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We derive a closed expression for the vacuum expectation value (VEV) of the fermionic current density
in a (Dþ 1)-dimensional locally AdS spacetime with an arbitrary number of toroidally compactified
Poincaré spatial dimensions and in the presence of a constant gauge field. The latter can be formally
interpreted in terms of a magnetic flux treading the compact dimensions. In the compact subspace, the field
operator obeys quasiperiodicity conditions with arbitrary phases. The VEVof the charge density is zero and
the current density has nonzero components along the compact dimensions only. They are periodic
functions of the magnetic flux with the period equal to the flux quantum and tend to zero on the AdS
boundary. Near the horizon, the effect of the background gravitational field is small and the leading term in
the corresponding asymptotic expansion coincides with the VEV for a massless field in the locally
Minkowski bulk. Unlike the Minkowskian case, in the system consisting of an equal number of fermionic
and scalar degrees of freedom, with same masses, charges and phases in the periodicity conditions, the total
current density does not vanish. In these systems, the leading divergences in the scalar and fermionic
contributions on the horizon are canceled and, as a consequence of that, the charge flux, integrated over the
coordinate perpendicular to the AdS boundary, becomes finite. We show that in odd spacetime dimensions
the fermionic fields realizing two inequivalent representations of the Clifford algebra and having equal
phases in the periodicity conditions give the same contribution to the VEV of the current density.
Combining the contributions from these fields, the current density in odd-dimensional C-,P- and
T-symmetric models are obtained. As an application, we consider the ground state current density in
curved carbon nanotubes described in terms of a (2þ 1)-dimensional effective Dirac model.
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I. INTRODUCTION

In a number of physical problems one needs to consider
the model in the background of manifolds with compact
subspaces. The presence of extra compact dimensions is an
inherent feature of fundamental theories unifying physical
interactions, like Kaluza-Klein theories, supergravity and
string theories. The compact spatial dimensions also appear
in the low-energy effective description of some condensed
matter systems. Examples for the latter are the cylindrical
and toroidal carbon nanotubes and topological insulators.
In quantum field theory, the periodicity conditions

imposed along the compact dimensions modify the spec-
trum of the zero-point fluctuations of quantum fields. As a
consequence of that, the vacuum expectation values
(VEVs) of physical quantities are shifted by an amount
depending on the geometry of the compact subspace. This
general phenomenon, induced by the nontrivial topology, is
the analog of the Casimir effect (for reviews see Ref. [1])
where the change in the spectrum of the vacuum

fluctuations is caused by the presence of boundaries
(conductors, dielectrics, branes in braneworld scenarios,
etc.). It is known as the topological Casimir effect and has
been investigated for different fields, bulk geometries and
topologies. The corresponding vacuum energy depends on
the lengths of the compact dimensions and the topological
Casimir effect has been considered as a stabilization
mechanism for the moduli fields related to extra dimen-
sions. In addition, the vacuum energy induced by the
compactification of spatial dimensions can serve as a
model for the dark energy driving the accelerated expan-
sion of the Universe at a recent epoch [2].
For charged quantum fields, important characteristics for

a given state are the expectation values of the charge and
current densities. In the present paper we investigate the
VEVof the current density for a massive fermionic field in
the background of a locally anti–de Sitter (AdS) spacetime
with an arbitrary number of toroidally compactified spatial
dimensions (for a discussion of physical effects in models
with toroidal dimensions, see for instance, Ref. [3]). The
corresponding problem for a scalar field with general
coupling to the Ricci scalar has been previously considered
in Ref. [4] (see also Refs. [5,6] for additional effects
induced by the presence of branes). Both the zero and finite
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temperature expectation values of the current density for
charged scalar and fermionic fields in the background of
flat spacetime with toral dimensions were investigated in
Refs. [7,8]. The results were applied to the electronic
subsystem of cylindrical and toroidal carbon nanotubes
described in terms of a (2þ 1)-dimensional effective field
theory. The vacuum current densities for charged scalar and
Dirac spinor fields in de Sitter spacetime with toroidally
compact spatial dimensions are considered in Ref. [9]. The
influence of boundaries on the vacuum currents in topo-
logically nontrivial spaces is studied in Refs. [10–12] for
scalar and fermionic fields. The effects of nontrivial top-
ology induced by the compactification of a cosmic string
along its axis have been discussed in Ref. [13]. The vacuum
energy and the VEV of the energy-momentum tensor in
AdS spacetime with compact subspaces were investigated
in Ref. [14].
Our choice of AdS spacetime as the background geom-

etry is motivated by its importance in several recent
developments of quantum field theory, gravity and con-
densed matter physics. The early interest to AdS spacetime
as a bulk geometry in quantum field theory was motivated
by questions of principle of the quantization procedure on
curved backgrounds. Because of the maximal symmetry of
AdS spacetime, this procedure can be realized explicitly.
Compared to the case of the Minkowski bulk, here
essentially new features arise related to the lack of global
hyperbolicity and the presence of both regular and irregular
modes. The main reason of the lack of hyperbolicity is that
the AdS spacetime possesses a timelike boundary at spatial
infinity through which the information may be lost or
gained in finite coordinate time [15]. As a consequence,
boundary conditions should be imposed at infinity to
ensure a consistent quantum field theory. The natural
appearance of AdS spacetime as a ground state in certain
supergravity theories and also as the near horizon geometry
of the extremal black holes and domain walls has stimu-
lated further interest in quantum fields propagating on that
background. Moreover, the AdS spacetime is a constant
negative curvature manifold and the corresponding length
scale can be used for the regularization of infrared
divergences in interacting quantum field theories [16].
The dimension of the AdS isometry group is the same
as that of the Poincaré group and the regularization is
realized without reducing the symmetries.
The renewed interest in physical models on AdS bulk is

closely related to two rapidly developing fields in theo-
retical physics: the gauge/gravity duality and the brane-
world scenario. The AdS spacetime played a crucial role in
the original formulations of both these concepts in the form
of the AdS=CFT correspondence [17] and the Randall-
Sundrum type braneworlds [18]. The AdS=CFT correspon-
dence (for reviews see Ref. [19]) is a type of holographic
duality between two theories living in spacetimes with
different dimensions: string theories or supergravity in the

AdS bulk from one side and a conformal field theory
localized on the AdS boundary from another. Among many
interesting consequences, this duality opens an important
opportunity to study quantum field theoretical effects in a
strongly coupled regime using a classical gravitational
theory. It has also been used for the investigation of
nonequilibrium phenomena in strongly coupled condensed
matter systems. One of the applications is the holographic
model for superconductors suggested in Ref. [20] (for a
recent discussion with references, see e.g., Ref. [21]). In
this model, the quantum physics of the strongly correlated
condensed matter system is mapped to the gravitational
dynamics with black holes in one higher dimension.
The braneworld scenario (see Ref. [22] for a review)

provides an interesting alternative to the standard Kaluza-
Klein compactification of extra dimensions. It uses the
concept of brane as a submanifold embedded in a higher
dimensional spacetime, on which the standard model fields
are confined. Braneworlds naturally appear in the string/
M-theory context and provide interesting possibilities to
solve or to address from a different point of view various
problems in cosmology and particle physics. In the model
introduced by Randall and Sundrum the background
geometry consists of two parallel branes, with positive
and negative tensions, embedded in a five-dimensional
AdS bulk [18]. The fifth coordinate is compactified on
orbifold and the branes are located at the two fixed points.
The large hierarchy between the Planck and electroweak
mass scales is generated by the large physical volume of the
extra dimension. From the point of view of embedding
the corresponding models into a more fundamental theory,
such as string/M-theory, one may expect the presence of
additional extra dimensions compactified on an internal
manifold. Here we will consider a simple case of toroidal
compactification of spatial dimensions in Poincaré
coordinates.
The plan of the paper is as follows. In the next section the

problem is formulated and the complete set of fermionic
modes is presented. By using these modes, in Sec. III, we
evaluate the VEV of the fermionic current density along
compact dimensions. The asymptotics near the AdS boun-
dary and near the horizon are investigated and limiting
cases are discussed. In Sec. IV, we consider the current
density in C-, P-, T-symmetric odd-dimensional models.
The corresponding VEV is obtained by combining the
results for two fermionic fields realizing the irreducible
representations of the Clifford algebra. Applications are
given to graphene made structures realizing the geometry
under consideration. The main results of the paper are
summarized in Sec. V. In Appendix A we consider an
alternative representation of the Dirac matrices allowing for
the separation of the equations for the upper and lower
components of the fermionic mode functions in Poincaré
coordinates. The main steps for the evaluation of the mode
sum for the current density are presented in Appendix B.
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II. PROBLEM SETUP AND THE
FERMIONIC MODES

The dynamics of a fermionic field ψðxÞ in a (Dþ 1)-
dimensional curved background with a metric tensor gμνðxÞ
and in the presence of an Abelian gauge field AμðxÞ is
described by the Dirac equation

iγμDμψ −mψ ¼ 0; ð2:1Þ
with the gauge extended covariant derivative Dμ ¼ ∂μ þ
Γμ þ ieAμ. Here, Γμ is the spin connection and the curved
spacetime Dirac matrices γμ are expressed in terms of the
corresponding flat spacetime matrices γðbÞ as γμ ¼ eμðbÞγ

ðbÞ,
where eμðbÞ are the tetrad fields. In this and in the next

sections we consider a fermionic field realizing the irre-
ducible representation of the Clifford algebra. In (Dþ 1)-
dimensional spacetime the corresponding Dirac matrices
are N × N matrices, where N ¼ 2½ðDþ1Þ=2� and [x] is the
integer part of x (for the Dirac matrices in an arbitrary
number of the spacetime dimension, see, for example,
Ref. [23]). In even-dimensional spacetimes the irreducible
representation is unique up to a similarity transformation,
whereas in odd-dimensional spacetimes there are two
inequivalent irreducible representations (see Sec. IV below).
As a background geometry we consider a locally AdS

spacetime with the line element

ds2 ¼ e−2y=aηikdxidxk − dy2; ð2:2Þ

where a is the curvature radius, i; k ¼ 0; 1;…; D − 1 and
ηik ¼ diagð1;−1;…;−1Þ. We assume that the subspace
covered by the coordinates ðxpþ1;…; xD−1Þ is compactified
to a q-dimensional torusTq with q ¼ D − p − 1. The length
of the lth compact dimension will be denoted by Ll,
0≤xl≤Ll, l ¼ pþ 1;…; D − 1. The subspace ðx1;…; xpÞ
has trivial topology Rp with −∞ < xl < þ∞, l ¼ 1;…; p,
and for the coordinate y one has −∞ < y < þ∞. Note
that the compactification to the torus does not change
the local AdS geometry with the scalar curvature
R ¼ −DðDþ 1Þ=a2. In terms of a new spatial coordinate
z ¼ aey=a, 0 ≤ z < ∞, the line element is presented in a
conformally flat form

ds2 ¼ ða=zÞ2ðηikdxidxk − dz2Þ: ð2:3Þ
The AdS boundary and horizon correspond to the hyper-
surfaces z ¼ 0 and z ¼ ∞, respectively. Note that Ll is the
coordinate length of the compact dimension. For a given z,
the proper length is given by LðpÞl ¼ ða=zÞLl. The latter
decreases with increasing z. In the conformal coordinates
ðx1;…; xD−1; xD ¼ zÞ, the tetrad fields can be chosen as
eμðbÞ ¼ ðz=aÞδμb. For the corresponding components of

the spin connection one gets Γk ¼ ηklγ
ðDÞγðlÞ=ð2zÞ for

k ¼ 0;…; D − 1, and ΓD ¼ 0.

In the presence of compact dimensions, the field equa-
tion (2.1) should be supplemented by the periodicity
conditions on the field operator along those directions.
Here, we will impose quasiperiodicity conditions,

ψðt; x1;…; xl þ Ll;…; xDÞ ¼ eiαlψðt; x1;…; xl;…; xDÞ;
ð2:4Þ

with constant phases αl, l ¼ pþ 1;…; D − 1. The special
cases αl ¼ 0 and αl ¼ π correspond to untwisted and
twisted fermionic fields, most frequently discussed in the
literature. For the gauge field we will consider the simplest
configuration Aμ ¼ const. Though the corresponding field
tensor vanishes, the nontrivial topology of the background
spacetime gives rise the Aharonov-Bohm like effect on the
VEVs of physical observables. For this special field
configuration, the gauge field can be removed from the
field equation by the gauge transformation,

ψ ¼ ψ 0e−ieχ ; Aμ ¼ A0
μ þ ∂μχ; ð2:5Þ

with the function χ ¼ Aμxμ. In the new gauge A0
μ ¼ 0.

However, the gauge potential does not disappear from the
problem completely. The gauge transformation of the field
operator modifies the corresponding periodicity conditions.
For the new field it takes the form

ψ 0ðt; x1;…; xl þ Ll;…; xDÞ ¼ ei ~αlψ 0ðt; x1;…; xl;…; xDÞ;
ð2:6Þ

with the new phases

~αl ¼ αl þ eAlLl: ð2:7Þ
The VEVs of physical observables will depend on the set
fαl; Alg in the form of the combination (2.7). Under the
gauge transformation (2.5) with χ ¼ bμxμ and constant bμ,
we obtain a new set fαl þ eblLl; Al − blg. However, the
combination (2.7) remains invariant. Note that the phase
shift in Eq. (2.7), induced by the gauge field, can be
presented as eAlLl ¼ −2πΦl=Φ0, where Φ0 ¼ 2π=e is
the flux quantum. The quantity Φl can be formally inter-
preted as the magnetic flux enclosed by the lth compact
dimension,Φl ¼ −

H
dxlAl (no summation over l). This flux

acquires real physical meaning in models where the space-
time under consideration is embedded in a higher-dimen-
sional manifold as a hypersurface (like branes in braneworld
scenario) on which the fermionic field ψðxÞ is localized. In
what follows we will work in the gauge ðA0

μ ¼ 0;ψ 0ðxÞÞ
omitting the prime for the fermionic field. In this gauge, in
Eq. (2.1) we have Dμ ¼ ∂μ þ Γμ. Of course, the VEVs of
physical observables do not depend on the choice of
the gauge.
We are interested in the VEV of the fermionic

current density h0jjμðxÞj0i≡hjμðxÞi with the operator
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jμðxÞ ¼ eψ̄ðxÞγμψðxÞ, where j0i stands for the vacuum
state and ψ̄ðxÞ ¼ ψ†γð0Þ. The VEV is presented as the
coincidence limit

hjμðxÞi ¼ −
e
2
lim
x0→x

TrðγμSð1Þðx; x0ÞÞ; ð2:8Þ

with the two-point functionSð1Þik ðx;x0Þ¼h0j½ψ iðxÞ;ψ̄kðx0Þ�j0i
and with i, k being spinor indices. Expanding the field
operator in terms of a complete set of mode functions

fψ ðþÞ
β ðxÞ;ψ ð−Þ

β ðxÞg for the Dirac equation and using the
anticommutation relations for the annihilation and creation
operators, one gets the mode-sum representation

hjμi¼ e
2

X
β

½ψ̄ ð−Þ
β ðxÞγμψ ð−Þ

β ðxÞ− ψ̄ ðþÞ
β ðxÞγμψ ðþÞ

β ðxÞ�: ð2:9Þ

Here, β is the set of quantum numbers specifying the
fermionic modes and

P
β is understood as the summation

for the discrete subset of quantum numbers and integration
over the continuous ones. Following Ref. [24] (see also [25]
for the geometry with a cosmic string perpendicular to the
AdS boundary), in the discussion below we will take the
Dirac matrices in the representation

γ0 ¼ i
z
a

�
0 −1
1 0

�
; γl ¼ i

z
a

�−σl 0

0 σl

�
; ð2:10Þ

with l ¼ 1;…; D. The N=2 × N=2 matrices σl obey the
anticommutation relations σlσkþσkσl¼2δlk. For Hermitian
σl one has γ0† ¼ γ0 and γl† ¼ −γl.
The complete set of the modes for the problem under

consideration can be found in the way similar to that used in
Ref. [24] for the usual AdS bulk. The positive-energy
modes are presented as

ψ ðþÞ
β ¼ CðþÞ

β z
Dþ1
2 eikx−iωt

�
Ẑ−ðλzÞwðσÞ

1
ω ẐþðλzÞðiλþ kσÞwðσÞ

�
;

ð2:11Þ

where 0 ≤ λ < ∞, ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2

p
, kx ¼ P

D−1
l¼1 klxl,

kσ ¼ P
D−1
l¼1 klσl, and

Ẑ�ðxÞ ¼
�
Jma�1=2ðxÞ 0

0 Jma∓1=2ðxÞ
�
; ð2:12Þ

with JνðxÞ being the Bessel function. In Eq. (2.11), wðσÞ,
σ ¼ 1;…; N=2, are one-column matrices havingN=2 rows,

with the elements wðσÞ
l ¼ δlσ . For the negative-energy

modes we get

ψ ð−Þ
β ¼ Cð−Þ

β z
Dþ1
2 eikx−iωt

� 1
ω Ẑ−ðλzÞðiλ − kσÞwðσÞ

ẐþðλzÞwðσÞ

�
:

ð2:13Þ

The fermionic states are now specified by the set of
quantum numbers β ¼ ðk; λ; σÞ.
The eigenvalues of the momentum components along the

compact dimensions are found from the quasiperiodicity
conditions (2.6):

kl ¼
2πnl þ ~αl

Ll
; l ¼ pþ 1;…; D − 1; ð2:14Þ

with nl ¼ 0;�1;�2;…. For the components of the momen-
tum along the noncompact dimensions one has −∞ < kl <

þ∞, l ¼ 1;…; p. The coefficients Cð�Þ
β are found from the

normalization condition
R
dDxða=zÞDψ ð�Þ†

β ψ ð�Þ
β0 ¼ δββ0 ,

where δββ0 is understood as the Kronecker delta for discrete
quantum numbers and the Dirac delta function for the
continuous ones. From that condition one gets

jCð�Þ
β j2 ¼ λ

2ð2πÞpVqaD
; ð2:15Þ

where Vq ¼ Lpþ1 � � �LD−1 is the volume of the compact
subspace.
In defining the mode functions (2.11) and (2.13), as a

solution of the Bessel equation we have taken the Bessel
function of the first kind [see Eq. (2.12)]. In the rangema ≥
1=2 this choice is uniquely dictated by the normalizability
condition of the mode functions: for the solution with the
Neumann function Yma�1=2ðxÞ the normalization integral
over z diverges at the lower limit z ¼ 0. Forma < 1=2 both
solutions of the Bessel equation are normalizable and, in
general, we can take in Eq. (2.12) the linear combination of
the Bessel and Neumann functions. The first one of the
coefficients in that linear combination is obtained from the
normalization condition, whereas the second one is not
uniquely determined. In the casema < 1=2, the normalized
mode functions are obtained in a way similar to what we
have presented above. They are still given by Eqs. (2.11)

and (2.13) with the same coefficients Cð�Þ
β , where now in

Eq. (2.12) we need to make the replacement

Jma�1=2ðxÞ →
Jma�1=2ðxÞ þ BβYma�1=2ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ B2
β

q : ð2:16Þ

Here, the coefficient Bβ (which, in general, depends on
quantum numbers) should be specified by an additional
boundary condition on the AdS boundary (for a discussion
of boundary conditions on fermionic fields in AdS see
Refs. [26–28]). In what follows, for ma < 1=2 we consider
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the boundary condition corresponding to Bβ ¼ 0. It can be
seen that this corresponds to the situation where the bag
boundary condition is imposed on the fermionic field at z ¼
δ > 0 and then the limit δ → 0 is taken (for the correspond-
ing procedure in the case of the AdS bulk without compac-
tification see Ref. [24]). This ensures the vanishing of the
fermionic currents through the AdS boundary.

III. FERMIONIC CURRENT

By using the mode-sum formula (2.9) with the Dirac
matrices (2.10) and the modes (2.11), (2.13), we can see
that the VEVs of the charge density and of the components
of the current density along noncompact dimensions
vanish: hjμi ¼ 0, μ ¼ 0; 1;…; p;D. For the current density
along the lth compact dimension, l ¼ pþ 1;…; D − 1, we
find

hjli ¼ −
ð4πÞ−p=2eNzDþ2

2Γðp=2ÞVqaDþ1

X
nq

Z
∞

0

dkðpÞk
p−1
ðpÞ

×
Z

∞

0

dλ
λkl
ω

½J2maþ1=2ðλzÞ þ J2ma−1=2ðλzÞ�; ð3:1Þ

where nq¼ðnpþ1;…;nD−1Þ, −∞<ni<þ∞, k2ðpÞ¼
Pp

i¼1k
2
i ,

ω2 ¼ λ2 þ k2ðpÞ þ k2ðqÞ, and

k2ðqÞ ¼
XD−1

i¼pþ1

k2i ¼
XD−1

i¼pþ1

ð2πni þ ~αiÞ2
L2
i

: ð3:2Þ

The same expression for the VEVof the current density is
obtained in Appendix A by using another representation for
the gamma matrices. In the AdS bulk without compacti-
fication the VEV of the current density vanishes (for a
recent discussion of the finite temperature expectation
value see Ref. [29]).
For the further transformation of the current density, we

write the VEV in the form

hjli ¼ −
ð4πÞ−p=2eNzDþ2

2Γðp=2ÞVqaDþ1
½ImaðzÞ þ Ima−1ðzÞ�; ð3:3Þ

with the function

IνðzÞ ¼
X
nq

Z
∞

0

dkðpÞk
p−1
ðpÞ

Z
∞

0

dλ
λkl
ω

J2νþ1=2ðλzÞ: ð3:4Þ

The transformation of this function is presented in
Appendix B with the final result given by Eq. (B5). As
a result, for the current density we find

hjli ¼ −
eNa−D−1Ll

ð2πÞðDþ1Þ=2
X∞
nl¼1

nl sinð ~αlnlÞ
X
nq−1

cosð ~αq−1 · nq−1Þ

×
X
j¼0;1

qðDþ1Þ=2
ma−j ðbnq

Þ; ð3:5Þ

with nq−1¼ðnpþ1;…;nl−1;nlþ1;…;nD−1Þ, ~αq−1 ·nq−1 ¼P
D−1
i¼1;≠l ~αini, and

bnq
¼ 1þ g2nq

2z2
; g2nq

¼
XD−1

i¼pþ1

n2i L
2
i : ð3:6Þ

Here, the function qðDþ1Þ=2
ma−j ðuÞ is defined by Eq. (B7) or,

equivalently, by the integral representation (B6). The VEV
of the current density for a charged scalar field is also
expressed in terms of this function [4].
The VEVof the component of the current density along

the compact dimension xl is an odd periodic function
of ~αl and an even periodic function of the remaining
phases. In terms of the magnetic fluxes Φi, the period is
equal to the flux quantum Φ0. The current (3.5) determines
the charge flux through the spatial hypersurface xl ¼ const.

Denoting by nðlÞi , nðlÞi ¼ δlia=z, the normal to this hyper-
surface, for the charge flux one gets (no summation over l)

nðlÞi hjii ¼ nðlÞl hjli. It depends on the lengths Li and on the
coordinate z through the ratio Li=z. This ratio is the proper
length of the ith compact dimension measured by an
observer with a fixed z, in units of the curvature radius of
the background geometry,Li=z ¼ LðpÞi=a. We could expect
this feature from the maximal symmetry of the AdS
spacetime. Of course, the current density (3.5) obeys the
covariant conservation equation ∂lð

ffiffiffiffiffijgjp hjliÞ ¼ 0 withffiffiffiffiffijgjp ¼ ða=zÞDþ1.
In the model with a single compact dimension xl with the

length Ll ¼ L and with the phase ~αl ¼ ~α, the general result
(3.5) is reduced to

hjli¼−
eNa−D−1L

ð2πÞðDþ1Þ=2
X∞
n¼1

nsinð ~αnÞ
X
j¼0;1

qðDþ1Þ=2
ma−j

�
1þn2L2

2z2

�
:

ð3:7Þ

In Fig. 1, for D ¼ 4 and ma ¼ 1, we have plotted the
corresponding charge flux measured in units of a−D,

namely, aDnðlÞl hjli, as a function of the phase ~α and of
the ratio z=L. The current density is a periodic function of ~α
with the period 2π. As will be shown below by asymptotic
analysis, the charge flux vanishes on the AdS boundary and
diverges on the AdS horizon.
Let us consider some special cases of the general

formula (3.5). For a massless field, m ¼ 0, the expressions

for the functions qðDþ1Þ=2
0 ðuÞ and qðDþ1Þ=2

−1 ðuÞ are most
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easily found by using the representation (B6) and the
expressions for the functions I�1=2ðxÞ. This gives

qðDþ1Þ=2
j ðuÞ ¼ 1

2
Γ
�
Dþ 1

2

�

×

�
1

ðu − 1ÞðDþ1Þ=2 −
ð−1Þj

ðuþ 1ÞðDþ1Þ=2

�
; ð3:8Þ

for j ¼ 0;−1. Plugging into Eq. (3.5), for the current
density one gets hjli ¼ ðz=aÞDþ1hjliM, where

hjliM ¼ −
eΓððDþ 1Þ=2Þ

πðDþ1Þ=2 NLl

X∞
nl¼1

nl sinð ~αlnlÞ

×
X
nq−1

cosð ~αq−1 · nq−1Þ
gDþ1
nq

ð3:9Þ

is the VEV for a massless fermionic field in (Dþ 1)-
dimensional Minkowski spacetime with spatial topology
Rpþ1 × Tq. The expression (3.9) is obtained from the more
general result from Ref. [8] for a massive fermionic field in
the limit m → 0 (with the replacement ~αl → −2π ~αl). Note
that, because of the boundary condition we have imposed
on the fermionic modes on the AdS boundary, for a
massless field the problem under consideration is confor-
mally related to the problem in locally Minkowski space-
time with a boundary at z ¼ 0 on which the fermionic field
obeys the bag boundary condition. The reason why the
current density hjli is conformally related to the current
density hjliM in the boundary-free Minkowski case is that

the boundary-induced contribution in the latter problem
vanishes for a massless field (see Ref. [10]).
The current density on the Minkowski bulk is obtained in

the limit a → ∞ for fixed y. The conformal coordinate z is
expanded as z ¼ aþ yþ � � �. In the integral representation

(B6) for the function qðDþ1Þ=2
ν ðuÞ the order of the Bessel

function is large and we use the corresponding uniform
asymptotic expansion. To the leading order, this gives

X
j¼0;1

qðDþ1Þ=2
ma−j ðuÞ ¼ 2mðDþ1Þ=2aDþ1

KðDþ1Þ=2ðmuÞ
uðDþ1Þ=2 ; ð3:10Þ

with u ¼ bnq
and KνðxÞ being the Macdonald function.

Substituting into Eq. (3.5) we get lima→∞hjli ¼ hjliM with
the Minkowskian result

hjliM ¼ −
2eNLlmðDþ1Þ=2

ð2πÞðDþ1Þ=2
X∞
nl¼1

nl sinð ~αlnlÞ

×
X
nq−1

cosð ~αq−1 · nq−1Þ
KðDþ1Þ=2ðmgnq

Þ
gðDþ1Þ=2
nq

: ð3:11Þ

The latter coincides with the expression obtained in Ref. [8]
(again, with the replacement ~αl → −2π ~αl). In Fig. 2, for the
model with D ¼ 4 and with a single compact dimension,
we have plotted the ratio of the charge fluxes in locally AdS
and Minkowski spacetimes, with the same proper lengths
of the compact dimension, as a function of the proper
length measured in units of the AdS curvature radius a. For
the phase in the quasiperiodicity condition along the
compact dimension we have taken ~α ¼ π=2 and the
numbers near the curves correspond to the values of ma.
As seen from the graphs, for large values of the proper

FIG. 1. The charge flux along the compact dimension,

aDnðlÞl hjli, in the model with p ¼ 3, q ¼ 1 as a function of
the phase ~α and of the ratio z=L. For the mass we have taken
ma ¼ 1.

FIG. 2. The ratio of the charge fluxes in locally AdS and
Minkowski spacetimes, with the same proper lengths of the
compact dimension, versus the proper length. The graphs are
plotted for ~α ¼ π=2 and for different values of ma (numbers near
the curves).
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length the charge flux in the AdS bulk is essentially larger
than that for the Minkowski case. As will be shown below,
in the former case the decay of the current density for large
values of the proper length goes like a power law, whereas
in the Minkowski background and for a massive field the
decay is exponential [see Eq. (3.11)].
Now we turn to the asymptotics of the current density for

small and large values of z. Near the AdS boundary, z → 0,

the argument of the function qðDþ1Þ=2
ν ðuÞ in Eq. (3.5) is

large. By using the corresponding asymptotic from Ref. [4],
we can see that the dominant contribution comes from the

term qðDþ1Þ=2
ma−1 ðbnq

Þ and, to the leading order,

hjli ≈ −
eNLlΓðmaþ ðDþ 1Þ=2Þ
πD=2aDþ1Γðmaþ 1=2Þ zDþ1þ2ma

×
X∞
nl¼1

nl sinð ~αlnlÞ
X
nq−1

cosð ~αq−1 · nq−1Þ
gDþ1þ2ma
nq

: ð3:12Þ

For a massless field this coincides with the exact result. As
seen, the current density vanishes on the AdS boundary as
zDþ1þ2ma. For a special case D ¼ 4 with a single compact
dimension this has been already demonstrated numerically
in Fig. 1. The large values of z correspond to the near
horizon limit. In this limit one has bnq

− 1 ≪ 1 and by
using the asymptotic

qðDþ1Þ=2
ν ðuÞ ≈ ΓððDþ 1Þ=2Þ

2ðu − 1ÞðDþ1Þ=2

�
1 −

νðνþ 1Þ
D − 1

ðu − 1Þ
�
;

ð3:13Þ

valid for u − 1 ≪ 1, to the leading order we find hjli≈
ðz=aÞDþ1hjliM, with hjliM given by Eq. (3.9). Near the
horizon the dominant contribution comes from the fluctua-
tions with small wavelengths, and the effects induced by
the curvature and nonzero mass are small.
Let us consider the behavior of the current density in

asymptotic regions of the lengths for compact dimensions.
If the length of the lth compact dimension is much smaller
than the other lengths, Ll ≪ Li, i ≠ l, and Ll ≪ z, the
leading contribution comes from the term with nq−1 ¼ 0

and by using the asymptotic expression for the function

qðDþ1Þ=2
ν ðuÞ for the values of the argument close to 1, one

finds

hjli ≈ −
eNLlΓððDþ 1Þ=2Þ
πðDþ1Þ=2ðaLl=zÞDþ1

X∞
nl¼1

sinð ~αlnlÞ
nDl

: ð3:14Þ

The contribution to the current density from the
terms nq−1 ≠ 0 is suppressed by the exponential factor
e−σljL·nq−1j=Ll , with σl ¼ minð ~αl; 2π − ~αlÞ, 0 < ~αl < 2π.
Note that Eq. (3.14) coincides with the current density

for a massless field in the model with a single compact
dimension xl.
For large values of the proper length of the lth compact

dimension compared with the AdS curvature radius one has
LðpÞl=a ¼ Ll=z ≫ 1 and, hence, bnq

≫ 1. By using the

asymptotic expression for the function qðDþ1Þ=2
ν ðuÞ for large

values of the argument, for the leading order term in the
current density one gets the result (3.12). If in addition
Ll ≫ Li, i ≠ l, the contribution from large values of jnij
dominates and the corresponding summations can be
replaced by the integration. Two cases should be consid-
ered separately. If all the phases ~αi, i ≠ l, are zero the
leading term is given by

hjli≈−
NeΓðp=2þmaþ3=2Þ

πp=2þ1Γðmaþ1=2ÞaDþ1Vq

zDþ2maþ1

Lpþ2maþ1
l

X∞
nl¼1

sinð ~αlnlÞ
npþ2maþ2
l

:

ð3:15Þ

As is seen, in this case, for a given z, the decay of the current
density as a function of the proper length LðpÞl follows a
power law. For a massive field this behavior essentially
differs from that for the current density in the Minkowski
bulk. In the latter geometry and for a massive field, the
current decays exponentially, as e−mLl . Provided at least one
of the phases ~αi, i ≠ l, is different from zero, the current
density is dominated by the term nl ¼ 1 and one finds

hjli ≈ −
Nea−1−D sinð ~αlÞzDþ2maþ1

2πðpþ1Þ=2Γðmaþ 1=2ÞVq

κp=2þmaþ1e−κLl

ð2LlÞp=2þma ;

ð3:16Þ

with the notation κ2 ¼ P
D−1
i¼pþ1;≠l ~α

2
i =L

2
i . Now we have an

exponential decay as a function of Ll.
For large values of the mass, ma ≫ 1, the dominant

contribution to the series in the right-hand side of Eq. (3.5)
comes from the term with ni ¼ 0, i ≠ l, and nl ¼ 1.
Introducing the notation u ¼ Ll=ð2zÞ ¼ LðpÞl=ð2aÞ, for
the leading order contribution one finds

hjli ≈ −
eNLl sinð ~αlÞ
2ð4πÞD=2aDþ1

×
ðmaÞD=2u−D=2−1ð1þ u2Þ−D=4

ð1þ 2u2 þ 2u
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
Þmaþ1=2

ðuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
Þ;

ð3:17Þ

and the VEV is exponentially suppressed. In Fig. 3, the
dependence of the charge flux along the compact dimen-
sion on the mass of the fermionic field is displayed for the
background with D ¼ 4 with a single compact dimension.
The graphs are plotted for ~α ¼ π=2 and the numbers near
the curves are the corresponding values of the ratio z=L.
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From the covariant conservation equation for the current
density it follows that the charge flux through the hyper-
surface element dD−1x ¼ dz

Q
D−1
i¼1;≠l dx

i is given byffiffiffiffiffijgjp
jldD−1x. For the expectation value of the total charge

flux, per unit coordinate surface along spatial dimensions
ðx1;…; xl−1; xlþ1;…; xD−1Þ, integrated over z, one getsR
∞
0 dzða=zÞDþ1hjli. From the asymptotic analysis of
the current density near the AdS boundary and horizon,
given above, we can see that the integral is convergent in
the lower limit and linearly diverges in the upper limit.
Hence, similar to the Minkowskian case, the total charge
flux diverges.
Comparing the fermionic current density in the

Minkowski bulk, Eq. (3.11), with the corresponding
expression from Ref. [7] for the current density hjliðsÞM of
a charged scalar field, we see that

hjliM ¼ −ðN=2ÞhjliðsÞM ; ð3:18Þ

provided the masses, charges and the phases in the
periodicity conditions are the same for fermionic and scalar
fields. In particular, in supersymmetric models with the
same number of fermionic and scalar degrees of freedom,
the total current in the Minkowski bulk vanishes. This is not
the case for the AdS bulk (for a discussion of boundary
conditions on the AdS boundary in supersymmetric models
see, for example, Refs. [27,28] and references therein).
Note that for supersymmetric models in AdS background
the fields in the same multiplet do not necessarily have the
same mass (see, e.g., Refs. [27,30]). By taking into account
the expression of the current density for scalar fields [4], for
the total current in the system of a fermionic field and N=2
charged scalar fields (equal number of fermionic and scalar
degrees of freedom) one gets

hjliðtÞ ¼Nea−1−DLl

ð2πÞðDþ1Þ=2
X∞
nl¼1

nl sinð ~αlnlÞ
X
nq−1

cosð ~αq−1 ·nq−1Þ

×
h
2qðDþ1Þ=2

νs−1=2
ðbnq

Þ−qðDþ1Þ=2
ma ðbnq

Þ−qðDþ1Þ=2
ma−1 ðbnq

Þ
i
;

ð3:19Þ

where νs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2=4 −DðDþ 1Þξþm2a2

p
and ξ is the

curvature coupling parameter for scalar fields. Near the
AdS horizon, the leading contribution from the scalar and
fermionic parts in Eq. (3.19) cancel each other and we need
to keep the next-to-leading term in the asymptotic (3.13).
This leads to the result

hjliðtÞ ≈DðDþ 1ÞNeLl

4πðDþ1Þ=2aDþ1
Γ
�
D − 1

2

�
ðξ − ξDÞzD−1

×
X∞
nl¼1

nl sinð ~αlnlÞ
X
nq−1

cosð ~αq−1 · nq−1Þ
gD−1
nq

; ð3:20Þ

in the limit z → ∞. Here, ξD ¼ ðD − 1Þ=ð4DÞ is the value
of the curvature coupling parameter for conformal cou-
pling. The leading term, given by Eq. (3.20), does not
depend on the mass. For ma < 1=2 or ma ≥ 1=2 and
DðDþ 1Þðξ − ξDÞ < ma, the fermionic part dominates
near the AdS boundary and the total VEV hjliðtÞ behaves
as in Eq. (3.12). In particular, the latter is the case for
minimally coupled scalar fields. For ma ≥ 1=2 and
DðDþ 1Þðξ − ξDÞ > ma, the total current density near
the AdS boundary is dominated by the scalar contribution
and hjliðtÞ ∝ zDþ2νsþ2 for z → 0.
In Fig. 4, the dependence on the mass of the total charge

flux is plotted in the ðp; qÞ ¼ ð3; 1Þmodel with a fermionic
field and N=2 scalar fields. The graphs are plotted for
~α ¼ π=2 and the numbers near the curves correspond to the
values of the ratio z=L. The left and right panels are for
conformally and minimally coupled scalar fields. In both
cases the total current is dominated by the fermionic
contribution. In general, the current density is not a
monotonic function of the mass.
As seen from Eq. (3.20), compared to the separate scalar

and fermionic contributions, the divergence of the total
current density on the horizon is weaker and, as a
consequence of that, the charge flux integrated over the
z-coordinate is finite. By using in Eq. (3.19) the integral

representation (B6) for the function qðDþ1Þ=2
ν ðuÞ, after the

evaluation of the integral over z, the x-integral is reduced toR∞
0 dxe−xgðxÞ with gðxÞ ¼ P

j¼�1=2ImaþjðxÞ − 2IνsðxÞ.
Though this integral is convergent, the separate integrals
with the modified Bessel functions diverge. In order to have
the right to take the integrals separately, we can replace the
integral by

R
∞
0 dxe−bxgðxÞ, b > 1. After the evaluation of

the separate integrals by using the formula from Ref. [31],
the limit b → 1 is taken easily. In this way, for the
integrated charge flux we get

FIG. 3. The charge flux along the compact dimension,

aDnðlÞl hjli, as a function of the field mass for different values
of the ratio z=L (numbers near the curves). The graphs are plotted
for ~α ¼ π=2.
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Z
∞

0

dz

�
a
z

�
Dþ1

hjliðtÞ

¼ ðma − νsÞ
ΓðD=2ÞeNLl

2ð4πÞD=2

X∞
nl¼1

nl sinð ~αlnlÞ

×
X
nq−1

cosð ~αq−1 · nq−1Þ
gDnq

: ð3:21Þ

It is of interest to note that the mass enters in the factor
ðma − νsÞ only.

IV. FERMIONIC CURRENT IN C-, P- AND
T-SYMMETRIC ODD-DIMENSIONAL

MODELS ON ADS BULK

In the discussion above we have evaluated the VEV of
the fermionic current density for a field realizing the
irreducible representation of the Clifford algebra. It is
known that (see, for example, Ref. [32]) in even values
of the spatial dimension D (odd-dimensional spacetimes)
the mass term mψ̄ψ in the Lagrangian density breaks
P-invariance, C-invariance forD ¼ 4n, and T-invariance in
D ¼ 4nþ 2 with n ¼ 0; 1; 2;…:P-, C-, and T-invariant
models can be constructed combining two fermionic
fields in the irreducible representations. In this section
we assume that the flat spacetime Dirac matrices are
taken in the representation (A1). For odd-dimensional
spacetimes the matrix γðDÞ can be expressed in terms of
the product γ ¼ γð0Þγð1Þ � � � γðD−1Þ in two inequivalent ways,
namely, γðDÞ ¼ γðDÞ

ðsÞ ¼ sγ, s ¼ �1, for D ¼ 4n and γðDÞ ¼
γðDÞ
ðsÞ ¼ siγ for D ¼ 4nþ 2. The upper and lower signs

correspond to two inequivalent representations of the
corresponding Clifford algebra with the gamma matrices

γðμÞðsÞ ¼ ðγð0Þ; γð1Þ;…γðD−1Þ; γðDÞ
ðsÞ Þ. The corresponding matri-

ces in AdS spacetime can be taken as γμðsÞ ¼ ða=zÞγðμÞðsÞ .

Consider a system of two N-component fermionic fields,
ψ ðþ1Þ and ψ ð−1Þ, with the combined Lagrangian density

L ¼ P
s¼�1ψ̄ ðsÞðiγμðsÞ∇ðsÞ

μ −mÞψ ðsÞ, ∇ðsÞ
μ ¼ ∂μ þ ΓðsÞ

μ . By

suitable transformations of the fields (in general, mixing
the separate fields) it can be seen that the Lagrangian
density is invariant under the C-, P- and T- transformations
(see, e.g., Ref. [32]). By taking into account the relations
γð0Þγ†γð0Þγ¼−1 and γð0Þγ†γð0Þγμðþ1Þγ¼γμð−1Þ, the Lagrangian
density can also be rewritten as

L ¼
X
s¼�1

ψ̄ 0
ðsÞðiγμ∇μ − smÞψ 0

ðsÞ; ð4:1Þ

with ψ 0
ðþ1Þ ¼ ψ ðþ1Þ, ψ 0

ð−1Þ ¼ γψ ð−1Þ, and γμ ¼ γμðþ1Þ. As

seen, the new field ψ 0
ð−1Þ satisfies the same equation as

ψ ðþ1Þ with the opposite sign for the mass term. Introducing
2N × 2N Dirac matrices γð2NÞμ ¼ σP3 ⊗ γμ, with σP3 ¼
diagð1;−1Þ being the Pauli matrix, the Lagrangian density
is presented in terms of the 2N-component spinor Ψ ¼
ðψ 0

ðþ1Þ;ψ
0
ð−1ÞÞT in the form

L ¼ Ψ̄½iγð2NÞμð∂μ þ Γð2NÞ
μ Þ −m�Ψ; ð4:2Þ

where Γð2NÞ
μ ¼ I ⊗ Γμ.

In the system of two fermionic fields realizing
two inequivalent representations of the Clifford algebra,
the total current density Jμ ¼ eΨ̄γð2NÞμΨ is given by
Jμ ¼ P

s¼�1j
μ
ðsÞ, where j

μ
ðsÞ ¼ eψ̄ ðsÞγ

μ
ðsÞψ ðsÞ are the current

densities for separate fields. As has been shown in
Appendix A, if the phases in the quasiperiodicity con-
ditions along compact dimensions are the same for the
fields ψ ðþ1Þ and ψ ð−1Þ then the VEVs of the corresponding
current densities are the same. In this case, the VEV hJli is
obtained from the expressions for hjli given above with an

FIG. 4. The total charge flux in ðp; qÞ ¼ ð3; 1Þ model with a fermionic field and N=2 scalar fields as a function of the mass. The
left/right panels correspond to conformally/minimally coupled scalar fields. The graphs are plotted for ~α ¼ π=2 and the numbers near
the curves correspond to the values of the ratio z=L.
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additional coefficient 2. However, the phases αl for the
fields ψ ðþ1Þ and ψ ð−1Þ, in general, can be different.
Among the most interesting physical realizations of

fermionic systems in odd-dimensional spacetimes is the
graphene. Graphene is a one-atom thick layer of graphite.
The low-energy excitations of the corresponding electron
subsystem can be described by a pair of two-component
spinors, composed of the Bloch states residing on the two
triangular sublattices A and B of the graphene honeycomb
lattice. For the spatial dimension in the corresponding
effective field theory one has D ¼ 2. For a given value of
spinS ¼ �1, two spinors are combined in a four-component
spinor ΨS ¼ ðψþ;AS;ψþ;BS;ψ−;AS;ψ−;BSÞT. The compo-
nents ψ�;AS and ψ�;BS correspond to the amplitude of the
electron wave function on sublattices A and B and the
indicesþ and − correspond to inequivalent points,Kþ and
K− of the Brillouin zone (see Refs. [33,34]). The values of
the parameter s ¼ þ1 and s ¼ −1 in the discussion above,
specifying the irreducible representations of the Clifford
algebra, correspond to these points. Consequently, we can
identify ψ ðsÞ ¼ ðψ s;AS;ψ s;BSÞT. For the bulk geometry with
vanishing 0th component of the spin connection, Γ0 ¼ 0,
and for the zero scalar potential of the external electromag-
netic field (these conditions are the case in the problem at
hand) the combined Lagrangian density, in standard units, is
presented as

L ¼
X
S¼�1

Ψ̄Sðiℏγð4Þ0∂t þ iℏvFγð4ÞlDl − ΔÞΨS: ð4:3Þ

Here, vF ≈ 7.9 × 107 cm=s is the Fermi velocity of the
electrons in graphene,Dl ¼ ð∇ − ieA=ℏcÞl, with l ¼ 1, 2 is
the spatial part of the gauge extended covariant derivative,
and for electrons e ¼ −jej. The energy gapΔ can be created
by a number of mechanisms (see, for instance, Ref. [34] and
references therein) and it is related to the Dirac mass m
through Δ ¼ mv2F. For the analog of the Compton wave-
length corresponding to the energy gap one has
aC ¼ ℏvF=Δ. The energy scale in the system is determined
by the combination γF ¼ ℏvF=a0 (≈2.51 eV), where a0 ≈
1.42 Å is the interatomic spacing of the graphene lattice. In
terms of this combination one has aC ¼ a0γF=Δ. The
Lagrangian densities (4.3) for separate S are the analog of
Eq. (4.2) for D ¼ 2.
For a planar graphene sheet the spatial topology in the

corresponding effective field theory is R2. In the case of a
sheet rolled into a cylinder (cylindrical carbon nanotubes)
or torus (toroidal nanotubes) the topology becomes non-
trivial: R1 × S1 and S1 × S1, respectively. In these systems,
the magnetic fluxesΦl (l ¼ 2 for cylindrical nanotubes and
l ¼ 1, 2 for toroidal ones) we have introduced above,
acquire real physical meaning. The carbon nanotubes are
characterized by chiral vector Ch ¼ naaþ nbb, where na,
nb are integers and a ¼ ð ffiffiffi

3
p

; 0Þa0, b ¼ ð− ffiffiffi
3

p
; 3Þa0=2 are

primitive translation vectors of the graphene hexagonal

lattice (for general properties of carbon nanotubes, see, for
example, Ref. [35]). Note that

ffiffiffi
3

p
a0 is the lattice constant.

In the construction of the nanotube the hexagon at the
origin is identified with the hexagon at Ch. For zigzag and
armchair nanotubes one has nb ¼ 0 and na ¼ 2nb, respec-
tively. The other pairs ðna; nbÞ correspond to chiral nano-
tubes. In the case na þ nb ¼ 3qc, qc ∈ Z, the nanotube will
be metallic and for na þ nb ≠ 3qc the nanotube will be
semiconducting. In the latter case, the corresponding energy
gap is inversely proportional to the diameter. In particular,
the armchair nanotube is metallic and the ðna; 0Þ zigzag
nanotube is metallic if and only if na is an integer multiple
of 3. The chirality also determines the periodicity condition
along the compact dimension for the fields ψ ðsÞ. In the
absence of the magnetic flux threading the nanotube, the
periodicity conditions have the form ψ ðsÞðrþChÞ ¼
e−2sπipc=3ψ ðsÞðrþ ChÞ, where, for a given nanotube, the
parameter pc ¼ −1; 0;þ1 is defined by the relation na þ
nb ¼ 3qc þ pc (see, e.g., the discussion in Ref. [33]).
Hence, for the phase we have introduced before, one has
α ¼ −2sπipc=3. For metallic nanotubes one has the peri-
odic boundary condition, α ¼ 0, and for semiconducting
ones α ¼ �2π=3. As seen, the phases for the spinors
corresponding to the points Kþ and K− of the Brillouin
zone have opposite signs. As a consequence, in the absence
of the magnetic flux, the total current density in cylindrical
nanotubes vanishes.
The problem under consideration is topologically equiv-

alent to the case of cylindrical nanotubes, though the
corresponding spatial geometry is curved (for the gener-
ation of curvature in graphene sheets and the corresponding
effects on the properties of graphene see, for example,
Ref. [36,37]). In Fig. 5 we have plotted this geometry
embedded into a three-dimensional Euclidean space. The
magnetic flux threading the compact dimension is shown as
well. The proper length of the compact dimension is

FIG. 5. The spatial geometry of a D ¼ 2 tube embedded in
three-dimensional Euclidean space. The tube of the magnetic flux
is shown as well.
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decreasing with increasing z. Note that, related to the
graphene physics, a similar spatial geometry has been
discussed in [37]. However, the spacetime geometry we
consider here is different.
Consequently, for a given S, the VEVs of the current

densities for separate contributions coming from the points
Kþ and K− are given by the expressions in previous
sections with an additional factor vF, and for the nonzero
component of the total current one has hJ1i ¼ P

s¼�1hj1ðsÞi,
where j1ð�1Þ are the contributions from two valleys. In the

problem under consideration separate spins S give the same
contributions in the ground state currents. Assuming that
the phases α for the contributions from s ¼ þ1 and s ¼ −1
have opposite signs, one finds

hJ1i ¼ −
ffiffiffi
2

p
evFL
πa3

X∞
n¼1

n cosðαðþ1ÞnÞ sin
�
2πn

Φ
Φ0

�

× h

�
a=aC; 1þ

n2L2

2z2

�
; ð4:4Þ

with the function

hðν; xÞ ¼ 2ν∂x

�
1=

ffiffiffiffiffiffiffiffiffiffiffi
x − 1

p

ð ffiffiffiffiffiffiffiffiffiffiffi
xþ 1

p þ ffiffiffiffiffiffiffiffiffiffiffi
x − 1

p Þ2ν
�
: ð4:5Þ

In the absence of the magnetic flux the current density
vanishes. In Eq. (4.4), the ratio a=aC is the analog of the
productma in the discussion of the previous sections. If the
curvature of the tube does not change the phases, then
αðþ1Þ ¼ 0 for metallic tubes and αðþ1Þ ¼ 2π=3 for semi-
conducting ones. Figure 6 presents the current density in
these two cases versus the magnetic flux treading the tube
for different values of a=aC (numbers near the curves). The
left/right panels correspond to the metallic/semiconducting
tubes. In the numerical evaluation we have taken z=L ¼ 2.

V. CONCLUSION

In the present paper we have investigated the VEV of
the fermionic current density in (Dþ 1)-dimensional AdS
spacetime with a toroidally compactified subspace. The
periodicity conditions for the field operator along compact
dimensions contain arbitrary phases αl and, in addition, the
presence of a constant Abelian gauge field is assumed. By a
gauge transformation the problem is reduced to the one in
the absence of the gauge field with the shifted phases (2.7)
in the quasiperiodicity conditions for the new field. The
phase shift for the lth compact dimension is formally
interpreted in terms of the magnetic flux enclosed by that
dimension.
For the evaluation of the vacuum currents we have used

the direct summation over the complete set of fermionic
modes (2.11) and (2.13). The same result is obtained by
using the alternative set of fermionic mode functions (A6)
and (A7). The VEVs of the charge density and of the
components for the current density along uncompact
dimensions vanish and the mode sum for the component
of the current density along the lth compact dimension is
presented as Eq. (3.1). Amore convenient representation for
the renormalized VEV is given by Eq. (3.5). The current
density along the lth compact dimension is an even periodic
function of the phases ~αi, i ≠ l, and an odd periodic function
of the phase ~αl. In particular, thismeans the periodicity in the
magnetic fluxwith the period equal to the flux quantum. The
current density is expressed in terms of the function (B7). An
alternative integral representation is given by Eq. (B6). Note
that the VEVof the current density for a charged scalar field
is also expressed through the function (B7).
In order to clarify the behavior of the current density,

various limiting cases of the general result are considered.
First of all, we have shown that, in the limit of the infinite
curvature radius, the current density for a locallyMinkowski
bulk is obtained. For a massless field the problem under
consideration is conformal to the one in Minkowski

FIG. 6. The total charge flux in D ¼ 2 tubes as a function of the magnetic flux for separate values of a=aC (numbers near the curves).
The left/right panels correspond to metallic/semiconducting tubes. The graphs are plotted for z=L ¼ 2.
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spacetime with toral dimensions in the presence of a
boundary on which the fermionic field operator obeys the
bag boundary condition. However, the boundary-induced
contribution in the latter problem vanishes for a massless
field and we have obtained a conformal relation with the
boundary-free Minkowski case. On the AdS boundary the
VEVof the current density vanishes as zDþ1þ2ma, whereas
on the AdS horizon it diverges as zDþ1. Near the horizon the
dominant contribution comes from the fluctuations with
small wavelengths and the effects induced by the curvature
and nonzero mass are small. The influence of the curvature
on the component of the current density along the lth
compact dimension is also small, when the corresponding
length Ll is much smaller than other length scales in the
problem. The leading term in the corresponding asymptotic
expansion coincides with the VEV for amassless field in the
model with a single compact dimension xl. In the opposite
limit of large values for the proper length of the lth compact
dimension, the behavior of the VEV hjli is essentially
different depending on the values of the phases in the
quasiperiodicity conditions. If all the remaining phases
vanish, ~αi ¼ 0, i ≠ l, the current density, as a function of
the proper length, behaves as1=Lpþ2maþ1

ðpÞl . Unlike the case of
the locally Minkowski bulk, the corresponding decay is the
power law for both massless and massive fields. If at least
one of the phases ~αi, i ≠ l, is different fromzero, the decay of
the VEV hjli, as a function of Ll, is exponential.
In the Minkowski bulk, for the system of a fermionic

field and N=2 charged scalar fields, with the same masses,
charges and the same phases in the quasiperiodicity
conditions, the total current vanishes as a consequence
of the cancellation between the fermionic and scalar
contributions. This means that, in the corresponding super-
symmetric models, no net current appears. In the AdS bulk
the influence of the gravitational field on the VEVs for
scalar and fermionic fields, in general, is different and there
is no cancellation between the scalar and fermionic
counterparts. The corresponding total current density is
given by Eq. (3.19). Near the horizon, the leading con-
tributions from the scalar and fermionic parts are canceled,
and the first term in the corresponding asymptotic expan-
sion is presented as Eq. (3.20). It does not depend on the
mass and vanishes for conformally coupled scalars. As a
consequence of the weaker divergence on the horizon, the
total charge flux integrated over the z-coordinate is finite.
In odd spacetime dimensions the mass term in the

Lagrangian density for a fermionic field realizing the
irreducible representation of the Clifford algebra, in general,
breaks C-, P-, and T-invariances. The models with these
symmetries can be constructed combining two fermionic
fields realizing two irreducible representations. In Sec. IV
we have considered the current density in this type of
models. It has been shown that, if the phases αl are the same
for both the representations, their contributions to the total
current coincide. However, the phases need not be the same.

This type of situation arises in semiconducting cylindrical
carbon nanotubes described by an effective Dirac theory in
the long-wavelength approximation. In the corresponding
Dirac model two irreducible representations correspond to
two inequivalent points of the graphene Brillouin zone and,
in the absence of the magnetic flux threading the tube, the
corresponding phases have opposite signs. We have con-
sidered the fermionic current in the corresponding problem
on the AdS bulk generated by a magnetic flux.
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APPENDIX A: ANOTHER REPRESENTATION
OF THE DIRAC MATRICES

In the evaluation of the current density we have used the
representation (2.10) for the Dirac matrices and the
corresponding fermionic modes (2.11), (2.13). As has been
discussed in Ref. [24], these modes are well adapted for the
investigation of the effects induced by the presence of an
additional brane, parallel to the AdS boundary, on which
the field operator obeys the bag boundary condition. In this
Appendix we consider another representation of the Dirac
matrices that allows for the separation of the equations for
the upper and lower components of the fermionic mode
functions. In the new representation the flat spacetime
gamma matrices are given by

γð0Þ ¼
�

0 χ0

χ†0 0

�
; γðlÞ ¼

�
0 χl

−χ†l 0

�
; ðA1Þ

where l ¼ 1; 2;…; D − 1, and γðDÞ ¼ sidiagð1;−1Þ with
s ¼ �1. In odd-dimensional spacetimes, the values s ¼ þ1
and s ¼ −1 correspond to two irreducible representations
of the Clifford algebra. For the N=2 × N=2 matrices χ0, χl
one gets the relations χlχ

†
n þ χnχ

†
l ¼ 2δnl, χ

†
l χn þ χ†nχl ¼

2δnl for l;n¼ 1;2;…;D−1, and χ0χ
†
l ¼ χlχ

†
0, χ

†
0χl ¼ χ†l χ0,

χ†0χ0 ¼ 1. As before, the curved spacetime gamma matrices
are given by γμ ¼ ðz=aÞδμbγðbÞ. In the special caseD ¼ 2we
have χ0 ¼ χ1 ¼ 1 and γð0Þ ¼ σP1, γð1Þ ¼ iσP2, γð2Þ ¼ iσP3,
where σPμ are the Pauli matrices (see, for instance,
Ref. [23]).
For the positive-energy modes, decomposing the spinor

into the upper and lower components, the separate equa-
tions are obtained for them with the solution
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ψ ðþÞ
β ¼ z

Dþ1
2 eikx−iωt

0
B@ Jmaþs=2ðλzÞχðσÞ

kχ†þωχ†
0

λ Jma−s=2ðλzÞχðσÞ

1
CA; ðA2Þ

where χðσÞ, σ ¼ 1;…; N=2, are one-column matrices with
N=2 rows and kχ† ¼ P

D−1
l¼1 klχ

†
l . From the orthonormal-

ization condition for the modes (A2), one obtains

χðσÞ†½ðωþ kχχ†0Þ2 þ λ2�χðσ0Þ ¼ 2λ2jCðþÞ
β j2δσσ0 ; ðA3Þ

where jCðþÞ
β j2 is given by Eq. (2.15). This shows that we

can take

ðωþ kχχ†0 − iλÞχðσÞ ¼
ffiffiffi
2

p
λCðþÞ

β wðσÞ; ðA4Þ

or inverting

χðσÞ ¼ CðþÞ
β

kχχ†0 þ iλ − ωffiffiffi
2

p
iω

wðσÞ; ðA5Þ

where the matrices wðσÞ are the same as in Eq. (2.11).
As a result, for the positive-energy fermionic modes

we get

ψ ðþÞ
β ¼ CðþÞ

βffiffiffi
2

p z
Dþ1
2 eikx−iωt

0
B@

kχχ†
0
þiλ−ω
ω Jmaþs=2ðλzÞwðσÞ

iχ†0
kχχ†

0
þiλþω
ω Jma−s=2ðλzÞwðσÞ

1
CA:

ðA6Þ

In a similar way, for the negative-energy modes one finds
the representation

ψ ð−Þ
β ¼ Cð−Þ

βffiffiffi
2

p z
Dþ1
2 eikxþiωt

0
@ iχ0

kχ†χ0−iλþω
ω Jmaþs=2ðλzÞwðσÞ

kχ†χ0−iλ−ω
ω Jma−s=2ðλzÞwðσÞ

1
A;

ðA7Þ

with Cð−Þ
β defined in Eq. (2.15). As an additional check, it

can be seen that the modes (A6) and (A7) are orthogonal.
With the modes (A6) and (A7), we can evaluate the

fermionic current density by using the mode-sum for-
mula (2.9). By taking into account that for a N=2 × N=2
matrix M we have

P
σw

ðσÞ†MwðσÞ ¼ trM, the VEV of the
component of the current density along the compact
direction xl is presented as

hjli ¼ −
eNzDþ2

4ð2πÞpVqaDþ1

×
X
nq

Z
dkðpÞ

Z
∞

0

dλ
klλ
ω

X
j¼�1

J2maþj=2ðλzÞ: ðA8Þ

After the integration over the angular part of kðpÞ this
expression is reduced to Eq. (3.1). As seen, the VEVof the
current density does not depend on the parameter s in the
definition of the Dirac matrix γðDÞ. In particular, in odd-
dimensional spacetimes the current density is the same for
two inequivalent irreducible representations of the Clifford
algebra. From the derivation of the expression (A8) it
follows that it is also valid for the D ¼ 2 model with the
compact dimension of the length L. The corresponding
expression is obtained putting in Eq. (A8) N ¼ 2, p ¼ 0,
Vq ¼ L, and omitting the integral over kðpÞ.

APPENDIX B: EVALUATION OF
THE MODE SUM

Here we evaluate the mode sum in the definition (3.4) for
the function IνðzÞ. By using the integral representation

1

ω
¼ 1ffiffiffi

π
p

Z
∞

0

ds

s1=2
e−ω

2s; ðB1Þ

the integral over λ in Eq. (3.4) is expressed in terms of the
modified Bessel function Iνðz2=2sÞ [31]. After the inte-
gration over kðpÞ one finds

IνðzÞ ¼
Γðp=2Þ
4

ffiffiffi
π

p
Z

∞

0

ds

sðpþ3Þ=2 e
−z2=ð2sÞIνþ1=2ðz2=2sÞ

×
X
nq

kle
−k2ðqÞs: ðB2Þ

As the next step we employ the relation

Xþ∞

nj¼−∞
e−sk

2
j ¼ Lj

2
ffiffiffiffiffi
πs

p
Xþ∞

nj¼−∞
einj ~αje−L

2
j n

2
j =ð4sÞ; ðB3Þ

which is a direct consequence of the Poisson resummation
formula. From Eq. (B3) we can see that

X
nq

kle
−k2ðqÞs ¼ −iLlVq

2qþ1πq=2sq=2þ1

X
nq

nle
i ~α·nq−g2nq =ð4sÞ; ðB4Þ

with ~α · nq ¼
P

D−1
i¼pþ1 ni ~αi and gnq

is defined by Eq. (3.6).
With these relations, the function (3.4) is presented

in the form

IνðzÞ ¼
−iLlVqΓðp=2Þ

2q−ðD−3Þ=2πq=2þ1zDþ2

X
nq

nlei
~α·nqqðDþ1Þ=2

ν ðbnq
Þ;

ðB5Þ

where bnq
is given by Eq. (3.6). Here we have defined the

function
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qðDþ1Þ=2
ν ðuÞ ¼

ffiffiffi
π

2

r Z
∞

0

dxxD=2e−uxIνþ1=2ðxÞ: ðB6Þ

The integral is expressed in terms of the hypergeometric
function and one gets an alternative representation

qðDþ1Þ=2
ν ðuÞ ¼

ffiffiffi
π

p
ΓðνþD=2þ 3=2Þ

2νþ1Γðνþ 3=2ÞuνþD=2þ3=2

× F

�
2νþDþ 3

4
;
2νþDþ 5

4
; νþ 3

2
;
1

u2

�
:

ðB7Þ

From the definition (B6) it directly follows that qðDþ1Þ=2
ν ðuÞ

is a monotonically decreasing function of u > 1 and
ν > −1=2. For an even number of spatial dimensions,
D ¼ 2n, n ¼ 1; 2;…, the expression (B7) for the function

qðDþ1Þ=2
ν ðuÞ is further simplified to [4]

qnþ1=2
ν ðuÞ ¼ ð−1Þn

ffiffiffi
π

2

r
∂n
u
ðuþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − 1

p
Þ−ν−1=2ffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 − 1
p : ðB8Þ

In odd-dimensional space,D ¼ 2n − 1, the function (B7) is
expressed in terms of the Legendre function of the second
kind: qnνðuÞ ¼ ð−1Þn∂n

uQνðuÞ.
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