 1 ))  *CT + DO* ( Z2 ( I ) *
1 Z2( l l  1 ))4AN(KK,2. I)*DO*(71(I . )  + 7.1 (11) )

A ( K 1 ,f'A*J ) s A ( K 1 , M A 4 1 )*A1*AN(KK,1 , 1 )*(C3*7.1 ( L2) / ( 2 . 0*S) - P*C)  
A(K7,^A-1) s A(K2,“ A-1)*AI*AN(KK,1.I)*(C3*7.1 (1 . 2) / (2.U*S)-F*C)
A ( K • M A * 1 ) = A(K.FA*1 ) *AT*AN(KK . I , I ) * (-71 (l.7)*Z1 ( L2) / ( 2 . 0*S) *P2*(  (Z 

1 1( L) 4Z! ( LI ) )**7-Z1(L)*Z1( I  1) J / ( 2 . 0 * 5 ) - F * Z l (1 I)*R)
A ( K 1 , V A - 1 }=A(Klf MA-| ) -Al *AN(KK, l . I )*( ( C2*( (71( I . ) +Zl ( Ll  ))  **2-7.1 (L 

1 ) *Z1( LI ) ) - Z1( I 2 ) * * 2 ) / ( ? . 0 * S ) - P * Z 1 (1 1)*S)
A(K1 ,MA )=A(K1 . M )  4 AN(KK , 1 ,1 )*(7.1 (I 2 ) * (7 2 ( 1.2) * Z 1 ( L2) *C1 /  2.0 ) *D0* Z

1 1 ( L)*( (  1 . 0-3. 0*i :0)*(Z2( I , )+2l  (L)*CT/ 2. C) -P0*(Z?(L1)  + Zl([ . l  )*CT))-D
2 0*Z2(I ) *7.1 (LI )) *»N (KK.2.  J ) * ( 0 . 5*nC*7 . m 2)**2*(  1 ,0-D0*3.0)*O.S*Z
3 l ( L ) * * 2 - n O * Z Ul ) * Z l ( L l ) )

A(K1,MA*1 )=A(K1 -MA41 )-AI*AN(KK,l , 7 ) *  ( (2. 0*71 ( L ) ♦ D2*Z I ( L1 ) ) *7.1 ( L 2 
1 ) / ( 2 . 0 * 5 )  + P*Z1 ( f. 1 ) * C)

A(K2,MA-1)=A(K2,NA-1)+AT*AN(KK,1, I )*( (2.0*Z1( t )*D2*Z1(I1) )*Z1(L2 
1 ) / ( - 2 . 0 * S ) - P * Z l  (1.1 )*C)

IF (TCN.F.0. -10) GO 10 70

SNDLHS 35
SNDLHS 36
SNDLHS 37
SNDLHS 3«
SNDLHS 39
SNDLHS 4 0
SNDLHS 41
SNDI. HS 4 2
SNDLHS 43
SNDLHS 4 4

2 SNDLHS 45
SNDLHS 46

2 SNDLHS 47
2 SNDLHS 48
2 SNDLHS 4 9
2 SNDLHS 50
2 SNDLHS 51
2 SNDLHS 52
2 SNDLHS 53

SNDI. HS 54
2 SNDLHS 5 5
2 SNDLHS 56
2 SNDLHS 57

SNDLHS 58
SNDLHS 59
SNDLHS 60
SNDLHS 61
SNDLHS 6 2
SNDLHS 6 3
SNDLHS 6 4
SNDLHS 6 b
SNDI. HS 6 6
SNDLHS 67
SNDLHS 6 8
SNDLHS 69
SNDLHS 70
SNDLHS 71
SNDLHS 72
SNDLHS 73
SNDLHS 74
SNDLHS 75
SNDLHS 76

2 SNDLHS 77
2 5 NDI HS 78
2 SNDLHS 79
2 SNDLHS 80
2 SNDLHS 81
2 SNDLHS 82
2 SNDLHS 83
2 SNDLHS 84
2 SNDLHS 85
2 SNDLHS 86
2 SNDLHS 87

SNDLHS 88
SNDLHS 89

221



r>
nr

j

A( Ki , PA- l ) =a ( Kl f MA-1)-AM(KK, l , I )*AI*p*VFn, l , 1)*S 
A(Kl ,VA+n = A(H, NA<l ) 4A\ ' ( K! \ , l , l ) *Al *P*VF( Ll , n4C 
A(K2,f'A-1 )=A(K7f VA-l )+AfJ(KK , 1 , I)*A(*P*VP f I. ] , 1 ) ♦ C 

70 CONTINUE
A(K , JAD)=A (K ,JAC) 472 (L7) -Z1(L )-U0*2 1(L I )4 ( 1 . 0 - 7  . 0* DO) *Z1 ( L2 ) *CT 4 

1 2.0*P
A(K.JAD4lF)=A(K,JACUE)-D3*Zt  (L2)
A(K2, JAP- I t  ) = A(K7,JAP-IF)-»7.1 ( L2 ) 4Z2 ( L) 4C0*Z7( f 1) 4(110*7.2 (L2) 4Z UL ) 

1 400*Z1( I ! ) )*CT-2.0*F*CT
A(K2, JAP)aA(K2.  JAU)4D3*Z2(L2> ♦ 3 * 7 1 (1.2) *CT-4 . 0* F
A(K ,JAD)=A(K , JAC)-Zl  (L7)*(C4 *Z1 ( L2) / 7 . 0  4 ( DO*77 ( L 2 ) 4 2 . 0*P7*7.1 (L)4D 

10*71 (F. 1 >)*CT4?.0*Z2U )4PO*Z2(l l  ) ) - Z2( L2) ♦ ( 7 . 0 * 7 1 (L)*PO*ZI(I 1))4Z1(  
7 L ) * ( Z 1 ( L ) 4 DO *Z 1 ( L 1 )) -2 • 0* F* ( -7 1 ( 1.1 ) 4 Z2 ( I. 1 ) *C* 5-  (7.1 ( L ) -2 1 ( L I ) 4Z 1 ( L 
3 7)*C1)*C*C)

A(K . J Af HI F) s A( K, J An i F)  ♦ Z I ( f. 2 ) * ( - ( 3 . 0 +C 0 ) ♦ (7 2 ( I 2)-7.1 ( I . ) ) + H 0 * Z1 (LI 
1 ) -Zl  (f 2)*CT)-P*2.0*(Z2(L1 >*S*5-(ZI (L ) -Zl  (M > * I  H  L2) *CT) *C*S)

A(K2,JAP-1F) = A(K2, JAP-IE)  »Z1 ( L 2 3 * C 3 . 0 *72 (1.2 ) -  2 . C *7.1 (L)-L0*Z1 (Ll )  +
1 (U4*Z1 (» 2) / 2 . 0 - r n*22CL)  )*CT) *71 (I ) *( - 7 . C*Z7f l  ) -  U 0 * Z 2 C Ii I )4(-D0*Z2(
2 1.2)-7 1 (L)-D0*Z1 (LI )) ♦CT)-nO*Z2(l .)*Z1 ( 1.1 ) -7 . 0 * F ♦ ( Z1 (LI )*C14Z2(L1)*
3 C*C4(7l ( I . ) -7 1 U t ) + 7 1 (1 2)*CT)*C*S)

A(K2,JAP) = A(K7, JAP)-Z1(L2)*(U 3 *71( 12) 4 ( 2 .  04 T0)*(  7.2 (I. )47l (L)*CT)4D
1 0 * ( Z 2 ( L l ) 4 Z 1 ( l l ) * c m - 7 2 ( l ? ) * ( ( ? . 0  4CO) *zi ( L) 4C0*7l ( l , l ) ) - 2 . O*P*( 2.2 o*zi  (1.1 HZ2 (1,1) *;;*C-KZ 1(1 ) -7 1 (LI)  +71 ( L 2 ) * n  )*5*S)

IF (ICM.EO.-IO) GC 70 oo
A(K,JAD)sA(K,JAP )-FC*(Zl  (I ) -Z2(L2)-Z1 (L7)*rT)4FF 1*Z1 (1.2)
A(Ki JAD4lF)=A(K, JAP 4I F ) -F 0*Z1CL2)
A(K2, JAP-rF)=A(K2, JAD-IF)4F0*(Z1(L)*CT47?(L)4Z1(L2) )4E0I*71(1) 
A(K2,JAC)=A(KZ.JAr:)4tO*(Z1 (L2)*CTfZ2(l  2) )4E01 *Z1 (1.2) 
A(K,4JAn)=A(K,JAr>-2.0*l»*(VF(Ll , l )4VF(L2,1 )*CT)
A(K,JAC4lF-) = A C K , J A r U F ) - 2 . 0 * P m U 7 . 1 )
A(K2,J«i : - (F)  = A( K2, JAn- I E)42. 0*P*VF(L, l )*r T 
A(K2.«lAr)sA(K2f .)AP ) 42 . 0*p*( VF( L»l ) 4VF( L1, l ) )

90 CCNTINUF
IF(AI.FO.O.O)  GC TC 100
A(K,JAD)rA(K,JAn)-A12*D0*(Zt (L)47 1 ( l l ) ) / ( S * S )
A(K.JAlHl)  = A( K, JAr *n+AT*(C1. 0- 3 . O*n0) *21(L?) / ( 2 . O*S) - DO*(Zl ( L)  + Z 

1 1(L1>)*CT/S)
A(K,JAP42)sA(Kf JAr*2)4A(7*C2*Zl (L2) / (7. C*S*S)
A(Kt , ,JAn-t ) = A(K1 , J AC - l ) - * l  *(P0*(Z1 (L)4Z1 (IjI ) )*CT/S-(D2*(7.2(L)4Z2( 

1 L t ) ) - ( 1 . 0 - 3 . [ > * n 0 ) * Z l ( L 7 ) ) / ( 2 , 0 * S ) - 7 . 0 * F * r ) .
A(KI,JAP)=A(K1 ,JAC)4U2*Z2(I 2 ) /  2 . 0-Z 1 (1,1 ) * (1)4/7 .0 »CT*CT*l)0) -Z 1 ( L ) * 

1 (L' J/2.O + CT*CT*C0) tC2*CTM 3.0*71 ( L2 HZ2 U ) + Z?(L1 ) ) / 2.UA(K1 . J AP+n  = A(Kl ,JAC + l )  ♦A1*(U2*( 7.2(1 2 ) + Z 1 (1 2)*fT ) /  ( 2.  0*S ) - IZ1 ( L l ) 
1 400*21 ( l , ) ) /S*2. 0*F*S)

A(K2, jAn-2)aA(K2, JAC-2) -A12*D2*Zl (L2) / (2.0*S*S)
A (K2 .JAC-1 ) sA(K2, . lAr-1)4A]*((CO*(Z2(L2)*Zl( l .  mZl ( l . l ) - C 2 * Z l ( L 2 ) * C  

1 T / 2 . 0 ) / S - p / S )
A(K2, JAP)=A(K2, JA[)4A12*(71(Ll )4Pn*Z1(L)1/ (S*5)

. A(K.JAP) = A(K,JAD-AI2*(Z1 (1.1 )♦( (1 .0-3.C*DO)*71 (I 1)-2.0*U0*Z1 ( L) ) -  
1 ( l , 0 - 7 . 0 * n 0 ) *Zl ( L7) **2) / ( 2 . C*S*S)

A(K. JAR4l ) sA(K. JAC«l ) -AI*(Z1(L2)*(C0*Z2(L2)*(1. 0 - 3 . 0 * 0 0 ) *Zl ( L) / 2 .  
10 + P2 + ZI (l.l ) - (  1 . 0 - 2 . P  *U0)*7l  (L2 )*CT/ 2. 0) / S + 7,l (1.1 )*( (0.5-1 .5*00 )*Zt (

SNDLHS 93
SNDLHS 94
SNDLHS 95
SNDLHS 96
SNDLHS 97
SNDLHS 99
SNDLHS 9 9
SNDLHS 1 00
SNDLHS 101
SNDLHS 1 0 2

2 SNDI. HS 1 0 3
2 S NDl HS 1 0 4
2 SNDLHS 1 0 5
7 SNDLHS 1 0 6

7. SNDLHS 1 0 7
SNDLHS 10B

2 SNDI. HS 1 0 9
2 SNDLHS 11 0
2 SNDLHS 1 1 1

SNDLHS 1 1 2
2 SNDLHS 1 1 3
2 SNDLHS 1 1 4
2 SNDLHS 1 1 5

SNDLHS 1 1 6
SNDLHS 11 7
SNDLHS 1 1 8
SNDLHS 1 1 9
SNDI. HS 1 2 0
SNDLHS 121
SNDLHS 1 2 2
SNDLHS 1 2 3
St.’nLHS 1 2 4
SNDLHS 1 2 5
SNDLHS 1 2 6
SNDLHS 1 2 7
SNDLHS 1 28
SNDLHS 1 2 9
SNDLHS 1 3 0
SNDLHS 13 1
SNDLHS 1 3 2
SNDLHS 1 33
SNDLHS 1 34
SNDLHS 1 3 5
SNDLHS 1 3 6
SNDLHS 1 3 7
SNDLHS 1 38
SNDI . HS 1 3 9
SNDLHS ) 40

2 SNDLHS 141
SNDLHS 1 4 2

2 SNDLHS 1 4 3
2 SNDLHS 14 4

**

I 1 )-CO*ZI (L ))*fT/StF*(Z2(Ll  )*S-(Z 1(1) -Zl  (IjI ) + 71 (1,2) *CT)*C))
A(K 1, JAP-1 ) = A (K 1, JAP-1 )-A I *(Z1(L2) * (-1124 7.7 (1 7 )4 (0.5-1,5*1)0)  *21 (I ) 
4C2*?1 (Ll ) - (<) . 5- rO)4Zl  (L2)*CT )/S*71 (L)* <n7*(77(l.  ) * 0 . 5 * Z 7 ( l t ) )-C(J* 
71 (Ll )*CT)/S4ZI (Ll )4(P7+(72(L1 14 0,5*Z2(1.  ) )4(0.5»1,S*I ' )0)*Z1(L1 )*CT 
) /S- F*(7, 0*Z1(1. 1)*C4(71( L) - Z1(L1) 4Z1( L2 ) *CT) *C))A(K,JAC42) = A{K,JAC42)-AJ2*L,2*Z1(L2)*(Z1(L)*7.(»*71(U))/(2.0*S*S) A(K1,JAP)=A(K1,JAP)4ZJ(L2)4(-(2.0-C0)*21(1.7)-C24(2.0*Z7(L)4Z2(L1) -(7.0*Z2(L7)-5.0*Z1(L1)-4.0*Z1(L))*CT)4(1 . 0-7 .0 4 DO ) *7.1 (1.2 ) *CT *CT ) /2.O-r2*Z?(l.2)*(2.0*7.1 ( I , ) 4 7 1 ( I I ) )  /2 .0 + 7 1 ( L) * ( P2 * Z 1 ( I ) *D 3*Z 1 ( L1 ) - 2  -0*D2* CZ7C1 ) *0.5*Z7(L■! ))  *C7*2.0*10 1 (1.1 )*CT*CT ) / ? . 0  4Zl (Ll )*(D4*Zl(Ll)-?.O*n2*(Z2(Ll)4n.s*72(L))*CT-(l.C-3.0*P0)*Zl(Ll)♦(T*CT)/2.0 A(K).,JAC4l)sA(KlfJAC + l)-AI4(Zl(L2)*(Zl(I.7)*n74C7*(2,0*72( L)+Z?(Ll)4(Zl(L)42,C*Z1(Ll))*CT))/(2.0*£)+C2*Z2n.2)*(2,0*Zl(L)4Zl (Ll) )/(7.0*S)-71 (Ll ) ♦ (DO *7 1 (1.) +7 1 (ll))/S-P*<71(L)4Z1(Ll)4Zl(L2)*C 
T ) * S )
A(K2, JAP-7) = AfK?,JAr-?)+A12*C2*71 f 1 2 ) * ( 7. 1 (1 ) 42.  0*Z1 (1.1 ) ) / (2.0*5*5
A(K2,JAr: - | ) sA(K2,JAC-l )*Al*(Z1 (I.2)*(R?*?1 (I 7 ) -C C *Z2 ( L) *2 .041)2* (2 , 
0*7 J (1 1 ) 4Z1(1.) ) *CT)/ (2 . 0*5) -ZUL)*( i : 0*Z 1 f 1.1) 4 TO *Z2 IL2 ) )/S-7.1 (I 1 )* 
Zl ( L1) / 5- P*( Zl  (1.1 ) /S+Z2( t  1 )*C4(Z1 CL ) -7 1 ( M )471 (1.2)*CT)*S)) 
A(K2,JAP) = A(K2»JAP) < A J 7 * ( Z 1 ( L 2 ) * 7 1 ( L2) / 2 . 0-Z1 (I. 1 ) * ( Z 1 (Ll )4l)()*Zl (L
in /ts* .*)
IF ( ICH. E0. -10)  GC TP 100 
A(K»JAP)s A(K,JAC)-A12*F0*Z1(L1) /{£*£)
A(K.JAD4l ) a A ( K , J A P 4 1 )-AI*F'C*7.1(L1)*CT/S 
A(K1, JAC-1 )=A(K1 ,JAC-1 )-A |*E0*Z1 (1.1 )*CT/S 
A(Kl , JAD)sA(M ,JAC)-FC*Z1 (Ll ) / (S*S)
A(Kl,JAD4l ) = A(Kl , JAP4l  )-Al*FC*21 ( Ll ) / S  
A(F2,JAP-1 ) = A ( F 2 , J » r - l )  »AT*FG*Z1 (1.1 ) /S 
A(K7,JAF) = A(K7,JAP)4 A 12*EC*71(Ll ) /  ( S * S )
A ( K . J A R4 1) = A ( K , J A C » 1 ) -  A I * V * V F ( 1,2 , 1 ) /fi
A(Kl ,JAC-1 ) = A(K 1 ,JAP-1 )-AI *F*( VF (L ,1 ) 4 VF (1.1 , 1 ) 4 VF(12,1 )*CT)*C
A (Kl ,  JAFH )sA(K I , JAC4 1 )-AT *F*(VF (I. , 1 ) 4VKM , 1 )4VF(!.2,1 )*CT )*S
A(K2,JAr-1)  = A(H2,JAP-1)*AI*F*VF(L,  1 ) /S 

100 CCNT1NIIE 
110 CONTIflllF 

PF.THRN 
ENP

♦ DECK CRTIICG
SOERPt'T INF CPTHCG ( M K , IGT FF , I COUNT , N . V , f , HUM , I fl 7 , Kill* )
C 1 MENS I CN H(  1R7,K1JV*) . V ( I R 7 )
TO (lRTHCG V W.R.T.  AIL E-VtCTCRS ALIPFACV FCHflP 
FORM? V = V-31IM CF ((V(TPAIJ)*X)*X)/(X(TRAK)*X)
EXPECT5 EUCLIDEAN NCFH CF F-VFCT TC EE STPPFP IN II(N-J,NIJM) F OR 1*1 
ICCUNT=0 
IKNs NIK-1 
PC 20 I s l , IKN 

SAVsO.O
rn ic j = i , n

SAVs SAV4V(J)*U(J, I )
10 CCNTINIJE

no 20 J s l . N
V(J) = V(J)-SAV*U(J,  I ) / U( N- I  ,NUF!)

2 0  CONTI NUE 
RETURN

2 SNDI. HS 1 45
2 SNDLHS 1 46
2 SNDLHS 1 4 7
2 SNDLHS 1 4 8

SNDLHS 1 49
7. SNDI . HS 150
2 SM1LHS 151
2 SNDLHS 1 5 2

SNDLHS 1 5 3
2 SNDLHS 15 4
2 SNDLHS 15 5
2 SNDLHS 1 5 6
2 SNDLHS 157

SNDLHS 1 5 H
SNDLHS 15 9

2 SNDLHS 16 0
2 SNDLHS 161
7 SNDLHS 1 6 2
2 5NLLHS 1 6 3

SNDLHS 16 4
7. SNDLHS 1 6 5

SNDLHS 1 6 6
SNDLHS 1 6 7
SNDLHS 1 6 9
SNDLHS 1 6 9
SNDLHS 1 7 0
SNDLHS 1 71
SNDLHS 1 7 2
SNDLHS 1 73
SNDLHS 1 7 4
SNDLHS 1 7 5
SNDLHS 1 7 6
SNDLHS 1 7 7
SNDLHS 1 7 8
SNDLHS 1 7 9
SNDLHS 1 8 0
SNDLHS 1 81
SNDLHS 1 8 2
ORTHOG 1
CH1HCG 2
CRT HOG 3
CHTHGG 4
UHTHGG 5

T CHTHDG 6
CPTHCG 7
CPTHCG 8
CPTHCG 9
CRTHCG 10
CHTHOG 11
CPTHCG 12
ORTHOG 13
CHTHOG 14
CPTHCG 15
CPTHCG 16
ORTHOG 17
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>♦♦

30

CKUF«,Zt ,7 ?  ,"7 .. V,NV,F,NP, MO, M , NI.I, KU , f  F , 2 3 , f'FC , &I'FC , T I- f  , N , fcl. Ml , Z 4 5 
PJ ^E*»STCr' A(JIA,K A ) , V I (UVl ) , X(UX ) , AI! ( 12.KAP) ,1'F ( lU'F , KIIF'>. UF B ( NUF H , K 

CUFP) ,Z1(.TZ) ,72(f '7 ) ,  V (NV ) ,F (MF 1 ,U(MI,K!') , F K  F I'F ) ,7 J(NZ) ,UFC(NUFC,MJ CF ) ,  Z4( NX )
COMMON/CGM2/ 110, Cl , C 2 , P i , C 4 , A L , 1 HE 1A , PC L , H , A T , T FP , 1UN 
COMMON /CHMJ/ JAr.JAW.JARW, IF,  II), IC,FT, 17AP 
COMMON /C0M4/ IF' ,NI,K2 
LEVEL ?,UF,MFF1,UFC
CONTRCIS CMFCK AND FNERGY ROUTINES AND IN THF CASE OF A1=0.0 HE-ENTFR5 FND 
FTH FH ORDF'R TO FINC FMF & FCF (STORED IN PLACF CF U,W) AS THF.SF STRESS 
CCNPONFMTS ARE NFFCFC HY FNERGY 
ARCUMFNT5 ******
ARGUMENTS ♦♦♦♦♦♦
Nl=fl!l»PF.R (JF WOOFS ( = WN IN MAIN PROGRAM) K M1 = T A W OR JAWO KM3 = IAf!W HR fARWO 
OTHERS AS OF F I NET IN' MAIM FRCGR AM 

CALI. SECOND(AAA)
A A P = A A A

IMCDFsAI 
PC 90 1=1,MO 

Y=P(I)
CO 30 J = I , N1 

X(J)=I1(J,  I 1 
CALL PCKSUB (X,NUF ,AP , KAR , A I , TM ,,1APW )SAVsO.o
IFF=1CM 
IZZ=M2-IC

CO 70 J=IFF,IZZ 
TF MprAPS( X (J ) )
IF(TEMP.LE.SAV) GO TO 70 
SAVsTF’ip 
J J J=J  
CCN'T I HIIE 

TEMF= X ( J.I.J)
CO 80 J=1,N2 

X(J) = X(, D/TEMP 
CAIL NPWAVE (X,KX,1N,AI,ICCUNT)WRITE (6,2000)
WPITF(6,7010) imhof , t , tccunt 
WRITE ( b ,2000)

CAf I. ENERGY (X,NX,Y,V,Z1 , Z2 , N V , NZ, UF , NUF , KHF, UFP , NIJF R, MJFR , PF, Z3 ,
CHFC , riUFC,TFT , LNC • FT FT , V 1, N V1 ,Z4)

CALL SECOND( AAA)
AAC=AAA-AAP 

AAE=AAA
WRITE (fi,R010) AAA , AAC

90 CCriT I MIE 
RETURN

7000 FCRMAT ( 1 HO , 5X , 1 1 O H -- - - - ---- - - - - --------------------- ---------------- ---------
C - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  )

7010 FORMAT C1H0,8X,?5HCJFCUMFRFNTIAL MCCF NC.= , 13 , IX, 22HF1GEN-VAtUfc
C PCSITirN = , I3,4X,37HMC, CF TURNING FC T FITS CN HALF SHELL = , J4 )

8010 FCRMATdM ,60X,5HT.T.  = ,F 7 . 2 ,2 X , |n H T .  ENE PGY=, FF . 3 )

70

80

C C N T H L 
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N 1 R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N I R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N I R L  
C C N T R L  
C C N T R L  
C C N T R L  
C C N T H L  
CL’ N T H L  
CCJ NTRL 
C O N T R L
c c n t r l
C C N T R L
C C N T R L
C C N T R L
C C N T R L
C C N T R L
C C N T R L
C C N T R L
C C N I R LCCNTRL
C O N T R L
C C N T R L
C C N T R LCONTRL
C C N T R L
C O N T R L
C C N T H L
C C N T R L
C C N T R L
C C N T R L
C C N T R L

4
3
4
56
78 
9

1011
12
1 3
1 4
1 5
16
1 7
1 8
1 920 21 
22
2 3
2 4
2 5
2 6  
2 7  
2 9
2 9
3 0
3 1
3 2
3 3
3 4
3 5
3 6
3 7
3 8
39
4 0
4 1  
4 2
4 3
4 4
4 5
4 6
4 7
4 8
4 9
5 0
5 1
5 2
5 3
5 4

END♦ DECK PRCmiCSUHRCITINF ppnnuc (NA,KA,A,V7,X,Nl,NUF,KM ) riMFHSTON A(NA,KA),V2(NA),X(NUF)C FCPMS PPOPUCT V7=A(X) WHERE A IS HAKPFT WTTH WIDTH KM 1, ANp ORDER N1NI=(KVl-1)/2 CO 1 1=1, NI V2(I)=0.0 NU=N142-I K =0CO 1 J = NJ, KM 1 K = Kf 1
1 V2(I) = V2(I)4ACI,t))*X(K)NM=NI41NL=N1-NI CC 2 I=NM,Ml V 2 ( I ) = 0 f)

k = i - r.' i - 1 
CO 2 Jsl , F'M 1 K = K + 12 V2(I)=V2(I)+A(I,J)*X(K)N M = N L 4 1M2=KMiDC 3 I=NM,Nl V2(I)=0.0 V2=V2-l K=I-NI-1 
CO 3 J=1,M2K = K + 1

3 V2(I)=V2(I)+A(I,J)TX(K)RETURNEND ♦DECK MAC78SHPRCUTIME MA07B (A, P, IA, N,NW,PT, JCKE, N12)DIMENSION ACIA.JCKF).P(NIZ)F(.’ll IV A L FNCF ( U’,1 ,NF* , K IR , NCC ), (NR 1 2, NS , J , I,PC ), ( A M AXT, TPEST ,T F.MF )C ALTEKFr VERSION CF HARWELL RCUT INK. MA07E AMD MAO/CC PERFORMS GAUSSIAN FIIMINATICN WITH PARTIAL PIV1CTING ON HANDED MATRIX AC SEE HARWELL LinPARY FOR FULL DETAILSJCK I = IA♦JOKE NR=(HW-1)/2 NR 1=NR 4 1 NR2=NP1+NR NR32=NR2fNRt IF(PT,E0,0.) GO TO 99 DO 4 ISET =I , NNR12=MIN0(NR24l, N-I5ET4NR141)DO 4 JSET=NR12, NR324 A(ISET,JSET)=0.0 CO 22 K=1,MI P=K MSsNRlPFST=AB5(A(1P,US))DC 7 NF T=1,NR IPT =K 4 N FT

C C N T R L 5 5
F H O D U C 1
P RODI J C 2
F ROI J UC 3
P P O D U C 4
P R O O U C 5
P P O D U C 6
P R O O U C 7
P H O D U C 8
p r o u u c 9
P P O D U C 1 0
P P O D U C 1 1
P R O D U C
P R O D U C
P R O O U C

1 ]
F R O D U C 1 5
F R O D U C 1 6
P R O D U C 1 7
P H O D U C 1 8
P R O D U C 1 9
P R O D U C 2 0
P R O D U C 2 1
P R O O U C 2 2
P P O D U C 2 3
P H O D U C 2 4
P P O D U C 2 5
p p n n u c 2 6
P P O D U C 2 7
P R O D U C 2 8
P H O D U C 2 9
P R O D U C 3 0
F R O D U C 3 1
M A 0 7 B 1
M A 0 7 R 2
MA C 7 B 3
MAO 7R 4
M AO 7 0 5
M A 0 7 P 6
M A 0 7 B 7
MA 0 7 H 8
M A 0 7 B 9
M A 0 7 B 1 0
M A 0 7 B 1 1
M A 0 7 B 1 2
M A 0 7 B 1 3
M A 0 7 B 1 4
M A 0 7 B 1 5
M A 0 7 B 1 6
M A 0 7 B 1 7
M A 0 7 B 1 8
M A 0 7 B 1 9
M A 0 7 B 2 0
M A 0 7 B 2 1
M A 0 7 B 2 2
M A 0 7 R 2 3
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27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
6566
6768
69
7071
72
73
74
75

12
3

4
56
7
A
9101 112

13
14
15
16
1 7
18
1920

1
1
456
78
910

1112
1 3
14
15
16
17
18
19202122
23
24
25
26
27
28
29
3031
32
33
34
35
36
37
38

IFIPEST.GE.TPFsf1 GC TO 7 NAU7P
PEST=TPFST PAU7B
NS=NT MAU7B
IP=IPT HA07B

7 CUNTINUF PAO/e
IF(K.FC. l )  PT=BEST 
PTsAPINl(BEST,PT)

MAU7B
NA078

TF(PFST.NR 0 . )  GO 7C 5 
ViHITE (6.61
FCRMAT (III , 80IIZEF0 FIVUT FOUND

NA07B
MA07P

6 IN MAU7H. ATTFMFT TO SOLVE THE. SY NA07B
CSTFM CF FdHATIUNS APANCUNFC. 1 MA07B

F fc'TUPN MA07R
5 A(K.NB321=IF

I F ( 1P.FQ.K1 GU TC 3
MA07P
MA07B

CC 8 NV=1,NR2 NA07B
TFEF=A(K,NR+NV1 PA07B
A(K.NR+MV1=A(IP,NS+KV-11 
A( TP,NS»NV-1 1=TE'PP

w A07 B
8 NAU7B

C F11MINAT TMN AND CCEFF. STORAGE PAU7B
3 IF ( K. + NR. 1.E. N1 GC TC 15 

ml=n- k
IF ( N1,} 22 ,22 ,16

HAU7B 
MAR 7 0 
MA07B

15 NL = NR NA07B
16 CONTINUE

CAM NA07C (A,NI ,K,NF,IA,J0KI1
MA07B
NA07P

22 CCNTINI'E WA07B
C NCW 0 IS PRCCFSSFC NA07B

99 CR 17 KB=I. N 
NEX=A(KH, NP321

NA07B
HA07B

IF(NFX.EO.KE1 GO TC 20 MA07BTFHpsR( KB 1 MAC7B
B(KB1=P(NEX1 MA07B
P( NFX ) = TEMP NA07E

20 DP 17 IB=l,NR 
KIP=KR+IB
IF (KIP.GT.N1 GO TC 17 
B(KIB1=B(KIB1-H(KP)*A(KR,1B1

MAG7B
MA078
MA07B
PA07B

17 CCNTINI'E MAU7B
C PACK SUBSTITUTF 

DU 25 NBACK=1,N 
NCC=N+1-NHACK 
PNCO=B( NCU1 
L?=RlNO(DP?f NBACK) 
IF(L2 .FU. l l  GU TC 25 
DR 11 L CC=2, L 2

MAU7B
MA07B
MA07B
MAG7B
PAG7B
PAU7B
MA07B

31 HNC0=RNCR-B(LCD+NCC-1)*A(NrC,LCU+NP1 PA07B
25 B(NCCl=PNCn/A(NCC,NPl1RFTDFN

END
PA07B
MA07B
HAU7B

♦ DECK MAC7C MA07C
SURRRUTINF «AU7C ( A , M . K , NP, I A, JOKI} MA07CriPENSTUN A(JOK I 1 MA07C

NRlsHR-f I
NR3=3*NH
J4=KfNR*IA
FIVT=A(J41
CO 9 IK=1,ML
I=IKfK
JI=I4(NR-TK)*IA 
TENP=-A(J11/FIVT 
A(K+(lK-tl*IA)=-TFNF 
J 2 = I ♦ ( K R 3~IK 1 * IA 
J3 = J4
DP 9 J = . J1,J2, IA 
A(J)=A(J)+A(J3)47ENF 
JJ  = J3+ TA 

9 CONTINUE 
RFTMRN 
END 

* DECK ECCNC
SUBROUTINE PCOND (AP,KAPW,IWJU.,THFTA,AL,U1 
n  pen s i  nr au( 1 2 , kapm  

C SETS L'r THE BOUNDARY enNliniCNS in ap fcf ato. o, at = i , 1 , 5 . .
C 1ST UND DERIVATIVES H**6, 3PC DERIVATIVES M**4

C = CC5(T HET A)
S = S I ‘f (T»FTA)
CT=C/5 A L1 = AI +1.0
TF(IWTLL.EO.O) GC TC JOO 
IV T H s  2 * ( IW ILfi/2 )
I F ( I » ILL*JWON) 310,320 ,  310 

C FOR 1=0

A 1 = 2 , 4 ,6 ,

FOR 1=0 
300 CONTINUE

AP ( 1 ,4 )  = 126.0 
AP( l ,6 )=-7O.0 
A B ( 1 ,0 )=-4 86.0 
AP( 1, 1 fl1 = 855 .0 
AP(1 , 121=-670.0 
AE(1,141=724.0 
AP(1,161= -90 . 0 
AB(1,181=11.0 
AP(3,41 = 1.0 
AP(2 ,4 !=-10,0 
AP(2 , 6 )=-77.0 
AB(2,81=150.0 
A P(2 ,101="100.0 
AR(2 #121=50.0 
AP(2,141=-15.0 
AD(2,161=2 .0  
AP(4,21=-469.0 
AR(4,41=1818.0 
AP(4,61=-2924.0 
AR(4,81=2690.0 
AH(4,101=-1710.0 
AP(4,121=814.0 
AP( 4 , 1 4 l=-268 .0

MAU7C 
MA07C 
MA07C 
MAU7C 
MA07C 
HA07C 
M AU7C 
MAO/C 
HAQ7C 
MA07C 
MAD7C 
PA07C 
M A 0 7 C 
MAU7C 
MAU7C 
MA07C 
MA07C PCUND RUlND BOUND 
RCQNC 
PCUND 
PCOND 
BCUND 
BCGND 
PCOND 
BCUND 
BCOND 
BCUND 
BCDND 
BCUND 
BCUND 
HCfJND 
BCONO 
BCUND 
BCUND 
BCUND 
BCOND 
BCUND 
RCUNP 
BCQND 
BCOND 
HtnND 
PCUND 
HCONO 
RCOND 
HCONO 
BCOND 
BCUND 
BCOND 
BCONO 
BCUND 
BCUND 
BCUND 
BCOND
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t  M.w | = i , j , 5 . . .
C FCR 1 = 1 , 3 , 5 . . .

310 CONTINUE
AR( l ,61=-M.O 
AB(1 , 9 Js -7 7 .0  
AR( 1 , 123 = 150.0 
AR(1,153=-MO.O 
A e ( l . 193=50.0 

AB(1,21J=-15.0 
AE<1,213=2,0 
CO 22 1=6,21,3 

22 AP(2,I)=AB(1-T) 
AB(3,63=126.0 
AP(3,93=-70.0 
AP(3,123=-406.O 
AP( 3, 1 5 3 = 855 
AP(3,183=-670.0 
AR(3 , 21 )=321.0 
AR(3 ,74)=-90.0  
AP(3,27)=11.0 
AP(4,fc) = t .0 
AF!(S,63 = t.O AH(6,63 = t .0 
GO TO 387 

C FOR 1 = 2 , 1 , 6 . . .
C FCR 1 = 2 , 1 , 6 . . .

320 CCNTTKUF
AE(1,63=126.0 
AP( l ,93=-70 .0  
AH( I , I 2 3=-186 .0 
ARC1,153=855.0 
AP( l , lP3=-670.O 
AH(1,213=324.0 
Afi ( l , 243=-90.0 
A Rf l , 27 3 = 1 1 .0 
CO 24 1=6,27,3 

24 AR(2,I)=A(1(1,I3 
AP(3,63=-tO.O 
AR(3,93=-77,0 
AR(3, 1 2 3 = 150 .0 
AB(3,153=-100.0 
APf3,183=50.0 
AP(3,213=-15.0 
ABCj,743=2.0 
ARC 1,6 3 = 1.0 
AF1(5,63 = 1.0 
AP(6,63 = 1 .0 
GO TO 387 

C FCR ClAVPFO EDGE
C FOR CIA^PED EDGF

406 CONTINUE
AR(5,153 = 1 .0

pcunp
PCUNi:
PCOND
ECONC
BCONO
BCOND
BCOND
BCONO
HCONO
BCUND
RCOND
BCOND
RCOND
BCOND
BCOND
BCOND
BCOND
HCUND
HCOND
HCUNDPCOND
RCOND
HCOND
HCUND
BCOND
RCOND
HCOND
BCOND
PCOND
BCOND
PCOND
BCOND
BCUND
BCOND
BCUND
BCOND
RCOND
HCOND
BCOND
BCUND
BCONC
BCOND
BCOND
BCOND
PCOND
BCOND
BCONC
PCUND
BCOND
eCUNC
RCOND
RCOND

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 
61 
62
63
64
6566
6768
69
70
7 1
72
7374
75 
75
77
78
79
80 
81 
82 
83 
H4 
H5 88 
87 
UR
89
90
91
92
93

AP(6 ,153=1.0
AP(7 , 1 5 3 = ( 30.O*CT + l 26.0/113*All 
AP (7 , 1 3 3 = (23 l .0*CT-70 .0 /H3*AH 
AP (7 , 1 1 ) = ( -  450.0*CT-486,Q/F13*ALl 
AP(7 ,9 3 =(300.0*CTlF55.O/H3*ALl
AP (7 ,7 3 = ( - l5O.0*CT-670.0 /H)*All
AB(7 ,5  3 = ( 4 5 . 0*CT+324.n/H3*All 
AP (7 , 3 3 = ( - 6 . 0 * 0 - 9 0 . 0/H3*AI. t 
AR(7,13 = ll.0*ALl/F1
AH (7,163 = ( - 1 2 6 . 0 * 0 - 2 2 . 5 *  15.0/H3*AL/H 
AB(7,113 = ( 7 0 . 0*CT + 5 6 . 0 * 2 2 . 5 / H3*AL/H 
AP(7,123 = ( 4 8 6 . 0*CT-22.5* 8 3 .0/H3*AL/H 
AR(7, 10 I = ( -0 5 5 .O*O + 22.5*b4.O/ll)*Al./H 
AH(7 ,8 3 = ( 6 7 0 , 0 * 0 - 2 2 . 5 * 2 9 . 0/H)*Al/H
AH ( 7 ,6 3 =(-374 . 0*CT+ 22.5*8.0/113 *AL/II 
AP ( 7 , 4 ) = ( 9 0 . 0 * 0 - 2 2 .  5/ll3*AL/H 
AP(7 ,2  3 = -11 .0*C7*AL/H 
AP(B,153 = 10.0 
AB(8,133=77.0 
AR(8,113=-150.0 
AP(8,93=100.0 
AB(8,73=-5O.0 
AP(8,53 = 15.0 
AB(9,33=-2.0 
GO TO 340 

387 C0NT1NUF
AB (7,223 = 1.0 
AH(8,223 = 1.0 
AR(9 . 22 3 = 1 ,0
AB(10,22) = ( 3 0 . 0 * 0  + 176.0 / FI 3*AL1 
AR(10,193 = (231,  0 * 0 - 7 0 . 0/H)*ALl 
AR( 1 0 , 16) = (-45O.0 * 0 - 4 8 6 .  0/H3*ALl 
AP(10,1J3 = ( 3 0 0 . 0 * 0 + 0 5 5 . 0/H3*ALl 
AP(1 0 , 1 0) = ( - I  5 0 . 0*CT-670.0/H)*ALI 
AR(10,7J = ( 4 5 . 0 * 0  + 3 2 4 , 0/H3*All 
AP( 10 ,4 3 = ( -6 .0 *O-9C.0 /H3*ALl  
AR(10,13=11.0*AL1/H <
AP(10,21) = ( - 1 2 6 . 0 * 0 - 2 2 . 5 * 1 5 , 0/H3*AL /FI 
AR( I 0,7 13 = ( 7 0 . 0 * 0  + 56 .0*22,5/H3*AI./H 
AR(1<),1H)=(486.0 * 0 - 2 2 . 5 * 8 3 . 0/H)*Al/H 
AR(1 0 , 1 5 3 = ( - 0 5 5 .0 * 0 + 2 2 ,5 * 6 4 ,0/H3*AL/H 
AP(10,12) = ( 6 7 0 . 0 * 0 - 2 2 . 5 * 2 9 . 0  / FI 3*AL/H 
AH(10,9)=(-324.0*CT + 27.5*R,0/H3*A(,/H 
AR(tO,63 = ( 90.0 * 0 - 2 2 . 5/H3*AF./H 
AB(10,33 = - t l . 0 * O * A l / M  
AP(11,723=10.0 
AB(11,193=77.0 
AB(U,  1 63=-150.0 
AH(11,133=100.0 
AB( 1 1 , 103=-50.0 
AB(11,73=15.0 
AB(11,  1 ) = -2 .0 
DU 7 1=4,22,3 

7 AB(1 2 , I)=AH(11,13 
GO TD 340

RCOND
BCONC
HCOND
BCOND
HCOND
RCOND
BCOND
BCOND
BCOND
HCOND
BCOND
RCOND
BCUND
PCOND
BCOND
BCONC
BCONC
HCOND
BCOND
eCOND
BCOND
BCOND
BCOND
HCOND
BCOND
BCUND
BCOND
BCOND
BCUND
BCOND
RCOND
BCONC
BCOND
BCOND
BCUND
BCONC
BCOND
BCONC
BCOND
BCOND
BCONO
BCOND
RCOND
RCOND
BCUND
BCOND
BCOND
BCOND
BCOND
BCOND
BCOND
BCONC
ECONO
BCOND
HCOND

9 4
9 5
9 6
9 7
98
9 9  

mo 
1 0 1  102 1P3
1 0 4
1 0 5  
l ' )6  
1 0 7  
1 <3 8109
110 1 11 
11 2
113
1 1 4
1 1 5
116
1 1 7
118
119
120 
121 
122
123
124
1 2 5  
1 2 b
127
128
129
1 3 0
1 3 1
132
133
134
1 3 5
136
137
138
139
1 4 0
141 
M2
143
144
145
1 4 6
147
148
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*♦

’ DECK NCWAVF
5UPR0UTINF NGWAVE ( W, 1 9 0 , IN, A I , ICCUNT )PIPENSIGN W(I99)

C CALCULATF5 THF NUMBER GF TURNING POINTS IN THF. W PROFILE, RETURNS THEM ASC ICC'JNT
IF(AI.FO.O.O) GC TC 5 
1ST EP= 3 
GO TO 6 

5 I STEPs2 
ft ICOUNTsO 

KCLD=12 
TsISTFF 
0=1*2
CO 100 I>) = 2, IN 

1 = I*ISTEP 
J=J*1STEP
IF( W(I ) -w(J ) )  20,30 ,-10 
KKs-1 

GC TO 50 
K(JLC = 0 

GC TO 100 
K K -1
CONTINUE 
IF(KK.EO.KGLD) GC TO 100 
ICCUKT=ICCUUT ♦ 1 
KOLD=KK 

100 CONTINUE 
J=ISTEF * 3
TENP=W(ISTEP)*W(J)
IFCTEPF.LT, 0 .0 )  lCCt.NTsICOUNT-1
RETURN
END♦ DFCK ENEPGY
SUPRCUTINF ENERGY ( U. 1 X, P, V, V2, V3 . NV, N7, I F , 9UF, KUF, IIFR, NUFR, KUFB, 

CPF,Z3,UFC,NIJFC,TFT,LNP,ELMT,Z9,NVI ,24)
PIPE»'STPN’ U ( T X ) , Ij F (MJF,KUF) ,V(NV) ,V2CHV) ,V )(NZ) ,IFfWNUFP,M)FP),FF (

CKIIF ) ,7 3(f.V) .IIFCCNUFC .KUF ) ,Z9(NV1 ) ,Z4( IX)
COMMON/rt*U/ Af!(7,4,  12) ,  ITYFE. I.LN ( 7 ) ,  IP N ( 7 ) ,  JS N ( 7 ) ,  JEN C 7 ) , KHDE (7 )
COMMON7CO*2/ no,Cl  ,C2,L'3,C4,AL.T1lhTA,PCL,M,Al , irP, l( lN 
COMMON /C0«3/  J A C , J  A V , J A H to , IF , IP,  IC ,FT , I z A P 
CUPPCN /C0M4/ IN, N1 , E2
C0PHCN/CCM5/ VF(1 1 7 , 2 0 ) ,VFU(1 4 7 , 2 0 ) ,VFCC1 0 6 , 2 0 ) ,FFC(7 0 ) ,FFC(20)

20
30
40
50

C.SFC147) 
LFVFL 2,UF,UFB,UFC 
I O s LNC
IF(IFT.FO.O) 10 =IP R 
ICHS=I 
IF AIl.sO
CALCULATES THE FMFRGY COHFCNENTS OF THETCTAL FCTF.UT1AL FNERGY GIVING RISE 
TC TME SECONDARY FATF FOUATICMS. PRINTS CUT TRF SOLUTION VECTOR AND THE EN 
ERGY CCPFONFNTS 
ARGI1MFNTS *****

NCWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NGWAVE 
NOWAVE 
NCWAVE 
NCWAVE 
NQWAVE 
NCWAVE 
NGWAVE 
NGWAVE 
NGWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NGWAVE 
NCWAVE 
NOWAVE 
NCWAVE 
NCWAVE 
NCWAVE 
NGWAVE 
NCWAVE 
NOWAVE 
NOWAVE 
NOWAVE 
NCWAVE 
NCWAVE 
ENERGY 
ENERGY 
ENERGY 
FNfcKGY 
ENERGY 
ENERGY 
ENERGY 
ElERGY 
ENERGY 
ENERGY 
FNERGY 
ENEPGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY

4
56
78 
9101112

13
14
15
16
17
18
1920 21 22
23
24
25
26
27
28
29
30
31
32 1 2

3
4
56
78 
910111213

14
15
16
17
18
1920

C ARGUMENTS *****
C II- E-VFCT FUJ I, LENGTH, P- E-VAL, UF- FUNC PATH STRESS COMPONENT S ( EPF &ECF
C USFD), VV *, V2 WPKSFC, DTHFRS AS DEFINED IN CALLING PROGRAM

PCs0.0 
MRKs-1 
AlsF-0.95
CALL FUNVFC(UF,UFP,KI'F,UUF,UFC,NUFC,V2,V3,NZ,V,NV,PF,IO,IFT,LNO,A1 

r ,p r ,TN,PL, i rHS, IFATL,FL“ t)
CALL TFEV01 (7.9 , 7 3 , K V , V2 , V 3 , N V ,Z4 ,1 X , PL , FRK)
DC 4 1=1,10

4 Z4(20M) = 7,4(I)

Nf!N=3*(TN-2)
MHK = 0
DO 1 JK = 1,20 
1=21-JK
IF I P . L F , F F C ( t ) ) IK=I

1 CONTINUE 
KK=(IH-1)*LNC 
A l = P
IF (IK.GT.1) AlsAt-EFCCIK-1)
DC 2 1=1,NUN 
Z9( I )=UF(I.KK + 1 )

2 Z3(l)=UFB(l .KK+l)
DO 3 «)K =7 , LNC 
AKsJK
KJsJK-1
AJ= AK * ( A 1♦*KJ )
DC 3 1=1, N'JN
Z9(I)=Z9(I)*IJF(I .KK + JK)*AJ

3 Z3LI)=Z3CI) + UFQ(I.KK*OK)*AvJ
CALL TFEV01 ( Z9, Z3 , NV , V2, V3 , NV, Z4, IX, PL, FPK)
WRITE (6,5000)
WRITE (6,5015)  ( Z 4 ( 1 ) , I = 1 , 5 )
WRITE 06,5020) (74 ( I ) ,1=6 ,10)
WRITE (6,5030)
WRITE (6,5010)  ( Z 4 ( 1 ) , I = 5 1 ,5 5 ) ,Z 4 ( 6 1 )
WRITE (6,5020)  (7 4 (1 ) ,1 = 5 6 , 6 0 )
AJsO.O 
AK=0.0 
DC 6 1=1,5
Z4(40*1)=Z4(T)-Z4C20U)
IF ( Z 4 ( 4 0 t I ) . L F . 0 . 0 )  GC TO 5 
AJ=AJ+Z4(40*1)
GC TC 6

5 AK=AK*Z4(40+T)
6 CONTINUE 

AJ=(AJ-AK)/2.0 
DO 7 1=1,5
Z4(45*I )=Z4(40*I ) /AJ  
WRITE (6,5040)
WRITE (6,5015)  (Z4( I ) ,1=4 1 ,45 )  
WRITE (6.5020)  (Z4 ( I ) ,1=4 6 ,50 )  
CO 10 1=1,N1

ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENEPGY 
FNERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
t NERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY

2122
23
24
25
26
27
28
29
30
31
32
33 
3 4
35
36
U
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 
61 
62
63
64
6566
6768
69
70
71
72
73 7A 
75
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80

Vi R I TF (6 ,4000)
A 1 2 = A 1 * A I  
F A = 0 , 0  
» K s l  .0 
AJ s 1,0
I F  ( l C N . F 0 . 2 0 . n H . l C N . F ( ) . 3 0 )  A K s 2 . 0  
I F  ( i r N . E O . 2 0 . ( ) P . l C N . F 0 . 0 )  A J s O . O  
n r  n o  KK = 1 , I T Y F E

CALL FI) DAT A ( KK . IT C L ,  M ID , 1ST ART ,  1 U N  ) 
PU 1 0 0  I J s l S T A F T , T F I N  

P A s F A + 1 . 0  
P HI = P A * H  
5 = S I N ( P H I )
C * C n S ( F H I )
C T s C / S
U l s O . O
V l s O . O
W 1 =0  ,  0 
*2*0.0
h i = i c t ( i j + i )-h
I VS IU + T E / 2  
I V s I l l f l E  
K1s 3*I j - 2  
K 2 s K 1 +J  K 3s K 1 4 2
IS'.'=IU-IC*Min
n r  flo k = i , i t c l

K U s I S I M  J C*K 
I C V s T C U + I F / 7  
IC'WsrCUHE
lllsUl 4 A N (KK , 1 ,K ) ♦ t) ( ICU) 
V»ls\'l4AN(KK,l,K)*M(ICW) 
V»2st*2tAN(KK,7,K)*U(ICW)
I F ( A J . E C . O . O )  GC TO 8 0  
V l = V I + A N ( K K , l , K ) * U ( I C V )
c c m t i m u e

E Or l l l  +l l (  IW)
FCsU(lW)4U(7U)*CT
EOC s O. O
E20s((n(IU)-N1 J M 2 J / 2 . 0
F 2 C * 0 . O
X 0 s t l l - W 2
XCs(l(Iin*CT-tal*CT
XOCsO.O
E 1 * II ( f II) ♦ CT 4 tj ( T V )
E 2 s l l l - W 1 T C T
E 3 = 0 . 0

F 4 s 0 , 0
F 5 s 0 . 0

Bl j sUC I U) - W1
IF(AI.FO.O.O) GC TO 90 
FC=EC4AI*U(IV)/S

tntwtT
ENERGY
ENERGY
FNERGY
ENERGY
ENERGY
ENERGY
FNEHGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNERGY
FNERGY
ENERGY
ENERGY
ENERGY
FNERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNERGY
ENERGY

78
79
80 
81
§1
R4
8586 
87 HR
89
90
91
92
93
94
95
96
97
98
99 

100 
101 
102
103
104
105
106
107
108
109
110 
111 
1 1 2
113
114
115
116
117
118
119
120 
121 
122
123
124
125
126
127
128
129
130

F0C=F0O4(Vl-U(TV)*CT-A T*U( III) / S) /2 .0 
E20=F20*V1*V1/2,0
F2CsF2PHC-AIUiCllJ) /S-U(IV)*CT)**24(l , ( IV)4AI*U(IW) /S)**2) /2 .0XCsXfJ+AI*U( IV)/S4A12*U(IV)/(5*S3 

C * ^  = XOn4(-IJ(TV)KT4Vl42,0FAl*Vil/S-2.0*AI»L’(Ti*)FCl/S-Al*IJ(IU)/S
E3sE3+Al*U{IV)/S 

E4 = E1-AI*ll( l l l ) /S-H(IV)*CT 
F5 = E5+M*UUVf)/S4UUV)90 CONTINUE
2 3 ( K1 )sFO 
Z3(K2)sFC 
Z3(K 3) sFOO 

IKTs I J / 2 
IKTSIJ-2TIKT 
AKTsIKT+1

EAs 1 0 - V 2 ( k i ) * ( 1 o-V2(K1))-V2(K3)4V2(K3)/2.0FFs V2(K3)*(-1.O«2.0*V2(K1))
E X s (  VI »V1 »RU*llU)*FA/7 .0 + E O T P U * E F + ( E O * E O - E I ! » n i J )  * V 2 ( K J ) * V ? ( K 3 ) / 2 . 0  
E Z s ( E 4 * F 4  + E5 + F r> ) * ( 1 . C - V 2 ( K 2 ) 4 V 2 C K 2 ) * V 2 ( R 2 )  3 / 2 , 0  
F As f c A» V2 ( K3 )
FFsV2(K3)*FF
V(1 )=V(1)4AKT*F0*E0*E
V(2)sV(2)4AKT*FC*EC*5
V(3)sV(3)4AKT*D0*2.0*E0*F0*S
V(4)sV(4)4AKT*2.0*(l .0-n0)*F0G*F0C*S
V(5)sV(5)*AKT*(2.O*FC*PUtFA*F0*E0*EF.-PU*Eil*FE)*S
V(6)3V(6)+AKl*00*7.C’*(F()*oU*F.»fFr)4F0TFE/2.0)»S
V(7)sV(7)+AKT*(1,0- rC)*(Vl*Vl»( -V2(Kl) -V2(K33*V2(K3) /2,04l ,5*V2(K1 

1) ♦V2( K1) )+P1*F4*( -V2(K2)-V2(K3)*V2(K3)/2,04l . 5 ♦ V2( K2)**234E5*E5 
2*V?(K3)*V2(KJ)/2.04Vl*F4*(-V?(Kt3-V2(K23-V2(K3)*V2(KJ)MV2(Kl)4V2( 
3K?))*V2(Kl)4V2(K2)*V2(K2) )m*E5*(V?(K3)-V7(K?)*(2.0*V2(kl)4V2(K2)
1) ) + F4*E5*V2(K3)*( l .C-V2(Kl)-2.0*V2(K2)3)*S

V(7)sV(73 + AKT*(1.0-CC3*(Vl*Vl*2.0*V2(Kl)*(V2(K3)**2-V2(M)**2ME4* 
lE4»C-2.0 4V2(K23**3*V2(K33*V2(K3)*(V2(Kl)-)V?(K233)-Eb*Eb*V2(K3)*V2( 
2F3)*(V2(K134V2(K23)-m*F1*(V2(K2)MV2(K3)**2-V2(Kl)**2-V2(K2)**2) + 
JV7(Kl)*f3.n*V2(K33**2-V7(Kl)**2-V2(K23M2))4Vl*F5*V2(KJ)*(2.0*V2(K 
41 ) t *2-0.5*V2(K 3)**74V?(K1 ) * V2 ( K ? ) ) 4 F 4 *E5 ♦ V ? ( K ,3 3 * ( 2 . 0* V2 IK 2 3 **2-0 ,5 
5*V2(K3)**?4V2(K1)*V2(K2)))*S 

V(8)sV(8)4AKT*2.0*(C.5*(V14Vl»Bn*CU3Y(V2(K13Y(1.0-V2(Kl)4V2(Kl)*42 
1-1 ,5*V2(K 3)**2)*0.5*V2(KJ)**2)  fF0*PU♦( -V2( K3 ) * ( V7( K1 ) »0.5*V2(K3)** 
22-2.0*V2(Kl)M2))4(F0*En-H1J*eU)*V2(K13*V2C<3)*V?(K3)/2.0)*S 

V(9)sV(9)4AKT*2,0*F2*V2(K?)*S 
V(1O)sV(10)4AKT*2.O*CO*FX*V2(K2)*S
V (1 1 ) = V( I 1 )4AKr*2.0*C0*(n.5*(E4*F44E5*E5)*(V2(Kl )*(1 . 0 - V2 ( K2 3 4 V2 ( K 

12)**2-0.5*V2(K3)**2)*0.5*V2(K3)*V2(K3)*(1.0-V2(K7) )) )*S 
V(123sV(m-AKT*FT.*2 .0*(3 .0*Fl*El42 .0*Fl*(F?4F3)4E2*EJ)*(5**3)  
V(13)sV(l3)-AKT*FL*2.0*(El*Fl*(3.O*V2(K2)4V7(Kl)-V2lK2)4V2(k3)*CT) 

142.0*E1*(F2*E3)*92(K2)+F2*F3*V2(K2)+EI*E3*(V2(K1)-V2(K2)+V2(K3)*CT2) )*(S**3)
V(14)s V(14)4AKT*XO*XO*S*A1j 
V(15)s V(15)4AKT*XC*XC*S*AL 
V(16)sV(16)4AKT*2.0*C0*X0*XC*S*AL 
V(17) s V(173*AKT *2.0* ( 1,0-DO )*XOfl*XOC*S*AL 
V(61 ) s -F0*F:0*V2(K33 **2

ENERGY 131
ENERGY 132
ENERGY 1 33
FNERGY 134
ENERGY 135
ENEHGY 136
ENEHGY 137
ENERGY 1 3 a
ENERGY 139
FNERGY 140
ENEHGY 141
ENERGY 142
ENERGY 143
ENERGY 144
FNERGY 145
ENEHGY 146
ENERGY 147
ENFRGY 148
E NERGY 149
FNEHGY 150
ENFRGY 151
FNEHGY 152
ENERGY 153
ENERGY 154
ENFRGY 155
ENERGY 156
ENERGY 157
ENFRGY 158
ENFRGY 159
ENERGY 160
ENEHGY 161
FNFRGY 162
ENERGY 163
ENERGY 164
ENERGY 165
ENERGY 166
ENERGY 16)
ENERGY 168
ENERGY 169
ENERGY 170
FNERGY 171
ENERGY 1 72
ENFRGY 173
FNERGY 1 74
ENERGY 175
FNERGY 176
ENEHGY 177
FNERGY 178
ENERGY 179
ENERGY 180
FNERGY 181
ENFRGY 182
ENEHGY 183
ENERGY 184
energy 185

227



1 (K 2 ) )
V(65) = FO*nU*<2.0*r)0*V2(K3)*(1.0-V2(Km)
V(66) = U *V t* ( ( l . 0 -V 2 ( K l )> * ( V 2 (K l )  + CG*V2(KVl)+<).5*V2(K3)**2-l'7*(V2( 

1K1)+0,5*V2(K3)**2-1,5*V2(K1)**2))
V(67) = F4*E4*((1.0-V2(K2))*(V2(K2)*CO*V2(M))  + 0.5*DU*V2(K3)**?-D2*t 

1V2(K?}+0.5*V2(K3)**2-1.5*V2(K2)**2))
V(68) = F5*F5*((1.0-V2(K2))*(V2(K2)+r:0*V2(Kn)+0.5*l)0*V2lh3)**>’ + D2*V 

12(*3)*V2(K3)/2.0)V(69) = -Vl*F4*n?*(V2(Hl )* (1 .0 -V2(Kl ) -V2(K2n  + V7(K7)*(1.O-V2(K7)) + V2 
1(K3)**2)

V(70)=VI*E5*D2*V2(K3)*(1.0-2.0*V2(K1)-V2(*7))
V(71)=E1*F5*D2*V2(K3)*(1.0-V2(KI)-2.0*V2(17))
IF (ICN.FO.-IO) GO 1C 94
Ol = AK*(VF(Kl, l)  + 0 t 5*\ IF(K3, l )**2-0.5*VF(Kl ,1 )*VF(K3,1)**2)-AJ*(SF(K 

U ) -D 0 * S F (K 2 ) ) / (1 . 0  + rC*CO)
()2 = AK*(VF (K2,1)) - A J ♦ C SF ( K 2 ) -CO *SF ( K 1))  /  ( t . 0 + TO *1) 0 )
V(fl )=V(8)-AKT*EX*01 ♦£
V(9)=V(9)-AKT*FZ*C2*£
V(10)=V(19)-AKT*n0*EX*O2*S 
V(l l)=V(ll)-AKT*rO*FZ*Ql*S 
V(63) = V(63)+EO*Pll*V?(K3)*(Gl+U0*O2)
V(fi4) = V(64)-HU*PtJ*( t .0-V2CK 1) )♦(()!+00*02 J / 7 . 0  
V(66)=V(f i6) -Vl*Vl*( ) .0-V2(Kl) )*(<H+rO*Q2)/2.0 
V(67)=V(6 7)-F1*F4*( l .O-V2(K2))* (O2+C0*Ql ) /7.n 
V(68) = V(68) -E6*F5*n.O-V2(K2))*(O2  + CC*Cl) /2.0
V(J3) = V(13) + 2.0+AKT*H*(l: : i*El*(VF(K1,l)  + 2.0*VF(K? ,1)+VF(M, l)*CT) + 

lU*E2*2 ,0*VF(K2, l )  + F l » E 3 * ( V F m , l )  + VF(K2,1)+VF(K3,t)*CT) + F2*F3*VF( 
?K2,1))*(S**3)

94 CONTINUE 
ILL1 = ILI. 1 + 1
IF( ILL 1. F O . i .D R . I l l  1 .LT.O) GC TO 95 
GO TO 98

95 WRITF (6 ,4010)  TK K 1 , ( V (,1) , J  = 6 1, 71 ) ,  IK K I 
IKKUIKK1 + 4
1F( ILL1 .LT.O) IKKIslKKI-1 
ILL 1=0

98 TO 99 J = 61 ,71
99 V(J + 20) = V(.l+2O) + AKT*V(J)*S 

100 CONTINUE
110 CONTINUE 

EPCS=0.0 
FNFGsO.O 
no 130 1=1,17

TF'CV(I).GT.O.O) GC TO 120 
f. nfg=fnf;g+V ( I )
GO TO 130 

120 FPCS=FPUS+V(I)
130 CONTINUE

EPP=(2.0*(EPCS + feNFG)/(FP0S-ENFG)) *100.0
TFMP=(EPCS-FNEG)/7.0
PC 140 1=1,17

V ( T +17)=V(I)/TENF

ENEHGY 
ENEHGY 
FNEHGY 
ENERGY 
ENEHGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENEHGY 
ENEHGY 
ENEHGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
FNERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENERGY 
ENFRGY 
FNEHGY 
FNERGY 
ENERGY 
F NERGY 
ENFRGY 
FNFRGY 
FNERGY 
ENERGY 
ENERGY 
ENEHGY 
ENERGY 
FNERGY

189
190
191
192
193
194
195
196
197
198
199
200 
201 
202
203
204
205
206
20 7 
208
209
210 
211 
2 1 2
213
214
215
216
21  7 
218
219
2 2 0  
221 
222
223
224
225
226
227
228
229
230
231
232 
23 3
234
235
236 
2 37
238
239
240

140 V( l )  = V( I)*U/3.0 
WRITE (6,2030)
PC 145 1=81.91 

145 V(I+20)=V(I)/TENP 
WRITE (6,2000)
IF ( A l . F O . O . O )  GC TC 160 
IJ  = 0
WRITE (6,2010)  T J , 11(1),11(2),U ( 3 ) , I J
WRITE (6,7010)  I J , U ( 4)  ,11(5) ,U(6) , I J  
MNN=N2-6
PC 150 I = 7 , NNM, 3 

IJ=IU+1 
J=l+ 1 
K = 1 + 2 

K 1 = 1-6 
K 2 = J - 6  
K3=K-6
TFNP=V2(K1)+0,5*V2(K3)*V7(Kl)*(l ,0-V2(K1)+V2(K1)*V2(K1)-0.25*V2(K3 I ) * * 2 )

150 WRITE (6 ,2011)  I J , l ! ( I ) ,U (J ) ,U (K) ,73 (M ) ,Z 3( K2) ,Z3 (K 3) , TE MP ,V 2(K 2) ,  
Cl *J 

IJ=IJ+1 
J=I + 1 
K = I + 2
WRITE (6,2010)  I J , 1 J ( I ) , U ( J ) , U ( K ) , U  
IJ=IJ+1 
1 = 1 + 3 
J = I + 1 
K = I + 2
WRITE (6.2010) I J , U ( 1 ) , U (J ) , I J ( K ) , T J  
GO TO 180 

160 PENP=0.0 
I J  = 0
WRITF ( 6 ,7010) TJ ,U(1) ,PFMP,U(2) , r j

* WrTtF(6 ,?010)  TJ,U(3) ,BEMP,U(4) , I J
HNN=N2-4
DC 170 1=5,NUN,2
1 J = IJ + 1
J=I + 1
K l = ( I J - l ) * 3 - 2  
F 2 = K1+1 
K 3=K 1 + 2
TEMP=V 7 ( K1 )+0.5*V2(K3)*V2(K3)*( l . 0 - V2 ( K 1)■+V2 (K 1)*V2(K1 )-0.25*V2(K3 1) * ♦ 2)

170 W RITF (6,2011)  I J , 11(1),PEMP,U(J) ,Z3(K1),Z3(K2),7J(K3),TEMP,V2(K2),  Cl.)
I.J=I.J+1 
J = 1 +1
WRITE (8,2010)  I J ,U (1 )  ,BEMP,II(J) , I J  
IJ=IJ+1 
1 = 1 + 2 *3=1 + 1
bUITt (6,2010)  I J ,U (1 ) ,B EM P, U (J ) , I J

ENEHGY
ENERGY
FNERGY
FNERGY
ENERGY
ENERGY
ENERGY
FNFRGY
ENERGY
ENERGY
ENERGY
ENEHGY
FNEHGY
ENERGY
f n£rg!(
ENERGY
FNERGY
ENERGY
ENERGY
ENEHGY
ENERGY
ENERGY
FNERGY
ENEHGY
FNERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENFRGY
ENERGY
ENERGY
ENFRGY
ENERGY
ENFRGY
ENERGY
ENERGY
ENERGY
ENEPGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENEHGY
ENERGY
ENFRGY
FNERGY
ENERGY
FNERGY
ENERGY

241
242
243
244
245
246
247
248
249
250
251
2522̂ 3
254

257
258
259
260 
261 
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280 
281 
282
283
284
285
286
287
288
289
290
291
292
293 284 
295
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FNMLL = - R * n , * 5 U R T (  ) . C * ( 1 , 0 - P 0 * C0 ) ) / ( 1 . O - C C * DO) 
P E MP s O , 0  
WRI TE ( 6 , 2 0 3 0 )

ENEHGY
FNERGY
ENERGYWRI TE ( 6 , 2 0 ) 0 ) ENFRGY

WRI TF ( 6 , 2 1 1 1 ) ENERGYWRI TE ( 6 , 2 1 1 0 )  
y ( 4 0 ) = y ( l 2 ) l V ( 1 3 )

ENERGY
ENERGY

V ( 4 1 ) s V ( 2 9 ) - f V ( 3 0 ) ENFRGY
WRI TE ( 6 , 2 1 2 0 ) ENERGY
WRI TE ( 6 , 2 1 3 0 )  V ( 1 2 ) , V ( 1 3 ) , V ( 4 0 ) ENERGY
WRI TE ( 6 , 2 1 3 0 )  V( 2 9  ) , V ( 3 0 ) , V( 4 1 ) ENERGY
WRI TE ( 6 , 2 0 3 0 ) ENFRGY
WRI TE ( 6 , 2 1 1 1 ) ENFRGY
WRI TE ( 6 . 2 1 4 0 )  
V ( 1 2 ) s V ( I ) » V ( ] ) / 2 . Q

ENERGY
ENERGY

V ( 1 3 ) s V ( 2 ) t V ( 3 ) / 2 . 0 FNFRGY
V ( 2 9 ) s V ( 1 8 ) + V ( 2 0 ) / 2 . C FNERGY
V ( 3 0 ) s v ( 1 9 ) + V ( 2 0 ) / 2 . C ENFRGY
V ( 4 0 ) s V ( 1 2 ) + V ( 1 3 ) + V ( 4 ) ENERGY
V ( 4 1 ) = V ( 2 9 ) 1 V ( 3 0 ) + V ( 2 1 ) FNFRGY
WRI TF ( 6 , 2 0 3 0 ) ENERGY
WRI TE ( 6 , 2 1 5 0 ) ENFRGY
WRI TE ( 6 , 2 1 6 0 )  V ( 1 2 ) , V ( 1 3 ) , V ( 4 ) , V ( 4 0 )  
WRI TE ( 6 , 2 1 6 0 )  V ( 2 9 ) , V ( 3 0 ) , V ( 2 1 ) , V ( 4 1 )

ENFRGY
ENFRGY

V ( 1 ) s V ( 5 ) * V ( 6 ) / 2 . 0 FNERGY
V ( 2 ) = V ( 6 ) / 2 . 0 FNERGY
V ( 3 ) = V ( 7 ) FNERGY
V ( 1 8 ) s V ( 2 2 ) + V ( 2  3 ) / 2 . 0 ENFRGY
V ( 1 9 ) s  V ( 2 3 ) / 2 , 0  
V ( 2 0 ) s V ( 2 4 )

ENERGY
ENERGY

V ( 4 0 ) s V ( l ) + V ( 2 ) + V ( 3 ) ENERGY
V ( 4 t ) s V ( l R ) + V ( 1 9 ) f V ( 2 0 ) ENERGY
WRI TF ( 6 , 2 1 7 0 )
WRI T E ( 6 , 2 1 8 0 )  ( V ( I ) , I s 1 , 3 ) , V( 4 0  ) 
WRI TF ( 6 . 2 1 8 0 )  ( V ( I ) . I s t R , 2 0 ) , V ( 4 1 )  
V ( 4 ) s ( V ( 8 ) t V ( l O ) ) / 2 , 0

ENERGY
ENERGY
FNERGY
ENERGY

V ( 5 ) s ( V ( 8 ) * V ( 1 1 ) ) / 2 . C  
V ( 6 ) s ( V ( 9 ) + V ( l l ) ) / 2 . 0

ENERGY
ENFRGY

V ( 7 ) s ( V ( 9 ) + V ( 1 0 ) ) / 2 . 0 ENERGY
V ( 2 1 ) = ( V ( 2 5 ) * V ( 2 7 ) ) / 2 . 0 ENERGY
V ( 2 2 ) = ( V ( 2 5 ) + V ( 2 8 ) ) / 2 . 0 ENERGY
V ( 2 3 ) s ( V ( 2 6 ) + V ( 2 8 ) ) / 2 . 0 ENERGY
V ( 2 4 ) s ( V ( 2 6 ) f V ( 2 7 ) ) / 2 . 0 ENERGY
V ( 4 2 ) = V ( 4 ) » W ( 5 ) + V ( 6 ) 1 V ( 7 ) ENERGY
V ( 4 3 ) = V ( 2 1 ) 1 V ( 2 2 ) + V ( 2 3 ) + V ( 2 4 ) FNERGY
WRI TE ( 6 , 2 1 9 0 ) ENFRGY
WRITE ( 6 , 2 2 0 0 )  ( V ( 1 ) , I s  4 , 7 ) , V( 4 2 )  
WRI TE ( 6 , 2 2 0 0 )  ( V ( I ) , I  = 2 1 , 2 4 ) , V( 4 3 )  
V ( l ) s V ( l H V ( 4 ) * V ( 5 )  
V ( 2 ) = V ( 2 ) + V ( 6 ) + V ( 7 )

ENFRGY
ENFRGY
ENERGY
ENERGY

V ( 1 8 ) s V ( l R ) i V ( 2 l ) + V ( 2 2 ) ENERGY
V ( 1 9 )  = V ( 1 9 )  + V ( 2 3 M V ( 2 4 ) ENERGY
V ( 4 0 ) s V ( 4 0 ) t V ( 4 2 ) FNERGY

298
299
300
301
302
303
304
Hi307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
3 2 5
326
327
328
329
330
331
332
333 
3 34
335
336
337
338
339
340
3 4 1
342
343
344
345
346
347
348
349
3 5 0

V(41)=V(11)*V(13)
WRITE (6,2210)
WRITF (6,2220)
WRITE (6,2230)  ( V ( I ) , 1 = 1 ,3 ) ,V ( 4 0 )
WRITE (6,2230)  ( V( I ) ,  I s 1 8 , 2 0 ) , V(41)
WRITE (6,2210)
V(14) = V(14MV(16) /2 .0  
V(15)=V(15)4V(16)/2.0 
V(16)=V(17)
V (3 1) = V (J l ) lV (3 3) / 2 .0  
V(32)=V(32) lV(33) /2.C 
V(33)=V(34)
V(10)sV(11)4V( l5)«V(lb)
V(41) rV( )l )+V(32)*V(33)
WRITE (6,2240)
WRITE (6,2250)  ( V ( I ) ,  I s  1 4 , 16 ) ,  V(10)
WRITE (6,2250)  ( V( I ) , I s 3 1 , 3 3 ) , V(41 )
WRITE (6,2030)
WRITE (6,4020)
WRITE (6,  1030 ) ( V ( I ) ,  I s R l ,86}
WRITE (6,  1030 ) (V(T ) , I s 1 0 ) ,106)
WRITE (6,1010)
WRITE (6,4050)  ( V ( T ) ,  I s«7 ,91)
WRITF (6,4050)  ( V(1 ) , I s (07,11 I )
WRITE (6,2030)
WRITE (6,2930)
WRITE (6,2260)  ERR
WRITE (6,2270)  FI., FN , THI'CL
WRITE (6,2030)
RETURN

2000 FCR MAT ( 1 HO, IHNCCF , 9X , J HI), t 3X , 1HV . 1 4X , 1HW , 1 2 X , 5RF0 ( S) ,  1 OX , 5HF0 (5 ) , 
C9X,6HF0(1(S) ,1 OX ,5HFC(F) , I OX , 5 HECJ ( F ) ,8X,4RNOnF)

2010 FORMAT (1H , J X , I 3 ,3 ( E 1 3 . 6 ,2 X ) ,7 5 X , I 3 )
2011 FORMAT (111 , I X , I 3 , 8 ( E 1 3 , 6 , 2 X ) , I 3 )
2111 FORMAT (1110)
2030 FTRKAT ( 1 110 , 6X , 1 OOH- - - - - - - - - - - - - - - - - - - - - - - -

. . . . . . . . . .  . . . »  )
2010 FORMAT ( lH0, lOX,l lHFC(f i)*E0(S),7X. llHEC(£)+FC(5) ,4X,16H24D0*E0(S)4 

OEO(S) ,7X.22H2*< l-CO ) *EOQ(S )♦£ 00 (S ) ,2X ,5HTUTAl )
2050 FORMAT (111 , 9 X , 3 ( F12 ,4 ,6 X ) ,  3 X , E 1 2 . 4 , 6 X - E 1 2 , 4 )
2 0 feO FORMAT (1H0,6X,15HFf! (r ,Sm0(F.S) ,4X,15HEn(F,MtEO(F ,S) ,4X,20H2»i ;0  

C*F0CF,5)*Fii(F ,S)  ,2X,26H24(l-rO)*FOC(F ,S)4For(F ,S),?X,5H'ICTAI, )
2070 FCPMMUM ,7X, 1 (E12 .4 ,7X) .3X,E12 .4.16X,E12.4)
208 0 FORMAT (1II0,8X, 15M2 ♦ F 0 ( F ) *F0 ( F, S ) ,  4X , 15H2 *00 ( F ) *Ell( F , S ) ,  4 X, 1 8H2*C0 

C*EO(F.S)*F:n(F), IX. 1 F):2*nn'»FC(F,5) lF0(F),4X,5inrTAL )
2090 FORMAT (HI ,9X, 3(F1 2 .1 ,7 X) ,4 X,E1 2 .4 , 7X ,E17 .4 )
2100 F C R “ A T ( 1110,1 OX, 1 1 H> C ( S ) *X0 ( S ) ,  7X , 11HXC IS ) *XG (6 ) ,  IX , 1 6112 *00* XO (5 ) * 

CXC(S) ,2X.22H2*( 1-L'O) 4X00(5)4X00 (S) ,2X,5FTOTAr )
2110 FORMAT flMO,30X,11HLCAP POTENTIAL )
2120 FORMAT (1110, 20X , 7HP*0 V (S) , 8X , 9HP*0V ( F , S ) ,  1 OX , 5HTCTAL )
2130 FORMAT (111 , 1 RX , E 12 . 1,  1X , F 12 . 1 ,  7X , F1 2 .1)
2140 FORMAT ( 1110 , 40X , 2 8HSTRESS*STP A1N MCMF NT *OUR V . )
2150 FORMAT (1 MO, I OX,11HAC(5 ) *E0(S ) , 7X,1 1 HNG( S) *F0( 5 ) , 6X, 1 3HN0U( S ) *EOC(

CS) , 5X, 5HTMTAL )
2160 FCRM AT (111 , 9X , 1 ( El 2 . 4 , 6X))

ENERGY 351
ENERGY 352
FNERGY 353ENERGY 354
ENFRGY 355
ENERGY 356
ENEPGY 357
ENFRGY 358
ENERGY 359
ENERGY 360
ENFRGY 361
ENFRGY 362
FNERGY 363
ENERGY 364
ENERGY 365
ENERGY 366
ENFRGY 367
ENERGY
ENERGY 369
ENERGY 370
TNERGY 371

NERGY 372
FNERGY 373
ENERGY 374
FNERGY 375
ENFRGY 376
ENERGY 377
ENERGY 378
ENERGY 379
ENERGY 380
ENERGY 381
ENERGY 3R2
ENFRGY 383
ENERGY 384
FNERGY 385
ENERGY 386
FNERGY 387
ENERGY 388
ENERGY 389
E NtRG Y 390
ENERGY 391
FNEHGY 392
ENERGY 393
FNFRGY 394
ENERGY 395
FNERGY 396
FNFRGY 39 7
ENERGY 398
FNFRGY 399
FNERGY 400
ENEHGY 401
FNFRGY 402
ENERGY 403
FNERGY 404
ENF HGY 405
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2190 FORMAT (1110, 10X, HHMC jF}*F0(F,S)  ,5X, ) 3HF C ( F , .9 1 ♦ F 0 ( F ) , 5 X , 1 JHUntF ) * F.
CG(F.S),5X,1 3HMO(F,S)4FO(F).5X,5HTCTA1 )

2200 FOM&AT ( I I I  , 10X,5(E12.4,6X)1
2210 KORMAT(1MO,12X,BOH- - - - - - - - - - - - - - - - - - - - - - - -

C.......................................................................  )
2220 FORMAT (1110, 3X .9HSUP TOTAL . 3X , 11 HNO*F 0 , ( F , S) ,6 X , 1 1 HNOtFX , (K,S) ,  6X , 

Cl3FNOC*FOO,( F , S ) ,6  X.5HT0TAL )
2230 FORMAT (1H . 1 4 X . 4 ( F. I 2 , 4 . 6 X ) )
2240 FORMAT( 1110,1 OX, 1 1HMO( S )* X0 ( S) ,5X, 11 HN0 ( S) *X0(5) ,6X, 1 3HM0T ( S ) * X OC ( S 

C ) , 7 X . 5 H T C T A L )
2250 FORMAT (111 ,9X , 4 ( F 12 . 4 , 6 X ) )
2260 FCRMATdH , 90X, 16HFNE RGY FRPOR IS ,F7.3 ,9H PFP CFHT )
2270 FORMAT (1 H 0 , 2 0 X , 14HCF1TICAL LC ADa, F 16. F , 3 X , 6HP*r/F =, F. 16. 8 , 3X , 8HPN/P 

CCL s 4E16.R)
4000 FORMAT ( 1H0,1X,4HFCUE ,.)X,5I!E1 + E1 ,5X .5FFl*F7,fiX, 11'F I *B , 7X, 3111!*R , 6X , 4 

CHE?*B,5X,5HV1*V1, 5 X , 5 HFJ14F 1, 5 X , 5IIF6 *F 5 , 5 X , 5MV 1*F 4 , 5X , 511V 1 *E5, 5X , 5H 
CF4»F5, 3X,4HNC1)F )

4010 FORMAT C1H ,2X. I2 ,2 X.11 (F9 .3  1X).1X,12)
4 0 20 FORMAT ClH0,10X,?fiFl*El , t0X,5HFt*F2, l1X,4HF1*P,1 7X, 3HB*B,1 1X, 4HK2 * 

CH, 10X,FHV1*V1)
4030 FORMAT ( IH . 6 X, 6 (El 2 . ft, 3X))
4040 FCPMAT(1HO,10X,5RF4*F4, lOXr 5HF;5*F5,10X,5PVl*E4, 1 OX , 5HV1*F5,1 OX, 5PE 

C4*F5 )
4050 FORMAT (1H , 6X . 5 ( E1 2 . ft , IX ) )
5000 FrRMAT(lHO,3X,l6M.F.F.  VO I) MO , t OX , 3 KU *0 , 1 0 X , 3HIIPO , 1 OX , 3 HUPO , 10 

CX.4HL.F. )
5010 FORMAT (111 ,16X,5(F10 .4 ,  3X ) , 4 X , I 3HFNE RG Y FRRGR= , F7 . 3 ,1 X , 8HPER CEN 

CT)
5015 FORMAT (1H , 16X , 5 ( E1C . 4 , 3X ))
5020 FORMAT (HI ,16X,5(F1C.4,3X1)
5030 FORMAT (1H , 3 X , 1 6 HT . F . F. . VI IJMO , 10 X , 3HUMn , 1 0 X , 3HHB0, 1 0 X , 3HUPC , 1

C0X.4HL.P. )
5040 FORMAT (tHO,IX,18RTFE DF LT A VO UM0 ,1 OX , 3MOMO , 1 OX , 3HUR0,1 OX , 3HUBC , 

"10X,4Ml .F. )
END

ENERGY
FNERGY
ENERGY
ENEHGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENFRGY
ENFRGY
ENERGY
FNERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNERGY
ENERGY
FNERGY
ENERGY
ENERGY
F'NERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
ENERGY
FNFRGY
ENERGY
ENERGY
FNERGY
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111
4 1 2
4 1 3
414
415 
4)6
417
418
4 1 9
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
4 3 6
437 
4 38
439
440
441
442
443

CORRECT I (1*1 TPFNTS APE LISTFD IN CHRCNGLCCICAL CFTER CJF 1NSFRTJON

SPHERF FNCPTH 1MFPFT LEGEND REDUCE FFPTPN
TPEV01 VCLDIS FVA1.FN FNDRHS F N T H H 2 FNDI.H5
FDDATA FUM'VEC SLV1.TR DIRITR 1NVITP SNDPHS
CONTRL PRCDUC MAC7P M A C 7 C HCCND M C N A V E

CNVPGE 1MPKVE
STPNCP PCKSIIH
SNCLHS C RT HOG
ENERGY

;CKS AFF LISTED IN THE ORDER OF TPFIR OCCURRENCE CM A NFV Pprc-RAM LIHPARY IF CNE IS CREATED BY THIS UPDATE

YANKSSS
1MPRVE
PCKSIIP
CRTHOG

3FHFFF 
TFFV01 
FCTAT A 
CC NT RL

FNCFTH
VCI.DIS
FUNVFC
ppcduc

1MFRFT
evalfn
SLVITR
MAC7H

LEGFNC 
FNCRHS 
DI F I I F 
MAC7C

REDUCE 
FNCPH2 
1KV IT R 
HCCND

PERT BN 
FNULHS 
SNDRHS 
NOhAVE

cnvrge
STRNCP
SNCLHS
ENERGY

DECKS kRTTTFN TO CCMPILE FILE
SPHERF FNDPTH
T PE VO 1 v c i m s
FDDATA FUNVFC
c n N I R L PRCnilC

IMFRFT LEGEND PFDIICF
EVALFN FNDPHS FNDRH2
SLVITR DIRITR INVITR
MAC7P MAC7C PCCND

FFPTPN CNVRGE IMPRVE
ENDLPS STPNCP BCKSUH
SM CPI'S SNCLHS CRTHOG
NTKAVK FNERGY

I III.' L'FCATE PFQUIPEC 
AND

25100B hCRDS CF SCM 
07O00P WORDS OF LCM.
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