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In holographic inflation, the 4D cosmological dynamics is postulated to be dual to the renormalization
group flow of a 3D Euclidean conformal field theory with marginally relevant operators. The scalar
potential of the 4D theory—in which inflation is realized—is highly constrained, with use of the Hamilton—
Jacobi equations. In multifield holographic realizations of inflation, fields additional to the inflaton cannot
display underdamped oscillations (that is, their wave functions contain no oscillatory phases independent
of the momenta). We show that this result is exact, independent of the number of fields, the field space
geometry, and the shape of the inflationary trajectory followed in multifield space. In the specific case
where the multifield trajectory is a straight line or confined to a plane, it can be understood as the existence
of an upper bound on the dynamical masses m of extra fields of the form m < 3H/2 up to slow roll
corrections. This bound corresponds to the analytic continuation of the well-known Breitenlohner—
Freedman bound found in anti—de Sitter spacetimes in the case when the masses are approximately
constant. The absence of underdamped oscillations implies that a detection of “cosmological collider”
oscillatory patterns in the non-Gaussian bispectrum would not only rule out single-field inflation, but also
holographic inflation or any inflationary model based on the Hamilton—Jacobi equations. Hence, future
observations have the potential to exclude, at once, an entire class of inflationary theories, regardless of the

details involved in their model building.
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Introduction.—The observation of departures from a
perfectly Gaussian distribution of primordial curvature
perturbations would allow us to infer fundamental infor-
mation about cosmic inflation [1-5]. It is by now well
understood that single-field models of inflation cannot
account for primordial local non-Gaussianity unless a
nontrivial self-interaction, together with a nonattractor
background evolution, plays a role in inducing it [6—10].
This is mostly due to the fact that the dynamics of curvature
perturbations is highly constrained by the diffeomorphism
invariance of the gravitational theory within which infla-
tion is realized. On the other hand, multifield inflation can
accommodate nongravitational interactions affecting
the dynamics of curvature perturbations: fields orthogonal
to the inflationary trajectory can efficiently transfer
their non-Gaussian statistics—resulting from their own
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self-interactions—to curvature perturbations [11-20]. As
such, the detection of non-Gaussianity could reveal sig-
natures only attributable to additional degrees of freedom
interacting with curvature perturbations [21-26].

Understanding the theoretical restrictions on the various
classes of interactions coupling together fields in multi-
field systems would allow us to interpret future observa-
tions related to non-Gaussianity. For example, multifield
systems derived from supergravity, characterized by non-
flat Kéhler geometries, are severely restricted due to the
way in which the gravitational interaction couples chiral
fields together. As a consequence, it is not easy to
spontaneously break supersymmetry and keep every chiral
field stabilized while sustaining inflation. A similar sit-
uation holds in string theory compactifications, where
many fields have a geometrical origin restricting their
couplings at energies below the compactification scale,
making it hard to build a quasi—de Sitter stage where all
moduli are stabilized (see Ref. [27] and references
therein). These restrictions do not only impose a challenge
to the construction of realistic models of inflation, but they
also have consequences for the prediction of observable
primordial spectra [28].
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Other classes of well-motivated multifield constructions,
enjoying a constrained structure, have received less atten-
tion. In particular, holographic models of inflation have
interactions constrained by certain requirements on the
“holographic” correspondence connecting the 4D infla-
tionary bulk cosmology and the 3D Euclidean conformal
field theory (CFT) [29-35]. In these theories, the 4D
dynamics is dual to a renormalization group flow realized
in a strongly coupled 3D Euclidean CFT with marginally
relevant scalar operators deforming the conformal sym-
metry. The action determining the 4D dynamics is con-
jectured to be

s— [ d=g GR D)0, V(¢>), (1)

where R is the Ricci scalar constructed from the spacetime
metric g,, (in units where the reduced Planck mass is 1),
and y,, 1s a sigma-model metric characterizing the geom-
etry of the multiscalar field space spanned by ¢“ (with
a=1,...,1 4+ N). The potential V is determined by a
“fake” superpotential W(¢) as

V =3W? =2y W, W,, (2)

where y“? is the inverse of y,,, and W, = OW/9¢". The
inflationary solutions admitted by Eq. (2) that are dual to
the renormalization group flow are given by Hamilton—
Jacobi equations, of the form

¢ = =2y*W,, H=W, (3)
where H = a/a is the Hubble parameter. The trajectory
described by this solution is dual to the renormalization
group flow of the boundary operators with fixed points
representing static de Sitter configurations of the cosmo-
logical bulk. Thus, the entire cosmological history, starting
from a static de Sitter universe (inflation), and ending in
another static de Sitter universe (our dark energy dominated
universe) may be understood as the consequence of
renormalization group flow from the ultraviolet-fixed point
(late universe) to the infrared-fixed point (early universe).
Another class of holographic models where a nongeometric
4D holographic spacetime is associated with a weakly
coupled 3D CFT was studied in Ref. [36] and its obser-
vational consequences in Ref. [37].

The purpose of this Letter is to study some of the
consequences on the dynamics of multifield fluctuations
coming from the constrained structure of the potential in
Eq. (2). Our goal is to understand how the structure of
Eq. (2), together with Eq. (3), constrains the interactions
between the primordial curvature perturbation and other
(isocurvature) fields during inflation and, more importantly,
how this affects their observation. Our results apply to any
model described by the Hamilton—Jacobi equations (2) and

(3), regardless of the holographic interpretation. Our
analysis will revolve around a known upper mass bound
on all fields additional to the inflaton (as well as on the
inflaton) given by

m < My, =3H/2. (4)

This bound was derived in Ref. [38] in the single-field case
and argued to be valid in the multifield case in Ref. [39]
under the implicit assumption that all masses are
constant. It coincides with the analytic continuation of the
Breitenlohner—Freedman bound encountered in scalar
field theories in anti—de Sitter spacetimes [40]. The main
consequence emerging from Eq. (4) is that fluctuations are
forbidden to display underdamped oscillations.

As we shall see, in general multifield holographic
inflation, both sides of Eq. (4) receive corrections. First
of all, for fields orthogonal to the trajectory, the bound
applies to the dynamical, “entropy” mass matrix, which
differs from that obtained from the Hessian of the potential.
Second, the upper bound receives corrections if the masses
evolve in time, which is the generic situation during
inflation. Assuming slow roll, the bound (4) receives small
deformations in the cases where the trajectory is a straight
line, or if it is confined to a plane (even with strong bending
rates). In more general situations (for example, a spiraling
path), the structure of the entropy mass matrix becomes
highly nontrivial and the generalization of Eq. (6) is not
very illuminating. Nevertheless, one can focus on the
evolution of fluctuations to show that fields additional to
the inflaton will not have underdamped oscillations,
regardless of the number of fields, the field space geometry,
and/or the shape of the inflationary trajectory followed in
multifield space. Because fields with underdamped oscil-
lations lead to distinguishable non-Gaussian features that
could be observed in future surveys, their observation
would immediately rule out holographic versions of infla-
tion or any other model based on the multifield Hamilton—
Jacobi equations (3).

Derivation of the bound.—We can motivate the bound by
considering the simplest case: a straight trajectory in a model
with 1 + N fields with canonical kinetic terms y,;, = ;. In
this case, the dynamical “entropy”” mass coincides with the
naive mass (Hessian of V). Without loss of generality, we
can take the inflationary trajectory along the ¢V*!' = ¢
direction, with all other fields stabilized: ¢' = 6’ = o}, for
i=1,...,N. Note that Eq. (3) implies W, =0 on the
inflationary trajectory, and we can expand the superpotential
as W=w(g) +3 31, hi(#)(c' —0p)* + - -, where w(¢)
and h;(¢) are given functions of ¢. Inserting this expre-
ssion back into Eq. (2) gives V =3w?—-2(w)*+
13- im¥ () (" — of))?, where the masses m;(¢) of the fields
o' are found to be given by m?(¢p) = 6wh; — 4h? — 4w'h'.
We can rewrite this expression in a more useful way by
noticing from Eq. (3) that w = H and w' = —¢/2
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m? = 6Hh; — 4h? + 2h;. (5)

Notice that for a constant #;, the field o; is nontachyonic
(m? > 0) as long as 0 < h; < 3H/2. Because in Eq. (5) m?
is a quadratic function of 4;, with a negative quadratic term,
one obtains the following bound

m; < ’/nmax(1 + 51/3)’ (6)

where we have defined §; = h ;/Hh;.Notice that §; measures
the running of A;. If background quantities evolve slowly,
then we expect § ~ O(¢), implying that masses stay almost
constant during slow roll, and that the bound cannot be
violated. If §; is large (of order 1), the field /;, which near the
maximum satisfies h; ~ 3H /4, will typically evolve outside
the nontachyonic domain within a few e folds (unless
h; < H, in which case the value of the mass is far from
the bound). For instance, suppose that we wanted to fix m; to
a constant value m larger than m,,,, = 3H /2. Then Eq. (6)
may be read as a differential equation for /; with a solution of
the form

ni) =" S an A - )], ()

where Am = \/m} — m2,,. This shows that m, can be
larger than m,,,, but only for a very limited amount of time,
which in e folds is given by AN ~ H/Am, thus making it
impossible to achieve stable configurations where the
masses stay above the bound m,,,, by a significant margin.
One way of understanding the emergence of the bound is
as follows: because the inflationary trajectory is dual to the
renormalization group flow in the CFT side of the duality,
the potential driving inflation must always admit mono-
tonic solutions of the form (3), regardless of the initial
conditions. This is satisfied for flows that are solutions of
the Hamilton—Jacobi equations, which are monotonic in the
sense that a trajectory satisfying Eq. (3) can never go back
to a point already traversed (as they are gradient flows of
the superpotential W). This notion coincides with the
standard definition of monotonicity in the case of single-
field models. This restricts the value of the masses of the
fields, simply because a field with mass larger than 3H/2
allows for nonmonotonic trajectories. To appreciate this, let
us disregard the motion of the inflaton ¢ and focus on the
background evolution of one of the massive fields ¢ with a
mass m. Its background equation of motion is given by

&+ 3H6 + m*(c — 6y) = 0. (8)

The general solution is of the form o(t) = 6y + A e+ +

A_e®-" with
3 3 4 m?

If m < my,,,, the solutions are overdamped, and the field o
reaches ¢ = ¢, monotonically at a time ¢ > H~!. On the
other hand, if m > m,, the underdamped solutions are
oscillatory and not of the desired form & = f(c). Moreover,
notice that by inserting the expression (5) for m?, with

h = 0 back in Eq. (9) the frequencies become
o, =+2h-3H, (10)

from here we see again that 0 < h; < 3H/2 is required so
that the trajectory remains stable. Independently of this,
Eq. (10) shows us that, regardless of the value of &, the
solutions are monotonic, and so the field cannot oscillate
about the equilibrium point 6.

Long-wavelength behavior of fluctuations.—The pre-
vious explanation helps to understand the origin of the
bound affecting a massive field in a de Sitter spacetime, and
mild deformations of it, such as the case of a straight
inflationary trajectory in multifield space. But, as could be
expected, in multifield models with arbitrarily bending
trajectories, the deformations to the bound can be sub-
stantial. In what follows we revisit the previous discussion
in the most general case, where y,;, is noncanonical and the
inflationary trajectory in multifield space does not corre-
spond to a straight line. To start with, it is convenient to
anticipate a few results. First, from Eq. (3) we see that if W
is a differentiable function of the fields, then it necessarily
gives us back a unique set of background solutions. That is,
provided an initial condition ¢“(ty), there is only one
possible solution ¢“(t) for t > t. This implies that two
paths respecting Eq. (3) can never cross each other, simply
because the crossing point would constitute an initial
condition yielding two different solutions. Let us consider
one of such background solutions, ¢ (#), and perturb it. In
the long-wavelength limit, where we can neglect its spatial
dependence, the perturbed solution can be written as
@°(t) = P§ (1) + 6¢°(t). Now, given that ¢*(r) is indepen-
dent of the spatial coordinates, there must exist some set of
initial conditions for 5¢“ such that ¢“(r) satisfies Eq. (3).
In that case, 6¢“(t) must necessarily respect a first order
differential equation restricting its time evolution. To derive
it, it is enough to expand Eq. (3) around ¢“(z) =
#3(t) + 6¢°(z). One finds

[yath + zvavhw]06¢b = 07 (1 1)

where D, is a covariant derivative defined to act on vectors
as DAY = A® + FZJ}&”A“, where I'} _ represents Christoffel
symbols. Of course, even though the backgrounds under
study satisfy first order differential equation, their pertur-
bations must respect a second order differential equation of
motion. However, the analysis leading to Eq. (11) shows
that on long wavelengths there must exist at least one
solution é¢fj satisfying a first order homogeneous differ-
ential equation. We will come back to this result in brief.
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Bending trajectories in arbitrary field geometries.—We
now consider the dynamics of fluctuations in the most
general situation possible. We introduce a local “Frenet-
Serret” frame of 1+ N unit vectors on the background
inflationary path. The first vector 7¢ is defined to be
tangential to the trajectory ¢* = ¢“(¢)

T* = 3/ ¢o. (12)

whereas the rest of the vectors are denoted as U¢(t) with
I=1,...,N, and are defined to satisfy [41,42]

DU} = QU —Q Ui, (13)

(also valid for 7 if one takes Uff = T¢,and Q_; = 0). Q,_,
is the angular velocity describing the rate at which U,
rotates into the direction U,;_;. For instance, €, is the
angular velocity with which 7 rotates toward the normal
direction U{. It is useful to define the following antisym-
metric matrix (only valid for 7,J > 1)

Ay = Q0yy-1) — Qs6(1-1);- (14)

To study the dynamics of the inflationary fluctuations, we
derive the action of the fluctuations in comoving gauge,
with the perturbed metric given by ds?> = —dt*> + a”?e*dx?,
where { is the comoving curvature perturbation [43]. On
the other hand, the field-fluctuations 6¢* = ¢* — ¢ can be
parametrized in terms of isocurvature fields y; as d¢¢ =
> 1 USw; [44]. Here y; corresponds to a fluctuation along
the direction U¢. Notice that in this gauge the fluctuation
along T is set to vanish. The quadratic action is found to be

_ L s 2 22 2
s—3 [ dxa [2e<c \@wl) 2 (v)
- | . - -
+ (DY) + ;(VW)Z +y" M- l//], (15)

where D,y = dy/dt + Ay, and A is the matrix defined in
Eq. (14). The entropy mass matrix M? is given by

M7, =V + BoR,; + 3Q361161, (16)

where V,; = UIUSV,V,, and Ry =T USTUIR jpea
(with R_,.; the Riemann tensor associated to y,;).
Notice that the entropy mass matrix differs from the
Hessian of the potential. In particular, it receives a con-
tribution from the curvature tensor R;; (whose effect has
been studied in Refs. [45,46]) and the angular velocity €.
One can now perform a field redefinition to a new frame
where the isocurvature fields are canonical [42]. This is
achieved by the following rotation ¢ = R(z)y, where

R(1) = Tel A0 with T the usual time ordering symbol.
This rotation matrix keeps track of the bending of the

trajectory [recall the meaning of Q; in Eq. (14)], and
implies do/dt = R(f)D. In the (canonical) ¢ frame, the
mass matrix is M2 = R(t)M*R (). In the long-wavelength
limit, ¢ can be solved in terms of &, giving

&+ 3HG + MG = 0. (17)

This is the multifield analogue of Eq. (8). The advantage of
working with & (instead of ) is that the kinetic terms of
different components remain decoupled. However, for
Q; #0, the mass matrix M? can have a strong time
dependence, as opposed to M2, which evolves slowly.

Up until now Eq. (15) is completely general, and it
assumes nothing about V. To study the long-wavelength
behavior of holographic systems, it is useful to define the
Hessian of W along the U basis as W;; = U¢ULV W,
Then, using Eq. (3) itis straightforward to find the following
results for the projection along 7%: Wy, = ;{H (2¢ — 1), and
Wor = 1908, where e = —H/H? and n = é/He are the
usual slow-roll parameters, assumed to be small. Then, a
tedious but straightforward computation leads to the follow-
ing expression for the mass matrix M?>

M7, = 6HW ; —4W x Wy, + ZWU, (18)

where W;; = Ry (t)Wg RY,(1). This is one of our main
results. Notice that M?, has precisely the same structure as
Eq. (5) for the masses of fields along straight trajectories,
where h; played the role of the Hessian W,,.

Given that Q does not enter the definition of A;; or R(z),
one immediately sees that if N =1 (two field models) or
only Qy # 0 (planar trajectories), W,, evolves slowly and

W,, is slow-roll suppressed. Then, by diagonalizing W/,
one recovers the universal bound (6) on the eigenvalues of
M?2,. Tt would be tempting to conclude that this is true in
more general situations, where all ;s are nonvanishing, but
this is not possible. The structure displayed by Eq. (18) is
very constrained, but it does not lead to a simple universal

bound on its eigenvalues (because W;; and W,; cannot be
diagonalized simultaneously). However, given that W;; and
W, share the same eigenvalues, by taking the trace of
Eq. (18) it is direct to show that each eigenvalue of M7, is
bounded above—up to slow roll corrections analogous to the
5; terms in Eq. (6)—by threshold values m2,, , satisfying

max

1 N
szxznaxl = mrznax' (19)
=1

This means that in the general case of nonplanar, strongly
turning (slow roll) trajectories the threshold values m2,
split around m2,, and this bound is not very useful in

practice.
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On the other hand, instead of pursuing explicit expres-
sions for m2_, we can directly compute the wave
functions o; in the long-wavelength limit. Indeed, the very
particular form of the mass matrix (18) allows for a “BPS”

factorization of Eq. (17)

d - d .
E owtsa) (L yow)s=o. 20
(dt + ><dt+ >“ (20)

where W stands for the Hessian W, (¢). The rightmost
parenthesis in Eq. (20) is the same differential operator as in
Eq. (11), but written in the ¢ frame. Equation (20) confirms
our expectation that one of the long-wavelength modes
must respect Eq. (11). The general solution of Eq. (20) is

= = t T =
a1 =TS W(C1 + / dr'Tel (4W‘3H>c2>, (21)

where 6‘1 and 6‘2 are integration constants set by initial

conditions. The term proportional to C | corresponds to the
long-wavelength solution that solves (11) in the ¢ frame,

whereas the term proportional to C » corresponds to the
second solution. In fact these two modes are the multifield
generalizations of the two modes in Eq. (10). Similarly, we
see that the trajectory is stable as long as the eigenvalues of
W, are positive and smaller than 3H /2 (analogous to the
condition h; < 3H/2 found after Eq. (5) to avoid tachy-
ons). The salient point of this result is that the long-
wavelength evolution of the perturbations is overdamped:
given that the eigenvalues of W, are real, there are no
oscillatory phases present in 6(7).

Non-Gaussianity.—Let us now address the observational
consequences of our previous result. Correlation functions
for single-field inflation are highly constrained by dilations
and special conformal transformations, which are non-
linearly realized by ¢ at horizon crossing [47-51], particu-
larly in the squeezed limit of the three-point function (£?),
which is when one of the momenta is taken to be soft (much
smaller in magnitude than the other two). However,
isocurvature fields interacting with the curvature perturba-
tion ¢ during inflation can leave traces of their existence by
enhancing the amplitude of non-Gaussianity up to levels
that can be distinguished from single-field models [52]. For
instance, it has been shown that if the masses of isocurva-
ture fields are large enough, these will lead to oscillatory
footprints in the shape of the bispectrum in momentum
space [21-24]. This prediction has been worked out for the
particular case where the massive fields are weakly coupled
to ¢. In the language of the present Letter, this corresponds

to the case where the Q,/H are small [and W can be
neglected in Eq. (18)]. To be concrete, consider a single
isocurvature field (N = 1) with Qy,/H < 1. The three-
point function can be easily computed using the in-in
formalism, in which case the interaction picture

Hamiltonian induced by a nonvanishing €, is given by
H;(t) = - fd3x[Ei<gt) + C‘g)] where

L o Qg x ¢o, L o< Qg x . (22)

The vertex Ll(g‘) induces an interaction between the curva-

ture mode ¢ and the massive field ¢ leading to corrections
to the zeroth order prediction for (¢3). In particular, the
squeezed limit acquires a dependence on the mass of o
[16,21-26] that can be summarized as follows: when
m < 3H/2, the fluctuation o experiences overdamped
oscillations at horizon crossing, and one finds

Gtrgido~ror (1) @

where v = \/9/4 —m>/H? > 0, and g is the soft momen-

tum, such that k; ~ k, > ¢. On the other hand, for masses
m > 3H /2, oscillations are underdamped, and the bispec-
trum becomes

32
Gt Gado~ Pel@Pelt) (£) " cos (<vtop L= ).
24)

where this time v = /m?/H? — 9/4, and the phase ¢, is
fixed in terms of v. Now, the gist of the previous prediction
is that the isocurvature fields can only create an interference
pattern on the non-Gaussian statistics of ¢ [21,23] if they
experience underdamped oscillations at horizon crossing.
In the more general case, regardless of how complicated the
couplings between { and o; may be, the mere fact that the ¢
fields do not show underdamped oscillations precludes
them from leaving oscillatory footprints in the spectra. As a
result, detecting signals such as that of Eq. (24) would rule
out holographic models and any model based on the
Egs. (2) and (3). This pattern is part of what is known
as cosmological collider [21] signatures, and they could be
observed with future surveys by looking, for example, at
the dark matter distribution or the 21-cm line [53-55].
Conclusion.—Future cosmological surveys, aimed at
characterizing the distribution of primordial curvature
perturbations, will be able to constrain holographic real-
izations of inflation. As discussed elsewhere, the presence
or absence of underdamped oscillations in the spectra of the
theory crucially determines the shape of non-Gaussian
imprints in the primordial distribution of curvature pertur-
bations. If future observations reveal the existence of
oscillatory features in the spectra (usually interpreted as
the presence of massive fields with masses m > 3H/2), any
multifield model which uses the Hamilton—Jacobi equa-
tions, including holographic ones, would be ruled out.
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