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Preface

In the past forty years, models of Random Walks in Random Environments (RWRESs)
have been intensively studied by the physics and the mathematics community, giving
rise to an important and still lively research area that is part of the field of disordered
systems. RWREs on Z¢ are Random Walks (RWs) evolving according to a random tran-
sition kernel, i.e., their transition probabilities depend on a random field or a random
process & on Z¢ called Random Environment (RE). What makes these models interesting
is that, depending on the RE, several unusual phenomena arise, such as sub-diffusive
behavior, sub-exponential decay of probabilities of large deviations, and trapping effects.
The REs can be divided into two main classes: static and dynamic. We refer to static
RE if £ is chosen at random at time zero and is kept fixed throughout the time evolution
of the RW, while we refer to dynamic RE when £ changes in time according to some
stochastic dynamics. For static RE, in one dimension the picture is fairly well under-
stood: recurrence criteria, laws of large numbers, invariance principles and refined large
deviation estimates have been obtained in a series of papers. In higher dimensions many
results have been obtained as well, but still many questions remain open. In dynamic
RE the state of the art is poorer, even in one dimension. In this thesis we will focus on a
class of RWs in dynamic REs constituted by interacting particle systems. The analysis
of these models leads us to derive new results and to formulate challenging questions for

the future.

The thesis is organized as follows. In Chapter 1 we review what is known in the literature,
both for static and dynamic RE, and we introduce the class of models we are interested
in. In Chapter 2 we prove a strong law of large numbers under a certain space-time
mixing condition on the RE, both in one and in higher dimensions. Furthermore, by
using a perturbation argument, we give a series expansion in the size of the drift for the
asymptotic speed of RWs with small drifts in highly disordered REs. Chapter 3 focuses
on the scaling limits of such processes. By adapting to our context a proof of Comets
and Zeitouni [36] for multi-dimensional RWs in static REs, we show that, under a certain
space-time mixing condition, an annealed invariance principle holds in any dimension.
We further give an alternative proof of this invariance principle in the context of highly
disordered REs under small drift assumptions. Chapter 4 deals with the large deviation
analysis for the empirical speed of one-dimensional RWs in dynamic REs. We prove
a quenched and an annealed large deviation principle and we exhibit some qualitative

properties of the associated rate functions. In particular, we give examples of fast
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and slow-mixing REs for which, respectively, exponential and sub-exponential decay of
large deviation probabilities occur. In Chapter 5 we prove a law of large numbers for
transient RWs on top of a simple symmetric exclusion process and we conclude with a
brief discussion about possible extensions to more general slow-mixing REs, which are

part of an ongoing project.



Chapter 1

Introduction: Random walks in

random environments (RWRE)

In Sections 1.1 and 1.2 we introduce RWs in static and dynamic REs and we present a
brief overview of the known results relevant for our discussion. In Section 1.3 we define
the class of models that are the core of this thesis, i.e., RWs on interacting particle
systems. In Section 1.4 we briefly mention other topics related to RWRE that are not

covered in this introduction.

1.1 Static RE

The first model of a static RWRE appeared in the biophysics literature (Chernov [33],
Temkin [93]) as a toy model for replication of DNA chains. In the early 70’ Solomon
[80] began a rigorous mathematical analysis of such models by considering a RW in a
static RE on the one-dimensional integer lattice. Nowadays the behavior of this random
process is completely understood. An overview of the results relevant for our discussion
will be presented in Section 1.1.1. In Section 1.1.2 we describe the multi-dimensional
case. Most of the techniques used in one dimension cannot be applied in the multi-
dimensional setting, due to a more complicated structure of hitting times. Although
powerful tools have been developed in the last twenty years and many important results
have been achieved, several problems are still open. We will briefly describe what is
known in the literature. For detailed statements, proofs and methods we refer the
reader to [89, 99].

A formal definition of RW in static RE on Z% is as follows.
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Definition 1.1. (RW in static RE)

For each site x € Z%, consider a 2d-dimensional vector £(z,-) = {&(z,e) € [0,1] : e €
7%, |e| = 1} such that Delel=1 &(z,€) = 1. Let S be the set of all possible values of
these vectors, and let 2 = SZ%. Given a probability measure p on €2, we call a random
environment an element £ € ) distributed according to u. For each realization of £ € €,
we define the RW X in the environment & as the Markov chain X = (X,,),,cy with state

space Z% and transition probabilities

P Xy =x+e|X,=2)=E(xe), ecZi|e|=1. (1.1)

We write P¢ to denote the quenched law of the RW in the environment £ starting from

position z. We write P, to denote the annealed law starting from z, i.e.,
P(X €)= [ PECY € (). (1:2)
Q

We write EE,EZ and E,, respectively, for expectation with respect to the laws P§ , P,
and p.

Henceforth we say that a statement involving the RW X holds P,-a.s., if for uy-almost
every & the statement holds Pzg—a.s. Note that under the quenched law X is a space-
inhomogeneous Markov chain, whereas under the annealed law X is space-homogeneous
but not Markovian. The definition above could have been stated without the nearest-
neighbor restriction. This choice was made to avoid cumbersome notations and further
technicalities. In the sequel we will sometimes point out when results hold without this

restriction.

1.1.1 One dimension
1.1.1.1 Ergodic behavior

The first natural problem is to determine when X is transient or recurrent, whether it
admits an asymptotic deterministic speed (under the quenched and the annealed law),
i.e., a Law of Large Numbers (LLN), and what can be said about this speed. The next

theorem answers these questions.

Theorem 1.2. (Transience, recurrence, LLN)
Let & = &(x,1) and py = (1 — &) /. Assume that

,u(gr € (07 1)) = 17 (1'3)
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and that p is stationary and ergodic under translations. Then

1. Po-a.s., X is recurrent if E,[log po] = 0, transient to the left if E,[log po] > 0, and
transient to the right if E,[log po] < 0.

2. Py-a.s., there exists a deterministic v € (—1,1) such that

e’} 7
>0, if ZEM[H;},]} < o0,
i=1 5=0

lim =2 =y S . (1.4)
n—oo N <0, if ZE“[HP—;} < 00,
i=1 §=0
[ =0, if both these conditions fail.
3. If u is a product measure, then
(1 =Eulpo])/ (1 + Eulpo]), if Eulpo] <1,
v=9 (U =Eufog /A +Eulog ), i Eulog') <1, (1.5)
0, otherwise.

This result is mainly due to Solomon [80]. The original paper only deals with the case
in which u is a product measure. The generalization to the ergodic setup was proven

later in [1].

When p is a product measure, we can already appreciate some surprising features. For
instance, if E,[log po] < 0, then p-a.s. nh_)r{)lo X, = +00. However, by Jensen’s inequality,
E,[log po] < logE,[po], and if E,[po] > 1, then v = 0, in which case X is transient with
zero speed. In other words, the RWRE moves to infinity in a sub-ballistic manner, a
phenomenon that never happens for a homogeneous RW. This behavior is due to the
presence of ‘traps’ in the environment: localized pockets in which the walk spends a long
time because the transition probabilities push it towards the center of the pocket. In
particular, it can be shown that if v > 0, then v < 2E,[§] — 1 = 0. By interpreting v as
the speed of a homogeneous nearest-neighbor RW jumping to the right with probability
E,[&)] and to the left with probability 1 — E,[{] (‘average medium RW’), we see that

in general the RE causes a slow-down with respect to the average environment.

1.1.1.2 Scaling limits

Next, we may ask whether X when properly scaled admits a limiting law. Results in
this direction have been derived in a number of papers. The invariance principles are

typically different under the quenched and the annealed law, and several types of scaling
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laws occur depending on p. For example, in the recurrent case (E,[logpo] = 0), Sinai

[79] proved that extreme sub-diffusive behavior holds, i.e. ,

o’X,  (Po)
-—

(logn)? nm 2 o* =E,|(log po)?] € (0,00), (1.6)

where Z is a functional of a standard Wiener process (independent of p) with a non-

trivial law that was later identified by Kesten [59].

1.1.1.3 Large deviations

The last item of interest for our introduction is the analysis of the large deviation
behavior of the empirical speed of X. We briefly recall that a family of probability
measures (P,)nen satisfies a Large Deviation Principle (LDP) with rate a, and with

rate function I if, for any measurable set A,

— inf I(0) < liminf 1 log P,,(A) < limsup 1 log P,,(A) < — inf 1(0), (1.7)
gcint(A) n—oo Q n—oo On 0cA

where A and int(A), are, respectively, the closure and the interior of A. If we consider

the family of probability measures associated with the empirical speed of X, i.e., P,(-) =

P(X,/n € -),n € N, then a LDP for this family tells us how unlikely it is to observe

the walk travelling at any given speed we may be interested in. The most general large

deviation result for the one-dimensional RWRE is the following.

Theorem 1.3. (Quenched and Annealed LDP)

Assume that p is stationary and ergodic. Then, for p-a.e. realization of &, the family
of probability measures Pg(Xn/n € -),n € N, satisfies a LDP with rate n and with
convex deterministic rate function Ij"°. Moreover, the family of probability measures
Po(Xn/n € -),n €N, satisfies a LDP with rate n and with convex rate function

L70) = mf [h(vlw) + L™ (0)], (1.8)

where M. denotes the set of stationary and ergodic measures on §, and h(v|p) is the
relative entropy of v with respect to pu. In particular, I;"(6) < I1"(0). Furthermore in
some cases both rate functions are not strictly convex, and are zero in the interval [0, v]

(and only in this interval).

From this general statement, we can already appreciate two interesting and unusual
features: the rate functions need not be strictly convex and they may vanish on [0, v],

indicating sub-exponential decay for the probability of slow-down. In contrast, we recall
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that for homogeneous RWs the corresponding rate function is strictly convex and van-
ishes only at the typical speed v (see e.g. [39, 52]). The quenched LDP when (&;).cz is an
i.i.d. sequence was derived in [49], while the annealed LDP, refined quenched estimates
and the generalization to ergodic REs were obtained later in [34, 38, 46, 70, 71, 99]. In

the next section we give an explicit example.

1.1.1.4 An example

Let &€ = (&2)zez € {0,1}% be a random sequence distributed according to a Bernoulli
product measure v, with parameter p € (0,1). When &, = 1 we say that site z is
occupied, while when &, = 0 we say that it is vacant. In particular, p represents the
density of the occupied sites. Conditional on &, let X = (X, )nen, be the RW with local

transition probabilities

Pée+q(1-¢&), ife=+1,

(1.9)

where w.l.o.g. we assume that p =1 —q € (%, 1). Note that the formulation of the
model in this example is consistent with (1.1). Thus, on occupied sites the RW has a
local drift to the right while on vacant sites it has a local drift to the left, of the same
size. Note that for p = % the model reduces to a simple RW and for p = 1(respectively
0) to a RW with drift 2p — 1( respectively 1 — 2p). From Theorem 1.2, we have that X

is recurrent if p = 1, transient to the right(left) if p > 3 (< 3). Moreover, p-a.s.,

=0, ifpéelqrpl,
lim Xo/n=vq >0, ifpe(p1], (1.10)
<0, ifpelo,q).

We thus see that if p € (%,p], then the walk will eventually go to the right but at
zero speed. This effect is due to the presence of ‘traps’ in the environment. Indeed,
even though occupied sites are more frequent than vacant sites, on its way to +oo, X
will cross arbitrarily long intervals in which the local drift is pointing to the left, which

results in a displacement of X that grows sub-linearly.

When we look at the large deviations of the empirical speed of X, we see that ‘trapping
effects’ play an important role even in the transient regime with non-zero speed. Without

loss of generality we will restrict to the case p € [%, 1).

Theorem 1.4. (Quenched LDP)
For p-a.e. &, the family of probability measures Pg(Xn/n € -),n € N, satisfies a LDP



6 1. Introduction: Random walks in random environments (RWRE)

with rate n and with deterministic rate function I9¢ that can be computed in terms of
a variational problem and that has the following properties:

1. 19 4s continuous and convexr on [—1,1] and infinite elsewhere.

2. Te(—g) = [ () + 0(2p — 1) log (g) for 6 € (0,1].

3. I9" 4s zero on [0,v] and strictly positive on (v, 1].

4. 19 4s strictly convexr and analytic on (v,1).

Here are qualitative pictures of 6 — I9"¢(#) on [—1, 1] in the three respective cases:

(log(1+p))

(log(1+p))

(log(14p 1)) R -7 4

(log(1+p))

FIGURE 1.1: (i) recurrent; (ii) transient: positive speed; (iii) transient: zero speed.
Permission to use the picture has been kindly granted by F. den Hollander [52]. The
notations I(6), p and < - >, stand for T, %fg + g[l — &) and E¢, respectively.

From Theorem 1.4 (see [34, 49]) we see that both in the recurrent case and in the
transient case with zero speed the rate function has a unique zero at # = 0 and is strictly
convex everywhere, while in the transient case with positive speed the rate function has

two linear pieces: one horizontal piece for 6 € [0,v] and one tilted piece for 6 € [—v,0].

The flat piece means that speeds smaller than the typical speed v are not exponentially
costly. This is again because the RE contains long stretches of sites where the local
drifts point to the left. Between 0 and On the longest stretches have a length of order
logn, and for the walker to lose a time of order n in these stretches has a cost that is

sub-exponential in n.
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Under the annealed measure, as stated in Theorem 1.3, an LDP is satisfied as well. The
corresponding rate function I*™ is given by (1.8). A symmetry relation as in part 2 of
Theorem 1.4 does not hold. In particular, /*™ and I9"¢ coincide on [0,v]. Moreover a
small linear piece can be present in the annealed rate function for some choice of the

parameters, see [34].

1.1.2 Higher dimensions

In the multi-dimensional setup, even fundamental questions like recurrence vs. transience
and the existence of a limiting speed remain partially open. We give here a brief summary
of the main results and formulate unsolved conjectures. For a more detailed overview
we refer the reader to [89, 99]. In what follows we restrict to the case where (£(x,-)) ez
is an i.i.d. sequence satisfying the so-called ellipticity condition

[ ( inf &(x,e) > 0> =1. (1.11)

lel=1

Let S%! be the unit sphere. Given a vector [ € S¥ !, consider the event

A = { lim X, -1 = oo}, (1.12)

n—oo

where - denotes the vector inner product. In 1981 [58] Kalikow proved that Py(A4;UA_;) €
{0,1} for all 1 € S¥~! and d > 1, and he conjectured that if x is uniformly elliptic, i.e.,

there exists a constant d > 0 such that

1 <|i|nf1 &(x,e) > (5> =1, (1.13)
then
Po(4;) € {0,1} VI e s+ (1.14)

Furthermore, he formulated a technical condition (known as Kalikow’s condition; see

[58]) that ensures a strong bias in the direction [ and implies (1.14).

In d =1, the 0-1 law in (1.14) is a simple consequence of Theorem 1.2. For d = 2, (1.14)
has been proven in [92] under the ellipticity condition in (1.11). For d > 3, (1.14) is still

open and is a cornerstone to prove a LLN, as shown by the following theorem.

Theorem 1.5. (LLN)

Assume that p is uniformly elliptic. Fizl € S%1. Then there exist vt,v™ € [0,1] such
that

l:vﬂAl —v 1la, Pp—as. (1.15)

n—oo N
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In particular, for d = 2 the LLN holds.

The proof of this theorem [92, 101], and many other results in the multi-dimensional
setting, are based on a construction of regeneration times introduced by Sznitman and
Zerner [92]. Roughly speaking, a random time 7 € N is a regeneration time in direction
lif X;-1l>X,-lforalln <7and X, -l < X, [l forall n > 7, ie., X, - achieves
a record at time 7 and never moves backward from that record. Once these times are
constructed, it is possible to show that the sequences of space and time increments
between regeneration times form i.i.d. sequences, from which the LLN and the CLT can

be derived.

Further results when f is i.i.d. and uniformly elliptic were obtained in [8, 95]. In these
papers it is shown that there are at most two deterministic limit points for the sequence
(Xn/n)nen, say, v1 and vy. If v; # v9 then there exists a constant a > 0 such that

vy = —avy. For d > 5, [8] proves that if v1 # ve, then at least one of them is zero.

There is no general criterion to establish when RWRE in d > 2 is transient or recurrent,
although one expects transience as soon as d > 3. Moreover, when the LLN holds,
no explicit formula for the limiting speed v is known. A natural question is to at least
understand under which condition RWRE is ballistic, i.e., v # 0. Some results have been
obtained in this direction in the last decade. This problem is related to the properties
of the RE and the possible presence of ‘traps’ (i.e., regions where the walk may spend a

long time with a high probability). In [100], the author considered the drift at the origin

d
do =) [€(0,e) — £(0,—€3)] - e, (1.16)
i=1
with {e;}&, the canonical basis of Z¢, and showed that if, for some [ € S9!, dy -1 > 0
for p-a.e. environment, then X,,/n converges to a deterministic v with v -1 > 0. Such
REs are called non-nestling. The interest is in understanding the so-called nestling
REs, i.e., when the origin belongs to the closed convex hull of the support of dy, for
which a non-ballistic regime might be possible . Some progress has been achieved by
Sznitman in [88, 89], who formulated the following conditions that guarantee ballisticity
even for the nestling case. Given a direction | € S* ! and b, L > 0, define the slab
Upir = {x € 7% : —bL < x-1 < L} and the exit time oy, =inf{n e N: X,, ¢ Uy 1}
Let v € (0,1]. Condition (T),| is said to hold relative to I € S¥~1 if, for all I’ € S¢~! in
a neighborhood of [ and all b > 0,

limsup L™ log Po(X7, , , - 1" <0) <0. (1.17)

L—oo
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In words, consider a slab in Z¢ contained between the hyperplanes normal to [ at distance
L and —bL in direction [. When « = 1, the condition (7)1|l holds if the probability of
exit from this slab in direction —I is exponentially small in L. Condition (7”)| is said
to hold if condition (7°),|l holds for all v € (0,1). Clearly

(T)1|l = (Tl = (T)4]l for v € (0,1), (1.18)

and it is believed that (T)1]l, (7")|l and (T')4|l are equivalent. This equivalence is still
open and some recent progress can be found in [43, 44, 78]. The importance of these

conditions is given by the following theorem due to Sznitman [88].

Theorem 1.6. (Ballisticity and CLT under Sznitman’s (7”)|l condition)

Assume that p is i.i.d. and uniformly elliptic and that condition (T")|l holds relative
tol € S, Then X satisfies a LLN with a deterministic limiting speed v such that
vl > 0. Moreover, there exists a deterministic o > 0 such that, under the annealed
measure Py, (X, — nv)/o\/n converges in distribution to a standard Gaussian random

variable.

Other recent results in the i.i.d. setting can be found in [27, 28].

When we drop the i.i.d. assumption on y further complications arise. If the environment
has a finite-range dependence, then a slight modification of the arguments for the i.i.d.
situation, developed in [76, 99|, shows that the LLN and the CLT carry over. If the
space correlations are long-range but strong mixing in some appropriate sense, then
only few results have been obtained. In this context, [35, 36] derived a LLN and a CLT
via a regeneration-time argument under a uniform mixing condition. In [72] a LLN was
derived by analyzing the environment process, i.e., the environment as seen from the
point of view of the walker. [29] developed a renormalization scheme to prove a CLT
when the transition probabilities of the RW are sufficiently close to those of a simple
RW.

Large deviations for the empirical speed X, /n have been studied only recently. The

main result is stated in the next theorem due to Varadhan [94].

Theorem 1.7. (Quenched and Annealed LDP)

Let d > 2. Assume that v is uniformly elliptic and ergodic. Then, for u-a.e. realization
of &, the family of probability measures Pog(Xn/n € -),n €N, satisfies a LDP with rate
n and with convex deterministic rate function I19°. If u is i.i.d., then also an annealed
LDP is satisfied with rate n and with convex rate function I*™™. Furthermore, in the
latter case 19%¢ and I*™™ have the same zero set, and this set is conver and consists of

either a single point or a line segment.



10 1. Introduction: Random walks in random environments (RWRE)

The proof of Theorem 1.7 is based on a subadditivity argument. As for d = 1, the rate
functions are in general not strictly convex. A relation like (1.8) is not available. Tt is
not known under which conditions and in which region the two rate functions coincide.

Partial progress and relalted results can be found in [73, 86, 87, 97].

1.2 Dynamic RE

In this section we introduce RWs in dynamic REs, which will be the main topic of this
thesis. This is a variant of the problem in the previous section (see Definition 1.1) in
which the environment & evolves in time according to a given autonomous dynamics. In
other words, ¢ is given by a collection of random vectors {&,(,-) : z € Z% n € Ng} with
a prescribed joint law, and X is a RW with space-time dependent transition probabilities

given by
PS(Xpp1 =z +e| X, =) =&n(z,e), ecZe|=1,n¢eN. (1.19)

Under the quenched law Pg , X is now a space-time inhomogeneous Markov chain. Due
to the dynamics of the environment, we expect different behavior than in the static
situation. In particular, trapping phenomena, which played a chief role in static models,
may not survive. The next sections are devoted to a brief exposition of the different
types of problems that have been studied so far in the literature. We will first describe

the easiest models and then move on to the more challenging ones.

1.2.1 Early work

In 1986 [64] Madras studied a one-dimensional RW that is a deterministic functional of
a randomly fluctuating environment, which can be considered as a degenerate case of a
RW in a dynamic RE. The model is defined as follows. For each z € Z, let £ = (&(x))r>0
be an independent stationary continuous-time Markov process with state space {+1, —1}

and transition probability matrix

( po1-1(t) po1a(t) ) B ( g+prt p—prt >
Pr1-1(t) py141(t) g—qrt p+aqt )’
where p = a/(a+ 3),¢ =1—p,r = e " and o, € (0,00). Let X = (X;)i=0 be a

RW, starting from the origin (Xy = 0) and moving on R as follows. For i € Ny, define

Xt:Xi+(t—i)€i(Xi), 1<t<i41. (1.20)
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Thus, X represents the motion of a particle, travelling on R at unit speed, that at each
unit of time chooses its direction according to the state of the local environment. By
using the ergodic properties of £ it can be shown that the process X has a stationary
and exponentially mixing measure, which can be used to derive a recurrence criterion,
a strong LLN and a CLT. In particular, X is recurrent if and only if « = 8. This model
does not exhibit surprising behavior and, in contrast to RWRE models, has just one level
of randomness. Nevertheless, the above results were obtained with the help of highly

non-trivial methods and were the first in the dynamic setting.

1.2.2 Space-time i.i.d. RE

In 1992, Boldrighini et al. [16] introduced the first model of a RW in a dynamic RE.
Since then this model has been studied intensively under several assumptions and using
different tools. Though results like LLNs and CLTs have been derived, the general
picture is far from being understood. The simplest setting is when the environment
¢ ={&(z,-) i x € Z% n € N} is a collection of i.i.d. random variables, which we call i.i.d.
space-time RE. Note that this is equivalent to a (d+ 1)-dimensional RW in a static i.i.d.
RE in which, at each time step, one coordinate of the walk increases deterministically
by one unit. Under the annealed measure, this RWRE becomes a simple RW in an
averaged environment. Thus, the interest is in studying the quenched properties. The
most general result has been derived in [74]. With the help of a martingale approach
for additive functionals of a Markov chain, they obtained a quenched CLT in arbitrary
dimension. In particular, they showed that the displacement of the RW in the i.i.d.
space-time RE always has diffusive behavior with deterministic parameters. Similar
results under a somewhat stronger condition on the RE were already found in [11],
[22-24], via a cluster-expansion technique together with a small-noise assumption (see

(1.21)), and in [6], with the help of generating functions.

A variant of the i.i.d. setting has been considered in [26]. Here, the environment is
independent in time but has spatial correlation, i.e., at each time unit a new RE is
sampled from a given distribution with dependence in space. The RW X is taken to be

a perturbation of a homogeneous RW with transition kernel p(e), namely,
PS( X1 =z +e| X, =) =ple) + ec(e; &n(x)), ecZ e =1, (1.21)

where € is a small positive parameter. The function c is such that (1.21) are transition
probabilities, and represents the influence of £ on the evolution of X. For e small (‘small

noise regime’), a quenched CLT was proved with Brownian motion as scaling limit.
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An analysis of the large deviations for RW in a space-time i.i.d. RE is presented in [98].
Except for our result in Chapter 4, this is the only paper dealing with LDPs in the
dynamic setup. Indeed, as we pointed out in Section 1.1.2, even for static RE in d > 2
the large deviation analysis is difficult and is still far from being understood. Under
the annealed law, RW in a space-time i.i.d. RE behaves like a homogeneous RW, for
which the LDP for the empirical speed is given by Cramer’s theorem [39, 52]. [98] shows
that also under the quenched law a LDP for the empirical speed holds when d > 3. In
particular, for speeds that are sufficiently close to the typical speed v, the quenched and
annealed rate functions coincide. Furthermore, conditioned on any rare event (i.e., the
empirical speed being any value different from v), the empirical process associated with
the environment process, i.e., the environment as seen from the walker, converges to a

certain stationary process, both under the quenched and the annealed law.

1.2.3 Time-dependent RE

Further complications arise when considering dynamic RE ¢ in which the collection
€ = {&(x,-) - 2 € Z%n € N} is ii.d. in space but Markovian in time, i.e., at each
site x there is an independent copy of the same ergodic Markov chain. Note that, in
this setup, the loss of time-independence makes even the annealed properties of X non-
trivial. Such problems have been investigated in [5], [13], [41]. [13] considers the case in
which the transition probabilities of the RW depend weakly on the environment (‘small
noise regime’; see (1.21)). By means of a cluster-expansion technique, it is proved that
a quenched CLT holds a.s. for any d > 3. Similar results have been obtained in [5]. Via
a probabilistic argument based on regeneration times, and under ellipticity conditions
weaker than in [13], a strong LLN and a CLT were derived under the annealed law for
any d > 1, and a quenched invariance principle only in high dimensions, namely, d > 7.
Further progress was achieved with the help of an analytical approach to analyze the
environment process in two recent papers [41, 42]. [41] deals with the case in which the
transition probabilities of the RW are again weakly dependent on the environment, while
the environment has a deterministic but strongly chaotic evolution. In [42], the authors
consider a RW that is strongly dependent on a dynamic RE that again is assumed to be
independent in space and Markovian in time. In both papers, a strong LLN and a CLT

have been proven, under both the annealed and the quenched law.

1.2.4 Space-time mixing RE

A major challenge is to consider more general REs in which correlations in both space

and time are allowed. Results in this direction have been obtained recently in [30, 40].
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Both papers deal with finite-range RWs whose transition probabilities depend weakly on
a RE whose space-time correlations decay exponentially. By means of a renormalization
group technique [30], respectively, by analyzing the environment process via a martingale
approximation [40], they proved a LLN and showed that in the scaling limit the behavior
is diffusive for any d > 1. In particular, [30] does not assume a Markovian structure of
the RE.

1.3 RW on an Interacting Particle System (IPS)

We are finally ready to introduce a class of RW in dynamic RE that will be the main
subject of this thesis, namely, our RE will evolve as an Interacting Particle System
(IPS). The main reason for this choice is that IPSs constitute a well-established research
area and are natural examples of dynamic RE with space-time correlations. In the next
sections we first define the class of IPSs we are interested in, providing some explicit
examples, and then introduce our class of RWs. To avoid heavy notation, the definitions
are stated for d = 1 and for nearest-neighbor RW, even though they easily extend to
d > 2 and/or to more general step distributions. Such possible extensions will be pointed

out in the next chapters.

1.3.1 1IPS
1.3.1.1 Definition

Let Q = {0,1}2". Denote by Dq[0,00) the set of paths in Q that are right-continuous
and have left limits. Let {P", 7 € Q} be a collection of probability measures on Dq[0, c0)
satisfying the Markov property. An IPS

€= (&0 with & = {&(x): z € 29}, (1.22)

is a Markov process on ) with law P, when £, = n € € is the starting configuration.

We say that site x at time ¢ is vacant or occupied when & (x) =0 or 1.

Let P(€2) be the set of probability measures on Q. Given p € P(2), we denote by PH
the law of & when & is drawn from p € P(9), i.e.,

Pre) = [ PO utan). (1.23)
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Throughout the sequel we will assume that
P* is stationary and ergodic under space-time shifts. (1.24)

Thus, in particular, u is a homogeneous extremal equilibrium for &.

Let C(€2) be the set of continuous functions on 2 taking values in R, viewed as a Banach

space with norm

[flloc = sup [f(n)]- (1.25)
neQ

The Markov semigroup associated with £ is denoted by Sips = (Stps(t))t>0. This semi-
group acts from the left on C'(2) as

(Sies()f)() = EV[f(&)],  feC(), (1.26)

and acts from the right on P(Q) as
(vSips(t)) (1) = PV (& € +), v eP). (1.27)

In particular, we assume that £ is a Feller process, i.e., Sypg(t)f € C(Q) for every t > 0
and f € C(2).

Informally, an IPS is a collection of particles on the integer lattice evolving in a Marko-
vian way. Depending on the specific transition rates between the different configurations,
we obtain several types of IPS. Each particle may interact with the others: the evolution
of each particle is defined in terms of local transition rates that may depend on the state
of the system in a neighborhood of the particle. For a formal construction, we refer the
reader to Liggett [63], Chapter I. Some explicit examples will be given below, and in the

next chapters whenever needed.

1.3.1.2 Examples

(1) Stochastic Ising Model (SIM)

This model goes back to Glauber [48] and was introduced as a model for magnetism. The
SIM is a Markov process on Q' = {+1, —1}Zd, where each site represents an iron atom
whose spin can be either up (+1) or down (—1). In the original and easiest formulation,
the dynamics can be described as follows. Let 3 = T~! > 0 represent the inverse of the

temperature T of the system. Given a starting configuration of spins n € €/, the spin
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n(z) at site = flips to —n(z) at rate

c(x,m) = exp{ -8 > n(x)n(y)}, reZineq. (1.28)

yily—z|=1

With this choice of the rates we see that each spin tends to be aligned with its neigh-
borhood. Indeed, the flip rate in (1.28) is higher when the spin at = differs from most
of its neighbors than when it agrees with most of them. Such a monotonicity property
is called attractiveness (see Section 2.4.2). In the language of statistical mechanics it
is referred to as ferromagnetism. Note that, replacing the state space Q' by €, we can
pass from the ‘spin interpretation’ of the system to an interpretation of an IPS in which

particles/holes flip into holes/particles.

Depending on the temperature and the dimension, the SIM shows interesting behavior.
For example, when d = 1 it admits a unique ergodic measure for any 3 € R™, while for
d > 2 there exists a critical 8.(d) such that for 5 > (.(d) there are at least two extremal

invariant measures (which means that the system has a phase transition).

For d > 1, if 8 = 0, then the SIM is an example of an independent spin-flip dynamics
(see Section 2.5), namely, the coordinates 7;(x) become independent two-state Markov
chains and the system has a unique ergodic measure given by the Bernoulli product
measure with density % The dynamics defined by the rates in (1.28) is only an example
of a SIM. It is possible to also consider flip rates that depend not only on nearest-
neighbor sites. For a general definition of the stochastic Ising model, see Liggett [63]
Chapter 4.

(2) Exclusion Process (EP)

Let p(z,y),z,y € 7%, be a transition kernel of a finite-range homogeneous RW on Z¢.
Given a configuration n € = {0, 1}Zd, let {z € Z?: n(z) = 1} be the set of locations
of the particles at time 0. The exclusion process is the IPS in which particles move

according to the following rules:

e A particle at site x waits an exponential time with mean 1 and then chooses a site

y with probability p(z,y).

e The particle jumps to site y if this site is vacant, but does not jump when it is

occupied.

The exclusion process is an example of a conservative IPS (i.e., the number of particles
is preserved by the evolution) in which at each transition two coordinates of the system
may change. It was originally introduced by Spitzer [81] as a model for a lattice gas at

infinite temperature.
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(3) Contact Process (CP)

The contact process (introduced by Harris [50]) is a toy model for the spread of an
infection in a large population of individuals. Let @ = {0, 1}Zd. Each site z € Z¢
represents an individual. Given n € (), we say that the individual x is infected or
healthy if n(x) equals 1 respectively 0. The evolution of the system makes a healthy
individual infected at rate A times the number of infected neighbors, while infected
individuals recover independently at rate 1. In other words, for each = € Z%, if n(z) = 1,

then n(x) flips to 0 at rate 1, while if n(z) = 0, then it flips to 1 at rate A Z n(y),

yily—a|=1
where A > 0 is a parameter representing the intensity of the infection spread. It is

easy to see that the pointmass concentrated at the configuration with all 0’s is a trivial
invariant measure. It is possible to prove that for any d > 1 there exists a critical value
Ac(d) € (0,00) such that for A > A.(d) the system has at least one non-trivial invariant

measure.

1.3.2 RW on IPS

Conditional on a realization of an IPS &, let
X = (Xt)e>0 (1.29)

be the RW with local transition rates

x—x+1 atrate «a1&(x)+ap[l — &(x)],

(1.30)
r—x—1 atrate [1&(x)+ B[l — & ()],

where a1, 81, ap, Bo € (0,00) with a3 + $1 = ap + Sp. Thus, on occupied sites the RW
has a local drift a; — (31, while on vacant sites it has a local drift g — Fy. Note that the
sum of the jump rates is independent of £. Let Pé denote the law of X starting from

Xo = 0 conditional on &, which is the quenched law of X. The annealed law of X is

PLo(-) = /D o PS(-) PH(de). (1.31)

Note that X is a continuous-time variant of the RW in a dynamic RE defined in (1.19).

By choosing a1 = [y, a9 = (1 with a1 > f1, we obtain the continuous-time dynamic
analogue of the static model given in Section 1.1.1.4, where «;/(c + 1) takes over the

role of p.
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1.4 Related models

We close by listing some topics which are closely related to RWRE but not covered in

this introduction.

e Non-nearest-neighbor RWRE: When dealing with non-nearest-neighbor finite-range
RW in static and dynamic RE, some results and techniques we discussed in this
chapter can be easily extended; see e.g. [40, 41, 73, 95]. Nevertheless, in dropping
the nearest-neighbor assumption extra difficulties may arise and tools to analyze
Lyapunov exponents associated with certain random matrices are needed (see e.g.
[31, 60]).

o RW in dynamic RE with mutual interaction: These are models in which the dy-
namics of the RE is locally affected by the evolution of the RW (recall that in
Section 1.2 we dealt with situations where the RE is completely independent of
the RW). Under certain assumptions on the mutual interaction, LLNs, CLTs and
LDPs have been obtained for such models in [11, 16, 19-21, 56].

e RW on random graphs: Several papers in the literature have been focusing on the
asymptotic properties of RWs that evolves on a realization of a random graph.
Two main classes concern random subgraphs of Z? like percolation clusters (see
e.g. [9, 10, 68, 90]), and random trees like Galton-Watson branching processes (see
e.g. [37, 69]).

e Random conductance model: In these models, with each bond (x,y) of the integer
lattice Z? is associated a random variable Cr,y > 0 representing a conductance,
with C' = {Cyy}, yeza 1i.d. Given a realization of C, the aim is to study the
behavior of the RW whose transition probabilities from site x to site y are given
by Cyy/ > sa—a|=1 Cy,>- Such a model is closely related to RWs on supercritical
percolation clusters. Annealed and quenched CLTs for this RW were derived in
[15, 62, 77].

o Diffusion with random potential: These models represent the natural analogue of
RWRE in the theory of diffusion processes. Informally speaking, the idea is to find
a ‘solution’ to the stochastic differential equation dX; = —%VV(Xt)dt—Fth, Xo =
0, where the function V = F + B is a sum of a deterministic function F : R4 — R
plus a random field B indexed by R¢, B = (B()),cgd, and W is a d-dimensional
Brownian motion independent of V. For results on this topic we refer the reader

to [32, 67, 91] and the references therein.






Chapter 2

Law of large numbers for a class
of RW in dynamic RE

This chapter is based on a paper with Frank den Hollander and Frank Redig that has

been submitted to Electronic Journal of Probability.
Abstract

In this paper we consider a class of one-dimensional interacting particle systems in equi-
librium, constituting a dynamic random environment, together with a nearest-neighbor
random walk that on occupied/vacant sites has a local drift to the right/left. We adapt a
regeneration-time argument originally developed by Comets and Zeitouni [35] for static
random environments to prove that, under a space-time mixing property for the dynamic
random environment called cone-mixing, the random walk has an a.s. constant global
speed. In addition, we show that if the dynamic random environment is exponentially
mixing in space-time and the local drifts are small, then the global speed can be written
as a power series in the size of the local drifts. From the first term in this series the sign

of the global speed can be read off.

The results can be easily extended to higher dimensions.
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2.1 Introduction and main result

In Section 2.1 we define the random walk in dynamic random environment, introduce a
space-time mixing property for the random environment called cone-mixing, and state
our law of large numbers for the random walk subject to cone-mixing. In Section 2.2 we
give the proof of the law of large numbers with the help of a space-time regeneration-
time argument. In Section 2.3 we assume a stronger space-time mixing property, namely,
exponential mixing, and derive a series expansion for the global speed of the random walk
in powers of the size of the local drifts. This series expansion converges for small enough
local drifts and its first term allows us to determine the sign of the global speed. (The
perturbation argument underlying the series expansion provides an alternative proof of
the law of large numbers.) In Section 2.4 we give examples of random environments that
are cone-mixing. In Section 2.5 we compute the first three terms in the expansion for

an independent spin-flip dynamics.

2.1.1 Model

Let Q = {0,1}%. Let C(f2) be the set of continuous functions on Q taking values in R,
P(£2) the set of probability measures on €2, and Dgq[0, c0) the path space, i.e., the set of

cadlag functions on [0, 00) taking values in Q. In what follows,

= (&)i>0 with & ={&(x): 2 € Z} (2.1)

is an interacting particle system taking values in Q, with &(z) = 0 meaning that site
x is vacant at time ¢t and &(z) = 1 that it is occupied. The paths of £ take values in
Dq0,00). The law of ¢ starting from &y = 7 is denoted by P". The law of £ when & is
drawn from p € P(Q) is denoted by P*, and is given by

Pr() = [ PO utan). )
Through the sequel we will assume that
P* is stationary and ergodic under space-time shifts. (2.3)

Thus, in particular, 4 is a homogeneous extremal equilibrium for £&. The Markov semi-
group associated with £ is denoted by Sips = (Stps(t))t>0. This semigroup acts from
the left on C'(Q) as

(Ses()f)() = EV[f(&)],  feC(Q), (2.4)
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and acts from the right on P(2) as
(vSips(t))(-) = PV (& € +), v e P(Q). (2.5)

See Liggett [63], Chapter I, for a formal construction.

Conditional on &, let
X = (Xt)e>0 (2.6)

be the random walk with local transition rates

x—x+1 atrate a&(x)+ G[1—&(x)],
x—x—1 atrate [&(x)+all —E&(x)],

where w.l.o.g.
0<fB<a<oo. (2.8)

Thus, on occupied sites the random walk has a local drift to the right while on vacant
sites it has a local drift to the left, of the same size. Note that the sum of the jump rates
a+ 3 is independent of £. Let Pé denote the law of X starting from Xy = 0 conditional
on &, which is the quenched law of X. The annealed law of X is

Puo(”) = /D L EOPag (2.9)

2.1.2 Cone-mixing and law of large numbers

In what follows we will need a mizing property for the law P* of £. Let - and || - ||
denote the inner product, respectively, the Euclidean norm on R?. Put ¢ = (0,1). For
0 €(0,im) and t > 0, let

C? ={ueZx[0,00): (u—tl)-£>|u—tlfcosh} (2.10)

be the cone whose tip is at t¢ = (0,t) and whose wedge opens up in the direction ¢ with
an angle ¢ on either side (see Figure 2.1). Note that if = {7 (6 = 1), then the cone
is the half-plane (quarter-plane) above t/.

Definition 2.1. A probability measure P* on Dg0, c0) satisfying (2.3) is said to be

cone-mixing if, for all § € (0, %W),

lim sup |(PH¥(B|A)—PH(B)l =0, (2.11)
t—o0 Ae]-‘o,Be]-‘f
PH(A)>0
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FIGURE 2.1: The cone C’f.

where

Fo = J{fo(az): T € Z},

. | ; (2.12)
F =0{&(=): (z,5) € C7}.

In Section 2.4 we give examples of interacting particle systems that are cone-mixing.
We are now ready to formulate our law of large numbers (LLN).

Theorem 2.2. Assume (2.3). If P* is cone-mizing, then there exists a v € R such that

lim X;/t=v Puo—a.s. (2.13)
t—o00

The proof of Theorem 2.2 is given in Section 2.2, and is based on a regeneration-time
argument originally developed by Comets and Zeitouni [35] for static random environ-

ments (based on earlier work by Sznitman and Zerner [92]).

We have no criterion for when v < 0, v = 0 or v > 0. In view of (2.8), a naive guess

would be that these regimes correspond to p < %, p= % and p > %, respectively, with

p = PH(&(0) = 1) the density of occupied sites. However, v = (2p — 1)(av — [3), with p

the asymptotic fraction of time spent by the walk on occupied sites, and the latter is a
1

non-trivial function of P*, o and 3. We do not (!) expect that j = § when p = 3 in

general. Clearly, if P* is invariant under swapping the states 0 and 1, then v = 0.

2.1.3 Global speed for small local drifts

For small o — 3, X is a perturbation of simple symmetric random walk. In that case
it is possible to derive an expansion of v in powers of o — 3, provided P* satisfies an
exponential space-time mixing property referred to as M < e (Liggett [63], Section 1.3).

Under this mixing property, p is even uniquely ergodic.
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Suppose that ¢ has shift-invariant local transition rates
c(A,n), A C 7Z finite, n € Q, (2.14)

i.e., ¢(A,n) is the rate in the configuration 1 to change the states at the sites in A, and

c(A,n) = c(A+x,7,n) for all x € Z with 7, the shift of space over x. Define

M = Z Z sup |c(A4,n) — c(4,1")],
A0 220 14 (2.15)

= inf c(A c(A,n°
€ nEQZ! (A,m) + (A, n7)],
A0
where n* is the configuration obtained from z by changing the state at site x. The
interpretation of (2.15) is that M is a measure for the mazimal dependence of the
transition rates on the states of single sites, while € is a measure for the minimal rate

at which the states of single sites change. See Liggett [63], Section 1.4, for examples.

Theorem 2.3. Assume (2.3) and suppose that M < e. If a — 3 < (e — M), then

v= Z cn(a=PB)"eR  with ¢, =cp(a+ 5; PH), (2.16)
neN

where ¢; =2p—1 and ¢, € R, n € N\{1}, are given by a recursive formula (see Section

2.3.3).

The proof of Theorem 2.3 is given in Section 2.3, and is based on an analysis of the
semigroup associated with the environment process, i.e., the environment as seen relative
to the random walk. The generator of this process turns out to be a sum of a large part
and a small part, which allows for a perturbation argument. In Section 2.4 we show
that M < e implies cone-mixing for spin-flip systems, i.e., systems for which ¢(A,7n) =0
when |A| > 2.

It follows from Theorem 2.3 that for o — 3 small enough the global speed v changes sign
at p = %:
v=2p—-1)(a—B)+0((a— 6)2) as a | (3 for p fixed. (2.17)

We will see in Section 2.3.3 that co = 0 when p is a reversible equilibrium, in which case
the error term in (2.17) is O((a — 8)3).

In Section 2.5 we consider an independent spin-flip dynamics such that 0 changes to 1
at rate v and 1 changes to 0 at rate d, where 0 < 7, < co. By reversibility, c; = 0. We
show that

204V 2U 42V

4
s = g Pl =)2p =V JUV), JUV) = Fmtoms — Zoi o+, (218)
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with U =a+ 3,V =v+0 and p = v/(y + ). Note that f(U,V) < 0 for all U,V and
limy_,o f(U,V) =0 for all U. Therefore (2.18) shows that

(1) 03>0forp<%,03:Oforp:%,03<0forp>%,

2.19
(2) ¢3— 0asvy+ 3 — oo for fixed p # 5 and fixed o + S. (2.19)

If p = %, then the dynamics is invariant under swapping the states 0 and 1, so that
v=0.If p > %, then v > 0 for « — 8 > 0 small enough, but v is smaller in the random
environment than in the average environment, for which v = (2p—1)(a— ) (“slow-down

phenomenon”). In the limit v + d — oo the walk sees the average environment.

2.1.4 Discussion and outline

Three classes of dynamic random environments have been studied in the literature so

far:

(1) Independent in time: globally updated at each unit of time ;

(2) Independent in space: locally updated according to independent single-site Markov

chains;

(3) Dependent in space and time.

Our models fit into class (3), which is the most challenging and still is far from being

understood. For an extended list of references we refer the reader to [4].

Many results, like a LLN, annealed and quenched invariance principles or decay of corre-
lations, have been obtained for the above three classes under suitable extra assumptions.
In particular, it is assumed either that the random enviornment has a strong space-time
mixing property and/or that the transition probabilities of the walks are close to con-

stant, i.e., small perturbation of a homogeneous random walk.

The LLN in Theorem 2.2 is a successful attempt to move away from the restrictions.
Cone mixing is one of the weakest mixing conditions under which we may expect to be
able to derive a LLN via regeneration times: no rate of mixing is imposed in (2.11).
Still, (2.11) is not optimal because it is a uniform mixing condition. For instance,
the simple symmetric exclusion process, which has a one-parameter family of equilibria

parameterized by the particle density, is not cone-mixing.

Our expansion of the global speed in Theorem 2.3 which is a perturbation of a homo-

geneous random walk falls in class (3), but unlike what was done in previous works, it
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offers an explicit control on the coefficients and on the domain of convergence of the

expansion.

Both Theorem 2.2 and 2.3 are easily extended to higher dimensions (with the obvious
generalization of cone-mixing), and to random walks whose step rates are local functions
of the environment, i.e., in (2.7) replace & (z) by R(7,&;), with 7, the shift over x and R
any cylinder function on 2. It is even possible to allow for steps with a finite range. All
that is needed is that the total jump rate is independent of the random environment.

The reader is invited to take a look at the proofs in Sections 2.2 and 2.3 to see why.

In the context of Theorem 2.3, the LLN can be extended to a central limit theorem
(CLT) with somewhat strong mixing assumptions and to a large deviation principle

(LDP), issues which we plan to address in future work.

2.2 Proof of Theorem 2.2

In this section we prove Theorem 2.2 by adapting the proof of the LLN for random
walks in static random environments developed by Comets and Zeitouni [35]. The proof
proceeds in seven steps. In Section 2.2.1 we look at a discrete-time random walk X on
Z in a dynamic random environment and show that it is equivalent to a discrete-time
random walk Y on

H=7Z x Ny (2.20)

in a static random environment that is directed in the vertical direction. In Section 2.2.2
we show that Y in turn is equivalent to a discrete-time random walk Z on H that
suffers time lapses, i.e., random times intervals during which it does not observe the
random environment and does not move in the horizontal direction. Because of the
cone-mixing property of the random environment, these time lapses have the effect
of wiping out the memory. In Section 2.2.3 we introduce regeneration times at which,
roughly speaking, the future of Z becomes independent of its past. Because Z is directed,
these regeneration times are stopping times. In Section 2.2.4 we derive a bound on the
moments of the gaps between the regeneration times. In Section 2.2.5 we recall a basic
coupling property for sequences of random variables that are weakly dependent. In
Section 2.2.6, we collect the various ingredients and prove the LLN for Z, which will
immediately imply the LLN for X. In Section 2.2.7, finally, we show how the LLN for

X can be extended from discrete time to continuous time.

The main ideas in the proof all come from [35]. In fact, by exploiting the directedness

we are able to simplify the argument in [35] considerably.
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2.2.1 Space-time embedding

Conditional on &, we define a discrete-time random walk on Z
X = (Xn)nen, (2.21)

with transition probabilities

pgn-i—l (x) + q [1 - gn-i-l (CC)] if i = 17
PE(Xppi=2+i| Xp=2) = qéupi(z)+p[l — Eupa@)] ifi=—1,  (2.22)

0 otherwise,

where ¢ € Z, p € (%, 1), g =1—p, and PO5 denotes the law of X starting from Xy = 0
conditional on £. This is the discrete-time version of the random walk defined in (2.6
2.7), with p and ¢ taking over the role of a/(a+ ) and 3/(ac+ 3). As in Section 2.1.1,

we write Pg to denote the quenched law of X and P, ¢ to denote the annealed law of X.

Our interacting particle system ¢ is assumed to start from an equilibrium measure p
such that the path measure P* is stationary and ergodic under space-time shifts and is
cone-mixing. Given a realization of ¢, we observe the values of ¢ at integer times n € Z,

and introduce a random walk on H
Y = (Y)nen, (2.23)
with transition probabilities

pgm-‘rl(xl) +Q[1 _fzz—l—l(l’l)} if€:€+,
P(go,o) Yari=z+e|Vy=2) =1 qloyi(a1) +p[l — &appa(an)] ife=10, (2:24)
0 otherwise,

where z = (z1,22) € H, T = (1,1), £~ = (—1,1), and P(£0,0)

Yo = (0,0) conditional on §. By construction, Y is the random walk on H that moves

denotes the law of Y given

inside the cone with tip at (0,0) and angle %77, and jumps in the directions either [t or
[~, such that
Y, = (Xn,n), n € Ny. (2.25)

We refer to PS

(0,0) the quenched law of Y and to

Puoor) = |, oy B P19 (2.26)
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as the annealed law of Y. If we manage to prove that there exists a u = (ug, ug) € R?
such that
lim Y,/n=u P, o) —as., (2.27)

n—oo

then, by (2.25), ug = 1, and the LLN in Theorem 2.2 holds with v = u;.

2.2.2 Adding time lapses

Put A = {0,¢%,07}. Let € = (€)ien be an i.i.d. sequence of random variables taking

values in A according to the product law W = w®N with marginal

r ifeec{lt, (7},
w(er =e) = { J (2.28)
p ife=0,
with r = %q. For fixed &£ and ¢, introduce a second random walk on H
Z = (Zy)nen, (2.29)
with transition probabilities
Pfdfo) (Zny1=z+e| Z, =2)
(2.30)

1
= 1{En+1:€} + ;9 1{€n+1:0} [P(%,O) (Y”+1 =z+el|Y,= x) B T} ’

where z € H and e € {{T,/"}, and p(éo’fo)

conditional on &, €. In words, if €,4+1 € {¢*,¢}, then Z takes step €,+1 at time n + 1,

denotes the law of Z given Zy; = (0,0)

while if €,41 = 0, then Z copies the step of Y.

The quenched and annealed laws of Z defined by
Pooy(O) = | PigOWde),  PByo()= Pl ) () PH(dE),  (2:31)
(0,0) v (00) DQ[O,OO)(,)
coincide with those of Y, i.e.,

P _ pf
P(070)(Z €-)=P

(070) (Y S ), PM7(070)(Z < ) - PN7(070) (Y SR ) (232)

In words, Z becomes Y when the average over € is taken. The importance of (2.32) is
two-fold. First, to prove the LLN for Y in (2.27) it suffices to prove the LLN for Z.
Second, Z suffers time lapses during which its transitions are dictated by e rather than
&. By the cone-mixing property of &, these time lapses will allow & to steadily loose

memory, which will be a crucial element in the proof of the LLN for Z.
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2.2.3 Regeneration times
Fix L € 2N and define the L-vector
B = (et 0=, 0 ), (2.33)

where the pair ¢, ¢~ is alternated %L times. Given n € Ng and € € AN with (e,41,. ..,
enir) = €F) we see from (2.30) that (because £+ + ¢~ = (0,2) = 2¢)

PG (Znsr=x+ LU| Zy=2) =1,  we€H, (2.34)
which means that the stretch of walk Z,,..., Z, 1 travels in the vertical direction /¢

irrespective of &.

Define regeneration times
TéL) =0, Tk(;ﬂ =inf {n > T,SL) +L: (én—L,---s€n—1) = 6(L)}, keN. (2.35)
Note that these are stopping times w.r.t. the filtration G = (G, )nen given by
Gn=0{e: 1<i<n}, n € N. (2.36)

Also note that, by the product structure of W = w®N defined in (2.28), we have T,EL) < 00
Po-a.s. for all k € N.

Recall Definition 2.1 and put

o(t)= sup |P*(B|A) - P"B)| (2.37)
AeFy, BEFY
PH(A)>0

Cone-mixing is the property that lim;_.., ®(t) = 0 (for all cone angles § € (0, 17), in

particular, for 0 = iw needed here). Let

(L) A0

Hi=o ()0, (Z0ky )iy (& 0<t<rP L)), keN  (238)

]

This sequence of sigma-fields allows us to keep track of the walk, the time lapses and
the environment up to each regeneration time. Our main result in the section is the

following.

Lemma 2.4. For all L € 2N and k € N,

< (L), (2.39)

tv

HPM(O,O) (Z[k] € - Hk) - PM(O,O)(Z € )
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where

ZW:(Z _z ) 2.40
P4 T P ) L en, (2:40)

and || + ||ty is the total variation norm.

Proof. We give the proof for k = 1. Let A € o(HY0) be arbitrary, and abbreviate
14 = 14zcay. Let h be any Hi-measurable non-negative random variable. Then, for all

x € H and n € N, there exists a random variable h; ,, measurable w.r.t. the sigma-field
o (Z)o, ()15 {6 0<t<n—L}), (2.41)

such that h = h, , on the event {Z,, = a:,Tl(L) =n}. Let Epugw and Covpugw denote
expectation and covariance w.r.t. P* ® W, and write 6,, to denote the shift of time over
n. Then

]Eu,(O,O) (h [1A o 971(L>}) = Z Epugw <Eg’6 <hm7n [1406,] 1{Zn—w,71(L>—n}>)

zeH,neN

Z Epugw (f;r,n (€, €) gz (&, 6))

rzeH,neN
= IEu,(o,o)(h) Pu,(o,o)(A) +pa,
(2.42)
where
fen(€6) = Efiy) <h""”” 1{z”,T1<L>n}> » Gen(€ €)= Prre0ne(A), (2.43)
and
PA = Z COVP“@W (fx,n(§7 6)7 gz,n(§7 6)) (244)
zeH,neN
By (2.11), we have
’pA‘ < Z ‘COVP*‘@W(fa:,n(g? 6)7g$,n(§7 6))‘
zeH,neEN
< Z (I)(L) EP”@W (f:):,n(ga 6)) sup gx,n(€7 6) (2.45)
zeH,neN &e
< (L) Z Epugw (fem(€,€)) = (L) E, (0,0)(R)-
rzeH,neN

Combining (2.42) and (2.45), we get

B0 (h [1406,w]) = Euoo(®) Puoo(4)]| < @D Euopp (). (246)
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Now pick h = 1p with B € H; arbitrary. Then (2.46) yields
)PMO) (ZW €A B) — B, 00) (Z € A)| < D(L) for all A € o(H™), B e Hy. (247)

There are only countably many cylinders in HY°, and so there is a subset of H; with
PF-measure 1 such that, for all B in this set, the above inequality holds simultaneously

for all A. Take the supremum over A to get the claim for k& = 1.

The extension to k € N is straightforward. n

2.2.4 Gaps between regeneration times

Define (recall (2.35))
TIEL) L (TIEL) B T;gf)l) ’ ke N. (2.48)

Note that T,gL), k € N, are i.i.d. In this section we prove two lemmas that control the

moments of these increments.

Lemma 2.5. For every o > 1 there exists an M () < oo such that

T (L) 6%
€2p 1,(0,0) ([ 1 ] ) = ( ) ( )

Proof. Fix a > 1. Since Tl(L) is independent of &, we have

Eypiy0,0) ([TfL)]a> = Ew ([Tl(L)]a> < LSSQPNEW <[T1(L)]a) , (2.50)

where Eyy is expectation w.r.t. W. Moreover, for all a > 0, there exists a constant
C = C(a,a) such that

a7 < et (2.51)
and hence o
" (L)a < = oT®
Epi00) ([Tl ] ) S 4o S Lw (6 1 ) : (2.52)

Thus, to get the claim it suffices to show that, for a small enough,

o7
sup Ew (e 1 ) < 0. (2.53)
Le2N

To prove (2.53), let

I =inf {m e N: (emL7"'7€(m+1)L—1) = G(L)}. (254)
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By (2.28), I is geometrically distributed with parameter r*. Moreover, Tl(L) < (I+1)L.

['herefore
(L) (L)
E (eaT1 ) E (earLTl ) < earLL E <ea7-L]L>

_ earLL Z(em‘LL)j (1 _ rL)j—l P =
JEN

rLe2arLL (255)

earLL(l _ TL)’

with the sum convergent for 0 < a < (1/r*L)log[1/(1 — r¥)] and tending to zero as

L — oo (because r < 1). Hence we can choose a small enough so that (2.53) holds. &

Lemma 2.6. liminfy_ EM7(O,O)(T1(L)) > 0.

Proof. Note that E,, (¢ ) (TI(L)) < 0o by Lemma 2.5. Let N = (Ny,)nen, be the Markov
chain with state space S ={0,1,..., L}, starting from Ny = 0, such that N,, = s when

s=0V max{k € N: (6 _p,...,€n-1) = (e(lL), . .,e;L))} (2.56)

(with max () = 0). This Markov chain moves up one unit with probability r, drops to 0
with probability p+r when it is even, and drops to 0 or 1 with probability p, respectively,
r when it is odd. Since Tl(L) = min{n € Ng: N, = L}, it follows that Tl(L) is bounded
from below by a sum of independent random variables, each bounded from below by 1,

whose number is geometrically distributed with parameter r“~1. Hence
Py 00) (Tl(L) = CT_L) > (1 -t hler (2.57)

Since

_ L _ L
E, 0,0 (T1( )) =k E, 0,0 (71( ))

_ _ (2.58)
L L _
>l E, 0,0 (71( )1{T1<L)ZCT—L}> > cP, 00 <7'1( > er L) ;
it follows that
.. = L —c/r
thlloléfEu,(O’O)(Tl( )) > ce o/ (2.59)
This proves the claim. |

2.2.5 A coupling property for random sequences

In this section we recall a technical lemma that will be needed in Section 2.2.6. The

proof of this lemma is a standard coupling argument (see e.g. Berbee [7], Lemma 2.1).
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Lemma 2.7. Let (U;);en be a sequence of random variables whose joint probability law

P is such that, for some marginal probability law p and a € [0, 1],

|Pwie-1otu;: 1< <i}) - u()

<a a.s. VieN. (2.60)

tv

Then there exists a sequence of triples of random variables ((7,,, JAVE ﬁi)ieN satisfying

(a) (Ui, Ay)ien are ii.d.,

(b) U; has probability law p,

(¢c) P(Ai=0)=1—a, P(A;=1)=a

(d) A; is independent of (ﬁj,Aj)lng- and ﬁi,

such that for all i € N

Ui = (1= A)U; + AU;  in distribution. (2.61)

2.2.6 LLN for Y
Similarly as in (2.48), define
Z](CL) =l <ZT(L) — ZT(L)> , ke N. (2.62)
k k-1

In this section we prove the LLN for these increments and this will imply the LLN in
(2.27).

Proof. By Lemma 2.4, we have

<®(L) as. VkeN, (2.63)

tv

[P0 (@, 27y € | 1) = ()

where
P (Ax B) =P, 00TV € 4,2 eB)  VACr'N Bcr'H.  (2.64)
Therefore, by Lemma 2.7, there exists an i.i.d. sequence of random variables
(T, 25 AP, e (2.65)

on 7N x rFH x {0,1}, where (TIE,L), Z,E,L)) is distributed according to M(L) and AECL) is

Bernoulli distributed with parameter ®(L), and also a sequence of random variables

(2", 27 e, (2.66)
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where A,&L) is independent of (ZEL), ZEL)) and of

Gr = o {(T\", Z, A1) 1 <1<k}, (2.67)
such that
L L ~(L) (L L) ,7(L) 7(L
(", 2P) = 1= A (@ 7 + AP (2P 2. (2.68)
Let
2L =B, 0.0(Z), (2.69)

which is finite by Lemma 2.5 because |Z§L)\ < TI(L).

Lemma 2.8. There exists a sequence of numbers (0r,)ren,, satisfying limy_,o 67, = 0,

such that

lim sup <0 P00 —as. (2.70)

n—oo

1 n
z : L

ﬁ Z/E: ) — Z,
k=1

Proof. With the help of (2.68) we can write
1
- Z 7" Z 7\ - Z AP ZE) 4 Z Z NI (2.71)
"= k=1

By independence, the first term in the r.h.s. of (2.71) converges I@M7(070)—a.s. to zy, as
L — oo. Holder’s inequality applied to the second term gives, for a,a’ > 1 with

a 4o t=1,

)l (’rlz (Z,QL) a> " (2.72)
k=

Hence, by Lemma 2.5 and the inequality |Z,EL)| < T,EL) (compare (2.48) and (2.62)), we

1 AP ZI)
n
k=1

(g

have
: IS ~(L) 1 1=
limsup |— Z Z < ®(L)o” M(a)a Py, ) — as. (2.73)
N—00 n ) b
k=1
It remains to analyze the third term in the r.h.s. of (2.71). Since |A(L ] < Z )

follows from Lemma 2.5 that

w0 (124719)
00 (18201 1Ge) = a(L) By (1Z8717161)  as

vV
ﬁl

M (a)
(2.74)

vV
ﬁl
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7+(L) _ [

Next, put Z," =E, (o, 0)( \ G) and note that

ZA (Z(L ,’;(L)) (2.75)

is a mean-zero martingale w.r.t. the filtration G = (ék)keN. By the Burkholder-Gundy
maximal inequality (Williams [96], (14.18)), it follows that, for 8 = a A 2,
_ I} _
Ey0,0) ‘ n| | SCMB)E,. 00 ( > 2
neN kEN

) NI CI N
gcw)ZEu,mm(' e e — % P <o,

k
keN

[A(L)(Z(L) Z(L))]Q)B/Q

(2.76)

for some constants C'(3),C"(3) < oo. Hence M, a.s. converges to an integrable random
variable as n — oo, and by Kronecker’s lemma lim, .., M, = 0 a.s. Moreover, if

®(L) > 0, then by Jensen’s inequality and (2.74) we have

L 1
) s (M@ 5
12 < [Buoo (128717 16) | §<¢<L)> P, (00) — 6-5. (2.77)
Hence )
L g~ A 55(0) (M(Oé)> a1~ @)
~-S"A < NN (2.78)
n ; ko Tk d(L) n ; k
As n — oo, the r.h.s. converges Pm(oyo)—a.s. to M(a)éCD(L)é. Therefore, recalling (2.78)
and choosing 7, = 2M(oz)§(1>(L)§, we get the claim. |
Finally, since ZEL) > rl and
1~ (L = L =
P =t =B 00(T7) >0 By —as., (2.79)
Lemma 2.8 yields
limsup |2 w iz ) jL <C16p P00 —as. (2.80)
n—o0 E:k 1

for some constant C7 < oo and L large enough. By (2.48) and (2.62), the quotient of
sums in the Lh.s. equals ZT(L) / 77(LL). It therefore follows from a standard interpolation

argument that
Zﬁ ZJ, =
— — —| <G P00 — as. (2.81)

lim sup
n tr,

n—oo
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for some constant Cy < oo and L large enough. This implies the existence of the limit
limy .o 21 /tr, as well as the fact that lim,, o Z,/n = u I?’M(O,O)-a.s., which in view of

(2.32) is equivalent to the statement in (2.27) with u = (v, 1). |

2.2.7 From discrete to continuous time

It remains to show that the LLN derived in Sections 2.2.1-2.2.6 for the discrete-time
random walk defined in (2.21-2.22) can be extended to the continuous-time random
walk defined in (2.6-2.7).

Let x = (Xn)nen, denote the jump times of the continuous-time random walk X =
(Xt)e>0 (with xo = 0). Let @ denote the law of x. The increments of x are i.i.d. random
variables, independent of &, whose distribution is exponential with mean 1/(a + 3).

Define
& = (§lnen, Wwith & = &,

(2.82)
X* = (XD)pen, Wwith X7 = X,

Then X* is a discrete-time random walk in a discrete-time random environment of
the type considered in Sections 2.2.1-2.2.6, with p = a/(a + ) and ¢ = /(o + 3).
Lemma 2.9 below shows that the cone-mixing property of £ carries over to £* under the
joint law P* x Q. Therefore we have (recall (2.9))

lim X, /n=v" exists (Py0x Q) — a.s. (2.83)
n—oo
Since lim, o0 Xn/n = 1/(a + B) Q-a.s., it follows that
lim Xy, /xn = (a+ p)v* exists (P,0x Q) — a.s. (2.84)
n—oo

A standard interpolation argument now yields (2.13) with v = (a + B)v*.

Lemma 2.9. If £ is cone-mizing with angle 0 > arctan(a + 3), then £ is cone-mixing

with angle iw.

Proof. Fix 0 > arctan(a + (3), and put ¢ = ¢(f) = cot 0 < 1/(a+ 3). Recall from (2.10)
that Cf is the cone with angle 6 whose tip is at (0,t). For M € N, let C?,, be the cone
obtained from C’f by extending the tip to a rectangle with base M, i.e.,

Cly = C U{([-M, M]NZ) x [t,00)}. (2.85)
Because £ is cone-mixing with angle 6, and

Cly CCloy, MEN, (2.86)
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¢ is cone-mixing with angle 6 and base M, i.e., (2.11) holds with C? replaced by Cg M-
This is true for every M € N.

Define, for ¢ > 0 and M € N,

.7-}9 = a{fs(m): (z,s) € Cf},

) . , (2.87)
Fim = U{fs(fU)- (z,8) € Ct,M}7

and, for n € N,

lT(
Fi=o{Gu(a): (@m) e G}, (2:88)
Gn :U{Xm: m 2 n}’

1
where CA" is the discrete-time cone with tip (0,n) and angle 1.

Fix 6 > 0. Then there exists an M = M(J) € N such that Q(D[M]) > 1 — ¢ with
D[M] = {xn/n >c¥n > M}. For n € N, define

Dy, = {xn/n > c} Nc"D[M], (2.89)

where o is the left-shift acting on x. Since ¢ < 1/(a+ (3), we have P(x,/n>c¢)>1-9§
for n > N = N(§), and hence P(D,) > (1 —6)? > 1 —2§ forn > N = N(§). Next,
observe that

BeF, = BNDy,€Fl 1y ®Gn (2.90)

1)

(the r.h.s. is the product sigma-algebra). Indeed, on the event D,, we have x,, > ¢m for

m > n+ M, which implies that, for m > M,

1
(x,m) € ci’ — |z| +m >n = clz|+ xn > cn = (T, Xm) € C’cemM. (2.91)

Now put P* = P*® Q and, for A € Fy with P*(A) > 0 and B € F estimate

|P¥(B | A) — PY(B)| < T+ IT+III (2.92)
with
I=|P*"(B|A)—P"BND,|A)
Il = |P*(BND, | A)— P*(BnD,), (2.93)
IIT = |P*(BN D,)— P*(B)|.
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Since D, is independent of A, B and P(D,,) > 1—24, it follows that I < 2§ and I1] < 2§
uniformly in A and B. To bound I, we use (2.90) to estimate

II< sup |PH(B' | A) — P*(B')|. (2.94)
AeFg, B'eFd | @Gn
pu(A)>6

But the r.h.s. is bounded from above by

sup  |PH(B" | A) — PH(B")| (2.95)
AeFy, B”E]—'cgn
PH(A)>0

M

because, for every B” € fen’M and C € Gy,

C

|P*(B"xC | A)=P*(B"xC)| = |[P*"(B" | A)—P"(B")] Q(C)| < |P*(B" | A)—P"(B")],
(2.96)
where we use that C' is independent of A, B”.

Finally, because £ is cone-mixing with angle 6 and base M, (2.95) tends to zero as

n — 00, and so by combining (2.92-2.95) we get

limsup sup |P*(B| A) — P*(B)| < 46. (2.97)
n—oo  AeFqy, BEF;,
PH(A)>0
Now let 4 | 0 to obtain that £* is cone mixing with angle %71. n

2.2.8 Remarks on the cone-mixing assumption

By using the cone-mixing assumption and the auxiliary process Z introduced in Sec-
tion 2.2.2, we could have followed a shorter approach to derive the strong LLN in The-
orem 2.2, avoiding the technicalities of Sections 2.2.5 and 2.2.6. Indeed, it is possible to
deduce that the process of the environment as seen from the walk admits a mixing equi-
librium measure p.. Consequently, a weak law of large numbers, L? convergence, and
an almost sure convergence with respect to pe can be inferred. If we could subsequently
show that the equilibrium measure p is absolutely continuous with respect to p. (which

is not trivial in the present generality), then Theorem 2.2 would follow.

As pointed out in Section 2.1.4, cone-mixing is one of the weakest assumptions under
which we may expect to get the strong LLN, since no rate of mixing is imposed in (2.11).
If we strengthen (2.11) to an exponential decay of the function in (2.37), then it seems

possible to adapt the proof in [36] to derive an annealed CLT in the present context.
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2.3 Series expansion for M < ¢

Throughout this section we assume that the dynamic random environment £ falls in
the regime for which M < e (recall (2.14)). In Section 2.3.1 we define the environment
process, i.e., the environment as seen relative to the position of the random walk. In
Section 2.3.2 we prove that this environment process has a unique ergodic equilibrium
te, and we derive a series expansion for u. in powers of o — 0 that converges when
a—p0< %(e — M). In Section 2.3.3 we use the latter to derive a series expansion for the

global speed v of the random walk.

2.3.1 Definition of the environment process

Let X = (X¢)i>0 be the random walk defined in (2.6-2.7). For x € Z, let 7, denote the

shift of space over .

Definition 2.10. The environment process is the Markov process ¢ = ((¢)¢>0 with state
space €2 given by
Ct = Ttht, t 2 0, (298)

where

(x,&)(x) =&z + X)), x€Z,t>0. (2.99)

Equivalently, if £ has generator Lipg, then ( has generator L given by

(L)) =) [fmm) = fFm)] +c () [f(r=1n) = f(M)] + (Lips f)(n), n €, (2.100)

where f is an arbitrary cylinder function on 2 and

! (2.101)
n

Let S = (S(t))e>0 be the semigroup associated with the generator L. Suppose that we
manage to prove that ( is ergodic, i.e., there exists a unique probability measure p. on

Q) such that, for any cylinder function f on 2,

lim (S(@)f)(n) = (Flu.  Vne, (2.102)

t—o00

where (-),, denotes expectation w.r.t. p.. Then, picking f = ¢o with ¢o(n) = n(0),
n € 0, we have

lim (S(t)¢0)(n) = (o). =P V1€ (2.103)

t—o0
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for some p € [0, 1], which represents the limiting probability that X is on an occupied
site given that € = Go = 1 (note that (S(£)o)(n) = E"(G(0)) = E(&(X1))).

Next, let N;r and N, be the number of shifts to the right, respectively, left up to time
¢ in the environment process. Then X; = N;” — N;". Since M} = N/ — fg ¢ (ns) ds,

j € {+,—}, are martingales with stationary and ergodic increments, we have

Xi =M+ (a—f) /Ot (275(0) — 1) ds (2.104)

with M, = M;‘ — M, a martingale with stationary and ergodic increments. It follows
from (2.103-2.104) that

tlirglo Xi/t=02p—1)(a—P) U — a.s. (2.105)

In Section 2.3.2 we prove the existence of u., and show that it can be expanded in powers
of @ — 3 when oo — 8 < 3(e — M). In Section 2.3.3 we use this expansion to obtain an

expansion of p.

2.3.2 Unique ergodic equilibrium measure for the environment process

In Section 2.3.2.1 we prove four lemmas controlling the evolution of {. In Section 2.3.2.2
we use these lemmas to show that ¢ has a unique ergodic equilibrium measure p. that

can be expanded in powers of oo — (3, provided o — 8 < %(e — M).

We need some notation. Let || - ||« be the sup-norm on C(2). Let ||| - ||| be the triple

norm on {2 defined as follows. For = € Z and a cylinder function f on €, let

Ag(z) = sup[f(n") — f(n)] (2.106)
nef

be the maximum variation of f at x, where n” is the configuration obtained from 7 by

flipping the state at site x, and put

A= As(a). (2.107)

TEZ

It is easy to check that, for arbitrary cylinder functions f and g on 2,

Fglll < [1.f oo gl + lglloo Il (2.108)
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2.3.2.1 Decomposition of the generator of the environment process

Lemma 2.11. Assume (2.3) and suppose that M < e. Write the generator of the

environment process ¢ defined in (2.100) as

L=Ly+ L, = (Lsgw + Lips) + L, (2.109)
where
(Lsrw)(n) = 3+ B) [ F(rm) + f(r-1m) 2 (m)] o110
(L)) = Ha = B) [F(mn) = Fr-m)] (20(0) — 1). |

Then Lg is the generator of a Markov process that still has p as an equilibrium, and that
satisfies

ISo(t) Il < e~ [ILFIN (2.111)

and

1S0()f = {flulloc < Ce™ £l (2.112)

where Sy = (So(t))e>0 is the semigroup associated with the generator Lo, ¢ = e — M, and

C < 0 is a positive constant.

Proof. Note that Lsgw and Lips commute. Therefore, for an arbitrary cylinder function

f on €, we have
1So(6) Il = [le*sm (etH1es f) || < [lleHes flIf < e~ I £l (2.113)

where the first inequality uses that e!SRW is a contraction semigroup, and the second
inequality follows from the fact that £ falls in the regime M < e (see Liggett [63],
Theorem 1.3.9). The inequality in (2.112) follows by a similar argument. Indeed,

1S0(8) f = {fulloo = €57 (105 £) — () ulloo < 175 f = (F)ulloo < Ce™ I £l
(2.114)

where the last inequality again uses that ¢ falls in the regime M < e (see Liggett [63],
Theorem 1.4.1). The fact that p is an equilibrium measure is trivial, since Lgrw only

acts on 7 by shifting it. ]

Note that Lggrw is the generator of simple random walk on Z jumping at rate o+ 3. We
view Lo as the generator of an unperturbed Markov process and L, as a perturbation

of Ly. The following lemma gives us control of the latter.
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Lemma 2.12. For any cylinder function f on (2,

[ flloo < (@ = B) [ flloo (2.115)

and

L fIIl < 2(a = B) LAl if (f)p =0 (2.116)

Proof. To prove (2.115), estimate

1L+ flloo =
<

(= B) I[f(r1) = f(r=1)] (260(-) — 1) [loo
(@=B)1f () + f(r1 )l < (@ = B) [[flco-

1
f (2.117)
gl

To prove (2.116), recall (2.110) and estimate

LAl =
<

(o= BYI[F(r1 ) = f(r-1)] (260() = V)|

(o= B) (I1F(71)(20() = VIl + 1 (7-1-)(260() = D))
o= B) (111l Il 260 = DI+ L1 11260 — Dlloc )

o= B8) (Iflloo + A1) < 2= AIIFI.

1
2
1
2

(2.118)

IN

—~~

where the second inequality uses (2.108) and the third inequality follows from the fact
that || fllco < ||[f]l| for any f such that (f), = 0. [

We are now ready to expand the semigroup S of (. Henceforth abbreviate
c=¢e— M. (2.119)

Lemma 2.13. Let Sy = (So(t))i>0 be the semigroup associated with the generator Lo
defined in (2.110). Then, for any t > 0 and any cylinder function f on €,

S = gnlt, f), (2.120)

neN

where

t
() = So()f and gn+1(t,f):/0So(t—s)L*gn(s,f)ds, neN. (2121)

Moreover, for allm € N,

o n—1
lontt, Dl < 1511 (22 2) (2122
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and

o — n—1
Ao — i, (2.12)

where 0! = 1. In particular, for allt > 0 and a — § < %c the series in (2.120) converges

llgn(t, Al < e

uniformly in 1.

Proof. Since L = Ly + Ly, Dyson’s formula gives
t
etl f=ethof —i—/ elt=s)Lo [ oL £ s, (2.124)
0

which, in terms of semigroups, reads

S f = So(t)f+/0t So(t — s)L. S(s) f ds. (2.125)

The expansion in (2.120-2.121) follows from (2.125) by induction on n.

We next prove (2.123) by induction on n. For n = 1 the claim is immediate. Indeed, by

Lemma 2.11 we have the exponential bound

llgr (&, A= MSo(®)£Il < e Il (2.126)

Suppose that the statement in (2.123) is true up to n. Then

t
Ngnsat £ = I / Solt — ) Ls ga(s, £) ds||
t
S - * N\
s/o 1S0(t — 8) L ga(s, )] ds
t

< /O =t I L, gn(s, )|l ds

= [ UL (g ) ol DN @120

t
<2(a—p) /0 =) |l1g. (s, F)lll ds,

t Sn—l

<lIslle =) [ s

0

= e 2O

where the third inequality uses (2.116), and the fourth inequality relies on the induction

hypothesis.
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Using (2.123), we can now prove (2.122). Estimate

t
g (6 oo = H / So(t — 5) Le ga(s, f)ds

/ 1L gns, £ ds

- / |12+ (gn(s. £) = (gn(s, ) || ds

o

<(a-8 / lgn(s: £) — {gn (s, F))u] ds (2.128)
(a—B) / llga(s, )l ds
_ n—1
(@ =Bl 1)],d

< il (H) ,

where the first inequality uses that Sy(t) is a contraction semigroup, while the second

and fourth inequality rely on (2.115) and (2.123). |

We next show that the functions in (2.120) are uniformly close to their average value.

Lemma 2.14. Let

hn(t, ) = gn(t, f) — {gn(t, f))p, t>0,n €N (2.129)
Then
lhalt, £l < oot POy (2130)
(n—1)!
for some C < 0.
Proof. Note that |[|hn(t, )|l = lgn(t, f)||| for ¢ > 0 and n € N, and estimate

rasa(t Dl = | [ (S0t =) Lugn(60) = (a5, 1)) s

o0

t
<c/ == || Ly gn(s, )| ds
0

t
_C / et~ || L, (s, )| ds
; (2.131)

t
< C2a—p) /0 ) [l (s, £ ds

Snfl

<ClIflle 2o - B)" /0 s

n—1)!
—et [2(a = Bt
= e EO A
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where the first inequality uses (2.112), while the second and third inequality rely on
(2.116) and (2.123). n

2.3.2.2 Expansion of the equilibrium measure of the environment process

We are finally ready to state the main result of this section.

Theorem 2.15. For a — § < %c, the environment process ¢ has a unique invariant

measure le. In particular, for any cylinder function f on €,

(Fhue = Jm (S@®)f)u = Y lim {gn(t, ))p- (2.132)

t—o00
neN

Proof. By Lemma 2.14, we have

= zg:fth>f)

neN

|str - swn,| = HZ gu(t: £) = (D gnlt: N
neN

neN

[e.o] o0

< Z hn(t, oo < Cect k@il Z W (2.133)

neN neN
= C||| £ e~ Hlem2e=0,

Since a—f < %c, we see that the r.h.s. of (2.133) tends to zero as t — oo. Consequently,
the 1.h.s. tends to zero uniformly in 7, and this is sufficient to conclude that the set Z of
equilibrium measures of the environment process is a singleton, i.e., Z = {u.}. Indeed,

suppose that there are two equilibrium measures v,/ € Z. Then

Since the Lh.s. of (2.134) does not depend on ¢, and the r.h.s. tends to zero as t — oo, we
have v = v/ = p.. Next, p. is uniquely ergodic, meaning that the environment process

converges to e as t — oo no matter what its starting distribution is. Indeed, for any

W,

(SO ) = (SEhul = K[SOLf = (SO F)ul)w| S USE = (SOl (2135)



2.3. Series expansion for M < € 45

and therefore

t—o0 t—o00 t—o00
neN

(f)pe = lim S(t)f = lim (S(t)f), = lim <Zgn (t f>
1 (2.136)

= lim Y {gn(t, ) =D lim (ga(t, ),
neN nEN

where the last equality is justified by the bound in (2.122) in combination with the

dominated convergence theorem. |

We close this section by giving a more transparent description of u., more suitable for

explicit computation.

Theorem 2.16. For a— (< %c,

with
Uy =f and oy = L.Ly (U, — (,),), n €N, (2.138)

where Ly* = [o7 So(t)dt (whose domain is the set of all f € C(Q) with (f), =0).

Proof. By (2.136), the claim is equivalent to showing that for all n > 1

tlig(gn(t, f)>u = <\I’n>u (2.139)
First consider the case n = 2. Then

t—o00

t
- lim </0 ds L*gl(s,f)>#

~ lim < /0 " ds LoSo(s) f>u (2.140)

Jim (ga(t, £)) = Jim < /0 A Solt =) Legnle, ] )>u

t—o00

~ lim < /0 s L So(s)(f — (7)) >

t—o00

= i L [ S — (P = (LZg"( — (e
oy )

t—o00
o

where the second equality uses that p is invariant w.r.t. Sy, while the fifth equality uses

the linearity and continuity of L, in combination with the bound in (2.122).
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For general n, the argument runs as follows. First write

ds S()(t — tl) L, gn—l(tlv f)>

0
¢
/ dty Ly gn— 1(t1,f)>
0 H

(
-

= </0t dty /tl dty - - - /Otn1 dty [LeSo(t1 — t2) - - - LiSo(tn—1 — tn) LsSo(tn)] f>
< _

0

m

(2.141)

Next let ¢ — oo to obtain
Jim (gn (8, f))u

< / dt, / At - / dt, [L*So(h)L*So(b)“'L*So(tn1)L*50(tn)}f>

o

= (b [Tansoene [ ansut) 2. [T s 6 -0

m

_ <L* /0 " dt So(t) L /0 "ty Solta) -+ LuLy M (f - <f>u>>u

= <L* / dty S()(tl) L, / dts So(tg) - Ly / dtn_l So(tn_l)\I/2> s
0 0 0 n
(2.142)

where we insert L.Ly'(f — (f),) = ¥a. Tteration shows that the latter expression is

equal to

<L* /OOO dty SO(tl)\IJn—1>u = <L* /OOO Aty So(t2) (Va1 - <\P”‘1>“)>u (2.143)

“w
|
2.3.3 Expansion of the global speed
As we argued in (2.105), the global speed of X is given by
v=2p—1)(a—P) (2.144)

with p = (¢0),.. By using Theorem 2.16, we can now expand p.
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First, if (¢o), = p is the particle density, then

p=(blu. =p+ > _(Tn)p, (2.145)
n=2

where ¥, is constructed recursively via (2.138) with f = ¢g. We have
(Up)y = dn (= B)""!, neN, (2.146)

where d,, = d,(a + 3; P*), and the factor (a — $)"~! comes from the fact that the
operator L, is applied n — 1 times to compute ¥,, as is seen from (2.138). Recall
that, in (2.110), Lsrw caries the prefactor a + (3, while L, carries the prefactor a — 3.
Combining (2.144-2.145), we have

v="Y en(a—p)", (2.147)

neN
with ¢; =2p — 1 and ¢, = 2d,,, n € N\{1}.
For n = 2,3 we have
co = 2<¢0L51(¢1 - ¢—1)># (2.148)
_1 —1 —17 —17 17 —17 '
cs =5 (YoLy [W-1Ly d—2 — 1Ly o — —1Ly  do + 1Ly d2) >u’

where ¢;(n) = n(i), n € Q, ¢i = ¢; — (¢i), and ¥; = 2¢; — 1. It is possible to compute

co and c3 for appropriate choices of &.

If the law of £ is invariant under reflection w.r.t. the origin, then £ has the same distri-
bution as ¢’ defined by &'(z) = £(—x), © € Z. In that case c; = 0, and consequently
v=(2p—1)(a—B)+ O((a — B)3). For examples of interacting particle systems with
M < e, see Liggett [63], Section I.4. Some of these examples have the reflection symme-

try property.
An alternative formula for ¢ is (recall (2.110))
er=2 [ at (BaralK (V)] = By, (K (V). (2149)
where
K(i,t) = Epu[§0(0)&: ()] = (do (Stps(t)pi)), 1 E€Z, t 20, (2.150)

is the space-time correlation function of the interacting particle system (with generator

Lipg), and Egrw ; is the expectation over simple random walk Y = (Y})¢>¢ jumping at
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rate a + [ (with generator Lgrw) starting from 4. If p is a reversible equilibrium, then
(recall (2.3))

K(i,t) = (¢o (Stps(t)@i))p = ((Stps(t) @) i) = ((Stps(t)d—i) do)p = K(—i, 1),
(2.151)
implying that co = 0.

In Section 2.5 we compute cs for the independent spin-flip dynamics, for which ¢y = 0.

2.4 Examples of cone-mixing

2.4.1 Spin-flip systems in the regime M < ¢

Let £ be a spin-flip system for which M < e. We recall that in a spin-flip system only
one coordinate changes in a single transition. The rate to flip the spin at site z € Z in
configuration n € Q is ¢(x,n). As shown in Steif [85] and in Maes and Shlosman [65],
two copies &, & of the spin-flip system starting from configurations 7,7’ can be coupled

such that, uniformly in ¢ and 7,7/,

Ppy(3s>t: &(a) £ @) < Y e (M) (y, ) <e M (2.152)
n(ygirzz:’(y)

where ﬁ,m/ is the Vasershtein coupling (or basic coupling), and I' is the matrix I' =

(7(w, )y vez With elements

~v(u,v) = sup|c(u,n) — c(u,n’)|. (2.153)
neQ

Recall (2.15) to see that I' is a bounded operator on ¢;(Z) with norm M (see also
Liggett [63], Section 1.3).

Define

p(t) = sup P, (3s>t: &(0) #£(0), t>0. (2.154)
n,n €Q
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Recall Definition 2.1, fix 6 € (0, 37) and put ¢ = ¢() = cot 6. For B € F{, estimate

< QD p(t+cz)) (2.155)

Sp(t)+2/ooop(t+cu)du

2 oo
=p(t) + /0 p(t +v)do.

C

Since this estimate is uniform in B and 7,7/, it follows that for the cone mixing property

to hold it suffices that -
/ p(v) dv < 0. (2.156)
0

It follows from (2.152) that p(t) < e~ (=)t which indeed is integrable.

Note that if the supremum in (2.154) is attained at the same pair of starting configura-
tions 1, n’ for all t > 0, then (2.156) amounts to the condition that the average coupling

time at the origin for this pair is finite.

2.4.2 Attractive spin-flip dynamics

An attractive spin-flip system ¢ has rates c(z,n) satisfying

IN

c(x,n)

c(z, ) ifn(z) = 77:(50) =0, (2.157)
0

\Y]

c(z,n) > c(z,n') if n(x)

whenever n < 7/ (see Liggett [63], Chapter III). If ¢(z,n) = c(xz + y, 7yn) for all y € Z,

then attractivity implies that, for any pair of configurations 7,7/,

~

Py (3s > t: &(x) £ E(2)) < By (3s > t: &(0) #£(0)), (2.158)

where [0] and [1] are the configurations with all 0’s and all 1’s, respectively. Proceeding

as in (2.155), we find that for the cone-mixing property to hold it suffices that

/000 p*(v)dv < oo, pr(t) = ﬁ[o],[l] (s > t: &(0) #£(0)). (2.159)

Examples of attractive spin-flip systems are the (ferromagnetic) Stochastic Ising Model,

the Contact Process, the Voter Model, and the Majority Vote Process (see Liggett [63],
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Chapter III). For the one-dimensional Stochastic Ising Model, t — p*(t) decays exponen-
tially fast at any temperature (see Holley [53]). The same is true for the one-dimensional
Majority Vote Process (Liggett [63], Example II1.2.12). Hence both are cone-mixing.
The one-dimensional Voter Model has equilibria pdjg + (1 —p)dp, p € [0, 1], and therefore
is not interesting for us. The Contact Process has equilibria pdj + (1 —-p)v, pel0,1],

but v is not cone-mixing.

In view of the remark made at the end of Section 2.1.4, we note the following. For the
Stochastic Ising Model in dimensions d > 2 exponentially fast decay occurs only at high
enough temperature (Martinelli [66], Theorem 4.1). The Voter Model in dimensions
d > 3 has non-trivial ergodic equilibria, but none of these is cone-mixing. The same is

true for the Contact Process in dimensions d > 2.

2.4.3 Space-time Gibbs measures

We next give an example of a discrete-time dynamic random environment that is cone-
mixing but not Markovian. Accordingly, in (2.12) we must replace Fy by F_n, =
{&(x): » € Z,t € (-Ng)}. Let 0 = {o(z,y): (z,y) € Z%} be a two-dimensional
Gibbsian random field in the Dobrushin regime (see Georgii [47], Section 8.2). We can

define a discrete-time dynamic random environment & on €2 by putting
&(x) = o(x,t)  (x,t) € Z2 (2.160)

The cone-mixing condition for £ follows from the mixing condition of ¢ in the Dobrushin
regime. In particular, the decay of the mixing function ® in (2.37) is like the decay of

the Dobrushin matrix, which can be polynomial.

2.5 Independent spin-flips

Let & be the Markov process with generator Lisg given by

(Lisr.S)(n) = elz,n) [f(") = f(m)], neq, (2.161)
€7
where
c(x,n) = y[1 —n(z)] + on(z), (2.162)

i.e., 0’s flip to 1’s at rate v and 1’s flip to 0’s at rate §, independently of each other.
Such a £ is an example of a dynamics with M < ¢, for which Theorem 2.16 holds. From

the expansion of the global speed in (2.147) we see that ca = 0, because the dynamics is
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invariant under reflection in the origin. We explain the main ingredients that are needed

to compute cgz in (2.18).

The equilibrium measure of £ is the Bernoulli product measure v, with parameter p =

v/ (v +9). We therefore see from (2.148) that we must compute expressions of the form

1(5.4) = ((2n(0) = DLg*[(2n(7) = VLo (n(@) — p)]),, . (2.163)

where 7 is a typical configuration of the environment process ¢ = ((t)i>0 = (7x,&t)t>0
(recall Definition 2.10), and

(j,1) €e A={(-1,-2),(-1,0),(1,0),(1,2)}. (2.164)

By Lemma 2.11 we have Ly = Lsgw + Lisr, with Lgrw the generator of simple random

walk on Z jumping at rate U = o + 3. Hence

(So(®m (@) = Em@)] = 3 pua(0,9) EZAm ()] = 3 pue(0, 3) Elsg lm(i—y)], (2.165)
YEL yeEZL

where 7, is the shift of space over y, and
Bsplne(i)] = n(@) eV + p(1 —e™") (2.166)

with V' = v+4, and p.(0, y) is the transition kernel of simple random walk on Z jumping
at rate 1. Therefore, by (2.165-2.166), we have

L) =) = [ SO0~ p)dt =S n - ) Gvl) —py (2167
YEL
with N
Gv(y)z/0 eV pu(0, y) dt. (2.168)

With these ingredients we can compute (2.163), ending up with

o 4 2U0+V 3U +2V
es= 2 1G:0) =g p2p—1)(1—p) [ g Gv(0) = =7 Gav(0) — Gav (1) .
(J,1)eA

(2.169)

The expression between square brackets can be worked out, because

00 1 [ de 1
— _Vt [ =
GV(O)—/O e put(0,0)dt = o /_7r (U+V)—Ucosf (U+V)2-U?
(2.170)
and
U+V 1

Gy(l) = Gy(0) — = 2.171
v(l) == Gv(0) - ;7. (2.171)
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where the latter is derived by using that

o
5 put(0,0) = LU [pu(0,1) + pye(0, —1) — 2py(0,0)] (2.172)

and py(0,1) = py¢(0, —1). This leads to (2.18).



Chapter 3

Annealed central limit theorem

for RW in mixing dynamic RE

3.1 Introduction and main result

In this chapter we continue to investigate the model in Section 2.1.1. We show that under
a certain strong-mixing assumption on the RE ¢, called n-cone-mizing (see Definition
3.1), the RW X satisfies an annealed invariance principle with a Brownian motion as
scaling limit. The proof of this functional CLT relies on a direct adaptation of a technique
used in [36] for static REs. The n-cone-mizing property is a technical assumption directly
connected with the machinery used in the proof. In Section 3.2.4 we will exhibit examples

of dynamic REs satisfying this assumption.

We first need some definitions. Recall (2.20), and let || - || denote the Euclidean norm
on R2. Put £ = (0,1). For x = (z,m) € H = Z x Ny, let

On(z) = {u R x[0,00): V2/2|ju — || < (u—1x)-£ < N} (3.1)

be the cone of angle 7/2 with tip in (z,m) truncated at time N + m.

For fixed L > 0, let {Cn,(x;): x; = (2, m;) € H};_ | be a set of n truncated cones such
that, for 1 <17 < n,

m; > L, mip1=N;+m;+ L, | Zit1 — % ’S N;. (32)

We call these nested-cones. In words, we are considering n space-time truncated cones
separated in time by a distance L such that the (i + 1)-st cone is contained in the i-th

extended cone.

53
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R+

FIGURE 3.1: Example of 4 nested-cones.

Definition 3.1. Fix L > 0 and any set of n nested-cones {Cn;, (z;): x; = (z;,m;) € H}"_;.
A dynamic RE € on Q = {0,1}% is said to be n-cone-mizing if for any n € N there exists

a function ¥ : RT — RT, with

oo
/ W(t)dt < oo, (3.3)
0

such that

sup  |Py(A|B)— Py(A| B)‘ < U(nL), (3.4)

A€Gn,Beg<n

n.n'€Q

where

Gn = a{ﬁs(z): (2,8) € Cn, (:L’n)},

n—1 (35)
G"=o0 {fs(z): (278) € U CNz(xl)} :

Note that if a dynamic RE is n-cone-mizing, then the associated path measure P* in
(1.23) satisfies the cone-mizing property in Definition 2.1. Indeed, (2.11) follows easily
from (3.4) with n = 1. Therefore, by Theorem 2.2, X satisfies a strong LLN with

asymptotic speed v. We are now ready to state the main result of this chapter.

Theorem 3.2. Assume (2.3) and suppose that & is n-cone-mixing. Then there ex-
ists a deterministic 0> € (0,00) such that, under the annealed measure P.0, the path

(St(s))szo, U)th
Xis — vts
Vit
and taking values in the space of right-continuous functions with left limits, converges
2

Si(s) = (3.6)

weakly to a Brownian motion with variance c° as t — oo.
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The proof of Theorem 3.2 will be given in Section 3.2. In Section 3.3 we give an
alternative proof in the context of the perturbative regime introduced in Section 2.3.
Indeed, in the latter regime, the strong control on the environment process allows for a
much simpler proof than in the general case, and the claim can be easily obtained via a

martingale approximation in the spirit of Kipnis-Varhadan [61].

3.2 Proof of Theorem 3.2

In this section we prove Theorem 3.2 by adapting the proof of the CLT for random
walks in static random environments developed by Comets and Zeitouni [36]. The proof
heavily uses the regeneration scheme introduced in Section 2.2.3 and is based on the
following steps. In Section 3.2.1 we show that the path of the RW Z in (2.29), together
with the evolution of the RE £ between regeneration times, can be encoded into a
chain with complete connections for which the dependence of the future on the past can
be controlled by the n-cone-mizing condition. Chains with complete connections are
natural extensions of Markov chains when the transitions of the associated stochastic
process depend on its full past. For details we refer the reader to [45, 57]. In Section
3.2.2, using standard results from the theory of such chains, we prove an invariance

principle. In Section 3.2.3, we show how Theorem 3.2 follows from the latter.

3.2.1 A chain with complete connections

We construct a chain with complete connections that carries the necessary information
relative to the evolution of the path of the RW Z in (2.29), together with the states
of the RE ¢ inside the truncated cones visited by the path between regeneration times.
Lemma 3.3 below uses the n-cone-mizing property to control the dependence of the
future evolution of the chain on its past. In particular, we will see that the influence of

the past decays as fast as the correlations in the RE.

We start by defining the relevant state space. Recall (3.1) and for N € N let

z = (z(0),z(1),...,z(N)) € Cn(0)V: } (3.7)

7)N:{;zc(o):o, 2(i+1) ~ (), i=0,1,...,N 1

be the set of possible paths of the process Z within the truncated cone Cx(0), where
(i + 1) ~ (i) stands for |z1(i + 1) — z1(2)| = 1,22(i + 1) — 22(i) = 1. Define

T = | J{N} x Py x &n, (3.8)
NeN
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where Ex = {&(2): (z,t) € Cn(0)} is the set of possible values of the environment ¢ in
the cone Cn(0). Let
W= {Tu{s}}" (3.9)

be the set of infinite vectors with components either in 7 or equal to the stopping

symbol s, with the restriction that if wy = s then w; = s for ¢ > k. Note that, for fixed

L € N, the sequence of regeneration times (T,EL)>I€ N in (2.35), together with the path
€

Z, determine an infinite sequence r = (r1,79,...) € W given by

L = (Skﬂ Ly (Z (L)ﬂ)sk? L {&(Z)i (2,t) € Csypy (Zf,g”)}) eT, keN,
(3.10)
with
Spp = =M L keN (3.11)

Observe that the sequence r = (r1,72,...) € W encodes the information relative to the

environment and the path of the walker just after time Sy 1 = ’7’1(L) — L.

Next, we define a set in which we can gather the information prior to time Sy, i.e.,

U — { U: (M,y(l)',y(Q),...,y( ) §(’U,)) : } (3.12)
MeN, y(i) e H, y(i+1) ~y(), i=0,1,...,M -1
with §(u) = {&§ : t < M}.
Recall the sigma-fields in (2.38). For A € H;, write
U Az,n; Az,n =AnN {Sl,L = nyleyL = (Z,ﬂ)} eu. (313)

(z,n)EH

Then the law Pu,(o,o) induces a probability measure Q on U such that

Q(Azn) = B, (00 ((SLL, Zy, oo I {&: t<n}) € Am), (z,n) € H.  (3.14)

Furthermore, the law PMO,O)(' | H1) induces a probability distribution on the sequence
r=(ri,r2,...) € Win (3.10). Indeed, for fixed k € N, note that P, o 0)(rx € - | H)

defines a measurable function Ay (- | wy_1,...,w1,u) on U x TF~1 such that

Eu0,0)1a1B] = E, 0,0 [L1aP, 00 ((r1, .- 7%) € B | H1)]

/@du/ /13Hh (dws | wit,. .. wi,u), (3.15)
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with B ¢ T*.

In the following lemma we provide an estimate to control the dependence on the past in
the sequence r whose law is governed by the random kernels (hy)ren. In particular, we
show that the influence of the past decays as fast as the correlations in the environment

controlled by the W-function in Definition 3.1.

Lemma 3.3. Let j > i >k, w = (w;,...,w;) and M(j) = (wh,...,w}) be such that

]’
wi_] = w;_l forl=0,1,...,k. Then

< W(kL). (3.16)

sup || hisa(- | w®,w) = by (| w0

u,u’' €U tv

Proof. Observe that the maximum in the left-hand side of (3.16) is attained for i = j = k.

Therefore, we restrict the proof to this case.

Foru = (M,y(1),y(2),...,y(M),{(u)) € U and w; = (N, z(1),2(2),...,2(N;),§(Cy)) €
T, where £(C;) denotes the state of the environment in a certain truncated cone Cj, let
7 be the projection on U and 7, given by, respectively, w(u) = (M,y(1),y(2),...,y(M))
and 7(w;) = (N;, z(1),2(2),...,2(N;)). Thus, the first i regeneration points and regen-

eration times can be reconstructed from u, w® as follows:

Ty = ZTI(L> = y(M) + (OaL)) T = Z 7 = =Tj—1+ JZ(N) (07 L)7 (317)

7,+1

tz_7(+{_M+L+ZN+L) (3.18)

j=1
Note that the entire path of Z up to time ¢; is also encoded in (7(u), w(wy),. .., 7(w;)).
Hereafter we denote this path by # = &(w(u), w(w1),...,7(w;)), and its k-th component

by Z[k]. In particular, Z[t;] = Z;.

Next, consider a non-negative bounded random variable F' measurable w.r.t. H;. For any
given my € 7(7), there exists a non-negative bounded random variable Fy,, measurable
w.r.t. o (§(u), {ex: k=1,...,M}), such that F = Fy; on the event {m(ro) = mo}.

Similarly, let G be a non-negative bounded random variable measurable w.r.t. o(ry, ..., ;).
For all m(i) € m(7T)", there exists a random variable G, (; measurable w.r.t. o(A¢(i)),

with

Ae(i) = { &(2): U Ci+Tj1)p, (3.19)

such that G'= Gy(;) on the event {m(ry) = mx: k=1,...,i}.
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Next, define the events

B(mo) ={Zr =Z[k]: k=0,...,10}, (3.20)
and
B(E(Z)) = {Zk+§0 — Zfo = i’[k —i—fo] - .fﬁ()] k=0,... ,fi — fo}, (3.21)
and the random variable
G2ty = Go B5 (B (x (i) | Zn,m <o, Y5, = T0) , (3.22)

which is measurable w.r.t. the o-algebra generated by A¢(i). Abbreviate 14 = 1y, cay

for a measurable subset A C 7, and write 6,, to denote the shift of time over n.

By using the above notations and the Markov property, we can write

I_E,LL,(O,O) <FG |:]1A ¢} 0T<fi:|>

= > Ervow (E§* (Fro 1(ny) Gty Uity (140 67]) )
0,7 (%)
=&£.€ —9{1(576)
= Y Epusw < 5 (Fro 1n(m) Gt LBa()) P, (A)> (3.23)
70,7(%) ’
i€ —9;1,(5,6) .
= 3" Epvow | Ereaw ( ES (Fry L) Cr(y Lpay) Bo - (4) ’Ag(z)
70,7(%)
&€ *97-(5»6) .
= 5 Brvow (G g Brvow (o (B P 4) 20 ).
70,7 (%)
where the sum on g, 7(i) runs over 7(7)**!. Define
—97(576) &€
PA = COVPH@WHAE(i)) {szl (A);FWOPO€7 (B(T['())):| , (3.24)
and
pA = Z Epugw (G;O,g(i)pA) . (3.25)
70, (%)
Write h::l( | w(i)) for the conditional law of r;,1 given r() = (r1,...,7;), and note that
— i ~0; (.€) .
(a0 = B (P00 [0 (3.26)

on the event B(m(i)) N B(mp). Combining (3.23), (3.25) and (3.26), we have
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I_EIM(QO) <FG |:]lA o 97(£i:|> = ,Z):Z—I—

—¢ ¢ . —9?_(&-,6) -
> Epugw (Giro,n(i)EPu@@W (Fwopé’ (B(mo)) ‘AE(Z)) Epugw <Pxﬁ (A) ‘ As(l)))

o, (4)

=it Y Breow (G ao Brvew (Fny BS© (B(mo)) |Ac(D) hia (4 | w))

70,7 (%)

Fat Y Euoo) (Fro Lot Oty Loaphina (4 | w?))

70,7 (1)

= pa+E,. 00 (FG hi1(A | T(i))> .

(3.27)

Observe at this point that, for g measurable w.r.t. o(&(2): (2,t) € Ciy1 + T;), the
n-cone-mixing in (3.4), together with the Markovian nature of the RE ¢, imply that,

PM7(070)—3.S.

1B (g | €(w) UA(i)] = Eulg | Ae(@)] | < (iL)]|g]lco- (3.28)

Consequently, for f measurable w.r.t. cr(§ (u)), we have

|Eu[fg | Ae(@)] = Bulf | Ae(D)] Eplg | Ae(0)] |
= |Bu [fEu [916(w) UA(D)] [ Ae(i)] — Eplf | Ac(d)] Eplg | Ae(D)] ] (3.29)
S U(EL)|glloo B I f] | Ag(d)] -

By estimating (3.24) with the help of (3.29), we obtain from (3.25) that

pal < WGEL)E, 0,0) (FG) . (3.30)

Finally, combining (3.27) and (3.30), we get

D —E, 00 (FG hivi(A | T(i))>‘ < UGEL)E, 00) (FG),
(3.31)

EH,(O’O) (FG []lA o QT(L)

41
which, in view of (3.15), implies(3.16). |

With the help of Lemma 3.3, we show in the following lemma that the kernel h; converges

as k — oo to a kernel h that is independent of u € U.
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Lemma 3.4. Let d(w,w’) = 2~ min{i€N: wiFwi} pe the lezicographic distance on the space
W defined in (3.9), and let M(T) be the set of probability measures on T. For w®) =
(W, Wg—_1,...,w1) € Tk, define w = (wp, wp_1,...,w1,8,5,...) € W. Then, there

exists a measurable kernel

h:W — M(T) (3.32)

such that

(k—1) _ / .
sup ‘hk(- | w* D w) — k(- | w')|| < W@L) (3.33)
k>, ueld, wk—DeTh—1, tv
w! eW: d(w,w’) <2~
and

sup | (- | w) = h(- | w') Htv < 2¥(kL). (3.34)

w,w EW: d(w,w’)<2—k

Proof. Fix v € U and w = (wy,wy,...) € W, and put w® = (wy,...,wy) € T*. By

Lemma 3.3, we have that

Sup H hk( | w(k71)7u) - hk’( | w(klil)au/)
u,u' €U, weW

< U((kAK)L). (3.35)

t

Therefore the sequence (hg(- | w1, u)) of kernels in M(7) forms a Cauchy se-

keN
quence w.r.t. the total variation distance, and the completeness of M(7) ensures the

existence of a limit h(- | w,u). Furthermore, from (3.35) we have that

sup | B |00y h(- )| <D w(n),
u,u’ €U, weW tv i>k

which, in view of (3.3), implies that A(- | w,u) = h(- | w) does not depend on u € Y. In
particular, the estimates in (3.33) and (3.34) follow easily from (3.35).

3.2.2 Invariance principle for the chain with complete connections

In Section 3.2.1 we constructed a chain with complete connections on W defined via
the kernel h. From the latter we next construct a Markov chain (w(n)), .y With state
space W for which we can use standard results from the theory of chains with complete

connections.
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Let w(n) = (wi(n),w2(n),...) € W, and let y(n + 1) € 7 be a random variable
distributed according to h(- | w(n)). The next state of the chain, w(n + 1), is obtained
by setting

win+1)=yn+1), win+1)=wi_i(n), i>2. (3.36)

In particular, Lemma 3.4 implies that the chain (w(n)),, oy satisfies conditions FLS(7,1)
and M (1) in [57], pages 47 and 51. Thus, by Theorem 2.2.7 in [57], it is uniformly ergodic
with a unique invariant measure P*. Next, given y = (N, z(1),2(2),...,2(N),{(C)) €
7T, set f(y) = x(N) and g(y) = N. The integrability condition (2.49) in Lemma 2.5
implies that

sup / lf(W)|*h(dy|lw) < 00, > 1. (3.37)
weW JT

Therefore, by Proposition 4.1.1 and Theorem 4.1.2 in [57], we have that, P"-a.s.,

1« 1«
im0t (0) = Belown)] = G Jim 37 0 (9) = el )] = Co

(3.38)
Furthermore, by the ¢ mixing property (see [57]) of f(wi(7)) given by Theorem 2.1.5 in
[57], together with (3.37) and Theorem 4.1.5 in [57], the following invariance principle

holds. Let ¢ = Cy/Cy, and

Th(t) = — [f(w1(3)) = cg(wi(i))], meN,t>0. (3.39)

Then, under PY, the path Y, (t), converges weakly to a Brownian motion with a non-

degenerate deterministic variance that is independent of the initial condition w.

3.2.3 Invariance principle for the random walk

It remains to show that the invariance principle in Section 3.2.2 for the chain (w(n)),,cy,

implies the invariance principle of Theorem 3.2. To this aim, consider the random process

(L)

- . Z (1) — Ty
ith =—r 4
(Sn(k:)>k€N with S, (k) G (3.40)
We first construct a coupling that allows us to compare S,, with Y,,. After that we pass
from S, to Sy defined in (3.6).

Fix w € W and € € (0,1). Consider an enlarged probability space, with law P ,,, on

which there exist a sequence (ry)ren distributed according to P, 0)(r € - | Hi), with

r as in (3.10), and a sequence (w(k))gen distributed according to P*. On this enlarged
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probability space, by using (3.33), we can couple (ry)ren and (w(k))ken in a recursive

manner such that
Pe,w(ri+1 = wl(i + 1) | Tlyeen, Ti,wl(l), e wl(z)) >1- \IJ(I{ZL) (341)

on the event {r; = wi(l),i —k+1 <1 < i} for any k € {1,...,i}. Hence, by (3.41)
and the fact that ), - W (kL) < oo, we have a sequence kq(e) < oo, with kg(e) — oo as
€ — 0, such that

P.w(3k > ko(e): 1, # wi(k)) <e. (3.42)

Next, recall Lemma 2.6, fix T > 0, and let
Iy =2(T +1)/(Jr™") with J=liminfE, ) (1. (3.43)
—00

From (3.42), we have that

P.. (k ( )Sup 15, (k) — Sn(ko(€)) — Tnlk/n) — Tp(ko(e)/n)|1 > 0) <e  (3.44)

<k<nlr

Moreover, for any 6 > 0,

lim H_’D/J"(O’()) sup HZtHl > (S\/’E S lim P,u,(o,(]) (Tl(L) > 5\/5) = 0, (345)
n—oo tSTl(L n—oo
and, by using (2.49) with o > 1, we get
= L
P, 00 | sup sup {||Zt — ZTIEL) I+ (t — T,i ))} > 36v/n | Hi

1<k<n | 0 <D

1<k<n

< P00 ( sup {Tk(;ﬂ - Tk(;L)} > 5\/ﬁ> - {1 ~ P00 (Tl(L) > 5‘/@}” (3.46)

- \*11" .
<1-|1- E”’(O’E);\[/%; )] <1- [1 - M(O&raq ,

The r.h.s. of (3.46) tends to zero as n — oo. Therefore, in view of (3.45) and (3.46),
taking first n — oo and then € — 0 in (3.44), we see that the invariance principle for
T, in (3.39) can be transferred to an invariance principle for S, (|tn]) under P, (0,0), on

the interval [0, I7], with the same covariance.

To return to the original process Z, note that by (3.38) and (3.44) we have that
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_ 70 k
limsup P, o0y | sup | k__ C’lﬁ |> ¢

n— 00 k<nlp n

(3.47)

7 k

< limsuplimsup P, | sup | £ — —C1=|>d| =0
e—0 n—oo k<nIp T n
On the other hand, by (3.42), we have that
: D (L) : : (L) _
lim sup Pu,(o,o) Toly < Tn ) < limsuplimsup P , Toly < Tn) =0. (3.48)
n— 00 e—0 n—oo

Thus, by (3.44) and the stability of the invariance principle under random time changes

(see [14]) we obtain the invariance principle under Pu,(o,oy for

<Z\_ntj - vnt)
\/ﬁ TLEN,

which due to (2.32) carries over to Y, and in particular to its first component (see (2.25)).
To pass to continuous time, note that the jump times of X in (2.6) are distributed
according to a Poisson process with parameter a +  independently of the environment.
Therefore, again by the stability of the invariance principle under random time changes,

Theorem 3.2 holds.

3.2.4 Examples of mixing dynamic RE

We give here some example of n-cone-mixing dynamic RE according to Definition 3.1.
(1) Independent spin-flip dynamics
Let & = (&)t>0 be an independent spin-flip dynamics (see Section 2.5). Recall the
notations of Section 3.1. Fix a set of n nested-cones {Cn,(xi): z; = (2, m;) € H}.,.
Define

Rn={y€Z: |y—2n|< Nn}

to be the set of sites in Z belonging to the n-th cone, and

R<" ={y € Z: (y,s) € Op,(z;) for some i <n — 1}
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to be the set of sites belonging to the first n—1 cones. For any subsets A € G,,, B € G<",

and any two starting configurations n,n’ € Q, in the spirit of Section 2.4.1, estimate

Py(A| B) = Py(A| B)| < P ) € O, (n) : E(2) £ (%) | B)

no (3 (
S ﬁ(as>mn+|zn—ZI £(0) #€(0)) (349

zER,\R<"

IN

—cam —conlL
< cie "< cre )

for some constants ¢y, cs > 0. In the second inequality we have used the independence
in space and P stands for the single-site basic coupling measure. In the third inequality
we used the exponential convergence to equilibrium and in the fourth inequality that

my, > nl.

(2) Space-time strong-mixing Gibbsian field and IPS in the regime M < ¢
Consider a dynamic RE ¢ constituted by a space-time Gibbsian field as in the example
of Section 2.4.3. As shown in [36] (see just after Eq. (2.7) therein), by requiring that
the Gibbsian field £ is strong-mixing in the sense of Definition 1.7 in [36] (see Eq. (1.9)

therein), it follows that £ is an n-cone-mizing dynamic RE.

If £ is a spin-flip system in the regime M < e (see Section 2.4.1), then due to spatial
correlations the argument used in (3.49) does not hold. Nevertheless, such systems are
equivalent, in terms of mixing properties, to a Gibbsian field in the uniqueness regime
at high temperature (see e.g. [65, 66]), and are therefore expected to satisfy the n-
cone-mizing property in Definition 3.1. We plan to settle this technical issue in the

future.

3.3 CLT in the perturbative regime

In the context of Section 2.3, the proof of Theorem 3.2 does not need the machinery of
the previous section. Indeed, as we pointed out in (2.104), X; — vt can be decomposed

as a sum of a martingale (M;);>0 and an additive functional of the environment process

(Mt)e>o0, i€,

Xi — vt = My + (a — 3) /0 (2n5(0) — 1) ds — vt = My + /0 f(ns)ds. (3.50)

In the spirit of Kipnis-Varadhan [61], we would like to write the additive functional in

(3.50) as the sum of a martingale (M);>0 plus a term (&);>0 that is negligible when we
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divide by v/, i.e.,
t
J R ] (3.51)
0

Since the environment process is not in general a reversible Markov process in La(p.), we
cannot directly apply the theorem stated in [61]. Nevertheless, several refinements of the
Kipnis-Varadhan approach have been obtained for non-reversible Markov processes, e.g.

[54], Corollary 3.2, gives a sufficient condition for a martingale approximation, namely,

/OO t=Y28(t) f]l, dt < oo, (3.52)
1

where (S(t))¢>0 is the semigroup associated with (7;);>0 and |[|-||, denote the Lo(pte)-
norm. From (2.133) we easily see that (3.52) holds. Indeed,

1S(@)flly < 1S fll < Ce™ o727, (3.53)
Hence, (3.50) holds, and we can write

t
X; — vt = M; + / f(ns)ds = My + M| + ¢, = M] + . (3.54)
0

The invariance principle for (X;);>0 then follows from the standard invariance principle

for martingales (see e.g. [14]).






Chapter 4

Large deviation principle for
one-dimensional RW in dynamic
RE: attractive spin-flips and

simple symmetric exclusion

This chapter appeared in the form of a paper [4] and is based on joint work with Frank
den Hollander and Frank Redig.

Abstract

Consider a one-dimensional shift-invariant attractive spin-flip system in equilibrium, con-
stituting a dynamic random environment, together with a nearest-neighbor random walk
that on occupied sites has a local drift to the right but on vacant sites has a local drift
to the left. In [3] we proved a law of large numbers for dynamic random environments
satisfying a space-time mixing property called cone-mixing. If an attractive spin-flip
system has a finite average coupling time at the origin for two copies starting from the

all-occupied and the all-vacant configuration, respectively, then it is cone-mixing.

In the present paper we prove a large deviation principle for the empirical speed of
the random walk, both quenched and annealed, and exhibit some properties of the
associated rate functions. Under an exponential space-time mixing condition for the
spin-flip system, which is stronger than cone-mixing, the two rate functions have a
unique zero, i.e., the slow-down phenomenon known to be possible in a static random

environment does not survive in a fast mixing dynamic random environment. In contrast,

67
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we show that for the simple symmetric exclusion dynamics, which is not cone-mixing

(and which is not a spin-flip system either), slow-down does occur.

4.1 Introduction and main results

4.1.1 Random walk in dynamic random environment: attractive spin-

flips

Let
§=(&)>0  with & ={&(x): v € Z} (4.1)

denote a one-dimensional spin-flip system, i.e., a Markov process on state space ) =

{0,1}% with generator L given by

(L)) = el n)lf(n") = f(), neQ, (4.2)

TEZ

where f is any cylinder function on Q, ¢(z,n) is the local rate to flip the spin at site =
in the configuration 7, and n* is the configuration obtained from 7 by flipping the spin
at site x. We think of {(x) =1 (&(z) = 0) as meaning that site x is occupied (vacant)
at time t. We assume that & is shift-invariant, i.e., for all x € Z and n € €,

c(z,n) = c(r +y,7yn), y € Z, (4.3)

where (7yn)(z) =n(z —y), z € Z, and also that £ is attractive, i.e., if n < ¢, then, for all
T €7,

IN

c(z,¢) if  nlx) =((x) =0,
c(z,¢) if  nlr) =((x) =1L

For more on shift-invariant attractive spin-flip systems we refer to [63], Chapter III.

clw.n) (4.4)

Y

c(x,n)

Examples are the (ferromagnetic) Stochastic Ising Model, the Voter Model, the Majority

Vote Process and the Contact Process.

We assume that
& has an equilibrium g that is shift-invariant and shift-ergodic. (4.5)

For n € Q, we write P" to denote the law of £ starting from £(0) = 7, which is a

probability measure on the path space Dgl0,00), i.e., the set of trajectories in  that
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are right-continuous and have left limits (see [63], Section 1.1). We denote by
Pr() = [ P70 ) (1.6
Q

the law of & when £(0) is drawn from p. We further assume that
P* is tail trivial, (4.7)

i.e., all events in the tail o-algebra 7 = Ns>0 0{&:: t > s} have probability 0 or 1 under
P*. Conditional on &, let
X = (Xt)e>0 (4.8)

be the random walk with local transition rates

r—r+1 atrate af(x)+ B[l —E&()l, (4.9)

x—x—1 atrate [&((x)+ ol —E& ()],

where w.l.o.g.
0<fB<a<oo. (4.10)

In words, on occupied sites the random walk jumps to the right at rate v and to the left
at rate (3, while at vacant sites it does the opposite. Note that, by (4.10), on occupied
sites the drift is positive, while on vacant sites it is negative. Also note that the sum of
the jump rates is a + ( and is independent of £. For x € Z, we write Pg to denote the

law of X starting from Xy = 0 conditional on £, and

Paol)= [ B PR (4.11)

Dg[0,00)

to denote the law of X averaged over £&. We refer to PO5 as the quenched law and to P, o

as the annealed law.

4.1.2 Large deviation principles

Let - and || - || denote the inner product, respectively, the Euclidean norm on R?. Put
¢=(0,1). For § € (0,7/2) and t > 0, let

C) ={u€Zx[0,00): (u—tl) £>|u—tl cosh} (4.12)

be the cone whose tip is at t¢ = (0,t) and whose wedge opens up in the direction ¢ with

an angle 6 on either side. Note that if # = 7/2, then the cone is the half-plane above t/.
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Definition 4.1. An attractive spin-flip system ¢ satisfying (4.5) is said to be cone-
mixing if, for all 6 € (0,7/2),

lim sup |PM(B|A) - P“(B)‘ —0, (4.13)
t—00 AeFy, BeF!
wn(A)>0
where
Fo=o0{&(z): v € Z}, F) = o{&(x): (z,5) € C’f}. (4.14)

In [3] we proved that if £ is cone-mixing, then X satisfies a law of large numbers (LLN),
i.e., there exists a v € R such that

lim t7'X, = v P,0-a.s. (4.15)

t—o0

In particular, we showed that all attractive spin-flip systems for which the coupling time
at the origin, starting from the configurations = 1 and n = 0, has finite mean are
cone-mixing. Theorems 4.2-4.3 below state that X satisfies both an annealed and a

quenched large deviation principle (LDP).

Define
M = Z sup |C(0,77) - C(Ov 77x)|7
z#0 ne (416)
€ %29’6( 777)"‘0( » 1 )|

The interpretation of (4.16) is that M is a measure for the mazimal dependence of the
transition rates on the states of single sites, while € is a measure for the minimal rate
at which the states of single sites change. See [63], Section 1.4, for examples. In [3] we

showed that if M < e then & is cone-mixing.

Theorem 4.2. (Annealed LDP)
Assume (4.3)—(4.5), and let v be as in (4.15).

(a) There exists a convex rate function I*™: R — [0, 00), satisfying

— 0’ N 0 6 iﬂn7 ann ,
) ?f =", 03] (4.17)
>0, if 0€R\[p*, vi"],

for some —(a — B) <0 < v <V < o — B, such that

: 1 -1 _ : ann
tlilgglogﬂ"u,o(t XieK)= —eléllf(l (9) (4.18)

for all intervals K such that either K ¢ [v*™,v3™] or int(K) 3 v.
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(b) limjgy_oe I™(6)/16] = oo,

(c) If M <€ and a — 3 < 5(e — M), then
v =y = v, (4.19)

Theorem 4.3. (Quenched LDP)
Assume (4.3)—(4.5) and (4.7).

(a) There exists a convex rate function I1": R — [0, 00), satisfying

-0 if e que _que
14¢(6) { ’ l,f = ;ffj ]q’ue (4.20)
>0, if 0€R\[v™ 0,

for some —(a— 3) < o™ <v < viue < o — 3, such that

: 1 — : ue
tlirgoglog Pt'X e K) = —eléllf{ I9"¢(9) &-a.s. (4.21)
for all intervals K.
(b) limg|_o 19¢(0)/|0] = 00 and
I (—0) = I11"°(0) + 6(2p — 1) log(a/5), 6> 0. (4.22)
(c) If M <eand o — 3 < (e — M), then
v = v = o™ (4.23)

The v in Theorems 4.2 and 4.3 is the speed in the LLN in (4.15). In [3] we have only
proved (4.15) under the additional assumption that & is cone-mixing. Theorems 4.2 and
4.3 are proved in Sections 4.2 and 4.3, respectively. The interval K in (4.18) and (4.21)
can be open, closed, half-open or half-closed. We are not able to show that (4.18) holds

for all intervals K, although we expect this to be true in general.

Because
J9ve > yann (4.24)

Theorems 4.3(b)—(c) follow from Theorems 4.2(b)—(c), with the exception of the sym-
metry relation (4.22). There is no symmetry relation analogous to (4.22) for I*". It
follows from (4.24) that

que que
v < <o <ol <ot (4.25)
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4.1.3 Random walk in dynamic random environment: simple symmet-

ric exclusion

It is natural to ask whether in a dynamic random environment the rate functions always
have a unique zero. The answer is no. In this section we show that when £ is the simple
symmetric exclusion process in equilibrium with an arbitrary density of occupied sites

€ (0,1), then for any 0 < § < a < oo the probability that X; is near the origin
decays slower than exponential in . Thus, slow-down is possible not only in a static
random environment (see Section 4.1.4), but also in a dynamic random environment,
provided it is not fast mixing. Indeed, the simple symmetric exclusion process is not

even cone-mixing.

The one-dimensional simple symmetric exclusion process
E={&(x): z€Z, t >0} (4.26)
is the Markov process on state space Q = {0, 1}” with generator L given by

(LHm) = D 0™ = fm)],  ne, (4.27)

x,yEL
T~y

where f is any cylinder function on R, the sum runs over unordered neighboring pairs
of sites in Z, and ™Y is the configuration obtained from n by interchanging the states
at sites x and y. We will assume that £ starts from the Bernoulli product measure with
density p € (0,1), i.e., at time ¢t = 0 each site is occupied with probability p and vacant
with probability 1 — p. This measure, which we denote by v, is an equilibrium for the
dynamics (see [63], Theorem VIII.1.44).

Conditional on £, the random walk
X = (Xt)e>0 (4.28)

has the same local transition rates as in (4.9)—(4.10). We also retain the definition of

the quenched law Pg and the annealed law PP, o, as in (4.11) with u = v,,.

Since the simple symmetric exclusion process is not cone-mixing (the space-time mixing
property assumed in [3]), we do not have the LLN. Since it is not an attractive spin-flip
system either, we also do not have the LDP. We plan to address these issues in future

work. Our main result here is the following.

Theorem 4.4. For all p € (0,1),

1
Jim - log Py, 0 (| X¢| < 24/tlogt) = 0. (4.29)
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Theorem 4.4 is proved in Section 4.4.

4.1.4 Discussion

Literature. Random walk in static random environment has been an intensive research
area since the early 1970’s. One-dimensional models are well understood. In particular,
recurrence vs. transience criteria, laws of large numbers and central theorems have been
derived, as well as quenched and annealed large deviation principles. In higher dimen-
sions a lot is known as well, but some important questions still remain open. For an

overview of these results, we refer the reader to [89, 99].

For random walk in dynamic random environment the state of the art is rather more
modest, even in one dimension. Early work was done in [64], which considers a one-
dimensional environment consisting of spins flipping independently between —1 and +1,
and a walk that at integer times jumps left or right according to the spin it sees at that
time. A necessary and sufficient criterion for recurrence is derived, as well as a law of

large numbers.

Three classes of dynamic random environments have been studied in the literature so

far:

(1) Independent in time: globally updated at each unit of time [6, 11-13, 22, 24, 26,
74, 83, 98];

(2) Independent in space: locally updated according to independent single-site Markov
chains [5, 16-21, 23, 25, 41, 42, 55, 56];

(3) Dependent in space and time: [30, 40].

The focus of these references is: transience vs. recurrence [55, 64], law of large numbers
and central limit theorem [5, 6, 11-13, 16, 19, 22-26, 30, 40-42, 74, 83], decay of
correlations in space and time [17, 18, 20|, convergence of the law of the environment
as seen from the walk [21], large deviations [56, 98]. Some papers allow for a mutual

interaction between the walk and the environment [11, 16, 19-21, 56].

Classes (2) and (3) are the most challenging. Most papers require additional assump-
tions, e.g. a strong decay of the time, respectively, space-time correlations in the random
environment, or the transition probabilities of the random walk depend only weakly on
the random environment (i.e., a small perturbation of a homogeneous random walk). In
[3] we improved on this situation by proving a law of large numbers for a class of dynamic

random environments in class (3) satisfying only a mild space-time mixing condition,
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called cone-mizing (see Definition 4.1). We showed that a large class of uniquely ergodic

attractive spin-flip systems is cone-mixing.

Consider a static random environment 1 with law v,, the Bernoulli product measure
with density p € (0,1), and a random walk X = (X;);>¢ with transition rates (compare
with (4.9))

r—x+1 atrate an(z)+ B[ —n(z)), (4.30)

x—x—1 atrate pn(z)+a[l —n(z)),
where 0 < # < a < co. In [80] it is shown that X is recurrent when p = 1/2 and transient
to the right when p > 1/2. In the transient case both ballistic and non-ballistic behavior

occur, i.e., limy_,o X¢/t = v for P, -a.e. §, and

=0 ifpell/2,p.,
; if p€[1/2,pc] (4.31)
>0 if p € (pe, 1],
where
pe=— e (L), (4.32)
a+p 2

and, for p € (pe, 1],

af +p(a® = §%) — o?
af —p(a? — 3?) + o?

— (o — P — Pc
= (a—0) A=) T o7 (4.33)

v=1(p,a,B) = (a+f)

Attractive spin flips. The analogues of (4.18) and (4.21) in the static random en-
vironment (with no restriction on the interval K in the annealed case) were proved in
[49] (quenched) and [34] (quenched and annealed). Both I*" and I9"¢ are zero on the
interval [0,v] and are strictly positive outside (“slow-down phenomenon”). For 19%¢ the
same symmetry property as in (4.22) holds. Moreover, an explicit formula for I9"¢ is

known in terms of random continued fractions.

We do not have explicit expressions for [#"™ and "¢ in the dynamic random environ-
ment. Even the characterization of their zero sets remains open, although under the
stronger assumptions that M < e and o — # < (e — M)/2 we know that both have a

unique zero at v.

Theorems 4.2-4.3 can be generalized beyond spin-flip systems, i.e., systems where more
than one site can flip state at a time. We will see in Sections 4.2-4.3 that what really
matters is that the system has positive correlations in space and time. As shown in [51],

this holds for monotone systems (see [63], Definition 11.2.3) if and only if all transitions
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are such that they make the configuration either larger or smaller in the partial order

induced by inclusion.

Simple symmetric exclusion. What Theorem 4.4 says is that, for all choices of the
parameters, the annealed rate function (if it exists) is zero at 0, and so there is a slow-
down phenomenon similar to what happens in the static random environment. We will
see in Section 4.4 that this slow-down comes from the fact that the simple symmetric
exclusion process suffers “traffic jams”, i.e., long strings of occupied and vacant sites

have an appreciable probability to survive for a long time.

To test the validity of the LLN for the simple symmetric exclusion process, we performed
a simulation the outcome of which is drawn in Figs. 4.1-4.2. For each point in these
figures, we drew 102 initial configurations according to the Bernoulli product measure
with density p, and from each of these configurations ran a discrete-time exclusion
process with parallel updating for 10* steps. Given the latter, we ran a discrete-time
random walk for 10* steps, both in the static environment (ignoring the updating) and
in the dynamic environment (respecting the updating), and afterwards averaged the
displacement of the walk over the 103 initial configurations. The probability to jump to
the right was taken to be p on an occupied site and ¢ = 1 — p on a vacant site, where p
replaces o/ (o + () in the continuous-time model. In Figs. 4.1-4.2, the speeds resulting
from these simulations are plotted as a function of p for p = 0.8, respectively, as a
function of p for p = 0.7. In each figure we plot four curves: (1) the theoretical speed in
the static case (as described by (4.33)); (2) the simulated speed in the static case; (3)
the simulated speed in the dynamic case; (4) the speed for the average environment, i.e.,
(2p —1)(2p — 1). The order in which these curves appear in the figures is from bottom
to top.

Fig. 4.1 shows that, in the static case with p fixed, as p increases the speed first goes up
(because there are more occupied than vacant sites), and then goes down (because the
vacant sites become more efficient to act as a barrier). In the dynamic case, however,
the speed is an increasing function of p: the vacant sites are not frozen but move around
and make way for the walk. It is clear from Fig. 4.2 that the only value of p for which
there is a zero speed in the dynamic case is p = 1/2, for which the random walk is
recurrent. Thus, the simulation suggests that there is no (!) non-ballistic behavior in
the transient case. In view of Theorem 4.4, this in turn suggests that the annealed rate

function (if it exists) has zero set [0, v].

In both pictures the two curves at the bottom should coincide. Indeed, they almost
coincide, except for values of the parameters that are close to the transition between

ballistic and non-ballistic behavior, for which fluctuations are to be expected. Note that



4. Large deviation principle for one-dimensional RWs in dynamic REs: attractive
76 spin-flips and simple symmetric exclusion

FIGURE 4.2: Speeds as a function of p for p = 0.7.

the simulated speed in the dynamic environment lies in between the speed for the static
environment and the speed for the average environment. We may think of the latter two
as corresponding to a simple symmetric exclusion process running at rate 0, respectively,

oo rather than at rate 1 as in (4.27).

4.2 Proof of Theorem 4.2

In Section 4.2.1 we prove three lemmas for the probability that the empirical speed is
above a given threshold. These lemmas will be used in Section 4.2.2 to prove Theo-

rems 4.2(a)—(b). In Section 4.2.3 we prove Theorems 4.2(c).

4.2.1 Three lemmas

Lemma 4.5. For all 0 € R,

1
JT(0) = —tlirglo n logP0(X; > 0t) exists and is finite. (4.34)
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Proof. For z € Z and u > 0, let 0, denote the operator acting on { as
(02u8)(z,t) =&(z+x,u+1), x €L, t>0. (4.35)

Fix 6 # 0, and let Gy = {t > 0: 6t € Z} be the non-negative grid of width 1/|f|. For
any s,t € Gy, we have
Puo(Xoit = 0(s +1)) = B*[P§(Xope > 0(s +1))]

Y BB = ) (X > (s 4 )]
YEL

> N B[RS (X, = y) P (Xe > 0(s + 1))

y>0s
= BM[P§(X, 2 0s) Py (X = 0t)]
> E*[PS(X, > 0s)] B[P (X, > 0t)]

=P 0(Xs > 0s)P,o(X: > 01). (4.36)

The first inequality holds because two copies of the random walk running on the same
realization of the random environment can be coupled so that they remain ordered. The

second inequality uses that
§ PS(X, > 0s) and € P"(X, > 0t) (4.37)

are non-decreasing and that the law P* of an attractive spin-flip system has the FKG-

property in space-time (see [63], Corollary 11.2.12). Let
g9(t) = —log Py o(X; > 0t). (4.38)

Then it follows from (4.36) that (g(¢)):>0 is subadditive along Gy, i.e., g(s+1t) < g(s) +
g(t) for all 5,t € Gy. Since P, o(Xy > 60t) > 0 for all ¢ > 0, it therefore follows that

1
JH(0) = — lim —logP,, (X > 0t) exists and is finite. (4.39)

teGy

Because X takes values in Z, the restriction t € Gy can be removed. This proves the
claim for § # 0. The claim easily extends to § = 0, because the transition rates of the

random walk are bounded away from 0 and oo uniformly in & (recall (4.9)). |

Lemma 4.6. 0 — J7(0) is non-decreasing and convex on R.
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Proof. We follow an argument similar to that in the proof of Proposition 4.5. Fix

0,7 € R and p € [0, 1] such that pv, (1 — p)# € Z. Estimate
Puo(Xe > [py+ (1 - p)o] 1)
= EM[P§(X; > [py + (1 - p)6] )]

=N B[S (Xp = y) B (Xyapy = [0y + (1 p)O]t)]

YEL
> N BR[PS(Xp = y) PR (Xeaop) > [0y + (1= p)0]¢)]
y>pyt
= B"[P§(Xp > pyt) Py (Xyap) > (1= p)0t)] (4.40)

> BM[P§(Xp > pyt)] B [P (Xyap) > (1 p)61)]

= Puo(Xpt = pyt) Puo(Xy—p) = (1= p)ot).

It follows from (4.40) and the remark below (4.39) that

—JT(py+ (1 —=p)8) = —pJ T (y) — (1 —p)J (), (4.41)
which settles the convexity. |

Lemma 4.7. J*(0) > 0 for 0 > o — 3 and limy_,o, J*(0)/60 = cc.

Proof. Let (Yi)t>0 be the nearest-neighbor random walk on Z that jumps to the right
at rate o and to the left at rate 5. Write P{" to denote its law starting from Y (0) = 0.

Clearly,
P, 0(X; > 0t) < PGV (Y; > 01) Vo eR. (4.42)
Moreover,
1
J™(0) = — lim ~log PG5 (Y: > 0t) (4.43)

exists, is finite and satisfies

JWV(a—=p)=0, J™()>0ford>a-—74, lim J™(6)/0 = oc. (4.44)

0—o0

Combining (4.42)—(4.44), we get the claim. |

Lemmas 4.5-4.7 imply that an upward annealed LPD holds with a rate function J+

whose qualitative shape is given in Fig. 4.3.
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J*(0)
. 0
v pann
FIGURE 4.3: Shape of 6 — JT(6).
J=(6)
- 0
v v
FIGURE 4.4: Shape of 6 — J~(0).
4.2.2 Annealed LDP
Clearly, J* depends on P*, o and 3. Write
Jt = Jpuag (4.45)

to exhibit this dependence. So far we have not used the restriction o > [ in (4.10). By
noting that —X; is equal in distribution to X; when a and ( are swapped and P* is
replaced by P*, the image of P* under reflection in the origin (recall (4.9)), we see that
the upward annealed LDP proved in Section 4.2.1 also yields a downward annealed LDP

1
J(0) =— tlirgo n log P,,0(X¢ < 61), 0 eR, (4.46)

with
T~ = Jpu g (4.47)

whose qualitative shape is given in Fig. 4.4. Note that

VI <y < Ann (4.48)
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because v, the speed in the LLN proved in [3], must lie in the zero set of both J* and
J~.

Our task is to turn the upward and downward annealed LDP’s into the annealed LDP

of Theorem 4.2.

Proposition 4.8. Let

Jpu a.5(0 if 0>,
gy = ) Trres®) 02 (4.49)
Tpu ga(—=0) if 0 <.
Then
: 1 — : ann
Jlim glog]P)Mo(t X, € K) = — jnf T (0) (4.50)

for all closed intervals such that either K ¢ [v*™, v3™] or int(K) > v.

Proof. We distinguish three cases.
(1) K C [v,00), K € [v,v3™]: Let cl(K) = [a,b]. Then, because J* is continuous,
1 1
: logP,.0 (t_lXt €K)= n log [e_tﬁ(“)JrO(t) — e WOt | (4.51)

By Lemma 4.6, J© is strictly increasing on [v3™, 00), and so J*(b) > J*(a). Letting

t — oo in (4.51), we therefore see that

: 1 —1 _ + _ : ann
Jim glogPu,O(t Xy eK)=-J"(a)= eléllf( °"(9). (4.52)

(2) K C (—o0,v], K ¢ [v*™™,v]: Same as for (1) with J~ replacing J*.

(3) int(K) 3 v: In this case (4.50) is an immediate consequence of the LLN in (4.15). B

Proposition 4.8 completes the proof of Theorems 4.2(a)—(b). Recall (4.45) and (4.47).
The restriction on K comes from the fact that the difference of two terms that are both

explo(t)] may itself not be explo(t)].

4.2.3 Unique zero of /*" when M < ¢

In [3] we showed that if M < e and a — 3 < (¢ — M)/2, then a proof of the LLN can
be given that is based on a perturbation argument for the generator of the environment

process

¢ = (G0, G = Tx,&ts (4.53)
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i.e., the random environment as seen relative to the random walk. In particular, it is
shown that ¢ is uniquely ergodic with equilibrium p.. This leads to a series expansion
for v in powers of o« — (3, with coefficients that are functions of P* and o + 8 and that

are computable via a recursive scheme. The speed in the LLN is given by
v=(25-1)(a— ) (4.54)

with p = (1(0)),,, where (), denotes expectation over p. (p is the fraction of time X

spends on occupied sites).

Proposition 4.9. Let £ be an attractive spin-flip system with M < e. If a — 3 <
(e — M) /2, then the rate function I*™ in (4.51) has a unique zero at v.

Proof. 1t suffices to show that
1
limsup - logPo(|t ' Xy —v[ >25) <0 V4§ >0. (4.55)

t—o0 t

To that end, put v = §/2(a—3) > 0. Then, by (4.54), v+ = [2(p£~) — 1](a — ). Let

A= [ &(X,)ds (4.56)
/

be the time X spends on occupied sites up to time ¢, and define
By = {[t" 4 — 7l > 7}. (4.57)
Estimate
Puo([t7' Xy — v > 26) < Puo(By) +Puo(jt ™' Xe —v| > 26 | EY). (4.58)

Conditional on Ef, X behaves like a homogeneous random walk with speed in [v—4, v+4].
Therefore the second term in the r.h.s. of (4.58) vanishes exponentially fast in ¢. In [3],
Lemma 3.4, Eq. (3.26) and Eq. (3.36), we proved that

SO < e AN and  [[S@F = (Fullo < cze” £ (4.59)

for some ¢y, ca € (0,00), where S = (S(t))+>0 denotes the semigroup associated with the
environment process ¢, and ||| ||| denotes the triple norm of f. As shown in [75], (4.59)

implies a Gaussian concentration bound for additive functionals, namely,

]P’u,()(‘tl G E 7) < &5 exp{—2t/es |11} (4.60)
0
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for some c3,c4 € (0,00), uniformly in ¢ > 0, f with |||f||| < co and v > 0. By picking

f(n) =n(0), n € Q, we get
Puo (Et) < ¢5 exp{—cgt} (4.61)

for some c5,c6 € (0,00). Therefore also the first term in the r.h.s. of (4.58) vanishes

exponentially fast in ¢. n

Proposition 4.9 completes the proof of Theorems 4.2(c).

4.3 Proof of Theorem 4.3

In Section 4.3.1 we prove three lemmas for the probability that the empirical speed equals
a given value. These lemmas will be used in Section 4.3.2 to prove Theorems 4.3(a)—(b).
In Section 4.3.3 we prove Theorem 4.3(c). Theorem 4.3(d) follows from Theorem 4.2(c)

because [94¢ > Jann,

4.3.1 Three lemmas

In this section we state three lemmas that are the analogues of Lemmas 4.5-4.7.

Lemma 4.10. For all § € R,

[ (g) = — lim %log PS(X, = |6t)) (4.62)

t—o0

exists, is finite and is constant £-a.s.

Proof. Fix 6 # 0, and recall that Gy = {t > 0: 0t € Z} is the non-negative grid of width
1/|60|. For any s,t € Gy, we have

Py (Xopt = 0(s +1)) > P5(X, = 0s) Py (Xost = 0(s +1) | X5 = 05)

. (4.63)
= Py (X = 0s) Py*(X, = 01),

where Ty = 0p, . Let
g:(&) = —log P§ (X, = 0t). (4.64)

Then it follows from (4.63) that (g:(£))s>0 is a subadditive random process along Gy,
e, gs+t(§) < gs(§) + 9e(Ts€) for all s,t € Gy. From Kingman’s subadditive ergodic
theorem (see e.g. [84]) it therefore follows that

1
lim - log Ps(X; = 0t) = —I9(0) (4.65)

t—oo

teGyg
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exists, is finite &-a.s, and is Ts-invariant for every s € Gy. Moreover, since ¢ is ergodic
under space-time shifts (recall (4.5) and (4.7)), this limit is constant £-a.s. Because
the transition rates of the random walk are bounded away from 0 and oo uniformly
in £ (recall (4.9)), the restriction t € Gy may be removed after X; = 6t is replaced
by X; = |6t] in (4.65). This proves the claim for § # 0. By the boundedness of the

transition rates, the claim easily extends to 6 = 0. n

Lemma 4.11. 0 — 19¢(0) is conver on R.

Proof. The proof is similar to that of Proposition 4.5. Fix 6,{ € R and p € [0,1]. For
any t > 0 such that p(t, (1 — p)0t € Z, we have

F;

—~

X > [pC+ (1 —p)o] t)
> P§(Xpe = pCt) By (Xy = [p¢ + (1 — p)0]t | Xpe = pCt) (4.66)

= Pé (Xpt = pCt) nga’ptg (X(l,p)t =(1- p)@t).

It follows from (4.66) and the remark below (4.39) that

(g 4 (1— p)f) > —pI Q) — (1 — p)I(0), (4.67)
which settles the convexity. |
Lemma 4.12. 19%¢(0) > 0 for |0] > a — (3 and

Jim 19°(9) /|6] = oo.

Proof. Same as Lemma, 4.7. [

4.3.2 Quenched LDP

We are now ready to prove the quenched LDP.

Proposition 4.13. For P*-a.e. &, the family of probability measures
PS(Xi/te ), t>0,

satisfies the LDP with rate t and with deterministic rate function 19%°.

Proof. Use Lemmas 4.10-4.12. |
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Proposition 4.13 completes the proof of Theorems 4.3, except for the symmetry relation
in (4.22), which will be proved in Section 4.3.3. Recall (4.24) and the remark below it.

4.3.3 A quenched symmetry relation

Proposition 4.14. For all 0 € R, the rate function in Theorem 4.13 satisfies the sym-

metry relation

19 (—g) = T9°(9) + 0(2p — 1) log(a/3). (4.68)

Proof. We first consider a discrete-time random walk, i.e., a random walk that observes
the random environment and jumps at integer times. Afterwards we will extend the

argument to the continuous-time random walk defined in (4.8)-(4.10).

1. Path probabilities

Let
X = (Xo)nen, (4.69)

be the random walk with transition probabilities

r —x+1 with probability p&,(x)+q[1 —&(x)], (4:70)
r—x—1 with probability ¢&,(z)+p[l — &.(2)], '

where w.l.o.g. p > ¢. For an oriented edge e = (i,i + 1), ¢ € Z, write € = (i + 1,4) to
denote the reverse edge. Let p,(e) denote the probability for the walk to jump along
the edge e at time n. Note that in the static random environment these probabilities

are time-independent, i.e., p,(e) = po(e) for all n € N.

We will be interested in n-step paths w = (wo, . ..,w,) € Z" with wy = 0 and w, = [In]
for a given 6 # 0. Write ©Ow to denote the time-reversed path, i.e., Ow = (wp,...,wp).
Let N,(w) denote the number of times the edge e is crossed by w, and write t(w),
j=1,...,Ne(w), to denote the successive times at which the edge e is crossed. Let
E(w) denote the set of edges in the path w, and ET(w) the subset of forward edges, i.e.,
edges of the form (7,7 + 1). Then we have

Ne(Ow) = Ng(w) (4.71)
and

H(Ow) =n+1— D) =1, N.(Ow) = Na(w). (4.72)

€
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Given a realization of ¢, the probability that the walk follows the path w equals

Ne(w)
Pg(w) - H H ptJ w)
e€E(w) j=
NE W) E(

= H Hpt](w H tf(w : (4.73)

e€ET(w) Jj=1 Jj=1

The probability of the reversed path is, by (4.71)—(4.72),

Ne(Ow)
Pg(@w) - H H pt] @w
e€cE(w) j=1
Ne(w)
= ]I Py gertizig, (€)
ecE(w) j=1
Ng(u})
= H H anrlft%(w)(e) (4.74)
ecE(w) j=
Ne(w Nz(w)

)
- n+1 t w) H pn+1 tj w)
ecEt(w) j=1

Given a path going from wg to wy,, all the edges e in between wy and w, pointing in
the direction of wy,, which we denote by &(wp,wy), are traversed one time more than
their reverse edges, while all other edges are traversed as often as their reverse edges.

Therefore we obtain, assuming w.l.o.g. that w, > wy (or 6 > 0),

pn+1 tNE(W)( )(E)

P{(Ow
IOgPE(()) = Z log

568((“)07(—‘)71)

Ne(w) ' | B
> Zlog(p”“‘tff(@(e)pnﬂ—té(w)(e))'

e€Et(w) j=1 Pii(w) (e)pt%(w) (€)

ptéve(w) (u)) ( )
(4.75)

In the static random environment we have p,(e) = po(e) for all n € N and e € E(w),
and hence the second sum in (4.75) is identically zero, while by the ergodic theorem the

first sum equals

(wn — wo)(log[po(1,0)/po(0,1)]),, + o(n) (4.76)
= (wn —wo)(2p — 1)1og(p/q) + o(n),  n— oo,

where v, is the Bernoulli product measure on € with density p (which is the law that is
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typically chosen for the static random environment). In the dynamic random environ-

ment, both sums in (4.75) still look like ergodic sums, but since in general

P& # Prw)(e), i # (4.77)

we have to use space-time ergodicity.

2. Space-time ergodicity

Rewrite (4.75) as

P5(Ow) _
log m = Z logpnﬂitéve(u)(w)(E) - Z lngtéve(w)(w)(e)
e€&(wo,wn) e€&(wo,wn)
+ D logpaii—nw(@)+ Y logpuiw) (@)
ecE+(w) e€ET (w)
B (4.78)
— Y logppwle) = Y logpu, (@)
c€ET(w) c€E+(w)
Nelw) (€)Py 414 () (©)
Pry1- tj (w) n—l—l—té(w)
+ = )
eEEZ+ @) ]22 ( Dy (w)< )pt%(w) (e) )
and note that all the sums in (4.78) are of the form
N
N (logp) th (wo + 1) + (log q) Zl—&l (wo + 1)),
> logpyiy(wo +14) = e - (4.79)
=1 (log q) Z &, (wo + 1) + (logp) Z 1 — &, (wo +1)],
i=1 1=1

where t; = t((i,7 + 1)), with ¢ = t(w): {0,1,...,N} — {0,1,...,n} either strictly
increasing or strictly decreasing with image set I,,(t) C {0,1,...,n} such that |I,(¢)| is
of order n. Note that N = N(w) = |E(wo,wn)| = wn — wo = |On] in the first two sums
n (4.78), N = N(w) = |Et(w)| > wy, — wp = |fn] in the remaining sums, and

’tj - ti| > —1, j >t (4.80)

The aim is to show that

lim — Z:logptz = (logpo(0)), = plogp+ (1 — p)logg &-as. forall w  (4.81)

N—oco N
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or, equivalently,

N—oo

| X
lim N ;&i (1) = (€(0)), = p &-as. for all w, (4.82)

where, since we take the limit N — oo, we think of w as an infinite path in which the
n-step path (wo,...,wy) with wp = 0 and w,, = |On| is embedded. Because P* is tail
trivial (recall (4.7)) and lim;_, o t; = oo for all w by (4.80), the limit exists &-a.s. for all

w. To prove that the limit equals p we argue as follows. Write

N N
Vart™” (]17 Z &t (l)) = p(lN—p) 4 % Z Z Covt" (& (i), &, (])) (4.83)
i=1

i=1 j>i

By (4.5), we have
Cov™ (&,(1),&, () = Cov™ (£0(0), &1, 4,1 ( — 1))- (4.84)

In view of (4.80), it therefore follows that

N
Jim up Cov™ (&(0),&4(k) =0 = Jim Var?” (]b;& (i)) =0. (4.85)

But the Lh.s. of (4.85) is true by the tail triviality of PH.

3. Implication for the rate function

Having proved (4.81) holds, we can now use (4.78)—(4.79) and (4.81)—(4.82) to obtain

P¢(Ow)
Pé(w)

= exp{A(wn, —wp) +0o(n)} with A= (2p—1)log(p/q)- (4.86)

Thus, the probability that the walk moves from 0 to |On| in n steps is given by

Piwp=l0n]|wp=0)= > P
uoiO:,uLu:L‘z:rﬂnj
= > PY{Ow)e Alfnltem) (4.87)
w: |w|=n

wo=0,wn=0n]

_ e—ALBnJ +o(n) Z J23 (w)

w: |w|l=n

wo=[0n],wn=0

= o~ Alonltom) P&, =0 | wy = |On)).
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Since the quenched rate function is £-a.s. constant, we have

PS(wn = [0n] | wo = 0) = PE(X,, = |0n]) = e~ (O)+oln)

e N (4.88)
Pg(wn =0 | wo = LH*,’LJ) = PO L6 (Xn = —LenJ) = e_n[q (_9)"_0(”)’
and hence % o] | )
1 Ps(wp, = 10n] |wg=0
—1 —19¢(0) + 19"¢(—0). 4.
n <P€(wn:0|w0:wnj)>_’ (6) + I*(=0) (4.89)
Together with (4.87), this leads to the symmetry relation
— I9"°(0) + 19"°(—0) = —A0. (4.90)

4. From discrete to continuous time

Let x = (Xn)nen, denote the jump times of the continuous-time random walk X =
(Xt)e>0 (with xo = 0). Let @ denote the law of x. The increments of x are i.i.d. random
variables, independent of ¢, whose distribution is exponential with mean 1/(a + f3).

Define
& = (§nen, With & = &y,

_ (4.91)
X* = (X})nen, with X = X, .

Then X* is a discrete-time random walk in a random environment £* of the type con-
sidered in Steps 1-3, with p = a/(a + ) and ¢ = /(a + ). The analogue of (4.82)

reads

1 .
]\}1—H>100 N Z Exi, (1) =p &, x-a.s. for all w, (4.92)

where we use that the law of x is invariant under permutations of its increments. All

we have to do is to show that

im_ 9 (var™ (& ﬁfm @))=o (199

N—oo

But

9(CovP” (6, (i) &x,, (7)) = B (CovP” (6(0). &, -yt~ 1)) (4.98)

while (4.80) ensures that lim; . |x¢; — Xt;| — o0 x-a.s. for all w as j —i — oo. Together

with the tail triviality of P* assumed in (4.7), this proves (4.93). |
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4.4 Proof of Theorem 4.4

In Section 4.4.1 we show that the simple symmetric exclusion process suffers traffic jams.

In Section 4.4.2 we prove that these traffic jams cause the slow-down of the random walk.

4.4.1 Traffic jams

In this section we derive two lemmas stating that long strings of occupied and vacant sites
have an appreciable probability to survive for a long time under the simple symmetric
exclusion dynamics, both when they are alone (Lemma 4.15) and when they are together
but sufficiently separated from each other (Lemma 4.16). These lemmas, which are

proved with the help of the graphical representation, are in the spirit of [2].

In the graphical representation of the simple symmetric exclusion process, space is drawn
sidewards, time is drawn upwards, and for each pair of nearest-neighbor sites z,y € Z
links are drawn between x and y at Poisson rate 1. The configuration at time ¢ is
obtained from the one at time 0 by transporting the local states along paths that move

upwards with time and sidewards along links (see Fig. 4.5).

T

— |1
T 7d

T

FIGURE 4.5: Graphical representation. The dashed lines are links. The arrows repre-
sent a path from (z,0) to (y,1).

Lemma 4.15. There exists a C = C(p) > 0 such that, for all Q C Z and all t > 1,

P (&(z) =0Vz € QVse0,t]) > e ClRIVE, (4.95)

Proof. Denote by G the graphical representation. Let
HP = {z € Z: 3 path in G from (z,0) to @ x [0,¢]}. (4.96)

Note that Hg) = (@ and that t — HtQ is non-decreasing. Denote by P and &, respectively,
probability and expectation w.r.t. G. Let Vo = {z € Z: & (x) = 0} be the set of initial
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locations of the vacancies. Then
P (¢g(x) =0Vz € Q Vs e [0,8]) = (Pou,)(HS C V). (4.97)

Indeed, if &y(x) = 1 for some x € HtQ , then this 1 will propagate into ) prior to time ¢
(see Fig. 4.6).

— |1

1

FIGURE 4.6: A path from (z,0) to Q x [0,¢].
By Jensen’s inequality,
(P @) (H? € Vo) = £((1 = p)/ 1) > (1 — p)eIHED, (4.98)
Moreover, since HtQ = UzeHY and E(|H|) does not depend on z, we have
E(HP) < |QIE(HY)). (4.99)
and, by time reversal, we see that

E(|HY|) = ZP(H path in G from (z,0) to {0} x [0,¢])
TEZ

=) B (e < t) = BF™V(|Ry),
TEZ

(4.100)

where P§™V is the law of simple symmetric random walk jumping at rate 1 starting from
0, R; is the range (= number of distinct sites visited) at time ¢ and 7, is the first hitting

time of . Combining (4.97)—(4.100), we get
P (Es(z) = 0Vz € Q Vs €[0,]) > (1 — p)lQIE™ (D), (4.101)

The claim now follows from the fact that Ry = 1 and ES®WV(|Ry|) ~ C'/t as t — oo for
some C” > 0 (see [82], Section 1). |
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Lemma 4.16. There exist C = C(p) > 0 and 6 > 0 such that, for all intervals Q,Q" C Z
separated by a distance at least 2+/tlogt and allt > 1,

PUelé() =1,6(y) =0Vz e QVy € Q Vs € [0,8]} > de CURHIRNVE (4702)

Proof. Recall (4.96) and abbreviate A, = {HCNH? = (}. Similarly as in (4.97)—(4.98),
we have

Lhs.(4.102) = (P ® 1,)(Ar) = € (La, pH21 (1 — p) ), (4.103)

Both \HtQ | and |HtQ/| are non-decreasing in the number of arrows in G, while 14, is
non-increasing in the number of arrows in G. Therefore, by the FKG-inequality ([63],

Chapter II), we have
E(La (1= )TNy = P(A) E (TN (1 - p)PT). (4200
We saw in the proof of Lemma 4.15 that, for ¢ > 1 and some C > 0,
(Y e ((1 - p)|H?'|) > o=ClQIHQDVE (4.105)
Thus, to complete the proof it suffices to show that there exists a § > 0 such that

P(A;) >0 for t > 1. (4.106)

To that end, let ¢ = max{z € Q}, ¢ = min{z’ € @'} (where without loss of generality
we assume that @ lies to the left of Q"). Then, using that @, Q" are intervals, we may
estimate (see Fig. 4.6)

P([A]°) = P(3z € Z: (2,0) = 8Q x [0,t], (z,0) — dQ" x [0,1])

< Z /[P(HzEZ: (2,0) > & x [s,5 4+ ds], (z,5) — &’ x [s,1])

z€dQ
z/€oQ’ 0

+P(3z€Z: (2,0) =2’ x[s,s+ds], (z/,s) =z x [s,1])]

= > /[P(azeZ: (2,0) = @ x [s, 5 +ds]) P((z,5) = 2 x [s,1])
M

+P(3z€Z: (2,0) = a' x[s,s+ds]) P((«',s) = z x [s,1])]
<4/P(E|z €Z: (2,0) = 0x [s,s+ds]) P((0,0) — ¢ — ¢ x [0,¢ — s])
0

< AEG™(|Re|) PE™ (1g—g < 1),
(4.107)
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where the last inequality uses (4.100). We already saw that ES®W(|R;|) ~ C'v/t as
t — o0o. By using, respectively, the reflection principle, the fact that ¢’ — q > 2+/tlogt,
and the Azuma-Hoeffding inequality (see [96], (E14.2)), we get

PE™ (ry—q < 1) = 2P5™(Sy > ¢ — q) < 2PF™(S; > 24/tlogt)
4tlogt
2t

} _2 (4.108)

<2 exp{— w

Combining (4.107)(4.108), we get P([A;]¢) < 2C"/t3/2, which tends to zero as t — oc.
This proves the claim in (4.106), because P(A4;) > 0 for all ¢ > 0. |

4.4.2 Slow-down

We are now ready to prove Theorem 4.4. The proof comes in two lemmas.

Lemma 4.17. For all p € (0,1) and C > 1/log(a/f),

1
lim — log PVP,O(Xt < Clog t) = 0,
t=oo (4.109)

1
lim . logP, o(X; > —Clogt) = 0.

v
t—o00 &

Proof. To prove the first half of (4.109), the idea is to force £ to vacate an interval of
length C'logt to the right of 0 up to time ¢ and to show that, with probability tending
to 1 as t — 0o, X does not manage to cross this interval up to time ¢ when C' is large

enough.

For t > 0, let L; = C'logt and
Ey={&(@) =0z €[0,LJNZVs e [0,t]}. (4.110)
By Lemma 4.15 we have, for some C’ > 0 and ¢ large enough,
P (E,) > e~ C'Viloat, (4.111)
Hence

v, 0( Xt < Ly | Ey) P (Ey)
vy0( Xt < Ly | By)e=C'Vtlost, (4.112)

To complete the proof it therefore suffices to show that

tli)l’& Pym(](Xt < Lt ‘ Et) = 1. (4113)
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Let 7, = inf{t > 0: X; > L;}. Then {X; < L | E;} D {71, > t | E;}, and so it suffices
to show that
lim wa()(TLt >t ‘ Et) =1. (4.114)
t—o00

We say that X starts a ¢rial when it enters the interval [0, L] N Z from the left prior.
We say that the trial is successful when X hits L; before returning to 0. Let M (¢) be the

number of trials prior to time ¢, and let A,, be the event that the n-th trial is successful.

Since
M(t)
{re, <ty c | A, (4.115)
n=1
we have

M(t)
Puyo (i ¢ B) <Puyo | | Au| B
n=1

2(a+p)t

) (4.116)
<Puo| U An M) <2(a+p8)t|E
n=1

+Py,0 (M(t) > 2(a+P)t| Ey).
We will show that both terms in the r.h.s. tend to zero as t — oo.

To estimate the second term in (4.116), let N(¢) be the number of jumps by X prior to
time ¢, which is Poisson distributed with mean (« + )¢ and is independent of £. Since
N(t) > M(t), it follows that

Py, 0(M(t) > 2(a+ B)t | Ey) < Poi(N(t) > 2(a+ B)t), (4.117)

which tends to zero as ¢ — oco. To estimate the first term in (4.116), note that, since

Py, 0(An | Et) is independent of n, we have

2(a+p0)t
Poo| | An M) <2(a+B)t ‘ E,
n=1
(4.118)
2(a+p)t

Et S 2(0& + ,B)t ]P)Vp,() (Al | Et) .

< ]P)up,O U An
n=1

But P, o (A1 | Et) is the probability that the random walk on Z that jumps to the right
with probability 5/(« + ) and to the left with probability «/(« + 3) hits L; before 0

when it starts from 1. Consequently,

(a/B) -1

2(a+ B)t Py, 0(A1 | Et) = 2(a+ Pt (a/B)lr =17

(4.119)
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which tends to zero as ¢ — oo when L; > C'logt with C' > 1/log(a/3). This completes
the proof of the first half of (4.109).

To get the second half of (4.109), note that —X; is equal in distribution to X; when p
is replaced by 1 — p. |

Lemma 4.18. For all p € (0,1),
1
tlim n log P, 0(|X¢| < 24/tlogt) = 0. (4.120)
—00

Proof. The idea is to create a trap around 0 by forcing £ up to time ¢t to vacate an
interval to the right of 0 and occupy an interval to the left of 0, separated by a suitable

distance.

—M; 0 M,

FIGURE 4.7: Location of the intervals ()1 and ()5. The width of Q1,Q2 is 2L;. The
interval spanning @)1, Q2 and the space in between is ;.

For t > 0, let Ly = Clogt with C' > log(a/3), My = \/tlogt,
Q= (=M +[~Li, L)) NZ, Q2= (M +[-Li, Li]) N Z, (4.121)

and Iy = [-M; — Ly, My + L] N Z (see Fig. 4.7). For ¢ = 1,2 and j = 0, 1, define the
event

Bl ={&(x) = Ve € Qi Vs €0t} (4.122)

Estimate, noting that L; < M, for ¢ large enough,

Py, 0(|1Xe| < 2M;) > Py, 0(Xe € 1)

(4.123)
> P, 0(X¢ € I, BY,E9) =Py, 0(X; € I, | Ef, E9) Py, o (E], ES).
Since lim;_, s %log Py, 0 (Ell, Eg) = 0 by Lemma 4.16, it suffices to show that
lim P, o(X; € I | Ef,E3) = 1. (4.124)
t—o0
To that end, estimate
Py, o0(X: €1, | E{,E9) > P, o(X; < My + L, | E{, EY) (4125)

+Py,0(Xy >—M,— Ly | E],E9) — 1.
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Now, irrespective of what £ does in between (1 and (2 up to time ¢, the same argument

as in the proof of Lemma 4.17 shows that

lim Py, 0(X; < M, + Ly | B}, E9) =1,
lim Py, o(X; > —M; — Ly | B, E3) = 1.
t—00

Combine this with (4.125) to obtain (4.124). |






Chapter 5

Law of large numbers for
one-dimensional transient RW on

the exclusion process

5.1 Introduction and result

In this chapter we present some results from an ongoing project with R.S. dos Santos

and F. Vollering.

5.1.1 Slow-mixing REs and the exclusion process

In Chapter 2 we derived a LLN for the RW in (2.6) when the dynamic RE has the
cone-mixing property in Definition 2.1. In particular, Theorem 2.2 holds for the more
general model in Section 1.3.2 in which the RW X has two different (not only opposite)
drifts cg — Bp and a3 — (1 on top of holes and particles, respectively. The weak point
of Theorem 2.2 is that many natural and interesting examples of dynamic REs are not
cone-mixing, e.g., conservative dynamics like the exclusion process or, more generally,

Kawasaki dynamics.

It is worthwhile to investigate examples of slow-mixing REs, because significantly dif-
ferent behavior may occur compared to fast-mixing REs, such as cone-mixing REs.
Indeed, in Chapter 4 we have already met the case of a RW X on the one-dimensional
simple symmetric exclusion (SSE) with opposite drifts on top of particles and holes (i.e.,
a1 — 1 = Po — ap). In particular, in Section 4.1.4 we presented the results of some

simulations for the asymptotic speed of X, which suggest that X is recurrent if and only

97
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if p= %, and that X is ballistic as soon as it is transient. Thus, the transient regime
with zero speed, which is known to occur for static REs (see Section 1.1.1.1), does not
survive in the dynamic setup, because even a ‘slow’ motion of the particles in the RE
makes it hard for a ‘trap’ to survive. Nevertheless, similarly to the one-dimensional
static RE and in contrast to the fast-mixing dynamic RE, Proposition 4.4 shows that
when we look at large deviation estimates for the empirical speed of X, the slow-mixing
properties of the exclusion process allow for a ‘trap’ to persist up to time ¢ with a prob-
ability that is decaying sub-exponentially in ¢. Furthermore, similarly to the static RE
(see Section 1.1.1.2), we may expect a sub-diffusive scaling limit for X to occur at least
1

in the recurrent case, i.e., for p = 3.

These results and observations motivate the interest in slow-mixing REs. In this chapter
we prove a LLN under a somewhat strong drift condition, which represents a small step
forward. At the end we mention some further extensions that are still part of a work in

progress.

5.1.2 Model and main theorem

Consider a dynamic RE £ constituted by a SSE (see Section 4.1.3) starting from a

Bernoulli product measure v, of density p. Let
X = (X)t>0 (5.1)

be the RW in dynamic RE defined in Section 1.3.2, under the the following drift condi-

tions:

ar>ap> P> >0, a1+Bi=ay+Bo, ao—Fo>1 (5.2)
Note that the jump rate of the SSE equals 1 and that the latter condition implies
litm inf X;/t > ap— 0o >1 P,,0—a.s. (5.3)
—00

Theorem 5.1. Assume (5.2). Then, for any p € (0,1), there exists a constant v > 1
such that
lim X;/t=v Py, 0—a.s. (5.4)
t—o00

5.2 Proof of Theorem 5.1

The main idea in the proof is that, under the third condition in (5.2), X travels to the

right faster than the ‘information’ in the RE. As a consequence, it is possible to construct
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certain regeneration times at which the RE to the right of X is freshly sampled from its

equilibrium distribution.

5.2.1 Coupling and minimal walker

In this section we show that the RW X defined in (5.1) can be constructed from an
independent homogeneous RW and the RE. In particular, the following construction is

valid for any general dynamic RE constituted by an IPS £ = (& )>0.

Let M = (M;)¢>0 be a homogeneous continuous-time RW with jump rates o and fp,
to the right and to the left, respectively. Let (b,)nen an i.i.d. sequence of Bernoulli
random variables with parameter (o — ap)/Bo. The path of the RW X in (5.1) can be

constructed as a function of
(M, (bn)nen, §) (5.5)

by using the following rules:

1. My=Xo=0.
2. X jumps only when M jumps.
3. If M; jumps to the right at time ¢, then so does X;.

4. If M; jumps to the left at time ¢ and X is on top of a hole, i.e., §(X;) = 0, then
X jumps to the left too.

5. If M; jumps to the left at time ¢t and X is on top of a particle, i.e., &(X;) = 1,
then X; jumps to the right when an independent Bernoulli trial with parameter

(a1 — )/ Po succeeds, and jumps to the left otherwise.

Denote by
(15, T, ]:t) (5.6)

the probability space associated with (5.5), with

Fi=o0 ({M5}8§t7 {bn}NSmw {fs}SSt) ) (5-7)

where m; is the number of jumps of M up to time ¢, which is distributed according to

a Poisson random variable with parameter (ag + (o)t.

By construction, for any ¢ > 0,

Mt S Xt P —a.s. (58)
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We are therefore justified to call M the minimal walker.

5.2.2 Graphical representation: symmetric exclusion as an interchange

process

The interchange process v = (7)¢>0 on Z is a process, taking values on the permutations
of Z, that can be defined through a graphical representation as follows. Start with a
permutation v9. We call the state of the coordinates of v ‘agents’. We take vy to be
the identity, i.e., the agents are (..., —2,—1,0,1,2,...). Associate to each non-directed
nearest-neighbor edge (z, + 1) in Z an independent Poisson clock I%#+1 = (I"+1), 5
ticking at rate 1. Denote by

I={I"** 2z ez} (5.9)

the set of all those clocks. Then ~; is obtained from vy by exchanging the labels of x
and = + 1 each time the Poisson clock I***! rings. In particular, v;(z) € Z represents

the starting position of the agent who at time ¢ is at site x.

x
t
PN <>
< < A4
<
<>
<«
d
0 7
V()

FIGURE 5.1: Graphical representation. The dashed lines are the links given by the
realization of I. The thick line represents the path of the agent ~;(x).

Given the interchange process 7, the simple symmetric exclusion process (SSE) (see
Section 4.1.3) & = (&)i>0 on Z starting from a configuration € Q = {0,1}% can be
obtained from v by putting & (z) = n(y(z)).

The interpretation is that, in the interchange process, the agents move around in the
lattice by exchanging their places with their nearest neighbors. For exclusion, we choose
one of two states for these agents at the start (1 or 0, which we refer to as ‘particle’ and
‘hole’) and assign the state of a site at a later time as the initial state of the agent who

is there at this time.

Next, recall (5.5). By the coupling with the minimal walker M of the previous section,

we have that, for any starting configuration n € €2, X is a function of

(M, (bn)nen, I) and 7, (5.10)
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where, in the coupling space (5.6), F; is given by

ft =0 ({Ms}s§t7 {bn}ngmm {Is}sgt) . (511)

In particular, if we consider ,n € Q such that ¢ = n (where = denotes the partial order

on ), then for any ¢ > 0 we have by construction

M < Xi(n) < X:(Q) P —a.s., (5.12)

where X;(n) and X¢(¢) represent the RW starting from n and (, respectively.

5.2.3 Marked agents set

As the RW X moves, it will meet the agents of the interchange process. Sometimes, due
to the coupling with the minimal walker, it will not need to know their state in order to
proceed, i.e., when the minimal walker M goes to the right. If M goes to the left, then
X will have to ‘ask’ the agent at its current position what is its state to know how to
move. We say that at this time X and the agent ‘meet’, and we call an agent marked
at time t if it has met X at some time s < ¢. For any ¢t > 0, we can define A; to be the
set of marked agents up to time t. For reasons that will become clear at the end of this

section, we add to this marked agents set all the agents x < 0.

Formally, define Ay = {z € Z: = < 0}, let ¢ be a time at which M; jumps to the left,

and put
At = At_ U {'Yt(Xt)} (513)
Next, let
Up =inf{t >0: M; #0} =inf{t > 0: X; #0} (5.14)
and define
7o = inf {t >Up: X¢ > max{z € Z: y(x) € At}}, (5.15)

i.e., the first time such that all the sites with marked agents are to the left of X;.

Lemma 5.2. Let 7o be as in (5.15) and denote by E the expectation w.r.t. P. Then

Proof. Let
Y = (Y4)i>0 (5.16)
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be a path starting from 0 that jumps to the right according to the realization of the
process I in (5.9), see Figure 5.2.

0 VA
3 2 —1 0

FIGURE 5.2: As in Figure 5.1, the dashed lines are links given by the realization of I.
The path Y starts at the origin and goes only to the right following the links determined
by I.

Then Y is distributed according to a Poisson process with rate 1.

Denote by 7~ (z) = (’yt_l(x))t>0 the path of the agent z. By construction, for any x < 0
and t > 0, v; }(x) < Y;. Furthermore, let Sy = inf{t > 0: M; —Y; > 0}, and note that

70 < 51 (5.17)

Recalling that the minimal walker M is independent of the RE, while Y is a function of
the RE, we have that Z = (Z;)¢>0 with Z; = M; — Y} is a continuous-time homogeneous
RW, starting from the origin, that jumps to the right at rate o and to the left at rate
Bo+ 1. Since ag — By > 1 by the third condition in (5.2), Z is transient to the right with
positive speed ag — By — 1 > 0. Thus, E[S?] < oo, and the claim follows from (5.17).

The crucial point, which we state in the next proposition, is that if we start from a
configuration 7 € {2 sampled from v, to the right of the origin, then, no matter what is
1 to the left of the origin, the RW X at time 7y will still see to its right a configuration
that is freshly sampled from v,. Such a fact is related to the nature of the SSE and its
construction from the interchange process, and it is the main ingredient for the proof of
the LLN.

Let Zwo = {x € Z: x> 0}, and put Z<g = Z \ Z=o. Given ¢ € {0,1}2<0, let u,ﬁo be the

product measure of single site measures on €2 given by

vy (n(x)

VISO (n(z) = 1) = p, otherwise,

C(.T)) =1, ifx e ZS(], (518)

ie., I/'[(,O coincides with v, on {0,1}#>°, and is the delta measure &, on {0, 1}2<o.
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Proposition 5.3. For any ¢ € {0,1}%2<0, let ¢ be the SSE starting from u,§<), and denote

by P (o) 0 the law P when the starting configuration n is sampled from 1/,(;0. Then, for
p

any finite B C {0,1}2>0,

P (60 (Xny ) € B| (Xe)en) = vp(B), (5.19)

i.e., the SSE at time o to the right of X;, is independent of (X¢)i<+,, and is distributed

according to v,.

Proof. (Xt)i<r, is a function of (M)i<ry, {bn}n<m.,» (It)i<r, (see (5.10)), and the state
of the agents belonging to A,,. Therefore (X;):<, is independent of {{y(z): = € Z\ A, }.
By the definition of 79, 77, (z) € Zs0\ Ay, for all z > X, . Therefore, since 1/,(70 coincides
with v, on {0, 1}2>0, it follows that &, (z) is a Bernoulli random variable with parameter

p for x> X,,. n

5.2.4 Right walker and a sub-additivity argument

Denote by 1 € {0,1}%<0 the configuration with all coordinates equal to 1. Let
R = (R¢)t>0 (5.20)

be the RW X starting from v$Y. For any ¢ € {0,1}%<0, if we denote by X(¢) a RW

starting from V,(,O, then, as a consequence of (5.12), for any ¢t > 0 we have that

Mt S Xt(C) S Rt P —a.s. (521)

We call R the right walker. We anticipate that in the sequel we first prove that R
satisfies a LLN, and then Theorem 5.1 follows by showing that the limiting speed of the

right walker does not depend on the configuration 1.

We next construct a renewal structure in the coupling space (5.6). The idea of this
construction is that, starting from R and from the 7y associated to R, we have that, by
Proposition 5.3, at time 7y the states of the SSE ¢ to the right of R&f}) are distributed
according to v,. At time 79 we define a new configuration n of the SSE from &, by
replacing all its states to the left of R, by 1 (i.e., put &, (z) =1 for z < R, ), and we
define R to be the RW evolving as X in Section 5.2.1 starting at time 7 at position
R, from this new configuration of the SSE. In particular, such R has the following

properties:

1. RW is a function of ({M;}i>r, {bn}n>m.y» {1}i>7,) and n.
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2. By (5.12), R is coupled to R in such a way that Ry ., — Ry, < Rgl) for t > 0.

3. R and R(I) — R(l) have the same distribution.
t 0 /50

n—1)

We can then repeat the same argument to construct a new RW R from R( for

any n € N.

More precisely, let n(® € Q be a configuration sampled from 1/(1), set R® = R, and

construct inductively the random vector-sequence

()} 0= (1), o

as follows. For n € N, let n(™ € Q given by

(n=1) (~.. it RQ“”
7™ () :{ 1 (@), i > R (5.23)

1, otherwise.

For t > 7,_1, let R(™ = ( §")) 0 be the RW evolving according to the rules given for
t

(n—1)
1

X in Section 5.2.1, starting from R;, ,’ with initial states of the RE given by n™,

Let Agn) be the marked agents set constructed from R,En) as in (5.13), namely, set

A((]n) = {:L’ el: z< R(()”) = RSZ;”}, let ¢ be a time at which M, |4, jumps to the left,
and put
AP = AP oy (RM)}. (5.24)

Define
Tp = inf {t > Uy: Rin) > max {a: €Z: y(x) € Aﬁn)}} . (5.25)

As a consequence of this construction, it follows from (5.12) that

RY _—RM <R"MY P (5.26)

The main advantage is now that, by Proposition 5.3, { (77(”), R(™, Tn) } is a stationary

neN
sequence.

Lemma 5.4. Let T, = Y ;" | 7,. For integers 0 < m < n, define the double indezed
random variables
Rup = RS . (5.27)

Then there exists a constant ¢(R) € R such that

= ¢(R) P —a.s. (5.28)
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Proof. The proof relies on the subadditive ergodic theorem of Liggett (see Theorem 1.10
in [63]). By (5.26), for any 0 < m < n, we have

RO,n = Roﬂn + (Ro,n — Ro,m) < Roﬂn + Rm,n P —a.s. (5.29)

Moreover, by construction and since {(R(”),Tn)} is a stationary sequence, for every

neN
n > m, {RpytkntklkeN, IS @ sequence of i.i.d. random variables. Therefore, for each

m € Ny, the joint distribution of {Rm+1,m+k+1 }keN is the same as that of {Rm’erk}kEN‘
Furthermore, for each k € N, we have that {R”k»(”“)k‘}neN is a stationary and ergodic
process. Therefore the assumptions of Theorem 1.10 in [63] are satisfied, and the claim

follows. [ |

5.2.5 LLN
Lemma 5.5. There exists a constant v(R) > 1 such that

lim — =v(R) P a,—as. (5.30)
Proof. For t > 0, let n(t) be such that

Tn(t) <t< Tn(t)+1' (531)

Denote by E ) . the expectation associated to P 1y . By Lemma 5.2, E 1) [70] < oc.
vy ,0 vy ,0 vy ,0

Since Ty,1)/n(t) — E ) [10] as n — oo, dividing by n(t) and taking ¢ — oo in (5.31),
vy,

we have
t 1
lim n() =T P a,—as. (5.32)
t—oo t V,gl),O[TO] p
By Lemma 5.4 and (5.32), we get
RO R y R
lim Totw) im Tuw (1) = c(R) =: v(R). (5.33)
t—oo  t t—oo n(t) 1 E o ,lml
vy ,0
Since

t t t
the claim follows by combining (5.33) and (5.34), and observing that

Ry — Ry
lim sup M -0
t—o00 t

P, —as. (5.35)
P
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To show (5.35) we argue as follows. Note first that R can be coupled with a Poisson

process N = (IN;);>0 of rate ag + [y such that
R, < N; foranyt>0. (5.36)

In particular, it follows from Lemma 5.2 that E (4 0 [N 2] < o0, which together with
vy,

70

(5.36) ensures that there exists a constant C' € (0, 00) such that

2
< (C. .
EV,9>70 [?g}%c]Rt] } <C (5.37)

By the Markov inequality and (5.37), for any € > 0 we have

PVél),O <|Rt - RTn(t)’ Z et) S ]P)llél),o < max ’Rt - RTn(t)’ Z 6t>

Tty St<Tn(e)+1

2
Ew, [{%%_?‘Rt‘ ] (5.38)

=Fn @2? Bef > d) =T (@
< C(et)™2
Finally, (5.35) follows from (5.38) and the Borel-Cantelli lemma. |

Next, let 0 € {0,1}%<0 be the configuration with all coordinates equal to 0. Let
L= (Lt)tZO (5-39)

be the RW X starting from 0.

For any ¢ € {0,1}%<0, if we denote by X(¢) the RW starting from 1/£C), then, as a

consequence of (5.12), for any ¢ > 0 we have that

Mt S Lt S Xt(C) § Rt P —a.s. (540)

Note that by repeating the same argument as in Section 5.2.4 and in the proof of Lemma

5.5 for the left walker L, we get that there exists a constant v(L) > 1 such that
lim — =v(L) ]P’Vﬁ()g)70 —a.s.

The only difference is that in Lemma 5.5 we obtain super-additivity instead of sub-

additivity. Finally, by observing that v(R) = v(L), Theorem 5.1 follows from (5.40).
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To see this latter observation we argue as follows. As both L and R are identical if they
do not encounter an agent from the left of the origin, the associated speeds are the same
on this event. Thus, if this event is not a null-set, then, as the speeds are a.s. constants
on the whole space, we obtain v(R) = v(L). To show that the latter event has positive
probability, recall the RW Y in (5.16) and observe that the event that L and R do not
encounter an agent from the left of the origin includes the event {M; > Y;, Vt > 0},
which has positive probability due to the third drift condition in (5.2).

5.3 Concluding remarks

The assumption that the total jump rates of X are the same on top of particles or
holes (i.e., ap + Bp = a1 + B1 in (5.2)) is not relevant for the proof and can be easily
dropped by constructing a different coupling with the minimal walker in Section 5.2.1,
and essentially keeping the rest of the proof unchanged. We made this assumption just

to avoid cumbersome notations.

The proof of Theorem 5.1 is simple and uses the specific nature of the SSE. Indeed, we
exploited the graphical representation of the SSE, in particular, its construction from
the interchange process, to ensure the integrability of the time 7 in (5.15) and to ensure

that the sequence in (5.22) is stationary.

We are currently working on extensions of Theorem 2.2 for a larger class of dynamic RE
under strong drift assumptions as in (5.3), namely, for dynamic RE in which, intuitively,
the ‘information’ travels to the right slower than the minimal drift of X. If we consider
other dynamic RE, like e.g. an asymmetric exclusion process or a Poissonian field of
independent RWs, then we cannot a priori be sure of the existence of a non-degenerate
integrable time at which X observes to its right a RE in equilibrium. A heavier regener-
ation scheme in the spirit of Chapter 2 seems to be needed. We plan to treat such cases

in future works.
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Samenvatting

Gedurende de afgelopen veertig jaar zijn modellen voor “Random Wandelingen in Ran-
dom Omgevingen” (RWRO) intensief bestudeerd, zowel in de natuurkundige als in de
wiskundige gemeenschap. Dit heeft geleid tot een zeer levendig onderzoeksgebied, dat
een onderdeel is van het grotere onderzoeksgebied van wanordelijke systemen. RWROs
in Z¢ zijn Random Wandelingen (RWs) die evolueren volgens een random overgangs-
matrix, d.w.z. hun overgangskansen hangen af van een stochastisch veld of proces &
op Z%, genaamd Random Omgeving (RO). Wat deze modellen zo interessant maakt is
dat zich, afhankelijk van de RO, verschillende typen verschijnselen kunnen voordoen:
sub-diffusief gedrag, sub-exponentieel vervalvan correlaties of van kansen op grote afwi-
jkingen, en trap-effecten. De ROs kunnen worden onderverdeeld in twee hoofdklassen:
statisch en dynamisch. In een statische RO wordt ¢ willekeurig gekozen op tijstip O
en wordt vervolgens constant gehouden gedurende de tijdsevolutie van de RW. In een
dynamische RO, daarentegen, verandert £ in de loop van de tijd volgens een van te voren

gekozen stochastisch process.

Statische RO’s in 1 dimensie zijn goed begrepen: recurrentie criteria, wetten van grote
aantallen, invariantie-principes en schattingen voor grote afwijkingen zijn uitgebreid
bestudeerd in een lange reeks van artikelen. Ook in hogere dimensies zijn er vele fraaie

resultaten verkregen, maar tegelijk zijn er nog vele open vragen.

Dynamische RO’s zijn, zelfs in 1 dimensie, nog niet zo ver ontwikkeld. In dit proefschrift
richten we onze aandacht op een klasse van RWs in dynamische ROs bestaande uit een
systeem van deeltjes die onderling met elkaar wisselwerken. De analyse van dit soort
modellen leidt niet alleen tot interessante nieuwe resultaten, maar geeft ook aanleiding

tot het formuleren van uitdagende open vragen voor de toekomst.

Dit proefschrift heeft de volgende opbouw. In hoofdstuk 1 geven we een samenvatting
van de bestaande literatuur voor zowel statische als dynamische ROs. Tevens intro-
duceren we de klasse van modellen waarin we in dit proefschrift geinteresseerd zijn. In
hoofdstuk 1 bewijzen we, onder bepaalde ruimte-tijd-mengingsvoorwaarden, een sterke
wet van de grote aantallen voor ROs in zowel 1 als meer dimensies. Bovendien lei-
den we, met behulp van een verstoringsargument, een reeksontwikkeling af, in termen
van de grootte van de drift, voor de asymptotische snelheid van RWs met een kleine
drift in sterk wanordelijke ROs. Hoofdstuk 3 richt zich op de schalingslimieten van
dergelijke processen. Door een bewijs van Comets en Zeitouni [36] voor statische ROs in
hogere dimensies aan te passen en te vereenvoudigen, bewijzen we, onder een bepaalde

ruimte-tijd-mengingsvoowaarde, een annealed invariantie principe voor iedere dimensie.
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Verder geven we een alternatief bewijs voor dit invariantieprincipe in de context van

sterk wanordelijke ROs.

Hoofdstuk 4 behandelt grote afwijkingen voor de empirische snelheid van 1-dimensionale
RWs in dynamische ROs. We bewijzen een quenched en een annealed grote afwijkingen
principe en we leiden een aantal kwalitatieve eigenschappen van de geassocieerde rate-
functies af. In het bijzonder geven we voorbeelden van snelle en langzaam mengende
ROs, die exponentieel respectievelijk sub-exponentieel gedrag van de grote afwijkingen
kansen vertonen. In hoofdstuk 5 bewijzen we een wet van de grote aantallen voor
transiente RWs voor een RO een symmetrisch exclusieproces is, en sluiten we af met een
korte discussie over mogelijke uitbreidingen naar meer algemene langzaam-mengende

ROs. Het laatste maakt deel uit van een nog lopend project.
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