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We present a theoretical fiamewoik for the statistics of low fiequency cutrent and voltage fluctuations of a
quantum conductor embedded mn a linear electiomagnetic enviionment It takes the form ol a Keldysh field
theoty with a gencric low frequency himut that allows for a phenomenological undeistanding and efficient
evaluation of the statistics 10 the saddle point appioximation This provides an adequate theoretical justification
of our catlier calculation that made use of the so called cascaded Langevin approach  We show how a
feedback from the envuonment mixes coiielatots of different orders This explains the unexpected temperatuie
dependence of the thitd moment of tunneling noise obscived 1n a recent cxpeimment At finite temperatuie
cuttent and voltage cotrclators of oider 3 and higher aie no longer lineatly 1clated We show that a Hall ba
measutcs voltage cotielatois m the longrtudinal voltage and cuirent conelators i the Hall voltage Next wc
demonstiate that the quantum high frequency corections to the low frequency himit conespond to the envi
ronmental Coulomb blockwde We prove that the leading oitder Coulomb blockade coticction to the nth
cumulant of the cunient fluctuations 1s proportional to the voltage denivative of the (n+ 1) th cumulant This
generalizes to any n euler 1esults obtamned for n=12
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I INTRODUCIION

A mesoscopic conductor 18 always embedded n a macio-
scopic electtical cicurt that influences 1ts transpoit propet
ties This electiomagnetic enviionment 1s a souice of deco
hetence and plays a cential 10le for single election effects '~
It has been noticed that the quantum mechanics of the cncuit
can be most genetally and adequately expiessed in tetms of a
Keldysh action whete the voltage diop o1 coresponding
phase, actoss the conductor i1s the only vanable For super
conducting tunnel junctions this theoty has been 1eviewed m
Ref 6 All mtformauon about electionic pioperties of the
mesoscopic conductor 15 incorporated into the Keldysh ac
tion which makes 1t non Gaussian and nonlocal m time Any
conductol, not necessarily 4 mesoscopic one, can be de-
scitbed with a Keldysh action of similar stiucture

Most ttanspott studies transport addiess the time averaged
cutent It 1s clear that time dependent fluctuations of the
electnic curtent are also ailected by the enviionment, which
reduces the low-fiequency fluctuations by a feedback loop A
current fluctuation 6/ mduces a counteracting voltage fluc-
wation 8V=—Z48I over the conductor, which m tuin reduces
the curtent by an amount — G 8V (Hete G and Z are, iespec
tively, the conductance of the mesoscopic system and the
equivalent series 1mpedance of the mactoscopic voltage
biased cucurt ) At zeto temperature the macioscopic cicuit
does not genetate any noise tself and the feedback loop 1s
the only way 1t atfects the cutient fluctuations in the mesos
copic conductor, which persist at zeio temperatute because
of the shot norse eftect 7= In the second cumulant €%, o
shot noise powet, the feedback loop may be accounted for by
a tescaling of the cuttent fluctuations 8/ — (1 +ZG) L1

Foi example, the Potsson noise CP=eT(1+2G)™ of a
tunnel junction 1s simply 1educed by a factor (1+ZG) *
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due to the negative feedback of the series impedance

We have 1ecently discoveied that this textbook 1esult
breaks down beyond the second cumulant '© Terms appear
which depend 1 a nonlmear way on lower cumulants, and
which cannot be mcotpoiated by any 1escaling with poweis
ot 1+ZG In the example of a tunnel junction the thnd

cumulant at zero temperature takes the form C)=¢27(1
—2ZG)(1+ZG)™* This mplies that the hnear enviion
ment provides an impoitant and nontirvial effect on the sta
tistics ot cunent and voltage fluctuations ot any conductor
the low fiequency 1egime In a sense, this effect 1s moie
tundamental and mmportant than the Coulomb blockade We
will show that this enviionmental effect 15 of a classical na
ture and peisists at Z<€/i/e?, wheieas the Coulomb blockade
1s the quantum cortection that dissapears n the limit ot small
impedance

The conciete tesults given mn Ref 10 were 1estiicted to
zeio tempetatute In Ref 11 we temoved this 1estiiction and
showed that the feedback of the electiomagnetic enviton-
ment on the mesoscopic conductor diastically modifies the
temperature dependence of €' Eaiher theory'* '* assumed
an 1solated mesoscopic  conductor  and  piedicted a
temperature-independent €V tor a tunnel junction We
showed n Ref 11 that the coupling to the enviionment 1n
toduces a temperatute dependence which can even change
the sign ot C'7) as the temperature 1s 1aised No such effect
exists for the second cumulant The tempetature dependence
predicted has been measuted m a recent expeniment ' We
demonstiated m Rel 11 that the results can be obtained 1n 4
heutistic way under a cascade assumption one can sert by
hand nonlmear terms mto a Langevin equation '* This so
called * cascaded Langevin approach’ s not justified ¢ pii
orr Thetetore the purpose of the piesent paper 1s to provide
an adequate theoretical framework for the statistics ot low
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fiequency fluctuations—a nonlinear Keldysh action that 1s
local m time, and to suppoit the tramework with a tully
quantum mechanical dervation

The outlime ot this paper 1s as tollows In Secs I and III
we present the genetal framework within which we describe
a broad class of electitcal cucuits that consist of conductors
with a non Gaussian action embedded 1 a macioscopic elec
tiomagnetic envnonment The basis 1s a path integtal formu
lation of the Keldysh appioach to chaige countmg
statistics '°'7 Tt allows us to evaluate cotrelators and cross-
corielators of cuttents and voltages at aibiiary contacts of
the circuit We provide an mstiuctive mteipietation of the
1esults 1n terms of “‘pseudoprobabilities ”” Within this fiame
wotk, we study m Secs IV and VI series cucuits of two
conductois

Fuithel, we concentiate on the low fiequency 1egime and
show that the path integials over fluctuating quantum fields
m this case can be 1eadily pertoimed m saddle point appioxi-
mation The conditions ot validity tor this approximation are
discussed in Sec V. We obtain general ielations between
thud order conelators in a settes cucuit and cortelators of
the mdividual 1solated conductors We concentiate on the
expenimentally 1elevant case ot a single mesoscopic conduc
tor 1n seties with a limear electtomagnetic enviionment Most
expetiments measute voltage coitelators In Sec VII we pro
pose an experumental method to obtain cunient cotielatots,
using the Hall voltage i a weak magnetic field The funda-
mental difference between curient and voltage conelatois
1ests on whether the variable measured 1s odd o1 even under
tune 1eversal In Sec VIII we show that Coulomb blockade
ettects due to the enviionment are accounted for by quantum
fluctuations m our path mtegial They i1enoimalize of the
low tiequency action =2 We conclude m Sec IX

II. DESCRIPTION OF THE CIRCUII

We consider a cucuit consisting of electiical conductors
G,, a mactoscopic electiomagnetic enviionment [with 1m-
pedance matiix Z(w)], plus ideal cutrent and voltage metets
M, The cuttent meter (zero mteinal mmpedance) 1s m seties
with a voltage souice, while the voltage meter (infinite mter
nal mmpedance) 1s m patallel to a cutient souice Any finite
impedance of meters and soutces 15 incorpotated 1n the elec
tiomagnetic enviuonment In Fig 1 we show examples of
such cucuits

The electiomagnetic enviionment 15 assumed to produce
only thermal noise To characterize this noise we consider
the cucuit without the mesoscopic conductots, see Fig 2
Each pan of contacts to the environment 1s now attached to a
curtent source and a voltage meter The impedance matix 1s
defined by partial detivatives of voltages with tespect to cut
rents

(}VG dVG
dl I
_(ZGG Zowm _ Glry otm I¢ 0D
Zuc Zym oV aVy
al., Al y ;
o ¢
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FIG | Clecuical cincunts studied n this aiticle The black boxes
1epresent conductors embedded in an electiomagnetic environment
(dashed 1ectangle) A voltage source 1s present at the contacts for a
curient measurement (tight cricurt) and a cutrent source at the con-
tacts for a vollage measutement (left circuit) The two crrcuits can
also be combined mto one larger cucuit containing two conductons
and both a cunient 1nd a voltage meter

(All quantities are taken at the same fiequency w ) It theie 15
mote than one pan of contacts of type G o1 M, then the fow
blocks of Z awre matiices themselves Positive and negative
iequencies are 1elated by Z ,5(— w) =Zﬂﬂ(w) We also note

FIG 2 Cucuit used to characterize the impedance matiix of the
electiomagnetic envitonment All contacts aic now connected to a
voltage meter plus a curient souice
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the Onsaget Casimur ! symmety Z,g(B,w)=Zg,(— B w),
i an external magnetic field B The theimal noise at each
pan of contacts 15 Gaussian The covarlance matiix ot the
voltage fluctuations 6V, 1s detetmined by the fluctuation
dissipation theotem

fzw)

(6V (w)oVg(w'))=mdlwtw o cotanh(m

X[Zupl@)+Zp,(w)], 22

with 7 the temperature of the envitonment
We seek finite fiequency cumulant cortelators of the vaii
ables measued at the cuitent and voltage meters

<<Xl(wl> X!J(wn)>>:2775(/\2l w/\>cgg)(wl vwl)
(23)

Heie X, stands foi etther Vy, o1 I, Fourler tansforms aie
defined by X,(w) = [dt expltwt)X,(f) Our aim 1s to relate the
correlators at the measutement contacts to the cotrelators one
would measure at the conductors 1t they were 1solated fiom
the enviionment

IIT PATH INTLGRAI TORMUI ATTON

Corelators of curtents /), and voltages V,, at the mea
sutement contacts aie obtained fiom the geneiating func
tional

Z‘[J"]:<T_ezfdrlH+j (r)z\lT+€—1fdt|[I+j* (/)\]> (% l)

They contain moments of outcomes of measurements of the
vatiable X (equal to [, o1 Vy,) at different mstants of time
The symbols T, (T_) denote (inveise) tume ordering, differ
ent on the forward and backwaid paits of the Keldysh con
tour The exponents contamn soutce terms ;= and a Hamul
tontan H, which we discuss sepatately

The souice term ;=(¢) 1s a chaige Oy =['dt'[,,(t") it
X=V, wheieas 1t 1s a phase Dy =['dt’'Vy,(t') f X
=1, (We have set fi to unity) The supetsctipt * deter
mimes on which part of the Keldysh contour the source 1s

effective The vector ]=(}°‘Jq) mdicates the linear combina-
tions

Lo

=5 J=y" =y (32)

7 U+,

We denote vectois n this two dimensional  Keldysh space’
by a vector attow The “classial” soutce fields j*
=(j“1' ,/3[, ) account for cuitent o1 voltage souices at the
measurement contacts Cumulant cortelators ot the measuied
vattables aie genciated by differentiation ot In Zy with 1e

spect to the “quantum ” fields y9= ({9, )

n

=11

Iz, (3 3)
=189 oo

A[I} Xi(1)

The Hamiltonian consists of thiee parts,
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H=H +Y, H;—®gl; (3 4)

The tetm H, =2 Q) a,a, 1epiesents the electiomagnetic en
vitonment, which we model by a collection of haimonic os
cillators at fiequencies £, The conductors connected to the

environment have Hamiltomans H,, The mteraction term

couples the phases ®g (defined by ([H, ,®,]=V) to the
curtents I; thiough the conductors The phases @, as well
as the measured quantities X, are linear combinations ot the
bosonic opetators a, of the elecomagnetic envionment

CDG=Z (LJG(l/-f-CJ(”(I]), (35)
]

XZE (cfa/+ch a,) (3 06)
]

The coetficients ch and c]Y depend on the impedance matiix
of the enviionment and also on which contacts aie connected
to a curtent souice and which to a voltage souice

To calculate the generating functional we use a Keldysh
path mtegial formalism 1722 (See Appendix A tor a bitet m
noduction to this techmque ) We fust present the calculation
for the case of a voltage measwmement at all measutement
contacts (so X;= Vg, and ;=0 for all k) We will then

show how the 1esult for a cuitent measuiement can be ob
tamed fiom this calculation The path mtegial involves inte
gations over the emvnonmental degiees of fieedom «
weighted with an influence functional Z,G due to the conduc

!

tors Because the conductors are assumed to be uncoupled m
the absence of the enviionment this influence functional fac
tor1zes

z [ Ps)=11 2, [$6] (37
{
An individual conductor has influence tunctional

z, =<T e HAHC 2 WIC I o fdilH +0; i, ;>
¢
(38)

Compaiimg Eq (3 8) with Eq (3 1) for X=1I);, we note that
the influence functional of a conductor G, 1s just the genel
ating functional of cuitent fluctuations i G, when connected
to an 1deal voltage source without electitomagnetic enviton
ment That 1s why we use the same symbol Z for influence
functional and generating functional

The mtegials over all enviionmental fields except (T)G ate
Gaussian and can be done exactly The tesulting path integial
expiession for the generating tunctional Z, y takes the form

Zy ‘I[QM] = J' D[ Dgexp{— [St[éMvﬁ)(y]}ZI(’[é)G]
(39)

5
up to a normalization constant -~ We use for the ntegiation
fields @, the same vector notation as for the source fields
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O, = (DL, BY) with DI=1(0/dr)(Df+D;) and DY

=d.—d. The Gaussian enviionmental action S, s cal
G G 4

culated i Appendix B The result 15 given in terms of the
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. 1l (dow . . . - S .
S [ Pg] :Ef Z_W[QMZMMQA1+ (P, = OyZp}Y

impedance mattix Z of the environment X (o= ZonQu)] (3 10)
|
0 Zge ()
Y(w)= \ 1 . | (3 11)
Zio(w) _'2“(‘)[2N(w)+1][zc,(;(w)+z(;(, (w)]
0 Zyin(w)
Zyl w) = I (3 12)
e Zy(w)  — Ew[ZN(wH- [ Zyp @) + Zyp( @) ]
—Zmlw) 0
Zyg(w)=| 1 =7~ ) (3 13)
e 502N () + 1 Zug(@) + Zow(@)] Zuo(@)
[
with the Bose Emstein  distiibution  N(w)={exp(w/kT) ’ Jdrel R
—1]7" We have marked matiices n the Keldysh space by a P [V,/]:j Diele" ™ z[d=(V,e)] (17)

check, for mstance, Y

When one substitutes Eq (3 10) into Eq (3 9) and calcu
lates couelators with the help ot Eq (3 3), one can identify
two souices of noise The fiist souice of notse 1s curient
fluctuations n the conductors that induce fluctuations of the
measuted voltage These contributions ate generated by dif

ferentiating the terms of S, that are lmeat 1n @y The second
soutce of noise 1s the enviionment itself, accounted for by
the contitbutions quadiatic m @y

Genelatmg functionals Z, for cncuits where curents
1ather than voltages are measwed at some of the contacts can
be obtamed along the same lines with modified 1esponse
functions It 15 also possible to obtain them fiom Z;

thiough the functional Fourier transform derrved in Appen
dix C,

2 [Pyl= J DlQyle v Pz, [0y] (14

We have defined the cioss product

Q»X(BEJ di(Q9PT— P (3 15)

This uansformation may be applied to any pait of measure
ment contacts to obtamn cutient cotrelators from voltage cot
1elators

Lquation (3 t4) ensuies that the two functionals

AV 1= [ Prglesen 21G=an, (16

ate 1dentical P[V,/]=P'[V,I] This functional P has an
mtuitive probabihistic mterpretation With the help of Eq
(3 3) we obtain fiom P the cortelators

[o0vey vaevn

<V(tl) v(lll)>I: 3
| mivimvan
(3 18)
[ oty e
<I(Zl) 1([11)>\ =
| ounev.n
(3 19)

This suggests the terpretatton of P[V I as a jomt piobabil
ity distitbution tunctional of curient and voltage fluctuations
Yet P cannot propetly be called a probability since 1t need
not be positive In the low frequency approximation mto
duced 1n the next scction 1t 18 positive tor normal metal con
ductors Iowever, for supeiconductors, 1t has been tound to
take negative values * It 1s theretore more propeily called a
‘pseudopiobability

We conclude this section with some 1ematks on the actual
measutement process The time averaged conelators (2 3)
may be measuted m two difterent ways In the first way the
vatlable X 15 measuied tepeatedly and results at ditterent
times are cottelated aftetwards In the second way (and this
15 how 1t 1s usually donezs) one uses a detector that measuies
directly time mtegials of X (for example, by means of a
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FIG 3 Top panel Crcuit of two conductots Gy G5 1n an
clectiomagnetic envitonment modeled by thiee resistances Ry R,
Ry Inthe limit Ry R, Ry—o° the ciicuit becomes cquivalent to the
scites circuit n the lower pancl

spectial filter) The cotrelators measuied n the fust way are

obtamed from the generating functional according to Eq
(33),

277—5( z w/\) ng)(wl > 7(1)/1)
A1

(320)

4 8
H f dte' W —————
i

InZ 0
= I R

The second way ot measuiement 1S modeled by choosing
ctoss 1mpedances that ensuie that an instantaneous measuie
ment at one pan of contacts yields a ime average at anothet
pau, tor example Zys{w)*6(w—wy) The 1esulting fie
quency dependent counelators do not depend on which way
of measurement one uses

IV.TWO CONDUCTORS IN SERIFS

We specialize the geneial theoty to the seties cucult of
two conductors G and G, shown m Fig 3 (lower panel)
We denive the generating functional Z, ; for conelators of
the voltage diop V= VMI over conductor G and the cuitent
=1, thiough both conductors (The voltage diop over con
ductor G equals Vy,, = Vy =V, =V, with V¢ the non

fluctuating bias voltage of the voltage souice ) To apply the
general 1elations of the previous section we embed the two

PHYSICAL REVIEW B 69 035336 (2004)

conductors 1 an electtomagnetic environment, as shown 1n
the top panel of Fig 3 In the hmit of infinite 1esistances R |,
R,, and R4 this erght tetminal cucuit becomes equivalent to
a simple sertes cucuit of Gy and G, We take the infinite
1esistance limit of Eq (3 9) 1 Appendix D The iesult

2 [0.6]= [ DIF Je! 202167 26— 6]
41

shows that the generating tunctional of cunient and voltage
cortelators 1n the seties crcult 1s a functional mtegtal con
volution of the generating functionals Z;EZ,( and 2,

=2, of the two conductois G| and G, defined m Eq (3 8)
Equation (4 1) implies a simple 1elation between the
pseudo probabilities 7361+67 of the seites cicuit [obtained

by means of Eq (3 17) fiom 2, ,(Q ol and the pseudoprob-
abilities P of the mdividual conductors [obtamed by means

of Eq (3 17) tiom Z;] We find

P vc [V 1= f DV'Pg [V=V' 1P [V'.1]
(42)

Thus telation 1s obvious 1f one mteirpiets 1t i terms of clas-
sical probabilities The voltage diop over G+ G5 1s the sum
of the mndependent voltage diops over G| and G-, so the
probability Pg 4 ¢, 1s the convolution of Pg and Pg, Yet
the relation (4 2) 1s tor quantum mechamcal pseudopiob
abilities

We evaluate the convolution (4 1) m the low fiequency
tegime when the functionals Z; and Z, become local n
time

IIIZA[(I;]E—IS;\[(B]Z**lj(IIS,\((I;(T)) (43)

We then do the path mtegiation in saddle point approxima
tion, with the 1esult

mz,10,&]= = 1eXt g |

<I3’><Q+J di[S (D' (1))

+S;(<E<r)—<ﬁ'<r>)]] (4 4)

The notation “exti”” mdicates the extiemal value of the ex
pression between cutly brackets with 1espect to vanations ot

d'(r) The validity of the low fiequency and saddle-point
approximations is addiessed i the next section

We will consider sepatately the case that both conductors
G and G~ ate mesoscopic conductors and the case that G,
1s mesoscopic while G, 15 a macioscopic conductor The
action of a mactoscopic conductor with impedance Z 1s qua
dratic,

 fdo . .
Smlcno[q)]zgf é";r“([) YO, (4 5)
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I(t) Ts

Tl Tl t

FIG 4 Time scales of curient fluctuations in a mesoscopic con

ductor The time 7 15 the duation of cuirent pulses whereas 7, s
the mean time between subscquent curient pulses

conesponding to Gaussian curtent fluctuations The matiix ¥
1s given by Eq (3 11), with a scalat Z;,=Z The core
sponding pseudoptobability Py, oo 1S positive

w

2LT

do |V-2I|?
ReZ

/Pm \cm[ |4 [] = CXP{ - tanh(

4w

(46)

Substitution of Py, tor Pg, i Eq (4 2) gives a simple
1esult for Pg 4+, at zero tempelature

77(,1+G?[V,1]=790[[V—Zl,l], it 7=0 47
The feedback of the mactoscopic conductor on the mesos
copic conductor amounts to a negative voltage —ZI p1o
duced 1n 1esponse to a cutient /

The action of a mesoscopic conductor 1 the low
flequency Iimit 1s given by the Levitov Lesovik formula’® ™’

muo(q )_ ~ z

T =1

+T(e™?=1n; (1 —ng)] (4 8)

deIn[1+T,(e"®—=1)ng(l—n)

with ®=(V,p) The I',’s (n=1,2 ,N) aie the transmis
sion eigenvalues of the conductor The two {functions
ni(e, Ty=[exp(e/iT)+ 1]  and ng(e, TY=n, (s +eV,T) ate
the fillmg factois ot election states at the left and 11ght con-
tacts, with V the voltage diop over the conductor and T 1ts
temperature

V VALIDI1Y Or IIL SADDLL-POINI APPROXIMAIION

The cittetion tor the applicability ot the low fiequency
and saddle pomt apptoximations to the action of a mesos
copic conductor depends on two time scales (see Fig 4) The
fust time scale 7, =mm(l/eV /kT) 15 the mean width ot
cutrent pulses due to mdividual tiansferied electtons (This
tume scale 1s known as the cohelence time m optics but 1n
mesoscopic systems that term 1s used 1 a different context)
The second time scale 7y=e/l==(¢’/G) 7 15 the mean time
between curient pulses

At fiequencies below 1/7; the action of the conductor

PHYSICAL REVIEW B 69 035336 (2004)

becomes local 1 time, as expiessed by Eq (4 3) This tol
lows from an analysis ot the dependence of the action §; on
ume dependent aiguments An explicit expiession for a me
soscopic conductor can be found m Ref 20 Below the sec
ond time scale 1/7,» the action of the conductor s laige for

values of @ wheie the nonlineaities become important This
justifies the saddle pomnt approximation The nonlmeatities
in S become televant for g=1/e, so tor time scales 7
> 7, we indeed have S =75 no=Tl@=Tlle=1/T,%]
These two appioximations together are theiefore justified
if fluctuations 1n the path mtegial (3 9) with fiequencies w
above A =min(l/7,1/7;) aie suppiessed This 1s the case 1t
the eftective tmpedance of the cacuit 15 small at high he
quency Z(w)<hle’ for @=A A small impedance acts as a
heavy mass tetm m Eq (4 1), supptessing fluctuations This
1s seen fiom Eq (4 5) for a macioscopic conductor [note that

Y(w)xZ (w)] and 1t caiies over to other conductors
Physically, a small high fiequency impedance ensuies that
voltage fluctuations n the cncuit are much slower than the
election dynamics 1 the conductors Under this condition, 1t
15 sufficient to know the dynamics of the mdividual conduc
tors when biased with a constant voltage, as desciibed by Eq
{4 8) Effects of time dependent voltage fluctuations n the
cuicuit may then be neglected

The same separation of time scales has been exploited n
Rets 28,29 to justify a cascaded average in the Langevin
approach We will see m Sec VI that the results of both
approaches ate 1n tact wdentical 1n the saddle pomt appioxi
mation The two appiroaches differ 1t one goes beyond this
approximation, to mclude the effects of a finite high
tiequency mmpedance Since the path mtegial (3 9) 15 micio
scopically justified at all time scales, 1t also allows us to
calculate the corections to the saddle pomnt solution (4 4)
These conections aie usually called the environmental
Coulomb blockade ” In Sec VIII we examine the Coulomb
blockade effects to lowest oider in Z(w)

VI T1IHRD CUMULANTS
A Iwo arbitrary conductors m series

We use the general formula (4 4) to calculate the thnd
order cumulant cortelator of curtent and voltage fluctuations
m a seres cucuit of two conductors Gy and G, at finite
tempetatute We tocus on cortelators at zeto trequency (finite
fiequency generalizations ate given later)

The zero tiequency corielators ng)( V) depend on the av
erage voltage V over G|, which s 1elated to the voltage Vy,
of the voitage soutce by V="V, (1 +G,;/G5)~" The aver
age voltage over G, 18 Vi~ V=V, (1 +G,/G,)"" Ou
goal 15 to expiess C{P (V) m terms of the cunient correlators
C{(v) and €Y7 (V) that the conductois G and G, would
have 1f they weie 1solated and biased with a nonfluctuating
voltage V These are defined by

(I w)  1(w)))v= 2775(2 )C(” V), (61)
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wheie /, 1s the cutrent through conductor ¢ at fixed voltage V

To evaluate Eq (4 4) it 1s conventent to discietize tie-
quencies w,=2mn/7 The Fourner coetficients aie f,
=1 fodte''f(t) The detection tume 7 1s sent to nfinity
at the end of the calculation For zeto-frequency cortelators
the souices at nonzeio fiequencies vanish and theie 15 a
saddle-point configutation such that all fields at nonzeio tie-
quencies vamsh as well We may then wite Eq (4 4) m

terms of only the zeio-fiequency fields (bo—(VO,goO), <I>O

=(Vy.¢0), and Q0=(10,f/0), with actions

— 2y st - (_“’D(/))” ’
T IS/\((])O):GI\QDOVO_*_ZZ., 'n—tcin)(vo) (62)

(We assume that the conductors have a linear curtent-voltage
charactenstic ) For Pg=(V,,.,0) and Qy=(0.0) the saddle

pomt 1s at f]3(3=(\7,0) For the thud-order coirelators we
need the exttemum 1in Eq (4 4) to thid order 1in ¢4 and ¢

We have to expand S; to thud order m the deviation 5@36

= <56— (V,0) fiom the saddle pomt at vanishing soutces We
have to this order

= — i b — i
TSP =G pp(V+ 8V — 56‘,—)( ey’

1 3/ 57 13 ! d 2)/ 17 ;o

+O(5DY), (6 3)

7 18y (By—Dy)

_G7‘Po(vhns V- 5‘/0)_ _CO (vbl 15 V)‘P )
1 %)) UL
_gcz (mes_ V) $o

+§(_C(”<me 7)6Vieq’ +O(6bgY)

(64)

Mummizing the sum $[(<f>é)+53((130—<56) to third order
m ¢gq and ¢y we then find the tequured 1elation between the
contelators ot the sertes cicuit and the conelators of the
1solated conductors For the second-oider corelators we find

CPV)=(R |+ R)THRICP(V)+RICT (Vi o= ],
(6 5a)

COUVY= (R +R) AR R)ACT (V) +CP (V= )],
(6 5b)

PHYSICAL REVIEW B 69, 035336 (2004)

/v(v) (R +R, )_7R R, [R C’ (Vblm V)

—R,CP(V)], (6 5¢)

with R;=1/G; The thud-otder courelators contam exta
teims that depend on the second-order cortelators

COUY=(R+R2) T [RICP(V)+RIC (V= V)]

+3C4) i_cg? , (6 6a)
v

4

COUV) =R+ Ry H(RIR)I[CP (Viye— V) —C ()]

+3C(\;‘3 _CV\/ (6 Gb)
dv
COUVY=(R{+R2) TN R\R)I[R CHV)+RLCE (Vi
) [Z '))
—V)]+2CW _C}V>+C,‘, /VC(‘d"’ (6 6¢)

CIUVI=(R +R) T RIRARACE (Vi = V) = RICIV (V)]

d d .,
+2080 vc,‘,+cv\,dvc§;> (6 6d)

These 1esults agiee with those obtained by the cascaded
Langevin appioach !

B. Mesoscopic and macroscopic conductor in series

An mmpottant application 1s a single mesoscopic conduc-
tot G; embedded 1n an electtomagnetic envitonment, 1epte-
sented by a mactoscopic conductor G, A macioscopic con-
ductor has no shot noise but only thermal noise The thud
cumulant C(;’) 1s therefore equal to zeto The second cumu-

given by®

lant C(zz) 15 voltage mdependent,

C(zl)(w)=a)cotanh( )Re Gr(w), 67)

2kT,

at temperatuie 7, We stull assume low fiequencies w

<max(eV,kT)), so the tiequency dependence of S; can be
neglected We have 1etamed the fiequency dependence ot S,
because the characteristic fiequency of a mactoscopic con-
ductor s typrcally much smaller than of a mesoscopic con-
ductol

From Eq (6 6) (and a sttaighttorwaird generalization to
tiequency-dependent cotrelators) we can obtain the thud cu-
mulant correlators by setting Cm—O and substituting Eq
(67) We only give the two correlators C§;) and €4, , since
these are the most significant tor expetiments To abbreviate
the formula we denote G= G| and Z(w)=1/G-(w) We find
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3

PHYSICAL REVIEW B 69 035336 (2004)

CN(V) - (d(:<12>/dv>;l Z(—wCP(V) =G Z(w)C P w1+ Z(— )G

(& _
Chr(wr.02.09)= [1+Z(0) G+ Z(wy) Gl 1+ Z(w3)G] - o8
’;
*) COUVY=(dCP1dV) 2, Z(= 0 )[CPV)+CP w1+ Z(- w)G] !
Ciyvlwr,ws,07) =1 69)

T Z(0)Z(w)Z(ws)

We show plots fo1 two types of mesoscopic conductors a
tunnel junction and a diffusive metal In both cases 1t 1s
assumed that theie 15 no nelastic scattering, which 1s what
makes the conductor mesoscopic The plots cortespond to
global thetmal equilibiium (7,=7,=T) and to a 1eal and
fiequency independent mmpedance Z(w)=Z We compaie
CP=c() with ¢{¥= ¢V ,/Z°% (The minus sign 15 cho
sen so that C{V=C{V at T=0)

For a tunovel junction one has

eV

T C(Vy=Ge*v (6 10)

CP(V)y=GeV cotanh

The thnd cumulant ot curtent fluctuations m an 1solated tun
2
nel junction 1s temperature mdependent,'? but this 1s changed

10 e

C® x A

CE® x A

=10 ‘
—-10 0 10

eV/kT

FIG 5 Thud cumulant of voltage and current fluctuations ol a
tunnel junction (conductance G) m an clectromagnetic envitonment
(impedance Z assumed f1equency independent) Both C(,z) and € (\”
arc multiphed by the scaling factor A=(1+£G)¥eGkI The two
cwives cortespond to ditferent values of £ZG (solid cuive £G =1
dashed cutve ZG=0) The tempetatuies of the tunne! junction and
its cnvironment ate chosen the same [ =171,=1

[1+Z(w)G][1+Z(w) G [ 1 +Z(w5)C]

diastically by the electiomagnetic enviionment ' Substitu-
tion of Eq (6 10) mto Egs (6 8) and (6 9) gives the cuives
plotted m Fig 5 for ZG=0 and ZG=1 The slope

dC{P(V)1dV becomes stiongly temperature dependent and

may even change sign when kT becomes laiger than eV
This 15 10 qualitative agieement with the expetiment of Reu
let, Senzier, and Piober '° In Ref 15 1t 1s shown that Eq (69)
provides a quantitative desciiption of the experimental data

For a ditfusive metal we substtute the known tormulas
for the second and thnd cumulants without electiomagnetic
enviionment!* *

1
c§3>(v)=;GCV(comnhpntz/p), 6 11)
. [)(1“26(32[)’*‘(341))*6((34’}—1)
CV)=e’GV . o
1Sp(e?—1)-
612)

We have abbieviated p=¢V/2LT Plots tor ZG=0 and ZG
=1 ate shown m Fig 6 The diffusive metal 1s a bit less
stitking than a tunnel junction, smce the thnd cumulant 1s
alieady tempeiatute dependent even 1n the absence ot the
electtomagnetic enviionment In the limit ZG—w% we 1e-
covet the tesult for Cﬁ,z) obtamed by Nagaev trom the cas-
caded Langevin appioach 30

VII. IOW I'O MEASURE CURRENT FLUCIUAIIONS

In Fig 5 we have plotted both cuttent and voltage cori
elatots, but only the voltage cortelator has been measuted 13
At zeto temperature of the macioscopic conductor there 1s no
difference between the two, as follows fiom Eqs (6 8) and
69) C == 123 1f ¢P=0, which 1s the case for a
mactoscopic conductor G, at To=0 For T,#0 a difference
appeais that persists m the hmit of a nonmvasive measuie-
ment Z— 0 '' Since V and / m the seties cicurt with a mac-
1oscopic G, ate limeatly telated and lmear systems aie
known to be completely detetmined by then 1esponse tunc
tions and then temperatuie, one could ask what 1t 15 that
distinguishes the two measuiements, o1 mote practically
How would one measuie C;?,) mstead ot C(‘f‘i‘ ’

To answer this question we slightly generalize the macio
scopic conductor to a tour terminal, rather than two termimal
configuration, sce Figs 7 and 8 The voltage V,, over the

extra pan of contacts 1s related to the cunient /, thiough the
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2 T ] T
- E N 1
f 0 :_ —
> o
© [ N7 -
-2 1 | 1
2 —
< I 2]
o 0k =
) i —> |
_2 | | l |
-10 0 10
eV /KT

FIG 6 Same as Fig 5 but now fo1 a diffusive metal

settes cucult by a cioss impedance dVy, /dls=Zyc The
tull impedance mattix Z 1s defined as m Eq (2 I) For sim-
plicity we take the zero-fiequency limit For this configuia-
tion the thid cumulant C(‘?\ZVWVW of V,, 1s given by

(3) C
ViuuVau 3y ZemtZyc VeVdVe gy

3 T 27 3 Lelcd
Zye GM 266

(71)

It contams the coirelator {((SVy(w)dVs(w D)) =278 w
+w’)Cy,y of the voltage fluctuations over the two paus ol
termmals ot the macioscopic conductor, which according to
the fluctuation-dissipation theorem (2 2) 1s given 1n the zeto-
fiequency limit by

CGM:/\TZ(ZGM+ZMG) (7 2)

The cortelator Cgyy entets since C(‘;\:vaw depends on how

thermal fluctuations m the measwed vauable V,, couelate
with the theimal fluctuations of V which mduce extia cui-
rent noise m G,

We conclude trom Eq (7 1) that the voltage comnelatot

3
M. becomes piopottional to the cuirent cotrelator
’W‘ \/[‘ W
Vo
—0 00—
G1 G2 \I/blas
= [
G
N =

FIG 7 Four-tetmnal voltage measurcment

PHYSICAL REVIEW B 69 035336 (2004)

FIG 8 Hall ba that allows one to measure the voltage cor
relator CYV (V) as well as the cuirent correlator €Y

“((Vi))

C‘,:),( I, f Zoy+Zyc=0 This can be 1ealized if Vy, 15 the

Hall voltage V; m a weak magnetic field B Then Z4
=—Z,u=R,, with R;,;=|B| the Hall 1esistance The mag-
netic field need only be present m the macioscopic conductor
G, so 1t need not disturb the tianspoit pioperties of the
mesoscopic conductor G If, on the other hand, V,, 1s the
longitudmnal voltage V, , then Zy,o=Z5y =R, , with R, the
longitudmal 1esistance The two-tetminal impedance Z 18
the sum of Hall and longitudmal teswstances, Z. =R,

+R,; So one has
R 3
() — L (3)
e (RL+R”> ey, (73)
) — p3 ~3)
CV//‘//‘U‘RHC’([(U (74)

One can genelalize all this to an aibitaty measurement
vatiable X that 1s lineaily telated to the cunient /7, through
G, In a lmear cucuit the ott-diagonal elements ot the 1e-
sponse tensot Z telating (X, V) to the conjugated souices
are linked by Onsager Casimun 1elations 211t X 15 even under
tumeteversal, then Zy;=Zgy, while 1t X 1s odd, then Zy,
=—Z¢x Inthe fitst case Cg;’)gxoc C(‘;’()‘,( v, while n the sec-

3 3
ond case Ciyy=Cy ),

VIII. ENVIRONMENTAL COULOMB BLOCKADE

The saddle-pomt apptoxumation to the path mtegial (4 1)
for a mesoscopic conductor G m sertes with a macroscopic
conductor G, (impedance Z) breaks down when the imped-
ance at the chaiactenstic frequency scale A = 1/max(7y,7)
discussed m Sec IV 1s not small compaied to the 1esistance
quantum /1/e? Tt can then 1eact fast enough to atfect the
dynamics of the tiansfer of a single election These single-
election effects amount to a Coulomb blockade mduced by
the electiomagnetic envionment * In our tormalism they are
accounted tor by fluctuations around the saddle point of Eq
@1

In Ret 18 1t has been found that the Coulombh blockade
cottection to the mean cunient calculated to leading order 1n
Z 15 propottional to the second cumulant of cunent fluctua-
tions m the solated mesoscopic conductor (Z=0) Moie
1ecently, the Coulomb blockade coitection to the second cu-
mulant of cunent fluctuations has been found to be piopoi-
tional to the thnd cumulant ' It was conjectuwed m Ref 19
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that this telation also holds for higher cumulants Heie we
give proof of this conjecture

We show that at zero temperatuie and zero fiequency the
leading order Coulomb blockade correction to the nth cumu-
lant of curtent fluctuations 1s propoitional to the voltage de-
1vative of the (n+ 1)-th cumulant To extract the enviton-
mental Coulomb blockade fiom the other effects of the
enviionment we assume that Z vanishes at zeio fiequency,
Z(0)=0 The denvation 1s easiest 1n tetms of the
pseudopiobabilities discussed 1n Sec III

Accordimg to Eq (3 19), cumulant conelators ot cunient
have the generating functional

dw
Dle“’f””"’J—Z(w)l(w)
2ar

oV(w)

PHYSICAL REVIEW B 69 035336 (2004)

F(,|+o,[(|’:(V,<P)]:1“f DIC’_[M”‘PP(,[H,,[VJJ
(81)

Zeio fiequency cuitent cotrelators are obtamed from

il

Tt o Gt l (82)
5[ (O)]” (l G ]]LP 0

<<1(O)”>>G,+62:

We employ now Eq (4 7) and expand }‘Glﬂh[(l;] to fust
order n Z,

o5 Pe [V.1] 2

Foyro [ P]=F []-

The last equality holds since single detivatives of }"G‘[(B]

with 1espect to a vanable at finite fiequency vanish because
of ume-tianslation symmety Substitution mto Eq (82)
gives

((10)" ) g, e, =(1O)D)g,
dw
B f 7A) 5\/(

which 1s what we had set out to piove

)<</(w)1(0)”>>
(84)

IX. CONCLUSION

In conclusion, we have piesented a fully quantum-
mechanical derivation of the etfect of an electtomagnetic en-
vironment on cutient and voltage fluctuations 1 a mesos-
copic conductot, going beyond an eather study at zeio
temperatuie '° The 1esults agiee with those obtaned fiom the
cascaded Langevin approach,'’ thereby providing the re-
quued mictoscopic justification

From an experimental point of view, the nonlinear feed-
back trom the environment 1s an obstacle that stands m the
way of a measurement of the transpoit propetties of the me-
soscopic system To 1emove the feedback 1t 1s not sutficient
to 1educe the 1impedance of the environment One also needs
to eluninate the mixing m of envinonmental thermal fluctua-
ttons This can be done by ensurg that the environment 15 at
a lower temperatuie than the conductor, but this might not be
a viable approach for low-temperatute measurements We
have proposed here an alternative method, which 15 to ensute
that the mcasuied vaiiable changes sign under time tevetsal
In practice this could be 1ealized by measuiing the Hall volt-

f Die~ P, [V,1]

- dw 1) R
ﬁ}—GI[(I)]—lj EZ(w) m‘w—)fm[@]

(83)

age over a mactoscopic conductor i series with the mesos-
copic system

The field theory developed here also provides tor a sys-
tematic way to incotporate the eftects ot the Coulomb block-
ade which anse 1f the high-frequency impedance of the en-
viionment 1s not small compated to the 1esistance quantum
We have demonstiated this by genetalizing to moments of
aibinary oider a relation mn the hterature'® 15 for the leading-
order Coulomb blockade correction to the fitst and second
moments of the cuirtent We 1efer the 1eader to Ref 20 for a
tenormalization-group analysis of Coulomb blockade coriec-
tions of higher oider
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APPENDIX A: KELDYSII PATII INTEGRAL

In this appendix we give a bief muoduction o the
Keldysh path integtal technique that we use n the text Fou
more details see Refs 17,22 We testuict ourselves to a cti-
cuit with just one conductor The Hamiltoman (3 4) reduces
o

H:HL""[’]G“(DO[G (Al)

We will explain how to calculate the generating functional of
the phase ®d,,  This tequnes the mimimum amount of vari-
ables 1 our model, since P 15 needed anyway tor the cou-
pling ot the enviionment cucuit to the conductor The gen-
erating function (3 1) m this case takes the {form
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forward progagation a”

} N
: o

backward propagation a

FIG 9 Keldysh time contour with the ficlds @ for forward and
a for backward propagation

Z []]=<T_ezf AT OP A =il it " 1>
{
(A2)

(In the end we will take the imit 7— ¢ ) Addwonally, we
1estiict the analysis to an envionment cucuit that can be
modeled by a single mode with Hamiltonian

H,=8a a, Pr=ca+tc a (A3)

Heie a 1s the annihilation operator of a bosonic enviionmen
tal mode and ¢ 1s a complex coetficient

We fitst neglect the coupling ot &, to the conductor,
taking H=H, Equation (A2) can then be 1ewritten as a path
mtegral by nserting sets ot coherent states {eigenstates ot a),
as explained, for example 1n Ref 31 In this way we mtio
duce one time dependent tegiation field a™(¢) tor the
T, oidered time evolution operator in Eq (A2) and a field
a” (1) for the T_ oidered opetator These fields piopagate
the system forward and backwaid m time, 1espectively The
fact that we have an integiation field for forwaird propagation
as well as one for backwaid propagation is characteristic toi
the Keldysh techmique * Equivalently, one may formulate
the theory 1 terms of just one field that 1s then defined on the
so called “Keldysh time contour” (see Fig 9) ‘The contour
1uns from = — 7 to t=7 forward 1n time and backwaids
ttom =17 to =7 The tesulting path integial 1s (up to a
notmalization constant)

%ﬂﬂ:JmﬁafWMW*ﬂ@*hﬂ]
Xexl’[—tf difa” (—i1d,+Q)a*
+a (—1d,—Q)a " +(cat+ca’ )~

—(ca”+c a )], (A4)

with p[a’,a ] the miual density matiix of the mode @ 1n the
coherent state basis and a*(7)=a (7)

Following Feynman and Veinon * one can show that the
couphing to the conductor i Eq (Al) mtioduces an addi
tional factot Z,( mto the path mtegial, called the * influence

functional ”* Instead ot Eq (A4) we then have

PHYSICAL REVIEW B 69 035336 (2004)
zq)([j]:fpaipai pla™(—7) a® (=7)]
X2z [ca® e a’fea”+c a ]

Xexp —zj difa* "(—1d,+Q)a”

+a "(—1d,—)a +(cat+c atr);”"
t

—(ca " +ca )] (AS)
The mfluence functional 1n our case 1s given by
+
ERT
:<T_e’f A+ D (D ]T+e-zf A +<I>(+(/)l( ]>
(AG)

The denstty mattix ot a thetmal state of the envnonmental
mode a 1s the exponential ot a quadiatic form Theietore the
miegrals over the lmear combmations ca™—¢ a  ae
Gaussian and can be done exactly With the substitution
(Dg =ca®+c*a’ and with the vector notation mtioduced
m Sec I we 1ewitte Eq (AS) as

Z(I)([]]:fD(ISGeXp{_ISL[j’(I)C]}ZI([(I;G]v (A7)

with a quadiatic form S, The mote general cucuits of Sec
III can be tieated along the same lies, but with a multimode
envionmental Harmltonian #, =2 € a,a, and sources that
couple to vanables other than ®s In the limit 7— v one
aives at Eq (39)

APPENDIX B DLRIVATION OF 1L ENVIRONMENTAL
ACTION

To denive Eq (3 10) we define a generating functional for
the voltages V=(V,,,V) m the envoonmental cucuit ot
Fig 2,

ZL[Q]=<T etlditixQ WVip —ifditi+Q mvl> (
BI)

We have mtioduced soutces @=(Q @) Since the envi

tonmental Hamultonian 1s quadiatic  the geneiating func
tional 1s the exponential of a quadiatic torm mn @,

- 1 (do . . -
Z([Q]:exl)(—gf é‘;Q ()G} w) (B2)

The oft diagonal elements of the matiix G are determmed by
the impedance of the cucuit
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v

1)

|
50U w601 ()

nZLIQ 0

:m<vn(w)>=2m5(w—w/)Zag(w)

(B3)

The upper diagonal (¢/,c!) elements n the Keldysh space
vanish for symmetry reasons (ZL|Q,=O=O, see Ref 22) The
lower diagonal (g,q) elements are determmed by the
fluctuation dissipation theotem (2 2),

2

509 (0)50% (')

nZ|p ¢=(6V,(w)dVs(w'))

=rdwtow’)w coranh(i> [Zaplw)+Zg,(w)]

24T
(B4)
Consequently we have
0 Z (w)
Glw)= i w
Z _— —
() 2wco[anh(2/<T>[Z(ou)+Z ()]

(Bs)

The enviionmental action S, 1s defined by

Z101= | Dlbglexp(—1810y.be] -1 Gy)
(B6)

One can check that substitution of Eq (3 10) mto Eq (B6)
yields the same Z, as given by Eqs (B2) and (B5)

APPENDIX C. DLRIVAIION OF EQ. (3.14)

In the limit R— = a voltage measutement in the cncuit
of Fig 10 cotresponds to a voltage measurement at contacts
M and M' of the cncuit C We obtain the generating func
tional Zy of this voltage measwiement fiom Eq (39) The
influence tunctional 1s now due to C and 1t equals the gen-
erating tunctional Z; of a current measuiement at contacts

PHYSICAL REVIEW B 69 035336 (2004)

- circuit C
|

<

M’

| S

FIG 10 Cucuil to relate voltage to current measutements

M and M’ of C Fiom Eq (3 10) with Zypr=Zs,= —Zys
=~ Zn=R we find m the mit R— < that the enviionmen

tal action takes the simple form SK[QA4,@(,]:(5XQ, with
the cross-product defined m Eq (3 15) Consequently, we
have

£[0]= [ Piele v¥0z[d) )

This equation 1elates the generating functionals of cunent
and voltage measurements at any pan of contacts of a cncuit

APPENDIX D: DERIVATION OF EQ. (4 1)

To denve Eq (4 1) triom Eq (3 9) we need the enviion
mental action S, of the circuit shown in Fig 3 The imped-
ance mattix is

Ri(Ry+Ry) —R R, —R(Ry+R3) —RR;
1 —R R, RA(R|+R%) ~R (R, —R>R5
CRIRTR CphR) —RR R(RAR) - RiE: .
—R R, —R5R5 —R R4 R+y(R | +R>)
We seek the mut R ,R»,R4—0 The enviionmental action (3 10) takes the form
Sz[ék[’(i)G]:(BGIXQMI+([;(,]><QM,+([;(I7><QM, (D2)

Substitution mto g (3 9) gives 2y, Employmg Eq (3 14) to obtan Zy, fiom Zy, we auive at Eq (4 1)
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