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It 15 known that a quantum computer operating on election spin qubits with single election
Hamiltontans and assisted by single-spin measuiements can be simulated elficiently on a classical
computer We show that the exponential speedup of quantum algoiithms 1s 1estoted 1f single-chaige
measutements aic added These enable the constiuction of a CNOT (contiolled NOT) gate for fiee
fetmions, using only beam splitters and spin 1otations The gate 1s neaily deterministic if the chaige
detector counts the number of elections 1n a mode, and fully deterministic if 1t only measuies the parity

of that numbei

DOI 10 1103/PhysRevLett 93 020501

Flying qubits tiansport quantum information between
distant memory nodes and form an essential ingiedient of
a scalable quantum computer [1] Flying qubits could be
photons {2], but using conduction elections 1n the solid
state for this puipose iemoves the need to convelt mate-
t1al qubits to 1adiation Since the Coulomb interaction
between fiee elections 1s stiongly scieened, an inteiac-
tion-frtee mechanism for logical opeiations on electionic
fiying qubits could be desnable The seaich tor such a
mechanism 18 stiongly constiained by a no-go theoiem
[3,4], which states that the exponential speedup of quan-
tum over classical algoiithms cannot be ieached with
single-election Hamiltomans assisted by single-spin
measutements Heie we show that the full power of quan-
tum computation 1s testoied if single-chaige measuie-
ments ate added These enable the constiuction of a
CNOT (contiolied NOT) gate for fiee fermions, using
only beam splittets and spin 1otations

The no-go theoiem [3,4] applies only to fetmions, not
to bosons Indeed, in an influential paper [2], Kmnill,
Laflamme, and Milbuin showed that the exponential
speedup ovei a classical algorithm affoirded by quantum
mechanics can be 1eached using only linear optics with
single-photon detectors The detectots interact with the
qubuts, providing the nonlinearity needed fo1 the compu-
tation, but qubit-qubit 1nteractions (e g , nonlinear optical
elements) are not iequuied in the bosonic case This
difference between bosons and feimions explains why
the topic of “fiee-election quantum computation”
(FEQCQC) 1s absent 1n the literatuie, 1n contiast to the active
topic of “lineat optics quantum computation” (LOQC)
[5-12] Heie we would like to open up the former topie,
by demonstiating how the constiaint on the efficiency of
quantum algorithms fo1 fiee fermions can be removed
We accomplish this by using the fact that the election
catrying the qubit in 1ts spin degiee of frieedom has also a
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chaige degiee of fieedom Spin and chaige commute, so a
measutement of the chaige leaves the spin qubit unaf-
fected To measure the chaige the qubit should interact
with a detector, but no qubit-qubit inteiactions aie
needed

Chaige detectors play a promunent 10le 1n a varrety of
contexts as which-path detectots they conttol the visibil-
ity of Ahatonov-Bohm oscillations [13], in combination
with a beam splitter they piovide a way to entangle two
noninteracting paiticles [14], in combination with spin-
dependent tunneling they enable the 1eadout of a spin
qubit [15,16] The experimental 1ealization uses the effect
of the electiic field of the chaige on the conductance of a
neaiby point contact [17] The effect 1s weak, because of
scieening, but measuiable if the point contact 1s neat
enough Such a device functions as an electiometer It
can count the occupation numbei of a spatial mode (0, I,
o1 2 elections with opposite spin) If the point contact 1s
teplaced by a quantum dot with a 1esonant conductance,
then 1t 1s possible to operate the device as a parity meter
It can distinguish occupation number one (when 1t 15 on
1esonance) fiom occupation number 0 o1 two (when 1t 1s
off 1esonance)—but 1t cannot distinguish between 0O
and 2 We will consider both types of chaige detectois
1n what follows

The general formulation of fermionic quantum compu-
tation [18] 18 1n terms of local modes which can be eithel
empty ot occupied The annthtlation opeiator of a local
mode 18 a,,, with spatial mode index + = 1,2 3 and
spin index s =T | For noninteracting fermions the
Hamiltonian 1s bilinear 1n the cieation and annthilation
operatois A local measuiement 1n the computational
basis has ptojection opetatois n,, = a]:a,J and | — n, =
a“al Tethal and one of the authors {3] showed that the
piobability of the outcome of any set of such local mea-
sutements 15 the squate 100t of a determinant Since a
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determinant of oidet NV can be evaluated in a time which
scales polynomially with N, the quantum algorithm can
be stmulated efficiently on a classical computer This 1s
the no-go theoiem mentioned 1n the intioduction

We now add measuiements of the local chaige 0, =
ng + n, to the algoiithm The eigenvalues of @, aie
0, 1,2 The piobability that chaige one 1s measuied 1s
given by the expectation value of the piojection opeiator

P,=1-(1-0)?=alazaal +alajazal (1)
The operator P, 1s the sum of two local operators in the
computational basis The pirobability that M spatial
modes aie singly occupied theiefoie consists of a sum
of an exponentially large numbet (2%) of determinants, so
now a classical stmulation need no longer scale polyno-
muially with the number of modes Notice that a measuie-
ment of O, contains less information about the state than
sepatate measuiements of n,; and n,; The fact that paitial
measuiements can add computational power 18 a basic
puinciple of quantum algoiithms [1]

Lel us now see how these formal consideiations could
be implemented, by constiucting a CNOT gate using only
beam splitteis, spin totations, and chaige detectors To
construct the gate we need one of two new building
blocks that aie enabled by chaige detectois The fiist
building block 1s the Bell-state analyzer shown 1n Fig |
For this device 1t does not matter whether the chaige
detector opelates as an electiometer o1 as a patity metet
The second building block, shown i Fig 2, converts a
chaige paiity measuiement to a spin paiity measutement
We piesent each device 1n turn and then show how to
construct the CNOT gate

The Bell-state analyzer makes 1t possible to telepoit
[19] the spin state a| 1) + B ]) of election A to anothe:

FIG |  Bell state analyzer for noninteracting elections, con-
sisting ol thiee 50/50 becam splittets (dashed hoiizontal lines),
four mmois (solid horizonal hnes), two local spin 1otations
(Pault matiices ¢, and ¢,), and thiee chaige detectors
(squaies) The chaige detectois may opciate cither as electio-
meters (counting the occupation ¢, =0 1 2 1n an aim) o1 as
pality meters (measuiing p, = ¢, mod2) The first chaige de-
tector can identify the spin singlet state ['\Wy), which 1s the only
one of the four Bell states (2)—~(4) to show (p; = 0) Since (1 ®
o )W) = —|¥,) the second chaige detector can identfy
W) when p; = 0 Finally since (1 ® 0,0 )|¥,) = |W¥,) the
thud chairge detector can identify the two iemaming states
['F5) (when py = 0) and [¥5) (when ps = 1)
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election A’, using a thud election B that 1s entangled with
A’ The teleportation 1s petfoimed by measuring the joint
state of A and B 1n the Bell basis

[Woy = (| 1) = 1 ID)/V2, )
[T = (L1l + [ID)/V2, 3)
[y = (T + 1 1)/V2, )
[y = (111 — 1 1)/V2 ®)

A no-go theotem [20,21] says that such a Bell measuie-
ment cannot be done detetministically (meaning with
100% success probability) without using interactions be-
tween the qubits However, 1t has been noted that this
theotem does not apply to qubits that possess an addi-
tional degiee of fieedom [22], and that 1s how we will
woik around 1t

In Fig 1 we show how a detetministic Bell measuie-
ment for fermions can be petformed using thtee 50/50
beam splitters, thiee chaige detectors, and two local spin
1otations (1epiesented by Pault matiices o, and o ) The
beam splitter scatters two elections into the same arm
(bunching) 1f they ate 1n the singlet state (2), and 1nto two
different aims (antibunching) 1f they are in one of the
tuplet states (3)—(5) (This can be easily undeistood [23]
{ftom the antisymmetiy of the wave function under pai-
ticle exchange, demanded by the Pauli principle The
singlet state 1s antisymmetiic in the spin degiee of fiee-
dom, so the spatial part of the wave function should be

FIG 2 Gate that conveits a chaige parily measutement (o a
spin parity measuicment The shaded box at the 11ght repiesents
the cucuit shown at the left A pain of elections 15 mcident
arms a and b A polatizing beam splitter (double dashed line)
trtansmits spin up and reflects spm down A chaige detector
records bunching (p = 0) o1 anubunching (p = 1) and passes
the elections on to a second polaiizing beam sphitter If each
eleczon at the input 1s 1n a spin eigenstate [ 1) o1 [1), then
output equals input and p measuies the spin paiity (p = 1 1f
the two spins are ahigned, and p = 0 1f they aie opposite) The
gate can be used (o encode a qubit | T) as the two paiticle state
I DI and | 1) as | {)] |) For that puipose the mput consists of
the qubit to be encoded tn aim ¢ plus an ancilla m arm b n the
state ([ 1)+ [ 1))/v/2 The output 1s the 1equited two-paiticle
state 1n aims ¢ and d for p =1 For p =0 1t becomes the
requited state after a spin-flip (¢,) operation on the election
mamd
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symmetiic, and vice vetsa for the tiiplet state ) Let p, be control in control out
the chaige g, measuied by detector 1, mod2 So p, =0
means bunching and p, = | means antibunching after ancilla out
beam splitter : The quantity (measured)

B =p,+ pipst pipaps (6)

takes on the value 0, 1,2, o1 3 depending on whether the
incident state 1s |Wg), [V, [¥y), or {W), respectively
The measutement of B 1s theiefore the 1equired projective
measutement 1n the Bell basis It 1s a desttuctive mea-
sutement, so 1t does not matter whether the chaige de-
tectot opelates as an electrometer (measuiing g,) o1 as a
paiity meter (measuiing p,)

In Fig 2 we show how a chaige detector opelating as a
patity meter can be used to measule in a nondestiuc-
tive way whether two spins aie the same o1 opposite
“Nondestiuctive” means without measuiing whethe
the spin 1s up o1 down The device consists of two polai-
1zing beam splitters 1n seties, with the chaige detectol
1n between (A polaiizing beam splitter fully trtansmuits T
and fully reflects | ) At the mput two elections ate
incident 1n diffetent aims Input equals output 1f each
election 18 1n a spin eigenstate The measuied chaige
paiity then 1ecoids whether the two spins aie the same
o1 opposite We will 1efer to this device as an encoder,
because 1t can deterministically entangle a qubit 1n the
atbitiary state | 1) -+ 8] 1) and an ancilla 1n the fixed
state (| 1) + | 1))/~/2 1nto the two-partticle entangled state
al DI+ BIDID

To constiuct a CNOT gate using the Bell-state analyzes
we follow Ref [2], whete 1t was shown that telepoitation
can be used to conveit a piobabilistic logical gate 1nto a
neaily detetministic one It 1s well known that a pioba-
bilistic CNOT gate can be constiucted fiom beam splitters
and single-qubit opetrations The design of Pittman et al
[7] has success piobability % and woiks for fetmions as
well as bosons It consumes an entangled pau of ancillas,
which can be created piobabilistically using a beam
splitter and chaige detector [14] Because the gate 1s not
deterministic, 1t cannot be used 1n a scalable way 1nside
the computation Howevel, the CNOT gate can be 1epeat-
edly executed off-line, independent of the piogiess of the
quantum algoiithm, until it has succeeded Two Bell
measuiements teleport the CNOT operation 1nto the com-
putation [24], when needed In this way a quantum algo-
1thm can be executed using only single-particle
Hamiltonians and single-paiticle measuiements

In Fig 3 we show how to constiuct a CNOT gate
using the encodetr Oui design was 1nspited by that of
Pittman et al [7], but 1ather than being probabilistic 1t 15
exactly detetministic We take two encodeis 1n series,
with a change of basis on going tiom the fitst to the
second encoder The change of basis 15 the Hadamaid
transiotmation
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11> 11>
V2

target in target out

FIG 3  Detetministic CNOT gate for noninteracting elections
Each shaded box contains a pan of polaiizing beam splitteis
and a chaige detecto1, as descitbed in Fig 2 The fom
Hadamaid gates H = (o, + o )/+/2 10tate the spins entering
and leaving the second box The input of the CNOT gate consists
of the contiol and target qubits plus an ancilla 1n the state
(1 + 1 1))/+/2 The spm of the ancilla 15 measwied at the
output. The outcome of that measmement together with the
two palities p; p» measuied by the chaige detectors detetmine
which operations o, o, one has to apply to contiol and target at
the output 1n oider to complete the CNOT operation For the
contiol, o, = o, 1t p; =0 while ¢, =1 1f p, =1 For the
taiget, o, = o, if the ancilla 18 down and p;, =1, o1 1if
the ancilla 1s up and p, = 0 Othetwise, o, = 1 The calcu
lation 1s given 1n Ref [30]

ID—=AD+1)/V2, Th=AD-1W/N~N2 O

The CNOToperation flips the spin of the taiget qubit if the
spin of the contiol qubit 1s] Contiol and taiget ate input
into sepatate encodets The ancilla of the encoder for the
contiol 1s fed back into the encoder for the target At
the output, the spin of the ancilla 1s measuied Con-
ditioned on the outcome of that measutement and on the
two patities measuied by the encoders, a Pauli matiix has
to be applied to contiol and taiget to complete the CNOT
opetation

The computational power of the paity detectois 1s
iematkable The CNOT gate of Fig 3 iequites a single
ancilla to achieve a 100% success probability, while the
optimal design of LOQC needs n ancillas in a specially
prepaied entangled state fo1 a 1 — 1/n? success probabil-
ity [8] In this tespect 1t would seem that FEQC 1s
computationally mote poweiful than LOQC, but we em-
phasize that Fig 3 applies to bosons as well as fetmions If
patity detectois could be 1ealized for photons (and theie
exist pioposals 1n the literatute [6]), then the design of
Fig 3 would dramatically simplify existing schemes
{for LOQC

In conclusion, we have shown that fiee-election quan
tum computation (FEQC) 1s possible 1n principle either
neatly deterministically (using a Bell-state analyzer with
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a chaige detector operating as an electiometer) o1 exactly
deterministically (using an encoder with a chaige detec-
to1 operating as a paity metel) Unlike photons, elections
intetact strongly 1f biought close togethet, so theie is no
need to rely exclusively on single-particle Hamiltonians
We expect that FEQC would ultimately be used fo1 flying
qubits [25], while other gate designs based on shoit-1ange
interactions [15,26] would be pieferied for stationary
qubats

The two ingiedients of the cucuits considered hete,
beam splitters [27,28] and chaige detectors [13,16,17],
have both been 1ealized by means of point contacts 1n a
two-dimensional election gas The time-i1esolved detec-
tion requiied for the operation as a logical gate has not yet
been 1ealized The cuiiently achievable time 1esolution
for chaige detection 1s ws [16], while the 1esolution
requited for ballistic electtons in a semiconductor is in
the pstange That time scale 15 not 1naccessible [29], but 1t
might not be possible to 1each the 1equited single-election
sensitivity due to the unavoidable shot noise in the chaige
detector In the light of this, 1s could be moie practical to
stait with 1solated elections 1n an artay of quantum dots,
1ather than with flying qubits, 1n oider to investigate the
potential and limitations of our theoietical concept on a
presently accessible time scale
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