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We investigate the influence of a brane on the vacuum expectation value (VEV) of the current density for
a charged fermionic field in the background of locally AdS spacetime with an arbitrary number of
toroidally compact dimensions and in the presence of a constant gauge field. Along compact dimensions,
the field operator obeys quasiperiodicity conditions with arbitrary phases, and on the brane, it is constrained
by the bag boundary condition. The brane is parallel to the AdS boundary, and it divides the space into two
regions with different properties for the fermionic vacuum. In both these regions, the VEVs for the charge
density and the components of the current density along noncompact dimensions vanish. The components
along compact dimensions are decomposed into the brane-free and brane-induced contributions. The
behavior of the latter in various asymptotic regions of the parameters is investigated. It particular, it is
shown that the brane-induced contribution is mainly located near the brane and vanishes on the AdS
boundary and on the horizon. An important feature is the finiteness of the current density on the brane.
Applications are given to Z2-symmetric braneworlds of the Randall-Sundrum type with compact
dimensions for two classes of boundary conditions on the fermionic field. For the second one, we show
that the contribution of the brane to the current does not vanish when the location of the brane tends to the
AdS boundary. In odd spacetime dimensions, the fermionic fields realizing two inequivalent irreducible
representations of the Clifford algebra and having equal phases in the periodicity conditions give the same
contribution to the vacuum current density. Combining the contributions from these fields, the current
density in odd-dimensional C-,P- and T-symmetric models is obtained. In the special case of three-
dimensional spacetime, the corresponding results are applied for the investigation of the edge effects on the
ground state current density induced in curved graphene tubes by an enclosed magnetic flux.
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I. INTRODUCTION

In a variety of quantum field-theoretical problems, the
fields are defined on a manifold with a boundary and one
must take care imposing suitable boundary conditions on
the corresponding hypersurfaces. The boundaries may have
different physical origins. Examples are interfaces between
two media with different electromagnetic properties in
condensed matter physics (e.g., media with different
dielectric permittivities), various sorts of horizons in
gravitational physics and in noninertial reference frames,

boundaries separating the spatial regions with different
gravitational backgrounds (e.g., de Sitter bubbles in
Minkowski spacetime), domain walls in the theory of
phase transitions, and branes in higher-dimensional cos-
mologies and in string theories. In a number of physical
problems, the model is formulated in nonglobally hyper-
bolic manifolds possessing a timelike boundary at spatial
infinity. In order to preserve the information to be lost to, or
gained from, spatial infinity, appropriate boundary con-
ditions should be imposed. A well-known example of this
kind is anti–de Sitter (AdS) spacetime [1]. Another class of
conditions imposed on fields appear in models with
compact spatial dimensions. The latter are an inherent
feature of high-energy theories unifying physical inter-
actions, like Kaluza-Klein and string theories. Depending
on the periodicity conditions along compact dimensions
different topologically inequivalent field configurations
may arise [2]. The quantum effects arising from the
nontrivial topological structure of the background space-
time include symmetry breaking, topological quantum
phase transitions, instabilities in interacting field theories,
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and topological mass generation. The topological issues
also play an important role in effective theories describing a
number of condensed matter systems [3].
In the present paper, we consider the combined effects of

background gravitational field and of two sorts of boundary
conditions on the local properties of the vacuum state for a
charged fermionic field. As the bulk geometry we take a
locally AdS spacetime with an arbitrary number of toroi-
dally compactified spatial dimensions (in Poincaré coor-
dinates). The first kind of boundary condition is related to
the presence of a brane parallel to the AdS boundary and
the second one is related to the compactification of a part of
spatial dimensions to a torus. We impose bag boundary
condition on the brane and quasiperiodicity conditions with
general phases along compact dimensions. The results
are generalized for a boundary condition arising in Z2-
symmetric braneworld models of the Randall-Sundrum
type with extra compact dimensions.
Our choice of AdS spacetime as a local bulk geometry

has several motivations. First of all, AdS spacetime is
maximally symmetric and a large number of problems in
quantum field theory on curved backgrounds is exactly
solvable. That is the case in the problem at hand. The
corresponding investigations may help developing the
research tools and insights to deal with less symmetric
geometries. The AdS spacetime naturally appears as a
ground state in extended supergravity and Kaluza-Klein
theories and also as the near horizon geometry of the
extremal black holes and domain walls. Moreover, the AdS
spacetime has a constant negative curvature and the related
length scale can serve as a regularization parameter for
infrared divergences in interacting quantum field theories
without reducing the number of symmetries [4]. The AdS
geometry plays a crucial role in two exciting developments
of the last two decades: the gauge/gravity duality and the
braneworld scenario with large extra dimensions (for
reviews see [5,6]). Braneworlds naturally appear in the
string/M-theory context and provide an interesting alter-
native to address various problems in cosmological and
particle physics. A number of particularly important
implications of AdS geometry recently appeared in con-
densed matter physics (see, e.g., [7]).
Both types of constraints, induced by the presence of

boundaries and by the compactification of spatial dimen-
sions, give rise to the modification of the spectrum for
vacuum fluctuations of quantum fields. As a result, the
vacuum expectationvalues (VEVs) of physical quantities are
shifted by an amount depending on the bulk and boundary
geometries, and also on the boundary conditions imposed.
This is the familiar Casimir effect (for reviews see [8]). The
vacuum energy and the forces acting on the boundaries were
among the main physical quantities of interest in the studies
of this effect. In particular, motivated by the radion stabili-
zation in braneworld models of the Randall-Sundrum type,
the investigations of these quantities in the geometry of two

parallel branes inAdSspacetimehave attracted a great deal of
attention (see, for instance, the references in [9,10]). In
particular, the fermionic Casimir effect has been considered
in [10–13] (for a recent discussion of the renormalised
fermion expectation values on AdS spacetime in the absence
of branes see, e.g., [14]). The vacuum energy, the Casimir
forces and the VEV of the energy-momentum tensor in
higher-dimensional generalizations of the AdS spacetime
with compact internal spaces have been investigated in [15].
As another important local characteristic of the vacuum

state for charged fields, bilinear in the field operator, here
we consider the VEVof the current density for a fermionic
field in background of locally AdS spacetime with compact
dimensions in the presence of a brane. For a flat back-
ground geometry with an arbitrary number of toroidally
compact dimensions, the zero and finite temperature
expectation values of the charge and current densities
for scalar and fermionic fields were investigated in
Refs. [16–18]. The corresponding results for a special case
of a three-dimensional spacetime with one and two com-
pact spatial dimensions have been applied to the electronic
subsystem of cylindrical and toroidal carbon nanotubes
described within the framework of the effective Dirac
model. The influence of additional boundaries on the
vacuum charges and currents with applications to finite
length carbon nanotubes is studied in [19,20]. This is the
analog of the Casimir effect for the charge and current
densities. The VEVs of the current densities for scalar and
Dirac spinor fields in de Sitter and AdS spacetimes with
toroidally compact subspace have been discussed in [21]
and [22,23], respectively, for scalar and fermionic fields.
The effects of the branes in background of locally AdS bulk
on the VEV of the current density for a scalar field with
general curvature coupling parameter are investigated in
[24,25]. The general case of the Robin boundary conditions
on the branes was discussed and applications were given to
Randall-Sundrum type braneworlds.
The organization of the present paper is as follows. In the

next section, we describe the bulk geometry and the fields
under consideration. The boundary and periodicity condi-
tions are specified for a fermionic field. A complete set of
positive and negative energy fermionic modes are described
in Sec. III. By using the corresponding mode functions, in
Sec. IV, we investigate the brane-induced effects on the
current density along compact dimensions in the region
between the brane and AdS boundary (L region). The
behavior of the current density in different asymptotic
regions of the parameters is discussed in detail. Similar
investigations for the region between the brane and AdS
horizon (R region) are presented in Sec. V. In Sec. VI, the
vacuum currents are considered in Z2-symmetric brane-
worlds with a single brane and with an arbitrary number
of toroidally compact spatial dimensions for two types of
boundary conditions on the brane. The numerical results are
given for the simplest generalization of theRandall-Sundrum
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model with a single extra compact dimension. The fermionic
current density in parity and time-reversal symmetricmodels
in odd-dimensional spacetimes is considered in Sec. VII.
Applications are given to deformed carbon nanotubes
described within the framework of the effective Dirac model
in three-dimensional spacetime.Themain results of thepaper
are summarized in Sec. VIII.

II. BACKGROUND GEOMETRY AND THE FIELDS

The background geometry we consider is described by
the (Dþ 1)-dimensional line element

ds2 ¼ e−2y=aηikdxidxk − dy2; ð2:1Þ
where i; k ¼ 0; 1;…; D − 1 and ηik ¼ diagð1;−1;…;−1Þ
is the Minkowskian metric tensor in D-dimensional sub-
space with the coordinates ðx0 ¼ t; x1;…; xD−1Þ. The local
geometrical characteristics corresponding to (2.1) coincide
with those for AdS spacetime with the curvature radius a.
In particular, for the curvature scalar and the Ricci tensor
one has R ¼ −DðDþ 1Þ=a2 and Rμν ¼ −Dgμν=a2.
However, the global geometry we shall be concerned about
is different. Namely, it will be assumed that the spatial
dimension xi, i ¼ pþ 1;…; D − 1, is compactified to a
circle with the length Li, 0 ≤ xi ≤ Li. For the remaining
coordinates, one has −∞ < xi < þ∞, i ¼ 1;…; p, and
−∞ < y < þ∞. Hence, in the problem at hand the sub-
space ðx1;…; xD−1Þ has the topology Rp × Tq,
q ¼ D − p − 1, where Tq stands for a q-dimensional torus
(for a discussion of physical effects in models with toroidal
dimensions, see [26]). For further consideration, it is
convenient, in addition to the coordinate y, to use the
conformal coordinate z, defined as z ¼ aey=a with the
range 0 ≤ z < ∞. In terms of the latter, the metric tensor is
written in a conformally flat form

gμν ¼ ða=zÞ2diagð1;−1;…;−1Þ; ð2:2Þ
with the spacetime coordinates xμ¼ðx0;x1;…;xD−1;xD¼zÞ.
The hypersurfaces z ¼ 0 and z ¼ ∞ correspond to the AdS
boundary and horizon, respectively. Note that for the proper
length of the ith compact dimension, measured by an
observer with a fixed coordinate z, one has LðpÞi ¼ ða=zÞLi.
We are interested in combined effects of the nontrivial

topology and boundaries on the local characteristics of the
vacuum state j0i for a massive fermionic field ψðxÞ.
Assuming the presence of an external Abelian gauge field
AμðxÞ, the corresponding field equation reads

iγμð∂μ þ Γμ þ ieAμÞψðxÞ −mψðxÞ ¼ 0; ð2:3Þ
where e is the coupling between the fermionic and gauge
fields and Γμ is the spin connection. For the curved
spacetime Dirac matrices, one has γμ ¼ eμðbÞγ

ðbÞ, with

γðbÞ being the corresponding flat spacetime matrices and

eμðbÞ are the tetrad fields. For a fermionic field realizing the

irreducible representation of the Clifford algebra, the
matrices γðbÞ are N × N matrices with N ¼ 2½ðDþ1Þ=2�,
where the square brackets stand for the integer part of
the enclosed expression. For odd D, the irreducible
representation is unique up to a similarity transformation,
whereas for even D there are two inequivalent irreducible
representations (see Sec. VII below). In the conformal
coordinates xμ, with the metric tensor (2.2), we can take the
tetrad fields in the form eμðbÞ ¼ ðz=aÞδμb. The corresponding
spin connection has the components Γk ¼ ηklγ

ðDÞγðlÞ=ð2zÞ
for k ¼ 0;…; D − 1, and ΓD ¼ 0.
In the discussion below, we assume the presence of a

boundary, parallel to the AdS boundary and located at
z ¼ z0, on which the field operator is constrained by the
bag boundary condition

ð1þ iγμnμÞψðxÞ ¼ 0; z ¼ z0; ð2:4Þ

where nμ is the corresponding normal. The respective value
of the y-coordinate we shall denote by y0, y0 ¼ a lnðz0=aÞ.
Note that the physical distance from the boundary is given
by jy − y0j. Though the boundary under consideration my
have different physical origins (e.g., in carbon nanotubes it
corresponds to the edge of the tube), for the convenience of
the discussion below we shall use the term “brane”. It
divides the background space into two regions: 0 ≤ z ≤ z0
and z ≥ z0. We shall refer to them as L and R regions (left
and right regions), respectively. For the normal, one has
nμ ¼ δDμ a=z in the L region and nμ ¼ −δDμ a=z in the R
region. From (2.4), it follows that the normal component of
the fermionic current vanishes on the brane. This feature is
used in bag models of hadrons for confinement of quarks.
Note that, though the geometrical characteristics of the
background geometry do not depend on z, the boundary
under consideration has a nonzero extrinsic curvature
tensor with nonzero components Kik ¼ �gik=a, where
the upper and lower signs correspond to the L and R
regions, respectively. Related to this, the physical proper-
ties of the vacuum will be different in these regions.
The topology of the background space is nontrivial and,

in addition to the boundary condition at z ¼ z0, we need to
specify the periodicity conditions imposed on the field
operator along compact dimensions. For the spatial dimen-
sion xl, l ¼ pþ 1;…; D − 1, we take the quasiperiodicity
condition

ψðt; x1;…; xl þ Ll;…; xDÞ ¼ eiαlψðt; x1;…; xl;…; xDÞ;
ð2:5Þ

with a constant phase αl. The special cases of the most
frequently used conditions with αl ¼ 0 and αl ¼ π corre-
spond to untwisted and twisted fields. As for the gauge
field, we assume the simplest configurationwithAμ ¼ const.
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The corresponding effects on quantum properties of the
vacuum are of the Aharonov-Bohm type and they are related
to the nontrivial topology of the background space. The
components of the vector potential along noncompact
dimensions are simply removed by a gauge transformation
and only the components along compact dimensions are
physically relevant. Hence, our model is specified by the set
of parameters fαl; Alg with l ¼ pþ 1;…; D − 1.
Under the gauge transformation of the field variables

ψðxÞ ¼ ψ 0ðxÞe−ieχ , Aμ ¼ A0
μ þ ∂μχ, with the function

χ ¼ bμxμ, we obtain a new set of parameters fα0l; A0
lg ¼

fαl þ eblLl; Al − blg. In particular, in the gauge with bμ ¼
Aμ the vector potential vanishes and for the new phases in
the quasiperiodicity conditions for the field ψ 0ðxÞ one gets

α̃l ¼ αl þ eAlLl: ð2:6Þ

Hence, the effects of αl and Al are not physically indepen-
dent: the physical effects depend on these parameters in the
form of the combination (2.6) which is invariant under the
gauge transformation. In particular, a constant gauge field
induces nontrivial effective phases for twisted and untwisted
fields and vice versa: the nontrivial phases can be interpreted
in terms of a constant gauge filed (or in terms of themagnetic
flux). In what follows, we will work in the gauge
ðψ 0ðxÞ; A0

μ ¼ 0Þ omitting the primes. Along the lth compact
dimension the field ψ 0ðxÞ obeys the condition (2.5) with αl
replaced by α̃l from (2.6). The part in the definition of the
latter coming from the vector potential can be interpreted in
terms of the magnetic fluxΦl enclosed by the lth dimension:
eAlLl ¼ −2πΦl=Φ0 (theminus sign comes from the fact that
Al is the covariant component of the (Dþ 1)-vector and it is
related to the lth component of the spatial vector A by
Al ¼ −Al), with Φ0 ¼ 2π=e being the flux quantum. Of
course, this flux is fictive, it lives in the embedding space.
However, it can be real flux if the model under consideration
is realized as a brane in a higher dimensional spacetime.
Another problem where the magnetic flux Φl has the real
physical sense will be considered in Sec. VII.

III. FERMIONIC MODES

The VEVs of physical observables bilinear in the field
operator are expressed in terms of the sums over a complete
set of positive and negative energy fermionic modes

fψ ðþÞ
β ;ψ ð−Þ

β g, where the set of quantum numbers β specifies
the solution. Thesemodes obey the field equation (2.3) (with
Aμ ¼ 0 in the gauge under consideration), the boundary
condition (2.4) and the quasiperiodicity conditions (2.5)with
αl replaced by α̃l. In order to find the solutions to the field
equation, one needs to specify the representation of the flat
spacetime Dirac matrices (for the construction of the Dirac
matrices in an arbitrary number of spacetime dimensions,
see, e.g., [27]).We find it convenient to use the representation
(see also [23])

γð0Þ ¼
�

0 χ0

χ†0 0

�
; γðDÞ ¼ si

�
1 0

0 −1

�
; s ¼ �1;

γðlÞ ¼
�

0 χl

−χ†l 0

�
; l ¼ 1; 2;…; D − 1; ð3:1Þ

with N=2 × N=2 matrices χ0, χl. In even dimensional
spacetimes, the irreducible representation is unique (up to
a similarity transformation) and one can take s ¼ 1. In odd-
dimensional spacetimes, the values s ¼ þ1 and s ¼ −1
correspond to two inequivalent irreducible representations
of the Clifford algebra. From the anticommutation relations
for the Dirac matrices, we obtain the following relations

χlχ
†
n þ χnχ

†
l ¼ 2δnl; χ†l χn þ χ†nχl ¼ 2δnl;

χ0χ
†
l ¼ χlχ

†
0; χ†0χl ¼ χ†l χ0; χ†0χ0 ¼ 1;

ð3:2Þ

with l; n ¼ 1; 2;…; D − 1. In the special caseD ¼ 2, taking
χ0 ¼ χ1 ¼ 1, we get γð0Þ ¼ σP1, γð1Þ ¼ iσP2, γð2Þ ¼ siσP3,
where σPμ are the Pauli matrices.
With the flat spacetime matrices (3.1), substituting in the

field equation (2.3) the Dirac matrices γμ ¼ ðz=aÞδμbγðbÞ,
the complete set of the positive and negative energy
solutions of the field equation can be found in a way
similar to that we have described in Appendix of Ref. [23].
In accordance with the symmetry of the problem, the
dependence of the mode functions on the coordinates
ðt;xÞ ¼ ðt; x1;…; xD−1Þ can be taken in the form of plane
waves eikx−iωt, kx ¼ P

D−1
l¼1 kixi, with the momentum k ¼

ðk1;…; kD−1Þ and the energy ω. The mode functions are
presented as

ψ ðþÞ
β ðxÞ ¼ z

Dþ1
2 eikx−iωt

0
B@ kχχ†

0
þiλ−ω
ω Zmaþs=2ðλzÞwðσÞ

iχ†0
kχχ†

0
þiλþω
ω Zma−s=2ðλzÞwðσÞ

1
CA;

ψ ð−Þ
β ðxÞ ¼ z

Dþ1
2 eikxþiωt

0
B@ iχ0

kχ†χ0−iλþω
ω Zmaþs=2ðλzÞwðσÞ

kχ†χ0−iλ−ω
ω Zma−s=2ðλzÞwðσÞ

1
CA;

ð3:3Þ

where wðσÞ, σ ¼ 1;…; N=2, are one-column matrices hav-

ing N=2 rows and the elements wðσÞ
l ¼ δlσ . In (3.3),

kχ ¼ P
D−1
l¼1 klχl, 0 ≤ λ < ∞, ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2

p
, k ¼ jkj and

ZνðuÞ ¼ c1JνðuÞ þ c2YνðuÞ; ð3:4Þ

is a linear combination of the Bessel and Neumann
functions JνðuÞ and YνðuÞ. The coefficients c1 and c2
depend on the region under consideration and will be
determined below separately in the L and R regions.
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For the components of the momentum along noncom-
pact spatial dimensions, as usual, one has −∞ < ki < þ∞,
i ¼ 1;…; p. The eigenvalues of the components along
compact dimensions are quantized by the periodicity
conditions:

kl ¼
2πnl þ α̃l

Ll
; nl ¼ 0;�1;�2;…; ð3:5Þ

where l ¼ pþ 1;…; D − 1. For α̃l ¼ 2πpl, with pl being
an integer, the parameter α̃l is removed from the problem by
the redefinition of the quantum number nl. Therefore, only
the fractional part of α̃l=2π is physically relevant. The set of
quantum numbers β specifying the modes is given by
β ¼ ðλ;kðpÞ;nq; σÞ, where kðpÞ ¼ ðk1;…; kpÞ is the
momentum in the noncompact subspace and nq ¼
ðnpþ1;…; nD−1Þ determines the momentum in the compact
subspace. The orthonormalization condition for the mode
functions readsZ

dDxða=zÞDψ ð�Þ†
β ψ ð�Þ

β0 ¼ δββ0 ; ð3:6Þ

where δββ0 is understood as the Dirac delta function for the
continuous components of β and the Kronecker delta for
discrete ones.
We are interested in the VEV of the current density

jμ ¼ eψ̄γμψ , where for the Dirac conjugate one has
ψ̄ ¼ ψ†γð0Þ. Expanding the field operator in terms of the
complete set of modes and using the anticommutation
relations for the annihilation and creation operators, the
VEV h0jjμj0i≡ hjμi is presented in the form of the mode
sum

hjμðxÞi ¼ e
2

X
β

½ψ̄ ð−Þ
β ðxÞγμψ ð−Þ

β ðxÞ − ψ̄ ðþÞ
β ðxÞγμψ ðþÞ

β ðxÞ�:

ð3:7Þ
Here,

P
β stands for the integration over the continuous

components of the collective index β and for the summation
over the discrete components. The functions ZνðuÞ in (3.3)
and the eigenvalues for λ are different in the L and R
regions and we investigate the corresponding current
densities separately.

IV. CURRENT DENSITY IN THE L REGION

First we consider the region between the brane and the
AdS boundary, corresponding to 0 ≤ z ≤ z0. In the range of
the mass ma ≥ 1=2 and for c2 ≠ 0 in (3.4), the modes (3.3)
are not normalizable. Hence, for this range, from the normal-
izability condition it follows that c2 ¼ 0 and the mode
functions are given by (3.3) with ZνðuÞ ¼ c1JνðuÞ. From
the boundary condition (2.4), it follows that the eigenvalues
for the quantum number λ are roots of the equation

Jma−1=2ðλz0Þ ¼ 0;

for both the cases s ¼ �1.We shall denote the corresponding
positive roots with respect to λz0 by λn ¼ λnðmaÞ ¼
λz0, n ¼ 1; 2;…, assuming that they are numerated in the
ascending order, λnþ1 > λn. Note that the roots λn do not
depend on the location of the brane.
Now the mode functions are written as

ψ ðþÞ
β ðxÞ¼CðþÞ

Lβ z
Dþ1
2 eikx−iωt

0
B@ kχχ†

0
þiλ−ω
ω Jmaþs=2ðλzÞwðσÞ

iχ†0
kχχ†

0
þiλþω
ω Jma−s=2ðλzÞwðσÞ

1
CA;

ψ ð−Þ
β ðxÞ¼Cð−Þ

Lβ z
Dþ1
2 eikxþiωt

0
B@iχ0

kχ†χ0−iλþω
ω Jmaþs=2ðλzÞwðσÞ

kχ†χ0−iλ−ω
ω Jma−s=2ðλzÞwðσÞ

1
CA;

ð4:1Þ

where λ ¼ λn=z0. For a massless field, one has λn ¼
πðn − 1=2Þ.
The normalization coefficients Cð�Þ

Lβ are determined from
the condition (3.6), where the integration over z is done in
the region ½0; z0� and on the right-hand side the Kronecker
delta δλnλn0 ¼ δnn0 appears. By using the standard integral
for the square of the Bessel function one finds

jCð�Þ
β j2 ¼ J−2maþ1=2ðλnÞ

2ð2πÞpVqaDz20
; ð4:2Þ

where Vq ¼ Lpþ1…LD−1 is the volume of the compact
subspace. As seen, the normalization constants are the same
for both the representations s ¼ 1 and s ¼ −1.
For the range of masses 0 ≤ ma < 1=2, the modes with

c2 ≠ 0 in (3.4) are normalizable. In this case, in order to
determine the additional coefficient in the mode function
one needs to specify a boundary condition for the field on
the AdS boundary. This kind of boundary conditions for
fermions have been discussed, e.g., in Refs. [28–30]. Here
we shall consider a special type of boundary condition
when the bag boundary condition is imposed on the
hypersurface z ¼ z1 > 0 and then the limiting transition
z1 → 0 is taken. As it will be shown in the next section, this
procedure leads to the mode functions which are given by
(4.1) for all ma ≥ 0.
We start our investigation for hjμi with the charge

density corresponding to the component μ ¼ 0. Plugging
the modes (4.1) in (3.7) we get

hj0i ¼ 2e
a
zDþ2

X
β

jCð�Þ
β j2 1

ω
wðσÞ†kχ†χ0wðσÞ

× ½J2maþs=2ðλzÞ − J2ma−s=2ðλzÞ�; ð4:3Þ

where
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X
β

¼
X
nq

Z
dkðpÞ

X∞
n¼1

XN=2

σ¼1

; ð4:4Þ

with kðpÞ ¼ ðk1;…; kpÞ being the momentum in the non-
compact subspace. Now we note that for a N=2 × N=2
matrix M one has

PN=2
σ¼1 w

ðσÞ†MwðσÞ ¼ trM. By taking into
account the relations (3.2) it can be seen that trðχþl χ0Þ ¼ 0

and, hence,
PN=2

σ¼1 w
ðσÞ†kχ†χ0wðσÞ ¼ 0. From here, we

conclude that the VEV of the charge density vanishes.
Now we turn to the lth spatial component of the current

density. By using themode sum (3.7)with themodes (4.1), in
a way similar to that for the charge density we can see that

hjli ¼ −
ð2πÞ−pNezDþ2

2VqaDþ1z0

X
nq

Z
dkðpÞkl

×
X∞
n¼1

P
j¼�1J

2
maþjs=2ðλnz=z0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2n þ z20k
2

p
J2maþ1=2ðλnÞ

: ð4:5Þ

For l ¼ 1;…; p, the integrand is an odd functionwith respect
to themomentum kl and the corresponding component of the
current density is zero, hjli ¼ 0. Hence, a nonzero current
densitymay appear along the compact dimensions only. This
is a purely topological effect of theAharonov-Bohm type and
is induced by the nontrivial phases in the quasiperiodicity
conditions (or, alternatively, by the enclosed magnetic
fluxes). For α̃l ¼ 2πpl, withpl being an integer, after passing
to the summation over n0l ¼ nl þ pl, we see that the con-
tributions in (4.5) coming from the modes with positive and
negative values of kl cancel each other and the resulting
current density vanishes. Another important conclusion
following from (4.5) is that the current densities for the
representations with s ¼ 1 and s ¼ −1 coincide. We will
continue the investigation of the current density in the L
region for the case s ¼ 1.
The representation (4.5) contains the eigenvalues λn

which are given implicitly, as the zeros of the Bessel
function. In order to obtain a representation more conven-
ient for the asymptotic and numerical analysis, and for
explicit extraction of the brane-induced contribution,
we apply to the series over n a variant of the generalized
Abel-Plana formula [31]

X∞
n¼1

fðλnÞ
λnJ2maþ1=2ðλnÞ

¼1

2

Z
∞

0

dufðuÞ− 1

2π

Z
∞

0

du
Kma−1=2ðuÞ
Ima−1=2ðuÞ

× ½eð1=2−maÞπifðiuÞþeðma−1=2Þπifð−iuÞ�;
ð4:6Þ

valid for a function fðuÞ analytic in the right half-plane of
the complex variable u (function fðuÞ may have branch
points on the imaginary axis, for the conditions imposed on
this function see [31]). In (4.6), IνðuÞ and KνðuÞ are the

modified Bessel functions. In the problem under consid-
eration the function fðuÞ is specified as

fðuÞ ¼ uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ z20k

2
p ½J2maþ1=2ðuz=z0Þ þ J2ma−1=2ðuz=z0Þ�;

ð4:7Þ
and has branch points u ¼ �iz0k.
After application of formula (4.6) to the series over n in

(4.5) and integration over the angular coordinates of the
vectorkðpÞ, the VEVof the current density is decomposed as

hjli ¼ hjli0 þ hjlib; ð4:8Þ
where the term

hjli0 ¼ −
ð4πÞ−p=2NezDþ2

2Γðp=2ÞVqaDþ1

X
nq

Z
∞

0

dkðpÞk
p−1
ðpÞ kl

×
Z

∞

0

dλλ
J2maþs=2ðλzÞ þ J2ma−s=2ðλzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ2 þ k2
p ; ð4:9Þ

comes from the first integral in the right-hand side of (4.6)
and coincides with the current density in the geometry
without the brane (see [23]). The term

hjlib¼−
4ð4πÞ−p=2−1NezDþ2

Γðp=2ÞVqaDþ1

X
nq

kl

Z
∞

0

dkðpÞk
p−1
ðpÞ

Z
∞

k
du

×
uffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2−k2
p Kma−1=2ðuz0Þ

Ima−1=2ðuz0Þ
½I2maþ1=2ðuzÞ−I2ma−1=2ðuzÞ�;

ð4:10Þ

is the contribution induced by the brane. For a fixed z, the
latter goes to zero in the limit z0 → ∞.
The current density hjli0 in the brane-free geometry has

been investigated in [23]. An alternative representation is
given by

hjli ¼ −
eNa−D−1Ll

ð2πÞðDþ1Þ=2
X∞
nl¼1

nl sinðα̃lnlÞ
X
nq−1

cosðα̃q−1 · nq−1Þ

×
X
j¼0;1

q
Dþ1
2

ma−j

�
1þ

XD−1

i¼pþ1

n2i L
2
i

2z2

�
; ð4:11Þ

where, nq−1¼ðnpþ1;…;nl−1;nlþ1;…;nD−1Þ, α̃q−1 · nq−1 ¼P
D−1
i¼1;≠l α̃ini. The function qμνðxÞ is expressed in terms of

the hypergeometric function Fða; b; c; xÞ as

qμνðxÞ ¼
ffiffiffi
π

p
Γðνþ μþ 1Þ

2νþ1Γðνþ 3=2Þxνþμþ1

× F

�
νþ μþ 1

2
;
νþ μþ 2

2
; νþ 3

2
;
1

x2

�
: ð4:12Þ
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Note that for μ ¼ 1; 2;… (this corresponds to odd values of
D in (4.11)) one has qμνðxÞ ¼ ð−1Þμ∂μ

xQνðxÞ with QνðxÞ
being the Legendre function of the second kind. For μ ¼
1=2; 3=2;… (even values ofD in (4.11)) the function qμνðxÞ
is expressed in terms of the elementary functions. In what
follows, we will be mainly concerned about the brane-
induced effects in the current density.
By taking into account that k2 ¼ k2ðpÞ þ k2ðqÞ, with

k2ðqÞ ¼
XD−1

i¼pþ1

ð2πni þ α̃iÞ2=L2
i ; ð4:13Þ

the contribution (4.10) is further simplified by using the
relationZ

∞

0

dkðpÞk
p−1
ðpÞ

Z
∞

k
du

ugðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 − k2

p

¼
ffiffiffi
π

p
Γðp=2Þ

2Γððpþ 1Þ=2Þ
Z

∞

kðqÞ
duuðu2 − k2ðqÞÞ

p−1
2 gðuÞ; ð4:14Þ

for a given function gðuÞ. This leads to the following
expression for the brane-induced contribution to the current
density:

hjlib ¼ −
NeApzDþ2

VqaDþ1

X
nq

kl

Z
∞

kðqÞ
duuðu2 − k2ðqÞÞ

p−1
2

×
Kma−1=2ðuz0Þ
Ima−1=2ðuz0Þ

½I2maþ1=2ðuzÞ − I2ma−1=2ðuzÞ�;

ð4:15Þ
with the notation

Ap ¼ ð4πÞ−ðpþ1Þ=2

Γððpþ 1Þ=2Þ : ð4:16Þ

Note that the integrand in (4.15) is always negative. Both
the brane-free and brane-induced contributions in the lth
component of the vacuum current density are odd periodic
functions of the phase α̃l and even periodic functions of α̃i
with i ≠ l, with the period 2π. In particular, they are
periodic functions of the magnetic flux with the period
equal to the flux quantum Φ0. The charge flux through the

hypersurface xl ¼ const is given by nðlÞl hjli, where nðlÞi ¼
δlia=z is the normal to that hypersurface. The product

aDnðlÞl hjli depends on the variables having the dimension
of length in the form of the dimensionless combinations
z0=z, Li=z, ma. This feature is a consequence of the
maximal symmetry of the AdS spacetime. Note that the
ratio Li=z ¼ LðpÞi=a is the proper length of the ith compact
dimension in units of the curvature radius a.
In order to further clarify the behavior of the current

density, we pass to the investigation of the VEV (4.15) in
special cases and in various asymptotic regions of the

parameters. First we consider the current density of a
massless fermionic field. In this case, the modified Bessel
functions in (4.15) are expressed in terms of the elementary
functions and one gets

hjlib ¼
2NeApzDþ1

VqaDþ1

X
nq

kl

Z
∞

kðqÞ
du

ðu2 − k2ðqÞÞ
p−1
2

e2uz0 þ 1

¼ −
2−3p=2eNzDþ1

πp=2þ1VqaDþ1zp0

X∞
n¼1

ð−1Þn
np

X
nq

klgp=2ð2nz0kðqÞÞ;

ð4:17Þ

with the function

gνðxÞ ¼ xνKνðxÞ: ð4:18Þ

The second representation in (4.17) is obtained from
the first one by using the expansion 1=ðex þ 1Þ ¼
−
P∞

n¼1ð−1Þne−nx. The massless fermionic field is con-
formally invariant in an arbitrary number of spatial dimen-
sions and the result (4.17) is obtained from the expression
for the current density in the region between two bounda-
ries at z ¼ 0 and z ¼ z0 on a locally Minkowskian bulk
with compact dimensions ðxpþ1;…; xD−1Þ by using the

conformal relation hjlib ¼ ðz=aÞDþ1hjliðMÞ
b . Note that the

boundary z ¼ 0 in the Minkowski bulk is the conformal

image of the AdS boundary. We can see that hjliðMÞ
b

obtained from (4.17) coincides with the result from [17]
(the sign difference is related to the fact that α̃i in [17]
corresponds to −α̃i in the present paper).
TheMinkowskian limit corresponds to a → ∞ for fixed y

and y0. In this limit, the conformal coordinates z and z0 are
large, z ≈ aþ y, z − z0 ≈ y − y0, and, consequently, both the
order and the argument of the modified Bessel functions in
(4.15) are large. By using the corresponding uniform
asymptotic expansions [32], to the leading order, we get

hjliðMÞ
b ¼ NeApm

Vq

X
nq

kl

Z
∞

mðqÞ
dxðx2 −m2

ðqÞÞ
p−1
2
e−2xjy−y0j

xþm
;

ð4:19Þ

with the notation mðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2ðqÞ

q
. This expression

coincides with the result from [19] for a boundary in a flat
bulk with topology Rpþ1 × Tq (again, with the sign differ-
ence related to definitionof the parameters α̃i). For amassless
field, the current density induced by a single boundary in flat
spacetime vanishes.
Now let us consider the behavior of the current density

near the AdS boundary and near the brane for the fixed
location of the brane. For points close to the AdS boundary,
one has z=z0 ≪ 1 and the main contribution to the integral
in (4.15) comes from the region of the integration where the
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argument of the functions Ima�1=2ðuzÞ is small. By using
the corresponding asymptotic expression, the leading-order
term reads

hjlib ≈
NeApa−D−1zDþ2maþ1

22ma−1VqΓ2ðmaþ 1=2Þ

×
X
nq

kl

Z
∞

kðqÞ
duu2maðu2 − k2ðqÞÞ

p−1
2

Kma−1=2ðuz0Þ
Ima−1=2ðuz0Þ

;

ð4:20Þ
and on the AdS boundary the brane-induced contribution
vanishes as zDþ2maþ1. Note that the brane-free contribution
behaves in a similar manner, hjli0 ∝ zDþ2maþ1.
The representation (4.15) for the current density is not

well suited for the investigation of the near-brane asymp-
totic. In order to obtain an alternative representation, we
apply to the series over nl in the initial expression (4.5) the
Abel–Plana-type formula [17]

2π

Ll

X∞
nl¼−∞

gðklÞfðjkljÞ ¼
Z

∞

0

du½gðuÞ þ gð−uÞ�fðuÞ

þ i
Z

∞

0

du½fðiuÞ − fð−iuÞ�

×
X
j¼�1

gðijuÞ
euLlþijα̃l − 1

; ð4:21Þ

for given functions gðuÞ, fðuÞ and with kl defined in (3.5)
(formula (4.21) is reduced to the standard Abel-Plana
formula in the special case gðxÞ ¼ 1, α̃l ¼ 0). For the
series in (4.5), one has gðuÞ ¼ u and the first integral in
(4.21) is zero. By making use of the relation

X
j¼�1

j
euLlþijα̃l − 1

¼ 2

i

X∞
r¼1

e−ruLl sinðrα̃lÞ; ð4:22Þ

in the last term in (4.21), the integral over u is expressed in

terms of themodifiedBessel functionK1ðnLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þk2−k2l

q
Þ.

Evaluating the remaining integral over kðpÞ by using the
formula from [33], the VEV of the current density is
presented as (as it has been shown above, the current
densities for the representations s ¼ 1 and s ¼ −1 are the
same and we consider the case s ¼ 1)

hjli ¼ −
2Nea−D−1zDþ2

ð2πÞp=2þ1VqL
p
l z

2
0

X∞
r¼1

sinðrα̃lÞ
rpþ1

X
nq−1

X∞
n¼1

× gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2n=z20 þ k2ðq−1Þ

q �

×

P
j¼�1J

2
maþj=2ðλnz=z0Þ

J2maþ1=2ðλnÞ
; ð4:23Þ

where the function gνðxÞ is defined by (4.18) and

k2ðq−1Þ ¼
XD−1

i¼pþ1;≠l
ð2πni þ α̃iÞ2=L2

i : ð4:24Þ

Note that in the representation (4.23) the terms of the series
over n decay exponentially for large λn. In the case of a
massless field, we have λn ¼ πðn − 1=2Þ and the ratio of the
Bessel functions in (4.23) is equal to z0=z. In this case, we get
the standard conformal relation with the corresponding
representation of the current density between two boundaries
in locallyMinkowskian spacetimewith compact dimensions.
The total current, per unit surface along the noncompact

dimensions, is obtained by integration of (4.23):

Vq

Z
z0

0

dz
ffiffiffiffiffi
jgj

p
hjli

¼ −
2Ne�

2π

�
p=2þ1

Lp
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

×
X
nq−1

X∞
n¼1

gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2n=z20 þ k2ðq−1Þ

q �
: ð4:25Þ

Note that the dependence on the curvature radius of the
background spacetime, on the mass of the field and on the
location of the brane appears through the ratio λn=z0. We
recall that the roots λn are completely determined by the
parameterma and do not depend on the location of the brane.
In the model with a single compact dimension xl with

the length Ll (q ¼ 1, l ¼ D − 1), the formula (4.23) is
specified to

hjlijq¼1 ¼ −
2Nea−D−1zDþ2

ð2πÞD=2LD−1
l z20

X∞
r¼1

sinðrα̃lÞ
rD−1

×
X∞
n¼1

gD=2ðrλnLl=z0Þ
J2maþ1=2ðλnÞ

X
j¼�1

J2maþj=2ðλnz=z0Þ:

ð4:26Þ
An alternative expression in this special case is obtained
from (4.15):

hjlibjq¼1 ¼ −Ne
AD−2zDþ2

aDþ1Ll

Xþ∞

nl¼−∞
kl

Z
∞

jklj
duuðu2 − k2l Þ

D−3
2

×
Kma−1=2ðuz0Þ
Ima−1=2ðuz0Þ

½I2maþ1=2ðuzÞ − I2ma−1=2ðuzÞ�:

ð4:27Þ

In this and in the next sections, for numerical investigations
of the current density, we consider the special case D ¼ 4
with a single compact dimension of the length Ll ¼ L and
with the phase in the periodicity condition α̃l ¼ α̃. For this
model, the corresponding formulas are obtained from
(4.26) and (4.27) taking p ¼ 2 and q ¼ 1.
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In Fig. 1, we have plotted the dependence of the quantity
aDnlhjlib=e, with nl ¼ a=z (for the example at hand l ¼ 3),
on the phase α̃ and on the mass of the field (in units of the
inverse curvature radius) for fixed values z=z0 ¼ 0.95 and
L=z0 ¼ 1=3. Recall thatnlhjlib is the charge flux through the
spatial hypersurface xl ¼ conts, induced by the brane. The
current density is a periodic function of α̃=2π with the period
1 and we have plotted the dependence for the interval
−0.5 ≤ α̃=2π ≤ 0.5. Unlike the case of the R region (see
below), the brane-induced current density in the L region
does not vanish for amassless filed.With an initial increase of
the mass the absolute value of the current density increases
and after passing its maximum value tends to zero for large
masses. In the latter limit, the orders of the modified Bessel
functions in (4.15) are large and we can use the correspond-
ing uniform asymptotic expansions. The contribution of the
modes with kðqÞ ≫ m and kðqÞðz0 − zÞ ≫ 1 is suppressed by
the factor exp½−2kðqÞðz0 − zÞ�. The dominant contribution
comes from the modes with kðqÞðz0 − zÞ≲ 1 and the brane-
induced VEV for large masses decays as ðz=z0Þ2ma, or as
exp½−2maðy0 − yÞ� in terms of the proper distance from
the brane.
An important conclusion made from the representation

(4.23) is that the current density is finite on the brane and the
corresponding value can be directly obtained putting z ¼ z0:

hjliz¼z0 ¼−
2Nea−D−1zD0
ð2πÞp=2þ1VqL

p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

×
X
nq−1

X∞
n¼1

gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2n=z20þk2ðq−1Þ

q �
: ð4:28Þ

In this sense, the behavior of the current density is essentially
different from that for the VEVs of the fermion condensate
and the energy-momentum tensor. The latter contain surface
divergences well known from quantum field theory on
manifolds with boundaries (see, for instance, [8]). The
absence of the surface divergences in the VEVof the current
density in the problem at hand can be understood as follows
(see also a similar feature for scalar currents in [24,25]). The
divergences in the VEVs of local observables are completely
determined by the local geometrical characteristics of thebulk
and boundary geometries. The compactification we have
considered does not change these characteristics and they are
the same as those for the problem in AdS spacetime without
compact dimension. But in the latter problem the current
density vanishes and, consequently contains no divergences.
The toroidal compactification leaves the local geometry
unchanged and, hence, no additional divergences will arise
as a consequence of that. Comparing (4.28) with (4.25), we
obtain the following relation between the current density on
the brane and the current integrated over the coordinate z:Z

z0

0

dz
ffiffiffiffiffi
jgj

p
hjli ¼ aDþ1

zD0
hjliz¼z0 : ð4:29Þ

Introducing in (4.15) a new integration variable x ¼ uz0,
we see that the resulting integral is a function of two
combinations z0kðqÞ and z=z0. For zkðqÞ ≫ 1, the arguments
of the modified Bessel functions in the integrand are large.
By using the corresponding asymptotics we find

hjlib ≈
NeApmzD

VqaD
X
nq

kl

Z
∞

kðqÞ
du

ðu2 − k2ðqÞÞ
p−1
2

ue2uðz0−zÞ
: ð4:30Þ

If, in addition, one has the condition ðz0 − zÞkðqÞ ≫ 1, the
contribution of the corresponding modes to the brane-
induced current density is suppressed by the factor
e−2kðqÞðz0−zÞ. For z0 − z ≫ Li, that condition is obeyed for
all the modes and the integral in (4.30) is dominated by the
contribution from the region near the lower limit and by the
mode with the smallest value for kðqÞ. Assuming that
jα̃ij < π, this mode corresponds to ni ¼ 0 for i ¼ pþ 1;…;
D − 1, and the leading-order term is presented as

hjlib ≈
Nemα̃lzDðkð0ÞðqÞÞðp−3Þ=2e−2ðz0−zÞk

ð0Þ
ðqÞ

2ð4πÞðpþ1Þ=2VqLlaDðz0 − zÞðpþ1Þ=2 ; ð4:31Þ

where

kð0Þ2ðqÞ ¼
XD−1

i¼pþ1

α̃2i =L
2
i : ð4:32Þ

From here, we conclude that the brane-induced contribution
is mainly localized near the brane in the region z0 − z≲ Li.
Figure 2 displays the brane-induced current density as a

FIG. 1. The brane-induced charge flux along the compact
dimension, aDnðlÞl hjlib, versus the mass and the phase in the
periodicity condition for a D ¼ 4 model with a single compact
dimension of the length L. The graph is plotted for z=z0 ¼ 0.95
and L=z0 ¼ 1=3.

FERMIONIC CURRENTS IN TOPOLOGICALLY … PHYS. REV. D 98, 085020 (2018)

085020-9



function of z=z0 for different values of the ratio z0=L (figures
near the curves). The graphs are plotted for the samemodel as
in Fig. 1 and for fixed values ofma ¼ 2 and α̃ ¼ π=2. Note
that in terms of the proper distance from the brane one has
z=z0 ¼ e−ðy0−yÞ=a. For the example presented, near the AdS
boundary, z → 0, the VEV decays as ðz=z0Þ9.
Now let us consider the VEVof the current density as a

function of the location of the brane. When the brane is
close to the AdS horizon (z0 is large compared to the other
length scales of the problem) the integral in (4.15) is
dominated by the region where the argument uz0 of the
modified Bessel functions is large. By using the respective
asymptotic formulas, we can see that the contribution of the
mode with a given nq is suppressed by the factor e−2kðqÞz0.
From here, it follows that the dominant contribution comes
from the mode with the lowest possible value for kðqÞ.
Under the assumption jα̃ij < π, this mode corresponds to

ni ¼ 0, i ¼ pþ 1;…; D − 1, with kðqÞ ¼ kð0ÞðqÞ. To the

leading order, one finds

hjlib ≈ −
Neα̃lzDþ2kð0Þðpþ1Þ=2

ðqÞ e−2k
ð0Þ
ðqÞz0

2pþ2πðp−1Þ=2VqLlaDþ1zðpþ1Þ=2
0

× ½I2maþ1=2ðkð0ÞðqÞzÞ − I2ma−1=2ðkð0ÞðqÞzÞ�: ð4:33Þ

Hence,when the brane is close to theAdShorizon, the brane-

induced current density is suppressed by the factor e−2k
ð0Þ
ðqÞz0.

If the brane is close to the AdS boundary, both z0 and z
are small. In the investigation of the corresponding
asymptotics, it is convenient to use the representation
(4.23). The dominant contribution to the series over
nq−1 comes from the terms with large values of jnij with
i ≠ l and we can replace the summation by the integration
in accordance with

X
nq−1

fðkðq−1ÞÞ → 2Aq−2
Vq

Ll

Z
∞

0

dxxq−2fðxÞ; ð4:34Þ

where k2ðq−1Þ is defined by (4.24). After the integration over
x with the help of the formula

Z
∞

0

dxxβ−1gνðc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ b2

p
Þ ¼ 2β=2−1

cβ
Γðβ=2Þgνþβ=2ðbcÞ;

ð4:35Þ

one gets hjli ≈ hjlijq¼1, where hjlijq¼1 is given by (4.26).
In the limit under consideration, the argument of the
function gD=2ðrλnLl=z0Þ is large and we use the corre-

sponding asymptotic formula gνðxÞ ≈
ffiffiffiffiffiffiffiffi
π=2

p
xν−1=2e−x. The

dominant contribution comes from the lowest mode r ¼ 1
and we get

hjli ≈ −
NezDþ2 sinðα̃lÞλðD−1Þ=2

1 e−λ1Ll=z0

ð2πÞðD−1Þ=2aDþ1LðD−1Þ=2
l zðDþ3Þ=2

0

×

P
j¼�1J

2
maþj=2ðλ1z=z0Þ

J2maþ1=2ðλ1Þ
; ð4:36Þ

with the VEV suppressed by the factor e−λ1Ll=z0.
For small values of Ll compared with the lengths of the

remaining compact dimensions, the dominant contribution
to (4.15) comes from the modes with large values of jnij,
i ≠ l. In this case, to the leading order, we can replace the
summation over nq−1 by the integration in accordance with
(4.34). With this replacement, instead of u we introduce a

new integration variable w as u ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ w2 þ k2l

q
and then

polar coordinates in the plane ðx; wÞ. After the integration
over the angular variable, we get

hjlib ≈ hjlibjq¼1; ð4:37Þ

with hjlibjq¼1 from (4.27). The same relation takes place
for the brane-free parts. If in addition Ll ≪ z0, the argu-
ments of the modified Bessel functions in the integrand are
large and we employ the corresponding asymptotic for-
mulas. To the leading order, this gives

hjlib≈Nem
AD−2zD

aDLl

Xþ∞

nl¼−∞
kljkljD−3

Z
∞

1

du
ðu2−1ÞðD−3Þ=2

ue2uðz0−zÞjklj
:

ð4:38Þ

For a massless field, this leading term vanishes. The
expression on the right of (4.38) is further simplified under
the condition Ll ≪ z0 − z. In this case, the dominant
contribution comes from the integration region near the
lower limit and from the mode with the minimal value for
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FIG. 2. The dependence of the brane-induced current density in
the L region on the ratio z=z0. The graphs are plotted for different
values of z0=L (numbers near the curves) and for fixed ma ¼ 2
and α̃ ¼ π=2.
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jklj. Assuming jα̃lj < π, this mode corresponds to nl ¼ 0
and we get

hjlib ≈
sgnðα̃lÞNemjα̃ljðD−3Þ=2

2DπðD−1Þ=2aDLðD−1Þ=2
l

zDe−2ðz0−zÞjα̃lj=Ll

ðz0 − zÞðD−1Þ=2 : ð4:39Þ

In this limit the sign of hjlib=e coincides with that for α̃l.
In the opposite limit of large values Ll it is convenient to

use the representation (4.23). The argument of the function
gp=2þ1ðxÞ is large and we can use the corresponding
asymptotic expression. The dominant contribution to the
current density comes from the modes with n ¼ r ¼ 1 and
with the lowest value of kðq−1Þ. Denoting the latter by

kð0Þðq−1Þ, to the leading order, one finds

hjli ¼ −
Nea−D−1zDþ2 sinðα̃lÞxðpþ1Þ=2e−x

ð2πÞðpþ1Þ=2VqL
p
l z

2
0J

2
maþ1=2ðλ1Þ

× ½J2maþ1=2ðλ1z=z0Þ þ J2ma−1=2ðλ1z=z0Þ�: ð4:40Þ

with x ¼ Ll

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21=z

2
0 þ kð0Þ2ðq−1Þ

q
. Assuming that jα̃ij < π, one

has

kð0Þ2ðq−1Þ ¼
XD−1

i¼pþ1;≠l
α̃2i =L

2
i : ð4:41Þ

The nontrivial phases along compact dimensions xi, i ≠ l,
enhance the suppression for the current density along the
lth dimension. In Fig. 3, the current density is plotted as a
function of L=z0 for fixed values of z=z0 ¼ 0.95 (left panel)
and z=z0 ¼ 0.8 (right panel). The graphs correspond to
ma ¼ 2 and to the values of the phase α̃ ¼ 2π=3 (a), α̃ ¼
π=2 (b), α̃ ¼ π=3 (c). The suppression for small values of
L, described by (4.39), is seen in Fig. 3.

V. CURRENTS IN THE R REGION

In this section, we consider the current density in the
region between the brane and the AdS horizon,
z0 ≤ z < ∞. The corresponding function ZνðuÞ is given
by (3.4). From the boundary condition (2.4), it follows that
Zmaþ1=2ðλz0Þ ¼ 0. For the ratio of the coefficients in (3.4),
this gives

c2
c1

¼ −
Jmaþ1=2ðλz0Þ
Ymaþ1=2ðλz0Þ

; ð5:1Þ

and the function ZνðuÞ is expressed in terms of the function

gμ;νðx; uÞ ¼ JμðxÞYνðuÞ − JνðuÞYμðxÞ: ð5:2Þ

In the R region, the spectrum for the quantum number λ is
continuous and the corresponding mode functions are
written as

ψ ðþÞ
β ðxÞ ¼ CðþÞ

Rβ z
Dþ1
2 eikx−iωt

×

0
B@ kχχ†

0
þiλ−ω
ω gmaþ1=2;maþs=2ðλz0; λzÞwðσÞ

iχ†0
kχχ†

0
þiλþω
ω gmaþ1=2;ma−s=2ðλz0; λzÞwðσÞ

1
CA;

ψ ð−Þ
β ðxÞ ¼ Cð−Þ

Rβ z
Dþ1
2 eikxþiωt

×

0
B@ iχ0

kχ†χ0−iλþω
ω gmaþ1=2;maþs=2ðλz0; λzÞwðσÞ

kχ†χ0−iλ−ω
ω gmaþ1=2;ma−s=2ðλz0; λzÞwðσÞ

1
CA:

ð5:3Þ

The normalization constants are found from (3.6) with the
integration over z in the range ½z0;∞Þ and with δðλ0 − λÞ in
the right-hand side:
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FIG. 3. The brane-induced charge flux along the compact dimension, aDnðlÞl hjli, as a function of the rescaled length L=z0 for separate
values of the phase α̃ ¼ 2π=3 (a), α̃ ¼ π=2 (b), α̃ ¼ π=3 (c). For the mass, we have taken ma ¼ 2. For the left and right panels,
z=z0 ¼ 0.95 and z=z0 ¼ 0.8, respectively.
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jCð�Þ
Rβ j2 ¼ λ

½J2maþ1=2ðλz0Þ þ Y2
maþ1=2ðλz0Þ�−1

4ð2πÞpVqaD
: ð5:4Þ

Given the mode functions (5.3), the VEV of the current
density is evaluated by using (3.7).
Let us consider the limiting transition z0 → 0 for the

mode functions (5.3). By taking into account that in this
limit

CðþÞ
Rβ gmaþ1=2;ma�1=2ðλz0; λzÞ ∼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ

4ð2πÞpVqaD

s
Jma�1=2ðλzÞ

ð5:5Þ

(and the same with Cð−Þ
Rβ ) we get the transition to the modes

in boundary-free AdS spacetime that are analog of the
modes (4.1) in the problem with the absence of the brane.
Hence, we confirmed the statement in the previous section
related to the boundary condition on the AdS boundary for
the modes in the range of mass 0 ≤ ma < 1=2.
Similarly to the case of the L region, we can see that the

charge density and the components of the current density
along noncompact dimensions vanish: hjli ¼ 0 for
l ¼ 0; 1;…; p;D. For the component along the lth compact
dimension, we get

hjli ¼ −
ð4πÞ−p=2NezDþ2

2Γðp=2ÞVqaDþ1

X
nq

kl

Z
∞

0

dkðpÞk
p−1
ðpÞ

×
Z

∞

0

dλ
λ

ω

P
j¼�1g

2
maþ1=2;maþjs=2ðλz0; λzÞ

J2maþ1=2ðλz0Þ þ Y2
maþ1=2ðλz0Þ

; ð5:6Þ

with l ¼ pþ 1;…; D − 1. From here, it follows that the
current densities for the representations s ¼ �1 coincide in
the R region. For the extraction of the brane-induced
contribution, we use the identity

g2ν;μðx; yÞ
J2νðxÞ þ Y2

νðxÞ
¼ J2μðyÞ −

1

2

X
n¼1;2

JνðxÞ
HðnÞ

ν ðxÞ
HðnÞ2

μ ðyÞ; ð5:7Þ

where HðnÞ
ν ðxÞ, n ¼ 1, 2, are the Hankel functions. The

contribution coming from the first term in the right-hand
side of (5.7) gives the current density in the problem
without the brane (see (4.9)) and the VEV is decomposed as
in (4.8). In the brane-induced part, coming from the last
term in (5.7), we rotate the integration contour over λ by the
angle π=2 (−π=2) for the term with n ¼ 1 (n ¼ 2).
Introducing the modified Bessel functions and using the
relation (4.14), for the brane-induced contribution to the lth
component of the current density we find

hjlib ¼
NeApzDþ2

VqaDþ1

X
nq

kl

Z
∞

kðqÞ
duuðu2 − k2ðqÞÞ

p−1
2

×
Imaþ1=2ðuz0Þ
Kmaþ1=2ðuz0Þ

½K2
maþ1=2ðuzÞ − K2

ma−1=2ðuzÞ�:

ð5:8Þ

This component is an odd periodic function of α̃l and
an even periodic function of α̃i, i ≠ l, with the period 2π.
The integrand in (5.8) is positive for u > kðqÞ.
For a massless field, the brane-induced VEV (5.8)

vanishes. This result could be directly obtained from the
conformal relation of the problem under consideration in
the case of massless field to the corresponding problem for
a boundary in the flat spacetime bulk with compact
dimensions. It is known that in the latter problem, for a
massless fermionic field, the boundary-induced contribu-
tion vanishes (see [19]). The flat spacetime limit for a
massive field can be obtained in a way similar to that we
have demonstrated for the L region. The corresponding
VEV is given by (4.19).
Figure 4 presents the brane-induced current density in

the R region as a function of the mass and of the phase in
the quasiperiodicity condition for fixed ratios z0=L ¼ 3 and
z=z0 ¼ 1.15. As for Fig. 1, we consider the model with
D ¼ 4 and ðp; qÞ ¼ ð2; 1Þ with the length of the compact
dimension L and the phase α̃. With an initial increase of the
mass the absolute value of the current density increases.
After taking its maximal value the current density expo-
nentially decays for large values ofma. For the modes with
kðqÞðz − z0Þ≲ 1, this decay is like ðz0=zÞ2ma.
With a new integration variable x ¼ uz0, the resulting

integral in (5.8) depends on two dimensionless combinations

FIG. 4. The same as in Fig. 1 for z=z0 ¼ 1.15 (R region).
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z0kðqÞ and z=z0. For z0kðqÞ ≫ 1, by using the asymptotics for
themodified Bessel functions for large argumentswe can see
that the corresponding leading term is obtained from the one
in the L region, given by (4.30), by the replacement
z0 − z → z − z0. If additionally one has the condition
ðz − z0ÞkðqÞ ≫ 1, the contribution of the mode with a given

kðqÞ decays as e−2kðqÞðz−z0Þ. In particular, for z − z0 ≫ Li that
condition is valid for all the modes and for the leading term
we get the expression that is obtained from (4.31) making the
replacement z0 − z → z − z0. Hence, the leading term is the
same for the L and R regions. It is mainly localized near the
brane in the region jz0 − zj≲ Li.
For the investigation of the behavior of the current

density in some asymptotic regions of the parameters,
we find it convenient to provide another representation. It is
obtained from (5.6) by using the formula (4.21) for the
summation of the series over nl. By calculations similar to
those for the L region, one gets

hjli ¼ −
Nea−D−1zDþ2

ð2πÞp=2þ1VqL
p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

X
nq−1

Z
∞

0

dλλ

× gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2ðq−1Þ

q �

×

P
j¼�1g

2
maþ1=2;maþj=2ðλz0; λzÞ

J2maþ1=2ðλz0Þ þ Y2
maþ1=2ðλz0Þ

; ð5:9Þ

with the function gνðxÞ from (4.18). In particular, from this
representation it follows that the current density is finite on
the brane with the value

hjliz¼z0 ¼ −
16Nea−D−1zD0
ð2πÞp=2þ3VqL

p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

X
nq−1

Z
∞

0

du
u

×
gp=2þ1ðrLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2=z20 þ k2ðq−1Þ

q
Þ

J2maþ1=2ðuÞ þ Y2
maþ1=2ðuÞ

: ð5:10Þ

For a massless field, by using the expressions for the
functions J�1=2ðxÞ and Y�1=2ðxÞ, from (5.9) it can be seen
that

hjlijm¼0 ¼ −
2Neðz=aÞDþ1

ð2πÞðpþ3Þ=2VqL
pþ1
l

X∞
r¼1

sinðrα̃lÞ
rpþ2

×
X
nq−1

gðpþ3Þ=2ðrLlkðq−1ÞÞ: ð5:11Þ

This result is conformally related to the current density in flat
spacetimewith toroidally compact dimensions in the absence
of boundaries, obtained in [17] (with the sign difference
related to different definitions of α̃i; note that in [17] the
number of noncompact dimensions isp insteadofpþ 1 as in
the present paper). This again shows that, for amassless field,
the brane-induced contribution in the R-region vanishes.

Another representation for the current density in the
R-region is obtained from (5.9) by using the identity (5.7)
and rotating the integration contours for the terms with
n ¼ 1, 2 in a way similar to that for (5.8). This leads to the
formula

hjli ¼ hjli0 þ
Nea−D−1zDþ2

ð2πÞp=2þ1VqL
p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

×
X
nq−1

Z
∞

kðq−1Þ
dλλwp=2þ1ðrLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 − k2ðq−1Þ

q
Þ

×
Imaþ1=2ðλz0Þ
Kmaþ1=2ðλz0Þ

½K2
maþ1=2ðλzÞ − K2

ma−1=2ðλzÞ�;

ð5:12Þ

with the function

wνðxÞ ¼ xνJνðxÞ: ð5:13Þ

The second term in the right-hand side of (5.12) is the
contribution induced by the brane (hjlib in the notation used
before).
For a fixed location of the brane and at distances from it

larger than the curvature radius, one hasy − y0 ≫ a. In terms
of the conformal coordinate, this corresponds to z ≫ z0. If
additionally we assume that z ≫ Li, the integral in (5.8) is
dominated by the contribution from the region near the lower
limit of the integration and from themodewithni ¼ 0 (under
the assumption jα̃ij < π), i ¼ pþ 1;…; D − 1. Byusing the
asymptotic expression of the Macdonald function for large
arguments, the leading-order contribution to the brane-
induced part of the current density is presented as

hjlib ≈
NezD−ðpþ1Þ=2mα̃l

2pþ2πðp−1Þ=2VqLlaD
Imaþ1=2ðz0kð0ÞðqÞÞ
Kmaþ1=2ðz0kð0ÞðqÞÞ

× kð0Þðp−3Þ=2ðqÞ e−2zk
ð0Þ
ðqÞ : ð5:14Þ

Note that the large values for z correspond to points near the
AdS horizon. As it has been shown in [23], in that region the
effects of the gravitational field on the brane-free part of
the current density are small and one has the simple relation

hjli0 ≈ ðz=aÞDþ1hjliðMÞ
0 with the current density in flat

spacetime with toroidal spatial dimensions. This shows that
near the AdS horizon the contribution hjli0 dominates the
VEV. In Fig. 5, the brane-induced current density in the R
region is depicted as a function of z=z0 for separate values of
the ratio z0=L (numbers near the curves) and for fixed values
ma ¼ 2, α̃ ¼ π=2. As seen from the graphs in Fig. 5, for
fixed values of z0 and z, near the brane the current density
increases with decreasing L (z0=L increases). At large
distances from the brane the situation is opposite: with
decreasing L the current density decreases. This is also seen
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from the asymptotic estimate (5.14) with zkð0ÞðqÞ ¼ zjα̃j=L.
From the analysis presented above, it follows that at large
distances from the brane the VEVdecays as e−2ðz−z0Þjα̃j=L and
the sign of hjlib=e coincides with that for α̃.
Let us consider the VEV of the current density as a

function of the location of the brane. In the limit when the
brane is close to the AdS boundary, z0 is small and in (5.8)
we replace the cylindrical functions with the arguments uz0
by their asymptotics for small arguments. The leading-
order term is given by

hjlib ≈
21−2maNeApa−D−1zDþ2z2maþ1

0

Vqð2maþ 1ÞΓ2ðmaþ 1=2Þ

×
X
nq

klk
pþ2maþ2

ðqÞ

Z
∞

1

dxx2maþ2

× ðx2 − 1Þp−12 ½K2
maþ1=2ðxzkðqÞÞ − K2

ma−1=2ðxzkðqÞÞ�:
ð5:15Þ

In this limit, for a fixed z, the brane-induced contribution
decays as z2maþ1

0 . For the location of the brane close to the
AdS horizon, z0 is large. The limiting case z0kðqÞ ≫ 1 has

been already discussed above. The corresponding asymp-
totic is given by (4.30)with the replacement z0 − z → z − z0.
The asymptotic behavior of the current density, as a

function of the length Ll, is investigated in a way similar
to that for the L region. IfLl is much smaller than the lengths
of the remaining compact dimensions, the leading-order term
coincides with the current density in the model with a single
compact dimension xl, when the remaining dimensions are
decompactified. If additionally Ll ≪ z, this term is trans-
formed to the form that is obtained from (4.38) with the
replacement z0 − z → z − z0. With the same replacement in
(4.39), the asymptotic formula is obtained under the con-
ditionLl ≪ z − z0. Hence, for small values ofLl we have an
exponential suppression by the factor e−2ðz−z0Þjα̃lj=Ll.
For large values of Ll, it is convenient to use the

representation (5.9). The argument of the function
gp=2þ1ðxÞ is large and we use the corresponding asymptotic
expression. Two cases should be considered separately. For

kð0Þðq−1Þ ≠ 0 (at least one of the phases α̃i, jα̃ij < π, i ≠ l, is

nonzero), the integral in (5.9) is dominated by the contribu-
tion from the regionnear the lower limit andby themodewith

r ¼ 1, kðq−1Þ ¼ kð0Þðq−1Þ. Using the asymptotics for the Bessel

and Neumann functions for small arguments, the leading-
order term is expressed as

hjli≈−
Nea−D−1zDþ1þ2masinðα̃lÞkð0Þðp=2þmaþ1Þ

ðq−1Þ
2maþ1=2ð2πÞðpþ1Þ=2Γðmaþ1=2ÞVqL

p=2þma
l

e−Llk
ð0Þ
ðq−1Þ ;

ð5:16Þ

with an exponential suppression as a function of Ll. For

α̃i ¼ 0, i ≠ l, we have kð0Þðq−1Þ ¼ 0 and, again, the leading

contribution comes from the mode with ni ¼ 0, i ≠ l. Using
the asymptotic expressions for the Bessel and Neumann
functions, the integral with the function gp=2þ1ðrLlλÞ in the
integrand is expressed in terms of the gamma function
and we get
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FIG. 5. The same as in Fig. 2 for the R region.
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FIG. 6. The same as in Fig. 3 in the R region for z=z0 ¼ 1.05 (left panel) and z=z0 ¼ 1.2 (right panel).
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hjli ≈ −
eNa−D−1zDþ2maþ1Γðmaþ ðpþ 3Þ=2Þ

πp=2þ1VqL
pþ2maþ1
l Γðmaþ 1=2Þ

×
X∞
r¼1

sinðrα̃lÞ
rpþ2maþ2

; ð5:17Þ

with a power-lawdecay as a function ofLl. In particular, this is
the case in models with a single compact dimension. For a
massive field, this kind of behavior in a locally AdS bulk is in
contrast to that for a locally flat background geometry, where
the decay is exponential, like e−mLl . Note that the leading
terms in both the cases (5.16) and (5.17) do not depend on the
location of the brane and coincide with the corresponding
terms in the brane-free geometry investigated in [23]. In Fig. 6,
the current density is plotted versus L=z0 for fixed values of
z=z0 ¼ 1.05 (left panel) and z=z0 ¼ 1.2 (right panel) and
for the values of the phase α̃ ¼ 2π=3 (a), α̃ ¼ π=2 (b),
α̃ ¼ π=3 (c).

VI. FERMIONIC CURRENTS
IN Z2-SYMMETRIC BRANEWORLDS

In this section, we consider the applications of the results
given above in Randall-Sundrum type braneworlds [6] with
a single brane. For the model described in [34], the
background geometry contains two copies of the R region,
y < 0 and y > 0, and the line element is given by (2.1) with
the warp factor replaced by e−2jyj=a. The regions y < 0 and
y > 0 are related by the Z2-symmetry identification y ↔
−y and y ¼ 0 is the location of a positive tension brane. In
the original setup, the standard model fields are localized
on the brane and there is a single extra dimension y
(D ¼ 4). Most scenarios motivated from string theories
predict the presence of additional bulk fields and also small
extra compact dimensions originating from 10D string
backgrounds. Here we consider a (Dþ 1)-dimensional
generalization of the 1-brane model with an arbitrary
number of toroidally compactified spatial dimensions. It
will be assumed that the brane is located at y ¼ y0.
The boundary conditions for the fermionic field ψðxÞ

on the brane are dictated by the Z2-symmetry of the
model. As a consequence of that symmetry we expect that
ψðxi; y0 − yÞ ¼ Mψðxi; y − y0Þ with a N × N matrix M.
From the invariance of the action under the Z2 identification,
the following conditions are obtained (see also [12] for the
case D ¼ 4)

fγð0Þ;Mg¼ 0; ½γð0ÞγðbÞ;M� ¼ 0; fγð0ÞγðDÞ;Mg¼ 0;

ð6:1Þ

with b ¼ 1; 2;…; D − 1. Now it can be easily checked that
these conditions are satisfied by the choiceM ¼ ζγðDÞ. From
the conditionM2 ¼ 1, one gets ζ2 ¼ −1 and, hence, ζ ¼ �i.
By taking into account the expression for γðDÞ from (3.1) we
find

M ¼∓ sdiagð1;−1Þ: ð6:2Þ

This matrix is unitary.With the choice (6.2) one gets the same
boundary conditions on the brane for s ¼ 1 and s ¼ −1. For
the mode functions (3.3), we obtain the boundary condition
Zmaþ1=2ðλz0Þ ¼ 0 for the upper sign in (6.2) and theboundary
condition Zma−1=2ðλz0Þ ¼ 0 for the lower sign.
First let us consider the choice of the upper sign in (6.2).

In this case, the boundary condition imposed on the
function Zmaþ1=2ðλzÞ coincides with that for the bag
boundary condition discussed in Sec. V. Consequently,
the expressions for the current density in the Z2-symmetric
braneworld model coincide with those obtained in Sec. V
with an additional factor 1=2. The appearance of the latter is
related to the fact that in braneworlds the integration over y
in the normalization condition (3.6) goes over two copies of
the R region and, as a consequence, the normalization
coefficient for the modes is halved.
For the casewith the lower sign in (6.2), from the condition

Zma−1=2ðλz0Þ ¼ 0 it follows that the mode functions are
given by

ψ ðþÞ
β ¼ CðþÞ

β z
Dþ1
2 eikx−iωt

×

0
B@ kχχ†

0
þiλ−ω
ω gma−1=2;maþs=2ðλz0; λzÞwðσÞ

iχ†0
kχχ†

0
þiλþω
ω gma−1=2;ma−s=2ðλz0; λzÞwðσÞ

1
CA;

ψ ð−Þ
β ¼ Cð−Þ

β z
Dþ1
2 eikxþiωt

×

0
B@ iχ0

kχ†χ0−iλþω
ω gma−1=2;maþs=2ðλz0; λzÞwðσÞ

kχ†χ0−iλ−ω
ω gma−1=2;ma−s=2ðλz0; λzÞwðσÞ

1
CA
ð6:3Þ

with

jCð�Þ
β j2 ¼ λ

½J2ma−1=2ðλz0Þ þ Y2
ma−1=2ðλz0Þ�−1

8ð2πÞpVqaD
: ð6:4Þ

The reason for the appearance of an additional factor 1=2 in
the normalization coefficients is the same as that for the case
of the upper sign in (6.2). Substituting the mode functions
into the formula (3.7), by transformations similar to that we
have demonstrated in the case of the bag boundary condition,
for the VEVof the current density we find

hjli¼ 1

2
hjli0−

NeApzDþ2

2VqaDþ1

X
nq

kl

Z
∞

kðqÞ
duuðu2−k2ðqÞÞ

p−1
2

×
Ima−1=2ðuz0Þ
Kma−1=2ðuz0Þ

½K2
maþ1=2ðuzÞ−K2

ma−1=2ðuzÞ�; ð6:5Þ

where hjli0 is given by (4.9).
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An alternative representation, obtained by applying the
summation formula (4.21), is given by

hjli ¼ −
Nea−D−1zDþ2

2ð2πÞp=2þ1VqL
p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

X
nq−1

Z
∞

0

dλλ

× gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2ðq−1Þ

q �

×

P
j¼�1g

2
ma−1=2;maþj=2ðλz0; λzÞÞ

J2ma−1=2ðλz0Þ þ Y2
ma−1=2ðλz0Þ

: ð6:6Þ

Yet another representation is derived by rotating the
integration contour in a way similar to that described in
Sec. V. The corresponding formula is obtained from (5.12)
with additional factor 1=2 and by the replacement

Imaþ1=2ðλz0Þ
Kmaþ1=2ðλz0Þ

→ −
Ima−1=2ðλz0Þ
Kma−1=2ðλz0Þ

: ð6:7Þ

The asymptotic behavior of the current density in various
limiting cases is investigated in a way similar to that in the
previous section.
An important difference, compared with the case of the

boundary condition corresponding to the upper sign in
(6.2), is the behavior of the brane-induced VEV in (6.5) for
the mass range ma < 1=2 in the limit when the location of
the brane tends to the AdS boundary, z0 → 0. In this range
of masses, we use the relation [32]

Ima−1=2ðuz0Þ
Kma−1=2ðuz0Þ

¼ 2

π
cos ðπmaÞ þ I1=2−maðuz0Þ

K1=2−maðuz0Þ
: ð6:8Þ

The part of the current density corresponding to the last
term in (6.8) vanishes in the limit z0 → 0 like z1−2ma

0 ,
whereas the part with the first term in the right-hand side of
(6.8) does not depend on z0. Hence, the brane-induced
contribution in (6.5) (the second term on the right) tends to
a finite limiting value:

lim
z0→0

hjlib ¼ −
NeApzDþ2

πVqaDþ1
cos ðπmaÞ

X
nq

kl

Z
∞

kðqÞ
duu

× ðu2 − k2ðqÞÞ
p−1
2 ½K2

maþ1=2ðuzÞ − K2
ma−1=2ðuzÞ�;

ð6:9Þ

with ma < 1=2. The limiting value of the total current
density in this range of masses is obtained from (6.6) taking
the limit z0 → 0:

lim
z0→0

hjli ¼ −
Nea−D−1zDþ2

2ð2πÞp=2þ1VqL
p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

X
nq−1

Z
∞

0

dλλ

× gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ k2ðq−1Þ

q �
× ½J2−1=2−maðλzÞ þ J21=2−maðλzÞ�: ð6:10Þ

For amassless field, the brane-induced contributionvanishes
and in (6.10) the brane-free contribution survives only.
We have taken the parameter ζ in the expression for the

matrixM the same for the representations s ¼ 1 and s ¼ −1.
We could take ζ ¼ �is and in this case the matrix M ¼∓
diagð1;−1Þ is the same for both the representations.
However, with this choice, the boundary conditions on the
brane are different for the representations s ¼ 1 and s ¼ −1:
Zmaþs=2ðλz0Þ ¼ 0 for the upper sign and Zma−s=2ðλz0Þ ¼ 0

for the lower one.
In the Randall-Sundrum-type models, our Universe is

realized as a brane and from the point of view of the
interpretation of the results described above by an observer
living on the brane it is of interest to consider the current
density on the brane. For a field with the boundary
condition corresponding to the upper sign in (6.2), the
VEV is given by (5.10) with the additional factor 1=2. For
the boundary condition with the lower sign in (6.2), the
current density on the brane is directly obtained from (6.6)
with z ¼ z0:

a

b

0.6 0.8 1.0 1.2 1.4

–2

–1

0

1

2

L/z0

a
D
n l

<
jl > b

/e

a

b
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–6

–4

–2

0

2

ma

a
D
n l

<
jl > b

/e

FIG. 7. The brane-induced current density on the brane in Z2-symmetricD ¼ 5models with a single compact dimension. The curves a
and b are for the upper and lower signs in (6.2). For the left panel, we have taken α̃l ¼ π=3 andma ¼ 2 and for the right panel α̃l ¼ π=3
and L=z0 ¼ 0.5.
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hjli¼−
8Nea−D−1zD0
ð2πÞp=2þ3VqL

p
l

X∞
r¼1

sinðrα̃lÞ
rpþ1

×
X
nq−1

Z
∞

0

du
u

gp=2þ1

�
rLl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2=z20þk2ðq−1Þ

q �
J2ma−1=2ðuÞþY2

ma−1=2ðuÞ
: ð6:11Þ

In Fig. 7, we have plotted the brane-induced contributions
in the current density on the brane for the simplest
generalization of the Randall-Sundrum type model with
a single extra compact dimension of the length L. In this
model, D ¼ 5, p ¼ 3, q ¼ 1. The curves a and b corre-
spond to the upper and lower signs in (6.2). The dashed
curve presents the current density at z ¼ z0 in the absence
of the brane. The left panel presents the dependence of the
current density on the ratio L=z0 for fixed α̃l ¼ π=3 and
ma ¼ 2. On the right panel, the brane-induced current
density is plotted versus the mass (in units of 1=a) for the
same value of α̃l and for L=z0 ¼ 0.5. Comparing the
current density on the brane (left panel in Fig. 7) and
outside the brane (Fig. 6) as a function of the length L, we
see the completely different behavior for small values of L.
On the brane, the brane-induced current density increases
with decreasing L, whereas outside the brane, for
L < jz − z0j, it is suppressed by the factor e−2jz−z0jjα̃lj=L.

VII. PARITY AND TIME-REVERSAL SYMMETRIC
ODD-DIMENSIONAL MODELS

We have considered the fermionic current density for a
field realizing the irreducible representation of the Clifford
algebra. In odd-dimensional spacetimes, the mass term
mψ̄ψ in the Lagrangian density is not invariant under the
charge conjugation (C) in D ¼ 4n, under the parity (P)
transformation in D ¼ 4n, 4nþ 2, and under the time
reversal (T) in D ¼ 4nþ 2 with n ¼ 0; 1; 2;… (of course,
CPT invariance holds in all dimensions, see, e.g.,
Ref. [35]). For even D, the matrix γðDÞ is expressed in
terms of the other Dirac matrices as γðDÞ ¼ �γ in D ¼ 4n
and γðDÞ ¼ �iγ in D ¼ 4nþ 2, with γ ¼ Q

D−1
i¼0 γðiÞ. The

upper and lower signs correspond to the two inequivalent
irreducible representations of the Clifford algebra. One can
construct models invariant under the P, C, and T trans-
formations combining two N-component fermionic fields
ψ ðsÞ, s ¼ �1, realizing these representations. These fields
correspond to the cases s ¼ 1 and s ¼ −1 in the discussion
above. In the gauge Aμ ¼ 0, the Lagrangian density in the
model is given by

L ¼
X
s¼�1

ψ̄ ðsÞ½iγμðsÞð∂μ þ ΓðsÞ
μ Þ −m�ψ ðsÞ; ð7:1Þ

where γμðsÞ ¼ ðγ0; γ1;…γD−1; γDðsÞÞ and γDðsÞ ¼ ðz=aÞγðDÞ with

γðDÞ from (3.1). By suitable transformations of the fields
(see, e.g., Ref. [35]) we can see that (7.1) is invariant under

the C-, P- and T-transformations. Now the VEVof the total
current density is the sum of the VEVs coming from the
separate fields: hJμi ¼ P

s¼�1hjμðsÞi. As it has been shown

above, if the phases in the quasiperiodicity conditions for the
fields ψ ðsÞ are the same then the corresponding current
densities coincide and the total current density is given by
the expressions in Secs. IVand Vwith an additional factor 2.
However, one can have situations where the phases along
compact dimensions are different for separate irreducible
representations. An example will be discussed below.
We can present the Lagrangian density (7.1) in terms of a

single 2N-component spinor field Ψ ¼ ðψ ðþ1Þ;ψ ð−1ÞÞT as

L ¼ Ψ̄½iγð2NÞμð∂μ þ Γð2NÞ
μ Þ −m�Ψ; ð7:2Þ

with 2N × 2N Dirac matrices

γð2NÞμ ¼
� γμðþ1Þ 0

0 γμð−1Þ

�
ð7:3Þ

and the related spin connection Γð2NÞ
μ . An equivalent

representation is obtained in terms of the fields ψ 0
ðsÞ ¼

½1þ sþ ð1 − sÞγ�ψ ðsÞ=2. The combined Lagrangian density
is rewritten as L ¼ P

s¼�1ψ̄
0
ðsÞ½iγμð∂μ þ ΓμÞ − sm�ψ 0

ðsÞ,
where now γμ ¼ γμðþ1Þ and Γμ is the related spin connection.

Now the Lagrangian densities for separate fields are the same
except the sign of the mass term. We can also write the
Lagrnagian density in terms of 2N-component spinor Ψ0 ¼
ðψ 0

ðþ1Þ;ψ
0
ð−1ÞÞT asL ¼ Ψ̄0½iγ0ð2NÞμð∂μ þ Γ0ð2NÞ

μ Þ −m�Ψ0with

γ0ð2NÞμ ¼ σP3 ⊗ γμ, Γ0ð2NÞ
μ ¼ I ⊗ Γμ.

Inviewofwide applications of theD ¼ 2 fermionicmodel
in planar condensed matter systems (so called Dirac materi-
als, including graphene, topological insulators and Weyl
semimetals), here we consider in detail this special case. The
low-energy excitations of the electronic subsystem in these
materials are described by the Dirac equation where the
velocity of light is replaced by a Fermi velocity vF. In
graphene, the Dirac equation is written for a 4-component
spinor field. The upper and lower two-component fields of
the latter correspond to inequivalent points,Kþ and K−, of
the Brillouin zone, whereas their separate components
correspond to the amplitude of the electron wave function
on the triangular sublattices A and B of the graphene
honeycomb lattice (for reviews see, e.g., [36]). Hence, in
the Dirac model describing graphene the spinor field is
presented as ΨS ¼ ðψþ;AS;ψþ;BS;ψ−;AS;ψ−;BSÞT , where
S ¼ �1 corresponds to spin degrees of freedom. The
parameter s ¼ �1 in our previous discussion corresponds
to the pointsK�. In the special case ofD ¼ 2 bulk geometry

withΓð4Þ
0 ¼ 0, and for the external electromagnetic field with

the potential Aμ ¼ ðφ ¼ 0;AÞ, in standard units the
Lagrangian density reads

FERMIONIC CURRENTS IN TOPOLOGICALLY … PHYS. REV. D 98, 085020 (2018)

085020-17



L ¼
X
S¼�1

Ψ̄S½iℏγð4Þ0∂t þ iℏvFγð4Þlð∂l þ Γð4Þ
l

− ieAl=ℏcÞ − Δ�ΨS; ð7:4Þ
where the summation goes over l ¼ 1, 2 and Al is the lth
component of the spatial vectorA (for electronse ¼ −jej). In
(7.4), the energy gap Δ is included which is related to the
Dirac mass by the formula Δ ¼ mv2F. The corresponding
Compton wavelength is given by aC ¼ ℏvF=Δ. Note that,
depending on the gap generation mechanism (see, for
instance, [36]) the mass term may have more complicated
matrix structure. For a given S, the Lagrangian density in
(7.4) is an analog of (7.2) for D ¼ 2.
Though the topology of the background space for the

theory described by (7.4) is trivial in a planar graphene sheet,
nontrivial topology can be realized by graphene made
structures like carbon nanotubes and nanoloops with the
topologies R1 × S1 and S1 × S1, respectively. The corre-
sponding ground state currents induced by the threading
magnetic flux have been investigated in [17] (neglecting the
curvature effects for nanoloops). The periodicity conditions
on the fields along compact dimensions of these structures are
determined by the chirality of the tube. In the case of metallic
nanotubes and in the absence of threading magnetic flux, the
periodic boundary condition (α ¼ 0) is realized for both the
fields ψ ð�1Þ ¼ ðψ�;AS;ψ�;BSÞ. In semiconducting nanotubes
for the phases corresponding to the fields ψ ð�1Þ, one has α ¼
�2π=3 and they have opposite signs for spinors correspond-
ing to the pointsKþ andK− of the Brillouin zone (see, e.g.,
[37]). As a result of that, the contributions in the current
density coming from these points cancel each other and, in the
absence of the magnetic flux, the total current density is zero
for both metallic and semiconducting nanotubes.
The topology in the problem at hand is that realized in

carbon nanotubes, however the tube here is curved (the
effects of curvature in graphene made structures have been
discussed in [38,39]). The R region of corresponding
spatial geometry with an edge, embedded in three-dimen-
sional Euclidean space R3, is depicted in Fig. 8. The
magnetic flux enclosed by the compact dimension is shown
separately. A similar type of spatial geometry has been
considered in [39], though, the geometry of spacetime
differs from that we consider here. Curved graphene tubes
with wormhole geometry were discussed in [40].
ForD ¼ 2, the spatial geometry corresponding to (2.1) is

described by the line element dl2 ¼ dy2 þ L2e−2y=adφ2,
where x1 ¼ Lφ, φ ∈ ½0; 2π�. This corresponds to the
line element on Beltrami pseudosphere with Gaussian
curvature −1=a2. It is known that the complete Beltrami
pseudosphere cannot be embedded in R3 with Cartesian
coordinates ðX; Y; ZÞ. However, this can be done for a
part of Beltrami pseudosphere corresponding to y ≥ y0≡
a lnðL=aÞ. For the conformal coordinate z, one has z ≥ L.
The corresponding parametrization is given by (see also the
discussion in Ref. [39])

X¼ fðyÞ; Y¼Le−y=a cosφ; Z¼Le−y=a sinφ; ð7:5Þ

where fðyÞ ¼ R
y
y0
du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L2e−2u=a=a2

p
. The edge of the

embedded surface (7.5) is a circle in the plane X ¼ 0 with
radius a. Having embedded a part of Beltrami pseudosphere,
it is a trivial task to embed the corresponding subspace of
(2þ 1)-dimensional spacetime geometry with the line
element ds2 ¼ dt2 − dy2 − L2e−2y=adφ2 in (3þ 1)-dimen-
sional Minkowski spacetime with the coordinates
ðT; X; Y; ZÞ (see, for instance, [39]). However, the embed-
ding is not trivial for (2þ 1)-dimensional geometry under
consideration (or a subspace of that) with the line element
ds2 ¼ e−2y=aðdt2 − L2dφ2Þ − dy2 having g00 ≠ 1. Note that
the nontrivial 00-component of the effective metric tensor for
electrons in graphene can be generated by various mecha-
nisms. They include external fields, the deformations of
graphene lattice (strains), and the local variations in the
Fermi velocity (see, for instance, Ref. [41] and references
therein). It is of interest to specify the mechanism that can
mimic the gravitational field we have considered. This
requires a separate consideration and will be addressed in
our future work.
In the presence of the magnetic flux, the total current is

obtained by summing the contributions from the fields ψ ðþ1Þ
andψ ð−1Þ, given in the previous sections (specified toD ¼ 2,
q ¼ 1), with the opposite signs of the phases. As an example,
we present here the current density in the region z ≥ z0, for a
given spin degree of freedom S, obtained from (5.9):

hJ1i ¼ 2evFz4

πa3z30

X∞
r¼1

cosðrαÞ sinð2πrΦ=Φ0Þ
Z

∞

0

duu2

× K1ðruL=z0Þ
g2ν;νðu; uz=z0Þ þ g2ν;ν−1ðu; uz=z0Þ

J2νðuÞ þ Y2
νðuÞ

;

ð7:6Þ
where α is the phase for the fieldψ ðþ1Þ, ν ¼ a=aC þ 1=2 and
we have written the mass in terms of the Compton

FIG. 8. The spatial geometry of deformed D ¼ 2 tube with an
edge, threaded by a magnetic flux and embedded in three-
dimensional Euclidean space.
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wavelength. The appearance of vF in the coefficient of (7.6)
is related to fact that the spatial components of the current
density for a given S, corresponding to the Lagrangian (7.4),
are defined as Jl ¼ evFΨ̄Sγ

ð4ÞlΨS. Introducing in (7.6) a new
integrationvariable λ ¼ u=z0 and taking the limit z0 → 0, we
obtain the current density hJ1i0 in the edge-free geometry
with 0 ≤ z < ∞. In this limit, the integral is expressed as a
derivative with respect to L of the integral

Z
∞

0

dλλK0ðnλLÞ½J2νðλzÞ þ J2ν−1ðλzÞ� ¼
1

nLz

�
w − 1

wþ 1

�
a=aC

;

ð7:7Þ

with w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4z2=ðnLÞ2 þ 1

p
. It can be checked that the

corresponding expression is reduced to that given in [23].
In Fig. 9, we display the edge-induced contribution in (7.6),
hJ1ib ¼ hJ1i − hJ1i0, as a function of the magnetic flux (in
units of the flux quantum) for metallic (α ¼ 0, curves a) and
semiconducting (α ¼ 2π=3, curves b) quasiperiodicity con-
ditions. The full and dashed curves correspond to z=L ¼ 4
and z=L ¼ 2, respectively. The graphs are plotted for
a=aC ¼ 2 and z=z0 ¼ 1.05.
The fermionic current density induced by a magnetic flux

in planar graphene ringswith circular edges has been recently
investigated in [42]. The fermionic field was confined in the
circular ring by the bag boundary conditions on the edges. In
the corresponding problem, in addition to the azimuthal
current, a nonzero VEVof the charge density appears. Note
that persistent currents of a similar physical origin, appearing
in normal metal rings, have been detected in [43].

VIII. CONCLUSION

We have investigated the properties of the vacuum state
for a charged fermionic field constrained by two sorts of
boundary conditions. The first one is related to the topology

of the background spacetime, being locally AdS with an
arbitrary number of toroidally compactified spatial dimen-
sions. Along those dimensions the field obeys quasiper-
iodicity conditions (2.5) with general phases. The toroidal
compactification does not change the local geometry and,
because of the high symmetry of the AdS spacetime, the
problem we consider is exactly solvable. The second sort of
boundary condition is imposed by the presence of a brane
parallel to the AdS boundary. We consider the bag
boundary condition that is the most popular condition used
for the confinement of fermions in a variety of situations
(an example is the MIT bag model for hadrons). In addition
to the background gravitational field, we also assume the
presence of a constant Abelian gauge field. The gauge
transformation excluding the latter from the field equation,
leads to the shift of the phases in the quasiperiodicity
conditions for the new field operator. This shift can be
formally interpreted in terms of a magnetic flux enclosed by
the compat dimension. Yet another kind of boundary
condition should be imposed on normalizable irregular
modes at the timelike boundary of the AdS spacetime. Here
we consider a special case of allowed boundary conditions
corresponding to the bag boundary condition on a hyper-
surface close to the AdS boundary with the subsequent
limiting transition to the AdS boundary.
Because of the global nature of the vacuum in quantum

field theory, the expectation values of local physical observ-
ables are sensitive to the boundary conditions on the field. As
such a local observable we consider the fermionic current
density. The corresponding VEVs for the charge density and
for the components of the current along noncomapct dimen-
sions vanish. The brane divides the space into two regions
with different properties of the vacuum and we consider the
VEVs for the components of the current along compact
dimensions in these regions separately.
In the region between the brane and AdS boundary, the

fermionic modes are presented as (4.1) and the eigenvalues
of the quantum number λ are quantized by the boundary
condition on the brane. In order to extract from the VEVof
the current density the contribution induced by the brane,
we have applied to the series over these eigenvalues the
summation formula (4.6). For the component along the lth
compact dimension, this contribution is given by (4.15). It
is an odd periodic function of the phase α̃l and an even
periodic function of the remaining phases α̃i, i ≠ l, with the
period equal to 2π. For a massless field, the result on the
locally AdS bulk is conformally related to the correspond-
ing result on a locally Minkwoski bulk in the region
between two parallel planar boundaries. The latter are
conformal images of the AdS boundary and of the brane.
For a massive field, we have also checked the limiting
transition to the corresponding result in the problem with a
single boundary on a locally Minkowski spacetime. On the
AdS boundary, both the brane-free and brane-induced
contributions to the current density tend to zero as

b
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FIG. 9. The edge-induced current density as a function of the
magnetic flux inD ¼ 2metallic (a) and semiconducting (b) tubes
for a=aC ¼ 2, z=z0 ¼ 1.05, z=L ¼ 4 (full curves) and z=L ¼ 2
(dashed curves).
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zDþ2maþ1. An important feature that distinguishes the VEV
of the current density from the VEV of the energy-
momentum tensor is the finiteness of the former on the
brane. For the investigation of the near-brane asymptotic,
we have provided an alternative representation (4.23). The
limiting value of the current density on the brane is directly
obtained from that representation and is given by (4.28).
The simple relation (4.29) takes place between the limiting
value and the integrated current density in the L region. For
z ≫ Li and at distances from the brane corresponding to
z0 − z ≫ Li the brane-induced contribution behaves as
(4.31) and it is mainly localized near the brane in the
region z0 − z≲ Li. For a fixed observation point, when the
brane is close to the AdS horizon, the brane-induced

current density is suppressed by the factor e−2k
ð0Þ
ðqÞz0, with

kð0ÞðqÞ defined by (4.32) for jα̃ij < π. If the length of the lth
compact dimension is much smaller than the lengths of the
remaining dimensions, the leading term in the expansion of
the component hjlib coincides with the current density in
the model with a single compact dimension xl when the
remaining compact dimensions are decompactified. If, in
addition, one has Ll ≪ z0 − z, then the brane-induced
current density decays like e−2ðz0−zÞjα̃lj=Ll (see (4.39)).
This feature is seen in Fig. 3. In the opposite limit of large
values for Ll, the brane-induced current density along the
corresponding dimension behaves as (4.40) and it is sup-

pressed by the factor exp½−Ll

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21=z

2
0 þ kð0Þ2ðq−1Þ

q
�.

In the region between the brane and the AdS horizon, the
fermionic mode functions are given by (5.3) and the
eigenvalues for λ are continuous. The brane-induced con-
tribution to the VEVof the current density in this region is
presented in the form (5.8). An alternative expression for
the total current in the R region is given by (5.9), with the
limiting value on the brane expressed as (5.10). For a
massless field, the problem is conformally related to the
corresponding problem on a locally Minkowskian space-
time with a single boundary and the brane-induced con-
tribution vanishes in the R region. In the case of a massive
field and at large distances from the brane (z ≫ z0; Li,
points near the AdS horizon), that contribution behaves as

(5.14) and is suppressed by the factor e−2zk
ð0Þ
ðqÞ. In this region,

the total current density is dominated by the brane-free part.
For a fixed observation point, when the brane location tends
to the AdS boundary, z0 → 0, the brane-induced current
density tends to zero as z2maþ1

0 . If the length Ll is much
smaller than the lengths of the remaining compact dimen-
sions and also Ll ≪ z − z0, similar to the case of the L
region, the brane-induced current decays as e−2ðz−z0Þjα̃lj=Ll .
In the opposite limit of large values for Ll, the asymptotic
behavior of the current is essentially different depending on
the phases in the periodicity conditions along the remaining
compact dimensions. If at least one of the phases α̃i,
jα̃ij < π, i ≠ l, is different from zero, the leading term in the

asymptotic expansion is given by (5.16) with an exponen-

tial suppression like e−Llk
ð0Þ
ðq−1Þ . In the case α̃i ¼ 0, the decay

of the current density as a function of Ll is power law for
both massive and massless fields.
In Z2-symmetric braneworlds of the Randall-Sundrum

type, the geometry is composed by two copies of the R
region related by the Z2-symmetry identification.
Depending on the transformation of the field under the
Z2-reflection two types of the boundary conditions on the
brane are obtained. The first one corresponds to the bag
boundary condition, considered in Sec. V. The current
density in this case coincides with that investigated in
Sec. V with an additional factor 1=2, related to the
presence of two copies of the R region. For the second
boundary condition, the eigenvalues of the quantum
number λ are the zeros of the function Zma−1=2ðλz0Þ,
where z0 is the location of the brane. The VEV of the
current density in this case is given by (6.5) or, alter-
natively, by (6.6). Now, in the range of the mass
ma < 1=2, the brane-induced current density does not
vanish in the limit when the brane tends to the AdS
boundary. The limiting values for the brane-induced and
total currents are given by (6.9) and (6.10). In the Randall-
Sundrum models, the observers reside on the brane and
the current density measured by them is presented as
(6.11). The corresponding dependencies on the length of
compact dimension and on the mass for two types of
boundary conditions are exemplified in Fig. 7.
In odd-dimensional spacetimes, the mass term for a

field realizing the irreducible representation of the Clifford
algebra breaks the invariance with respect two of the C-,
P- and T-transformations. Models invariant under these
transformations are constructed by combining the fields
realizing two inequivalent representations of the Clifford
algebra. We have shown that, if the phases in the
quasiperiodicity conditions are the same for these fields,
they give the same contribution to the total current density
in this kind of models. From the point of view of
applications of fermionic models in condensed matter
physics, an important special case corresponds to three-
dimensional spacetime. An example of physical realiza-
tion of those models is graphene. The corresponding
low-energy excitations of the electronic subsystem are
described by the Lagrangian density (7.4). The back-
ground topology in this model is nontrivial for carbon
nanotubes and nanoloops (cylindrical and toroidal topol-
ogies, respectively). The phase for the fermionic field
along compact dimension of the nanotube depends on the
chirality of the tube. For deformed tubes with z-dependent
radius, the resulting current is given by (7.6), where α ¼ 0
and α ¼ 2π=3 for metallic and semiconducting tubes,
respectively. As a consequence of the cancellation of
the contributions from the points Kþ and K− of the
Brillouin zone, the current vanishes in the absence of the
magnetic flux Φ threading the tube.
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