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Abstract

This paper studies a polymer chain in the vicinity of a linear interface separating two
immiscible solvents. The polymer consists of random monomer types, while the interface carries
random charges. Both the monomer types and the charges are given by i.i.d. sequences of
random variables. The configurations of the polymer are directed paths that can make i.i.d.
excursions of finite length above and below the interface. The Hamiltonian has two parts: a
monomer-solvent interaction (“copolymer”) and a monomer-interface interaction (“pinning”).
The quenched and the annealed version of the model each undergo a transition from a localized
phase (where the polymer stays close to the interface) to a delocalized phase (where the polymer
wanders away from the interface). We exploit the approach developed in [5] and [3] to derive
variational formulas for the quenched and the annealed free energy per monomer. These
variational formulas are analyzed to obtain detailed information on the critical curves separating
the two phases and on the typical behavior of the polymer in each of the two phases. Our main
results settle a number of open questions.
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1 Introduction and main results

1.1 The model

1. Polymer configuration. The polymer is modeled by a directed path drawn from the set
II= {71' = (k, k) ken, : o = 0, sign(mp_1) + sign(ny) #0, 7, € ZVEk € N} (1.1)

of directed paths in Ny x Z that start at the origin and visit the interface Ny x {0} when switching
from the lower halfplane to the upper halfplane, and vice versa. Let P* be the path measure on
II under which the excursions away from the interface are i.i.d., lie above or below the interface
with equal probability, and have a length distribution p on N with a polynomial tail:

1
m log p(n) = —a for some «a € [1,00). (1.2)
pTE:);oO logn

The support of p is assumed to satisfy the following non-sparsity condition

. 1
n}gnoo Elog Z p(n) =0. (1.3)

n>m
Denote by 11, P the restriction of II, P* to n-step paths that end at the interface.

2. Disorder. Let E and E be subsets of R. The edges of the paths in II are labeled by an i.i.d.
sequence of FE-valued random variables @ = (Wi)ien with common law /i, modeling the random
monomer types. The sites at the interface are labeled by an i.i.d. sequence of E-valued random
variables w = (w;)jey with common law [, modeling the random charges. In the sequel we
abbreviate w = (w;)ieny With w; = (W;,w;) and assume that & and @ are independent. We further
assume, without loss of generality, that both w; and @w; have zero mean, unit variance, and satisfy

M(t) = log/Ee_mlﬂ(d(Dl) <o VteR, M(t) = log/Ee_twlﬂ(dd)l) <oo VteR. (1.4)

We write P for the law of w, and Py and Pg for the laws of & and @.

3. Path measure. Given n € N and w, the quenched copolymer with pinning is the path measure
given by

~ai oz 1 PO
PORBRw () = T o [Hﬁ’h’ﬁ’h""(w)} Pi(n),  well,, (1.5)
2/3717/757}17‘4}
n
where B, ﬁ, 5 >0 and h € R are parameters, Zﬁ’h’é’ﬁ’w is the normalizing partition sum, and
~ 57 AT n n — —
HPMAR () = B (@i + h) A+ Y (Bw; — h)d; (1.6)
i=1 i=1

is the interaction Hamiltonian, where 0; = 11,,—oy € {0,1} and A; = sign(m;—1,7) € {—1,1} (the
i-th edge is below or above the interface).

Key example: The choice E=FE = {—1,1} corresponds to the situation where the upper
halfplane consists of oil, the lower halfplane consists of water, the monomer types are either
hydrophobic (w; = 1) or hydrophilic (&; = —1), and the charges are either positive (w; = 1) or



Figure 1: A directed polymer near a linear interface, separating oil in the upper halfplane and water in the
lower halfplane. Hydrophobic monomers in the polymer are light shaded, hydrophilic monomers are dark
shaded. Positive charges at the interface are light shaded, negative charges are dark shaded.

negative (w; = —1); see Fig. In (1.6)), B and 3 are the strengths of the monomer-solvent and
monomer-interface interactions, while A and h are the biases of these interactions. If P* is the law
of the directed simple random walk on Z, then ((1.2)) holds with o = %

In the literature, the model without the monomer-interface interaction (8 = h = 0) is called
the copolymer model, while the model without the monomer-solvent interaction (h = 3 = 0) is
called the pinning model (see Giacomin [11I] and den Hollander [12] for an overview). The model
with both interactions is referred to as the copolymer with pinning model. In the sequel, if k is a
quantity associated with the combined model, then k and k denote the analogous quantities in the
copolymer model, respectively, the pinning model.

1.2 Quenched excess free energy and critical curve

The quenched free energy per monomer

I 1 JUPO—
a3, h, B,h) = lim — log ZPhPhe (1.7)

n—oo n
exists w-a.s. and in P-mean (see e.g. Giacomin [7]). By restricting the partition sum ZB hBhw 4,

paths that stay above the interface up to time n, we obtain, using the law of large numbers for @,
that f9"¢(38, h,3,h) > B h. The quenched excess free energy per monomer

g(B, h, B,h) = f(B,h, B,h) — Bh (1.8)

(1.10)

called the quenched localized phase (where the strategy of staying close to the interface is optimal)
and the quenched delocalized phase (where the strategy of wandering away from the interface is



optimal). The map h — ¢9u¢(3, h, B, h) is non-increasing and convex for every 3,3 > 0 and h € R.
Hence, £4%¢ and D" are separated by a single curve

B2(3, B, k) = inf {h > 0: g™*(8,h, 3, h) = 0}, (111)

called the quenched critical curve.

In the sequel we write g (B, h), ﬁque(ﬁ: ), ﬁq}e, Zi)q“e for the analogous quantities in the copoly-
mer model (8 = h = 0), and g9"*(B, h), he (B), LI, DI for the analogous quantities in the
pinning model (5 = h = 0).

1.3 Annealed excess free energy and critical curve

The annealed excess free energy per monomer is given by

gann(B,ﬁ, B,h) = lim — log Zﬂ’hﬁ h— lim ~ logE (ZE’B’B’E"”> , (1.12)
n—oo n n—oo N
where E is the expectation w.r.t. the joint disorder distribution P. This also has two phases,

com =L (3,1, B,R) € [0,00)° x R: g™ (3,h,8,]) > 0},
) i (1.13)

called the annealed localized phase and the annealed delocalized phase, respectively. The two phases
are separated by the annealed critical curve

he(3,8,h) = inf {h > 0: g™(8,h, B,h) = 0} (1.14)
Let N(g) =3 ,ene ™ p(n), g € R. We will show in Section [3.2| that
ann(ﬁ, , B, h) is the unique g-value at which
log | 5NV (9) + 3N (9 — [M(28) — 2ﬁh])} + M(—pB) — h changes sign. (1.15)

Remark: The annealed model is exactly solvable. In fact, sharp asymptotics estimates on the
annealed partition function that go beyond the free energy can be derived by using the techniques in
Giacomin [I1], Section 2.2. We will derive variational formulas for the annealed and the quenched
free energies. The annealed variational problem turns out to be easy, but we need it as an object
of comparison in our study of the quenched variational formula.

It follows from (1.15)) that for the copolymer model (3 = h = 0)

G (B, h) =0V [M(28) — 28h],

. N A N 1.16
R (B) = (28) 71 M(28), (110

and for the pinning model (B =h= 0)
g™ (3, h) is the unique g-value for which N (g) = e~ (OVIM(=F)=h]) (1.17)

he"™(B) = M(=p).
For more details on these special cases, see Giacomin [I1] and den Hollander [12], and references
therein.



1.4 Main results

Our variational characterization of the excess free energies and the critical curves is contained in
the following theorem. For technical reasons, in the sequel we exclude the case § > 0, h = 0 for
the quenched version.

Theorem 1.1 Assume (1.2)) and (1.4).
(i) For every o > 1 and B, h, > 0, there are lower semi-continuous, conver and non-increasing
functions

g ’_> Sque(B? il? 6;9)7

anns A 3 3 (1.18)
g = 5B, h, 85 g),
given, by explicit variational formulas such that, for every h € R,
J(B, b5, = nffg € R: S%(3,h B g) — < 0}, o

¢™™(B, h, B, h) = inf{g € R: S*™(B,h,B;g) —h < 0}.
(ii) For every a > 1, B>0,8>0and h € R,

n(3.5,h) = inf {h > 0: §%(3,h, 5:0) -

>
IN

Z}}" (1.20)

The variational formulas for $9¢(3, h, B; g) and S*™(8, h, 3; g) are given in Theorems in
Section l Figs. I—I in Sections [3| and [5| show how these functions depend on 3, h, and g, Wthh
is crucial for our analysis.

>
IN

hen(B B R) = mf{fz >0: S*0(B, h, B;0) —

Next, we state seven corollaries that are consequences of the variational formulas. The content
of these corollaries will be discussed in Section The first corollary looks at the excess free
energies. Put

D
o
=
B

I
>
>
sl

h) e [0,00)3 xR: (B8,h) ¢ f:ann} , (1.21)

Corollary 1.2 (i) For every a > 1, B>0 and B >0, gq“e(B iL,B,E) and gann(ﬁ,ﬁ,ﬁ_,ﬁ) are the
unique g-values that solve the equations

SUC(B,h, Brg) = h, if h>0, h < SU(B,h,B;0),

o A S (1.22)
Sann(ﬁahvﬁ;g):ha thzoahgh*(ﬁyhaﬁ)
(11) The annealed localized phase L™ admits the decomposition L™ = L3 U L5,
(iii) On L2, o _
g¥(B,h, B, h) < g"™ (B, h. B, h) (1.23)
with the possible exception of the case where m, =3 ynp(n) = oo and h = ﬁ*(B, il, B).
(iv) For every a > 1 and B, iL,B >0,
ann/A . 2 1L :gann(é,}})’ Zf;LZ;L*(,é,iL,B),
h h A A 1.24
g™ (B, b, B, ) { > §*" (B, h), otherwise. ( )

ot



The next four corollaries look at the critical curves.

Corollary 1.3 For every a > 1, B >0 and B >0, the maps
v (1.25)
. 0 ’

are conver and non-increasing on (0,00). Both critical curves are continuous and non-increasing

in h. Moreover (see Figs. ,

00, if h < hd"(B) — log 2,
h3 (B, B, h) = h?”n(@/g)i if h > s*(5, 5, ), (1.26)
h(B, B, h), otherwise,
and _ _
00, if h < h2™(3) —log2,
he™ (B, 8, h) = h?nn(@),i ~ifh > RE(B), (1.27)
h&™ (53,8, h), otherwise.
where o o R B B B
s*(B,B,0) = 57 (B, h2™(3/), B;0) € (A2 (B) — og2] v 0,00] (1.28)
and h3"(3, B, h) and h2™ (B, B, h) are the unique h-values that solve the equations
S9a(3 h, 3:0) = h,
(B, h, 5;0) =1 (1.29)
SH (B, h, 8;0) = h.

In particular, both hﬂue(ﬁ, B,h) and hi““(ﬁ, B,h) are convex and strictly decreasing functions of h.

" (8,8, h) he" (8,8, h)

o0

ham(8y \

hd™(B) — log 2
(a) (b)

Figure 2: Qualitative picture of the map h — have(B, B, h) for > 0 and 5 > 0 when: (a) s*(3, 3, @) < oc;
(b) s*(8, 8, a) = 0.

Corollary 1.4 For every a > 1, B >0 and 3 >0,

< A paue oy
,h) < oo, if h > hi*(B) — log2, (1.30)
= o0

, otherwise.

i { S0

(@)



e (B)

he"™(B) —log 2 hg™ (B)

Figure 3: Qualitative picture of the map h — k2™ (3, 3, h) for 3,5 > 0.

Corollary 1.5 For every a > 1, ﬁ >0 and 3 >0,

> b (B/a), if h < s*(B,8, ), (1.31)

paue 5 3 h . ~
¢ (8,5, ){ = h2"(B/a), otherwise.

Corollary 1.6 (i) For every o > 1 and B,B>0,

inf {h € R: g™(3,h2™ (), B.h) = 0} = h™(B), e
inf {A>0: g™(3,h, B.F2"™(B)) = 0} = hz™(3)
(ii) For every a > 1, 3> 0 and =0,
inf {E e R: (3, haue(B), 3, h) = o} —0. (1.33)

The last two corollaries concern the typical path behavior. Let Pff hBR denote the path

measure associated with the Hamiltonian H™"* defined in (T.9). Write M,, = M, () = {1 <
i <n: m = 0}| to denote the number of times the polymer returns to the interface up to time n.
Define

,Dcllue _ {(B,E,B,B) e paue. j < 5*(B’Bva)}' (1.34)

Corollary 1.7 For every (8, h, B,h) € int(DI") U (D \ DI and ¢ > o [—(SM(
h)] € (0, 00),

@>

\.Dl)

™I

=
|

lim Pf?’ﬁ’a’ﬁ’w (M, > clogn) =0 W — a.s. (1.35)

n—0o0
Corollary 1.8 For every (B, ﬂ,B,ﬁ) € Laue

lim POMORY (1AM, —Cl<e)=1 w—as VYe>0, (1.36)

n—o0



where ) 9
_ 4 _ Y cque/p i p.aued i 3 7 _
c 8gS (B, h, B; (B, h, B, h)) € (—o0,0), (1.37)

provided this derivative exists. (By convezity, at least the left-derivative and the right-derivative
exist.)

1.5 Discussion

1. The copolymer and pinning versions of Theorem [1.1] n are obtalned by putting = h = 0 and
B=h=0, respectively. The copolymer version of Theorem [1.1f was proved in Bolthausen, den
Hollander and Opoku [3].

2. Corollary [1.2 - identifies the range of parameters for which the free energies given by ((1.19 -
are the g-values where the variational formulas equal k. Corollary . (ii) shows that the annealed
combined model is localized when the annealed copolymer model is localized. On the other hand,
if the annealed copolymer model is delocalized, then a sufficiently attractive pinning interaction
is needed for the annealed combined model to become localized, namely, h < h, (B , h B). Tt is an
open problem to identify a similar threshold for the quenched combined model.

3. In Bolthausen, den Hollander and Opoku [3] it was shown with the help of the variational
approach that for the copolymer model there is a gap between the quenched and the annealed
excess free energy in the localized phase of the annealed copolymer model. It was argued that
this gap can also be deduced with the help of a result in Giacomin and Toninelli [9] [10], namely,
the fact that the map h gque(ﬂ h) drops below a quadratic as h T hque(ﬁ) (i.e., the phase
transition is “at least of second order”). Indeed, g"¢ < g®"", b gque(ﬂ h) is convex and strictly
decreasing on (0, h3"(B)], and h — §*™ (3, h) is linear and strictly decreasing on (0, R ().
The quadratic bound implies that the gap is present for h slightly below hann(,B), and therefore
it must be present for all i below h2™(j3). Now, the same arguments as in [9, [10] show that also
h — g€ (B, h, B, h) drops below a quadratlc as h 1 hd"(B, B, h). However, h — ¢g*™ (8, h, B, h) is
not linear on (0, h?“n(ﬁ, B,h)] (see (T (L.15))), and so there is no similar proof of Corollary |1 (iii).
Our proof underscores the robustness of the variational approach. We expect the gap to be present
also when m, = oo and h = B*(B, h, /), but this remains open.

4. Corollary (iv) gives a natural interpretation for h, (B h, /3), namely, this is the critical value
below which the pinning interaction has an effect in the annealed model and above which it has
not.

5. The precise shape of the quenched critical curve for the combined model was not well understood
(see e.g. Giacomin [IT], Section 6.3.2, and Caravenna, Giacomin and Toninelli [4], last paragraph
of Section 1.5). In particular, in [II] two possible shapes were suggested for 3 = 0, as shown in
Fig. Corollaryrules out line 2, while it proves line 1 in the following sense: (1) this line holds
for all 3 > 0; (2) for h < hd"*(B) — log2, the combined model is fully localized; (3) conditionally
on s*(B,B,a) < oo, for h > s*(j3, B, ) the quenched critical curve concides with h2™(3/a) (see
Fig. [2). In the literature h — k2™ (3/a) is called the Monthus-line. Thus, when we sit at the far
ends of the h-axis, the critical behavior of the quenched combined model is determined either by
the copolymer interaction (on the far right) or by the pinning interaction (on the far left). Only
in between is there a non-trivial competition between the two interactions.

6. The threshold values h = h9%¢(3) —log 2 and h = h*"*(B3) —log 2 (see Figs. [2}[3) are the critical
points for the quenched and the annealed pinning model when the polymer is allowed to stay in



he" (8,0, h)

)

he™(B/a)

h

Figure 4: Possible qualitative pictures of the map h — hgue(B, 0,h) for B> 0.

the upper halfplane only. In the literature this restricted pinning model is called the wetting model
(see Giacomin [I1], den Hollander [12]). These values of h are the transition points at which the
quenched and the annealed critical curves of the combined model change from being finite to being
infinite. Thus, we recover the critical curves for the wetting model from those of the combined
model by putting h = .

7. It is known from the literature that the pinning model undergoes a transition between disorder
relevance and disorder irrelevance. In the former regime, there is a gap between the quenched
and the annealed critical curve, in the latter there is not. (For some authors disorder relevance
also incorperates a difference in behaviour of the annealed and the quenched free energies as the
critical curves are approached.) The transition depends on «, 3 and [ (the pinning disorder law).
In particular, if o > %, then the disorder is relevant for all 8 > 0, while if a € (1, %), then there
is a critical threshold S. € (0, 00] such that the disorder is irrelevant for § < (. and relevant for
B > Be. The transition is absent in the copolymer model (at least when the copolymer disorder law
i has finite exponential moments): the disorder is relevant for all « > 1. However, Corollary
shows that in the combined model the transition occurs for all a > 1, B > 0 and § > 0. Indeed,
the disorder is relevant for A > h9'¢(3) — log 2 and is irrelevant for h < h9"¢(3) — log 2.

8. The quenched critical curve is bounded from below by the Monthus-line (as the critical curve
moves closer to the Monthus-line, the copolymer interaction more and more dominates the pinning
interaction). Coyollary and Fig. [2] show that the critical curve stays above the Monthus-line as
long as h < s*(5,5,a). If s*(8,3,a) = oo, then the quenched critical curve is everywhere above
the Monthus-line (see Fig. (b)) A sufficient condition for s*(B, B,a) < oo is

Zp(n)é < 0. (1.38)

neN

We do not know whether s*(ﬁ, B,a) < oo always. For 8 = 0, Toninelli [14] proved that, under
condition (|1.38]), the quenched critical curve coincides with the Monthus-line for h large enough.

9. As an anonymous referee pointed out, line 2 of Fig. [ can be disproved by combining results
for the copolymer model proved in Bolthausen, den Hollander and Opoku [3] and Giacomin [I1],
Section 6.3.2, with a fractional moment estimate. Let us present the argument for the case 5 = 0.
The key is the observation that

(1) hd™(5,0,0) = h3"(3) > h2™(5/a) (proved in [3]).



(2) limy_,o hE™(B,0,h) = h2™(B/a).

The proof for (2) goes as follows: Note from Giacomin [II], Section 6.3.2, that hd"(5,0,h) >
h2"™ (/). The reverse of this inequality as h — oo follows from the fractional moment estimate

E [(Zfﬁvﬂﬁva] < zn: 3 ﬁ plki — ki_1)Te 1217, (1.39)

N=10=ko<k1<..<kny=ni=1

valid for h = h2™ () and v € (0,1), for the combined partition sum where the path starts and
ends at the interface. Indeed, for any v > é, if h > 0 is large enough so that Y neN p(n)Ye M2l=7 <
1, then the right-hand side is the partition function for a homogeneous pinning model with a
defective excursion length distribution and therefore has zero free energy (see e.g. [11], Section
2.2). Hence hd"°(3,0,h) < h2™(~y3). Let h — oo followed by v | £ to get (2). But (1) and (2)
together with convexity of i — h2"°(3,0, k) disprove line 2 of Fig.

Although the above fractional moment estimate extends to the case 5 > 0, it is not clear to us
how the rare stretch strategy used in [I1], Section 6.3.2, can be used to arrive at the lower bound
h3(3,3,h) > ha™(3/a), for the case 3 > 0, since the polymer may hit pinning disorder with
very large absolute value upon visiting or exiting a rare stretch in the copolymer disorder making
the pinning contribution to the energy of order greater than O(1). Moreover, it is not clear to
us how to arrive at the lower bound hd"(3,3,kh) > h3"(B), for the case 3 > 0, based on the
argument in [3] that gave rise to the inequality in (1).

10. Corollary [1.6](i) shows that the critical curve for the annealed combined model taken at the
h-value where the annealed copolymer model is critical coincides with the annealed critical curve of
the pinning model, and vice versa. For the quenched combined model a similar result is expected,
but this remains open. One of the questions that was posed in Giacomin [11], Section 6.3.2, for
the quenched combined model is whether an arbitrary small pinning bias —h > 0 can lead to
localization for 5 = 0, B >0 and h = ﬁgue(B). This question is answered in the affirmative by

Corollary [1.6{(ii).

11. Giacomin and Toninelli [§] showed that in £9¢ the longest excursion under the quenched

path measure Pff hBhw 38 of order log n. No information was obtained about the path behavior in
Daue, Corollary says that in D" (which is the region on or above the critial curve in Fig. [2)),
with the exception of the piece of the critical curve over the interval (—oo, s.(5, 3, )), the total
number of visits to the interface up to time n is at most of order logn. On this piece, the number
may very well be of larger order. Corollary says that in £4"¢ this number is proportional to n,
with a variational formula for the proportionality constant. Since on the piece of the critical curve
over the interval [5*(3 ,B,a),00) the number is of order logn, the phase transition is expected to
be first order on this piece.

12. Smoothness of the free energy in the localized phase, finite-size corrections, and a central limit
theorem for the free energy can be found in [§]. Pétrélis [I3] studies the weak interaction limit of
the combined model.

1.6 Outline

The present paper uses ideas from Cheliotis and den Hollander [5] and Bolthausen, den Hollander
and Opoku [3]. The proof of Theorem [1.1] uses large deviation principles derived in Birkner [I] and

10



Birkner, Greven and den Hollander [2]. The quenched variational formula and its proof are given
in Section the annealed variational formula and its proof in Section [3.2] Section [3.3] contains
the proof of Theorem The proofs of Corollaries are given in Sections [4{6] The latter
require certain technical results, which are proved in Appendices [AHC]

2 Large Deviation Principle (LDP)

Let E be a Polish space, playing the role of an alphabet, i.e., a set of letters. Let E= UrenE* be
the set of finite words drawn from E, which can be metrized to become a Polish space.

Fix v € P(E), and p € P(N) satisfying (1.2). Let X = (Xy)gen be i.i.d. E-valued random
variables with marginal law v, and 7 = (7;);en i.1.d. N-valued random variables with marginal law
p. Assume that X and 7 are independent, and write P ® P* to denote their joint law. Cut words
out of the letter sequence X according to 7 (see Fig. [5)), i.e., put

To=0 and T;=T;1+7, €N, (2.1)

and let ,
Y(l) = (XTZ'71+]_7 XTi,1+27 R XTq,)? 1€ N (22)

Under the law P® P*, Y = (Y(i))ieN is an i.i.d. sequence of words with marginal distribution ¢, ,
on E given by

P P (YW ¢ (day,...,dz,)) = qpp((dz1,. .., dzy)) 03
2.3
= p(n)v(dxy) x -+ x v(dzy), neN, zq,...,z, € E.

Figure 5: Cutting words out of a sequence of letters according to renewal times.

The reverse operation of cutting words out of a sequence of letters is glueing words together
into a sequence of letters. Formally, this is done by defining a concatenation map & from EN to
EN. This map induces in a natural way a map from P(EN) to P(EY), the sets of probability
measures on £ and EN (endowed with the topology of weak convergence). The concatenation
g3y o k71 of ¢ equals v®N, as is evident from .

2.1 Annealed LDP

Let Pin"(ENLbe the set of probability measures on EN that are invariant under the left-shift
6 acting on EN. For N € N, let (Y, ..., Y(N))per he the periodic extension of the N-tuple

11



(Y(l), e Y(N)) € EN to an element of EN. The empirical process of N-tuples of words is defined
as

N-1
1 L
X v N
Ry = N z; 5§i(y(1>,,.,7Y(N))per e P™(EY), (2.4)
1=
where the supercript X indicates that the words YV, ..., Y ) are cut from the latter sequence

X. For Q e PinV(EN), let H(Q | qffjg) be the specific relative entropy of Q w.r.t. qf?ﬁ defined by

(7N Q | 4py); (2.5)

. 1
H(Q|Q§§):A}gnooﬁh

where TxQ € P(EY) denotes the projection of Q onto the first N words, (- | -) denotes relative
entropy, and the limit is non-decreasing.

For the applications below we will need the following tilted version of p:

poln) = RO with - N(g)= 3¢ pln), 920 (2.6)

neN

Note that, for g > 0, p, has a tail that is exponentially bounded. The following result relates the
relative entropies with q%?‘u and qf?ﬁ as reference measures.

Lemma 2.1 [3] For Q € P™(EN) and g > 0,

H(Q|¢Sh) =H@Q|d)) +1logN(g) + g Eq(m). (2.7)

This result shows that, for g > 0, mg = Eg(m1) < co whenever H(Q | q?ﬁly) < 00, which is a
special case of [I], Lemma 7.

The following annealed LDP is standard (see e.g. Dembo and Zeitouni [6], Section 6.5).

Theorem 2.2 For every g > 0, the family (P ® Py)(Ry € ), N € N, satisfies the LDP on
Pim’(EN) with rate N and with rate function I;™ given by

Q) =HQI4¢N), QeP™(EY) (2.8)

This rate function is lower semi-continuous, has compact level sets, has a unique zero at quw and
is affine.

It follows from Lemma B.1] that
I7"(Q) = I"™(Q) +1og N(g) + gmq, (2.9)

where I™(Q) = H(Q | ¢51'), the annealed rate function for g = 0.

2.2 Quenched LDP

To formulate the quenched analogue of Theorem we need some more notation. Let PV (EN)
be the set of probability measures on EN that are invariant under the left-shift 6 acting on EN.
For Q € P (EN) such that mg < oo, define

1 = inv
U, = %EQ <Z 59%(”) c PY(EM). (2.10)
k=0
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Think of ¥() as the shift-invariant version of @ o k™! obtained after randomizing the location of
the origin. This randomization is necessary because a shift-invariant () in general does not give
rise to a shift-invariant Q o k1.

For tr € N, let []yy: E — [E]yy = UY_ E™ denote the truncation map on words defined by
y=(21,...,2n) = Yl = (Z1, ..., Tnatr), neN zy,...,z, € E, (2.11)

i.e., [y]tr is the word of length < tr obtained from the word y by dropping all the letters with
label > tr. This map induces in a natural way a map from EN to [E]ﬁ, and from P (EVY) to
Pnv([EIN). Note that if Q € PV(EY), then [Q];, is an element of the set

PInEN) = {Q € P™(EN): mq < oo} (2.12)
Define (w-lim means weak limit)
1 N1
_ inv 77Ny | : _ ,®N
_{QGP (E™): W—]\}E}Ilmezoégkﬁ(y)—V Q—a.s.}, (2.13)

i.e., the set of probability measures in Pin"(EN) under which the concatenation of words almost
surely has the same asymptotic statistics as a typical realization of X.

Theorem 2.3 (Birkner [I]; Birkner, Greven and den Hollander [2]) Assume (L.2HL.4). Then,
for v®N—qa.s. all X and all g € [0,00), the family of (regular) conditional probabzlzty dzstmbutzons
P;(Rﬁ €| X), N €N, satisfies the LDP on P™ (EN) with rate N and with deterministic rate
function 13" given by

Iann N R
[;lue(Q) _ { o!é, (Q), i}ifwisé, when g > 0, (2.14)
and . S
ue | I'™(@), if Q € PmVIR(ER)] B
@) = { limey 00 17 ([Qlir),  otherwise, when g.=0, (2.15)
where
Iﬁn(Q) = H(Q | q®N) + (e —1)mg H(\IIQ | V®N). (2.16)

This rate function is lower semi-continuous, has compact level sets, has a unique zero at qp L, and

s affine.

It was shown in [I], Lemma 2, that
Uo=v"N — QeRr on Pvfin(ENy, (2.17)

which explains why the restriction Q € R appears in (2.14]). For more background, see [2].

Note that 79¢(Q) requires a truncation approximation when mg = oo, for which case there is
no closed form expression like in (2.16]). As we will see later on, the cases mg < 0o and mg = oo
need to be separated. For later reference we remark that, for all Q € PV (EN),

I&HH(Q) — t}L{I;O I&HH([Q]tr)7
(2.18)

as shown in [2], Lemma A.1.
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3 Variational formulas for excess free energies

This section uses the LDP of Section [2| to derive variational formulas for the excess free energy of
the quenched and the annealed version of the combined model. The quenched version is treated
in Section the annealed version in Section [3.2l The results in Sections [3.1H3.2] are used in
Section [3.3] to prove Theorem

In the combined model words are made up of letters from the alphabet E = ExE , Where F and
E are subsets of R, and are cut from the letter sequence w = ((@;, @;))ien, Where & = (&;)ien and
@ = (@;);en are i.i.d. sequences of F-valued and E-valued random variables with joint common
law v = 1 ® p. Let # and 7 be the projection maps from E onto F and E, respectively, i.e
#((@1,@1)) = @1 and 7((W1,@1)) = @1 for (&1,@1) € E. These maps extend naturally to EY, E,
EN, P(E) and P(EN). For instance, if £ € EN, i.e., &€ = (&, @:))ien, then 7€ = & = (@;)ien and
7§ =0 = (Wi)ien-

As before, we will write k, k and k for a quantity k associated with the copolymer with pinning
model, the copolymer model, respectively, the pinning model. For instance, if Q € P™ (EN),

A . ~N _ . ~N ~ A
Q € P™(E ) and Q € P™(E ), then the rate functions I*™(Q) = H(Q\qf’ﬁgﬁ), #"(Q) =
H(Q|q§§), Q) = H(Q|q§§) and the sets R, R, R are defined as in (2.13).

The LDPs of the laws of the empirical processes R‘fv = 7RY and RY, = TRY, can be derived
from those of RY, via the contraction principle (see e.g. Dembo and Zeutouni [6], Theorem 4.2.1),

because the projection maps 7 and 7 are continuous. In particular, for any Q e pw (E ) and

Q c Pinv (EN)

Q)= inf  IT(Q), I™(Q)= inf = I(Q), (3.1)
erinv (ET'N) : erinv (EiN) .
TQ=Q TR=Q

where 7Q = Q o (#)~! and 7Q = Q o (7¥)~!. Similarly, we may express J2m and J2™ in terms of
Iann.
3.1 Quenched excess free energy
Abbreviate o
cfin — {Q e P (EN): Q) < o0, mg < oo} . (3.2)

Theorem 3.1 Assume (1.2) and (1.4). Fiz 3, h >0, 3 >0 and h € R.
(i) The quenched excess free energy is given by

gque(ﬁ, B,B, h) = inf {g cR: Sque(ﬁ,ﬁ, Big) —h < 0} , (3.3)
where o
ST(B 0 Brg) = sup [BR(Q) +D;4,(Q) — gmg — ™ (Q)| (3.4)
QeCfinnR
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with

w1 (ﬁlle)(d(ﬂl) (3.5)

by
S
I
S

[ (11Q)(do) log 65,,(&). (3.6)

—2B8h1 — 28 ika . (3.7)

k=1

A
®
=

)
|
ST

655(@) = é(Hexp

Here, the map 11: EN = E is the projection onto the first letter of the first word in the sentence
consisting of words cut out from @, i.e., T11Q = Qo (F11)" ', while the map 71: EN & E
is the projection onto the first word in the sentence consisting of words cut out from @, i.e.,
71Q = Qo (71)~Y, and 1y is the length of the first word.

(ii) An alternative variational formula at g = 0 is S9°(3, h, 3;0) = S3*°(B, h, B) with

S3(B,h, B) = sup [BR(Q) + ;;(Q) — I"™(Q)] - (3.8)

QECﬁ“

(iii) The map g — Sq“e(B, B,B;g) is lower semi-continuous, convex and non-increasing on R, is
infinite on (—00,0), and is finite, continuous and strictly decreasing on (0, 00).

Proof. The proof is an adaptation of the proof of Theorem 3.1 in [3] and comes in 3 steps.

1. Suppose that 7 € II,, has t,, = ¢,,(7) excursions away from the interface. If k; denote the times
at which 7 visits the interface, then the Hamiltonian reads

HPPOR () = 33 (@ + h) [sign(my—r, ) — 1+ > (B@x — B)1{m—0)

k=1 k=1
w - A (3.9)
=D |Bor, —h =281, (@r+h)|,
=1 kel;

where A; is the event that the i-th excursion is below the interface and I; = (ki—1, ki] N N.
Since each excursion has equal probability to lie below or above the interface, the i-th excursion
contributes

955 (@r) e = [ Lhexp =28 (@n+h)| | ePn (3.10)
kel;

to the partition sum Zg’h’ﬁ ’h’w, where @y, is the word in E cut out from & by the i-th excursion

interval I;. Consequently, we have

N
ZhPhe =" > [ otk — k1) ePor=melos ¢4, (@1;) (3.11)
NeN 0=ko<ki<--<kny=n i=1

Therefore, summing over n, we get

S zghReemon — NN pEhBheg) g >, (3.12)
neN NeN
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with

OO B N
Fy" P (g) = e N > (H p(ki — /fz‘—l)) e9thi—hi-)

O=ko<k1<-<kpn<oo =1

X exp [i <log 055 (wr1,) B U_Jk:z>]

=1

+
) N
SLCCE0 NS VI 1 TS I

0=ko<ki1<---<kny<oo
N
X exp [Z <log¢3ﬁ(d)[i) +5 @kz)]
i=1
= (M) efﬁ)N B; (exp [V (25,(R%) + B 2(R)])
where

N
1
R ((k)Yy) = NE 55, oty I (3.14)
=1

denotes the empirical process of N-tuples of words cut out from w by the IV successive excursions,

and q),é,iw ® are defined in 1 .

2. The left-hand side of (3.12) is a power series with radius of convergence g4¢(3, h, B, h) (recall
(1.8])). Define

S(3, . B 9) = log N (g) + limsup - log 5 (exp [N (2;,(R%) + Fo(r3))|)  (319)

N—oo

and note that the limsup exists and is constant (possibly infinity) w-a.s. because it is measurable
w.r.t. the tail sigma-algebra of w (which is trivial). Note from (3.13)) and (3.15) that

A A _ _ 1 A A = —
s1(B, h, B;g) — h = limsup N log Fﬁ’h’ﬁ’h’w(g). (3.16)

N—oo

By , the left-hand side of is a power series that converges for g > gq“e(B, h, B, h) and
diverges for g < gque(B, f:L, AB, h). Further, it follows from the first equality of and ,
that the map g — s9(3, h, 8;g) is non-increasing. In particular, it is strictly decreasing when
finite. This we show in Step 3 below. Hence we have

g™ (B h. 5. 1) = int {g € R: s°(3,h,1g) ~ h <0} (3.17)

3. We claim that, for any B,h > 0and 8 > 0, the map g S’que(ﬁ, B,B;g) is finite on (0, 00) and
infinite on (—o0,0) (see Fig. [f]), and

s1°(B, h, By g) = SM°(B,h, B;g) Vg €ER. (3.18)

Note from the contraction principle in (3.1 that ffmn(er) and 1*"(7(Q) are finite whenever
I*"™(Q) < oo. Therefore, for any 8 >0, 8 > 0 and h > 0, it follows from Lemmas and
in Appendix [A| that S®(Q) + P +(Q) < oo whenever I*™(Q) < oo. This implies that the map

g+ Sque(B,h,B;g) is convex and lower semi-continuous, since, by (3.4), Sque(B,ﬁ, B;g) is the
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supremum of a family of functions that are finite and linear (and hence continuous) in g. Now
the fact that g — Sque(ﬁ h , B; g) is strictly decreasing when finite follows as follows Suppose that
g1 < g2, and Sque(ﬁ, h, B;g1) < oo. Then it follows from the fact mg > 1 and ) that

SU(B, h, B; ga) — SV(B, b, By g1) < —(92 — g1) < 0. (3.19)
Further, we will show in Section that sque(B, h, j3; g) < oo, for all g > 0. This and convexity
imply continuity on (0, 00). These prove (iii) of the theorem.
The rest of the proof follows from the claim in (3.18)), whose proof we defer to Appendix

[ |
S (3, h, B g) Saue(3, h, B g) Saue(3, h, B g)
(0. ] 0 o0
h \ g h g h g
(1) ham (8 ) < h < hd™(8,3,h) (2) h = hd"°(3, 3, h) (3) h > hd"°(3, 3, h)

Figure 6: Qualitative picture of the map g — Sque(B,EB;g) for ,h > 0, 3 > 0. The horizontal axis
is located at the point h < Sq“e(B,iL,B;O) on the vertical axis. The map g — Sque(B,ﬁ,ﬂ_;g) is strictly
decreasing when finite. For h = hgue(B,B, h) and h > Sque(B, h, B; 0), Sq“e(B7 h, B;g) jumps at g = 0 from
a value below h to infinity. Since the map g — Sq“e(B iL B; g) is lower semi- continuous and decreasing, it
follows that limg o S9(85, h, 3; ) = 59%¢(§3, h, B;0), which is finite if & > h“‘“( ) and infinite if b < ha““( )
(see Lemma 5. 2) For h < h‘mn( ), g — Sque(ﬁ h, j3; g) has the shape as in (1) but tends to infinity as g | 0

. For h = h"m“( ) the picture is the same as for h < h"m“(a) if s*(B,h,a) = 0o, and takes the shape in (1)
if s*(8, h, o) < oc.

Analogues of Theorem [3.1] also hold for the copolymer model and the pinning model. The
copolymer analogue is obtained by putting f = h = 0, which leads to analogous variational
formulas for Sque(b’,h g) and gque(ﬁ, h). In the variational formula for $9¢(3, h;g) we replace
Cin N R by Cfin N R in This replacement is a consequence of the contraction principle in
(-1). Although the contractlon principle holds on P™ (EN), it turns out that the Q¢ Ci"NR play
no role in ). Similarly, Theorem |3.1|reduces to the plnnlng model upon putting B h = 0. The
variational formula for S9ue(3; g) is the same as that in , with Cfi* NR replaced by C" N R.

3.2 Annealed excess free energy

We next present the variational formula for the annealed excess free energy. This will serve as an
object of comparison in our study of the quenched model. Define

N(B.h,B; g) = LMD <Z p(n) e + 3" p(n) e (9~ 1C2H- wh])) (3.20)

neN neN
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(recall (1.4)).

Theorem 3.2 Assume |D and |D Fiz B,h,3>0 and h € R.

(i) The annealed excess free energy is given by

9" (B,h, B,h) = inf {g € R: ™ (B,h. B;g) —h < 0}, (3.21)
where o B
S8, h, B; g) = Sup [B(P(Q) +@55,(Q) —gmq — Ia““(Q)} : (3.22)
c fin

(ii) The map g — Sann(ﬁ, E,B;g) 1s lower semi-continuous, conver and non-increasing on R.
Furthermore, it is infinite on (—oo, (B, h)), and finite, continuous and strictly decreasing on

[Qann(ﬁ,ﬁ),oo) (recall )
Proof. The proof comes in 3 steps.
Replacing ZE’E’B’B’“’ by Z{?’i‘ﬁﬁ = E(Zg’h’é’h’w) in , we obtain from that
et (g) = E (FRh P (g)) = N (8.1, Brg) Ve (323)

It therefore follows from (3.16)) and (3.23)) that

. o 1 25 a7 . _
P (3. h, Big) —h = th\]{n sup log Fﬁ,’h’ﬁ’h(g) =log N(B,h, B;9) — h, (3.24)
—00
where
. ' 1 _ e .
s*(B, h, B;g) = limsup N log (eNhFﬁ/h’B’h(g)) = log N (B, h, B g).- (3.25)
N—o00

Note from (3.20) and (3.25) that the map g — s (8, h, B; g) is non-increasing. Moreover, for any

B,h,B>0and h € R, we see from (3.12) after replacing Zﬁ’h’ﬁ’ﬁ’w by Zﬁ’h”é’ﬁ that gann(ﬁ, h, B, h)
is the smallest g-value at which s*™ (3, h, 5; g) — h changes sign, i.e.,

g™ (B3, h, B, h) = inf {g eR: s (3, h,B;9) —h < O} . (3.26)
The proof of (i) and (ii) will follow once we show that
S (3, h, B; g) = s (B, h, Brg) Vg ER, (3.27)

since (3.20)), (3.25) and 1' show that the map g — Sann(ﬁ,ﬁ,ﬁ; g) is infinite whenever g <
g™ (B,h) = 0V [M(25) — 25h], and is finite otherwise. Lower semi-continuity and convexity of

this map follow from (3.22)), because the function under the supremum is linear and finite in g,
while convexity and finiteness imply continuity. The proof of (3.27)) follows from the arguments
in [3], Theorem 3.2, as we show in steps 2-3.

2. For the case g < gann(B,fz),A note from (3.20)) that /\/’(B,ﬁ,B;g) = oo for all 3,h,3 > 0 and

h € R. To show that S*9(3,h,[3;g) = oo for this case, we proceed as in steps (II) and (III)
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of the proof of [3], Theorem 3.2, by evaluating the functional under the supremum in (3.22) at

Qf = (g5)®" with

qE(d(@n, @), . d(@n, @) = L [gé(dal) XX gﬁ(dwn)] x [(dan) x -+ % f(don)], (3.28)
where L,n €N, &1,...,0n € E, &1,...,0n € E, and (recall (1.4)
fig(divy) = =2 MCO oy ). (3.29)

Note from (3.5) that @(Qé) = 0 because i has zero mean. This leads to a lower bound on

Sann(ﬁ, h, 3; g) that tends to infinity as L — oo. To get the desired lower bound, we have to
distinguish between the cases §g*""(8,h) = 0 and (B, h) > 0. For g*™(5,h) = 0 use QF, for
™ (B, h) > 0 with 5 > 0 use Qé’.

3. For the case g > Aann(ﬂ, ), we proceed as in step 1 and 2 of the proof of Theorem 3.2 of

3]. Note that ®,:(Q) and ®(Q) defined in (3.5H3.7)) are functionals of m @, where mQ is the
B,h
first-word marginal of (). Moreover, by ([2.5)),

oot o H(@ 1, hep) = Ma | dppep) Vg€ PE) (3.30)
™1 Q=g
with the infimum uniquely attained at Q = ¢®N, where the right-hand side denotes the relative
entropy of ¢ w.r.t. ¢, a0p- (The uniqueness of the minimum is easily deduced from the strict
convexity of relative entropy on finite cylinders.) Consequently, the variational formula in ((3.22))
becomes

S (B, h, B g) = sup { /~ q(dw) [Bor + log ¢, (@)] — gmq — h(q | qp,;@ﬁ)}
qEP(E) E
mq<oc,h(q|qp‘ﬂ®ﬁ)<oo

= sup { /E q(dw) [Bir + log ¢37fb(‘1’) — g7 (w)]

q€P(E)
mq<oo, h(qlay nep)<oo (3.31)

- W) log [ 200w)
/EQ(d /18 <qp,ﬂ®u(dw)> }
= M(=p) +1og N'(8, s g) — inf a1 4g43.,):

q€P(E)
mq<oo, h(alay nep) <o

(W)

where (by an abuse of notation) w = ((@i,@;));=;" is the disorder in the first word, ¢;; (@) is
defined in (3.7), mq = [z q(dw)7(w), T(w) is the length of the word w, and

p(n)g s j(@)e =19
N (B, h; g)eM(=F)

N B il Zp —ng 4 Zp(n)e*”(Q*[M(Qﬁ)*ZBBD

neN neN

fir @ )" (d(@1,@1), -+ 5 d(@n, @n)),
(3.32)

qéﬁﬁ;g(d(whwl)? co d(Wn,wn)) =

Note from (3.20)) that N'(3, h, B; g) = N(B, h; 9)e™ (). The infimum in the last equality of
is uniquely attained at ¢ = U6 j.Brg Therefore the variational problem in ) for g > “‘mn(ﬂ h)
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takes the form

S (B, h, B; g) = log <§ (Z n)e "+ p(n “hrea- 26h])> MB)) (3.33)

neN neN
=log N (B, h, B: g) = s*™(B, h, B g).
The last formula proves (|1.15]). |

As in the quenched model, there are analogous versions of Theorem [3.2] for the annealed
copolymer model and the annealed pinning model. These are obtained by putting either 5 =h =0
or B=h=0, replacing it by € and €t respectively. The copolymer version of Theorem
was derived in [3], Theorem 3.2, and the pinning version (for ¢ = 0 only) in [5], Theorem 1.3.

Putting 3 = h = 0, we get the copolymer analogue of ([3.33)):

Svann(/@’ }AZ IOg ( [Zp —ng 4 Zp (25) 2,3]1])]) (334)

neN neN

This expression, which was obtained in [3], is plotted in Fig. |7 Putting 5 = h = 0, we get the
pinning analogue:

S g) = M(—f3) + log (Z p(n) e"g> . (3.35)

neN

Sann(3, b g) Sann(3, by g) S (3 s g)
o _ _>
0 k g 0 g o g
(1) h < ham(B) (2) h = ham(B) (3) b > ham(B)

Figure 7: Qualitative picture of the map g — San“(B, h; g) for B,h > 0. Compare with Fig. @

The map g — Sann(B h, B; g) has the same qualitative picture as in Fig. |7} with the following
changes: the horizontal axis is located at h instead of zero, and h2""(/3) is replaced by h2"* (8, j3, h)

Subtracting h from (3.34)) and (3 , we get from ((3.21] - ) that the excess free energies gann(,é’ , )
and g*"" (B, h) take the form given in and (| -, respectively. The following lemma sum-

marizes their relationship.
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Lemma 3.3 For every 3, iL,B >0 and h € R (recall ( -)

= g™ (B,h), if B> h(B,h,B),
| ey, i h< b8 h,B),
g (B Bh) S < g (BLR), i h> B, (3.36)
=g (B,h), i h=hen(p),
> g (B, h), i h< hE(B).

Proof. Note from (3.22)) and (3.33}{3.34)) that S (8, h, B; g)—h is 52 (53,
h. We see from Fig. |_|that if h > h.(B, h 5) then the map g — Sann(ﬁ
at the same value of g as the map g — Sann(ﬁ h: ;g) does. Hence g™
whenever h > h*(ﬁ h ,3). On the other hand, if h < h, (B,h f3), then the
changes sign before the map g — Sann(ﬁ h, ; g) — h does, i.e. Sann(ﬁ
and hence ¢®™ (3, h, B,h) > §*™ (83, h).

The rest of the proof follows from a comparison of (3.33) and (3.35)). Note that, for h > ham(3),
we have Sann(ﬁ,h Big) —h < Sann(ﬁ g) — h, which 1mphes that gann(ﬁ,h B,h) < _ann(ﬁ h). For

h = hann(ﬁ), we have Sfmn(ﬁ h ﬂ, g) —h = Sann(ﬁ, ) — h, which implies that g_ann(ﬁ,h B,h) =

ann(ﬁ, h). Flnally, for h < hann(ﬁ) we have Sann(ﬁ,h B; g) — h > Sann(ﬁ, g) — h, which implies
that ¢*™(3, h, 3, h) > g®™ (5, h). ]

h; g) shifted by M (—3)—
) h changes sign
B, ) = gann(ﬁ h)
Sann(/37h g)
gann(ﬂ h)) —h >0,

~

EAB
(8,
¢ ma

B

3.3 Proof of Theorem [1.1]

Proof. Throughout the proof B >0, B >0 and h € R are fixed.
(i) Use Theorems [3.1](i,iii).
(ii) Recall from (1.11]) and (3.3)) that

n2e(3, B,h) = inf {h > 0: g (3., B, h) = 0}
= inf {iL > 0: Sque(ﬁ,ﬁ 5;0) —

(3.37)

; I

0}.
Indeed, it follows from . ) that gque(ﬁ h, B, h) = 0 is equivalent to saying that the map g +
Sq“e(ﬁ h,B:g g) — h changes sign at zero. This sign change can happen while Sque(ﬁ  h, B; 0) —his

either zero or negative (see Fig. @(2 3)). The corresponding expression for k2™ (8, 3, h) is obtained
in a similar way. |

4 Key lemma and proof of Corollary

The following lemma will be used in the proof of Corollary [T.2}

Lemma 4.1 Fix a > 1, B,ﬁ >0 and > 0. Then, for g > 0,
o N (R ACADESY
SHE(B, h, By g) < S*™(B,h, Big) § if (B,h) € L™ and m, < oo, (4.1)
if g # Aann(ﬁ, h),(B,h) € L¥™ and m, = .
Lemma is proved in Section In Section we use Lemma to prove Corollary
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4.1 Proof of Corollary
Proof. (i) Throughout the proof, a > 1, B,h > 0 and B > 0. It follows from (3.36) that
L%HH C [’ann‘

Note that, for (8,h) € £ the map g Sam (3 b B:g) — h changes sign at some g >

G™(3,h) > 0, ie., g™ (3,h,B,h) > ™ (B,h) > 0 for all 3 >0 and h € R (see (3 (3-36)). Hence
Eann C Eann

Note from and - ) that
Sann(ﬁ,h B; g) — San“(ﬂ,h g) + M(— ,8) h. (4.2)

Furthermore, note from Fig. (2 3) that, for (8,h) € D™ the map g — S2™(j3,h;g) changes
sign at g = 0 while San“(ﬁ , h 0) is either negative or zero. In either case, we need

143 et~ w]) R B) (43)

neN

< M(— B)—i—log(

to ensure that the map g — San“(ﬁ, h, B; g) — h changes sign at a positive g-value. This concludes
the proof that £3"" = L£i"" U L5,

(i) As we saw in the proof of (ii), for the map g — Sann(B h, B; g) — h to reach zero we need that
h < h.(B, h, ). Thus, for this range of h-values, we know that the map g + Sann(/B, h, B; g) —h
changes sign when it is zero. The proof for gque(ﬂ7 h, 3, h) follows from Fig.

(iii) We first consider the cases: (a) (B,ﬁ,ﬁ_,ﬁ) € £3"; (b) (B,ﬁ,ﬁ_,ﬁ) Eann and m, < oo. In
these cases we have that h < h2™ (3, 3,h) by (ii). It follows from and Fig. |7 Ithat
the map g — Sann(ﬁ, h, B; g) — h changes sign at some g > 0 while it is e1ther zero or negative.
In either case the finiteness of the map g — Sque(B, h, j3; g) — h on (0,00) and imply that
g Sque(ﬁ, h, j3; g) — h changes sign at a smaller value of g than g ~— Sann(ﬁ,h ﬁ, g) — h does.
This concludes the proof for cases (a—b).

We next consider the case: (c) (B,h ﬁ, ) € L2 with (B h) € Lo | £ B*(B,B,B) and
m, = co. We know from (4.1) that Sque(ﬁ,h 67 g) < San“(ﬁ h, 3; g) for g >0 and g # f]ann(ﬁ iz)
If h > h, (B, h , ), then the map g — San“(ﬁ h, 3; g)—h changes sign at Aann(ﬁ h) while jumping
from < 0 to co. By the continuity of the map g Sque(,B,h B;g) on (0, oo) this implies that
the map g — Sque(ﬁ, h B;g) — h changes sign at a g- value smaller than gann(ﬁ , ) Furthermore,
if h < hy (ﬂ,h ), then the map g Sann(ﬁ h Big) — h _changes sign at a g-value larger than

Aann(ﬁ ZL) , while it is zero. Since Sq“e(ﬁ, h, 3; g) < Sann(ﬁ, h, j3; g) for g > gann(ﬁ h) we have that
g (B3, b, B, h) < g*™ (B, h, B, h).
(iv) The proof follows from Lemma |

4.2 Proof of Lemma [4.1]

Proof. The proof comes in five steps. Step 1 proves the strict inequality in , using a claim
about the finiteness of I*"™ at some specific () in combination with arguments from Birker [I ]
Steps 2-5 are used to prove the claim about the finiteness of I?"". Note that for 0 < g < Aan“(ﬁ h)
the claim trivially follows from Theorems .111 and . (ii), since Sque(ﬂ,h B;g) < oo and
Sann(ﬁ, h 57 g) = oo for this range of g-values. Thus, what remains to be considered is the case

Aann(/@ h)
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1. For g > §®™(3, h), note from (3.32) and the remark below it that there is a unique maximizer
Qippg = = (a5, ﬁ.g)@’N for the variational formula for S* (3, h, £; g) in (3.22), where

qﬁ,ﬁﬁ;g(d(ajlﬂ @1), ceey d(wm wn))

1 —gn —23 [nil'i‘Z?ﬂ wz] B (4.4)
g pn)e M (1+e )e @R~ — N
- N(B,ﬁ,@;g) (H®H) (d(wlvwl)v'”vd(wmwn))’

N (B.h, Bsg) = M7 [Zp<n>e9"+zp<n>e”<g[W)23’”1 = MK (B hig). (45)

neN neN

Note further that Qg 5, ¢ R. We claim that, for ¢ > §™(3, h) and under the conditions in

@D,

(Qﬁ h.Big ’ 4, ﬂ®#) h(‘]ﬁ h.Big | dp, u®u) < 0. (4'6)
This will be proved in Step 2. Let M < oo be such that h(qgs, Big | ¢p,u) < M. Then the set

Ay ={QeP™(EY): HQ |}, <M} (4.7)

is compact in the weak topology, and contains @ e in its interior. It follows from Birkner [1J,

Remark 8, that Ay N'R is a closed subset of Pi“"(EN). This in turn implies that there exists a
6 > 0 such that Bs(Qp, 5.,) (the d-ball around Qg ;, 5., ) satisfies B5(Qz 5, 5..) N Ay C R Let

5 = sup {o <& <6 By(Qy45,) N A = B5/(Q5ﬁ76;g)} . (4.8)

Then R C B;(Q A, 3;9) Therefore, for g > gann(ﬁ7 H) and under the conditions in (4.1)), we get
that

SU(B . Brg) = swp  [BR(Q) +@;,(Q) — gmg — I (Q)]

QecCfinnR
< sup BR(Q) +0;;,(Q) — gmq — 1™ (Q)]
QECHNB5(Qj 4 5.0)° (4.9)
< swp [BO(Q) +®5,(Q) — gmq — I"™(Q)]
Qecfin

_ 53,k Big) = og N3, Bi ).

The strict inequality follows because no maximizing sequence in C' N B;(Q 4 B~g)c can have
Q BBy B8 its limit (Q 4By being the unique maximizer of the variational problem in the second
inequality).

2. Let us now turn to the proof of the claim in (4.6]). For g > gann(B ) ﬁ), it follows from (4.4) and

(E5) that

B0355 | Gpsion) < T+11, (4.10)
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where

I = ————% p(n)e " A(n), (4.11)

The inequality in f9110ws from aftqr yeplacing e 9" by 1. It is easy to see that I < oo,
because for g > gann(ﬂ, h) we have that N(5,h,B;9) < oo. Furthermore, since fi has a finite
moment generating function, it follows from the Holder inequality that [ wleﬁwl M(=B) a(dioy) <
00. We proceed to show that 1] < oco.

3. We first estimate A(n). Note that
Afn) =3 / [1 e Z?:l@ﬁfl)} log (% [1 +e 2P Z?ﬂ@ﬁf‘)}) A5 (di)

AN (L7 2831 (@ith) e
= %/n [1 +e*2521=1(w¢+h)} log (621 [1 + 62BZ¢=1(wi+h)]> ﬂ®n(d@) (4.12)

= A1 (n) + Ag(n),

where

= —ﬁZ/ Qg + h) 1 +e—232?:1<“i+f3>} S (d),

(4.13)
As(n) = %/ [1 + 6—2521-:1(@—&-}3)] log (% [1 + 6232?:1(5%-&-3)]) (9™ (d).
The finiteness of 11 will follow once we show that
> p(n)e " [A1(n) + Ay(n)] < oo (4.14)

neN

4. We start with the estimation of Ag(n). Put u, (@) = —28 3" ,(@; + h) and, for n € N and
m € Ny, define

Bin = {w €E™ —(m+1) <up(@) < —m} . g =mn(B,h) = [48hn]. (4.15)
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Then note that

Ag(n) =1 /E [1 + e“n@)} log (% [1 + e—“n@)D A8 (d)

< /E" [1 \Y e“"(@)} log (1 V e*“"(‘z’)) 22" (d@)

—— [ @)
=Y [ @) (4.16)

<Y mrn+ Y (m+ DPa(Bun)

m=0 m>mn

<dmp 4+ (mp + v+ DPs( B, ton)-
veN

The second inequality uses that —(m + 1) < u, < —m on By, ,, and Py (B, +0,n) < 1. Estimate

n . " 1
BB o) = s (m U NN ) < m++>
2 1 2
<P, (Z% > Mo Y m})
ot 5
p, ( o 5 Ynhtv na> (4.17)
26
:IP’@< g > ”A+nil>
=T 2p

The last inequality uses [3], Lemma D.1, where C is a positive constant depending on h only.

Inserting (4.17)) into (4.16)), we get

—1/28 R
As(n) < 4m? + (m,, + l)e_cneiA + e On Zv e /28, (4.18)
1—e1/28
veEN
Furthermore, using that g > 0, we get
6—1/28

D p(n)e Ay (n) <4 p(n)e Iml + —————— Y p(n)(my + 1)e 9
" " n (4.19)

+ Z p(n)e "lo+C] Z ve 28 < oo

neN veN
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5. We proceed with the estimation of A;(n):

Ai(n) = —B / (@14 B) [1 4 e @) gonag)

Msims

< _B / wk |:1 + 6—232?:1(@1'4-5)} [L®”(d&)) (420)
1 n

[M(2B) 23h) Es, (@1)
ﬁ )

Ti»ﬁ

=-n
where ﬂé(dwl) = e_QB‘Z’l_M@B)[L(d@l). The right-hand side is non-negative because E[‘B (w1) <0,

and so o
Z p(n)e ™ A1(n) < —BE% (1) Z np(n) e M9~ [M25)=25h]) (4.21)
neN neN

This bound is finite if

L. g > g™ (B, h) = M(25) — 25h;
2. g= Qann(ﬁ, h) and m, < oo.

This concludes the proof since, if (B , A) € D then Aan“(ﬁ , iz) = 0 and we only want the finiteness
for g > 0. |

For the pinning model, the associated unique maximizer Q 3, for the variational formula for

Sa‘m(@ ; 9) satisfies H(Qp. g|q M) < oo for g > 0. However, this does not imply separation between
Saue(3;0) and S7(3;0), since we may have Q 0 € R for ‘my, = oco. The separation occurs at
g = 0 as soon as m, < 0o, since this will imply that QB,O ¢ R.

5 Proof of Corollary

To prove Corollary we need some further preparation, formulated as Lemmas below.
These lemmas, together with the proof of Corollary are given in Section Section
contains the proof of the first two lemmas, and Appendix [C] the proof of the third lemma.

5.1 Key lemmas and proof of Corollary

Lemma 5.1 For B,B >0

L M(-p), if  h=h(B),
S8, h, 3;0) = ¢ o0, if  h < hI(B), (5.1)
M(=B)—log2, if h=oc

Furthermore, the map h — S?™ (8, h, 3;0) is strictly convex and strictly decreasing on [h2™(3), 00).

Lemma 5.2 For every ﬁ >0 and B >0 (see Fig. ,

N =0 Jor h<hi™(B/a)
SI(B, h, B;0) = SM(B,h,B) § >0, for h=h2"(3/a) (5.2)
<oo, for h>hi(B/a)
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>

Famn(3) — log 2

Figure 8: Qualitative picture of h — S*(3, h, 3;0) for § >0 and 3 > 0.

Sa(3, h, B;0) Se(3, h, B 0)
[ 5.(6,5,0)
s«(B, B, a) \
i hE(B,8.) .
T e "
hd"(B) —log?2 | ... . hd“¢(B) — log 2
(a) (b)

Figure 9: Qualitative picture of b+ S1(3,3,h;0) for B > 0 and B > 0: (a) s.(3,53,0) < oo; (b)
$«(B, B, ) = o0.
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Lemma 5.3 For every B >0 and B3>0 (see Fig. @),

S, 00—, B;0) = lim S9"(B, h, B; 0) = S%°(B, 00, B; 0) = h™*(B) — log2. (5.3)
h—o0
We now give the proof of Corollary
Proof. Throughout the proof B> 0, 3>0and h € R are ﬁxed Note from . that the map
h— log ¢4 5. ;, (@) is strictly decreasing and convex for all @ € E It therefore follows from (3.4]) and

(3-22) that the maps h Sque(ﬁ, h, j3; 0) and h Sann(ﬁ,h,ﬁ; 0) are strictly decreasing when
finite (because T( ) > 1) and convex (because sums and suprema of convex functions are convex).

Recall from (1.14)) and (| . ) that

B (3, B,R) = inf {h > 0: g™™(8,h, B,h) =0} (5.4)

Indeed, it follows from ) that gann(ﬂ,h B,h) = 0 is equivalent to saying that the map g »—>
Sann(ﬁ h, B: g)—h changes 51gn at zero. This change of sign can happen while Sann(ﬁ h,B: g g)—
is either zero or negative (see e.g. Fig. [6[2-3)).

For h > h2nn (B), it follows from Lemma [5.1f and Fig. that h= ha’m(ﬂ) is the smallest value
of h at which Sann(ﬁ h,B;0) —h < 0 and hence han (3.3, h) = ha™(3). Furthermore, note from
Fig. that the map h — S*(3, h, 3;0) is strictly decreasing and convex on [h2™(j3), 00) and has
the interval (hgnn(ﬂ) log 2,h3nn(6)] as its range. In particular, Sann(B,ﬁgnn(B),B; 0) = h2(5)
and Sann(ﬁA,oo,B; 0) = h*"(3) — log2. Therefore, for h € (Bann(ﬁ) log 2, l_zann(B)] the map
ho—s Sann(ﬁ, h, B;0 0) — h changes sign at the unique value of h at which Sann(ﬁ h, 3; 0) = h.

For h < h2"(3) — log 2, it follows from Fig. Ithat Sann(ﬁ, h, 3; 0) — h > 0 for all he [0, 00).
It therefore follows from that

B (B, 8,0 = int {h > 0: 5 (8,h, 3;0) ~h < 0} = oo. (5.5)

~ The proof for h(ciue(ﬁ, _B, h) follows from that of _hgﬂn(,é’, B,h) after replacing Sann (3 p B:0),
ha(3) —log2 and h2"™(B) by S9%(5, h, 8;0), he"(B) — log2 and s*(j3, 3, ), respectively.

Since both the quenched and the annealed free energies are convex functions of h (by Holder
inequality), h — h{"(8, 3, h) and h +— h3" (3, 3, h) are also convex and strictly decreasing.

5.2 Proof of Lemmas [5.1H5.2]

Proof of Lemma [5.7k
Proof. Note from (3.33]) that

S*(B, h, B;0) = M(=B) +log (

14+ p(n)ent29) 23?4] > : (5.6)

neN

which implies the claim. |
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Proof of Lemma [5.2k -
Proof. Throughout the proof 5,h > 0 and 8 > 0 are fixed. The proof uses arguments from [3],
Theorem 3.3 and Section 6. Note from (3.16)), (3.18) and Lemma that

S9€(B, h, B; g) = h+ limsup 1 log Fg’ﬁ’g’ﬁ’w(g) =log N'(g) + lim sup = log SN (9), (5.7)
Nooo IV Nooo N
where

S3(9) = By (exp [N (@5 5(R%) + BO(R3))| ) - (5.8)

It follows from the fractional-moment argument in [3], Eq. (6.4), that

N
E([S%(g (21 "y pgn)! MW’”) <oo, g0, (5.9)
neN

where ¢ € [0,1] is chosen such that M (25t) — 23kt < 0. Abbreviate the term inside the brackets
of (5.9) by K; and note that

t
P (5 1oe S5 (0) 2 o Ko + ) =P (SR (o)) 2 K¥e™)

([Sw( K Ne e
, € > 0.

. (5.10)
<e

Therefore, for g > 0, this estimate together with the Borel-Cantelli lemma shows that w-a.s. (recall

(2.6))

aA A 1 1
SC(B, h, B; g) = log N(g) + lim sup N log S¥(g) < n log K; + log N(g)

N—oo

_y 1 1. (5.11)
log2 + i log (Z pg(n)t> + ;M(—Bt) + log N (g) < oc.

neN

This estimate also holds for g = 0 when ZnEN p(n ) < oco. This is the case for any pair t € (1/a, 1]
and h > hann(ﬁ /) satisying M (2515) — 26ht < 0 (recall (T.2)). Therefore we conclude that
Sque(ﬁ h, j3; 0) < oo whenever h > han“(ﬁ/a)

To prove that Sque(ﬁ, h, B; 0) = oo for h < hgnn(ﬁ/a), we replace ¢% in [3], Eq. (6.8), by

B
q/é;(d(a)laa)l)y e ad(d)n;a)n)) = 6n,L ﬂﬁ/a(‘:ﬁ) Xoeee X ﬂB/a(dwn)} X [ﬂ(da}l) X X ﬂ(d@n)] )
(5.12)

where
i o (din) = ~(2B/e)en=N(28/2) gy ). (5.13)

With this choice the rest of the argument in [3], Section 6.2, goes through easily.

Finally, to prove that Sque(B h, B 0) >0 at h = ﬂﬁnn(ﬁ /) we proceed as follows. Adding, re-
spectively, BO(Q) and 3", o [z @1q(d(@1,©1), . . ., d(WOn, @) to the functionals being optimized
n [3], Egs. (6.19-6.20), we get the following analogue of [3], Eq. (6.21),

45,5 5(d(@1,@1), .., d(Gn, Bn))

1 L gy Ve o o 5.14
= N(B iL) 61\74(75/04) [¢B73((w1,...wn)) eﬁ 1] qp’ﬂ®ﬁ(d(w1,w1),...,d(wn,wn)), ( )
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where

N (B} = Zp(n)/ ) x - x on) {4 (14 72 TimaGisi) }”a. (5.15)

neN "

Note from [3], Eqs. (6.23-6.29), that 1 < N'(3, h2"™(5/a)) < 21(1/@) Therefore it follows from
[3], Steps 1 and 2 in Section 6.3, that

SI(B, hg™ (/). B;0) = SI°(8, 2™ (B/a), B) = alog N (B, ha™ (B/a)) + aM (=5 /a) >(0- |
5.16
n

6 Proofs of Corollaries 1.4-1.8]

6.1 Proof of Corollary

Proof. Throughout the proof, a > 1, 3 > 0, B and h € R are fixed. The proof for hd"*(3) —
log2 < h < h3"(3) —log 2 is trivial, since h2" ( B h) = oo and hg‘“"(B, B,h) < co. The rest of the
proof will follow once we show that hd"* (3 3,B,h) < h¥ nn(ﬁ B, h) for h2™(B) —log2 < h < hg™ ().
This is because, for h > h3"(f), hann(ﬁ B,h) = ha(B) and h — ha(, B, h) is non-increasing.

A =

Furthermore, the map h — hann(ﬁ 3, h) is also non-increasing, and so h3"(3, 3, h) > hann(ﬁ).

~ For h2"n(B) —log2 < h < h2""(3), it follows from Corollary |1.3|that ha““(B B h) is tAhe unique
h-value that solves the equation Sann(ﬁ,h,ﬂ, 0) = h. Note that for h > han (8 ) M(25)/2p5,
which is the range of h-values attainable by hgnn(ﬁ B,h), the measure 954,50 (recall - is
well-defined and is the unique minimizer of the last variational formula in 1_} for g = 0. Hence,
for h2"(5) —log2 < h < h2™™(3), h2"™(3, B, h) is the unique h-value that solves the equation

S*™(B, 1, B;0) — h = M(—B) +log N'(B, h;0) — h = 0. (6.1)
Again, it follows from (2.18) that, for any Q € P™ (EN ),

(@) = s (k) = g [ ([Qlelifes) + (2~ Dmia (V@ (0 m™)]

> H(Q | She) + (0 = Vmig H (Vi (70 )*Y), treN.
Furthermore, it follows from ([2.5) and the remark below it that
HQ | ¢) > hmQ | gppen).  H(ig), | (2 )™ > h(@ Vg, | p),  (6.3)
where 7} is the projection onto the first letter and tr € N. Moreover, it follows from (2.10)) that
mVYq =MV (r gyen. (6.4)
Since mq = M, gyen = M@, (6.3(6.4) combine with (3.8) to give
S3ue(B, h, B)

< sup [ /~ q(dw)[Bwr +log @5, (@)] = hlg | gp,uwp) (6.5)
q€P(E) E
h(‘1|qp,ﬂ®ﬁ)<oo;mq<oo

—(a— 1)m[tﬂtrh(7~r1‘lj[lﬂtr | i ® ﬂ)] )
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where

03(@) = § (14 e m2ilrttond) (6.6)
and
_ o 1 = o e
(T1¥(g, ) (d(@1,01)) = D rlw(m) Y gm(BF 1 d(@r, @), E™F) (6.7)
9ler N k=1
with the notation
q(dw) = r(m)gm(d(&1,@1), . .., d(Om, Om)), w=((01,01), .- (Om,@m)), (6.8)
and
r(m) itl<m<tr
[Mlee(m) =< Y02 r(n) ifm=tr (6.9)
0 otherwise.

Therefore, for h > h2™(f), after combining the first two terms in the supremum in (6.5), as in

, we obtain
$9(8, h, B) < M(—B) +log (3, h; 0)
- ! [h(q | a55,5) + (@ = Dy (@ ¥, | @ ﬁ)} . (6.10)

qeP(E)
h(q\qp,ﬂ®ﬂ)<oo; mg<oo

Hence, for h > ﬁﬁnn(ﬁ), it follows from ({3.31]) that

Sdue(B, h, B) < S*™(B, h, B;0)
- i o _ ~ 5 & o 6.11
Jni [h(q | ag55) + (@ = Vg (@, | 4@ u)] . (61D

h(Q‘qp7ﬂ®ﬂ)<00§ mq<oo

The first term in the variational formula achieves its minimal value zero at ¢ = 4515 (or along a
minimizing sequence converging to 4 j, /5’)' However, via some simple computations we obtain

Ctr(d)17B, iL) Btr(GJl,B, iL)

TV, . 1. (do1,doy) = —— [i(dw1) jiz(ddor) + —— fu(dwr) p(dioy ), 6.12
1W(g, 5 sl (dr, doon) A(B.h) fi(dio ) fug(dior) A () fu(dior ) i (deoy ) (6.12)
where
L tr—1 o % 00 o %
Aw(B,h) = 3 (Z n[1 + e"MEO=20 () 4ty (1 + e"[M‘””ﬁh]]p(n)) :
n=1 n=tr
L tr—1 o % L
By (@1, B,h) = Z(m —1)p(m) [1 + e(mfl)[M(w)fwh]f?ﬁ(wwh)}
m=1
1 + (=DM (25)~25h]~2B(@1+h) 2 mlIT(28) 250
+(tr—1) R mz:;r p(m) [1 te } . (6.13)
tr—1
Cu(@1, 8,0) = Y p(m) [1 i e(mfl)[M(2/3)726h172/3(®1+h)}
m=1

r—1)[M(28)—28h]—2B(@n1+h) (98 —28h
14 eltr=1)I (g) AB ]Mm 1+h) Z o(m) [Hemw@m—zﬂhq
1 4 etr[M(28)—28h] ’

m=tr

+
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with
1 + emIM(258)—25h)
T(m) = AT p(m)a
2N (B, h;0)
(1 + 6_2521 1(w1+h)> eﬁwl m (6.15)

Gm(d(@1,01), ..., d(Om,0m)) =

H (dw;) i (dao;).

NI (~B) (1 1 emlNI(26)— 2Bh])

Note that %1\11[115 eyl = (3la + fig]) ® i, where fig(dwy) = e—2B01—M(28) f(dwy). Thus
lap 5 3ler # (i@ ji for h > h2™(j3), and so we have
SIC(B,he™ (B, B, ), B) — b < S (B, he™ (8, B, h), B;0) — h
- inf~ h’(q ’ qB7hann(513 R), ) (a )m[q]t h(%lql[q]tr ‘ f® ﬁ)}
q€P(E) ¢
h(alay, pep) <00 mg<oo (616)
= b [ gegaam ) (@ Dmig b, | A )] <0

h(q\qp,ﬂ®ﬁ)<oo;mq<oo

Since 5,?“%@,@“%8,8,13),6) —h = 0 and since iL SIU(3 h,B) is strictly decreasing on
(3 (5 /a), 00), it follows that h3"(3,3,h) < h2™ (3,53, h) for h2™(3) — log2 < h < h2™ ().
[ |

6.2 Proof of Corollary

Proof. The map h — Squc(ﬁ, h ,8, 0) is strictly decreasing and convex on (hann(5/ a),00) (recall
Fig.|9). Therefore, for h < s (ﬂ B,a), the h-value that solves the equation Sque(ﬁ h, B; 0) =h
is strictly greater than h2™(j3/a), which proves that h3"(3,3,h) > h¥™(3/a). The proof for

h > s*(B, B, ) follows from Corollary and ([1.26]). n

6.3 Proof of Corollary
Proof. (i) Note from that

S (3, 5:0) — o = (- f) - h+1og<

1+ p(n 25h]] ) (6.17)
neN

Note from (6.17)) and (3.34H3.35) that 2™ (3, k2™ (B), 3;0)—h = §22(3;0)—h and S*™(3, h, 30

—h2m(B) = Sann(ﬁ,h;O). These observations, together with the remark below Theorem

conclude the proof for (i).

(ii) Recall from that

S3(B,h,0) = sup [@54(Q) — I(Q)]

QECF‘“ ’

(6.18)
= sup [(IDB
Qeéﬁn

H(Q) — (@) = 573, ki)

)
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The second equality uses the remark below Theorem . Hence h3™(5,0) = S3°(3, hd"(3),0) =
Sque(ﬁ hque(ﬂ) 0) = 0 by [3], Theorem 1.1(ii). n

6.4 Proofs of Corollaries and [1.§]

Proof. The proofs are similar to those of Corollaries 1.6—1;7Ain7[37] Section 8. For the former, all
that is needed is S9"¢(3, h, 8;0) — h < 0, which holds for (8, h, 3, h) € int(D{") U (DI \ DI"°). B

A Finiteness of ¢

_ _ . ~N _
Lemma A.1 Fiz§ > 0 and i € P(E) satisfying (1.4). Then, for all Q € P™(E ) with h(m1Q |
fi) < oo, there are constants vy € (671, 00) and K (6,7, i) € (0,00) such that

2(Q)] < vh(maQ | ) + K(8,7, ). (A1)

Proof. The proof comes in 3 steps.
1. Abbreviate i1 10)
oy alma

Fix v € (671, 00). For m € N and [ € Z, define

((Dl), w1 € E. (AQ)

Ay ={w01 € E: m—1<ylog f(w1) < m},
Ag={w1 € E: 0< f() < 1}, (A.3)
Bl:{(IJlEE: l—1§(1)1<l}.

Note that the A,,’s and the B;’s are pairwise disjoint, and that
E =AU [UnenAnm], E;U{0}=UenB;, E-=Uc B, (A.4)

where E, and E_ denote the set of positive and negative real numbers in £. Also note that

3(Q) = [E &1 (m1Q)(din) < /E 0V @) f@) alda)

(A.5)
=) / (0V @) f(@) i(doy) =T+ IT+I11,
meENy
where
- | & J(@) ldan) < 3 1Po(B),
AoN[UrenBi] IeN
IT = Z/ @ fer) pldaor), (A.6)
menN Y AmN[UZ] " By
111 = Z / w1 f(w1 dwl Z e Z m+ )P m+l)'
meN Y AmNUieng Bl meN 1eNo
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The term I follows from the restriction of the fi-integral to the set Ag N E,. The terms II and
11T follow from the restrictions to the sets Uy,en[Am NUE 1Bl] and Upen[Am NUieny Bmti]- The
bound on I uses that f <1 on Ag and w1 <[ on Bj. The bound on II1 follows from the fact that
f< e™/7 on A and W < m+1 on B,y It follows from that

T+II1<2) €™y " (m+ )Pq(Bm)

meN 1eNg
<2Zem/72m+l s >m+1-1)
meN 1eNg (A?)
<2C(6) Y €™y (m A 1)e 0D
meN 1eNg
<2C(6)e® Y e ™I N (m - 1)e " = ky (6,7, 1) < oo,
meN €N

where the third inequality uses . Moreover, use that Wy <m —1 < ylog f on A,,, N U™ Bl,
to estimate

1<,y / f(@n) log f (@) ilde)
men Y @1€ARNULT B

Sy _, J@)lox (@) (o)

meN’

- o (A.8)
= 7/_ f(@1)log f(wr) fi(deor)
E\Ao
= yh(m.1Q | i) / f(@1)log f(wr) fi(der)
<Ah(maQ | 1) +ye ! < oo,
where the third inequality uses that flog f > —e~! on Ay, and the second equality that
h(m1QlR) = / f(@1)log f(w1) fi(diwr) + f(@1)log f(w1) fi(dwr) < oo. (A.9)
E\Ao AO
Put
K+(5,’y,ﬂ) = k+(5’77ﬂ) +76_1' (AlO)
2. Similarly, we have
2Q) = [ @ (maQ)dm) = [ (07@) f(@n) alda)
E E
(A.11)
Z / (0N @) flan) fi(dan) =T+ II' + 11T,
meENg
where
s / &1 f@) fdo) = 3 (1= 1) Pa(B),
AoN[Ure—ng Bil le—No
->/ &1 (@) plday), (A1)
e Amn[U__, B
nr=>%" / @1 f(@1) pldmy) = )€™ Y (1 —m— 1)Pa(Bi_p).
meN AmN[Vie g Bi—m] meN le—Np
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The bounds on I’ and III” use that @; > 1 —1 on B; and f < €™ on A,,. Note that

I+1I0 =2 ) ™ > (1= m—1)Ps(Bi_m)

meNg le—Np
>2 ) ™ Y (I—m—1)Pgy(@ <1—m) (A.13)
meENy le—Np
> 2C(0) Z em/ Z (1—m—1)e=™ = k_(8,~, 1) > —oc.
meNg le—Np

Also use that w3 > —m > —[ylog f +1] on A, N U?:_m_HBl, to estimate

==y [ F (@)l log f(@) + 1] ()

meN Y @1€ANU__ 1 Bl

>3 Y [ @) tos (@) ptam) - 1

meN

- / F(@1) log f(@n) pldar) — 1

E\Ag

(A.14)

= —h(maQ )+ [ f(an)log f(@n) itdin) — 1

> —[yh(m Q| i) +ve ' +1] > —o0.

3. Put K_(8,7,11) = 1+~vye ! —k_(3,7,fi). Then the claim follows with K (d,~, ii) = K (6,7, ji)V
K_(5,7.7). .

For the sake of completeness we state the follow finiteness results for ® B that were proved in
[3], Appendix A.
Lemma A.2 Fiz B,fl,g > 0. Then @w-a.s. there exists a K(@,ﬁ,fz,g) < oo such that, for all
N € N and for all sequences 0 = ko < k1 < --- < kny < 00,

N

—gkn + ) 1og oy 5, (G, k) < K (@, 5, B, )N, (A.15)
=1

where Wy, _, k,] 5 the word cut out from @ by the ith excursion interval (k;-1, k).

Lemma A.3 Fiz 3,h > 0, p € P(N) and it € P(R) satisfying (1.2) and (1.4). Then, for

N . =N o R
all Q € P™(E ) with h(mQ | q5) < 00, there are finite constants C > 0, v > 23/C and
K= K(B,iz,p,/l,'y) such that

©51(Q) < h(mQlgpp) + K. (A.16)
B Application of Varadhan’s lemma

In this appendix we prove ([3.18]) and the claim above it. This was used in Section |3|to complete
the proof of Theorem
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Lemma B.1 For every B, h>0 and £ >0,
sM(B,h, By g) = ST(B,h, B g) Vg ER, (B.1)

where sq“e(ﬂA,iAz,B;g) is the w-a.s. constant limit defined in (3.16), and Sq“e(ﬁ,ﬁ,ﬁ;g) s as in
(13.4). In particular, the map g — S°(B, h, 3;g) is finite on (0,00) and infinite on (—o0,0).

Proof. Throughout the proof 3,k > 0, 3 > 0 and h € R are fixed. The proof comes in 3 steps,
where we establish the equality in (B.1)) for the cases g < 0, g = 0 and g > 0 separately.

Step 1. For g < 0 the proof of (B.1)) is given in two steps.

la. In this step we show that Sque(ﬁ, h, B;g) = co when g < 0. Fix L € N and let Q% = (ql%@ﬂ)@N,
with

Gropldwr, ... dwn) = S0 (ft @ 0)"(dwy, . .., dwy) (B.2)

and (wi,...,wy) = ((01,01),..., (Wn,w,)) € E™. It follows from (3.4]) that
SU(B,h, Brg) = BB(QY) + 05,(QE) — I™(QY) — gL > —log2 — gL+ logp(L).  (B.3)
The second inequality uses that ®(Q%) = 0, I**(QY) = —logp(L) and CIDB’E(QL) > —log2.

Letting L — oo and using that p has a polynomial tail by (1.2)), we get the claim.

1b. In this step we show that sque(ﬁ h, B; g) = 0o when g < 0. The proof follows from a moment
estimate. We start by showing that, for each g € R,

Jimm sup % log E5 (NPPUR)) < 31 () (B.4)

N—oo

(recall (1.4)). Indeed, for any B € R, by the Markov inequality,
1 3 ] — = 3 @ V[ (—3
P, (N log (eN/i@(RN)) > M (-B) + 6) P, ( B (em@(RN)) > eN(M(—B)Jre))
< e NM(=P)—eNF_ (E(#; (eN,Bcb(R;v’V)))

= e_NM(_B)e_ENES [E@ (e’é Eﬁilw’“ifl)} = e N,

The claim therefore follows from the Borel-Cantelli lemma. Note from (B.5) that (B.4]) holds if we
replace Ej with E7, g > 0.

Let 7; be the length of the i-th word, let L € N, and put

N N
kn = ZTi and ]fN(L) = Z [Ti 1{Ti<L} + Ll{ﬁ-ZL}] . (B.G)

=1 i=1

For any —0o < ¢ <0 <p<1withp ' +¢ ' =1and g <0, it follows from that
N ERIIR ) = B (exp [~ghy + N (25, (R8) + B 2(RR))])

(L)™ B (exp [~gkn(L) + NB®(RY)])

)Y 5 <efgpkN(L)>1/p E: (engcp(Rx))l/ ‘

A w 1/
(3™ Nolpg) VB (eNoFor))

Vv
N[

Vv
N[ =

36



where

-1
Ni(g) = Z p(n)e ™ 4 e~ L9 Z p(n). (B.8)
n=1 n>L

The first inequality in (B.7) uses that ®5;(Q) = —log2, ky = kn(L) and g < 0. The second
inequality follows from the reverse Holder inequality with the above choice of p and g. Note that
Ni(g) is finite for g € R and limz o N7(g9) = N(g). It therefore follows from (3.16]), (B.4) and

(B.7) that
s1(3, h, B; g) = limsup — log( Nth,’h’B’B’w(gD
N—oo N
1 (B.9)
—log2+ - logNL(pg) qM(—Bq)-
Letting L — oo, we get from (2.6) that s1¢(3, h, B; g) = oo, since N(pg) = oo for g € (—o0, 0).
Step 2. In this step, which is divided into 2 substeps, we consider the case g > 0.

2a. Lower bound: For M > 0, define
> M(Q) :[E(m,lQ)(dwl)[wlv(—M)]. (B.10)

Note that @M is lower semi-continuous and that

B(Q)+ 034(Q) < BPQ+9,,@ -5 [ @ Ea@@a). B
w1<—
Therefore, for any p,q > 1 with 1/p+ 1/q = 1, it follows from the Holder inequality that
1 P w BPH—M ( pw
I )

) (B.12)
1 pN |® ; (R)+B ®(R%) 1 —qBYN @y (m, <—ary
< —NlogE; <e [ BRVEN N] + q—NlogE;; e ! ki .

The rest of the proof consists of taking the appropriate limits and showing that the left-hand side
of (| is bounded from below by Sque(ﬁ h ﬁ g) while the second term in the right-hand side
tends to zero and the first term tends to sque(ﬁ, h, j3; 9).

Let us start with the second term in the right-hand side of (B.12)). Note from (2.6) that

lim sup — log £ q'ézﬁilw’“il{%ﬂ—M}
N—o0 qN

1 —ohn—aBSN @ 1,
= —flogj\/(g)+limsup—NlogE6k (e gkn QBZzlwkzl{wki<A4})
q

N—o0
92935 5 _
log B <€ “” Ezl‘”’“il{“’kﬂm)

1 7
< —=logN(9) + — log/\/(2g) + — log/ e~ 2P0 Loy <My [ (diy ).
q 2q 2q B

(B.13)

1 1
< —ZlogN —i——lo N(2¢g) + limsup ——
.8 (9) g N (29) N%O 5N

The first inequality uses the Cauchy-Schwarz inequality, the second inequality uses (B.4). Note
from ({1.4]) that the above bound tends to zero upon when M — oo followed by ¢ — oc.
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For the first term in the right-hand side of (B.12)) we proceed as follows. Note from Lemmal[A.2]
that w-a.s. o

where we use that
— gkn —l-chl)BjL(R%) :Z)(—gkN‘i‘NCI)ﬁjL(RLK/)) . (B.15)
Therefore, for any 1 < p < oo, it follows from (B.4)) and (B.14)) that w-a.s.

lim sup — 1ogE*( {%,g(me@(Rx)])

N—oo p

== log/\/(g) + limsup LN log E <e_gkN+Np [@5,5(1%)+B <1>(R“1]V)]) (B.16)
p p

N—oo
1 PO _ _
< (K.5,h.) + M(=p5) ~logN(g)) < o0
Next, for —oo <7 <0 < s < 1 with r=! 4 57! = 1, it follows from the argument leading to
that
1 PO w A w
limsupflogE; (eNp [%’h(RNHﬁq)(RN)])
N—oo PN (B.17)
1 1 1 1 - - ’
>log 5 + —N(g) + —N(sg) + —M(=prp) > —oc,
2 p sp pr
since g € (0,00). Define
S(p) = limsup — log E; < [%VH(R%HBQ(RUK’)D . (B.18)
N—o00

By (B.16{B.17)), the map p — S (p) is convex and finite on (0, oo) and hence continuous on (0, o).
It therefore follows from ) that the left-hand side of converges to sque(ﬁ,h B;g) —
logN(g) asp | 1. It follows frorn -—- that this hmlt is ﬁmte which proves the finiteness
of the map g — sque(ﬂ h, 3; g) on (0,00).

Finally, we turn to the left-hand side of the inequality in (B.12)). For any € > 0 and Q € Ci*NR,
note from the lower semi-continuity of the map Q — &M (Q) + ®;;,(Q) that the set

ALQ) = {@ e P (EY): BoM(Q) + @,,(@) 2 Bo7M(Q) +95,(Q) - ¢} (B1Y)

is open. This implies that
lim sup - log B < N [@B,;L(me@—M(Rfv)])
N

N—o0
o w 2H—M w
> lim inf N log E; < N [‘I)B,h(RNHfB‘I’ (RN)] 1AE(Q)(R“1</)>

N—oo

> B M(Q) +@5,(Q) — e - Q,eigf@) I(Q") (B.20)

> BOM(Q) + D ,4(Q) — I"(Q) — ¢
> BO(Q) + D4(Q) — I9(Q) — ¢
= BB(Q) + B ;(Q) — gmq — I*™(Q) — log N'(g) -

38



The second inequality uses Theorem the third inequality uses that @ € A.(Q), the fourth
inequality follows from the fact that ® < ® M while the equality follows from Lemma It
therefore follows from (B.12}B.13)), (B.20) and the comment below that, after taking the
supremum over Ci" N'R followed by M — oo, € — 0 and p | 1,

s1(B,h, B;g) > sup [B‘I’(Q) +@57,(Q) —gmq — Ian“(Q)} = S, h, Brg).  (B.21)
QeCfinnR

2b. Upper bound: Let x(@r,) =log ¢4 i, (@r,). For M > 0, define

M (Q) = / (71.1Q) (1) (@1 A M),
E (B.22)

25(Q) = /Aﬁ@)(dwh)(x(wh) A M),

E

Note that &M and @gh are upper semi-continuous and

BP(Q) + @4 (Q) —/ . w1 (T1,1Q)(dwr) — />M(7%1Q)(dwh)x(d)h) < poM(Q) +q>g{ﬁ(@).
- - (B.23)

Therefore, for any —0o < ¢ < 0 < p < 1 with ¢~ + p~! = 1, the reverse Holder inequality gives

1 BOM (Rw M (Rw
LlogE (ezv[/m (RN>+<I>,3,h<RN>]>

1 w [ —a|BEN @n e, <ty X@1) (@) > M}
> WlogEg <€ | ' kizM ' X ) (B.24)

1 . N[B@(R‘*’ )+® 5 5 (RS )]
+ —logE (ep NITTBRVEN] )
pN g

The rest of the proof for the upper bound follows after showing that the left-hand side of
gives rise to the desired upper bound, while the right-hand side gives rise to s4"° (5’, ﬁ, B;g) after
taking appropriate limits.

It follows from [3], Step 2 in the proof of Lemma B.1, that

N
gkN + 2 X(@r)Lyar)zay <0 (B.25)
=1

for M large enough. Hence, for M large enough, it follows from (B.4)), (B.25)) and ¢ < 0 that

limsup —
N—o0 qN

_ _1 logN(g) + lim sup L log E (6q[gk1\r+2fv—1 X(oﬁzi)l{x(mi)zM}+5 PORI wkil{Wk¢>M}]> (B.26)
q N

N—oo

1 log B (e—q[ﬁZﬁvl Dy Uy, 5 0y H 00 X(wIi)l{X(wli)ZNI}]>
g

1 5
> - <log/ e_qﬁwll{‘”lZM}ﬂ(dwl) - logN(g)) )
q R
which tends to zero as M — oo followed by ¢ — —oo. Furthermore, it follows from (B.16HB.18)
and the remark below (B.18]) that
A A 1 A w . w
s4°(3, h, B; g) —log N'(g) = lim limsup — log E; (epN {BKP(RNH%W(RN)]) ) (B.27)
Pl N—ooo pN
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Since fOM + @Mh is upper semi-continuous, it follows from Dembo and Zeitouni [6], Lemma 4.3.6,
and Theorem ﬁ that

ApM ( pw M w —
lim sup log E; <eN [#e (RNH%’;L(RN)]) < sup. [5‘I)M(Q) + q)g/[,;(@) - I;*“(Q)}
N—oo QePinv(E®N) ’

= sup B0 (Q) + 2, (Q) - ™(Q)]

QR i (B.28)
= s [F0M(Q)+ 9M(Q) - gmg — I"™(Q)] ~ log N (g)

QecCinnR ’
< swp [B0(Q)+54(Q) — gmg — I"™(Q)] —log N (g).

QecinnR

The first equality uses that I3"(Q) = oo for Q ¢ R (recall (2.14)) and the fact that &M + @%E <
M(1 + B3), the second equality uses and the fact that Ig" = I3 on R. (The removal of
Q’s with mg = I*"(Q) = oo again follows from BOM 4 (I)]B\{i} < M(1 4+ B)), the last inequality
uses that ®M(Q) < ®(Q) and @%h(Q) < CIJBﬁ(Q). Therefore, combining (B.24HB.28) and letting
M — oo and p T 1 in the appropriate order, we conclude the proof of the upper bound.

Step 3. For g = 0 we show that
lim s(5, h. B g) = lim S (4, h. B g) = S™°(3,h 5:0) = SO°(B.h, ) (B:29)
g g

(recall (3.8)). The ﬁgst equality follows from Steps 1 and 2 of the proof. The second uses that the
map g — SU¢(B, h, 5;¢g) is decreasing and lower semi-continuous on [0, 00).

Furthermore, note from and that
Sf,}ue(Ba ﬂ,B) = sup {B@(Q) + (I)B,E(Q) — ]que(Q)}

Qecﬁn
> sup  [BR(Q)+®;,(Q) — I(Q)] (B-30)
QecfinnR ’
= S9(3, h, B; 0).
Here we use that 19%¢ = ™" on R. The rest of the proof will follow once we show the reverse of
(IB.30). To do so we proceed as follows:

For L Nand —co < ¢ <0< p<1, withp ! +¢! =1, it follows from ([3.15) and the reverse
Hoélder inequality that

wer s b 3 ) 1 « [ N|B®(RL)+®; 7 (R
s (B,h,ﬁ;g)—log/\/(g):hmsupﬁlogEg (e [ﬁ (B )+24,5( N)]>

N—o0

1 Re—L w . w 1 3 N e - o
> lim sup — log £} <eNp [po= i8] ) + lim sup — log E; <e”q" imt “”%”wﬁ-ﬂ)
N—00 N N—o0 qN

> logN(g) + o swp[p(52EQ) +05,(Q) — gmo ~ 1" (Q)]

P Qecfinnr

1 5
+ = log/ 6/3qw11{w1<7L}ﬂ(d@1)
q R

1 que, s » = 1 S 1
= ];8%“6(@ h, B,p; g) + qlog/Reﬁq“’“M<—”u(dw1) - Elog/\f(g)-
(B.31)
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Here, @~ % is defined in (B.10)). The second inequality uses Steps 1 and 2 of the proof, particularly
(B.4) and the remark below (B.5)).

Below we show that, for any p € [0,00) and L € N,

lim s3°°(8, . B, 9) = S1°(B, . B,p) = . p (B2(Q) +25,(@) - I™(Q)] . (B32)

Therefore, upon taking limits in the order ¢ — 0, L — oo and liminf, ,q, it follows from (B.31
D and the lower sime-continuity of the map p + S3"°(3, h, 3,p) on [0, 00) that

lim sU(B, h, By g) > S&(B, h, B). (B.33)
g

The following lemma, which is proved in [3], Appendix C, will be used in the proof of (B.32).

Lemma B.2 Suppose that E is finite. Then for every @) € PinV(E'N) there exists a sequence (Qy)
in R such that w — lim, 00 Qn = Q and lim, o I™(Q,) = 19°(Q), where Ri* = {Q <

R: mg < oo} and w — lim means weak limit.
In our case E = R?.
For the rest of the proof we proceed as in [3], Appendix C. For M € N, let
Dy ={-M,-M+1/M,....M —1/M,M} (B.34)

be a grid of spacing 1/M in [—M, M], which represents a finite set of letters approximating R.
Put Dy = D3, x D3, and let Dy = Upen(D3,)" be the set of finite words drawn from D3,.
Furthermore, let Ty R — D3, and Ty :R— D3, be the letter maps

M forz € [M,o0),
Tau(z) =< [aM]/M forz e (—M, M),
-M forz € (—o0, —M], B.35
M forz € [M,o0), (B.35)
Ty(z) =< |#M|/M forz € (—M, M),
-M forx € (—oo0, —M].

Thus, T) moves points upwards on (—o0, M), while Ti‘/f does the opposite on (—M,o00). Let

Ty : R? — Dy be such that Ty ((z,y)) = (Ta(x), Tar(y)), for all (z,y) € R2  This map
~ —~®N

naturally egctends to R2, RZ  and to the sets of probability measures on them. Furthermore, put

fing = o Ty, fing = o Ty,

B35(@) = [ #1QY (do)log o (o).

*
D]\/I

(B.36)
(I)L,M(QM):/ 711QM (dy1) oM (1),
D3y
where b34(x) for o= ( )€ (D, \ {M})
ri(x) forx = (x1,...,2m) € (D m
65.() :{ %B’h otherwise, N
(B.37)

M B U1 for Y1 EDX/IQ(_I”M]’
o1, (y1) = { —L otherwise.
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Here, 71 is the projection onto the first word in the word sequence formed by the copolymer
disorder w, and 711 is the projection onto the first letter of the first word in the word sequence
formed by the pinning disorder @.

Next, note from (B.31]) that
A A = A3d—L w A w
S35 B ig) — og () = limsup - log ( No[pe <RN)+‘I’M<RN)]) . (B3
— 00

For the rest of the proof we assume that L < M. Consider a combined model with disorder taking
values in D3}, instead of R, and with /i and zi replaced by fips and fips, respectively. In this set-up,
if in (B.38)) we replace ® ah and @=L by ® B and ®r, s respectively, then we obtain

A A = 1 2 M,w
s (B, b, B, 5 9) = log N (g) = lim sup - log E; <6Np[5‘1>L»M( N h (B )]> (B.39)

N—oo

Here, R%’w is the empirical process of N-tuple of words cut out from the i.i.d. sequence of letters
drawn from Dj; according to the marginal law [ips ® jips. Note from (B.10) that

—L = | T 1)on(y1),
o (@)—/[R 1QUdy) ()

(B.40)
b1 (1) = { y1 fory; € (—L,00)

—L otherwise.

It therefore follows from ) that

s3(B, b, B.prg) = s15,(B. b, Byps g), (B.41)

since, for each z,y € R, é1(y) > ¢ (T (y)) and ¢,3h( x) > (bgfh(TM(af)) by (B.35), (B.37) and
(B.40).

In the sequel we will write, respectively, ng‘, R, Ij‘;e, 137" associated with Dy and fip @ i
as the analogues of Cfi", R, I J2" associated with R? and i ® fi. It follows from Steps 1 and
2 above that

S%u]%(/éa iLa vav g) sup {pBQL,M(QM) + p‘I)B h M(QM> - ngM - ann(QM) . (B42)
QM eCinnR s w

Note from Lemma that for any QM € Ci with I{;°(QM) < oo there exists a sequence (QM)
in C]f\i/? N Ry such that w — lim, oo QM = QM and lim,, s Ij’\“/r[m(@%) = I]C\lfe(QM), because D)
is finite. Therefore

lim 53y, (8, h B,p;.9) = sE3,(B, h, B, p; 0)

g40
= 7@ M P - My Jann M
QMgScLﬁj\l;mRM [pﬁ L,M(Q ) +p 5@]\/[(@ ) A (@ )} (B.43)
= sup [pB(I)L,M(QM) +p‘1)g,,;7M(QM) — Iﬂle(QM)} :
quecy

The first equality uses the second equality of (B.29) and the remark below it. The third equality
uses the above remark about Lemma the boundedness and the continuity of the map
QM — pBPL M (QM) + P45 /(@) on Ciin and the fact that 1)} = I3 on Cit N Ry,. Note
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also that those QM’s with I]C\l/}le(QM ) = oo do not contribute to the above supremum. For each

. ~ QN . — QN
Q € P™(R2 ), define [QIM = Qo Ty, € 77”“’(DM® ). Since T/ is a projection map we have
that I},°([Q)M) < I11¢(Q). It therefore follows from (B.43) that

i 5%, (B Bopig) = sup [pB0Lar Q1) + p55, Q1) — I (QM)]
" Qeem - (B.44)

> sup (B ([QM) + PPy 5, (1Q1) — 19°(Q)]
Qecfin

. —~—®N
Moreover, for any @ € PV(R2 ) and y € R, w — limy/ 00 [Q]M = Q,
limps 00 QS/%/IB(TM( y)) = P51,y i (y) and hmM_mo M (T (y)) = ¢r(y). Fatow’s lemma therefore tells

us that liminfy/ oo @5, (1Q M) > 54(Q) and liminfp oo o v ([Q1M) > @75(Q). These,
together with (B.41)) and ( -, 1mply that
lim s3°°(3, b, B, p; g) > lim 57 ar (8, h, B,p; 9)

> sup [pBeH(Q) +p25,(Q) — 1(Q)]
Qechn (B.45)

> sup [pBO(Q) +p%;;,(Q) — I™(Q)]

The last inequality uses that ®—% > ®. [ |

C Proof of Lemma [5.3

In this Appendix we prove Lemma To do so we need another lemma, which we state and
prove in Section In Section we use this lemma to prove Lemma

C.1 A preparatory lemma

Lemma C.1 For every 3> 0, 3> 0 and h > ﬁ?n“(ﬁ),

(3,0, B50) < sup [BR(Q) +E55(rg) — I™(Q)], (C.1)
QECﬁn
where
25(rq) = 3 rg(n)log (& [1+ en1CA-281]) (C2)
neN

and rg is the word length distribution under Q.
Proof. Throughout the proof, 3 > 0, 5> 0 and h > h2™ () are fixed. Put

7
5 = 5 (NPT RA L) g (M) ©3)



Note from (B.5) and the Borel-Cantelli lemma that, for every ¢ > 0 and @-a.s., there exists an
Ny = No(w, €) < oo such that

E; (eNBq’(R?’v)) =B <6N3¢(RTV)) < eNIM(=B)+€] VN > N,. (C.4)
Therefore, w-a.s. and for all N > Ny,
N 3 280 okth
Eo($%)= > [lethi—kin)e™3 [1 +E; (e- PE ot >>}

0=ko<k1<..<ky<ooi=1

N — ~ ~ A
= S TLoth = ki) e (14 elhbion e -2500)
O0=ko<k1<...<kny<ooi=1 (05)

- 2 (ﬁ p(ki — ki—l)) (eN [B*P(R“&)ﬁa,g(m%)])

O0=ko<ki1<..<ky<oo \i=1

= g (NPT E ) < oo,

Finiteness follows from (C.4) and the fact that Zj ; < 0 if h > b3 (). Therefore, for every § > 0,
w-a.s. and N > Ny, we have

1 1
P, <N10g S% = - log Ea(S%) + 5) =P, (S]“\’, > Eg(S%) eNé) < e NS, (C.6)
From the Borel-Cantelli lemma we therefore obtain that w-a.s.

A A = 1 1
s1¢(B, h, B;0) = limsup — log S§ < limsup — log E;(S%) + ¢
N—oo N N—oo N (C 7)
= sup [B(I)(Q) + E’B,E(TQ) — I_que(Q)] + 4.

QECﬁn
The equality uses Steps 1 and 2 in the proof of Lemma and the observation that Zj; is
independent of w (i.e., only pinning disorder is present), and —log2 < = 5 < 0 for h > b2 (B),

where we use (2.15)) instead of (2.14). Finally, let § | 0. n

C.2 Proof of Lemma 5.3

Proof. Throughout the proof, 3 > 0 and 3 > 0 are fixed and_ﬁ > ﬁgnn(ﬁ) Note from (3.6) and
(3.7) that (I)B,oo = —log 2. Therefore, replacing S® + <I>sz by B® —1log?2 in (3.§)), we get

SU(B, 00, B; 0) = SI(B, 00, B) = s9"(83, 00, 3; 0)

= lim sup 1 log E (eN[log %+B¢(R3DV)]>
N—oo N - - - - (CS)
= —log2+ sup [BP(Q) — I"*(Q)]

QecCfin
= —log2 + h3"(B).

The fourth equality follows from the proof of Lemma while the last equality uses [5], Theorem
1.3. Next, note that

SMe(B, 007, B;0) = %iTm S(3, h, B;0) > S9%(B, 00, 5;0), (C.9)
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since the map h — S9¢(3, h, 3;0) is non-increasing. For h > h2™ () it follows from (C.1]) that

(B, h, B;0) < sup [B0(Q) +Z5(rg) — [1(Q)]
Qecﬁn
= sup sup [BQD(Q) + EBJ}(T) — I_que(Q)}

reP(N); @Eéﬁ“;

my <00 T'Q:T‘
—_ o A Tque [ M 1
< sup (%,B(THSUP (Q) I <Q>]) (0
S et

< log [% (1 + e[M(QB)_QBm)} + Qseuél?% [Bq)(Q) - fque(@)]

= log {% (1 + e[M@B)_2Bm” + Bgue(B)-

The third inequality uses that, for h > ha™(g), E54(r) < log [% <1 + e[M@B)*Q’éiL])} for all r €
P(N). Therefore

lim SU(3, h, 3;0) < —log2 + ha%(F) = ST(5, 00, 3; 0). (C.11)
htoo
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