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Atomic force microscopy provides direct atomic-scale access to friction. In this paper, unexpected and
potentially dramatic consequences of the tip elasticity are discussed. Under certain natural conditions an
essentially new, nontrivial regime can be entered. Although the tip appears to perform typical stick-slip
motion, the tip-surface contact is fully ‘‘lubricated’’ by fast thermal motion of the tip apex. The
interpretation of the observations needs to be changed completely in this case.
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Shortly after the invention of the atomic force micro-
scope (AFM) this instrument has been applied [1] as a
friction force microscope (FFM). This seemingly trivial
extension of the AFM to the lateral direction has enjoyed
great interest [2], since it is believed to provide direct
atomic-scale access to the phenomenon of friction.
Experiments with atomic resolution typically show peri-
odic, sawtoothlike behavior of the lateral force known as
stick-slip. The FFM tip is thought to be held periodically in
lattice positions of the surface, which is easily modeled
using a quasistatic approach, first proposed by Prandtl [3]
and often referred to as the Tomlinson model [4–6]. An
object (the tip) is considered to move in a periodic potential
field formed by the substrate lattice, while being dragged
along the surface by an external spring (the cantilever),
which is at the same time used to measure the lateral force
experienced. Generalizations of the model, from dynami-
cal modeling to nonequilibrium statistical mechanics [7],
have advanced our understanding of atomic-scale friction,
e.g., its velocity dependence, transitions from stick-slip to
other regimes, and the role of thermal effects [4,8–10].

A basic problem, which has not been fully recognized
yet, is concerned with flexibility of the tip. At first glance,
the tip seems a very hard object. However, the spring
constant measured in experiments is not equal to the stiff-
nessK of the cantilever. Usually it is much lower and it can
be presented as Keff � �K�1 � k�1��1, with Keff , and
hence k, typically of the order of 1 N=m, i.e., of the order
of stiffness of atomic bonds. There is no other way than to
associate kwith the flexibility of the tip, which hence turns
out to be even softer than most cantilevers. A correction for
this tip flexibility can be easily introduced in the quasistatic
description of stick-slip, but possible changes in dynamics
of the system have only attracted attention recently.
Flexibility of the tip brings an additional channel of dis-
sipation into the system that can lead to a nonmonotonous
velocity dependence of friction [9]. Another, rather subtle
manifestation of the tip flexibility, as concluded from
simulations of a two-spring system [11], is in the duration
of slip events.

In this Letter, we show unexpected and potentially dra-
matic consequences of the tip elasticity in combination

with thermal effects in the tip-apex–surface contact: under
certain realistic conditions they can lead to substantial
changes in the observed lateral forces.

We interpret the atomically low values of the effective
spring constants as the signature of a small group of atoms
at the tip apex. Below we start with an estimate of the
relevant characteristic frequency of a typical FFM tip apex,
concluding it to be very high, of the order of several GHz or
even larger. We further show that the low-frequency re-
sponse of the cantilever provides a very indirect—aver-
aged—view of the complex dynamics of the tip-apex
motion. As a result, what the FFM measures can be very
different from what the tip apex does. In particular, rapid
thermal motion of the tip apex can lead to a very slippery
contact with the surface. A strongly counterintuitive sce-
nario—‘‘stuck in slipperiness’’—is predicted to apply
under certain natural conditions. The cantilever can exhibit
stick-slip motion, thus revealing a nonzero mean friction
force, while the tip-surface contact is completely ’’ther-
mally lubricated’’ by fast activated jumps of the tip apex,
back and forth, between the surface potential wells.
Importantly, in this case the apparent surface corrugation
(derived from experimental data using the traditional one-
spring interpretation) can be substantially smaller than the
real one. Moreover, the transition from stick-slip motion to
continuous, low-dissipative sliding, as predicted by the
Tomlinson model and recently observed experimentally
[5,6], can take place at a higher value of the relative surface
corrugation than expected.

We start with a simple description, in which the tip
consists of N rigid atomic layers, and introduce spring
constants ki characterizing tangential displacement be-
tween layers i and i� 1. For simplicity, we imagine only
shearlike interlayer motion which makes ki proportional to
the number of atoms in the layer and to the mass mi: The
ratio ki

mi
then remains the same all along the tip and ki

mi
’ kat

mat
,

with kat and mat the characteristic stiffness of an atomic
bond and the atomic mass. Recalling the classical problem
[12] of normal vibrational modes in a long linear array of
objects with nearest neighbor interactions, one finds fre-
quencies �j � �0j sin��2

N�j
N �j, with j � 1; 2; . . . ; �N � 1�,

and, in our case, with �0 �
1
�

�����
kat

mat

q
. Consequently, the high-
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est eigenfrequency of the tip is of the order of the atomic
vibration frequency, �max � �0 � 1 THz, and this result is
independent of length and shape of the tip. For the lowest
frequency, taking a typical tip length 100 �m, and hence
N � 106, one finds �min � 1 MHz. Specific values of the
lower frequencies depend on boundary conditions and on
the tip shape. Importantly, the spectrum of relevant intratip
vibrations ranges from MHz to THz, and this entire win-
dow is well above the typical frequency of the cantilever
(1–200 kHz). Moreover, there are two reasons for higher
frequencies to dominate the motion of the tip apex. One is
that the density of states is higher at higher frequencies.
Second, the apex region is associated with low ki values,
and thus large thermal amplitudes, whereas the low mi
values keep the frequencies high.

We have also taken a more quantitative approach by
computing the lowest normal modes for several relevant
tip shapes, using finite element analysis [13]. In agreement
with the above estimates, they are in the MHz range; for the
example, shown in Fig. 1(a), �min � 6:6 MHz. Figure 1(b)
shows the elastic deformation of the same tip under a static
tangential force applied at its end. As expected, the main
deformation is at the end of the tip, which indicates that the
effective mass that actually probes the surface is very small
so that the associated effective frequency should be high.
The result depends on the detailed atomic structure of the
tip apex. Suppose the tip apex is a pyramid, with n2 atoms
in the final terrace, �n� 1�2 in the second atomic layer,
�n� 2�2 in the third, etc. Returning to the model intro-
duced above, one calculates the effective stiffness of the
tip, k, as determined by the series of springs ki, k�1 �PN
i�1 k

�1
i . The sum converges rapidly and the result is

practically independent of the full length of the tip, but it
depends on the size n of the first layer. The typical experi-
mental result, k� kat, is reproduced with n� 3, i.e., for
about ten atoms in contact with the surface, and the final

value of k is approached within 2% at the first 100 atomic
layers. The corresponding effective mass is meff � 4�
105mat (upper estimate), and the associated effective fre-

quency of the tip �t �
1

2�

������
k
meff

q
is several GHz (lower

estimate). It comes as no surprise that the effective fre-
quency lies in the middle of the range of normal frequen-
cies of the tip and this result looks rather general. Direct
observations of such FFM tip frequencies are still lacking,
but experiments on nanometer sized metal spheres show a
breathing mode in the range of tens of GHz [14], which is
in the estimated frequency range.

An important consequence of the tip flexibility is the
coexistence of two relevant types of motion: motion of the
tip as a whole (together with the cantilever) and displace-
ments of its apex relative to the position of the center of
mass. Since the coupling to the surface is determined by
the position of the apex, one has to solve not just one
equation of motion (as usual) but at least two coupled
equations, one for the tip and the other for its deformation.
Fortunately, the problem is simplified by a pronounced
hierarchy between the characteristic frequencies of the
cantilever (�c) and the tip apex: �t 	 �c as shown above.
It is hence useful to consider motion of the tip apex for a
given position of the center of mass (c.m.) of the tip. Then
one can consider the dynamics of the tip as a whole, with
an effective tip-surface interaction averaged over the fast
motion of the apex. At this second stage the problem is
reduced to the usual 1-spring–1-mass form. Actually, the
situation is complicated by thermal effects which can
manifest themselves in a nontrivial way.

Assuming a one-dimensional geometry, the total poten-
tial energy of the system can be written as

 U�X; x; t� �
K
2
�Vt� X�2 �

k
2
�X� x�2 �Us�x�; (1)

with X and x the coordinates of the c.m. of the tip and its
apex, respectively, and with Vt the position of the support
moving with the scanning velocity V. The tip-surface
interaction is assumed to be sinusoidal, with amplitude
U0 and period a, Us �

Uo
2 
1� cos�2�xa ��:

For fixed positions of both the support and the c.m.,U�x�
given by (1) determines the motion of the apex. Its possible
behavior depends on two important parameters. One is the
relative surface corrugation experienced by the apex, � �
2�2U0

ka2 . It is reminiscent of the characteristic parameter of

the one-spring theory, �eff �
2�2U0

Keffa2 (see, e.g., [6] ). If � <

1, the potential function U�x� has only one minimum, for
any position X of the c.m., but it has two or more wells
when � > 1 (see Fig. 2). This brings an essentially new
time scale into the problem, the time scale of thermally
activated ’’jumps’’ of the apex between wells (at a fixed
position of the c.m.). If � is not too close to unity, the
characteristic rate of such jumps (ra) can be estimated as
ra � �t exp�� U0

kBT
�.

FIG. 1. Elastic deformation of a tip of full length 100 �m,
conical part length 25 �m, and base diameter 125 �m, due to
vibration in its lowest normal mode, �min � 6:6 MHz (a), and
due to tangential force applied at its end (b). For visualization,
tangential displacements of all points have been proportionally
magnified. Inset shows the apex region magnified.
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In cases � < 1 (single well) and � > 1, ra � �c (mul-
tiple well, negligible rate of thermally activated hops) the
situation is simple. The apex resides in a well until the
displacement of the c.m. forces it to move to the neighbor-
ing well. Replacing x by its mean value and requiring @U

@X �

0, we can reduce the total potential (1) to the traditional
one-spring form, U � Keff

2 �Vt� �x�2 �Us� �x�, with Keff �

�K�1 � k�1��1: This response is equivalent to that of a tip
with coordinate �x, connected to the support by a single
(effective) spring Keff , so that the earlier developed theo-
retical approaches can be applied.

If ra � �c the situation changes dramatically. Thermal
motion of the apex in contact with the surface cannot be
averaged out, and one has to solve two coupled equations
of motion, as mentioned above, taking explicitly into ac-
count activated jumps of the apex. One anticipates the tip-
cantilever system to exhibit stochastic behavior, an irregu-
lar stick-slip. Taking �t � 10 GHz, following the above
estimate, and considering a cantilever with, say, �c �
10 kHz, one observes the situation ra � �c to take place
at room temperature for surface corrugations U0 � 0:4 eV.
Note that the window for this stochastic regime is rather
narrow. In view of a strong dependence of ra on U0

T , even a
small change of U0 or T moves the system either to the
previous or to the next regime.

When ra 	 �c we are in a curious situation which forms
the main message of this Letter. The apex jumps frequently
back and forth between the accessible surface potential
wells, thus making the tip-surface contact very slippery. At
first glance, the surface corrugation as experienced by the
c.m. is expected to be averaged out, resulting in continuous
sliding along the surface. However, in the following we
show that the tip can still exhibit stick-slip motion, being,
as it appears, stuck in the slipperiness of the tip-substrate
interaction.

To demonstrate this counterintuitive behavior we first
observe that, since ra 	 �c, there is always an equilibrium
distribution of the apex over all potential wells involved
(see Fig. 2). As a result, the total potential (1), after
averaging over fast motion of the apex, takes a one-spring
form, �U�Vt; X� � K

2 �Vt� X�
2 � �Us�X�, with the effective

tip-surface interaction �Us�X� � c�1
R
U exp�� U

kBT
�dx,

with U � k
2 �X� x�

2 �Us�x� and c �
R

exp�� U
kBT
�dx:

Examples are plotted in Fig. 3. Indeed, �Us�X� turns out
to be periodic, with period a of the surface lattice, but it has
a specific, nonsinusoidal shape, and its corrugation is sub-
stantially reduced with respect to the true surface corruga-
tion U0. The underlying physics is easy to understand. The
apex spends some time in every one of the potential wells
shown in Fig. 2. The effective interaction reflects a
weighted average over all these apex positions. When the
c.m. position coincides with one of the wells in the surface
potential [see Fig. 2(1)], that will strongly dominate the
average and �Us�X� ’ Us�X�: When X is midway between
two surface wells [Fig. 2(2)], both wells will contribute
equally and �Us�X� ’ Us�X�

a
2� �

k
2 �
a
2�

2. Thus, the effec-
tive potential reaches maxima and minima where the true
surface potential does and the maximum variation (corru-
gation) in �Us is approximately 1

8 ka
2. More accurately, this

result is correct if � is large enough and temperature is not
too high. In this way one understands why �Us, as seen from
Fig. 3, varies significantly with k and with a, but it is only
weakly dependent on U0 and T. The situation is curious
indeed: the effective tip-surface interaction is created by
rapid thermal motion of its apex, which uses the substrate
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FIG. 3. Effective tip-surface interaction �Us as a function of the
tip position X for U0 � 0:3 eV, a � 0:25 nm, and T � 300 K.
Curves 1, 2, 3, 4, and 5 correspond to k � 15:2, 6, 4, 2, and
1 N=m (� � 1, 2.5, 3.8, 7.6, and 15.2, respectively). 6—the
same as 4, but with a � 0:5 nm; 7—the same as 4, but with T �
400 K; 8—the same as 4, but with U0 � 0:2 eV. The dashed
upper line represents the true surface potential. Only one period
is shown.
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FIG. 2. Total potential U vs tip-apex position x for U0 �
0:3 eV, � � 10 and for two positions of the tip’s center of
mass, X � 2a (1) and X � 2:5a (2).
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lattice as a template but produces a result nearly indepen-
dent of the true surface corrugation.

Further, one can follow the traditional scheme, but with
the spring K completely determined by the cantilever, and
with the effective tip-surface interaction �Us�X�. Here we
concentrate on the most principal observables of the FFM,
leaving out possible further thermal and dynamical effects
of the types earlier discussed [4,8–11]. For the lateral force
measured in experiments, F � K�Vt� X�, requiring @ �U

@X �

0, one easily derives the equation d �Us
dX jX�Vt�F=K � F � 0.

Examples for its numerical solution are shown in Fig. 4.
The occurrence of stick-slip is indicated by unstable
branches of F�Vt�, which are seen to appear for sufficiently
small values ofK and are absent for harder cantilevers. The
transition from stick-slip to continuous, low-dissipative
sliding is a matter of great interest [5,6]. Within the usual
one-effective-spring approach, the transition takes place
when the dimensionless parameter �eff �

2�2U0

Keffa2 is equal

to unity. This classical result is not valid anymore if the
system is in the regime ra 	 �c, considered here. For the
example in Fig. 4, the critical value of K is 25 N=m. With
k � 3:5 N=m, U0 � 0:3 eV, and a � 0:25 nm, as used in
our calculations, the corresponding value of �eff is 4.9,
which is indeed quite different from unity.

An important FFM observable is the maximum value of
the lateral force. Within the traditional analysis it is di-
rectly related to the surface corrugation, Fmax �

�Uo
a .

Actually, it can be considerably smaller. For the example
shown in Fig. 4, Fmax � 270 pN. From this value one
derives an apparent surface corrugation of U0 �

Fmaxa
� �

0:15 eV, which is a factor of 2 lower than the value of 0.3
eV actually used in Fig. 4.

In summary, the bending motion of the FFM tip, being
mainly associated with a small group of atoms at its apex,
is very rapid. For a sufficiently weak surface corrugation
and soft cantilever, this brings the system into an essen-
tially new regime, in which the tip-surface contact is
absolutely slippery, but the cantilever exhibits, neverthe-
less, seemingly typical stick-slip motion. Basic FFM ob-
servables are changed in this case. Our calculations have
been based on a lower estimate of the effective frequency
of the tip. The preexponential factor of thermally activated
motion of the apex is not completely determined by the
vibrational frequency. It can be substantially increased by a
collective, entropic effect analogous to that recognized in
diffusivity of large surface clusters [15]. In this case the
new regime of being ’’stuck in slipperiness’’ can extend to
higher surface corrugations and harder cantilevers. Several
of the basic parameters involved, e.g., the characteristic
frequency �t of the tip apex, are not known a priori. This
makes it difficult to conclude at this stage which experi-
ments have been affected by this phenomenon and which
have not. We hope that our results will stimulate further
experimental and theoretical work in this field.
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FIG. 4. Lateral force F as a function of the support position Vt,
for U0 � 0:3 eV, a � 0:25 nm, and k � 3:5 N=m. Force loops
1, 2, 3, and 4 correspond to K � 1, 26, 4, and 2 N=m, respec-
tively. Dashed lines indicate mechanical slips of the tip (shown
for case 4 only).
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