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Abstract: We consider the models Y; ,, = g/" o(s)dWs +7(i/n)e€; n, and
Yin = o(i/n)W;)n +7(i/n)ein, @ =1,...,n, where (Wt);c[o,1) denotes
a standard Brownian motion and €; , are centered i.i.d. random variables
with E(e?n) = 1 and finite fourth moment. Furthermore, ¢ and 7 are
unknown deterministic functions and (Wt)te[o,l] and (€1,n,...,€n,n) are
assumed to be independent processes. Based on a spectral decomposition
of the covariance structures we derive series estimators for o2 and 72 and
investigate their rate of convergence of the MISE in dependence of their
smoothness. To this end specific basis functions and their corresponding
Sobolev ellipsoids are introduced and we show that our estimators are op-
timal in minimax sense. Our work is motivated by microstructure noise
models. A major finding is that the microstructure noise €;, introduces
an additionally degree of ill-posedness of 1/2; irrespectively of the tail be-
havior of €; . The performance of the estimates is illustrated by a small
numerical study.
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1. Introduction

Consider the models

i/n .
Yl-_,n:/ O'(S)dWS+T<i) €n t=1,...,n, (1.1)
0 n

and

Yﬁ,nza(i) Wi/n+7(i) ¢in i=1,....n (1.2)
n n
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respectively, where (Wt)te[o 1] denotes a Brownian motion and ¢; 5, is so called
microstructure noise, i.e. we assume €, i.i.d., E(eZ,)) = 1 and E(e},) < oco.

i,mn
(Wt)te[o,l] and (€1,n,...,€n,n) are assumed to be independent, and o and T are
unknown, positive and deterministic functions.

Our models (1.1) and (1.2) are natural extensions of the situation when o
and 7 are constant, which has been, in a slightly broader setting, previously
considered by [9], [14], [15] and [27] among others. In the latter papers sharp
minimax estimators were derived for 02 and 72. The minimax rate for o2 is n=1/4
and for 72 it is n~ /2, and the corresponding constants for quadratic loss (MSE)
being 8703 and 27%, respectively. To estimate ¢ and 7, maximum likelihood is
feasible (see [27]) and achieves these bounds. Other efficient estimators where
given by [9], [14] or [15]. In our case, i.e. when o and 7 are functions these
methods fail and techniques from nonparametric regression become necessary.
We will postpone a more careful dicussion of models (1.1) and (1.2) to Section 2.

Both models incorporate, as usually in high-frequency financial models, an
additional noise term, denoted as microstructure noise (cf. [2] and [19] ) in
order to model market frictions such as bid-ask spreads and rounding errors.
In general, microstructure noise is often assumed as white noise process with
bounded fourth moment. Therefore, we may interpret both models as obtaining
data from transformed Brownian motions under additional measurement errors.
Particularly, our assumptions cover the important case when ¢; , gt (0,1).

In this paper we try to understand how estimation of the functions o2 and 72
in (1.1) and (1.2) itself can be performed in an optimal way. To our knowledge,
this issue has never been addressed before whereas the problem of estimating
consistently the spot volatility, i.e. the time derivative of the integrated volatil-
ity has been discussed in other works, too (cf. [1, 18]). A remarkable work in
this direction is [4] where a harmonic analysis technique is introduced in order
to recover o2. A naive estimator of 02 would be the derivative of an estimator of
Jy 02(x)dx with respect to s. However, (numerical) differentiation of [; o2 (z)dx
with respect to s yields an additional degree of ill-posedness. Instead, we propose
a regularized estimator for o and 7 that attains the minimax rate of convergence.
Our estimator is a Fourier series estimator where we estimate the single cosine
Fourier coefficients, fol o%(z) cos(kmx)dx, k = 0,1,... by a particular spectral
estimator which is specifically tailor suited to this problem. The difficulty to
estimate o2 can be explained generically from the point of view of statistical in-
verse problem: Microstructure noise induces an additional degree of ill posedness
-similar as in a deconvolution problem- which in our case leads to a reduction of
the rate of convergence by a factor 1/2. Surprisingly, and in contrast to deconvo-
lution, this is only reflected in the behavior of the eigenvalues of the covariance
operator of the process in (1.1) and (1.2) and not in the tail behavior of the
Fourier transform of the error ¢; .

We stress again that we are aware of the fact that our model assumes a
deterministic function o and 7, which only depends on time ¢ and generalization
to o (t, X¢) is not obvious and a challenge for further research. However, the
purely deterministic case already helps us to reveal the daily pattern of the
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volatility and finally we believe that our analysis is an important step into
the understanding of these models from the view point of a statistical inverse
problems.

Results: All results are obtained with respect to MISE-risk. Let oz and 8 denote a
certain smoothness of o2 and 72, respectively. Roughly speaking, these numbers
correspond to the usual Sobolev indices, although in our situation, a particular
choice of basis is required, leading us to the definition of Sobolev s-ellipsoids (see
Definition 1). Then we show that 72 can be estimated at rate n=?/(5+1) for g >
1, >1/2inmodel (1.1) and 8 > 1, > 3/4 in model (1.2). This corresponds to
the classical minimax rates for the usual Sobolev ellipsoids without the Brownian
motion term in (1.1) and (1.2). More interesting, we obtain for estimation of
o2 the n=*/(4+2) rate of convergence for a > 3/4, 8 > 5/4 in model (1.1) and
a>3/2,4>5/4in model (1.2). We will show that these rates are uniform for
Sobolev s-ellipsoids. Lower bounds with respect to Holder classes for estimation
of 02 have been obtained in [20]. Here we will extend this result to Sobolev
s-ellipsoids. It follows that the obtained rates are minimax, indeed.

To summarize, our major finding is that in contrast to ordinary deconvolution
the difficulty of estimation ¢ when corrupted by additional (microstructure)
noise e, is generically increased by a factor of 1/2 within the s-ellipsoids. This
is quite surprising because one might have expected that for instance Gaussian
error leads to logarithmic convergence rates due to its exponential decay of the
Fourier transform (see e.g. [5], [7], [8] and [12] for some results in this direction).
We stress that for our method a minimal smoothness of o in (1.1) of & > 1/2 and
in (1.2) of & > 3/2 is required. Although convergence rates are half compared
with usual nonparametric regression, it turns out that for large sample sizes we
get reasonable estimates for smooth functions o2. Roughly speaking, the results
imply that n data points for estimation of 02 can be compared to the situation,
when we have /n observation in usual nonparamteric regression.

The work is organized as follows. In Sections 2 and 3 we will discuss mod-
els (1.1) and (1.2) in more detail, introduce notation and define the required
smoothness classes, Sobolev s-ellipsoids (details can be found in Appendix B).
Section 4.1 and Section 4.2 are devoted to estimate o and 72, respectively, and
to present the rates of convergence of the estimators (for a proof see Appendix
A). Section 5 provides the minimax result. In Section 6 we briefly discuss some
numerical results and illustrate the robustness of the estimator against non-
normality and violations of the required smoothness assumptions for o2 and
72. Some further results and technicalities of Sections 4.1 and 4.2 are given in
Appendices C and D.

2. Discussion of models (1.1) and (1.2)

In this subsection we briefly discuss the background from financial economics of

model (1.1) and explore the differences between models (1.1) and (1.2). We may

consider the processes (o (t)W;);e0,1) and (fot U(S)dWS)te[O,l] L (W(H(t)))ee[0,1]5

H(t) = f(f 02 (s)ds as (inhomogeneously) scaled Brownian motions, where
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scaling takes place in space and in time, respectively. Hence we will refer to
(0 (t) W), (0,1 and (fot U(S)dWS)tE[O,l] in the future as space-transformed (sBM)
and time-transformed (tBM) Brownian motion.

Model (1.1): In the financial econometrics literature variations of model
(1.1) are often denoted as high-frequency models, since (Wy),¢(o ) is sampled
on time points ¢ = i/n and nowadays there is a vast amount of literature on
volatility estimation in high-frequency models with additional microstructure
noise term (see [3], [16], [17], [30] and [31]). These kinds of models have attained
a lot of attention recently, since the usual quadratic variation techniques for
estimation of fol o?(z)dx lead to inconsistent estimators (cf. [30]).

We are aware of the fact, that in contrast to our model, volatility is modelled
generally not only as time dependent but also depending on the process itself,
ie. Yin = Xim +7(i/n)€in, i =1,...,n, dXy = o (t, Xy) dW;. An overview
over commonly used parametric forms of o (¢, X;) and a non-parametric treat-
ment in the absence of microstructure noise, can be found in [13]. It is known
that the same rates as for the case o and 7 constant hold true if we consider the
model (1.1) and estimate the so called integrated volatility or realized volatility
Jy o%(x)dz (s € [0,1]) and [; 7%(z)dx instead of o and 72, respectively (see [23]
and [25] for a discussion on estimation of integrated volatility and related quan-
tities). Recently, model (1.1) has been proven to be asymptotically equivalent
to a Gaussian shift experiment (see [24]). 02 as a function of time corresponds
in model (1.1) to the instantaneous volatility or spot volatility.

Model (1.2): Model (1.2) can be regarded as a nonparametric extension
of the model with constant o, 7 as discussed for variogram estimation by [27].
In order to show how sBM generalizes Brownian motion, we give the following
Lemma.

Lemma 1. (i) Assume thato, 0 < ¢ < g, is continuously differentiable. Then

the corresponding sBM, (o (t) Wi)ye(o.1) is the unique solution of the SDE

dX; = X; d(log (o (t))) + o () dW,, Xo=0, 0<t<T.

(i) The variogram of sBM is given by

v(s,t) = E(X; — X,)?

= (0 () t'% = (s) 51/2)2 +o(t)o(s) [|s - (31/2 _ tmﬂ ,

Proof. (i) It is easy to check that sSBM indeed is a solution. To establish unique-
ness, we apply Theorem 9.1 in [26]. (ii) This follows by straightforward calcu-
lations. O

Comparison of the models: We remark that tBM can be related to sBM
by partial integration fg o(s)dWs = o (t)W; — f(f o' (s) Wsds. Thus, sBM can
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F1G 1. Plots 1 and 2 display paths of sBM and tBM corresponding to o(t) = (1/2 —1t)
(Plot 3). Analogously, Plots 4 and 5 show paths of sBM and tBM with o (t) = 1+1(1/2,1] ()
(Plot 6). For Plots 1 and 2 as well as Plots 4 and 5 we took the same realization (Wf)te[o,l]
of the underlying Brownian motion. The first two plots show the different scaling behavior:

sBM= 0 and tBM= 01/2 o (s)dWs fort > 1/2. On the other hand we see by Plots 4 and 5

that a jump induces a random shift, i.e. sSBM=tBM for t < 1/2 and tBM+W, ;o =sBM for
t>1/2.

be also interpreted as tBM plus a stochastic drift term. To see the differences
between the processes, we compared in Figure 1 sBM and tBM in two typical
situations: The case where o (t) = 0 for ¢ > T and the case, where o is non-
continuous. If o (t) = 0 for ¢t > T, sBM tends to zero, whereas tBM tends to
a constant, i.e. the random variable fOT o (s) dWs. Furthermore, if o is a jump
function, sBM has a jump too, whereas tBM does not.

Unlike Model (1.1), which can be viewed as a price process, Model (1.2) has
no direct application in financial mathematics. However, from the view point
of nonparametric statistics it seems to be a natural extension of the situation
when ¢ and 7 are constant.

3. Introduction to Sobolev s-ellipsoids and technical preliminaries

In this section we shortly introduce the setup needed in order to define the
estimators. First we define suitable smoothness classes, which are different, but
related to well known Sobolev ellipsoids (see Definition B.1).
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Definition 1. For a > 0, C' > 0, we call the function space

O :=O4(a, C) :=

{f € L?0,1]: 3(05) e » 8- L flz) = 90+2i6‘i cos (imx) ,iim@f < C}

i=1 i=1

a Sobolev s-ellipsoid. If there is a C' < 0o such that f € O («, C), we say [ has
smoothness o. For 0 <l < u < oo, we further introduce the uniformly bounded
Sobolev s-ellipsoid

0%, 0) := 4o, C, [1,u]) := {f € Os(,C) : 1 < f < u}.

Here the “s” refers to “symmetry” since the L2[0, 1] basis
(W k=0,.. )= {1,\/§cos(km),k=1,...}, (3.1)

can also be viewed as a basis of the symmetric L?[—1,1] functions

{f:ferl?-1,1], f(z) = f(—z) Yz € [0,1]} .

Usually, Sobolev ellipsoids are introduced with respect to the Fourier basis
{1, V2sin (2kmt) , V2 cos (2knt) k= 1,.. }

on L [0,1] (see Definition (B.1)). As will turn out later on, Sobolev s-ellipsoids
appear naturally in our approach. If a function has a certain smoothness in one
space, it might have a completely different smoothness with respect to the other
basis. For instance the function cos ((2{ 4+ 1) 7z), | € N has smoothness « for
all a < 0o with respect to basis (3.1), and as can be seen by direct calculations
only smoothness o < 1/2 for the Fourier basis. A more precise discussion can
be found in Part B of the Appendix.

Instead of (3.1) it is convenient to introduce the functions fj : [0,1] — R,
kEeN

fila) = (5) -

Note that for k > 1, f2 can be expanded in basis (3.1) by f2 = 10 +27/%¢y,. For
any function g we introduce the forward difference operator A, g := g((i+1)/n)—
g(i/n) and further the transformed variables AYilf;ll = (Yig1,n — Yin)fi(i/n)
and AYii’f = (S};J,_l)n —}N/m)fk(z/n), i=1,...,n—1 for models (1.1) and (1.2),
respectively. In order to discuss the models simultaneously, we will write AYan =
AYii’ll, I = 1,2. Throughout the paper we abbreviate first order differences of

observations by

t

AYF = (AYf,,. . AY L) .
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We write M, 4, M, and ID,, for the space of p x ¢ matrices, p X p matrices and
p X p diagonal matrices over R, respectively. Further let D,,_; € M,,_; given by

(Dn-1); ; = /2/nsin (ijm/n) and define
i1 :=4sin®(ir/(2n)) i=1,...,n—1, (3.2)

the eigenvalues of the covariance matrix K, 1 € M, _; of the MA(1) process

Aj€ip = €it1n — €in, 1 =1,...,n— 1. More explicitly K,,_ is tridiagonal and
2 for i=j
(Kp-1);, ;= -1 for [i—jl=1 . (3.3)
0 else

Note that we can diagonalize K,,_1 explicitly by K, 1 = Dp_1An_1D,_1,
where A,,_; is diagonal with diagonal entries given by (3.2).

We will suppress the index n — 1 and write K, D, A, \; instead of K,,_1,
D1, Ap—1, and A, , respectively. We write [x] := max,ez {z < 2}, x € R, the
integer part of x. log() is defined to be the binary logarithm and in order to
define estimators properly, we assume throughout the paper additionally n > 16.

4. Estimators and rates of convergence
4.1. Estimation of 12

Before we will turn to the estimation of the volatility o2, we will first discuss
estimation of the noise variance, i.e. 72. Let J7 € D,,_; given by

( T)‘ . (n—n/logn)fl A;l(si’j, for [n/logn] Sl,jﬁn—l
g 0 otherwise

where )\; is defined by (3.2) and §; ; denotes the Kronecker delta. We consider
models (1.1) and (1.2), simultaneously. Let

fro = (AY") DJID! (AYF). (4.1)

In Lemma C.1 it will be shown that #x o is a \/n—consistent estimator of

1
tho = /0 2 (2) f2 () da.

Note that for £ > 1 this means t; o = fol 72(2)o (z)dx +271/2 fol 72 (2) Yk (z)dx.
Define Z := D (AY’“) and denote by Z; the i-th component of Z. Then

n—1
tho=(n—n/logn)™ > AN'Z. (4.2)

i=[n/logn]
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Hence this also can be seen as a spectral filter in Fourier domain, where we
cut off the first n/logn frequencies. Note that for i > 1, 2V/2 (t;0 — too) =

fo x)dx is the i-th series coefficient with respect to basis (3.1). This
observatlon suggests to construct the cosine series estimator

—too—FQZ ,0 —too COS (Z?Tt) (43)

The next result provides the rate of convergence of 7% uniformly within
Sobolev s-ellipsoids. To this end a version of the continuous Sobolev embedding
theorem is required for non-integer indices «, 8 (see Lemma D.8). A proof of
the following Theorem can be found in Appendix C.

Theorem 1 (MISE of 73, (t)). Let 7%(t) as defined in (4.3). Assume 8 > 1,
and Q,Q > 0. Further suppose that N = N, = o (n1/2/10gn) . Assume either
model (1.1) and o > 1/2 or model (1.2) and o > 3/4. Then it holds

wp MISE () = O (N N ).
02692((1,@),726@2(67@)

Minimizing the r.h.s. yields N* = O (nl/(w"’l)) and consequently
sup MISE (7.) = O (n~27/25+1))
o2€0k(,Q), 72608 (8,Q)

Remark 1. Note that for model (1.1) Theorem 1 holds, whenever o > 1/2.
Hence the Brownian motion part of the model can be viewed as a nuisance
parameter, not affecting rates for estimation of T2. However, for model (1.2)
a > 3/4 is required here. This more restrictive assumption is essentially a con-
sequence of the fact that the process o (i/n) W, is in general no martingale.

Remark 2. The result from Theorem 1 can be extended to 1/2 < f < 1 in
model (1.1) and to 1/2 < a < 3/4, 1/2 < B < 1 in model (1.2). Let tyo be
defined as tyo in (4.1) but JT is now replaced by JT € D,,_1,

(j‘r) _ {2n1)\i_16i’j’ fOr [n/2] <ij<n-1
n i

isJ 0 otherwise

Introduce further the estimator 7% (t) = to.0+2 Zi\;l (t}o — t~070) cos (imt) . Fur-
ther suppose that N = O (nl/(2ﬁ+1)) . Then we obtain by slight modifications of
the proof of Theorem 1 for 8> 1/2, a > 1/2 and Q,Q >0

(i) Assume model (1.1). Then it holds

sup MISE (7%) = O (N2 + Nn~' 4+ Nn'~2F)
o%@@(a,@),r%@@(ﬁ,@)

and N* =0 (n(w’l)/(m*l)) yields

sup MISE (7%.) = O (n7(452725)/(25+1)) '
o2€0!(a,Q),72€0%(8,Q)
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(i) Assume model (1.2). Then we have the expansion
sup MISE (7%) = O (N"2# + Nn~ '+ Nn' 728 4 Np?~1e),
o%@@(a,Q),r?eGﬂ;(ﬁ,Q)
and the choice
Nt — O (n2A=1/CB+1)  for B < 1A (20 —1/2),
| O (nWem2/CEHD)  for o < 3/4N(B/2+1/4)
yields
sup MISE (73-)
o%@@(a,@),r%@@(ﬁ,@)
B O(n7(452725)/(25+1)) for B<1A(2a—1/2),
O (n~(3720/(2+1) for a<3/4N(B/2+1/4).
Remark 3. It is also possible, although more technical, to compute the asymp-
totic constant of the estimator 7%.. Suppose that the microstructure noise is

Gaussian and assume model (1.1) and > 1 or (1.2) and B > 1, > 3/4, then
we have more explicitly

o] 2

MISE(%]Q\,*)ZMJ* /0174(x)dx+ > (/Osz(x)wk(:c)d:c> +o(N*n7").

k=N~*+1

Remark 4. There are of course simpler estimators for ti . For instance if
we replace JT in (4.1) by (2n)71 I,,_1, where I,_1 € D,,_1 denotes the identity
matriz, we obtain the quadratic variation estimator for tyo (cf. [2]) and it is
not difficult to show that this estimator attains the optimal rate of convergence.
This approach could even be extended to a nonparametric estimator of the form
(4.8). However, the single Fourier coefficients are not estimated efficiently, since
in the case when the microstructure noise is Gaussian the asymptotic constant
is 3n~! [ (z)dz (this is a straightforward extension of Theorem A.1 in [31])
whereas for our estimator we have 2n~' [ 7}(z)dx (see Lemma C.1). If T is
constant it can be easily seen that estimators in (4.1) are efficient for k = 0
whereas quadratic variation is not.

Remark 5. In practical application it would be more natural to use instead of
n/logn in (4.2) other cut-off frequencies e.g. n7/logn or qn, where 1/2 < v <
1,0 < q < 1. Smaller v decreases the variance while on the other hand increases
the bias of the estimator.

4.2. Estimation of o2
Define J,, € D,,_1 by

(). = 4 Vdig, for  [n'] 4 1<ij<2n'?] (4.4)
"3 10 otherwise . )
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Similar, as for the estimation of 72 we first introduce an estimator of appropriate
Fourier coefficients by

S0 = (AYF) DI, D (AYF) — 7r%), /3. (4.5)
The second part, i.e. —77r27fk70/3 is a bias correcting term, where the constant
772 /3 is due to the choice of cut-off points [n'/2] + 1 and 2 [n'/?] in (4.4). As
we will see, the estimator of tAk,o has better convergence properties than the first

term in 8y 0, and hence does not affect the asymptotic variance. Similar to (4.3),
we put

N
R (t) =300 +2_ (810 — S0.0) cos (it). (4.6)

=1

Theorem 2 (MISE of 63,). Let 63 as defined in (4.6). Suppose that N = N,, =
0(n1/4), B >5/4 and Q,Q > 0. Assume model (1.1) and o > 3/4 or model
(1.2) and o« > 3/2. Then it holds

sup MISE (6%) = O ("2 + Nn~'/2)
U2€@g(a,Q),‘r2€@g(ﬁ,Q>
and minimizing the r.h.s. yields
sup MISE (&]2\,*) =0 (n_a/(2a+1)>
02€0)(,Q),72€08(8,Q)
for N* = O (n!/(a+2)),
The proof of Theorem 2 is given in Section A.2.

Remark 6. It is also possible to extend this result for less smooth functions o>

and 2.
(i) Assume model (1.1) and o > 1/2, 3> 1. Then it holds

sup MISE (6%)
o%@@(a,@),r%@@(ﬁ,@)

—0 (N*M + Nn~ V2 4 Np220 4 NnPM) :
and
Nt — O (n2e=D/CatD) - for o <3/4A(B—1/2),
| O (nP2/RaAD) - for B<5/AN (a4 1/2)
yields
sup MISE (6%-)
02€0t(0,Q),72€04(8,Q)
| O (nm2eam1)/(2a+1) for a<3/4N(B—-1/2),
=0 (n720¢(2ﬁ*2)/(2a+1)) for B<5/4N (a+1/2).
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(i) Assume model (1.2) and oo > 3/2, > 1. Then it holds

sup MISE (&12\,) =0 (N—2a + Np V2 4 an_w) ,
o2€0%(,Q),72€04(8,Q)

and N* = O (n(28=2/2a+1)) yields

sup MISE (6%.) = O (n—2a(26—2)/(2a+1)> '
02€0%(a,Q),72€0%(8,Q)

Remark 7. In analogy to (4.2), the estimator Sy o can also be viewed as a spec-
tral filter in Fourier domain, where essentially only the frequencies n'/?, ..., 2n'/?
play a role. For practical purposes one can generalize this to estimators where
the frequencies k, . . . [cn1/2] , ¢ >0 are used. If o is assumed to be very smooth,
one even may set k = 1. In this more general setting, the constant —7m?/3 in the

cn1/2
definition of the estimator has to be replaced by —n/ ([cn1/2] — k) ZLk ] A
Remark 8. Since the matriz D in the definition of 3i,0 s a discrete sine trans-
form (for a definition see [6]) the estimator 63; can be calculated explicitly taking
O (Nnlogn) steps.

5. Minimax

In this section we will discuss the optimality of the proposed estimators. To this
end we establish lower bounds with respect to Sobolev s-ellipsoids and Gaussian
microstructure noise.

Theorem 3. Assume model (1.1) or model (1.2), « € N\ {0}. Further assume
T constant. Then there exists a C > 0 (depending only on «, Q,l,u), such that

lim inf sup E (nﬁ H&Z — UQH;) > C.

n—oo 67 02€0b(a,Q)

Proof. The proof relies on a multiple hypothesis testing argument and is almost
the same as the proof given in [20], Theorem 2.1. However, the lower bounds
there are established with respect to the space of Holder continuous functions
of index « on the interval [0, 1], i.e. for I < u

C’(a,L) :=C"(a,L,[l,u]) := {f . ) exists for p = [of
f(p)(x)—f(p)(y)‘ <Llz—y|*?, Vo,y e, O<l§f§u<oo}.

Due to boundary effects C° (a, L) & ©% (a, Q) and therefore the statement above
does not follow immediately from [20], Theorem 2.1. In fact, the only difference
to the proof of [20] is to show that the constructed functions o7, are also el-
ements of @ls’ (o, Q). To be more precise, Write opmin, Tmax for the lower and
upper bound of o2, respectively, i.e. 02 € 0% (o, Q, [Omin; Omax]). Without loss
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of generality, we may assume that onyi, = 1. For the multiple hypothesis testing
argument (cf. [29]) a specific choice of functions o7, is required. For a con-
struction see [20], proof of Theorem 2.1 where L := (272Q)Y/? /|| K(®)|... As
mentioned above, it remains to show

07, €0%(,Q), i=0,1,.... M.
we have 07, (t) =1 for t € [0,1/4]U[3/4,1] and

Due to the construction of o2 in

o1 0) =07, (1) = 0 for € {0,1,...,a}. Thus, 02, € W(a, L2|K@)||2)
(for a definition see Equation (B.1)), a € {1,2,3,...}, j =0,..., M. Hence by
Theorem B.1 it follows o7, € O, (a, Q) for i =0,..., M. O

6. Simulations

In this section we briefly illustrate the performance of our estimators. Our aim
is not to give a comprehensive simulation study, rather we would like to illus-
trate the behaviour of the estimator when assumptions of Theorems 1 and 2
are violated. In the following we plotted our estimator to simulated data, where
we always set n = 25.000. From the point of view of financial statistics this is
approximately the sample size obtained over a trading day (6.5 hours) if log-
returns are sampled at every second. For simplicity, we will choose N in (4.3)
and (4.6) as the minimizer of |72 — 72||2 and ||6% — 0|2, respectively, which is
in practice unknown. Of course, proper selection of the threshold N* is of major
importance for the performance of the estimator. To this end various methods
are available, among others, cross validation techniques, balancing principles,
and variants thereof could be employed (see e.g. [10], [11], [21] and [22]). A
thorough investigation is postponed to a separate paper. Throughout our sim-
ulations we assumed 7 = 0.01 and concentrated mainly on estimation of o2, as
it is the more challenging task.

In Figure 2 we have displayed the estimator for o(t) = (2 + cos (2t))
Note that by Definition 1, 02 has ”infinite” smoothness, i.e. for any o > 0, we
can find a Q < oo, such that 02 € O, (a, Q). The reconstruction shows that
estimation of 72 can be done much easier than estimation of o2 although it
is of smaller magnitude. In Figure 3, we are interested in the behavior of the
estimators if heavy-tailed microstructure noise is present. This was simulated
by generating €;, ~ 3712t(3), i = 1,...,n, iid., where t(3) denotes a t-
distribution with 3 degrees of freedom. We can see from Plot 1 in Figure 3 that
the resulting microstructure noise has some severe outliers according to the tail
2% of the density of ¢(3). Nevertheless, estimation of 72 and ¢ is not visibly
affected by the distribution of the noise.

In the subsequent figures we illustrate the behaviour of the estimator when
the required smoothness assumptions on 02 and 72 are violated. To this end, we
investigate in Figure 4 the situation when o is random itself, i.e. a realization
from a Brownian motion, o(t) = 3|W;|. The Brownian motion (Wt)te[o,l] was
modelled as independent from the Brownian motion in (1.1) and the microstruc-
ture noise process. It is of course not possible to reconstruct the complete path

1/2
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(2 + cos (27rt))1/2 . Plot 1 shows the data. Additionally to the data, we plotted the path of the
tBM in Plot 2. The reconstruction of 72 and o2 (dashed lines) as well as the true function
(solid lines) are given in Plot 3 and 4, respectively. The threshold parameters were selected
as N* =1 for estimation of 7> and N* = 3 for estimation of 2.

Fic 2. n = 25000 data points from model (1.1), €, ~ N (0,1), i.4i.d., 7 = 0.1, o(t) =

0 0.2 0.4 0.6 0.8 1
x10° 3 4
10.4
5
S 4
10
9.8
9.6
0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fic 3. (Heavy-tailed microstructure noise) As Figure 2 but instead of Gaussian errors we
assumed that the noise follows a normalized Student’s t-distribution with 3 degrees of freedom.
We observe that performance of 72 and 62 is quite robust to heavy-tailed noise. The threshold
parameters N* were selected as 1 and 3 for estimation of 72 and o2, respectively.
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FiG 4. (Low-smoothness) As Figure 2 but we chose o(t) = 3|Ws|, where (Wt)te[o,l] denotes a
Brownian motion independent of the noise and the Brownian motion in (1.1). The estimator
returns a smoothed version of the path. The threshold parameters N* were selected as 1 and
17 for estimation of T2 and o2, respectively.

of 02, but as Figure 4 indicates, the estimators at least detects the smoothed
shape of the path and so our estimator might already reveal some parts of the
pattern of volatility also in case o is non-deterministic, which is certainly more
realistic in most applications.

Finally, in Figure 5 we investigated the case of ¢ being a jump-function. We
put o (t) = 1411 /2,17 (t), a function with jump at ¢ = 1/2. Fourier series usually
show a Gibbs phenomenon, i.e. an oscillating behavior at discontinuities. This
behavior is also clearly visible in the graph of 62. In order to reconstruct jumps
in volatility other methods certainly will be more suitable and are postponed to
a separate paper.

Computational tasks: We implemented the estimators in Matlab using
the routine fft() for the discrete sine transform (see Remark 8). Calculation
of the estimators for a sample size of n = 25.000 took around 2-3 seconds on
a Intel Celeron 1.7 GHz processor. As mentioned in Remark 8, the estimator
can be calculated in O (Nnlogn) steps. If we choose N with the optimal scale,
ie. N ~ n'/(42+2) e have for the complexity O(Nnlogn) = o(n®*logn),
whenever a > 1/2.
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F1G 5. (Jump function) As Figure 2 but we chose o(t) = 1 +1(1/21)(t). The Gibbs phe-
nomenon is clearly visible. The threshold parameters N* were selected as 1 and 10 for esti-
mation of T2 and o2, respectively.

Appendix A Convergence rate of 62

In this section we will give a proof of Theorem 2. To this end we first introduce
some notation and then prove a Lemma in order to get uniform estimates of
bias and variance of the single estimators 54 ¢.

A.1 Preliminary results and notation

Proofs of the upper bounds are based on a decomposition of AY*. In this
subsection we present some further notation. Let o (t) := o(¢t) fr.(t) and 74 (t) :=
T(t) fr(t), t € [0,1]. Let throughout the following for the Sobolev s-ellipsoids in
Definition 1 for o2 the constants being | = oy and % = Omay and for 72,
| = Tmin, U = Tmax. We define

¢n:= sup  max sup o) —o (i) ‘ ,
02€0b(0,Q) ==L ee(i/n, (i+1)/n] "
bp = sup max max |A;7x|. (A1)

7—26@2(67@) k<nl/4i=1,...,n
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In order to do the proofs for model (1.1) and model (1.2) simultaneously, we
first define the more general process

Vig =X+ Xop + 210+ Zog, 1=1,2, (A.2)

where X1 1, Xox, Z1,k,; and Zs ), are n — 1 dimensional random vectors with
components

(X1k);, = ox(i/n) AW/,
(XQ,k)i = Tk (Z/TL) Aiei,na
(i+1)/n i
@, = sl [ (o= (L)) aw.
(Zik2); = fi(i/n) (Aio) Wity /m,
(22,}’@)1- = fk (Z/?’L) (Aﬂ') €it1,m5 1= 1,...,7’L—1.

Obviously, AY* =V}, ; and AY* =V}, 5 if model (1.1) and (1.2) holds, respec-
tively. Define the generalized estimators fy 0, = V,f)lDJ;DthJ and $k0,; =
V,f)lDJnDthJ —77t) 0.1/3. Further there exists a decomposition with C; 1.1, Ca. 1. €
M,,—1,, such that

Viea = C1 k1€ + Co e, (A.3)

where € = (€1, ... ,enyn)t and & = &, is standard n-variate normal, ¢, ¢ inde-
pendent and Cl,k,l§ = Xl,k + Zl,k,h 021]66 = X2,k + Z21k. Now, let

1 1
Skp 1= / oi(z) cos(pra)dr, ty, = / 72 (2) cos(pmx)dx (A4)
0 0

be the scaled p-th Fourier coefficients of the cosine series of 0,% and T,f, respec-
tively. Define the sums A(o3,r) by

Sk,0+ 2D 001 Skonm for » = 0 mod 2n,
A (0'13, 7") = Z::O Sk,2nm+n for » = n mod 2n,
quir mod 2n, ¢>0 Sk,q for r ?é 0 mod n,

and analogously A(77,r) with sy, replaced by tx ,. Some properties of these
variables are given in Lemma D.1 and Lemma D.2.
Further define

ox(1/n)
X = . (A.5)
or(1—1/n)

We put Cumy (¢) := Cumy (€1,,) for the fourth cumulant of € ,,. If X,V are
independent random vectors, we write X 1 Y.
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A.2 Proofs for estimation of 2

Lemma A.1. Let 3¢ be defined as in (4.5). Further assume 3> 1, Q,Q > 0,
0 < Omin < Omax < 00, 0 < Tiin < Tmax < 00 and k =k, € N.

(i) Assume model (1.1), o> 1/2. Then it holds

sup max |E (8x.0)—sko| = O(n71/4+n175+n1/270‘) ,
02€0b(a,Q), 7-2661;([3@) k<nl/4
(A.6)
sup max Var (85,0) = O(Tfl/2 + n4745) . (A.7)
02€0b(a,Q), 7-2661;([3@) k<nl/4
(i) Assume model (1.2), o > 5/4. Then it holds
sup max |E (8x0)—sko| = O(n17ﬁ+n5/272°‘+n*1/4) )
2c0b 2c@b(3.0) k<nt/4
02€0%(a,Q), T2€04(8,Q) "=
(A.8)
sup max Var (85,0) = O(n_l/2 + n4_4’8) . (A.9)

0?€0b(a,Q), T2€08(,Q) k=t

Proof. The proof mainly uses the generalized estimators as introduced in Sec-
tion A.1. It is clear that for two centered random vectors P and @

(P,Q), =E(P'DJ,DQ)
defines a semi-inner product and by Lemma D.5, P 1 Q = (P,Q)_ = 0. Hence
Esror = (XiwXiw), + Xow, Xog), +(Z1kts Zik), + (Zoks Z2k),
+2( X1 s Z1 k), +2(Xok, Zog), — %”2 E (troy).  (A.10)

Clearly with (iii) in Lemma D.1 and 7, := n~1/? [nl/ﬂ,

1 1
(X1, X)), = ﬁtr(EkDJnDEk):ﬁtr(JnDZiD)

2’ %]
= o723 (A(0}.0) - A (0}, 21))
i=[n1/2]+1
o[
= r,A(0},0) — n~1/? Z A (a,%, 2i) .
i=[n1/2]+1
Hence due to 7, <1 and |r,, — 1| <n~1/?2

o0 2 o0
X1k Xik), — sk0] 2D Iskm| + 7 > skl
i=0

m=n
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and with Lemma D.2

su max |[(Xq5, X -5 :O(nl/Qfa)'
026(—)3&,@)1@@1/4“ L X1k) g = Sk0]

Next we will bound (X3 x, X2 ), . In order to do this let Ty € D, 1 with entries
(Tk)i,j =75, (i/n) 0; ;. Further we define T, € M,,_4

(Aie)® for i=j—1,

(Tk> = (Am)? for i=j41, (A.11)
2,7 .
0 otherwise.
Note the relation
Cov (Xop) = T KTy, = 1/2T2K + 1/2KT? + 1/2T. (A.12)

Using Lemma D.5 yields
(Xop, Xog), =E (X;ykDJnDXg,k) =tr (DJ, DT, KTy,)

= %tr (JuDTIKD) + %tr (JnDKTZD) + %tr (JnDTkD)

= tr (AJ,DTZD) + %tr (JnDTkD) , (A.13)
and further
2[711/2]
tr (AJ,DTED) =n'/? >~ X (A(72,0) — A (77, 2i))
i=[n1/2]+1
2[n1/2] 2[711/2]
=A(,0)0n'2 > A=l Y NA (R, 20).
i=[n1/2]+1 i=[n1/2]+1
(A.14)

Because maxi:[nl/z]H 2[n1/2] i = )\2[n1/2] < 472np~1, it holds

.....

2[n1/2] 2[n1/2]
\/ﬁ Z AZA (7’13, 22) S n1/2 Z /\z Z |tk,q|
i:[n1/2]+1 i:[n1/2]+1 q=+2i mod 2n, ¢>0
o0 oo
< 4p?n~1/? Z ] < 8min~1/2 Z [to.q| -
=0 =0

Therefore, (A.14) can be written as

2[n'?] . ~
tr (AJ, DTZD) — ty,on'/? Z Ai| <82 Z |thm| + 8m2n~1/2 Z [to,i] -
i=[n1/2]+1 m=n i=0
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This gives by Lemma D.7 and Lemma D.2

9 72
sup max |tr (AJ,DT;D) — Ttk’o

r2eey(s,q) k<n'*

o) (nfl/Q) .

Recall that tr (J,) = O (n). It follows

tr (JnDTkD) ’ < tr (J,) max (DTkD) | < 4tr(J,)max (AiTk)2 .
] ] v
So,
sup max tr (JnDTkD) =0 (ng3) (A.15)
r2eey(p,Q) ksnt/?
and therefore
T -
sup max |(Xox, Xog), — itk70 =0 (n71/2 + ngbi) .
2€04(8,Q) k<nl/4 3

We bound the remaining terms of (A.10). Note
<Z11k11, Zl,k,1>g =tr (DJnD Cov (Zl,k,l)) S )\1 (COV (Zl,k,l)) tr (Jn) S 2¢72z
implying

su max (Z A —0(42).
02692?(17Q)k§n1/4< Lk, l’k’1>a' (an)

In order to bound (Z1 k2, Z1 1,2), define

L:= <M>i,j—1,,,,,n_1 (A.16)

n

and AY, € D,,_1 by

‘We obtain
(Zi ko, Zig), = tr (DJ,D (AS)) L(AXy)) < 2n°/%¢2 (A.17)
and hence

sup max (Zix2, Z1,k2), = O (n3/2¢,2l) ) (A.18)
02608 (a,Q) k<n!/*

Similarly to (A.16), (Z2, Zo,k), < ¢2n and thus

sup max (Zoy, Zoy), = O (¢on). (A.19)
2-0b 5\ k<nl/4
r2€04(8,Q) =
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Note that

0 for j<i
n~ i (i/n) fr (j/n) o (i/n) (Bjo)  for j =i

Hence by Proposition D.1, we obtain

Cov (X1,ks Z1,k,2)5 ; = {

sup max }(Xl)k, Z17;€72>U’ =0 (n1/2 logn ¢n>
02608 (a,Q) k<n'/*

Applying the CS-inequality gives
su max [(Xqp, 2 =0 7
0269251,62) k<nl/4 ’< Lk 1’k’1>0} (¢n)

(Xok, Zog), | < <X2,k7X2,k>1/2 (Za,, Zz,k>1/2-

o o

Using Proposition C.1 this yields (A.6) and (A.8). In order to give an upper
bound for the variance of 3j o note

72t

Var (84,0,4) < 2 Var (Vi DJ,DVi;) + 2

Var (fk,o,l) .

Furthermore we have using (A.3) and Lemma D.3 (vi)

Vi DJ,DVyy = €' CY . DI, DCY & +26'CY D J,DCh e + € C . DJ, DCo e
<28'CY /DI DCY . &+ 26" CY . DJ, DCo e

Hence
Var (V,ilDJnDVk,l) < 8 Var ({th)k)lDJnDCLkﬁ) + 8 Var (GtCE)kDJnDCQ)kE) .

Finally, we bound Var(§'CY ; ; DJ, DC . 1€) and Var(e'Cy , DJ, DC ke) in two
steps, which will be denoted by (a) and (b).

(a) By Lemma D.4 (iii), we have
2
Var (¢/CY . DJ,DCy g €) = 2 HJ}/QD Cov (X1k + Z1k4) DJ}/QHF
2
<s HJ}/QD (Cov (X1.4) + Cov (Z1.41)) DJ}/QHF

2 2
<16 HJ;/QD Cov (X1.4) DJ}/QHF +16 ’ JY2D Cov (Z1 1)) DJ}/QHF .

(A.20)

Firstly,
2
|74/2D Cov (Z1,0,0) DI < X2 (Cov (Z14,) tr (J2) < 4n ™26},

2
|73/2D Cov (Z152) DI < X2 (DID) tr (Cov (Z112)°)

< 4dngl ||L|[5 < 4n®ol,
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and also
2
| 772D Cov (X14) DI < X2 (Cov (X)) 1 (J2) < a2
Therefore,

sup max Var (gtOf k1 DI DCY g, zf) -0 (nfl/z) '
02€0(a,Q) k<nl/4 Y Y

(b) Next, we see with the same arguments as in (A.20)

2
Var (¢/CY , DJ, DCh ) < (2 + Cumy (€)) ’ JY2D Cov (Xo + Zoy) DIV HF

2
< 8(2+ Cumy () ‘ JY2D Cov (Xa) DJ;/QHF

2
+8(2+ Cumy () ‘ JY2D Cov (Za) DJ;/QHF .

We obtain
2 _ _
HJ}/zD Cov (Za) DJ;/2HF < 464 tr (J2) = 462n3/2,
From (A.11) follows now

1/2 1/2 ? §
J/“D Cov (X2 k) DJ;, F§ >

1/2 12 v2|* L3 2 i o 122
BApTERDLP| + 5| A pT g

Let I,,_1 be the n —1 x n — 1 identity matrix. Due to AJ,A < In)\g[nl/z]nl/2 we
have

2
HJ}/ 2DT2KDJY 2H = tr (J}/ 2 DTN, ATED.JY 2)
F

< Xt (J;/2DT,§DJ,1/2)

n1/2]

< /\g[ ]”1/27131% tr (Jp) -

nl/2

Also

~ 2 - 112 _
| 72pTipn2|| < X8 () |1 < 2028

and therefore
sup max Var (€/C3 ; D.J, DCs re) = O (n71/2 + n2¢_)fl) .
r2ee1(p,Q) hsn!/ )
Combining (a) and (b) gives

sup max  Var (Vil,D.J,DVi;) = O (n—1/2 + n%ﬁ) :
o2€0(,Q), T2€04(8,Q) k<nl/e

so (A.7) and (A.9) follow with Lemma C.1 and Propositon C.1. O
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Proof of Theorem 2. We decompose
1 1
MISE (6%) = / Bias® (63(t)) dt + / Var (63 (t)) dt.
0 0
We have that o2(t) = Y72 (¢, 02) ¢y (t), where (., .) denotes the stan-

dard scalar product on L?[0,1]. Let g n; := E (8k.04) — k0. Then for i > 1,
E (28;,01 — 280,0,) = 2Y2 (43,02 + 203 1 — 210,n,1. Hence

1 N o
. . 2
/ Bl&SQ (02(t)) dt = ng,n,l +2 Z (ni,n,l - nO,n,l)2 + Z <1/}za 02>
0 i—1 i=N+1
and we obtain
N
2
M+ 2 Z} (Mg =Mona)” < (BN +1) max nf,;.
Because 02 € O (o, Q) it holds
o0 1 o0 Con
S (@0 < e Y 2 (0,02  <2Q(N 4+ 1)L (A21)
1=N+1 (N + 1) i=1
Therefore,

1
sup / Bias® (62 (t)) dt
02€0t(a,Q), T2€04(8,Q) /0

=0 (N sup max_ 7, + N2
2 ob seop(p A) i=0s N O
02€0b(a,Q), T GOS([},Q)
Assume model (1.1), then by Lemma A.1
1
sup / Bias® (62(t)) dt
o2€0k(,Q),72€08(8,Q) /0

-0 (anl/Q 4+ Nn226 4 Npl-2e +N72a> '

and for model (1.2),

u Bias® (62(t)) dt
e | Bt 20

02€0b(a,Q), 1260

-0 (anfw 1+ NpS—de 4 Np1/2 _|_N72a) _
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For the variance note

1 N
1
/ Var (&2 (t)) dt = Var (50.0,1) + 3 E Var (25;,0,1 — 250,0,1)
0 i=1

N
< (4N +1) Var (30,01) + 4 Y _ Var (3i0.) -
1=1
Hence

1
u Var (62 (1)) dt
e / (6% (1)

02€0b(,Q), T2€0?

=0 | N sup max Var (§k7071)
02662(%@)1726@2(@@) 0<k<N

Using Lemma A.1 yields the result. O

Appendix B Sobolev s-ellipsoids

In this chapter we will shortly discuss the function space introduced in Section 3
and provide a theorem needed for the lower bound. First recall the classical
definition of Sobolev ellipsoids (cf. Proposition 1.14 in [29]).

Definition B.1. Define

R j%,  for even j,
7 (=1, for odd j

Let {3321, @1(x) == 1, @o;(x) := v2cos (2mjz), poj41(x) := V2sin (2mjz)
denote the trigonometric basis on [0,1]. Then we call the function space

O (a,C) := {f € L?0,1]:3(0,)5%,, s. t. f(x) = i@igoi (x) ,iaiaﬁf < C}
i=1 i=1

a Sobolev ellipsoid.

Interesting characterizations arise if we put Sobolev s-ellipsoids into relation
with Sobolev ellipsoids:

Remark B.1. Let S be the class of all functions f € L*[0,1] such that f(z) =
f(1 =), Vo € [0,1]. Further let ©(a, C) be a Sobolev ellipsoid as in Definition
B.1. Then careful calculations show that a function belongs to O4(a, C) NS if
and only if it belongs to O(a, C2'72%)N S.
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Let

W(a,C) :==W(a,C,[0,1]) := {f e L2[0,1] - fO(0) = fO1) =0

for [ odd, I < a,/l (f<a> @:))2 dz < O} . (B.1)
0

For positive integer values of «, we have the following equivalence.
Theorem B.1. Assumea € {1,2,...},C > 0. Let C = 212*C. Then a function
is in W(a, C') if and only if it is in O4(a, C).

Proof. First we show that if a function f € W(a,C) then also f € O4(a, C).
Let f be defined on [—1,1] by

= ) f(x) for x € [0,1]
"\ f(=z) for oz e[-1,0]

Note that f is an a-times differentiable function, f() is even if [ is even and f()
is odd if [ is odd. Let

fil fj(j) (x)dx for k=0
sk(j) = fil fN(j) (x) cos(kmx)dw for k>1,jeven.
fil O (z) sin(kmz)da for k>1,jodd

It holds for j > 1

soj) = / e = fUI () - FO () =0

Hence we have the Parseval type equality

/01 (f<a> @:))2 dz = %i s2(a). (B.2)

k=1

Further for k > 1, j even, it follows by partial integration
1 ~r .
sk(4) :/ F9) (&) cos(kma)dx
-1

~ . 1 ! (5
= FO @) costhma)| |+ b [ FOD(@)sin(hma)de = krs( - 1)
-1

and for k£ > 1 and j odd

sk(j) = [1 f9) (@) sin(kmz)dzx

N 1 Lo
= fUN(x) sin(kwx)}il - kw/ FUD(z) cos(knz)de = —kmsp(j —1).

—1
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With 0y = [; f(x)cos(krz)de it follows for k > 1 si(a) = k*n2*s) =
4k**r22?. Combining this result with (B.2) yields

1 2 00
/ ( 7@ (g;)) de = 27° Y k263
0 k=1

and hence proves the first part of the theorem. The other direction follows in a
straightforward way by differentiation and is thus omitted. O

Appendix C Convergence rate of 72

C.1 Preliminary results and notation

First we recall some notation. Let o1 (i/n) := o(i/n)fr(i/n) and 71(i/n) =
7(i/n) fr(i/n). Let throughout the following for the Sobolev s-ellipsoids in Def-

inition 1 for 0 the constants being | = omin and u = omax and for 72, I = T,

U = Tmax. We define K,, := n'/2/logn and
7
s©-a (1)

02

Proposition C.1. Assume «, 8 > 1/2. It holds for any § > 0,

Op = sup ~ max sup
02€0(a,Q) ==L ecli/n,it1/n)

3

gi_) /2 = sup max max sup
T acoy(.q) FERn b el m

¢n =0 (nl/Q_O‘ + n5_1>
bn = O (n1/27ﬁ T n73/4)
an,l/z =0 (nl/%ﬁ +n /2 log_1 n) .

Proof. We only prove the third equality the other two can be deduced similarly.
Note that for 72 € ©% (3, Q),

T (&) — Tk (%)’ <V2

<

1

r() = (4 )]+ kim0

1
\/§Tmin

Taking supremum and applying Lemma D.8 gives the result. O

() =7 (1 )| + il (2n).

C.2 Proofs for estimation of T2

Lemma C.1. Let ty o be defined as in (4.1). Further assume o, 3 > 1/2, Q,Q >
0,0 < omin < Omax < 00, 0 < Tinin < Tmax < 00 and k = k,, € N. Assume model
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(1.1). Then
sup max ’Efk,o - tk,o‘ =0 (nl/Q*ﬁ log!/? n) +o (n*1/2) ,
o%@@(a,@),r%@@(ﬁ,@) k<Kn
(C.1
n -1
. sup __jax Var (tr,0) =0 (n™1) . (C.2)
020! (,Q), T2€0%(8,Q)
If further € is n-variate standard normal, then
) 2 (',
sup max |Var (tro) — = / T3, (z)dx
02€08(a,Q), T2€01(8,Q) M= n.Jo
=0 (n"tlog "' n), (C.3)

1
nl/2 (tro — tro) &Y (O,Z/ T]il(fb)dfb) for p>1 k<K,. (C4)
0

Assume model (1.2). Then it holds

sup max |Efk70 — tk)0|
02€08(a,Q), T2€01(8,Q) FSKn
=0 (nl/z_B logl/2 n 4+ n'~2*log? n) +o0 (n_1/2> , (C.5)
sup max Var (f5,0) = O (R **log*n+n"1). (C.6)

02€0(a,Q), T2€08(8,Q) FSKn

If further € is n-variate standard normal, then

A 2 [!
Var (tr,0) — g/o i (2)dx

sup max
02€0!(a,Q), 7208 (8,Q) FSKn

=0 (n*% log*n +n"tlog™! n), (C.7)

1
n'/? (fk,o — t;gyo) Ly (0,2/ T4(x)dx) fora>3/4, 5>1, k< K,.
0
(C.8)

Proof. Again we work with the generalized estimators as introduced in Sec-
tion A.1. As in the proof of Lemma A.1 we introduce for two centered random
vectors P and @ a semi-inner product defined by (P,Q)_:= E(P'DJ;D'Q)
and obtain

Etror = (X0 Xik) . + (Xow Xo) - + (Z1kts Zi), + (Zok, Zo)
+2( X1k, Ziky), +2(Xogk, Zog), - (C.9)

First we bound (X2 x, X2 1), which will turn out to be the leading term. Similar
to (A.13) we have

(Xop, Xok), = tr (AJID'TED) + %tr (J;DtTkD) ,
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and due to
tr (J;) = O (logn) (C.10)
the same argument as for (A.15) gives
sup  max tr (J:;DTkD) =0 (9?’721,1/2 log n) .
r2eey(8,Q) FSKn

Hence this is a negligible term. Using Lemma D.1 (iii)

n—1
tr (AJ;D'TZD) = (n—n/ logn) ™" Z (A(r,0) — A (7, 20))
i=[n/logn]

n—1
= A(17,0) — (n—n/logn)" Z A (17, 2i),
i=[n/logn]
where 7, = (n — [n/logn]) / (n —n/logn). Note 1 =7, < 1/(n—n/logn). By
Lemma D.2

t AJTDTD —t
o B ETED)

< sup max ((1 — ) [teol + Y [tem| +2(n—n/logn) ™1y Itml)

72692(51Q) ks m—n —o
< ZC’ﬁanl/%ﬁ +6(n—n/ 10gn)—1 sup Z o] = ( -1 nl/Qfﬁ) '
m2€04(8,Q) i=0
This shows that

sup rr<1ax ‘ Xo g, Xo), —fo,k| = ( -1 —l—(bn 1/210gn+n1/2_6).
r2€08(3,Q) ¥

The remaining part of the proofs of (C.5) and (C.1) is concerned with bounding
the other expressions in (C.9). Applying Lemma D.3, we obtain

1 L
(X1, X1), = —tr (DJ;D'S7) < 20max— tr (J7)

implying

sup  max (X106, X18),. = O (n_l logn) .
02€0Y(a, Q) <Kn

We obtain with Lemma D.6 in the same way as in (A.16), (A.18) and (A.19)

sup max <Z1,k,1, Zika), =0 (nil logn gbi) ,
02€0l(a, Q)k

sup  max (Z1k2, Z1,k2), = O (log2 n qﬁi) ,
02€0b(a,Q) k<K

sup max (Za k, Z2.k) ( /2 1ogn>
TQGOb(ﬁ Q) k<Kn /
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From the Cauchy-Schwarz inequality follows that

T

(X100 Z1k), | < <X1,k;X1,k>i/2 <Z1,k,l,Z1,k,l>l/2
<A Xk, Xik), + (Zokts Z1ka), s

|(Xoks Zok), | < <X2,k7X2,k>}./2 <22,k7Z2,k>}./2-
This yields

sup max ‘Et}no — tk,o‘
02€0b(a,Q), 72662(ﬁ,é) k<Kn

O (n~tlogn+n?=P + ¢, 1/ log!/? n) for I =1,

O (n~tlogn +n'/2=8 + ¢, 19 log"* n + ¢2 log? n) for | = 2,

and therefore (C.5) and (C.1) holds by Proposition C.1. In order to calculate
the covariance we use the decomposition (A.3). We have

tro4 =E&CL . DITDCY i€ + 28 CY DI DCo e + €' C DT DCo ge.
Using the CS-inequality repeatedly, we can write
|Var (tk,0,1) — Var (¢'C3 . DJ; DCs e) | (C.11)
< (Var1/2 (€Ct . DITDCY 1) + 2 Var'/? (§th7k7lDJ;DCQ,ke))2
n (Var1/2 (€Ct, \DJTDCY 1) + 2 Var'/? (§th1kﬁlDJ;DCQ,ke))
-2 Var'/? (€' CS . DJ7 DCs e)

We subdivide the remaining part of the proofs of (C.6) and (C.2) into three steps
(a), (b) and (c), where we calculate Var(¢'Cj, DJ;DCy ke),
Var(¢'Ct | DJ; DCy y1€) and Var(§°CY ;. DJ DCy ye), respectively.

(a) Let TrSq(A) := Y"1 A7, for A € M,,. Then by Lemma D.5 it follows
Var (EtC§7kDJ;DCQ7k€)
=2||C} DI DOy || + Cumny (¢) TrSq (G4, DI DCs i)
< 2+ Cumy () [ ()2 D Cov (X + Z2.) D (T2

where equality holds if Cumy (¢) = 0. By Proposition D.2 we see that

sup max

2 1
Var (¢'C§ . DJ] DCy e) — = / i (x)dx
r2cep(,Q) FSKn ’ nJo

=0 (Cumy () n ' +n"tlog "' n).
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(b) In this part of the proof we will bound Var (¢'CY . DJ7 DC1 k€ ). Similar
to part (a) in the proof of Lemma A.1 it holds

Var (6'C1 1, DI DCyag) < 1673 (J7) (11 Cov (Xu) [ + ICov (Zan)l1 )

- 250 2log" n (R0, +4An"tel),  1=1,
1280 21og*n (n_lafnax + 4n2¢ﬁ) , l=2,
where we used Lemma D.6 in the second inequality. Hence we get

- - B O(n_3log4n), =1,
b oy 12 Var (€ CLi DI DOLE) = {0 (logn (61 +n"%)), 1=2.

(C.12)

(c) Using Lemma D.5 (ii)

Var (§'CY ., DJ;DCype) < —= Var'/? (¢'CY , \ DJTDCh 31€) ||CS DI DCo |

Sl

and hence

sup max Var ({tC’f)k)lDJ;DC’Qﬁke)
02€0b(a,Q), 7-2661;([3@) k<Kn

O (n_2 log? n) , =1,
o (log2 n (¢,2l + n_3/2)) (0] (n_1/2) , =2
Combining (a), (b) and (c) in (C.11) yields

) 2 [t
Var (fr,0) — ;/0 71, ()

sup max
02€08(a,Q), 7208 (8,Q) FSKn

0 (Cum4 (9 1 ) . {0 (64 loghn + dun—4logn), 1=1,
n nlogn 0, =2,
(C.13)

and hence (C.2), (C.3), (C.6) and (C.7) follow using Proposition C.1.

Finally we will show the asymptotic normality (C.8) and (C.4). Because of
the decomposition (A.3), we have

tro00 =E&'CL . DITDCY €+ 26 CY . DI DCo e + €'Ch DI Co e
As proved above n1/2(§th7k7lDJgDCl7k7z§ + 2§th)k)lDJ;DCg7ke) 20 for B>
1,a>3/4ifl =1 and § > 1 if | = 2. Hence by Slutzky’s Lemma it suffices to
show that

1
nt/? (¢'C3 1 DJ;DCy ke — E (€'CS . DJT DCy ge)) B (O, 2/ T];l(fb)dfb) .
0
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In order to apply Theorem D.1, it remains to show
n'/2\; (C}, DI DCy ) — 0.
Using Corollary D.1, we see that
n'/2\ (CL . DJTDCy ) < 4n~ Y2 log” n\y (Cov (Xo + Z2k))
< 8n72log?n Ay (Cov (X2.k)) + 82 log® nAy (Cov (Zax))

< 8n"2log®n sup 77(t)max \; +8n~1/2

10g2 ”(bi,l/z =o(1),
t€[0,1]

which yields the last statement of the lemma. O

Proof of Theorem 1. The proof is close to the one of Theorem 2. We obtain

1
sup / Bias (73 (t)) dt
02€0b(e,Q), T2€04(8,Q) 70

=0 |N sup max ‘E (tAk)OJ) — tk)o‘Q L N2 )
0?€0b(a,Q), r2€08(8,Q) OSFSN
1
sup / Var (73 (t)) dt
0

02€0t(2,Q), 72€05(8,Q)

=0 |N sup max Var (fk,o,l)
02€08(a,Q), r2c0r(s.Q) SF=N

Appendix D Technical results

Proposition D.1. Let A € M,,_1. Then

tr (J,DAD) < (n +5n3/2 + 802 (1 4 log n)) max ‘(A)
0.

g
Proof. Write A = (ai,;); j—, - Note that
(DAD), . = 2 "il sin (zp_w) sin (qj_w) a
BT a1 n n b

For i = j we have further

n—1 . n—1 .
1 T 1 T
DAD).. = = A I o
( )ii = Y apqcos ((p q) n> - > ap,qcos ((p+Q) n)

p,q=1 p,q=1
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In order to bound the r.h.s. we need bounds for
2[711/2]

Z cos <r%) < ‘Dirz[nl/z] (rm/n) — Dir[nl/z] (Tﬂ'/n)‘

i=[n1/2]4+1

sin ((2 [n'/2] +1/2) r/n) sin (([n'/?] +1/2) ro/n)

2sin (rm/ (2n)) 2sin (rm/ (2n))

- 1

sin (rm/ (2n))|"

Let By :={1,...,n} and By :={n+1,...,2n — 2}. Then
2[n'/?] , nt/? for r=0,
im

Z cos (TE) < <dn/r for r e By,

i=[nt/2]+1

n/(2n—r) for r € Bs.
Therefore, we can bound the first term of the r.h.s. of (D.1) by
2[711/2]

> 17121%,(1608 ((p q) W)

i=[nt/2]+1  P.a=1

1 _ 2[n1/2] )
i
ﬁ Z |ap,ql Z €os ((p —-q) E)
q=1 i=[n1/2]4+1
ST D S
=1, paml
q—pEB]

and the second term by

2["1/2] 1 n—1

n—1 n—1
<n ' max  ap,l E —|— E 5 n )
p,q=1,...,n— n —
p,q=1 P+ p,q=1 p 4
p+q€By p+q€ By

Due to
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and
o[t/
tr(J,DAD) = n >  (DAD),,
i=[n1/2]+1
< (n +5n%/2 +8n%/2 (1 + log n)) pg DBX lap,ql
we obtain the result. |

Proposition D.2. It holds

2 9 rl
‘(Jg)l/QDCov(Xg,k—I—Zg,k)D(J,TL)l/QHF—E/O (@) de

sup max
T2€0,(8,Q) k<n'/?

=0 (n_l log™! n) :

Proof. We obtain with (A.12) Cov (X2 + Zox) = 1/2T¢K + 1/2KT? + Sy,
where Sy, := 1/2T,+Cov (X2 i, Z2,1:)+Cov (Z2 i, X2 1) +Cov (Z2,1;) . Application
of the triangle inequality gives

sem e o @zr w2y p |- |[entps |

IN

(J)"? D Cov (X + Zoi) D (1)

IN

Sz o @z s wmzyp |+ ot sip 2|
(D.2)

Note that because of Lemma D.4 (iii) it holds

() p2rp ) )’

IN

2
ez p @ s krzy g

IN

2
H(J;)l/2 DT?KD (J;)WHF . (D.3)
Now we will bound

n—1
=> A} (DTZDAJY)

i=1
from below. We obtain with Lemma D.3

An—[n/ logn] (AJT) Aln/ log n]—1+i (DTlfD) , i <n—[n/logn],

Ai (DTDAJY) >
(DT ")_{0, i>n—[n/logn].
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Denote by 7y, (;) the i-th largest component of the vector

(e (1/n),...,7 (1 = 1/n)).
Then
tr (((Jg)l/z’ DT2KD (Jg)1/2)2> _ ni: A2 (DTZDAJY)

n—[n/logn] )
> Z (n—n/logn)" Tl;l,([n/ log n]—1+4)

=1

n—1 .
(n—n/ logn)_2 ; Tfj (1> — Tgmx% (n—n/ logn)_2 )

(D.4)

Y%

Next we will derive an upper bound for the r.h.s. of (D.3). Let analogously to
the Definition (A.11) T} be a tridiagonal matrix with entries

(Airlf)2 for i=7j—1,
(Tk)i,j = (AjT,f)2 for i=j+1,
0 otherwise.

Note that max; ‘Aﬂ']?’ < 27111{%2)(&"11/2. It is easy to check that T,?KTk2 = 1/2T,3K+
1/2KT{ + 1/2T}, holds. Clearly, J7 < (n—n/logn) " A", and therefore we
have for the upper bound in (D.3)

2 2
H(J;)l/2 DT2KD (J;)”QHF < (n—n/logn)”" H(J,;)l/2 DT,?KDA*/?HF

N

< (n—n/logn) " tr ()" DTEKTED (1))
_ 1 _ _
< (n—mn/logn)” " tr (TEKDJTD) + 5 (n—n/logn) “tr (DT DJ})

< (n—n/logn) > tr (T3) +2(n —n/logn)”"  max ) |T| ; (J5),

1,j=1, b
where we used in the last inequality an argument as for (A.15). Combining this
with (D.4) and Proposition C.1 yields
sup max
T2€0b (51@) k<n!/2

=0 (n*1$n71/2 +nt lognqgfhl/Q +n " tlog™! n) . (D.5)

2 9 gl
‘(J;)I/QD(T,fK+KT,€2)D(J;)1/2HF—E/O 7)o
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Now we will bound the remainder term in (D.2). Using Lemma D.6 gives

IN

2
|2 DD (2| < XD ISl

IN

2
16n~2log* n (HTkuF T 4]|Cov (Za )13
+81|Cov (X2, Zz,k)||2F) .

Because Cov (X3, Z2,5) is tridiagonal it holds with Lemma D.4 (i)
n—1 2
|Cov (Xa s Zos) 3 = Y (Cov (X, Za); ;) < Sn7maxd?, 1o
ij=1
and therefore
2
|72 DD (1)
F
< 16n~log'n (2@31 1y + 163 |y + 64nd2 | /QTmax)
This leads to

2 _
(2 DsiD ()| =0 (ntlogt 0, )

sup max
72692(B7Q) k<nl/2

and with (D.2) and (D.5) completes the proof. O
Lemma D.1. Let s, and ty, as defined in (A.4). Then it holds
(i)
1 1
Skp = 550, + 1500k + 7500tk lep = §t0,p + Zto,p—k + ZtO,p-‘rk'
(i)

185 1
- Z or (%) cos (Z%) = A (0},p) — — ((=1)P o (1) + 07(0)) .
r=1
(i11) Let Xy, as defined in (A.5). Then
(DSiD), , = A(o}i—j) = A(of,i+7).

%

Remark D.1. In (iit), for |i — j| < i+ j, the r.h.s. behaves like sy ;—;. In the
same way we obtain the equivalent result if we replace o by 72.

Proof. (ii) Note that we can write

oo
o (T
o (ﬁ) = Sko+ 2(1221 Sk,q cos (gmr/n)
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and hence it holds
. Z 7t (7)o (57)
k n
1 pru p s qrr pru
= ko 2 cos (B5) + 3 2 sk 2o () eos (57)

Let Iy 4y denote the indicator function on the set A. We have the identities

1
prm 1
Z CcOSs (T) = n]I{pEO mod 2n} — 5 (1 + (_1)17)

and B
23 o (o (227) = om0 ) 0 5 o (122077,

From this it follows

—szk( ) eos (2F)
TR

which yields the result.
(iil) This follows by applying (i¢) to

+ A(o7.p) .

(DZ%D)M

Il

S

S

TN
/—\
\_/

2.

=
N
~.
ﬁ
>\
~

1]

=
N
= |3
3
~

The next Lemma gives a bound of the absolute values of Fourier coefficients
of of in Sobolev s-ellipsoids. In particular the result shows that the Fourier
series is absolute summable.

Lemma D.2. Let sy, be as defined in (A.4). Assume k < en”, where 0 < ¢ < 1
is a constant and either v > 0,a > 1/2 or k = 0,7 =0 and « > 1/2. Then it
holds for n large enough

oo

stp S [seun] < Chagen? 12,
52€0,(a,Q) m=[n"]

where C ,0,c is independent of n.
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Proof. Consider the case 7 > 0, > 1/2. Using Lemma D.1 (i), we see that for
n large enough

Z [skm| < Z |s0,m| = Z 150,m| Ifm>[(1=c)n ]}
m=[n?] m=[(1—c)n7] m=1
. L\ 12 . 1/2
20 50,i _2q —a

i=[(1—c)n"]

where we used the definition of a Sobolev s-ellipsoid in the last step. If & = 0,
~v=0and a > 1/2 we can argue similarly.
O

In the next lemma we collect some important facts about positive semidefinite
matrices and trace calculation.

Lemma D.3. (i) Let A € M, be symmetric. A is positive semidefinite iff
A = B'B for some B € M,,.
(i) If A, B are positive semidefinite matrices. Denote by Ai(A) the largest
eigenvalue of A. Then tr(AB) < A\ (A) tr(B).
(i1i) Let A, B € Ml,,_1 be positive semidefinite. Then

)‘r+s+l (AB)

ANr1(A)Asp1(B) 0<r+s<n-—2
/\n—r—s+l (AB) /\n—r

(A)X—s(B) 2<r+s<n.

IV IA

(iv) Let A and B symmetric matrices. Then
)\r—i-s—i-l (A+B) S)\r-l-l (A)+)\5+1 (B) O§T+S§TL—2.

(v) (CS inequality for trace operator) Let A and B matrices of the same size.
Then

‘tr (ABt)| < tr!/? (AAt) trl/2 (BBt) .
(vi) Let A, B matrices of the same size. Then
A'B+ B'A< A'A+ B'B.
Corollary D.1. Let A and B matrices of the same size. Then
M (AB' + BA') < Ay (AAY) + X1 (BBY).

Proof. By Lemma D.3 (vi) A'B + AB! < A*A + B'B. Applying Lemma D.3
(iv) for r = s = 0 yields the result. O

In the following Lemma, we summarize some facts on Frobenius norms.

Lemma D.4. Let A € M,,_1. Then
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n—1
JA[[7 := tr (AA") Z)\ (AA") = > af;
ij=1
and whenever A = A also ||A||; = Z;:ll A2 (A).
(i) It holds
dtr (A%) < || A+ AY < 4%

(i11) Let A, B be positive semidefinite matrices of the same size and 0 < A < B.
Further let X be another matrix of the same size. Then

IX*AX | < [|X*BX]| .
Proof. (i) and (ii) are well known and omitted. (iii) By assumptions it holds 0 <
X'AX < X'BX. Hence \? (X'AX) < A\? (X'BX) and the result follows. O

Lemma D.5. Let V = (Vi,...,V,), W = (Wq,...,W,,) be two independent,
centered random vectors. Let A = (aixj)ijzl L, EM,, and B € M, .

(i) Then E(VIAV) = tr (ACov (V)) and E (VIBW) = 0.

(i1) Assume further that V; L V; for all 4,5 = 1,...,n, i # j and W), L W,
forallk,l=1,...,m, k #1 and Var (V;) = Var(Wk) =1fori=1,...,n
and j =1,...,m. We set TrSq(A) :=>""" | a “ Then

Var (V' AV) = Cumy (V) Z aj; +tr (A* + A4Y)
i=1
< Cumy (V) ) af; +2|A]1%
i=1
< (2+ Cumy (V) |47, (D-6)
Var (VIBW) = ||B||3,
Var (V! ABW) < ||AAY| . || BB - (D.7)
Proof. We only proof the first and the last statement in (i7). Note that

Var (V'AV) Z aijar Cov (ViVy, ViVi) .
i,7,k,l=1

If i = j = k =1 then Cov (V;V;,Vi;V}) =2+ Cumy (V);if i =k, j=1,i# j or
i=1j==F, i# jthen Cov(V;V;,V;V;) = 1. Otherwise Cov (V;V;,ViV}) =0
and this gives (D.6).

In order to see (D.7) note that by Lemma D.3 (v)

Var (VIABW) = || B'A|[;, = tr ((BB') (AA"))

<u'/2((BB)") 02 ((44)°) = |[BBY|| .|| 44"|| .



A. Munk and J. Schmidt-Hieber/Nonparametric estimation of the volatility 818
Theorem D.1. Let £ ~ N(0,1,) and A be a positive semidefinite matriz. Then
Var~ /2 (€' A¢) (€' A¢ — E€'A€) — N(0,1)

if and only if Var—1/2 (£A€) A\ (4) — 0.
Lemma D.6. Letn > 4. Then
A (J7) < 4n~tlog? n.

Proof. Let r = [n/logn] and note that sin(z)~! < 2/z for x € (0,7/2]. Then

2 —2
i () < A2 (Ln < 2log%n
T 2 2logn

and

- 4
M (JT) = (n—n/logn) " A7t < Zlog?n
n

Lemma D.7. Let \; be as defined in (3.2). Then it holds

2[n'/?]
. [Z/] M o ().
i=[nl/2|+

Proof. Let x; = in/(2n). Note that sin® (z;) = 2? — &!/3, where & € (0,z;).
Further maXi:[n1/2]+17___72[,11/2] z; < n~Y/27. Hence

2[n1/2]
n1/2 Z 57?4 S n max T = O (nil)
.:[n1/2]+1 17[n1/2]+1 ..... Q[nl/z]
and thus
1/2 gy 1/2 A e 4
" Z Ai = 4n Z L n e
i=[n1/2]+1 v
2[77,1/2] s
= w30 P40 (nh) = % +0 (n—1/2) :
i:[nl/2]+l



A. Munk and J. Schmidt-Hieber/Nonparametric estimation of the volatility 819

Lemma D.8 (Continuous Sobolev Embedding). Let C(q), ¢ > 0 denote the
space of Holder continuous functions on [0, 1] equipped with the canonical norm
[-le(q) and define

a—1/2  ae(1/2,3/2),
n:(1/2,00) x [0,00) > R, n(a,0):=11-4 a=3/2,
1 a>3/2.

Suppose o > 1/2. Then for any § > 0 the embedding

1: 0% (a,Q) = C(n(a,d))

s continuous and in particular

sup | fllenia.sy) < o0
feoh (@) (n(,9))

Proof. For a given function f : [0,1] — R define f : [-1,1] = R,

Let for s > 0, W2 [—1, 1]|[0 1
where the domain of functions is restricted to [0, 1] equipped with the norm

denote the (fractional) Sobolev space on [—1,1],

f

Hf||WS’2[—1,1]|[0’1] = H HWSJ[le] .

Note this is a function space on [0, 1] and W*? [-1, 1]’[0 07 W#210,1]. By the
Sobolev embedding theorem (see [28], Proposition 8.5) we have for o > 1/2 that

v 0% (e, Q) € W [-1,1]|, = C(n(a,9))

[0,1]

is continuous and since it is linear also bounded. This yields

sp o 11 <lell_sup w1, < 0
FEO!(0,Q) C(n(a,0)) feor (@) We2[=1,1][0.1)

s
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