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Part I. The global growth rate

1. Introduction

1.1. Motivation. In this paper we analyse and solve a variational problem that has
been found by Greven and den Hollander [10] in a study of population growth in a random
medium. We briefly describe the model and formulate the main result so as to keep our
exposition self-contained. For further details, as well as for interpretation, we refer the
reader to the original paper.

Briefly, the model is an infinite system of particles living on the integer lattice Z and
subject to two random mechanisms:

(1) Particles branch according to site-dependent offspring distributions constituting a
random medium.

(2) Particles migrate by jumping to nearest-neighbour sites with site-independent
probabilities. The migration has a drift.

One of the main points in the original paper was to show that the long term beha-
viour of the system can be extracted from an underlying variational principle. In particular,
two variational formulas were derived, whose maxima are the exponential growth rate of
the global resp. local population density and whose maximisers provide information about
the path of descent of a typical particle in the global resp. local population. Here global refers
to the population on the whole of Z and local to the population on a single site. However,
both these formulas have a rather complex structure, and in order to get a clear picture of
what is going on in the particle system a closer analysis via functional analytic techniques
is required. It is the purpose of the present paper to carry out this analysis for the global
variational formula. The local variational formula is of a different type and will be analyzed
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182 Baillon et al., An infinite particle system in a random medium

in a separate paper (Greven and den Hollander [11]). It turns out that the maximum and the
maximisers in the global formula exhibit interesting phase transitions as the drift varies.
This is due to the competition between the branching and the migration, which changes
with the drift.

Our paper is organised as follows. In section 1 we define the model, formulate the
global formula (Theorem 1 below), and present its solution (Theorem 2 below). The latter
embodies the main result of this paper. In sections 2—5 we give the proof of Theorem 2. In
section 2 we show how the variational formula can be transformed into an eigenvalue
problem for a 1-parameter family of AV x NV matrices. In section 3 we do the spectral analysis.
In section 4 we connect the results. In section 5 we prove an important inequality implying a
monotonicity property as a function of the drift.

Much of the analysis in the present paper grew out of a study of a simpler version
of the particle system in Baillon et al. [2]. The latter paper also contains a detailed evaluation
of the role of the maximum and of the maximisers in the description of the particle system.

1.2. Model. With each x € Z is associated a random probability measure F, on the
nonnegative integers N U {0}, called the offspring distribution at site x. The sequence

F= {F;}xel

is i.i.d. with marginal distribution a. F plays the role of a random medium. For fixed F,
define a discrete time Markov process (,) on state space N4, with the interpretation

N = {r’n('x)}xezﬁ

1,(x) = number of particles at site x at time n,

the evolution of which is as follows. At time n = 0 place one particle at every site, i.e.,
no(x) = 1. Given the state n, at time n, each particle is independently replaced by a new
generation. The size of a new generation descending from a particle at site x has distribu-
tion F,, i.e. it consists of k new particles with probability F, (k), kK = 0. Immediately after
creation each new particle independently decides to jump to one of the nearest-neighbour

sites, choosing right with probability % (1 + h) and left with probability % (1 — h). The para-

meter he[0,1] is the drift and is the same for all x. The resulting sequence of particle
numbers make up the state 7, , , at time n + 1, etc. F stays fixed during the evolution.

Let

a.1) b, = i kE, (k)
k=0

denote the mean offspring at site x and let  denote the distribution of b, induced by a. It
is assumed that

1.2) O0<infb <supb, =M<,
i.e., B has bounded support (with maximal value M) and has strictly positive variance.
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Baillon et al., An infinite particle system in a random medium 183

1.3. Growth rate of global particle density. For given F let

1 N
1.3 D(F.n) = I
(1.3) (F,n,) ngnw TN xzz_Nn,.(x)

denote the global particle density at time n. From the properties of the evolution mechanism
together with the individual ergodic theorem one deduces that

(1.4) D(F,n,) = E(1,(0) as.

where E denotes the double expectation over the Markov process (17,) given F as well as
over F. The a.s. in (1.4) refers to the joint distribution of (#,) and F. Thus, D(F,n,) a.s.

does not depend on the realisation of F and 7,, although it does of course depend on their
distribution via the two parameters f and h. '

In Greven and den Hollander [10] it is shown that in the long time limit the global
particle density grows exponentially fast at rate

(1.5) o(B,h) = lim %1ogD(F,r,,,) a.s.

n— oo

and that o (f, #) can be computed in the form of a variational formula. To formulate this
expression in Theorem 1 below we need the following symbols. Let 2(/N?) denote the
set of probability measures on N2, {-,-) inner product over N2, a(i,j)=i+j—1 and
9(i) = Y. v(i,j). Define

J

(1.6) My={veP(N?):<{av)y=0""1,
z v(i,j) = z v(j,i) forie N} e,1]),
1.7 JAO) =logjbi,8(db) (ieN),
.. v(i,Jj)
(1.8) L(v) = i'jzgl v(z,1)log<m> 0e[0,1],ve 2(N?)),

140
1.9 10 = %(1 +6) log(T—i—h>

1-0
+ %(1 —9) log<m> (0€[0,1], he[0,1)),

L i ji-1
(1.10) Po(i,j)=(l_:i12>[%(1+0):| [%(1—0)] (0e[0,1],i,jeN).
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184 Baillon et al., An infinite particle system in a random medium

Theorem 1 (Greven and den Hollander [10]). For he (0,1)

(1.11) e(B, k)= sup sup {0[<Sfea,v)—I,(N]— L,(0)},

€(0,1) veMp

and for h=0 and h =1

2(B,0)=logM,

(1.12) 0(B,1) = log | bB(db).

The main difficulty in the analysis of (1.11) comes from the second supremum. This
supremum involves a non-linear functional on an co-dimensional space subject to a linear
constraint.

1.4. Solution of variational formula. Before we can state our solution of (1.11) we
need to introduce the following operator:

(1.13) A, j)=e VPG, ) (G, jeN).
Here

(1.14) g@) =ilogM—f(i),

(1.15) P(i,j)=<i_’i—£_1 2)(-12_>i+j—-1.

Recall that M is the maximal value in (1.2). Note that (1.15) is the Markov transition
kernel of (1.10) at § = 0.

In section 2 we show that (1.11) can be reduced to finding the largest eigenvalue A(r)
and corresponding eigenvector t, in /2(N) of the 1-parameter family of matrices

(1.16) A,G,)) = e TV AG ) (r20).
In section 3 we derive various properties of A(r) needed for the analysis of ¢(B, h). E.g.
A(r) is a simple eigenvalue in (0,1), and r — A(r) is analytic, strictly decreasing and

strictly log convex on [0, ).

The formulation of our main result, namely the solution of (1.11) in Theorem 2 below,
uses four more quantities, 6,(B), h.(B), r(B, h) and 0(p, ), defined in terms of A(r):

’ -1
(1.17) ¢=Mm=(—%%),

_,{2
(1.18) b= (D) = 2
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(1.19)  ifh<h: r(B,h)=0,

0(B,n) =0,
. ) i ) ) 1—22%(r)
if h>h: r=r(B,h) is the unique solution of h = m ,
A\ !
0B, h) = —— =
8. < w)> at r=r(p,h.
Theorem 2A. (i) The growth rate is given by
1
(1.20) e(B, h) = log[M(1 - h?*)?] fOshsh,,

= log [M(1 — k)] +r(B,h) if h.<h<1.
(i) The maximisers = (B, h) and v = v(B, h) are given by

(1.21) 0=0(,h ifh=+h,,

(1.22) 5(.)) = A—(lo—)ro(i)Ao(z‘,mo(j) ifO<h<h,

= I:T)T'(i)Ar(i’j)t'(j) ifh,<h<1.

Theorem 2B. (iii)) 0<6, < h <1.

@iv) h - 9(B, h) is continuous and strictly decreasing on [0,1], and is analytic on
0, h.) and on (h,,1).

() At h=h,

oo oo _or _ b
(1.23) %(ﬂ,hﬁ)—%(ﬁ,he—)—ﬂ(ﬂ””)_1—h3'

(vi) If log M > 0> log | bB(db) then (B, h) changes sign at h = h¥ the unique solu-
tion of (B, h) =0 comgutable from (1.20).

(vii) The maximiser O(B, h) satisfies

(1.24) 0.<0<h if h.<h<1
and h — O(PB, h) is strictly increasing and analytic on (h,, 1).

The proof of Theorem 2 is given in section 4 and is based on the functional analytic
results of sections 2 and 3. The following two figures display qualitatively ¢(f, #) anc

G(B, h) as functions of A for fixed f satisfying log M > 0 > log | bB(ab):
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186 Baillon et al., An infinite particle system in a random medium

log M

1

e(B,h)
1
0 I, e 1
6B, h)
0,
log[b(db)b
log [M (1 — h?)2] 0 ke
Figure 1 Figure 2

In section 5 we prove that A(r) satisfies the inequality —A'(r)/A(r) > (1 + A2(r)) /(1 — A%(r))
for all r > 0. This is needed in section 4 to show that 2 — g(B, h) is strictly decreasing and
8(B, h) < h on (h,,1). The proof uses tools like iterated maps, random continued fractions

and Gibbs measures.

1.5. Reformulation of variational formula. We shall want to rewrite (1.11) in a slightly

easier form in order to prepare for the variational analysis in section 2, namely
(1.25) e(B,h) = sup J;,(0)
6e(0,1]

with (recall (1.13-15))

1 1 +h
(1.26) Jpa(0) = Jy 4(0) + 5 Olog (1%1) _0K(),
(1.27) Jyn(©) = log [M(1 — k)],
(1.28) K@) = inf Y v(ij)log (J—(’-ﬂ—)
) veMy i, j ’ G(I)A(I’J) .

The above reformulation follows easily by substituting into (1.11) the identity
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(1.29) L) = 1,(0) = 3, v(i.j) log (Py i,/)/ P (i, )

1+6 1-0

log(1—6)
1 1+h 1
= 5108 <m) 9 [£,(0) — ()] .
The second equality comes from the observation that v € M, implies

Yiv(i,j)=(1+46)/20 and Y (j—1)v(@,j)=(1-6)/20.

i,j i Jj

Finally, from (1.7) and (1.14) we have
. b\
(1.30) g(i) = —log | (ﬂ) p(db).

This implies the following properties for the function g (recall (1.2)):

(1.31) @H g0 =0,
(i) g is strictly increasing,
@) lim g(@)/i=0.

i—> o

These properties will be essential and contain all about g that will be needed in sections 2—4.
It is only in section 5 that we need the representation (1.30) in order to prove the differential
inequality for A(r) mentioned below the figures.

2. Analysis of K(0): variation over v

2.1. A minimisation problemin #'. Throughout this section we assume that 6 > 0. In
order to prepare for the analysis in sections 2.2 and 2.3 it will be convenient to reformulate
(1.28) as a problem of minimisation on some appropriate compact convex set in £* (N ?)
(with ¢! the space of absolutely summable sequences). This reformulation appears in
Proposition 1 below.

Define first the symbols
2.1) A=0"1,
p@,j)=G+j—DvGj)
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188 Baillon et al., An infinite particle system in a random medium
and the sets
p(.Jj)

2.2) ®(A) = {ue/‘ (N?): u(i,j) 20, Z ———~—l.+j’_ (=1

p(,j) — p(jsi)
Z#(’,J)<i;—‘1+1—l- 0},

23) 00(2) = {(He®(): Y i) = 2}

Note that @ (A) = B(4), with B(4) the closed ball in #!(~N?) of radius 4, and
A0 () = d(H)NIB(),

with d B(A) the surface of B(A). Define

2.4 ¢ = ¢ (1) + G2 (W) + 3 (1) + da (1) ,
@3) ACEIIE s

log P (i,
6 ba) = = T ) D
@ 83 = 3, 1 CL 10g LD

Sitj—1 Ci+j—17

2.8) $a (1) = _E(z p(,j) ) og <Z ‘Ii(l:,j) )

i+j— T i+j—1

Then (1.28) reads, in the language of (2.1-8),

(2.9) K@A) = inf o).

nedd(i)

Proposition 1 below says that the infimum may be extended from d® (1) to (1) and
that it is actually achieved on & (4).

Proposition 1. For Ae[1, )

(2.10) K(A) = min ¢(p).
pred(A)

The proof is done in several steps and is based on Lemma 1 and 2 below dealing with
@ (A) resp. ¢ (u). We start by recalling some terminology. A sequence (u,) in £*(N?) is said
to converge weakly * to some pe/'(N?), written u, = p, if {u,,r> = {u,r)y for all
re co(N?) (with ¢, the space of sequences (r(i,j)) such that r(i,j) — 0 as i,j — oo; £ is
the dual of ¢,). Moreover, B(4) is weak * compact, the weak * topology in B(4) is metris-
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Baillon et al., An infinite particle system in a random medium 189

gble, an*d on B(%) weak * convergence and componentwise convergence are equivalent,
i.e., p, = piff u,(i,j) - p(,j) for all i and j (see Rudin [17], 3.14-16).

Lemma 1. For le[1, 0): ®(A) is convex, is weak * compact and is the weak * closure

of 09 (4).
Proof. (1) Clearly @ (1) is convex.

(2) To see that ®(A) is weak * closed, let u,e ®(1) and pe /' (N?) be such that
U, > W, i.e., u, = p componentwise. Then

u(i,j)=0 foralliandj,

Y u(@,j) <liminf ¥ u,(i,j) £ by Fatou’s lemma,

i,j now i j

10, j) : 1 (i ) ,

LT - l _"—=1 2 .
%iﬂ'—l .,Lnl%i+j—1 since | 7157 ) €NV

. Ori .
Moreover, since <i+jkl— 1) € ¢y (N?) for all k, it follows that

I"(k’J) —H (./s k) . 5ki L. o
= [P — —_ — f .
Y T lim Y ) — w0 =0 for all k

Hence pu e @(A). Since @ (1) = B(A), weak * closedness implies weak * compactness.

(3) To see that 0®(4) is weak * dense in @ (4) it suffices to find for every pe ®(4) a
sequence (y,) in d®(4) such that p, = p. Indeed, pick any pe (1) with

Y ouGj)=L<A
i,j

and put
,un(l,]) = tn:u(i,j) + sn 5ni5nj .

In order to have u, € d®(A), t, and s, must satisfy

1=[,,+S,.m,
A=t,A+s,.
This means
- 2n—1—-1
" 2n—1-1"
_@n=-1)@A-17)
LR TR

13 ) 1 fiir Math tik. Band 454
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190 Baillon et al., An infinite particle system in a random medium

Since

tn_’1’ sn—'}'—z’ (61116':;):’(0)

it follows that u, > u. O

Lemma 2. For A€[1,0): ¢: P(1) - R is well-defined, nonnegative, weak * lower
semicontinuous and convex.

Proof. Recall (2.4-38).

(1) Since g = 0it is obvious that ¢, () = 0. In the notation with v instead of u (recall
(2.1)) we have

5,00+ 0500+ 6,0 = T o tog (776,

This is the relative entropy of v(i,j) with respect to ¥ (i) P(i,j), which are both probability
measures on N2. Nonnegativity follows from Jensen’s inequality via convexity of
x — xlog x.

(2) Property (1.31) (iii) implies that (%) € ¢ (N?), which makes ¢, weak *
continuous.
(3) Since <——11%P_(1;])) ¢ co(N?), ¢, is not weak * continuous (recall (1.15)).

However, if u, —» p componentwise, then ¢, (1) = hm 1nf ¢, (u,) by Fatou’s lemma, which
makes ¢, weak * lower semicontinuous.

(4) Both ¢, and ¢, are entropy functions, and 0 < ¢, (u) < — @5 (u) for all ue @(1)
(the second inequality follows from Jensen’s inequality via convexity of x — x log x). Split
¢, into two parts

$3 (W) = o3 (W) + 3 (1)
with

1
3 (w) = Z 1u(z Jj)logu(i,j),
z log(i+j—1)

Bw=-T =

p(@.j) -

Next note that

3 1 1'[2
= ———=——<w’
,,(1+1—1) ;kz 6

3\2
Z#’(U)Ilogu(u)lkl max t’*‘llogtl’— (;) <.

te[0,1]

Brought to you by | Universiteit Leiden / LUMC
Authenticated
Download Date | 6/27/17 2:06 PM



Baillon et al., An infinite particle system in a random medium 191

.. 0 . . . . 3 .
Hence, by Holder’s inequality, ¢} is bounded and therefore weak * continuous (£2 is the

. log(i+j—1
dual of #?). Since (%) € ¢o(N?), the same is true for ¢3. The weak * con-

tinuity of ¢, follows by the same argument.

(5) Both ¢, (u) and ¢, () are linear in u. We show that ¢, (1) + @, () is convex in
. In the notation with v and ¢ (recall (2.1)) this sum equals

0,00+ 8,0 = vt tog (L)),

Convexity in v (and hence in u) follows from Jensen’s inequality via convexity of x — x log x.
Note that there is no strict convexity because the sum is linear along lines where
v(i,j)/9(i) is constant for all i and j: ¢ is positively homogeneous. O

“ Proof of Proposition 1. Since @(4) is weak * compact (Lemma 1) and ¢ is weak *
lower semicontinuous on @(1) (Lemma 2), ¢ achieves its minimum on @(1). It now
suffices to find for every ue ®(1) a sequence (u,) in d®(1) such that u, > u and
¢ (1,) = ¢ (w). Indeed, in that case, if j is a minimiser of ¢ on ®(4) and (i,) the corre-
sponding approximating sequence in d®(4), then

inf $(p) = lim ¢(4,) =)

uedd(A) n—
= min ¢(u) = inf P(w).
ned(A) nedd(4)

To exhibit such a sequence (u,), pick the example in part (3) of the proof of Lemma 1.
There we showed that u, = u. Since ¢, (u,) = ¢, () for k =1, 3,4 by weak * continuity,
we need to worry about ¢, only. But

log P(n, n)

¢; (1) = 1,0, (1) — 5, 2n—1

2
and P(n,n) ~ <41ﬂ> by Stirling’s formula. Hence also ¢, (u,) = ¢(n). O

2.2. Properties of K(4).
Proposition 2. A — K(4) is non-increasing, convex and continuous on [1, ).

Proof. Let 1<1,<A,<oco. Then &(4,) < ®(4,) and hence K(4,) 2 K(4,). Let
weP(A),i=1,2,and 0 <t <1. Then
A=tp+tu, € (1= +14,),
p(1—tp + tn) SA =0+ td(u,)
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192 Baillon et al., An infinite particle system in a random medium

(¢ is convex by Lemma 2). Pick p; = ji; with j; any minimiser, i.e., K(4;) = ¢(&;) (see
Proposition 1). It follows that

K(A =04 +1th) SA-DK@A) +1K@,) -

This says that K(4) is convex in A and hence also continuous on (1, o0). One easily checks
continuity at A = 1, because this case is degenerate (K(1) = g(1)). 0O

Proposition 2 tells us that in principle there are two qualitatively different situations
possible.

Case A. K(A) is strictly decreasing on [1, o0).

Case B. There exists A, € (1, 00) such that K(4) is strictly decreasing on [1, 4,) and
constant on [4,, o).

We shall see in section 4 that actually only case B occurs. The transition at 4 = 4, is
connected with where the minimum is attained:

Proposition 3.

(2.11) For A<2: K()= min ¢(u).
neddP(i)

(2.12) ForA>J: K()= min ¢(p).
neddP(Ac)

Proof. To prove (2.11) let A < A.. Suppose that there is no jie 0®(4) such that
K (4) = ¢ (). Since ¢ achieves its minimum on @(4) (by Proposition 1), there must exist
A< 2 and jie d®(1) such that K(1) = ¢(ji). However, K({) = inf &(u) =< ¢ (1) and

nedd@

)
this contradicts K(X)> K(4). To prove (2.12) let A> . Then K(1) = K(4,) and
K(1,)= min ¢(u) by 2.11). O

nedd(ic)

Remark. Proposition 3 shows that for 4 < A, the minimum is achieved on the
boundary 0@ (1), the set we started out with in our original variational formula (see (2.9)).
If we would know that the minimiser of ¢ on @(A) is unique for every A€ [1,0), then we
could conclude from (2.12) that for every A > A, this minimiser does not lie on the boundary
0@ (A). At this stage we cannot yet see uniqueness due to the fact that ¢ is convex but not
strictly convex (see part (5) of the proof of Lemma 2). However, later we shall indeed
establish uniqueness (Theorem 3 below), so that A, is indeed the value where the minimiser
moves off the boundary into the interior.

2.3. Study of the minimiser (s). Next we study the minimiser(s). Lemmas 35 below
list a few basic properties. Lemma 5 provides the connection with the eigenvalue problem
as formulated later on in sections 2.4 and 2.5.

We return to the notation with 6, v instead of A, u (recall (2.1)), which was introduced
only to make the link with ! and ¢,. Accordingly, we write K(6), @ (6), 09 (6), ¢ (v) etc.

Brought to you by | Universiteit Leiden / LUMC
Authenticated
Download Date | 6/27/17 2:06 PM



Baillon et al., An infinite particle system in a random medium 193

Lemma 3. Any minimiser is symmetric, i.e., if € ®(0) and K(0) = ¢(¥) then
v(i,j) = v(j, i) for all i and j.

Proof. Let v°(i,j) = v(j, i). Then v*€ & (0) and ¢(¥*) = ¢ (¥) by (1.15) and (2.1-8)
(use that P is symmetric). Convexity of ¢ gives

1_ 1_ 1 1
¢<§V+ EVS> §§¢(‘7)+5¢(‘73)=¢(V)§¢<%‘7+%‘7S>

hence
11\ 1, 1
As observed in part (5) of the proof of Lemma 2, this implies that

v(i,j) _ VGJ)
W -0

for all i and ;.
But ¥(i) = v*(i) because ¥ [v(i,j) — v(j, )] = O (recall (1.6)). O
J

In what follows we shall be able to get information about the minimiser(s) v by
considering variations v + td, with ¢ > 0 sufficiently small, of the form

(2.13) 0G,j)=00,)eR,
d(i,j) = 0 except at finitely many points,
a3,j)z0 ifv(@ij)=0,

(2.14) Y,0G,j) =0,
(2.15) Y (+/)0Gj) 0.

i,j

Indeed, (2.13-15) ensure that if ve @(0) then also ¥ + t0 € #(8). Variations 0 with the
latter property are called admissible. Note that if v ¢ d®(6) then we may even drop (2.15),
because in that case still ¥ + ¢80 € ®(0) for ¢ sufficiently small under (2.14) alone. We shall
need this observation later on.

The fact that ¥ is a minimiser implies
(2.16) d() = p(V+10).

Together with the convexity of ¢ this implies

@247 lim + (67 +10) — $(3)] 20.

t]0
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194 Baillon et al., An infinite particle system in a random medium

Lemma 4. For 0€(0,1) any minimiser is strictly positive, i.e., if ve ®(0) and
K@) = ¢(¥) then v(i,j) > 0 for all i and j.

Proof. Note that v(i,j) = 0,;0,;at 6 = 1; in the lemma we excluded this degenerate
case. Suppose that we have an admissible variation. Then from

(2.18) o) =2 v(J “"g(#%)ﬁ)

it is straightforward to deduce that for t —» 0

(2.19) %[¢(V+ t0) = p(M]~ — X 0(i,j) log (i, )

+ oy a(i,j>log( A()’)

i, j:v,Jj)>0

4 ) 5(11)log< é())>

i,j: V(l) 0

+ a(z;)[ ( (”)> 1].
i,j:v(i,j)= 0v(1)>0

There is a contradiction with (2.17) if

(2.20) d(@i,j)>0 for some (i,j) with ¥(i,j) = 0,v(i) > 0.
We shall exclude v(i,j) = 0 by finding admissible variations satisfying (2.20).

Since 6 < 1, there exists (k, /) # (1,1), kK < ¢ such that v(k,¢) = v(¢, k) > 0. First we
show that v(k,Z —1) = (£ — 1, k) > 0. Indeed, suppose the contrary. Then an admissible
variation (for ¢ sufficiently small) is

ok,2)=0(6,k)=—(1+14-4),
ot —1) =00 —1,k) =1+14_,_,,,

d(i,j) =0 otherwise.
This satisfies (2.20) which provides the contradiction. By symmetry and backward induc-
tion it follows that v(i,j) =v(j,i)>0 for all i<k and j </ Next we show that

vk, +1)=v( +1,k) > 0. Indeed, now the contrary is ruled out by the admissible
variation

ok,+1)=0(¢+1,k)=1+14_,.y,
ok,)y=0(,k)= =21 +14-,),
ok, —1)=0(/—-1,kb)=14+14_,_y,
d(i,j) =0 otherwise.
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Baillon et al., An infinite particle system in a random medium 195

By symmetry and forward induction it follows that v(i,j) = v(j,i) > 0 for all i = k and
J 2 ¢. Combination of backward and forward induction proves the lemma. O

Lemma S. Fix 0e(0,1). Let ve ®(0) be a minimiser and define

2.21) £(i,j) = log (%)

76,) = 3 [8G./)+ EG. 0]
Then there exists r = 0 such that
(2.22) nG@j)=aq,1)—r(i+,j—2) foralliandj.
If v¢ 0D (0) then r =0 and 1] is constant.
Proof. Consider variations of the form
0(5,j) =0(j, 1),

0(5,j) 0 if (i,j) or (j,i)e{(k,¢),(m,n),(p,q)},
d(i,j) =0 otherwise.

By Lemma 4 such variations are admissible (for ¢ sufficiently small) provided (2.14) and
(2.15) hold, i.e.,

(2.23) 0(k,¢)+0(m,n)+0(p,q) =0,
(2.24) k+£)otk,t)+(m+n)dm,n)+(p+qd(p,q) =0.

Admissibility combined with (2.17) implies via (2.21) (recall (2.19))

(2.25) 0 < lim % (6 + t0) — d(M)]

tl0
- v(i,J)
- 3 061708 (134607
= ¥ 06, /)i(0.))
=ij(k,£)0(k,¢) + 7(m,n)0(m,n) + 1 (p,q) 0(p,q)

(for the second equality note that 0 is symmetric). Now use (2.23) to eliminate d(p, q)
from (2.24) and (2.25) to obtain the following implication

(2.26) k+t—p—qok,t)+(m+n—p—q)o(mn) =0
= (fi(k,¢) — i(p,9) 0(k, ¢) + (7i(m,n) — 7 (p,q)) O(m,n) 2 0.
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196 Baillon et al., An infinite particle system in a random medium

Here d(k,¢), d(m,n) € R are arbitrary. Via the elementary lemma

a,b,c,deR,a+0,c+0, ._.,.f
(ax+by=0=cx+dy=0)forall x,yeR a

S NIEW
A

0,

we obtain from (2.26)

ik, £) = i(p,q) _ ilmm) = i(p.q) _

2.27
(2:27) k+¢—p—q m+n—p—gq

—r for some r=0.

Pick (p,q) = (1,1) to read off (2.22). We can go further if v ¢ 0@ () since then the restric-
tion (2.24) drops out (recall the remark below (2.15)). The remaining restriction (2.23)
combined with (2.25) gives that for all d(k, ¢), d(m,n)e R

Hence # must be constant. O

2.4. The minimiser (s) v as solution of an eigenvalue problem. We are now in a position
to exhibit v as solution of an eigenvalue problem.

Proposition 4. Fix 6 (0,1). Let ve ®(0) be a minimiser and define

(2.28) A,(,j)=e" V4G ) (r20).
Then

(2.29) 5(0,)) = RO AGHBWDIE Gz,

(2.30) D@1 =R Y 4,6HHNE (21
where J

2.31) R =D

ERTOVR(EIN
I. If ve 0®(0) then r is given by the constraint

(2.32) 0= ({+j—-1vGj).

ij
II. If v¢ 0P (0) then r = 0.
Proof. Combine (2.21) and (2.22). This gives via (1.16)
¥(0,4) 70, ) = REVD V() 4,6.0) 4,0, )

with R, given by (2.31). Next use that ¥ and A4, are symmetric (recall Lemma 3 and (1.16))
to read off (2.29). Summing (2.29) on j we get (2.30) (recall Lemma 4). Equation (2.32) is
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obvious (recall (2.3)), while the last statement in the proposition is the same as that in
Lemma 5. O

2.5. Identification with largest eigenvalue and corresponding eigenvector. Proposition 4
is an eigenvalue problem for the matrix 4, but it does not tell us what eigenvalue and

Al . . . . .
eigenvector (R,” ', ¥2) is. By doing a spectral analysis of the 1-parameter family of symmetric
matrices A,(r = 0) we shall be able to remove this obstacle and establish the following.

Proposition 5.  For every r 2 0 there exists a unique pair (1(r), t,) € R % £2(N) solving
(2.33) AT, = A(r)T,

under the restrictions t,(i) 2 0 and Y 12 (i) = 1; A(r) is the largest eigenvalue of A, and is
simple. i

Moreover, for r = 0 the following hold:

i) 0<i(r<i,

(ii) r — A(r) is continuous and strictly decreasing ,
(iii) r —» A(r) is analytic,

(iv) r — logA(r) is strictly convex,

v) 0<rt,<1 forall i,

(vi) r = 1,€£*(N) is analytic.

The proof of Proposition 5 is deferred to section 3. Let us first see what it does for
our variational problem.

Theorem 3. For every 0 €(0,1) there is a unique minimiser v € ®(0) given by

(2.34) v(i,j) = ﬁr—) 7, () A4, )) ()

where A(r) and <, are defined in Proposition 5.
Define 0, as in (1.17). Then

: d A’(0)
-1 = —_—— i = —T.
(2.35) 0, lllmo o log A(r) 70)

I If 0 = 0, then ve 09 (0) and r = r(0) is the unique solution of

A1

d
(2.36) 6= — ——rlogl(r) = — 0

di
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198 Baillon et al., An infinite particle system in a random medium

Moreover, 0 — r(0) and 6 — K(0) are strictly increasing on (6,,1), and

(2.37) K©O) =¢@() = — -(—) — log A(r).

II. If 0 <0, then v¢ 0P (0) and r = r(0) = 0. Moreover, v(0) = v(0,) € 0P (6,) and

(2.38) K@) =K(@,) = —logi(0).

Finally, 0 — 0K (0) is convex on (0,1), with lim 0K (6) = 0 and lim 0K (0) = K(1).
010 011

Proof. Return to Proposition 4. Equation (2.30) reads

1
2

<D
D=
<>

=R!

r r

A

re

From Proposition 5 (since (i) = 0 and ¥ 9(i) = 1) it follows that R, = A(r) and 2 1
Now (2.29) becomes (2.34). i

The relation between r and 6 is obtained as follows. Recall the distinction between
cases A and B in section 2.2. These correspond to 6, = 0 and 6, > 0, respectively.

I. If 0 = 6, then v e 0®(0). Hence by Proposition 4.1 and (2.34)

=Y (+/j-D7G.)

- )”f DG+ =1 4,6.0)%,0)

1 < 04, >
—'—(r—) ‘E,,(— ar>‘tr .

Now, since A(r) = {1,, 4,1,),

d
A'I(r) = ;i—'_' <Tr9 Arrr>

04, 01, ot
(o) (S (a5

By the symmetry of A, the last two terms are identical and equal to

Ar) <% > = —l(r) <‘L',,‘t >=0.
This proves (2.36).
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The fact that (2.36) has a unique and strictly decreasing solution is a consequence
of l:ropositions () Gii), (iv). Indeed, — Ed;logl(r) is strictly decreasing, since
~ 57 log A(r) < 0 with equality at most in isolated points. Equation (2.37) follows by
substitution of (2.34) into (2.18). Use Lemma 3, (1.16) and (2.32).

II. If 6 < 6, then v ¢ 0P (0) by the remark below (2.12). Hence r = 0 by Proposition

4.11, and v = v(r = 0) = ¥(0 = 0,) with eigenvalue A(0). Equation (2.38) is just (2.37) at
r=0.

To get convexity of 0 K(0) compute for 6 2 6, using (2.36) and (2.37)

d
15 (0K©) = —log (),

1dr©

d2
a07 OK®) =545

0.

3. Proof of Proposition 5: spectral analysis of A,

Having thus reduced (1.20), via Theorem 3, to the eigenvalue problem of Proposi-
tion 5, we are now ready to give the proof of the latter. There are several lemmas on the
way. We start by collecting properties of P, the matrix in (1.15) which appears in the
definition of 4, in (1.13).

3.1. Properties of P. The matrix P is symmetric, strictly positive and stochastic, i.e.,

(3.1) © PGJj)=P3,0),
i) P@GEj)>0,
i) ¥ PGj)=1.

The following identity will be important (in particular in section 5):

. 1
(3.2 ;1”(1',1')0’_1 = o—a (ae[0,1]).

The next lemma summarizes the properties of P needed for the proof of Proposition 5.

Lemma 6. (i) P is recurrent, i.e. (Y, P")(i,j) = oo for all i,j.

nz0
() Ifuet®, w=0and (I—P)u=w, then w=0and u=cl(ceR).
(I = identity matrix, 1 = vector with all components equal to 1.)

(i) P:¢% — ¢? is a bounded linear operator with
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200 Baillon et al., An infinite particle system in a random medium
(33) ”P”2=r(P)=ress(P)=19

where || - ||, is the operator norm, r( ) is the spectral radius and r.. (- ) is the essential spectral
radius.

(iv) P is not compact in ¢2.
(For the definition of essential spectrum, see Kato [12], X.1.11.)

Proof. (1) To prove part (i), define the sequence of vectors (x;), 50 by

1 k \i !
= — | —— j > >
and use (3.2) to see that
(3.5) Xev1=Px, (20).
Hence

. 1 n \'7! .
(ngoP"xo)(z)="§on+1(n+1) =o0 foreveryi=1.

Since x, =e; =(1,0,0, ...) this says that

(Y, PY(i,j)=o0 foreveryi=1when,j=1.

nz0

But then the same holds for all i, j by (3.1) (ii).

Remark. P is in fact the transition matrix of a non-degenerate critical branching
process with one immigrant (Greven and den Hollander [10]) and therefore is null-
recurrent (Athreya and Ney [1], VI.7).

(2) To prove part (ii) use the Poisson equation (/ — P), = w to write for N = 0
N
Y, P'w=u—P"* 1y,
n=0

Let N - oo and use ||lu— PY*1u||, < 2|lul|, together with the recurrence of P, to get
w =0 and hence Pu = u. Since P is irreducible and recurrent it has no non-constant
bounded harmonic functions (Neveu [15], 6.1) and hence u = c1(c € R). Incidentally, the
latter statement is non-trivial, but under the additional restriction that u(i,) = ||u||,, for
some i, it has an easy proof, namely

llulle = u(io) = (Pu)(ip) = llulle
by (3.1)(iii), with equality iff « is constant.
(3) To prove || P||, <1, note that by (3.1) (i), (iii)
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P(¢Hett, |IPl =1,
P(t*)s ™, |[Pl,=1.

Use the Riesz-Thorin interpolation theorem (Dunford-Schwartz [8], VI.10.11) to get

1Pl = VPN Pl =1.

(4) To prove r(P) = || P||, =1, note that because

{(Px, x)
P) = < <
r(P) flelgpz {x,x) ~ 1Pll, =1

it suffices to exhibit a sequence (x,) in 2 such that

(3.6) (Pxy, X))

o xS -1 (k- 00).

For this pick the sequence x, defined in (3.4). The Lh.s. of (3.6) equals ;: : ;

(5) To prove part (iv) argue by contradiction. For a positive compact operator P,
r(P)eo(P) and p,(P) 2 ¢(P)\{0}, with o(-) the spectrum and p,(-) the point spectrum
(see Zaanen [19], 12.4). Hence r(P) = 1 implies 1 € p, (P), i.e., Pu = u has a solution in £2.
But this contradicts part (ii).

(6) To prove r,.,(P) =1, combine 7, (P) < r(P) =1 with 1 ¢ p_(P). Together with (3)
and (4) this gives part (iii). O

3.2. Distinction between compact and non-compact A,. For the spectral analysis we
shall need

Lemma 7. A,:/?(N) - ¢/*(N) is a compact operator if and only if
© r>0,orr=0 and g(o0)= 0.
In the sequel we shall often refer to condition (C).

Proof. For r>0 estimate the Hilbert-Schmidt norm of 4, (see Dunford and
Schwartz [8], Part II, XI. 6):

A4, 17s = ) A7 (/)
iJj

= Z e—Z[r(H—j—1)+g(i+j—1)]P2(i’j)
iJj
< Ze—Zr(i+j—1)
iJj
=e l1—-e?)" <.
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202 Baillon et al., An infinite particle system in a random medium

The inequality uses g(i) = 0 and P(i,j) < 1. Hence 4, is Hilbert-Schmidt and therefore
compact.

Next consider the case r = 0. Use (1.13) to split (recall (2.28))

3.7 Ag=A=e 9" P+K
with

(3-8) K@G,j)=k(i+j—1PG)),

k(i) = e 90) _ p79(0)

Observe that k is positive and strictly decreasing to zero (recall (1.31)(ii)). We shall prove
that K:¢% — ¢? is compact. This will prove the lemma because P is not compact by
Lemma 6 (iv).

First note that K1 € ¢, (), namely

(K1)(@) = X k(i +j—1)P@j) = YL k@) P.j) = k().

Let B, be the closed unit ball in ¢, (). Since

K(B,) s [-K1,K1],
K is compact in ¢,. Since K is symmetric and #! is the dual of ¢,, K is also compact in
¢! (Rudin [17], 4.19). From the interpolation theorem (Triebel [18], p. 117) it now follows
that K is compact in 2 (since ' S £?2 S ¢,). O

3.3. Spectral analysis of 4, (compact case). There are several lemmas on the way.

Lemma 8 (Standard). Assume (C). Then

3.9 sup {x,4,x) = max <(x,4,x)= max |i|ep,(4,)
[lxll =1 lx|l=1,x20 Aea(Ay)
where || - || is the £*-norm, o () is the spectrum, and p,(-) is the point spectrum.

Proof. By the strict positivity of 4,

sup (x,4,x) = sup <(x,4,x>>0.

>l =1 =l =1,x20

Since A, is compact, the supremum is a maximum and is an element of p,(4,). Indeed, the
supremum is an element of 6 (4,) and by compactness o (4,) \{0} < p,(4,) (see Zaanen [19],
12.4). Finally, uep,(A4,) means that there exists some ye#2 with ||y|| =1 such that
A,y = py, and therefore

Iul=I<y,A,y>l§<Iy|,A,Iy|>§II max 0<x,A,x>,

x||=1,x2
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so that the maximum is the spectral radius of 4,. O

From now on we denote by A(r) the largest eigenvalue (is spectral radius) of 4,.

Lemma 9 (Standard). Assume (C). Then the algebraic multiplicity of the eigenvalue

A(r) is 1, and there is a unique corresponding eigenvector t, under the restrictions that t, = 0
and ||1,|| =1. Moreover t,> 0.

Proof. From the symmetry of A, we know that the algebraic and the geometric
multiplicity of A(r) are equal (see Zaanen [19], 11.3). If x € £2 with || x|| =1 is an eigen-
vector associated with A(r), then so is | x| because

AMr) = (x4, x) =< x|, 4,1 x> < A(r).
Moreover, by the strict positivity of 4,,
A,1x|=4@)[x] =|x|>0,
so that there is at least one strictly positive eigenvector t, associated with A(r). Now let r be
any eigenvector for A(r) such that ||| = 1 and 7 = 0. We show that t = t,. Indeed, pick i,
such that 7(iy) > 0 and put ¢ = 7,(iy)/1(i,) > 0. Clearly t, — ¢z is either zero or is an eigen-
vector for A(r). In the latter case also |z, — t7| is an eigenvector and hence |7, — t7| > 0 by

the above observation. But 7,(i;) — t7(i,) = 0, so that we have a contradiction. Thus
7, = t1. Hence ¢ = ||z,||/]|t]| =1 and therefore 7, =7. O

Lemma 10 (Standard). Assume (C). Let (u,y) be any pair of eigenvalue and eigen-
vector with ||y||=1andy =2 0. Then y = A(r) and y = 1,.

Proof. Simply note that
ulys 1) =<4, y, 1,0 =<y, 4,70 = ANy, 10 -
Since (y,t,> > 0, we get u = A(r) and hence y =1, by Lemma 9. O
Lemma 11. Assume (C). Then the following functions are analytic on [0, c0):
(3.10) r—» A,e B(/*(N)),
r— A@r),
r—1,el*(N).
Here B(£?) is the space of bounded linear operators from ¢* into £2.

Proof. (1) For x,ye ¢* define x, and y, by

x, () = x(i)l{i§n) >
Ya(i) = J’(i)l(ign) .
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204 Baillon et al., An infinite particle system in a random medium

Then x, > x and y, » y in /% as n — oo. Since r - {J,, 4,x,> is analytic on
{re C:Rer >0} for every n and since

|<Yns A X0 = <Y A XL S W Yall - WA 110 = X0+ 15 = 11 LA 1T

it follows from the Weierstrass theorem for normal families of analytic functions (Behnke
and Sommer [4], I1.7.42) that r —» {y, 4, x) is analytic (note that ||4,|| < e "||P||=e""
by (3.3)),i.e. r > A, x is weakly analytic. This implies that r — A, x is strongly analytic (see
Rudin [16], 10.28). Now use the Banach-Steinhaus theorem (see Rudin [16], 2.5) to get
that r — A, is analytic in B(£?).

(2) First we prove continuity of r — A(r). Pick any r and r’ and note that by Lemma 8

(o (A, — 4,)7, S A0) — A() £ <3, (4, — 4,)7,) .
Hence

[A(r) — A =14, — A, -

Now let r' - r and use part (1). From the continuity of r — A(r) and the analyticity of
r —» A, we obtain the analyticity of r - A(r) and r —» 7, by applying Lemma 1.3 of
Crandall and Rabinowitz [5]. The latter is a perturbation theorem for algebraically simple
eigenvalues. O

Lemma 12. Assume (C). On [0, 00): r — A(r) is strictly decreasing, r — log A(r) is
strictly convex, and 0 < A(r) <1.

Proof. (1) For every r>1r’
A(r) = A(r') =<1,,(4,— 4,)7,) <0
because 4,(i,j) < 4,.(i,j) and t,(i,j) > 0 for all i and ;.

(2) For every x 2 0, {(x, A,x) is log convex because 4,(i,j) is log linear for every i
and j and because log convexity is preserved under taking positive combinations. It follows
that (recall Lemma 8)

Ar)= sup <{x,4,x)

IIxll =1,x20

is log convex because log convexity is preserved under taking pointwise limits and suprema
(see Kingman [14] and Kato [13]).

(3) Suppose that logA(r) is not strictly log convex. Then by analyticity there exist o
and B such that A(r) = ae?". Now estimate
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Ar)= sup {(x,4,x)

IIx]l=1,x20
<Y 4,G.))
l’j

SAAD+ Y e EITUPGL))

Ljtit+jz3

—e AL+ Y e_'(k+1)<%>k+1(i (’;)

k=21 =0

1
e TA(1,1) + 3 e r(1—e ")t

The second inequality uses g = 0. On the other hand, put x = ¢, = (1,0,0,...) to get
A(r) = <e;, A, ey =A4,(1,1)=e""4(1,1).
Combining upper and lower bound we get

0<A0A)§w@“"§A&n+%e"0—e”r%

Pass to the limit r — oo to see that « = A(1,1) and § = —1. Thus
Ar)=eTA1,1) = 4,(1,1).

But this contradicts (4,1,)(1) = A(r)7,(1) because Y. 4, (1,/)7,(j) > 0.

iz2

(4) Trivially, A(r) >0 for all r = 0 by the strict positivity of 4,. From (1.31)(ii)
follows that for all »r = 0

A, j) e VPG, j),
hence A(r) £ e Y <1 by (3.3) in Lemma 6 (iii). O

Lemma 13. For every r > 0: 1,(i) is non-increasing in i.

j
Proof. Let (e;);, be the canonical base of /% and let f; = ) e;. Define

i=1
K={xet*:x20,x(i+1) < x(@i) fori =1},
Ky={x=Y ¢ f:¢2=0,c * 0 finitely often} .

i

K is a closed convex cone and K = K, (the weak closure of K,). Since 4, is a continuous
operator on #2 for all r > 0, it follows that

(3.11) A KK iff A feK forallj21.

i ik. Band 454 ; Hait | ai
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206 Baillon et al., An infinite particle system in a random medium

Since A, is symmetric and has a spectral gap we know that lim A7 "(r) A’x = z, for all

x€¢? x 20, x + 0. Hence it will follow from (3.11) that 7, € K once we show that A, fieK
for all j > 1.

We next show that the latter indeed is true as a consequence of the following con-
vexity property of 4,(i,j):

(312) A,Gj+1)+A4,G+1,j)—24,(G+1,j+1) =20 forallij=0
(with the convention A4, (i, 0) = 4,(0,/) = 0). The inequality in (3.12) is easily verified by

recalling (1.13-16) and (1.31) (ii) and noting that P (i, j) satisfies the same equation but with
equality. Now write out

A, (D) — (4, f)+1) = ki 4G - Y AG+1,K)
=1 =1

k

= { i [4,(G.k)—A4,(+1,k—1)]—-2A4,G+ 1,j)} +A4,(+1,j).
k=1

Call the term between braces a;(j). Then
by (3.12), and so g;(j) is non-decreasing in j for all i. Hence

4,0 - HE+1) 2 a(1)
=A,(,1)— A, +1,00—24,G+1,1).

Ther.h.s.is = 0 by (3.12) because 4, (i + 1,0) = 0. This shows that 4, f;€ K, as was needed
to complete the proof. O

3.4. Spectral analysis of 4, (non-compact case). Define (recall that A(r) is decreasing
by Lemma 12)

(3.13) 2(0) = 1ir§ A(r).
rl

The purpose of this section is to show that even in the non-compact case A(0) is an eigen-
value of 4, in /2.

Lemma 14. A, x = 1(0)x has a solution in £* with x 2 0, x % 0.

Proof. To construct a solution, define for every r > 0

7, ()
o)

w(0) =
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By Lemma 13, y, € B,., the closed unit ball in #*°(N). Since B,.. is weak * compact, there

exists u, € £~ such that u, = p, asr — 0 along a subsequence. Note that u, = 0, uo(1) =1.
We show that 4,y = A(0) p,.

Start from A, u, = A(r) u, for r > 0. Consider

(3.14) A, pyy Xy = A1)y x> (xELY)
(¢* is the dual of £!). First note that
Sty X) =ty X7 5
CAo s XD =y Ag XD = o, Ag XD = (Ao o> X) -

Then note that
<.urs (AO - Ar)x> -0

by Lebesgue’s dominated convergence theorem, because 0 < A4,(i,7) T 4o, /),
and p,(i) <1. Thus

(Agpo—AO) o), x> =0 forall xes!,
which completes the proof. 0O

Lemma 15. 1(0) > ¢ 9,

Proof. First we prove 4(0) = e ¢, Indeed, since p, = x,=e, =(1,0,0,...) it
follows from (3.4) and (3.5) together with the decomposition in (3.7) that
Pruy = Prxy = x,,
A,z e 9P
hence
2O0) pg = Af po Z e

1
Now recall y,(1) =1 and x,(1) = PERE and let k — oo.

Suppose next that A(0) = e ¢). This would imply via 4,u, =A(0)y, and the
decomposition (3.7) that

(I—P)ug=e*Kp,.
Hence Ky, = 0 by Lemma 6(ii). This contradicts the strict positivity of K. O

Brought to you by | Universiteit Leiden / LUMC
Authenticated
Download Date | 6/27/17 2:06 PM



208 Baillon et al., An infinite particle system in a random medium

Lemma 16. A,x = A(0)x has a unique solution in £* with || x|| =1, x> 0.

Proof. The key property is that the essential spectral radius of a bounded symmetric
linear operator is invariant under compact perturbations (see Kato [12], X.5.35). Hence

ress(AO) = ess(e_g(co)P+ K) = ress(e_g(w)P) = e—g(oo)

viar,(P) =1asin (3.3). Thus 4(0) > r,(4,) by Lemma 15. Therefore 4(0) is an eigenvalue
with finite multiplicity. Repeat the argument in the proof of Lemma 9 to see that A(0) is
simple and that the corresponding eigenvector is strictly positive. O

Proof of Proposition 5. Combine Lemmas 9-12 and 16. In particular, note that
Lemmas 10 and 11 extend to the non-compact case, as a result of Lemma 16, so that A(r) is
analytic on the closed interval [0,00). O

4. Analysis of ¢(B, h): variation over 0

With Theorem 3 we have all the information we need in order to solve (1.25). First
we formulate what properties J; ,(6) has by substituting our results for K(6) into (1.26).
Propositions 5 (i), (iii) imply that 6, and A, defined in (1.17) and (1.18) are both in (0, 1).

Theorem 4. 6 — J; ,(0) is continuous and concave on [0, 1]. Furthermore, it is strictly
concave and analytic on (0,,1) and is linear on (0, 0,), where 6.€(0,1) is defined in (1.17).
Define h, as in (1.18)

1 — 22(0)

€(0,1).

L If h < h, then J; ,(0) is strictly decreasing on [0,1] and ¢ (h) = J; ,(0) with unique
maximiser 6 = 0.

IL. If h = h, then J; ,,(0) is flat on [0, 0,] and is strictly decreasing on (6., 1). The maxi-
miser is not unique, but again ¢ (h) = J; ,(0).

III. If h> h, then J; ,(0) has strictly positive slope at 6 = 0, and achieves a unique
maximum in (0,,1). The maximiser is

_ A0
42 o=~ 76
with r = r(p, h) the unique solution of
_1—-2%(n)
@ e
and the maximum is
4.4 e(B,h)=Jpy(O)+r.
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Proof.  All statements prior to (4.1) are obvious from (1.26) and the last statement
in Theorem 3, except for the strict concavity on (6,,1). To see the latter, compute from
(1.26) for 6> 6, using (2.36) and (2.37)

0 1 1+ h
4.5 — - =
@3) 50 ®) = 308 (1) 4108100,
4.6) =t
’ 002 "Bt 0 do

(note cancellation of terms) and use that 6 — r(0) is strictly increasing by Theorem 3.1.

The slope of J; ,,(0) at 0 = 0 equals (observe that r(6) = 0 for § < 6, by Theorem 3)

1 1+h

which changes from negative to positive at # = h, defined in (1.18). Now parts I and II
are obvious. To see part I11, note that J; , () by (4.5) reaches its maximum when (4.3) holds
with r = r(0) the unique solution of (2.36). This proves (4.2) and (4.3). Finally, (4.4) is found
by substituting (2.37) into (1.26). O

Remark. Note the important qualitative change of J; ,(6) as h crosses the critical
value h,. Also note that the maximiser jumps from 8 = 0 to , > 0.

Proof of Theorems 2A and 2B. Combine Theorems 3 and 4 with Proposition 5. Part
(i) is (4.4). Part (ii) is (4.2) and (2.34). Part (iv) follows from (1.19) and Proposition 5 (i)-(iv),
except for the strictly decreasing property of & — ¢(B, h) on (h,, 1). The latter, by part (i), is
implied by the following computation:

h a
(=2 +2m0) U+2m)
B 42%(r) 401N (r)

2 2 12
_(1+47() 1 /12(r) + A’(r) <0,
2A(r) 14+2%(r) A (n)
where r = r(f,h) and we substitute (4.3). In the last step we have used the following
proposition, which will be proved in section 5:

Proposition 6.

A(r) S 14+ 4%(r)

@7 a0 1=220)

forall r>0.
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210 Baillon et al., An infinite particle system in a random medium

Part (iii) follows from (4.7) via (1.17) and (1.18). Part (v) follows because via (1.17) and
(1.18)

c

42(0)2'(0)  1—h*"

L (A+20)7 8

0
%r(ﬁ9hc+)=

Part (vi) is obvious from part (iv). Part (vii) follows from (1.19) and Proposition 5 (i)-(iv),
except for the upper bound. The latter follows from Proposition 6 via (4.2) and (4.3). O

5. Proof of Proposition 6

The proof requires a sequence of steps. First we show that 4, can be viewed as induc-
ing a random map on [0,1) and that therefore AJe, (e, = (1,0,0, ...)) can be written as the
expectation of some functional of a continued fraction with random coefficients. Next we

show that log A(r) = lim % log(A}e,), can be identified as the pressure of a Gibbs measure

for some potential that can be expressed in terms of the continued fraction. Finally we
establish the FKG-property of this Gibbs measure and use it to prove inequality (4.7) via a
class argument.

Step 1. Fix r > 0. Our starting point is the observation that 4, is a convex combina-
tion of simpler matrices. Namely, combine (1.13), (1.16) and (1.30) to write

(5.1) A4,= [ P.y(ds)
[0, )
where
(5.2) P,(i,j)=e "I VPG,j) (1>0,ijeN),

(5.3) vy is the distribution of log(M/b) induced by the distribution § of b.

Thus 4, can be viewed as the expectation of a random operator. The family (2,),. , pre-
serves the cone of geometric vectors

(5.4 {ex;iceR* x,()=¢"1ieN,Ee(0,1)}.
Indeed, from (3.2)

(5.5) P x, = T(t,8)Xrwey >

1
(5.6) T = 20 ¢
For each t >0, ¢ - T'(¢, &) is a map from [0, 1) into itself, with a unique attracting fixed
point ¢ (¢) € (0,1). Thus A, restricted to the set (5.4) can be viewed as inducing a random
map on [0,1) via the equation

(57) Arx¢ = j T(r + s, é) xT(r+s,{)'y(ds) .

[0, )
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Therefore define the following objects:

(5.8) Y=(Y,Y,,...) is a random process with values in [0, ),
(5.9) filr,y) =12 —1f2er -1 — oo 12" (ye[0, )Y, ke N)

where y = (y;,y,,...). Note that in the truncated continued fraction (5.9) the y,’s appear in
reversed order.

Lemma 17. Let E, denote expectation over Y w.r.t. y". Then

(5.10) Aje, = Ew([ f] Sie(r, Y)] xfn(r.Y)> :
k=1

Proof. For n=1

A, e, = j T(r+s,0)xr4 4507 (ds)
[0, )

= EYN(T(" + Yl’ O)X'I‘(r+ Yx,o))

and we have T'(r+ Y,,0) = f,(r,Y). The proof follows by induction using (5.7) and the
observation that T(r + Y, ., £,(,Y)) = £+, (r,Y). O

Step 2. The next step is to evaluate the growth rate of the r.h.s. of (5.10). Define
(5.11) [y =12e —1fert2 — oo (ye[0,0)").

Note that in the continued fraction (5.11) the y,’s appear in the original order as opposed to
(5.9). Let o denote the shift on [0, c0)" defined by 6y = (y,, y3, ...). Use the same symbol
o for the induced shift on 2 ([0, c0)"), the set of probability measures on [0, c0)V. Define

(5.12) M={Qe2?([0,0)"):60 =0},
(5.13) h(Q|y") = specific relative entropy of Q w.r.t. y"
(see e.g. Georgii [9], 15.13).

Lemma 18. Let E, denote expectation over Y w.r.t. Q. Then

o1
(5.14) logA(r) = lim ;log(A;'el)1

n— oo

sup [Ey(log f(r,Y)) — h(Q1y™)] .
QeM

Proof. The first equality in (5.14) is a standard property of self-adjoint positive
compact operators on a Hilbert space obtained via the spectral representation (Kato [12],
V.2.3).
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From (5.10) we obtain, by reversing the order of (¥}, ..., Y,) and defining

Y® =(Y,...,Y, o),

that
n—1
(5.15) (4re), = Ey~< | A Y"")) .
k=0
Next we note that by the monotonicity of y — f(r, y) in each component
(516) sup If(r’y) _f(r7y’)' =f(r7 (On’ON)) —f(r9 (On, wN))
»,y'€[0,0)¥

=T"(r, () — T"(r,0)

where T" denotes the nth iterate of the map & — T'(r, £) and ¢(r) € (0, 1) its unique fixed
point (recall (5.6)). Since ¢ (r) is attracting, it follows that the r.h.s. of (5.16) tends to zero
as n —» oo and hence

1
(517) lim -
n

n— o©

log En (nﬁl f(r, o* Y(n))) —log E v (nﬁl f(r, c* Y)) l =0
k=0 k=0

(also note that f(r, y) is bounded away from 0 because y has bounded support; recall (1.2)
and (5.3)). Therefore we must show that

n—1
(5.18) lim %logEy,v(exp[ Y log f(r,c* Y):l) =r.h.s. of (5.14) .
k=0

n— o

But (5.18) is a standard application of Varadhan’s theorem in large deviation theory at the
level of the empirical process, associated with Y. We refer to Deuschel and Stroock [6],
2.1.10,4.4.1 and 4.4.12. To apply this theorem we use that y has bounded support and that
Ey(log f(r,Y)) is bounded from above and is continuous on 2 ([0,0)") in the weak
topology. We also refer to Georgii [9], 15.16 for the identification of A(Q|y"). O

Step 3. The r.h.s. of (5.14) has the shape of the Gibbs Variational Formula in the
theory of Gibbs measures (Georgii [9], 15.39). This leads to the identification below in
Lemma 19.

Lemma 19. The supremum in (5.14) is attained at Q equal to the projection on [0, c0)"
of the unique shift-invariant Gibbs measure on [0, 00)? w.r.t. the reference measure y™ and
with interaction potential (D) 4¢ 7,141 < &iven by

(5.19) P, =D, foral A,
qj{l}(y) = —1ng(",y(1)) ]

Dy, () = —logLf(r,y®)/f(r,y* )] (*kz2),
@, =0 forall A+ {1,...,k} for some k

(recall that y® = (34, ..., Y5, ©M)).
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Proof.  We refer to Georgii [9], 15.39, from which it follows that the set of maxima
of the supremum in (5.14) coincides with the projection on [0, )"V of the set of

shift-invariant Gibbs measures w.r.t. the reference measure yV and with interaction potential
solving

(5.20) —logf(r, ;)= Y @,0).

AcSN
|A] < o
A>{1}

Clearly (5.19) satisfies (5.20). The maximum in (5.14) equals minus the pressure of the
potential. The sum in (5.20) is the specific energy.

To get that the maximum in (5.14) exists and is unique we use the theory of Gibbs
measures. Return to (5.16). Since & — T'(r, ¢) is smooth, the r.h.s. of (5.16) decays to zero
asymptotically as [(0/9E) T (r, &) s 41" = [$(r)]*" (recall (5.6)). Hence from (5.19)

D, ullo < (@) +¢)** for any ¢ >0 and k large .

.....

Since ¢ (r) <1 for all r > 0, the latter says that the interaction decays exponentially. This
implies, according to a classical theorem (see Georgii [9], 8.39), the existence and
uniqueness of the Gibbs measure. 0O

Step 4. In order to be able to take advantage of the identification in Lemma 19 we
shall need the following notion: Q is said to be an FKG-measure if for all functions
a,b:[0,00)Y - R measurable, bounded and increasing (in each component)

(5.21) E,(ab) 2 Ey(a) Ey(b) .
Lemma 20. QO is an FKG-measure.

Proof. Since the reference measure y" is product measure and since the interaction
potential (@) ¢, 4)<w 1S given by (5.20), a sufficient condition for 0 to be an FKG-
measure is the following property:

(5.22) fyvy) fryny) 2 f(r) f(ry) forally,y.r

where y vy’ and y Ay’ are the coordinatewise maximum resp. minimum of y and y’". The
above criterion can be found e.g. in Batty and Bollmann [3].

The proof of (5.22) proceeds by induction. Let /*'(r, y) denote the continued fraction
truncated after the kth term (i.e., (5.9) but with the y;’s in the original order). Since
lim f®(r,y) = f(r,y) for all r,y (recall (5.16)) it suffices to prove that
k— o

(523)  fO@yvy)fPryay)Z P00 Py forally,y,rk.

To get (5.23) we first note that from (5.11) we have the recursion relation

1
(5.24) fOr,y) = 3 T ay) k=1)
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with f©(r,y) = 0. Differentiating (5.24) w.r.t. y; we get
a k) k 2
(5.25) — [Py =-1fPr»1?,
9y,

5‘% FOr ) = —LF O, )] a“i‘ FE(ray) (i21).

i

The last derivative is zero when i = k. It therefore follows from (5.25) by induction that

(5.26) ;y—f”"(r,y)= - ﬁ L (r,e'y»]* 0=Li<k).
i i=o0

This in turn implies

(5.27) -(%—logf""(r,y) =—f®(,y) H € (re'y)]* (0=i<k).
i ji=1

Since y — f® (r, y) is non-decreasing in each y, for all k = 0, we can now from (5.27) read
off the following property:

(5.28) y—=f O, yvy)/f®(r,y) is non-decreasing in each y;
(and the same for y vy’ and y’).

Property (5.28) is the key to (5.23). Namely, define

, fO@, NPy Ay

Define the following operations 7; on (y, y’):

(5.30) .y) > LTy =(@2) (G21)
Zi=y,zi=y; fori%j,

—_— —_— ’

Then (5.28) yields
(5.31) g®(r,(»,5)) 2 g% (r, Tj(y,y")) foreachjz1.
By repeating T, for j =1, ..., k we eventually get
(0 y) zg¥ Ay, yay)) =1. O
Step 5. The next step is to combine Lemmas 18—-20. Namely, with the abbreviations
(5.32) #o(r) = exp Eg(log f(r,Y)) ,

(5.33) M={QeM:Qis FKG},
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we can write

(5.34) A(r) = 3‘:5 [ 1o (r) e M@

The restriction of the supremum to the set M is the key to finishing the proof of inequality
(4.7) in Proposition 6, as we shall next see.

We continue with a class argument. Define the class of functions

(535 €= {u :(0, 00) — (0,1) satisfying : e * (u(x) + L) T}
p(x)

(1 means non-decreasing) and note that for any u such that y’ exists the following holds:

<26 o HO 1R
30 HEEE T 21w

The following lemma applied to (5.34) shows that the function A is in € and hence, by (5.36),
that (4.7) holds with > instead of >. Later we shall exclude =.

Lemma 21. (i) uy, €% for every Qe M.
(ii) € is closed under multiplying by a constant in (0, 1) and under taking suprema.
Proof. Part (ii) is trivial. Part (i) has two steps.

(1) From (5.32) follows

i _ (_f’(r,Y)>
G-37 e -\ " e )

To compute the r.h.s. of (5.37) first note that from (5.11)

(5.38) f,9) = 1/Qe " — 1(r,07))
and hence
(5.39) —}—}((:—yy)) =f(r.y)Qer° —f'(r,0y)
) (7(,1—;) 1)~ £ ay))
— 11 (0) [(.0) [1 - f}((r’;’yy))] .
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Iterate (5.39) to obtain the representation

(5.40) /()

1)

1 S . . . .
=7y 2 { I1 fz(r,G’)’)} 2t y) (A +f(r6'y) f(r,0' "1 ).

=0 (j=0

Since f'(r, y) is bounded away from 1, the r.h.s. of (5.40) converges and the r.h.s. of (5.37)
is finite. Next use that the f(r, 6'y)’s are decreasing functions of y. Therefore we can apply
the FKG-property of Q together with 6 Q = Q to get the lower bound (recall (5.21))

’ © 2
(5.41) E, (— f}((r’yy))> > .;0 21+ ¢?) = i f‘;z . with ¢ = Ey(£(r, Y)) .
(2) Jensen’s inequality applied to (5.32) gives
(542) po(r) < Eo(f(r.Y)).

Combine (5.37), (5.41) and (5.42) to read off via (5.36) that uy,e¥. O
Step 6. Finally we exclude = in (4.7). Consider the representation in (5.34). Define
(5.43) fig(r) = po(r)e h@im
First we show that for every jiye M
(5.44) either fi, satisfies (4.7) with >,
or h(Q|y") =0 and Q = (§,,)" for some c.

Indeed, since 1y € € by Lemma 21 (i), fi, (r) satisfies the inequality in the r.h.s. of (5.36) with
> as soon as

exp(—h(QIy")) <1

(recall (5.35)). Moreover, (5.37), (5.41) and (5.42) show that equality can hold in (5.36) if and
only if equality holds in (5.42). The latter, by (5.32), requires f(r,Y) to be
Q-a.s. constant, which means that the marginal of Q is a point mass. So (5.44) holds.

Next we note that A(Q|y") =0 requires Q =7y", which is incompatible with
Q= (8,4)" by (1.2) and (5.3). So the second option in (5.44) is not possible. Thus we have
proved that for every jye M

(545 o) _ 1+ ()

— = — forallr>0.
Ao(r)  1—jg(r)

Next pick any r, > 0 and consider r — fip (r) where 0, € M denotes the maximum
in Lemma 19 at r = r,. Clearly

(5.46) fig,, (ro) = A(ro) .
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Moreover, since fi; and A’ exist and Hg,,(r) < A(r) for all r> 0, we must also have
(5.47) fig,,(ro) = A'(rp) .
Substitute (5.46) and (5.47) into (5.45) to get the assertion. O
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