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We consider a holographic setup where relativistic invariance is broken by a chemical potential, and a
non-Abelian internal symmetry is broken spontaneously. We use the tool of holographic renormalization in
order to infer what can be learned purely by analytic boundary considerations. We find that the expected
Ward identities are correctly reproduced. In particular, we obtain the identity which implies the
noncommutation of a pair of broken charges, which leads to the presence of Goldstone bosons with
quadratic dispersion relations.
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I. INTRODUCTION

Goldstone’s theorem has been originally proved in a
Lorentz-invariant formulation. Its extension to nonrela-
tivistic settings is not straightforward and raises a
problem of counting, as was quite soon realized [1]:
the number of massless modes does not match the
number of broken generators in this context, and more-
over the dispersion relation of nonrelativistic Goldstone
bosons is not any more constrained to be linear with
constant of proportionality fixed to the speed of light, as
in the Lorentz-invariant case. Nonrelativistic setups occur
quite often in condensed matter physics, but the issue of
the generalization of Goldstone’s theorem to these setups
has obviously great theoretical interest and only recently
some main developments have been achieved in its
understanding [2–5]. The occurrence of Goldstone bosons
with quadratic dispersion relation has been related to the
presence of pairs of broken generators whose commutator
has a nontrivial vacuum expectation value (VEV), which
is forbidden in the case of Lorentz invariance. Such
Goldstone bosons with quadratic dispersion relations are
usually accompanied by a massive partner whose mass
is proportional to the amount of Lorentz breaking.
Eventually, there can still be massless particles which
have linear dispersion relations, as in the relativistic case,
but with a model dependent velocity.
The aim of this note is to explore in a holographic

setup [6–8] what can be learned on these different kinds
of light modes. In particular, we focus on what can be
extracted a priori in a given model, i.e. just by specifying
how the symmetries are broken. The holographic model
is supposed to represent a theory with a large number of
degrees of freedom and at strong coupling, which dis-
plays a pattern of symmetry breaking allowing for the
various types of Goldstone bosons to be present. We

study a model with the minimal requirements in order to
expect all these light modes, namely a Uð2Þ global
symmetry which will be spontaneously broken, with a
source for the timelike component of the Abelian Uð1Þ
current, i.e. a chemical potential, which explicitly breaks
boost invariance [but preserves Uð2Þ]. This model has
been previously considered in [9], where the system was
set at finite temperature and numerical techniques were
essentially employed to analyze it (see also [10] for a
different holographic model). We would rather consider
the model at zero temperature, in analogy with the
original field theory model presented in [11,12], and
perform a purely boundary analysis through analytical
techniques.
For this aim we will employ the technique of holo-

graphic renormalization [13,14] in order to deduce the
presence of such Goldstone bosons purely by symmetry
arguments. In practical terms, the Ward identities for
broken symmetries [15] establish the existence of mass-
less modes generated by the broken currents. Moreover in
the nonrelativistic case, when commutators of broken
generators have VEVs, it can be shown that some of
these massless modes must have quadratic dispersion
relations [16]. By carefully performing the procedure of
obtaining the renormalized action of the holographic
model, we show that such Ward identities are exactly
reproduced. Unfortunately, this is all we can extract from
a purely boundary analysis. This allows us to determine
the existence of different types of Goldstone bosons and
to establish if their dispersion relation is either linear
(ω ¼ csk, with cs “sound” velocity) or quadratic (ω ¼ k2

M,
with M being a parameter with the dimensions of a
mass), but the exact values of the constant factors cs and
M remain undetermined. In order to explicitly derive the
dispersion relations and quantitatively determine these
factors, an analysis of bulk fluctuations is required,
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similarly as it is necessary in order to determine the gap
towards the massive excitations.
The article is structured as follows. We first present the

holographic model and derive the renormalized action.
Then by paying attention to gauge invariance, we extract
the relevant correlators and find that they satisfy the
expected Ward identities. We end by commenting on
how to go beyond. In Appendix A we consider an
alternative gauge fixing of the holographic model; in
Appendix B we show in the field theory model of
[11,12] how the nonlocal parts of the correlators, which
can be explicitly computed, conspire to satisfy the same
Ward identities, while yielding the expected dispersion
relations.

II. A HOLOGRAPHIC MODEL FOR
NONRELATIVISTIC SYMMETRY BREAKING

We now outline the model discussed in [9]. This is a
typically strongly coupled theory represented by its
holographic dual. We assume that the theory has a
nontrivial UV conformal fixed point. In this UV CFT,
we focus on the conserved currents Jai which form a
Uð2Þ algebra, and on a relevant operator OΨ which is a
doublet of Uð2Þ. In the holographic dual, this means
that we need to have a bulk theory in an asymptotically
anti–de Sitter (AdS) spacetime, which includes dynami-
cal Uð2Þ gauge fields and a complex doublet scalar with
negative squared mass. Since we are not interested in
computations involving the stress energy tensor, we set
gravity in the bulk not to be dynamical. We thus
consider the following bulk action, where for simplicity
we choose four bulk dimensions (and hence three
dimensions for the boundary theory)1:

Sbulk ¼
Z

d4x
ffiffiffiffiffiffi
−g

p

×

�
−
1

4
Fa
μνFaμν −DμΨ†DμΨ −m2Ψ†Ψ

�
; ð2:1Þ

where Fa
μν¼∂μAa

ν −∂νAa
μþfabcAb

μAc
ν and DμΨ ¼ ∂μΨ−

iAa
μTaΨ. The field Ψ≡ ð λ

ϕ
Þ is a complex scalar doublet,

while Ta, with a ¼ f0; 1; 2; 3g, are the generators of
Uð2Þ in the fundamental representation, namely T0 ¼ 1

2
1

and Ta ¼ 1
2
τa otherwise, with τa being the Pauli matri-

ces, and they satisfy ½Ta; Tb� ¼ ifabcTc, with fabc ¼ 0 if
any of the indices is 0 or fabc ≡ ϵabc otherwise.
The metric is fixed to be the AdS one, defined by

ds2 ¼ 1

z2
ðηijdxidxj þ dz2Þ; ð2:2Þ

where ηij is the mostly plus Minkowski metric. Note that
since this is pure AdS, on the field theory side it
corresponds to considering zero temperature, in contrast
with the analysis of [9] where a nonzero temperature was
always required.
We will not consider any backreaction on the

metric. This is motivated by the fact that we in any
case restrict our attention to the near-boundary region,
where backreaction effects can be shown to be sub-
leading and actually completely irrelevant to our
considerations.
Let us first consider the field configuration defining

the background, and thus the vacuum of the dual theory.
First of all, as anticipated, the theory is nonrelativistic
because boost invariance is broken by the presence of a
chemical potential, LQFT ⊃ μJ0t . This means that there
should be a nontrivial source for J0t , namely A0

t should
have a leading mode turned on. This source breaks
Lorentz invariance, but preserves all of Uð2Þ since the
Uð1Þ generator commutes with all the algebra. In the
vacuum of the theory, we expect that nontrivial dynam-
ics generates VEVs for the operator OΨ, thus breaking
Uð2Þ to Uð1Þ. For simplicity we take this Uð1Þ to be the
one generated by T0 þ T3. The unbroken symmetries
allow for VEVs to be generated also for J0t and J3t . The
latter is crucial for obtaining VEVs for commutators of
charges, and thus for the appearance of Goldstone
bosons with quadratic dispersion relations. In the bulk,
we thus have subleading modes for the profiles of A0

t ,
A3
t and for Ψ in its bottom component.
From now on, we fix the dimension of OΨ to be two,

which implies m2 ¼ −2 (in units of the AdS radius). The
background profiles are thus the following:

ϕjB ¼ ϕ̄z2; A0
t jB ¼ μþ Ā0z; A3

t jB ¼ Ā3z; ð2:3Þ

where we take ϕ̄, μ, Ā0 and Ā3 to be real constants, and
all the other fields vanish. These profiles satisfy the free
equations of motion. As with the metric, the backreaction
of the above profiles on each other can be safely
neglected.2 Strictly speaking, without backreaction the
leading and subleading modes can be chosen independ-
ently. In particular Ā0;3 do not depend on μ, which could
be even set to zero. However this would mean that some
physical mechanism should generate spontaneously a
Lorentz breaking VEV such as hJ3t i. In the following
we rather assume that μ ≠ 0 even if it is not technically
necessary.
We now proceed to fluctuate the fields over the

background. The aim is to obtain the on-shell action
up to quadratic order, since we are interested in

1We argue later that the choice of higher dimensions should not
qualitatively modify our results.

2The backreaction would intervene at Oðz4Þ in ϕ and at Oðz2Þ
in A0;3

t , hence at orders that do not contribute to the rest of our
computations.
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two- and one-point functions. At this order, the on-shell
action reduces to a boundary term. In the following, we
fix as usual the axial gauge Aa

z ¼ 0. The linearized
equations of motion are the following (we use the
notation i ¼ ft; x; yg and u ¼ fx; yg, and we label the
fluctuations above the background in the same way as
the field itself). The constraint coming from the varia-
tion with respect to Aa

z reads

z∂z∂iAa
i −zĀ3f3abðAb

t − z∂zAb
t Þ − iϕ̄ðTaÞ21ð2λ − z∂zλÞ

þ iϕ̄ðTaÞ12ð2λ† − z∂zλ
†Þ − iϕ̄ðTaÞ22ð2ðϕ − ϕ†Þ

− z∂zðϕ − ϕ†ÞÞ ¼ 0: ð2:4Þ

The equations of motion for the vector field fluctuations,
separated in temporal and spatial components, are

z2∂2
zAa

t þ z2∂2
uAa

t −z2∂t∂uAa
uþ z3fab3Ā3∂uAb

u

þ iz2ϕ̄½ðTaÞ12∂tλ
†− ðTaÞ21∂tλ− ðTaÞ22∂tðϕ−ϕ†Þ�

−z2ðμþ Ā0zÞϕ̄½ðTaÞ21λþðTaÞ12λ†þðTaÞ22ðϕþϕ†Þ�
−z3Ā3ϕ̄½fTa;T3g21λþfTa;T3g12λ†
þfTa;T3g22ðϕþϕ†Þ�− z4ϕ̄2Ab

t fTa;Tbg22¼ 0; ð2:5Þ

z2∂2
zAa

u þ z2∂2
i A

a
u − z2∂u∂iAa

i þ 2z3fab3Ā3∂tAb
u

− z3fab3Ā3∂uAb
t − z4ðĀ3Þ2fab3fbc3Ac

u

þ iz2ϕ̄½ðTaÞ12∂uλ
† − ðTaÞ21∂uλ − ðTaÞ22∂uðϕ − ϕ†Þ�

− z4ϕ̄2Ab
ufTa; Tbg22 ¼ 0: ð2:6Þ

Finally, the equations for the scalar fluctuations are

z2∂2
zλ − 2z∂zλþ z2∂2

i λþ 2λ − iz4ϕ̄ðTaÞ12∂iAa
i

þ iz2ðμþ Ā0zþ Ā3zÞ∂tλþ
1

4
z2ðμþ Ā0zþ Ā3zÞ2λ

þ z4ðμþ Ā0zÞϕ̄ðTaÞ12Aa
t ¼ 0; ð2:7Þ

z2∂2
zϕ − 2z∂zϕþ z2∂2

iϕþ 2ϕ − iz4ϕ̄ðTaÞ22∂iAa
i

þ iz2ðμþ Ā0z − Ā3zÞ∂tϕþ 1

4
z2ðμþ Ā0z − Ā3zÞ2ϕ

þ z4ðμþ Ā0zÞϕ̄ðTaÞ22Aa
t þ z5Ā3ϕ̄fTa; T3g22Aa

t ¼ 0:

ð2:8Þ

The last two equations should be supplemented by their
complex conjugates.
The on-shell action is obtained expanding (2.1) up to

quadratic order in the fluctuations, and then substituting the
equations of motion, possibly integrating by parts.

At the regularizing surface z ¼ ϵ, we obtain

Sreg ¼ −
Z
z¼ϵ

d3x

�
Ā0A0

t þ Ā3A3
t −

2

z
ϕ̄ðϕþ ϕ†Þ

þ 1

2
Aa
t ∂zAa

t −
1

2
Aa
u∂zAa

u

−
1

2z2
ðλ†∂zλþ λ∂zλ

† þ ϕ†∂zϕþ ϕ∂zϕ
†Þ
�
: ð2:9Þ

At this point, we note that the quadratic terms are exactly
the same ones that would arise in a configuration
with vanishing backgrounds. The presence of nontrivial
backgrounds must then show up when expanding the
fluctuations near the boundary as powers of z. There is
however one more substitution that we can make, which
makes the dependence on the background manifest even
before expanding the fluctuations. We can indeed
also substitute Eq. (2.4) which only has first order
derivatives in z. However in order to perform the sub-
stitution we also have to split the vector into its irreducible
components. We choose here to split into transverse and
longitudinal parts with respect to the spatial coordinates u.
Thus we keep Aa

t as the temporal component, while we
split3

Aa
u ¼ ATa

u þ ∂uALa; ∂uATa
u ¼ 0: ð2:10Þ

We eventually arrive at

Sreg ¼ −
Z
z¼ϵ

d3x

�
Ā0A0

t þ Ā3A3
t −

2

z
ϕ̄ðϕþ ϕ†Þ

þ 1

2
Aa
t ∂zAa

t −
1

2
ATa
u ∂zATa

u

þ 1

2
ALa∂z∂tAa

t þ
1

2
Ā3fab3ALaðAb

t − z∂zAb
t Þ

þ i
2z

ϕ̄ALa½ðTaÞ21ð2λ − z∂zλÞ − ðTaÞ12ð2λ† − z∂zλ
†Þ

þðTaÞ22ð2ϕ − 2ϕ† − z∂zϕþ z∂zϕ
†Þ�

−
1

2z2
ðλ†∂zλþ λ∂zλ

† þ ϕ†∂zϕþ ϕ∂zϕ
†Þ
�
: ð2:11Þ

We now consider the near-boundary expansion of the
fluctuating fields:

3In Appendix A we discuss a different splitting, where the
transverse and longitudinal parts are taken with respect to the
spacetime coordinates i.
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Aa
t ¼ Aa

tð0Þ þ Aa
tð1Þzþ � � �

ATa
u ¼ ATa

uð0Þ þ ATa
uð1Þzþ � � �

ALa ¼ ALa
ð0Þ þ ALa

ð1Þzþ � � �
λ ¼ λð0Þzþ λð1Þz2 þ � � �
ϕ ¼ ϕð0Þzþ ϕð1Þz2 þ � � � ð2:12Þ

Note that all the modes with ð0Þ subscript are the ones
which are usually considered as sources, while all the ones
with ð1Þ subscript coincide with the independent sublead-
ing modes, to be identified with the VEVs of the fluctua-
tions. The latter occur at the next-to-leading order in the z
expansion because of the fact that we are considering
conserved currents and an operator of dimension 2 in a
three-dimensional boundary theory.
The divergent terms that one finds in Sreg are taken care

of by adding counterterms, which are independent of the
presence of the profile. Again, due to the involved
dimensions, no finite counterterms arise and hence no
scheme dependence.4 Eventually, the renormalized action
is the following:

Sren ¼ −
Z

d3x

�
Ā0A0

tð0Þ þ Ā3A3
tð0Þ − 2ϕ̄ðϕð0Þ þ ϕ†

ð0ÞÞ

þ 1

2
Aa
tð0ÞA

a
tð1Þ −

1

2
ATa
uð0ÞA

Ta
uð1Þ −

1

2
∂tALa

ð0ÞA
a
tð1Þ

þ 1

2
Ā3fab3ALa

ð0ÞA
b
tð0Þ þ

i
2
ϕ̄ALa

ð0Þ½ðTaÞ21λð0Þ − ðTaÞ12λ†ð0Þ

þ ðTaÞ22ðϕð0Þ − ϕ†
ð0ÞÞ�−

1

2
ðλ†ð0Þλð1Þ þ λð0Þλ

†
ð1Þ

þ ϕ†
ð0Þϕð1Þ þ ϕð0Þϕ

†
ð1ÞÞ

�
: ð2:13Þ

The first three terms of the above functional, linear in the
fluctuations, just give us the VEVs of the associated
operators J0t , J3t and ReOϕ. The other terms, quadratic
in the fluctuations, contain in principle all the information
about two-point functions. However, this information is
encoded in the way the subleading modes with ð1Þ subscript
depend on the sources with ð0Þ subscript. This dependence
is fixed through the bulk boundary conditions (generically,
asking regularity) and is typically nonlocal, since it requires
solving the equations for the fluctuations inside the bulk.

We now turn to see what can be extracted from Sren without
solving the bulk equations of motion.

III. WARD IDENTITIES FROM THE
RENORMALIZED ACTION

A brief inspection of Sren in (2.13) shows that there
are two kinds of quadratic terms: those which are bilinears
of a source and a VEV of the fluctuations and those
which involve only sources. All the latter ones are propor-
tional to a VEV of the nontrivial background we have
chosen; thus they would not be present in a model with
trivial profiles and only the former ones would survive.
Nonetheless it turns out that terms of the second kind are
also hidden in terms of the first kind, because of gauge
invariance.
Consider indeed the bulk gauge invariance of the

action (2.1), for which δΨ ¼ iαΨ and δAμ ¼ ∂μαþ
i½α; Aμ�. Because of the gauge fixing Aa

z ¼ 0, the gauge
parameter does not depend on z. It is then easy to see how
the residual gauge transformations act on each mode in the
expansions (2.12). Recalling further that we are only
interested in the quadratic part of the action, we neglect
terms in the gauge variations which are bilinear in the
gauge parameter and the mode of the fluctuation. We are
then left with

δλð0Þ ¼ 0; δλð1Þ ¼ iαaðTaÞ12ϕ̄;
δϕð0Þ ¼ 0; δϕð1Þ ¼ iαaðTaÞ22ϕ̄;
δAa

tð0Þ ¼ ∂tα
a; δAa

tð1Þ ¼ −fab3αbĀ3;

δATa
uð0Þ ¼ 0; δATa

uð1Þ ¼ 0;

δALa
ð0Þ ¼ αa; δALa

ð1Þ ¼ 0: ð3:1Þ

After solving the bulk equations of motion for the fluctua-
tions, the subleading modes Φð1Þ will be expressed in terms
of nonlocal functions of the sourcesΦð0Þ. However, in order
to solve the equations, we would have to impose boundary
conditions in the bulk and, to preserve the gauge symmetry,
we should take care of imposing them on gauge-invariant
combinations of the fields. So we have to consider only
gauge-invariant combinations of both the sources and the
subleading modes, as for instance

λð1Þ − iϕ̄ðTaÞ12ALa
ð0Þ;

ϕð1Þ − iϕ̄ðTaÞ22ALa
ð0Þ;

Aa
tð1Þ þ Ā3fab3ALb

ð0Þ ð3:2Þ

for the VEVs and

Aa
tð0Þ − ∂tALa

ð0Þ ð3:3Þ

for the sources.

4If we had considered an operator of dimension 3 in a four-
dimensional boundary theory, for instance, we would have
logarithmical terms in the expansions of the fluctuations which
would lead to a logarithmical divergence in the regularized
action. The renormalization of the logarithmical terms carries
along finite counterterms that would be scheme dependent.
However, as it should be clear in the following, this ambiguity
would not affect the terms we are interested in.
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We are now allowed to assume the general relations
between VEVs and sources:

λð1Þ ¼ iϕ̄ðTaÞ12ALa
ð0Þ þfð∂Þλð0Þ þ ~fað∂ÞðAa

tð0Þ−∂tALa
ð0ÞÞ;

ϕð1Þ ¼ iϕ̄ðTaÞ22ALa
ð0Þ þgð∂Þϕð0Þ þ ~gað∂ÞðAa

tð0Þ−∂tALa
ð0ÞÞ;

Aa
tð1Þ ¼−Ā3fab3ALb

ð0Þ þhabð∂ÞðAb
tð0Þ−∂tALb

ð0ÞÞ
þkað∂Þλð0Þ þ lað∂Þϕð0Þ þkað∂Þ�λ†ð0Þ þ lað∂Þ�ϕ†

ð0Þ;

ATa
uð1Þ ¼mabð∂ÞATb

uð0Þ; ð3:4Þ

where all the functions of ∂ collectively indicate
expressions that are typically nonlocal in space
and/or time derivatives, and that cannot be determined
without solving the equations in the bulk. However,
we see that in some combinations of the correlators
the dependence on these unknown functions drops
out.
We can now rewrite Sren eliminating all the VEVs, using

the expressions above:

Sren ¼ −
Z

d3x

�
Ā0A0

tð0Þ þ Ā3A3
tð0Þ − 2ϕ̄ðϕð0Þ þ ϕ†

ð0ÞÞ −
1

2
ATa
uð0Þm

abð∂ÞATb
uð0Þ

þ 1

2
ðAa

tð0Þ − ∂tALa
ð0ÞÞhabð∂ÞðAb

tð0Þ − ∂tALb
ð0ÞÞ −

1

2
Ā3fab3ð2Aa

tð0Þ − ∂tALa
ð0ÞÞALb

ð0Þ

þ iϕ̄ALa
ð0Þ½ðTaÞ21λð0Þ − ðTaÞ12λ†ð0Þ þ ðTaÞ22ðϕð0Þ − ϕ†

ð0ÞÞ�

−
1

2
λ†ð0Þðfð∂Þ þ fð∂Þ�Þλð0Þ − 1

2
ϕ†
ð0Þðgð∂Þ þ gð∂Þ�Þϕð0Þ

−
1

2
½λ†ð0Þð ~fað∂Þ þ kað∂Þ�Þ þ λð0Þð ~fað∂Þ� þ kað∂ÞÞ�ðAa

tð0Þ − ∂tALa
ð0ÞÞ

−
1

2
½ϕ†

ð0Þðð~gað∂Þ þ lað∂Þ�Þ þ ϕð0Þð~gað∂Þ� þ lað∂ÞÞ�ðAa
tð0Þ − ∂tALa

ð0ÞÞ
�
: ð3:5Þ

This is the generating functional for the one- and two-point
functions in our theory.5 The precise relations between
sources of operators in the boundary theory and modes of
bulk fluctuations are the following. For the scalar operators
we have Z

∂AdS
d3xðλð0ÞOλ þ ϕð0ÞOϕ þ c:c:Þ; ð3:6Þ

while for the currentsZ
∂AdS

d3xðAa
tð0ÞJ

a
t − ATa

uð0ÞJ
Ta
u þ ALa

ð0Þ∂uJauÞ; ð3:7Þ

so that ATa
uð0Þ sources the purely transverse part of Jau while

ALa
ð0Þ sources its longitudinal piece.
Some two-point functions will be entirely determined by

their nonlocal part, for instance those with two transverse
currents or two scalar operators, and we will have nothing
to say about them since we do not solve the bulk equations.
On the other hand, we see from the final expression of our
generating functional Sren that some other two-point func-
tions might be directly determined by our analysis. It
should be the case for two-point functions involving the

temporal and longitudinal components of the currents, both
among themselves or mixed with scalar operators. Indeed,
local constant terms involving the sources of these oper-
ators appear in (3.5).
Let us list here a number of such correlators:

hJat ðxÞJbt ðyÞi ¼ −i
δ2Sren

δAa
tð0ÞðxÞδAb

tð0Þ
ðyÞ

¼ ihabð∂Þδ3ðx − yÞ; ð3:8Þ

hJat ðxÞ∂uJbuðyÞi ¼ −i
δ2Sren

δAa
tð0ÞðxÞδALb

ð0ÞðyÞ
¼ −i½habð∂Þ∂t þ Ā3fab3�δ3ðx − yÞ;

ð3:9Þ

h∂uJauðxÞ∂vJbvðyÞi ¼ −i
δ2Sren

δALa
ð0ÞðxÞδALb

ð0ÞðyÞ
¼ −i½habð∂Þ∂2

t þ Ā3fab3∂t�δ3ðx − yÞ;
ð3:10Þ

hJat ðxÞOλðyÞi ¼ −i
δ2Sren

δAa
tð0ÞðxÞδλð0ÞðyÞ

¼ −
i
2
ð ~fað∂Þ� þ kað∂ÞÞδ3ðx − yÞ; ð3:11Þ

5Note that the scheme ambiguity which would arise in higher
dimensions would be contained in the possibility to redefine the
nonlocal functions in the above expression.

NOTE ON HOLOGRAPHIC NONRELATIVISTIC GOLDSTONE … PHYSICAL REVIEW D 92, 066009 (2015)

066009-5



h∂uJauðxÞOλðyÞi ¼ −i
δ2Sren

δALa
ð0ÞðxÞδλð0ÞðyÞ

¼ i

�
−
1

2
ð ~fað∂Þ� þ kað∂ÞÞ∂t þ iϕ̄ðTaÞ21

�
× δ3ðx − yÞ; ð3:12Þ

hJat ðxÞOϕðyÞi ¼ −i
δ2Sren

δAa
tð0ÞðxÞδϕð0ÞðyÞ

¼ −
i
2
ð~gað∂Þ� þ lað∂ÞÞδ3ðx − yÞ; ð3:13Þ

h∂uJauðxÞOϕðyÞi ¼ −i
δ2Sren

δALa
ð0ÞðxÞδϕð0ÞðyÞ

¼ i
�
−
1

2
ð~gað∂Þ� þ lað∂ÞÞ∂t þ iϕ̄ðTaÞ22

�
× δ3ðx − yÞ: ð3:14Þ

We thus immediately see that some combinations are given
entirely by the constant terms, or trivially vanish:

−h∂tJat ðxÞJbt ðyÞi þ h∂uJauðxÞJbt ðyÞi ¼ −iĀ3fab3δ3ðx − yÞ;
ð3:15Þ

−h∂tJat ðxÞ∂vJbvðyÞi þ h∂uJauðxÞ∂vJbvðyÞi ¼ 0; ð3:16Þ

−h∂tJat ðxÞOλðyÞiþh∂uJauðxÞOλðyÞi¼−ϕ̄ðTaÞ21δ3ðx−yÞ;
ð3:17Þ

−h∂tJat ðxÞOϕðyÞiþh∂uJauðxÞOϕðyÞi¼−ϕ̄ðTaÞ22δ3ðx−yÞ:
ð3:18Þ

These are of course nothing other than the Ward identities
relating the two-point functions of currents associated to
broken generators to the VEVs of the operators that break
the symmetry. In particular, the relations (3.17)–(3.18) are
the usual identities relating the two-point function of the
divergence of a conserved current and a scalar operator to
the symmetry breaking VEV of the operator. This kind of
Ward identity has been already realized holographically;
see e.g. [13,14] (and more recently also [17]).
Of more interest is the identity (3.15), which is nontrivial

due to the fact that we allow the temporal component of a
current (J3i here) to have a nontrivial VEV. We assume that
this Lorentz symmetry breaking VEV is permitted by the
presence of a chemical potential, though in our holographic
setup this is not technically necessary (indeed μ does not
explicitly appear anywhere in the above expressions). In
addition, note that the identity (3.16) is consistently trivial
since the spatial (longitudinal) components of the same
current cannot get a VEV, because that would violate the
invariance under spatial rotations.

The above Ward identities imply the presence of
Goldstone bosons, i.e. of massless modes in the spectrum.
More precisely, we see that in order to satisfy the identities
(3.15)–(3.18), the Fourier transformed correlators
hJat Jbt iðω; kÞ, hJatOλiðω; kÞ and similar ones must be
singular when the energy ω and the momentum ku go to
zero. Indeed, in Fourier space (3.15) reads

−iωhJat Jbt i þ ikuhJauJbt i ¼ −iĀ3fab3: ð3:19Þ

We thus deduce the presence of massless poles in all of these
correlators. This additional Ward identity, which defines [3]
type B Goldstone bosons, requires the dispersion relation to
be quadratic [16], with the following argument.
In the Lorentz-invariant case, the dispersion relation of a

Goldstone boson is trivially determined from a Ward
identity similar to (3.17)–(3.18), giving

hJiOi ∝ ki
ω2 − k2u

: ð3:20Þ

In the lack of Lorentz invariance, we have to consider two
different situations, one in which time-reversal invariance
is preserved and one in which it is broken. When it is
preserved, for small values of ω and ku we can admit

hJtOi≃ ~Tω
ω2 − c2sk2

; hJuOi≃ ~Uku
ω2 − c2sk2

; ð3:21Þ

while when it is broken, we can have

hJtOi≃ T̄
Mω − k2

; hJuOi≃ ~Uku
Mω − k2

; ð3:22Þ

where T̄, ~T, ~U, cs and M are constants. Note now that
(3.19) breaks time-reversal invariance for the currents J1i
and J2i , and actually requires T̄ ≠ 0 as it was proved in [16].
This implies that (3.15) and (3.17) lead to quadratic
dispersion relations, ω≃ k2

M with M≡ T̄=ϕ̄. On the other
hand for the Goldstone boson contributing to (3.18), which
is of type A [3], the time-reversal invariance is still
preserved and the dispersion relation is linear (assuming
~U has a finite limit for vanishing momentum), but with
velocity depending on the ratio ~U= ~T ≡ c2s .
Without specifying the unknown nonlocal functions

habð∂Þ, fað∂Þ, etc., we cannot go further and, for instance,
find the exact expression for T̄, ~T, ~U for all the massless
(and light) excitations. In the present model this is of course
in principle possible (see [9] for a finite temperature
analysis), but would imply solving the equations of motion
for the fluctuations in the bulk. This in turn would
necessitate finding the backreacted geometry. The point
in the present article is to exploit to its limits the technique
of holographic renormalization, i.e. to extract the maximal
information on the system purely from boundary

ARGURIO, MARZOLLA, MEZZALIRA, AND NAEGELS PHYSICAL REVIEW D 92, 066009 (2015)

066009-6



considerations. Perhaps not unexpectedly, we found exactly
the same information that can be gathered from Ward
identities that apply to the system.
In Appendix B we compute the same correlators in the

field theoretical toy model of [11,12], where both the local
and the nonlocal parts of the correlators can bemade explicit.

IV. CONCLUSIONS AND PERSPECTIVES

We set out to compute two-point correlators through
holographic renormalization, in a strongly coupled field
theorymodelwith a globalUð2Þ symmetry, where a chemical
potential breaks boost invariance explicitly. We studied the
consequences of the spontaneous breaking of Uð2Þ to Uð1Þ.
Because of the broken Lorentz symmetry, not only scalar
operators are allowed to acquire symmetry breaking VEVs,
but also temporal components of conserved currents.
We have obtained the general form of the renormalized

action up to quadratic order, that is, the generating functional
for one- and two-point correlation functions. In this expres-
sion, we have kept implicit the nonlocal functions that are
established by imposing regularity conditions of the fluctua-
tions in the deep bulk. Nevertheless, we were able to extract
information on the light spectrum by showing that some
linear combinations of the correlators are completely deter-
minedby local terms, and actually realize holographically the
Ward identities associated to the broken symmetries.
We have thus established that the system must have

Goldstone excitations associated to the three broken gen-
erators. However, since we have also shown that J3t , and
thus Q3, has a VEV, we observe that we are exactly in a
situation where so-called type B Goldstone bosons [3]
arise, i.e. when the commutator of two charges has a
nonvanishing VEV. Here, we have that h½Q1; Q2�i ≠ 0, so
that only one massless excitation is associated to these two
broken charges. Furthermore, we have given an argument
for this massless excitation to have a quadratic dispersion
relation. The remaining broken generator Q0 −Q3 is not
involved in commutators with nontrivial VEVs, and hence
gives rise to a type AGoldstone boson, which in this case is
expected to have a linear dispersion relation, but with a
velocity smaller than c that would be determined by the
explicit expressions of the nonlocal parts of the correlators.
Moreover, we expect the type B Goldstone boson to be
accompanied by an almost Goldstone boson, i.e. a light
mode whose mass is related to the coefficient of the
quadratic dispersion relation of its partner [4].
We stress once more that in order to obtain quantitative

results on all these dispersion relations, we have to compute
the nonlocal functions that we have left unspecified in (3.4).
The poles in these functions will give us the dispersion
relations of the massless modes, together with all the rest of
the massive spectrum. In order to do that, we would need
first to have a background which is reliable down to the
deep bulk. Performing the backreaction, also on the metric,
would then be necessary. One should be warned though that

in the present zero-temperature setup, this would most
inevitably lead to a singular geometry. That should however
not prevent us from imposing boundary conditions in the
form of boundedness of the fluctuations. Any other strata-
gem to avoid the singularity would introduce a new scale to
the problem, as for instance a finite temperature. That has
been done in [9], where however the backreaction is not
studied, thus limiting the analysis to situations where the
temperature and the chemical potential are roughly at the
same scale.
Considering finally generalizations, it is obviously rather

straightforward to generalize our discussion to higher
dimensions. It would be interesting to investigate, in a
fully backreacted model, at zero or nonzero temperature,
also correlators involving the stress-energy tensor, and
possibly in supersymmetric extensions of such models,
whether also the dispersion relations of the Goldstino can
be modified, extending the analysis of [18,19].
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APPENDIX A: ALTERNATIVE SPLITTING OF
THE VECTOR DEGREES OF FREEDOM

In this appendix we perform, for completeness, a differ-
ent splitting of the vector degrees of freedom. Instead of
(2.10), we split the vector into transverse and longitudinal
parts with respect to all spacetime components:

Aa
i ¼ aTai þ ∂iaLa; ∂iaTai ¼ 0: ðA1Þ

The regularized action (2.9) then reads, after the substitutions,

Sreg ¼ −
Z
z¼ϵ

d3x

�
Ā0aT0t þ Ā3aT3t

−
2

z
ϕ̄ðϕþ ϕ†Þ − 1

2
aTai ∂zaTai

þ 1

2
Ā3fab3aLaðaTbt − z∂zaTbt þ ∂taLb − z∂z∂taLbÞ

þ i
2z

ϕ̄aLa½ðTaÞ21ð2λ − z∂zλÞ − ðTaÞ12ð2λ† − z∂zλ
†Þ

þðTaÞ22ð2ϕ − 2ϕ† − z∂zϕþ z∂zϕ
†Þ�

−
1

2z2
ðλ†∂zλþ λ∂zλ

† þ ϕ†∂zϕþ ϕ∂zϕ
†Þ
�
: ðA2Þ
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The near-boundary expansions of the vector fields are
now

aTai ¼ aTaið0Þ þ aTaið1Þzþ � � �
aLa ¼ aLað0Þ þ aLað1Þzþ � � � ðA3Þ

and the renormalized action reads

Sren ¼ −
Z

d3x

�
Ā0aT0tð0Þ þ Ā3aT3tð0Þ − 2ϕ̄ðϕð0Þ þ ϕ†

ð0ÞÞ

−
1

2
aTaið0Þa

Ta
ið1Þ þ

1

2
Ā3fab3aLað0ÞðaTbtð0Þ þ ∂taLbð0ÞÞ

þ i
2
ϕ̄aLað0Þ½ðTaÞ21λð0Þ − ðTaÞ12λ†ð0Þ

þ ðTaÞ22ðϕð0Þ − ϕ†
ð0ÞÞ�

−
1

2
ðλ†ð0Þλð1Þ þ λð0Þλ

†
ð1Þ þ ϕ†

ð0Þϕð1Þ þ ϕð0Þϕ
†
ð1ÞÞ

�
:

ðA4Þ

The residual gauge transformations act on the transverse
and longitudinal modes as

δaTaið0Þ ¼ 0; δaTaið1Þ ¼ fab3Ā3

�
ηti −

∂t∂i

∂2
j

�
αb;

δaLað0Þ ¼ αa; δaLað1Þ ¼ fab3Ā3
∂t

∂2
i
αb: ðA5Þ

Note that the gauge transformations of the VEV fluctuations
are nonlocal with this choice of splitting. The gauge-invariant
combinations are

λð1Þ − iϕ̄ðTaÞ12aLað0Þ;
ϕð1Þ − iϕ̄ðTaÞ22aLað0Þ;

aTaið1Þ − Ā3fab3
�
ηti −

∂t∂i

∂2
j

�
aLbð0Þ: ðA6Þ

The expressions of the VEVs in terms of the sources are
then

λð1Þ ¼ iϕ̄ðTaÞ12aLað0Þ þ fð∂Þλð0Þ þ ~fað∂ÞaTatð0Þ;
ϕð1Þ ¼ iϕ̄ðTaÞ22aLað0Þ þ gð∂Þϕð0Þ þ ~gað∂ÞaTatð0Þ;
aTatð1Þ ¼ −Ā3fab3

�
1þ ∂2

t

∂2
i

�
aLbð0Þ þ habð∂ÞaTbtð0Þ

þ kað∂Þλð0Þ þ lað∂Þϕð0Þ

þ kað∂Þ�λ†ð0Þ þ lað∂Þ�ϕ†
ð0Þ;

aTauð1Þ ¼ −Ā3fab3
∂t∂u

∂2
i
aLbð0Þ þmabð∂ÞaTbuð0Þ; ðA7Þ

wherewehave used the same letters for the unknownnonlocal
functions, which however will be possibly different from the
ones in (3.4).
Eliminating all the VEVs, Sren then reads

Sren ¼ −
Z

d3x

�
Ā0aT0tð0Þ þ Ā3aT3tð0Þ − 2ϕ̄ðϕð0Þ þ ϕ†

ð0ÞÞ −
1

2
aTauð0Þm

abð∂ÞaTbuð0Þ
þ 1

2
aTatð0Þh

abð∂ÞaTbtð0Þ −
1

2
Ā3fab3ð2aTatð0Þ þ ∂taLað0ÞÞaLbð0Þ

þ iϕ̄aLað0Þ½ðTaÞ21λð0Þ − ðTaÞ12λ†ð0Þ þ ðTaÞ22ðϕð0Þ − ϕ†
ð0ÞÞ�

−
1

2
λ†ð0Þðfð∂Þ þ fð∂Þ�Þλð0Þ − 1

2
ϕ†
ð0Þðgð∂Þ þ gð∂Þ�Þϕð0Þ

−
1

2
½λ†ð0Þð ~fað∂Þ þ kað∂Þ�Þ þ λð0Þð ~fað∂Þ� þ kað∂ÞÞ�aTatð0Þ

−
1

2
½ϕ†

ð0Þðð~gað∂Þ þ lað∂Þ�Þ þ ϕð0Þð~gað∂Þ� þ lað∂ÞÞ�aTatð0Þ
�
: ðA8Þ

The coupling of the sources to the currents is now

Z
∂AdS

d3xðaTatð0ÞJTat − aTauð0ÞJ
Ta
u þ aLað0Þ∂iJai Þ: ðA9Þ

The Ward identities are then directly derived as
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h∂iJai ðxÞJTbt ðyÞi ¼ −i
δ2Sren

δaLað0ÞðxÞδaTbtð0ÞðyÞ
¼ −iĀ3fab3δ3ðx − yÞ; ðA10Þ

h∂iJai ðxÞOλðyÞi ¼ −i
δ2Sren

δaLað0ÞðxÞδλð0ÞðyÞ
¼ −ϕ̄ðTaÞ21δ3ðx − yÞ; ðA11Þ

h∂iJai ðxÞOϕðyÞi ¼ −i
δ2Sren

δaLað0ÞðxÞδϕð0ÞðyÞ
¼ −ϕ̄ðTaÞ22δ3ðx − yÞ; ðA12Þ

reproducing exactly the results of (3.15)–(3.18). The other
correlators are purely in terms of the nonlocal parts, for
instance

hJTat ðxÞOλðyÞi ¼ −i
δ2Sren

δaTatð0ÞðxÞδλð0ÞðyÞ

¼ −
i
2
ð ~fað∂Þ� þ kað∂ÞÞδ3ðx − yÞ ðA13Þ

and similarly for the others. In the main text we have opted
for the splitting (2.10) because it more directly reflects the
loss of boost invariance, and it avoids the nonlocal
expression in (A6).

APPENDIX B: CORRELATORS AND WARD
IDENTITIES IN A FIELD THEORY MODEL

In this appendix we discuss the field theory model of
[11,12] which shares the same symmetries and pattern of
symmetry breaking as the holographic model discussed in
this article. In the weak coupling limit, we can compute the
two-point correlators at tree level, verify once more the
Ward identities but also extract the dispersion relations and
the spectrum.
The model consists of just a complex scalar

doublet Φ of a Uð2Þ global symmetry, with a
chemical potential μ for the Abelian Uð1Þ current.
The action is

S ¼
Z

d3x½ð∂t þ iμÞΦ†ð∂t − iμÞΦ − ∂uΦ†∂uΦ

−M2Φ†Φ − λðΦ†ΦÞ2�: ðB1Þ

The conserved currents are given by

Jai ¼ iΦ†Ta∂iΦ − i∂iΦ†TaΦ − 2μδtiΦ†TaΦ: ðB2Þ

One can verify that they satisfy the Uð2Þ current
algebra, for any value of μ (which is real).

When μ2 > M2 (i.e. always ifM2 < 0) the theory settles
in a vacuum where the global symmetry is broken down to
a Uð1Þ; for definiteness we choose

Φv ¼
�
0

v

�
; v2 ¼ μ2 −M2

2λ
: ðB3Þ

We can now consider the small fluctuations around the
vacuum:

Φ ¼ Φv þ
�
ξ

φ

�
: ðB4Þ

Expanding the action to quadratic order we obtain the
following tree-level propagators:

hξðω; kÞξ†ð−ω;−kÞi ¼ iðω2 − k2 − 2μωÞ
ðω2 − ω2

ξþÞðω2 − ω2
ξ−Þ

;

hξðω; kÞξð−ω;−kÞi ¼ hξ†ðω; kÞξ†ð−ω;−kÞi ¼ 0;

hφðω; kÞφ†ð−ω;−kÞi ¼ iðω2 − k2 − 2μω − 2λv2Þ
ðω2 − ω2

φþÞðω2 − ω2
φ−Þ

;

hφðω; kÞφð−ω;−kÞi ¼ hφ†ðω; kÞφ†ð−ω;−kÞi

¼ 2iλv2

ðω2 − ω2
φþÞðω2 − ω2

φ−Þ
; ðB5Þ

with the dispersion relations

ω2
ξ� ¼ k2 þ 2μ2 � 2μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ k2

q
;

ω2
φ� ¼ k2 þ 3μ2 −M2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3μ2 −M2Þ2 þ 4μ2k2

q
; ðB6Þ

which at small momenta k give

ωξþ ¼ 2μþ � � � ;

ωξ− ¼ k2

2μ
þ � � � ;

ωφþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6μ2 − 2M2

q
þ � � � ;

ωφ− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 −M2

3μ2 −M2

s
kþ � � � ðB7Þ

We see that we have all the variety of massless and massive
modes: ωφ− for a type AGoldstone boson with cs < 1, ωξ−
for a type B Goldstone boson, ωξþ for its massive partner
and ωφþ for a Higgs-like massive excitation. Furthermore,
we can compute the VEV of the currents and find, e.g.,
hJ3t i ¼ μv2, which correctly vanishes when μ → 0.
In the broken symmetry vacuum, the currents can also be

expanded at the linear order:
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J0i ¼
i
2
v∂iðφ − φ†Þ − δtiμvðφþ φ†Þ;

J1i ¼
i
2
v∂iðξ − ξ†Þ − δtiμvðξþ ξ†Þ;

J2i ¼ −
1

2
v∂iðξþ ξ†Þ − iδtiμvðξ − ξ†Þ;

J3i ¼ −J0i : ðB8Þ
It is then straightforward to compute the correlators
analogous to the ones in (3.8)–(3.14).
Let us for instance compute one such set of correlators:

hJ1t ðω;kÞξð−ω;−kÞi¼
1

2
vðω−2μÞ iðω2−k2þ2μωÞ

ðω2−ω2
ξþÞðω2−ω2

ξ−Þ
;

hJ1uðω;kÞξð−ω;−kÞi¼
1

2
vku

iðω2−k2þ2μωÞ
ðω2−ω2

ξþÞðω2−ω2
ξ−Þ

; ðB9Þ

which are clearly nonlocal since they contain the poles for
the type B Goldstone boson and its massive partner.
However the combination

− iωhJ1t ðω;kÞξð−ω;−kÞi
þ ikuhJ1uðω;kÞξð−ω;−kÞi¼

v
2

ðB10Þ

is constant, by virtue of a Ward identity similar to the one in
(3.17), for the above correlator.
All the other Ward identities can be similarly

checked. In this weakly coupled model however, as
we have seen, we have access also to the individual
correlators and hence to the nonlocal parts that contain
complete information on the spectrum and on the
dispersion relations.
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