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Theorie des groupes/GroM/; Theory

Quotients of group rings arising from two-dimensional
representations

Nigel BOSTON, Hendrik W. LENSTRA Jr. and Kenneth A. RIBET

Abstract — Suppose that p G—> Aut tV is an absolutely irreducrble two-dimensional representa-
tion of a group G over a field k Let W be a vector space over k, and σ G —> Autt W a representa-
üon such that σ g is anmhilated by the charactenstic polynomial of p g, for each g e G Then we
prove that the k [G]-module W is isomorphic to a direct sum of copies of V This estabhshes the
semisimplicity of some mod p Galois representations which occur naturally m the Jacobians of
Shimura curves

Quotients d'algebres de groupes provenant de representations lineaires
de dimension 2

Resume — Sott p . G—>AuttV une representation absolument irreductible, de dimemwn deux, d'un
groupe G sur iin corps commutatif k Soit W im espace vectonel sur k, et soit σ G-> AutkW une
representation avec la propnete suivante pour tout element g de G, σ g est annule par le polyndme
caractenstique de p g Alors, on demontre que W est isomorphe, en tant que k[G]-module, a une somme
directe de copies du module V On en deduit la semi-simphcite de cerlames representations modulaires
du groupe de Galois Gal(Q/Q) qui apparaissent de facon naturelle dans les jacobiennes des courbes de
Shimura.

Version frangaise abregee — Notre resultat principal est le theoreme suivant :

THEOREME. — Soit p : G —> Aut^ V une representation absolument irreductible, de dimension 2,

d'un groupe G sur un corps commutatif k. Soit W un espace vectonel sur k, et soit

σ : G—> AutfcW une representalwn ayant la propnete suivante : pour tout element g de G, σ g

est annule par le polyndme caractenstique de p g. Alors, W est isomorphe, en tant que k[G]~

module, ä une somme directe de copies du module V.
Soit k un corps commutatif. Une Involution d'une £-algebre E est un homomorphisme de

£-espaces vectoriels * : £ - > · £ tel que x** = x et (xy)* = y* x* pour χ, j e E.

Soit V un espace vectoriel sur k de dimension 2. Soit * l'involution « principale » de la

&-algebre EndkV, caracterisoe par Pequation / + / * = » / pour /eEnd^V. (On note tr,

det : EndfcV-»^ la trace et le determinant.) On a ff* = det f, t r / = t r / * , d e t / = d e t / * , et

/"' - (tr / ) / + det / = 0 pour tout / e Endk V.

La representation p induit un homomorphisme de £-algebres k [G] -> End^ V, note

encore p. On ecrira simplement tr, det pour les applications tr°p, det°p : k[G]->k.

Soit J l'ideal bilatere de k[G] engendre par {g2-(üg)g + det g : geG}, et soit R=£[G]/J.
On a Jcfcerp, d'ou une application R-^EndftV que Γόη appellera encore p. Les applications

tr et det induisent des applications tr, det : R -»· k.

PROPOSITION 1. — // extste une mvolution * de R teile que

(p x)* = p (χ*), χ + x* = tr χ, χχ* = det χ pour tout χ e R.

Demonstration. — Pour geG, soit g*=g~1 .detgek[G\. Les equations (gh)* = h*g* et

det£* = det£ montrent que * se prolonge en une mvolution * de k[G}. On a p (x*) = (px)*

pour tout #e£[G], comme on voit par linearite en prenant d'abord x=geG.
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De gg* = detg et g2 — (trg)g + detgej, on voit que g+g* = trg (mod J) pour tout geG.

Ceci donne, encore par linearite, la congruence x + x* = trx (mod J) pour xe£[G]. On a, en

particulier, J* = J, d'ou une Involution * sur R teile que p (*·*) = (p Λ·)*.

On vient de demontrer la formule x + x* = trx, pour xeR. On a, de plus, xx* = detx

pour tout xeR. En effet, l'identite (x + y) (x + y)* = xx* + yy* + tr (xy*) dans R, et l'identite

correspondante dans Endk V, montrent que l'ensemble { χ e R : xx* e k, et xx* = det χ } est

stable sous l'addition. Comme cet ensemble contient tout ^-multiple d'un element de G, il

comcide avec R.

Ceci demontre la proposition 1.

Par un calcul evident, la proposition implique l'identite x2 — (tr χ) χ + det χ = 0 pour tout

xeR. On remarque egalement qu'un element x e R commute ä x*, puisque x + x* = trxek.
En utilisant l'identite xx* = detx, et la multiplicativite de det, on voit maintenant que xeR
est une unite de l'algebre R si et seulement si det x est non nul; cette derniere condition est
satisfaite si et seulement si px est une unite de End^V.

PROPOSITION 2. — Si Γ homomorphisme έ [G] — »· End^ V est surjectif, alors l'apphcation

R -> Endfc V quil mdmt est un tsomorphisme.

Demonstration. — II suffit de demontrer l'injectivite de l'application R-»-EndkV, car son

image est celle de k [G] ->· End t V.

Soit x e R tel que p x = 0. On a x — — x*, puisque tr x = 0. Pour tout y ε R, on en deduit

yx — —yx*. Comme on a egalement xy*+yx* — tr(xy*') = 0, on trouve yx = xy*. Ceci donne,

pour y, zeR, les egalites yzx =yxz* = xy* z* = x (zy)* = zyx, qui entrainent (yz — zy) x = Q.

L'ideal ä gauche Annx={reR : rx = 0} de R contient donc l'ensemble {yz — zy : y, a e R } .
Ceci montre que Ann x est un ideal bilatere de R, et que son image p (Ann x) est un ideal
bilatere de EndkV qui contient {ef-fe : e, /eEnd f e V}. Or, EndkV est un anneau non
commutatif sans ideal bilatere non trivial. On a alors p (Ann x) = Endfc V, et, en particulier,
on peut trouver weR tel que p w = l et /w = 0. Comme on l'a remarque ci-dessus, m est
forcement une unite de R, ce qui implique la nullite de x. La demonstration de la proposition
est donc achevee.

On va demontrer maintenant le theoreme. Par Hypothese, l'ideal J est contenu dans le
noyau de l'homomorphisme k [G] -» End t W. L'espace vectoriel W est alors, de fa9on natu-
relle, un R-module. Comme p est absolument irreducrible, l'application k [G] -> EndfcV est
surjective, et par la proposition 2, eile induit un isomorphisme RfsEnd^V. II est bien connu
que tout Endfc V-module est somme directe de sous-modules isomorphes ä V. On en deduit
le theoreme.

Le texte anglais contient une application aux courbes modulaires et donne quelques exem-

ples complementaires.

1. INTRODUCTION. - In this Note we prove the followmg theorem.

THEOREM l. — Suppose that p : G -> Autft V is an absolutely irreducible two-dimensional

representation oj a group G over a field k. Lei W be a vector space over k, and let

σ : G-»· Autk W be a representalion such that σ g ü annihilated by the characteristic

polynomial of p g, for each g eG. Then the k [G]-module W is isomorphic to a direct sum

of copiex of V.
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The theorem becomes false if the hypotheses are relaxed m vanous ways, for example
if three-dimensional representations are considered instead of two-dimensional representa-
tions (§ 5)

Representations satisfymg our anmhilation condition occur naturally m the study of
division pomts of Jacobians of modular curves (§ 3) For example, let J be the Jacobian
of the Shimura curve over Q which is associated to a maximal order m a rational
quatermon algebra whose discnmmant is the product of two pnme numbers This
abelian vanety comes equipped with a commutmg family öl Hecke operators T„ e End (J),
indexed by the positive integers These operators generate a subrmg T of End (J) which
has fimte mdex m End (J) and which is free of rank dim J over Z To each maximal
ideal m of T we may attach (i) a canonical two-dimensional semisimple representation V
of Gal(Q/Q) over the field T/m, and (n) the kernel W = J[m] ofm onJ(Q) The
Eichler-Shimura relation for J shows that the charactenstic polynomial condition of the
theorem is sausfied Hence the representation W is a dnect sum of copies ofV
whenever V is absolutely irreducible In [5], the third author constructs a senes of
examples where V is absolutely irreducible and W has dimension 4 In that case, we
have an isomorphism of representations W χ V φ V

2 PRINCIPLE OF THE PROOF - The action of G on W may be mterpreted äs a

homomorphism k [G] ->· Endt W The hypothesis on W states that this homomorphism
is trivial on the two-sided ideal J of k [G] generated by (g-2-(trpg-)^ + det p g geG}
Hence W is naturally a module over the ring R = k [G]/J

Analogously, the action of G on V may be mterpreted äs a homomorphism
λ R -> End t V Smce the representation V is assumed to be absolutely irreducible, λ is
surjective We prove that λ is m fact an isomorphism, so that W may be viewed äs a
module over Endk V Smce all Endt V-modules are isomorphic to direct sums of copies
of V, the theorem then follows

To prove that λ is mjective, we consider the Involution of k [G] whose restnction to G
is the map gi->(detpg)g~1 We show that this Involution descends to an mvolution *
of R which mimics the mam mvolution of End t V m the sense that we have χ + χ* = tr λ χ
and χχ* = ά&1λχ for x e R Usmg this mvolution, and the surjectivity of λ, we prove
that λ is mjective For more details, see the "Version francaise abregee"

3 JACOBIANS OF MODULAR CURVES - Let N be a positive integer Let X0 (N) be the

fa b
modular curve over Q associated w ith the subgroup Γ 0 (Ν) = sO (modN)

of SL(2, Z) For ηΞ>1, let T„ denote the «th Hecke correspondence on X 0(N)
Abusmg notation, we write agam T„ for the induced endomorphism T* of the Jacobian
J 0 (N)ofX 0 (N)

Let R be the subrmg of Er>d (J0 (N)) generated by the Hecke operators T„ with n pnme
to N The theory of nev forms shows that E = R ® Q is a product of totally real
algebraic numbers fields t a and that the degrse [E Q] is the number of (normalized)
newforms of weight 2, trivial character, and level dividing N The ring R itself is an
"order" m E, it is a subrmg of fimte mdex m the product Θ = Π 0„ of the integer rings

of the EK

Suppose that p is a maximal ideal of the ring R and let F = R/p be its residue
field Thus F is a fimte field, say of charactenstic p As is well known, there is a
semisimple two-dimensional F-lmear representation pp of Gal (Q/Q), charactenzed up to
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isomorphism by the following properties:
(i) The representation pp is unramified outside p and the prime numbers dividing N;

(ii) For / a prime not dividing Np, and φ, e Gal (Q/Q) a Frobenius element for /, the
element ρρ(φ/) has trace T;(mod p) and determinant /(mod p).

To construct pp, one may note that the ring R operates faithfully on the abelian
variety A : = f | J 0 (M)n e w, where J 0 (M)n e w is the new subvariety of J 0 (M). The dimen-

M | N

sion of A is the degree [E : Q], and the decomposition of E into the product Π Εχ

decomposes A, up to isogeny, äs a product of abelian varieties with "real multiplication"
by the factors Ea. In particular, the Qp-adic Täte module Y/"p of A is free of rank 2
over E (g) Qp. Choose an extension ß̂ of p to &, and let E^ be the completion of E
at φ. The vector space i^^ : = ^ P ® E ® Q E<p is a two-dimensional representation of
Gal (Q/Q) over E<p, unramified outside p N, which has a property similar to (ii)
above. Namely, the E^-linear trace (resp. determinant) of φ, acting on ^ ^ is T, (resp. l),
for / prime to N p. This follows froni the Eichler-Shimura relation for T, ([7], 7.5.1),
together with the invariance of T, under the Rosati involution on End (J0 (N)). (For
more details on this latter point, see for example [7], Chapter 7.)

By "reducing" this representation mod *ß, one obtains a semisimple representation ρφ

of Gal (Q/Q) over &/^ß with properties analogous to (i) and (ii). More precisely, choose
a model for the representation ^ over the completion of (9 at $ , reduce mod Iß, and
then semisimplify. The Brauer-Nesbitt Theorem implies that the resulting object does
not depend on the model chosen (cf. [6], §3.6). Since the traces and determinants
of p φ are elements of the subfield F of &/Φ, and since the Brauer group of a finite field
is trivial, ρφ has a model over F (cf. [1], Lemme6.13). This is the desired repre-
sentation p r

The Brauer-Nesbitt Theorem and the Cebotarev Density Theorem imply that pp is
unique up to isomorphism.

Suppose now that T is the commutative subring of End (J0 (N)) generated by all T„
with n 3: l. We have T 2 R. Let m be a maximal ideal of T, let k be the residue field
of m, and let p be the characteristic of k. Let p = R Π m. Then the representation
pm : = p (g)F£ js a semisimple two-dimensional representation of Gal (Q/Q) over k with
properties analogous to (i) and (ii). Our aim is to compare pm with the "kernel" of m
on J = J 0(N), i.e., the group J[nt] : = { x e J 0 ( N ) ( Q ) ^ x = 0 for all μειπ} of/»-division
points on J. The Eichler-Shimura relation for J shows that each Frobenius element φ,
(with / prime to N » is annihilated by the polynomial X 2 - T , X + / on W, i.e., by the
characteristic polynomial of φ, in the representation pp. Accordingly, by Theorem l, we
have

THEOREM 2. — Suppose that pm is an absolutely irreducible representation of Gal (Q/Q)
over T/m. Then the representation J[m] is isomorphic to a direct sum of copies of pm.

Remarks. - l. Theorem 2 strengthens a result of B. Mazur ([2], p. 115) to the effect
that the semisimplification of J [m] is a direct sum of copies of pm, when the latter
representation is irreducible. It is to be noted in this connection that if pm is irreducible
and p is odd, then pm is absolutely irreducible. Indeed, this implication follows from the
fact that the image under pm of a complex conjugation in Gal (Q/Q) has the Fp-rational
eigen values + l and — l, which are distinct if p is odd.

2. Under an assortment of mild hypotheses, J [m] is in fact of dimension two ([2], [4],
[3]). Whenever this is so, Mazur's result shows that J [m] and pm are isomorphic,
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provided that the latter representation is simple. Hence Theorem 2 gives no new
Information in such cases. When we replace J by the Jacobian of a modular curve other
than X0 (N), however, we find a larger class of instances where Theorem 2 gives new
Information. For example, Theorem 2 generalizes immediately to the Situation where
Γ 0 (N) is replaced by its analogue in the group of norm-1 elements in a maximal order
in an indefinite rational quaternion algebra of discriminant prime to N. The case
where N = l and where the quaternion algebra ramifies at exactly two primes is discussed
in [5] and alluded to in Section l above. As we mentioned in Section l, [5] exhibits a
class of maximal ideals m for which pm is absolutely irreducible, but where J [m] has
dimension 4 over T/m. The result of Mazur cited in Remark l implies in those cases
that J [m] can be written, up to isomorphism, äs an extension of pm by pm. The analogue
of Theorem 2 implies that the extension is in fact trivial.

Similarly, a variant of Theorem 2 holds in the case where X0 (N) is replaced by the
modular curve X : (N).

4. φ-ADic REPRESENTATIONS. - The discussion of Section 3 suggests abstracting some
of its arguments to the following Situation.

Let f be a two-dimensional continuous representation over a finite extension E of Q
of a compact group G. Let & be the "integer ring" of E, and let φ be the maximal
ideal of (9. Then there exist 0-lattices in -f which are G-stable. This implies, for each g
in G, that the characteristic polynomial P9(X) associated to the Ε-linear action of g
on ·Ϋ~ has coefficients in &. Further, if £f is a G-stable 0-lattice in -f, the vector
space Jzf/φ <£ is a two-dimensional representation of G over (Ρ/φ, whose semisimplifica-
tion is independent of the choice of <£. Let V be this semisimplification. Thus V is
the "reduction" of "t" mod ty, and the characteristic polynomials associated to this
representation are the reductions P9 (X) of the P9 (X) mod φ.

Suppose now that R £ 0 is a Z^-subalgebra of Θ which contains the coefficients of all
polynomials P,(X), and let p = Rf ! $. Then R/p is a subfield of the finite field 0/φ
which contains the coefficients of the polynomials Pg (X). Accordingly, by the argument
mentioned above, V has a model V over R/p; this is a two-dimensional representation
of G over R/p.

Finally, suppose that ,M is an R [G]-submodule of V, and let ~W = JK/p Jf. By the
Cayley-Hamilton Theorem, M is annihilated by the operators Pe(g)· Therefore, W is
annihilated by each Pg(g). From Theorem l, we conclude:

THEOREM 3. ~ In the Situation described above, suppose that V is absolutely
irreducible. Then W is a direct sum of copies of V.

5. COMPLEMENTS. — Theorem l becomes false if three-dimensional representations are
considered instead of two-dimensional representations. To see this, we note that the
alternating group A4 of order 12 has, over any field k of characteristic different from 2,
exactly one absolutely irreducible three-dimensional representation p : G —> Autt V, up to
isomorphism. The characteristic polynomials of the elements of order I, 2, 3 of A4 in
this representation are ( X - l ) 3 , (X 2 -1)(X+1), X 3 - l , respectively. Therefore any
/c[G]-module W satisfies the hypothesis of the theorem, but not every W is isomorphic
to a direct sum of copies of V.

Furthermore, Professor R. Solomon has pointed out to us that Theorem l becomes
false if one allows the dimension of V to be arbitrary, but requires the semisimplification
of W to be isomorphic to a sum of copies of V. Indeed, let G = PSL(2, F u ) and let H
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be a subgroup of G of index 11 m G Consider the permutation representation of G
on G/H over the field k = ¥2, and let V be the trace-zero subrepresentation of this
permutation representation Thus V has dimension 10 over k

The representation V is the unique irreducible in a 2-block of defect l for G This
means that the prmcipal mdecomposable module for this block is a nonspht extension W
of V by itself However, W satisfies the annihilation hypothesis of Theorem l relative
to the charactenstic polynomials of V Indeed, let g be an element of G, and let n be
the order of g If n is odd, W sphts äs a k [<( g )]-module by Maschke's theorem If n
is even (i e, n = 2 or 6), a direct check shows that X" - l divides the charactenstic
polynomial of g- on V
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