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p-wave superfluidity in mixtures of ultracold Fermi and spinor Bose gases
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We reveal that the p-wave superfluid can be realized in a mixture of fermionic and F = 1 bosonic gases.
We derive a general set of the gap equations for gaps in the s and p channels. It is found that the spin-spin
Bose-Fermi interactions favor the p-wave pairing and naturally suppress the pairing in the s channel. The gap
equations for the polar phase of p-wave superfluid fermions are numerically solved. Our study suggests a way
to realize a pure p-wave superfluid in a well-controlled environment of atomic physics.
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I. INTRODUCTION

Experimental realisation of a fermionic p-wave super-
fluid is one of the important challenges in ultracold atomic
physics. If achieved in laboratory, it would mark an important
milestone in the development of hardware for fault-tolerant
quantum state manipulation [1]. Indeed, vortex excitations in
a two-dimensional chiral version of such a condensate have
been predicted [2] to exhibit non-Abelian braiding, which
is the core underlying principle of topologically protected
quantum computation [3]. A few systems are already known
today, which are believed to exhibit chiral p-wave pairing.
These include the v = 5/2 incompressible quantum Hall fluid
[4], superfluid 3He at high pressure [5], strontium ruthenate
[6], and superconductor-topological insulator hybrid struc-
tures [7]. These systems, however, are not well suited for
the experimental realization of quasiparticle braiding, which
is mainly due to a limited local control of their parameters.
Much hope is, therefore, devoted to the much better controlled
ultracold atomic gases.

Theoretical proposals for p-wave superfluidity in a ul-
tracold fermionic gas suggested to use Feshbach resonances
in order to tune the p-wave collision channel [8]. Unfor-
tunately, such resonant condensates were found to be ex-
tremely short lived due to the three-body recombination and
other decay mechanisms [8—11]. Further theoretical work
explored alternative mechanisms of pairing, which would be
free of the disadvantages of Feshbach resonances. A number
of interesting proposals have emerged such as microwave
dressed polar molecules [12], synthetic spin-orbit coupling
[13-16], the quantum Zeno effect [17], and driven dissi-
pation [18]. One important group of proposals rests on a
traditional view that the nature of fermionic pairing depends
on the nature of the agent, which mediates the attraction
between fermions. In ultracold atomic systems, it is nat-
ural to choose a Bose-Einstein condensate (BEC) as such
a mediator. The possibility of a Cooper pairing in the p-
wave channel in a fermion-boson mixture was originally
discussed in Ref. [19], albeit in a spin-polarized system.
More recent work explored pairing in a Fermi gas em-
bedded in a spinless Bose condensate [20-22]. In two re-
cent papers [23,24], it was proposed that a fermion-boson
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system in mixed dimensions may exhibit an enhanced p-wave
pairing.

One of the most intriguing properties of the p-wave paired
fermion superfluid is its ability to host half-quantum vor-
tices which have bind unpaired Majorana modes obeying
non-Abelian braiding statistics. Half-quantum vortices were
theoretically predicted in the 1970s in the context of studies
of liquid 3He-A; however, their experimental observation was
impeded by various stability issues arising, in particular, from
dipole and spin-orbit interactions [25-27]. It was only in 2016
that the first observation of a half-quantum vortex in superfluid
*He in naftene matrix was eventually reported [28]. Around
the same time, stable half-quantum vortices were observed in
a polar Bose-Einstein condensate [29]; however, such vortices
do not possess Majorana zero modes on their own. In this
work, we find that using a polar BEC as the medium inducing
p-wave pairing between the fermions, the direction of the
quantization axis of the polar condensate determines the spin
state of the p-wave superfluid. Thus, a stable half-quantum
vortex in the polar BEC host automatically induces a dynam-
ically stable half-quantum vortex in the p-wave paired fluid.
This makes the present setup an interesting alternative to the
fully polarized fermionic fluid considered in Ref. [19].

In this paper, we explore a fermion-boson mixture in which
the bosons form a polar spinor condensate. We derive the
effective action for the fermions and find that in addition to the
usual BCS-type attraction, the Bose condensate excitations
mediate a different type of interaction which takes the form
of a spin-dependent X-Y exchange. We demonstrate that such
an interaction between the fermions may suppress pairing in
the s-wave channel while favoring the p-wave pairing chan-
nel. For a particular p-wave phase, we derive and solve the
complete set of the Eliashberg equations determining the gap
parameter and explore the dependence of the gap parameter
on the tunable parameters of the mixture.

II. MODEL

Let us describe our model of a three-dimensional (3D)
spatially homogeneous mixture of electrically neutral bosonic
atoms with hyperspin F = 1 and spin-% fermionic atoms. We
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assume that an external magnetic field is absent. The second
quantized Hamiltonian of the mixture of dilute Fermi and
spinor Bose gases reads

A= /[ﬂg(r) + Hr(r) + Hpr(r)ldr. ()

The Hamiltonian density # z(r) describes interacting F = 1
spinor bosonic atoms [30-33],

. i
T = —

Zqﬁvzqf +1c0 72 +102 2
2Mp 4 "2 B "9

where the field operators ¥ (r) obey the bosonic commutation
relations

[, (r), U ()] = 8, (r — 1),

and : A : denotes normally ordered operator A. The j 'th com-
ponent of the vector spin density operator for bosons F equals

Fj = Z \ij; (I‘){F] }m,m’(pm/ (I‘),

m,m’

where F; are the 3 x 3 matrices of the vector representation
of the rotation group. Further,

47TFl 47Th (a(z) ag)))
3Mp 3Mp

are symmetric and spin-dependent interaction constants, re-
spectively, and ag) is the scattering length in the state with
spin J. We also introduced the number density 7ig(r) =
> W) d,,(r), m e {=1,0, 41}, of the bosonic field. It
is known that the spin-1 BEC in the absence of an external
magnetic field has two phases: ferromagnetic (c; < 0) and
polar (c; > 0). We consider in this paper the polar spinor BEC
of 2Na atoms with ay’ = 50.0, a%” = 55.0 (see, e.g., [34]) in
units of the Bohr radius.
The fermion Hamiltonian density .z (r) is given by

co = (@ +242), ¢ =

. n?
fr(r) = ZfJ(— P

where p is the fermion chemical potential, and the fermion
field operators f obey the anticommutation relations

(A, fla)y=8,,80—r).
Further, np(r) = Zv fJ(r)ﬁ,(r), Ve {T9 J/}’ 8F =

4mh?ap/Mp is the coupling constant of the fermion
density-density interaction, and ar is the s-wave scattering
length. The different canonical ensembles are used for bosons
and fermions.

The interactions between bosons and fermions in the lead-
ing order in densities and spins are described in Hamiltonian
(1) by the term

—M)me —gr iz, (2)

Hpr(r) = —anF+ﬂS F, €)]
where o = 87h*(2aY)> +allP)/3Mpr), and B =
8rh*(ayl? —all?)/(3Mpr) are the  density-density

. . . J
and spin-spin Bose-Fermi interactions, respectively, ag }

is the scattering length in the state with spin J, and

Mppr =2MgMp/(Mg + Mp) is the reduced mass for a
boson of mass My and a fermion of mass M.

The spin-density operator for fermions has the standard
form

1 o A
=5 2 Almiojh fom), “)

where &; are the Pauli matrices for spin-1 fermions.

In what follows, we neglect the back reaction of the
fermion sector on the Bose condensate assuming that the
Bose-Fermi interactions are weak.

In our study, we consider different values of bosonic den-
sity np of 2Na atoms at the fixed fermionic density np =
10" cm~ of “°K atoms with the Fermi temperature Tp =
Er/kp = 1248 nK, where Er = (3n’np)?>h?/(2MpF) is the
Fermi energy.

III. GAP EQUATIONS AND SOLUTIONS FOR POLAR
SUPERFLUID PHASE

Let us show that the effective fermion-fermion interaction
mediated by the interaction with F = 1 bosons may give rise
to the p-wave pairing between the fermions. Using Hamilto-
nian (1), we find that the fermion-boson interactions lead to
the following effective fermion action:

Setr = So + Sints )

where
—/drdt P A i3+h—2v2+ f
= — " \"or " 2m; r)Iv
1 2
—38F: ng(r): (6)

is the free fermion action and the interaction term is

Z €k
mt -
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+ 2[EL ) — (how)?]

Here, ¢, = h’k>/(2Mp), k = (»,k), r = (t, 1), Q is the sys-
tem’s volume,

np(k)np(—k)}- (7

ox(k) = %/eik’ﬂ(")(dx tioy)f(rydr,  (8)

and

Ex,0 = vex(ex + 2conp), &)
= ex(ex +2cnp) (10

are the Bogoliubov dispersion relations of the Bose gas exci-
tations (see, e.g., [30]).

Before proceeding to derivation and a detailed analysis
of gap equations, it is instructive to consider a mean-field

Ex +1
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Hamiltonian for the s-wave pairing state,

Hiye ~ — / dr{GnTr[A+A] + G, Z Trlo;AT oA},
I=+,—

where A is the pairing gap, and G, and G, are constants of
density-density and spin-spin interactions.

Using definition (8) of the operators oy, it is straightfor-
ward to show that the contributions of density-density and
spin-spin interactions appear with opposite signs in the s-wave
channel. Thus, while density-density interactions cause an
effective attraction, spin-spin interactions lead to an effective
repulsion in the s-wave channel. The further rigorous analysis
not only confirms this preliminary conclusion, but also reveals
that spin-mediated interactions drive an additional attraction
in the p-wave channel.

Using the effective action (5), we find the following
Dyson’s equations in the Matsubara formalism for the fermion
Green function G (k, w, ) and the anomalous Gor’kov function
F(k, w,):

(ihw, — &)GK, w,) + Ak, wn)FT(k, w,) =h, (11D
(ihw, + &) F(k, ©,) + ATk, 0,)G(k, 0,) =0, (12)

where & = h*k?/(2Mp) — p and w, = kT (2n + 1) /h is
the Matsubara fermion frequency. In addition, neglecting the
retardation effects, the gap function A(k, w,) is expressed
through the Gor’kov function as follows:

kT
Ak) = —-B2 [%F(k—k’,wn/)
' K'#0

- gn(k/, wn’)F(k - k/, wy — wn/)

—& K, o) Y o Fk—K, o, —wn»m}, (13)

I=+,—
where
2
- Cn O npe€k
Kw)=—————, ¢, = ,
gn( n) Eﬁ,o + (ha)n/)2 n 2Q
- c B2npex
gk wy)=—— " =

B+ (how )P Q

An ansatz for the pairing gap, which accounts for both s-
and p-wave channels, is given by

Aaﬁ(k) = Ap(iaay)aﬂd(k) + As(io)*)aﬂz (14)

where A, and Ay are real functions of |k|. As is well known,
the order parameter of the p-wave phase is proportional to
vector d whose form and symmetries determine the superfluid
state.

It is straightforward now to obtain the set of gap equa-
tions for A, and A, using the standard procedure (see the
Appendix). There are, in principle, many solutions to the
gap equations. We follow in our analysis the well-known
classification of the *He phases [35] defined by the form of
vector d. In the present work, we restrict our consideration
to the polar phase with d ~ (0,0, k;), which corresponds
to one of the simplest solutions of the gap equations. As
shown above, the s-wave superfluidity is suppressed by the
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FIG. 1. Typical examples of the pairing gap A = A,d, in the
p-wave polar phase found numerically at different temperatures (A:
T =0; B: T =0.03TF; and C: T = 0.035TF) for the interaction
constants o« = 8 = 0.3¢g, ny = nr = 10" cm™3. (a) The cross sec-
tion of the pairing gap |A(k,, k, =0, k;)|. (b) The profile of the
pairing gap along the z axis. The inset presents the maximum of the
pairing gap as a function of temperature. Note that the pairing gap
vanishes at the critical temperature 7.

spin-induced interactions; thus, we assume for simplicity that
As; =0and A, # 0. Then the gap equation in the polar phase
reads

Wo E Z Exo
Ak) = 2| = tanh tanh —
&) Z{C <2E M eT T2, ™ 2kBT)

K'£0
w E Z E
+ ¢ L tanh + ! tanh %1
2E 2kpT ~ 2Ex, 2kgT
x Ak — K, (15)

where A(K) = |d;|A,(Kk]),
2
_ Ef, — E* +IPwj
i = 26()2 ’
(EZ, — E2)’ + 202} (E2, + E? + 20)
E*— El%,i + hzw(z)
2.2 ’
(E2, — E2)’ + 202} (E2, + E + 4)

Zi =

withi =0, 1, wy = kgTn /h, and E = /& + A2

Let us discuss the numerical solutions of Eq. (15) obtained
by using a stabilized iterative procedure [36]. Since the func-
tion A has an axial symmetry connected with rotations around
the z axis, it suffices to consider a cross section of its pairing
gap at k, = 0. Figure 1 presents typical examples of this cross
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FIG. 2. (a) The maximal pairing gap as a function of temperature for « = 0.3¢( and different values of 8 indicated near the curves. (b)
The maximal pairing gap at T = 0 as a function of (kp&y )~ at fixed @ = 0.3¢; and np = 10'* cm™3 plotted for different values of B. (c) The
critical temperature vs the interaction constants « and B connected with ¢y. The concentrations of bosons and fermions in (a) and (c) are fixed

atng =np = 10" cm=3.

section at fixed temperature and interaction constants « and
B. It is seen from Fig. 1 that the maximum of the pairing gap
is localized as expected near the points (0, 0, k) and the
maximal pairing gap monotonically decreases as temperature
increases [see the inset in Figs. 1(b) and 2(a)]. The pairing
gap in the p phase vanishes at some critical temperature 7.
We investigated the dependence of the critical temperature
T, on the ratios «/co and B/cy of boson-fermion interac-
tions to the strength of the boson-boson interaction ¢y [see
Fig. 2(c)]. According to Fig. 2(c), the critical temperature
T, can be significantly increased through an interplay of the
density-density and spin-spin interactions between fermions
and spinor BEC.

The pairing gap is a function of interaction constants
o, B, cp, c; and densities of the Bose and Fermi gases.
Figure 2(b) illustrates how the pairing gap is affected by
variation of the Bose-gas density. The nontrivial depen-
dence of the maximal gap A, on (kp&ur)~", where &y =

1/\/8nn3(ag)) + Zag))/S, at T = 0 comes from the Bogoli-
ubov dispersion relations (9) and (10) of the Bose gas. Such a

dependence should be taken into account in the experimental
observation of the p-wave superfluid state.

IV. CONCLUSIONS

We showed that a mixture of dilute ultracold F = 1 spinor
atomic BEC and fermionic atoms provides a promising plat-
form for the realization of the p-wave superfluid state in three
dimensions. Such a mixture makes it possible to avoid the
problem of three-body inelastic collisional loss in a single-
component ultracold Fermi gas, where the Feshbach reso-
nance is used to enhance the p-wave cross section to values
larger than the s-wave cross section. We derived a general
set of the gap equations for the pairing gaps in the s and p

J

channels. It is found that the spin-induced interactions in a
mixture of F =1 spinor atomic BEC and fermionic atoms
naturally suppress the s-wave pairing. At the same time, the p-
wave pairing is driven not only by density-induced interaction,
but also by spin-induced interactions and it emerges even for
repulsive interaction between fermions.

We studied the simplest case of the p-wave triplet pairing
defined by the polar phase with d = (0, 0, k). For the case of
dilute Fermi “°K and Bose >*Na atomic gases, we found nu-
merically the solution to the gap equations of the polar phase
with the vanishing s-wave order parameter A; = 0. While the
dependence of the maximal value of the gap on temperature
is a monotonically decreasing function, its dependence on
the density of bosons np is nonmonotonous for sufficiently
small values of the spin-spin Bose-Fermi interaction 8. Such
a dependence comes from the corresponding nontrivial depen-
dence of the Bogoliubov dispersion relations on n 5.

We hope that the results presented in this paper will stimu-
late experiments to observe the p-wave superfluid in a mixture
of ultracold Fermi and spinor Bose gases. Moreover, the study
of the p-wave superfluidity in a well-controlled environment
of atomic physics could help to elucidate the properties of
topologically nontrivial superfluids.
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APPENDIX: GENERAL GAP EQUATIONS

Using ansatz (14), we rewrite Eqgs. (11) and (12) as

(RPw? + E2 + A?)8.5 — AMoog

Gop(k, w,) = —h(ihw, + &)

(W07 + E2) (73 + E2)

) (AL)
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(BPw? + &2+ A%)d — iA’[M x d] ; (R} + & + A* —2A2 (Re[d] - d)}ioy.qp
(R*w? + E?)(RPw? + E?) ' (h*w? + E?)(RPw? + E2)
AX(0ia,)sM

Fop(K, w,) = A (000 )ag

+hA , A2
(R*w? + E2)(h*w? + E*) 42
where
A? = A2|d]” + AL
m(k) = i[d(k) x d*(k)],
M AZm +2A,ARe[d]
= - )
Ei= g2+ 821 £ |M)).
The general gap equations read
dx(k)Ap(k9 wk) = kBT Z gn(k/v Wj — a)n)Ap(k - k/7 U)n)vx(k - k/a a)n)s (A3)
n,K'#£0
dy(K)A ,(k, ay) = kgT Z (K, 0 — w,)A,(k — K, 0,)v,(k — K, 0,), (A4)
n,k'#0
d.(K)A,(k, ) = kT Z [8n(K', wp — @) + &o(K', o — w,)]A,(k — K, 0,)v(k — K, @,), (AS)
n,k'#0
8F ~ ’ ~ / / /
As(k, ) = kT Z [ — g TE K o — o) = &K, o — wn)]As(k — K, wp)e(k =K', o), (A6)
n,K'#£0
where
1
K, A, Ay) = Rw? + £ + A2(k)]d(k) — i A% (k)[m(k) x d(k
vk, Ay, Ay) 2 + B (0] [l 1 E200)] ([P0} + & + A*(K)]d(k) — i A2 (K)[m(k) x d(k)]
+2A,(k)A ,(k)m(k) + 2A% (k)Re[d(k)]}, (A7)
_ 1 2 2 2 21y 9A2
ek, Ay, Ay) = (Ao + & + A%(k) — 2A% (k){Re[d (k)] - d(K)}], (A8)

[A*0? + E3(K)][A*w? + E2(K)]

A (k) = A5 ()ldK)] + Al (K),

A2k 4 A2 A, (k)
Ei(k) = /& + A%(k) = Ay (k)/m(k) + 2———Re[d(k)]|.
? Ap(k)

It is not surprising that the density-density Bose-Fermi interaction produces effective attractive interactions in the s-wave
channel. It is particularly remarkable that the spin-spin Bose-Fermi interactions lead to an effective repulsive interaction in the
s-wave channel. Thus, in sharp contrast with the s-wave superfluidity, for the p-wave superfluidity, both the spin-spin and the
density-density Bose-Fermi interactions lead to an effective attraction that results in the realization of a p-wave superfluid.
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