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1 Introduction

1.1 Preface

More than twenty years ago, in 1998, two independent groups, the
Supernova Cosmology Group [1] and the High-Z Supernova Search Team
[2] made the astounding discovery that the universe is expanding in an
accelerating fashion. This discovery heralded a new era in theoretical and
obsvervational cosmology as the search for the true nature underlying
this phenomenon commenced. This, combined with the discovery of
Cold Dark Matter [3], led to the establishment of the highly succesful
cosmological model, A-Cold Dark Matter (ACDM) [4, 5] where the
cosmological constant A, interpreted as the energy density of the vacuum,
sources cosmic acceleration.

While ACDM has been resistant to new tests up till now, it remains
theoretically unsatisfying to many. The observed value of the cosmological
constant, in terms of the Planck mass, is Ayps ~ (10’30Mpl)4, about
60 orders of magnitude smaller than the theoretical prediction coming
from the Standard Model. While such a small value can be reconciled
with theory without any new ingredients it would imply an incredible
amount of fine tuning. The cosmological constant problem has triggered
a vast endeavour to find alternative sources of acceleration, leading to a
landscape of theories which modify General Relativity (GR) in a variety
of ways.

In this thesis we study the landscape of gravitational models which
modify GR by introducing an additional scalar degree of freedom (d.o.f.)
to source Cosmic Acceleration. In particular we answer the question
“What is the complete set of theoretical conditions a gravitational model
must satisfy, in order to give a theoretically viable cosmology?”.

In Section 1.2 we present two typical extension of GR and briefly
discuss the distinction. In Section 1.3 we introduce the Effective Field
Theory of Dark Energy and Modified Gravity (EFToDE/MG), a unifying
framework which allows us to study the landscape of gravitational models
in a broad and model independent way. In Section 1.4 we discuss the
notion of perturbative stability of a gravitational model. Stability will
be the guiding principle in order to answer the main question of this
thesis. Finally, in Section 1.5, we will present a summary of the following
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chapters.

1.2 Dark Energy versus Modified Gravity

Extensions of General Relativity typically fall into two categories, Dark
Energy(DE) which introduces a fluid into the universe modifying the stress
energy tensor, and Modified Gravity(MG) which directly modifies the
gravitational sector leading to a modified Einstein tensor. We will briefly
present two common candidates of cosmic acceleration: Quintessence[6{-
9], a typical Dark Energy model and f(R)[10} [11] which modifies the
gravitational sector. Both introduce an additional scalar degree of freedom
to General Relativity.

¢ Quintessence

The simplest extension beyond the cosmological constant is a scalar
field whose potential energy drives cosmic acceleration, in a fashion
similar to cosmic inflation. Dubbed quintessence, this corresponds
to the action of a scalar field, ¢, minimally coupled to gravity in
the presence of a potential:

S /d4x\/jg(]\?R _ %(8@2 V@) +Sn. QD)

where R is the usual Ricci tensor and S,, is the action for any matter
field present. This action leads to the usual Einstein equations with
an additional stress energy tensor sourced by the scalar field:

1 1

le - §guuR = Mipzl(T;rLatter + Tfu) (1'2)
where:
1
Ty = 040006 = 9 (5(99)” + V(9)), (1.3)

and T} is the matter stress energy tensor.

When considering a cosmological scenario, one employs the cosmo-
logical principle which postulates that, on cosmological scales, the
universe is homogeneous and isotropic. Various observations, such
as the uniformity of the CMB at large scales, support the Cosmolog-
ical principle to a very high degree. The metric for a homogeneous
and isotropic universe is then of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) form:

ds* = —dt* + a(t)*dz?, (1.4)
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where a(t) is dubbed the scale factor and encodes the time depen-
dent change of the spatial volume.

On this background the scalar field has a spatially homogeneous
profile, ¢ = ¢(t), and it behaves like a perfect fluid. The corre-
sponding equation of state parameter, defined as the ratio of the
pressure of the fluid and the density,w = P/p, has the following

form: )

140

¢* +2V(0)

where the dot stands for the derivative with respect to cosmic
time. The cosmological constant corresponds to an equation of
state parameter value wa = —1 hence, in order to fit the observed
expansion, wg ~ —1. This leads to the, so called, slow-roll condition
which corresponds to ¢? < V(¢). Asin the case of inflation sourced
by a slow rolling field, quintessence exhibits a vast phenomenology
due to the broad range of potentials one can construct and has
been deeply explored over the years.

f(R)

In the case of f(R), rather than explicitly introducing a field, one
modifies the Einstein-Hilbert part of the action. This makes it a
typical example of a modified gravity model. Its action takes on
the following form:

(1.5)

S @ /d%\/?g(R + F(R)) + Sim (1.6)

where f(R) is a function of the Ricci Scalar. The resulting modified
Einstein tensor which yields the following Einstein Equation [12]

(]- + fR)R;w - %gﬂU(R—'_f) + (g/_wD - v,uvl/)fR = LTZZZ (17)

Mgl
with fr being the derivative of the function f(R) with respect to
the Ricci scalar. The new Einstein equation is now higher order
in derivatives as it contains derivatives of fr which depends on
the Ricci scalar. This will promote one constraint to a dynamical
equation, hence introducing a scalar degree of freedom. We will
elaborate more on this at the end of this section.

It is now possible to isolate the new contributions in (1.7) and
interpret them as an effective fluid with stress energy tensor:
1

1
M2l Tszf/f = fRR;u/ - quz/f + (QW/D - Vuvu)fR- (18)
D
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and an effective equation of state:

1 2 H*fr—f/6—Hfr—fr/2

Weff = — = - , 1.9
3 3-H2fp— f/6—Hfr+ frR/6 9
where, H = %‘é—‘; is the Hubble parameter.

Interpreting the modification to gravity as an effective fluid clarifies
the way it can source acceleration as it provides a direct link to
traditional Dark Energy models. The tradeoff is that the distinction
between Dark Energy models and modified gravity models becomes
obscure, yet one must keep in mind that, the effects come purely
from the gravitational sector.

Let us now expose the presence of an additional scalar degree of

freedom in this theory [12] by taking the trace of (1.7 which yields:

dveff
dfr

This is the equation of motion of a scalar degree of freedom fg,
called the scalaron, with an effective potential V.

Ofr = %(R+2f—fRR+LT)E

(1.10)
M2

Concluding we would like to stress that the dark energy and modified
gravity models presented here are two standard examples. There are a
variety of ways to source acceleration, yet all of them introduce a scalar
d.o.f. regardless of the type of modification. For a deeper discussion into
the distinction between Dark Energy and Modified Gravity we refer the
reader to [13], where the authors try to enhance the definition with the
use of the Equivalence Principle.

1.3 The Effective Field Theory of DE/MG

The question of testing the validity of General Relativity has occupied the
scientific community for over 100 years. This has lead to GR surviving
a battery of tests ranging from Solar System to Galactic scales and
more. Yet, at cosmological scales, GR still remains largely untested. As
cosmology has entered the golden era of high accuracy data provided by
ESA and NASA missions, this is bound to change in the near future. On
the theoretical side, the quest to explain cosmic acceleration has led to a
wealth of models modifying GR at cosmological scales. Thus it becomes
crucial to develop methods which are capable of quantifying all possible
deviations from GR in a structured way as well as providing an efficient
framework to confront different extensions of gravity with observational
data.
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For gravitational models exhibiting an additional scalar degree of
freedom, a framework addressing these demands was constructed in Ref
|[14H16] under the name of “Effective Field Theory of Dark Energy and
Modified Gravity” (henceforth dubbed EFToDE/MG). At the core of
this approach lies the notion that dynamical cosmological perturbations
are the Goldstone modes of spontaneously broken time-translations,
in a fashion reminiscent of inflation where the breaking of de-Sitter
invariance introduces a Goldstone mode, the inflaton. Using techniques
of Effective Field Theories in Quantum Field Theory it is then possible
to construct the most general action describing linear perturbations
around the symmetry-breaking background. This was initially done in
the context of Inflation |17] and Quintessence [1§], and subsequently
applied to cosmic acceleration.

The major strength of the EFToDE/MG lies in the fact that, besides
being able to parametrise all possible deviations from General Relativity
in a complete set of operators, it also provides a “Unifying” framework.
The latter implies that each individual model corresponds to a subset of
operators and can be studied within the framework.

In order to construct the action one needs to make the following
considerations.

e The Weak Equivalence Principle (WEP) is to hold. This implies
that all the matter species are universally coupled to the same
metric g,,,,. In order to simplify the inclusion of matter we choose
to work in the Jordan frame. This frame choice dictates that the
matter fields are not coupled to the scalar field.

e Additionally, we choose a particular time slicing where each equal
time hypersurface corresponds to a uniform field hypersurface. This
sets the fluctuations of the scalar field to zero and sets the, so called,
unitary gauge. This gauge is a familiar concept from the standard
model where one can set it in order to absorb the Higgs d.o.f. into
the gauge field. In this case the unitary gauge makes the breaking
of time-translations manifest thus leaving the unbroken spatial
diffeomorphisms as residual symmetries.

Having taken these considerations, one can now construct the most gen-
eral action based on operators satisfying the residual gauge symmetries.
In order to facilitate this procedure and identify the relevant geometrical
terms, a 341 space and time decomposition will be employed[19]. This
decomposition identifies two key quantities on the constant time hyper-
surfaces: the normal vector n, and the induced 3-dimensional metric
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huy = guw + nyuny. This leads to the following general form:

S = /d41}\/7 00 K# KVK“ R, R, R R'Lw t} +Sm[g;unwi]7

(1.11)
where R, and K} = hfV ,n# are the intrinsic and extrinsic curvatures
of the constant-time hypersurfaces respectively. The matter fields ¢* are
universally coupled to the same Jordan metric as dictated by the WEP.
As the EFT strictly modifies the gravitational sector we will proceed to
neglect the matter fields in the rest of this introductory Chapter. Their
inclusion will be significant in Chapter 3 and we refer the reader to that
Chapter for their complete treatment.

Out of the set of operators, three contribute to the background. The
corresponding action is then, where the Planck Mass is denoted as mg:

S = /d%f C(1+ Q)R+ Al) — c(t)(sgoo} (1.12)

Note the presence of explicit time dependent functions, multiplying the
curvature terms, dubbed “EFT functions” and of §g°° = ¢(°®) 4+ 1. Both
are now allowed due to the breaking of time-translation invariance, in con-
trast to regular GR. The functions Q(¢) and A(t) are the, time dependent,
conformal coupling to the Ricci Scalar and the Cosmological constant,
respectively. This action leads to the following Einstein Equations, while
neglecting matter, which determine the background:

3HOmMZ — 2+ 3H*m2(1+Q) +A =0,
SH?m2(1+ Q)+ 2Hm3(1+ Q) + 2m2HQ +mZQ + A = 0.
(1.13)

Finally, the complete action describing linear perturbations around the
time-translation breaking background is the following

2 4
S® = /d49€\/—9 [";0(1 + Q)R+ A(t) — c(t)5g” + MQ( ) (5%)?
—q — - -y
_M12(t) 6g()06K _ M22(t) (5K)2 _ M3 (t) 5K#5KZ + M2(t) (Sg()()(SR

m3(t)h" 9,9°°0,g"] . (1.14)
The choice of the unitary gauge in the above action guarantees that the
scalar d.o.f. has been absorbed by the metric, hence it does not appear

explicitly in the action. One could make it manifest by applying the so
called “Stiickelberg technique” [14} |15]. In this thesis we will stick to the
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unitary gauge, yet the results obtained will be applicable in other gauges
as well.

The “effective” and “unifying” aspects of the EFToDE/MG make it
ideal in order to aid the endeavour to confront the gravitational landscape
with cosmological data. In order to achieve this, the EFToDE/MG
framework was recently implemented into the Einstein-Boltzmann solver
CAMB [20| 21| via the EFTCAMB patch [22H24]. This then allows users
to do an agnostic exploration in the pure EFT mode or study individual
models through the mapping EFT mode. In this thesis we will show
how both aspects are important when approaching the vast landscape of
theories which extend GR.

As a final comment it is important to stress that it is possible to include
derivatives of the geometrical objects. This has not been done in this
initial setup as it will introduce higher-order time derivatives. These
higher order time derivatives risk the introduction of ghosts through
the Ostrogradsky instability [25]. In [26] the newly developed DHOST
theories|27), |28], which are free of the Ostrogradsky ghost, have been
incorporated in this setup by introducing an operator with higher order
time derivatives. This case will not be taken into consideration in the
remainder of this thesis.

1.4 Stability in the language of Effective
Field Theories

1.4.1 The Ghost Instability

A common pathology encountered in EFTs is the presence of ghosts,
fields with negative energy quanta or negative norm. This typically
corresponds to a field with the wrong sign for the kinetic term. In a
vacuum this does not pose a problem for the theory as the sign is purely
a matter of convention. The sign of the kinetic term does matter when
one couples the ghost field with another field, which has the opposite sign
as a change of convention will not alleviate the issue. A simple example
is the following action of two scalar fields:

L= @07 - T L@07 - Tep P (L15)
2 2 2 2
Here the field ¢ has the wrong sign and is directly coupled with the
field ¢ with interaction strength A . This lead to an unstable vacuum as
it is sensitive to the spontaneous decay 0 — ¢¢ + 1 which costs zero
energy and has an infinite decay rate[29] [30].



1 Introduction

1.4.2 The Gradient Instability

In a similar way as the ghost fields appear due to a wrong sign of the
kinetic term, the gradient instability manifests itself when a field has
the wrong sign for its gradient term, i.e. the term containing spatial
derivatives of the field. This leads to modes that grow fast leading to
instabilities in the theory as we shall show. Let us consider the following
scalar field, in Fourier space, with a general speed of sound:

1 2

L=_x*—c

1 2
S — 5 () (1.16)

Obviously the field is not Lorentz-Invariant when the speed of sound
differs from 1. The solutions for the wave equation of this field are the
following

Xk ~ et (1.17)

with w = y/c2k2. When the speed of sound is imaginary, the sign of the
gradient term flips, resulting in the following unbounded solutions:

Xk ~ et (1.18)

with a typical timescale of 7 ~ 1/(csk). Within the language of effective
field theories this implies that, for modes below the energy cutoff A,
an instability will arise if the system is allowed to evolve long enough.
Additionally, the modes most sensitive are the ones with the highest-
energy.

Within cosmology and in particular DE/MG the appearance of gradient
instabilities are a common occurence and are thus one of the first tests
a theory has to pass to be considered viable. In that case the typical
timescale of the universe is taken to be the Hubble time and thus the
inverse rate of instability is not allowed to exceed this timescale. As
was shown in [18] it is possible, when considering a theory with higher
order derivatives, to have a gradient instability for a finite range of modes
which evolve over scales larger than the Hubble scale and thus do not
create an unviable theory. In order to avoid unecessarily constraining
such a theory we consider in the rest of this manuscript only the leading
order term of the speed of sound and demand it to have the correct sign.

1.4.3 The Tachyonic Instability

Finally a, rather, underemphasized pathology in Effective Field Theories
is the tachyonic instability. This instability appears at large scales and
is sourced by a mass term with a wrong sign. Thus its behaviour is
analogous to the gradient instability but on large scales, as will become



1.5 Summary of this thesis

clear below. We consider again a scalar field but now with a mass term
and in the large scale limit, we ignore the gradient term:
1 51

L= §>'<2 —m §(X)2 (1.19)

The solutions for the field are now of the same form as for the gradient
instability: ‘
Y ~ et (1.20)

but now we have w = v/m2. When the mass of the field is imaginary,
we have again unbounded solutions due to the appearance of the square
root:

Xk ~ eFmt, (1.21)

As before this instability comes with a characteristic timescale 7 ~ m™1.

A clear distinction with the gradient instability is that here the timescale
is not scale dependent. This implies that high-energy modes which
satisfy m < k < A are insensitive to the tachyonic instability and thus
the theory in itself is not a-priori ill-defined. Rather, the tachyonic
instability can be seen as a statement on the vacuum or, analogously, the
cosmological background one is perturbing around. When one encounters
this instability one has not chosen the true vacuum/background of the
model under study. There is a well known example of this in the the
Standard model, namely the the Higgs field which appears as a tachyon.

In the field of Dark Energy and Modified Gravity the study of the
tachyonic instability has not been a high priority in the literature. While
we argued that its appearance does not signify that the theory is ill-
defined it is important to consider it for the following reasons. When
one confronts a theory with cosmological data one requires initially the
behaviour of the background and subsequently the perturbations to match
our observed universe. Hence, when a tachyonic instability occurs on a
cosmologically viable background, it is impossible to reconcile both the
background and the perturbations with observations, rendering the model
unviable from a cosmological rather than a stability perspective. In the
remainder of this thesis the tachyonic instability will play an important
role in completing the set of conditions, furthering the goal of answering
the main question of this thesis .

1.5 Summary of this thesis

1.5.1 Chapter 2

In this Chapter we proceed to expand the EFToDE/MG to include
Lorentz-violating theories of modified gravity. In particular we focus
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on the theory of high-energy Hotava gravity which has drawn much
attention due to it being simultaneously a quantum gravity and a cosmic
acceleration candidate. This leads to an action which encompasses a set
of 6 additional operators , on top of the original construction, in order to
be able to cover the additional signatures.

Having established the new, expanded, action we construct a compre-
hensive dictionary which provides the means to map a particular theory
into the EFT. This is of importance as, besides being the most general
action capturing deviations from GR, the EFT provides a unifying frame-
work which allows models to be studied in its language. The dictionary
covers models like f(R), Horndeski, beyond Horndeski and the newly
added Hotava gravity.

In the final part of this Chapter we start to address the main ques-
tion of this thesis by doing a comprehensive stability analysis of the
EFToDE/MG, while neglecting matter. In any realistic scenario matter
is present during cosmic acceleration but the choice to neglect it simplifies
the problem and is usually made due to the fact that the energy budget
of our universe is DE dominated. Based on these assumptions, we obtain
a set of conditions guaranteeing the absence of ghost, gradient and tachy-
onic instabilities. These conditions are not universal but were derived for
all available subcases such as beyond Horndeski, Hotava gravity and so
on.

This Chapter is based on [31]: An Extended action for the effective field
theory of dark energy: a stability analysis and a complete guide to the
mapping at the basis of EFTCAMB with N. Frusciante and A. Silvestri.

1.5.2 Chapter 3

In Chapter 2 the stability of the EFToDE/MG was studied in a vacuum,
i.e. neglecting matter. In the present Chapter we present a generalisation
of this result where we redo the calculation in the presence of radiation
and Cold Dark Matter(CDM), i.e. presureless, fluids. This significantly
complicates the problem at hand as the gravitational interaction cou-
ples the different degrees of freedom in a variety of ways, making the
identification of the relevant quantities problematic.

Initially we focus on the Ghost and Gradient instabilities. We choose
to model the fluids with the Sorkin-Schutz action, which comes with a
number of advantages covered in the main text. As before, a number of
subcases need to be considered and studied individually which are then
compared with the previously established results. With the exception
of the beyond Horndeski models, matter turns out not to significantly
alter previously established results, partially vindicating the simplifying
assumptions made in previous works.

10
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Moving further, we tackle the main goal of the chapter, namely to study
the tachyonic instability in the presence of matter. In order to achieve
this we proceed to consider only a single matter field, as the multiple
stages required in this calculation become increasingly untractable when
including additional degrees of freedom. At the end we present the main
novel result of this thesis, the two new conditions required to avoid the
tachyonic instability when the EFToDE/MG includes the presence of the
main matter component of our universe, CDM. These conditions will be
the main topic of study in Chapter 5.

This Chapter is based on [32]: On the stability conditions for theories
of modified gravity in the presence of matter fields with A. De Felice and
N. Frusciante.

1.5.3 Chapter 4

The future of our universe, if cosmic acceleration keeps on acting without
significant alterations, is expected to be a de-Sitter like end state. In this
end state the Hubble parameter becomes a constant and matter has been
diluted away. This motivation lies behind the main topic of this chapter,
the EFToDE/MG in the de-Sitter limit.

Guided by the question lying at the basis of this thesis we perform a
stability analysis of the EFToDE/MG in the de Sitter limit. As before,
this leads to a set of conditions for different subcases such as beyond
Horndeski. Additionally, we manage to solve the equations of motion
analytically due to their simplicity. These results, while done in the
context of DE/MG, also hold for the EFT of Inflation and can be freely
applied.

Parallel to the study of the curvature perturbation described above,
we construct a gauge-invariant quantity describing the DE/MG variable
and derive the corresponding conditions. We do this as a test to check
the validity of the original conditions, which were derived for a gauge
dependent variable. This study lead us to conclude that once one set of
conditions is satisfied the other one will be instantly satisfied as well, a
result both expected and welcomed.

This Chapter is based on [33|: de Sitter limit analysis for dark energy
and modified gravity models with A. De Felice and N. Frusciante.

1.5.4 Chapter 5

The final chapter of this thesis is distinct from the others as, rather than
deriving viability conditions, we proceed to test them. In particular we
aim to test the novel conditions forbidding tachyonic instabilities, derived
in Chapter 3. The ghost and gradient conditions have been employed in
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1 Introduction

previous work in the literature so, while included, we will not focus on
their contribution.

In order to proceed we employ the code EFTCAMB, a patch adding
the EFToDE/MG formalism to the Einstein Boltzmann solver CAMB,
thus allowing us to study the cosmologies of different theories. Before
this work, EFTCAMB already included the subset of ghost and gradient
conditions yet lacked the tachyonic conditions. In order to deal with this
deficiency and avoid diverging perturbations at large scales, it employs
a set of ad-hoc mathematical conditions derived from the equation of
motion of the scalar field. It is therefore these mathematical conditions
to which the tachyonic conditions will be compared.

By studying a large ensemble of models we manage to achieve this
comparison showing that the tachyonic conditions have an equivalent
or stronger constraining impact than the ad-hoc math conditions. The
parameters we took under consideration are the well known p and X
which encode the deviations from GR in the gravitational Poisson and
lensing equation respectively. In some cases, such as the Brans-Dicke
models a visible impact was seen. This led to the first work where it
was possible to exclude models, at large scales, based on theoretical
considerations without resorting to ad-hoc conditions which suffer from
severe limitations.

This Chapter is based on [34]: The role of the tachyonic instability in
Horndeski gravity with N. Frusciante, S. Peirone and A. Silvestri.

12



2 An Extended action for the
effective field theory of dark
energy: a stability analysis
and a complete guide to the

mapping at the basis of
EFTCAMB

2.1 Introduction

In the present Chapter we propose an extension of the original EFT
action for DE/MG |14} 15] by including extra operators with up to sixth
order spatial derivatives acting on perturbations. This will allow us to
cover a wider range of theories, e.g. Hofava gravity [35] [36], as shown
in Refs. [37539). The latter model has recently gained attention in the
cosmological context [39-58], as well as in the quantum gravity sector [35]
36} [59H61], since higher spatial derivatives have been shown to be relevant
in building gravity models exhibiting powercounting and renormalizable
behaviour in the ultra-violet regime (UV) [6264].

We will work out a very general recipe that can be directly applied to
any gravity theory with one extra scalar d.o.f. in order to efficiently map
it into the EFT language, once the corresponding Lagrangian is written
in the Arnowitt-Deser-Misner (ADM) formalism. We will pay particular
attention to the different conventions by adapting all the calculations to
the specific convention used in EFTCAMB, in order to provide a ready-
to-use guide on the full mapping of models into this code. This method
has already been used in Refs. [37] |65] and here we will further extend it
by including the operators in our extended action. Additionally, we will
revisit some of the already known mappings in order to accommodate the
EFTCAMB conventions. Moreover, we will present for the first time the
complete mapping of the covariant formulation of the GLPV theories [66|
67] into the EFT formalism. Subsequently, we will perform a detailed
study of the stability conditions for the gravity sector of our extended

13



2 An extended action for the EFToDE/MG

EFT action. For a restricted subset of EFT models such an analysis can
already be found in the literature |14} [15, 65} |67} [68]. Doing this analysis
will allow us to have a first glimpse at the viable parameter space of
theories covered by the extended EFT framework and to obtain very
general conditions to be implemented in EFTCAMB. In particular, we
will compute the conditions necessary to avoid ghost instabilities and to
avoid gradient instabilities, both for scalar and tensor modes. We will
also present the condition to avoid tachyonic instabilities in the scalar
sector. Finally, we will proceed to extend the ReParametrized Horndeski
(RPH) basis, or a-basis, of Ref. [69] in order to include all the models of
our generalized EFT action. This will require the introduction of new
functions and we will proceed to comment on their impact on the kinetic
terms and speeds of propagation of both scalar and tensor modes.

The work in this Chapter is based on [31]: An Extended action for the
effective field theory of dark energy: a stability analysis and a complete
guide to the mapping at the basis of EFTCAMB with N. Frusciante and
A. Silvestri. In Section[2:2] we propose a generalization of the EFT action
for DE/MG that includes all operators with up to six-th order spatial
derivatives. In Section we outline a general procedure to map any
theory of gravity with one extra scalar d.o.f., and a well defined Jordan
frame, into the EFT formalism. We achieve this through an interesting,
intermediate step which consists of deriving an equivalent action in the
ADM formalism, in Section [2.3.2] and work out the mapping between
the EFT and ADM formalism, in Section In order to illustrate the
power of such method, in Section [2.4] we provide some mapping exam-
ples: minimally coupled quintessence, f(R)-theory, Horndeski/GG, GLPV
and Horava gravity. In Section we work out the physical stability
conditions for the extended EFT action, guaranteeing the avoidance of
ghost and tachyonic instabilities and positive speeds of propagation for
tensor and scalar modes. In Section we extend the RPH basis to
include the class of theories described by the generalized EFT action
and we elaborate on the phenomenology associated to it. The last two
sections are more or less independent, so the reader interested only in one
of these can skip the other parts. Finally, in Section we summarize
and comment on our results.

2.2 An extended EFT action

The EFT framework for DE/MG models, introduced in Refs. |14} [15],
provides a systematic and unified way to study the dynamics of linear
perturbations in a wide range of DE/MG models characterized by an
additional scalar d.o.f. and for which there exists a well defined Jordan
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2.2 An extended EFT action

frame [10, |11}, [70H73]. The action is constructed in the unitary gauge
as an expansion up to second order in perturbations around the FLRW
background of all operators that are invariant under time-dependent
spatial-diffeomorphisms. Each of the latter appear in the action accom-
panied by a time dependent coefficient. The choice of the unitary gauge
implies that the scalar d.o.f. is “eaten” by the metric, thus it does not
appear explicitly in the action. It can be made explicit by the Stiikelberg
technique which, by means of an infinitesimal time-coordinate transfor-
mation, allows one to restore the broken symmetry by introducing a
new field describing the dynamic and evolution of the extra d.o.f.. For a
detailed description of this formalism we refer the readers to Refs. |14,
150 [65], |74} (75]. In this Chapter we will always work in the unitary gauge.

The original EFT action introduced in Refs. |14} [15], and its follow ups
in Refs. |65, [75H77], cover most of the theories of cosmological interest,
such as Horndeski/GG [78} [79], GLPV [66] and low-energy Hofava |35]
36]. However, operators with higher order spatial derivatives are not
included. On the other hand, theories which exhibit higher than second
order spatial derivatives in the field equations have been gaining attention
in the cosmological context [37} 38, |53, (64, [76], moreover, they appear to
be interesting models for quantum gravity as well |35} 36, 59-62]. As long
as one deals with scales that are sufficiently larger than the non-linear
cutoff, the EFT formalism can be safely used to study these theories. In
the following, we propose an extended EFT action that includes operators
up to sixth order in spatial derivatives:

Sgrr = /d4x\/jg [ng(l + Q)R+ A(t) — c(t)5g” + —Mi(t) (69°)2

M3 M2 M? M?
s (t
+m2(t)h" 9,90, 9" + m5T()5R5K + A (H)(OR)? + Ao (t)SRESRY,
+A3(t) ORIV ,0,6% + Aa(t)h* 9,,9°°V?8,, 6% + A5 ()" V , RV, R
+X6 (1)WY, Rii VL, RY + A7 (t)h# 0,67V 0, g%
(

+As (R VPRV ,0,9%] (2.1)

where m3 is the Planck mass, g is the determinant of the four dimensional
metric g, " = (¢" + ntn”) is the spatial metric on constant-time
hypersurfaces, n, is the normal vector to the constant-time hypersur-
faces, 6¢°° is the perturbation of the upper time-time component of
the metric, R is the trace of the four dimensional Ricci scalar, R,
is the three dimensional Ricci tensor and R is its trace, K,, is the
extrinsic curvature and K is its trace and V2 = V,V#* with V,, be-
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2 An extended action for the EFToDE/MG

ing the covariant derivative constructed with g,,. The coeflicients
{Q, A, e, M}, M3, M2, M2, M2, m3,ms, \i} (with i = 1 to 8) are free
functions of time and hereafter we will refer to them as FFT functions.
{Q, A, ¢} are usually called background EFT functions as they are the
only ones contributing to both the background and linear perturbation
equations, while the others enter only at the level of perturbations. Let
us notice that the operators corresponding to ms, A1 2 have already been
considered in Ref. [65], while the remaining operators have been intro-
duced by some of the authors of this paper in Ref. [39], where it is shown
that they are necessary to map the high-energy Horava gravity action [64]
in the EFT formalism.

The EFT formalism offers a unifying approach to study large scale
structure (LSS) in DE/MG models. Once implemented into an Einstein-
Boltzmann solver like CAMB |20], it clearly provides a very powerful
software with which to test gravity on cosmological scales. This has
been achieved with the patches EFTCAMB/EFTCosmoMC, introduced
in Refs. [2224]. This software can be used in two main realizations:
the pure EFT and the mapping EFT. The former corresponds to an
agnostic exploration of dark energy, where the user can turn on and
off different EFT functions and explore their effects on the LSS. In the
latter case instead, one specializes to a model (or a class of models, e.g.
f(R) gravity), maps it into the EFT functions and proceed to study the
corresponding dynamics of perturbations. We refer the reader to Ref. [80]
for technical details of the code.

There are some key virtues of FFTCAMB which make it a very
interesting tool to constrain gravity on cosmological scales. One is
the possibility of imposing powerful yet general conditions of stability
at the level of the EFT action, which makes the exploration of the
parameter space very efficient [23]. We will elaborate on this in Section
Another, is the fact that a vast range of specific models of DE/MG can
be implemented ezxactly and the corresponding dynamics of perturbations
be evolved, in the same code, guaranteeing unprecedented accuracy and
consistency.

In order to use EFTCAMB in the mapping mode it is necessary to
determine the expressions of the EFT functions corresponding to the
given model. Several models are already built-in in the currently public
version of EFTCAMB. This Chapter offers a complete guide on how to
map specific models and classes of models of DE/MG all the way into
the EFT language at the basis of EFTCAMB, whether they are initially
formulated in the ADM or covariant formalism; all this, without the need
of going through the cumbersome expansion of the models to quadratic
order in perturbations around the FLRW background.
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2.3 From a General Lagrangian in ADM formalism to the EFToDE/MG

2.3 From a General Lagrangian in ADM
formalism to the EFToDE/MG

In this Section we use a general Lagrangian in the ADM formalism which
covers the same class of theories described by the EFT action (2.1). This
will allow us to make a parallel between the ADM and EFT formalisms,
and to use the former as a convenient platform for a general mapping
description of DE/MG theories into the EFT language. In particular, in
Section we will expand a general ADM action up to second order
in perturbations, in Section we will write the EFT action in ADM
form and, finally, in Section [2.3:3] we will provide the mapping between
the two.

2.3.1 A General Lagrangian in ADM formalism

Let us introduce the 3+1 decomposition of spacetime typical of the ADM
formalism, for which the line element reads:

ds® = —N?dt* + h;j(dz" + N'dt)(dz? + N7dt), (2.2)

where N(t,2°) is the lapse function, N*(¢,z%) the shift and h;; (¢, z%)
is the three dimensional spatial metric. We also adopt the following
definition of the normal vector to the hypersurfaces of constant time and
the corresponding extrinsic curvature:

N, = Noo, K., = h;\LVAn,,. (2.3)

The general Lagrangian we use in this Section has been proposed in
Ref. [37] and can be written as follows:

L=L(N,R,S,K,Z,U, 21, 25, 01,02, 03,004, 55 t) ,  (2.4)
where the above geometrical quantities are defined as follows:

S=K,K", Z=R,R" U=TRuK", Z =VRV'R,
Zg = ViRjkV"Rjk , 1 = aiai , Qg = aiAai , O3 = Rviai s
as = a; A%, a5 = ARV;d, (2.5)

with A = V,, V¥ and a' is the acceleration of the normal vector, ntVn,.
V. and V}, are the covariant derivatives constructed respectively with
the four dimensional metric, g, and the three metric, h;;.

The operators considered in the Lagrangian allow to describe
gravity theories with up to sixth order spatial derivatives, therefore the
range of theories covered by such a Lagrangian is the same as the EFT
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2 An extended action for the EFToDE/MG

action proposed in Section The resulting general action, constructed
with purely geometrical quantities, is sufficient to cover most of the
candidate models of modified gravity [10} |11} [7073].

We shall now proceed to work out the mapping of Lagrangian
into the EFT formalism. The procedure that we will implement in the
following retraces that of Refs. |37, |65]. However, there are some tricky
differences between the EFT language of Ref. [65] and the one at the basis
of EFTCAMB |22, [23]. Most notably the different sign convention for
the normal vector, n,, and the extrinsic curvature, K, (see Eq. ),
a different notation for the conformal coupling and the use of 5¢°° in the

action instead of ¢°°, which changes the definition of some EFT functions.

It is therefore important that we present all details of the calculation
as well as derive a final result which is compatible with EFTCAMB. In
particular, the results of this Section account for the different convention
for the normal vector.

We shall now expand the quantities in the Lagrangian in terms
of perturbations by considering for the background a flat FLRW metric
of the form:

ds® = —dt* + a(t)?6;;dx'da’, (2.6)

where a(t) is the scale factor. Therefore, we can define:

6K,, = Hh,, + K,,, 0S=8—3H>= -2HSK + §K!5K"

oo

0K =3H+ K, 0U=-HIR+JK/IK,, oda1= Qi 6NO'SN |

dag = ;0NV,VFOON | Saz = RV;0'0N, day = O;0NA%6N |

Sas = A’RV,0'6N, 02 = VidRVOR, 82y = V0R;x V' 6RI*

2.7)

where H = a/a is the Hubble parameter and d,, is the partial derivative
w.r.t. the coordinate x*. The operators R, Z and U vanish on a flat
FLRW background, thus they contribute only to perturbations, and for
convenience we can write R = dR = 1R+ 02R, Z =02, U = U, where
1R and 02R are the perturbations of the Ricci scalar respectively at
first and second order. We now proceed with a simple expansion of the
Lagrangian up to second order:

5
0L = L+ LNON + Li6K + Ls6S + LroR + LysU + Lz6Z + Y La,dc;

=1

2 2
1
+ ) Lgi(SZi—&-<5Na+6K8+688+6R8+6L{6> L

2 ON 0K oS OR ou

i=1
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where L is the Lagrangian evaluated on the background and Lx = dL/0X
is the derivative of the Lagrangian w.r.t the quantity X. It can be shown
that by considering the perturbed quantities in and, after some
manipulations, it is possible to obtain the following expression for the
action up to second order in perturbations:

_ . . . 1
Supy = /d4x\/—g [L+f+3HF+ (Lny — F)ON + <f+ 2LNN> (6N)?
1
+ LsOK[ 0K} + 5A((SK)2 + BSNSKCSKOR + DINGR + E6R

+ %g(an)2 + Lz6RERY, + Lo, 0;6NO'SN + Lo, ;6 NV V*9'6N

Lo, RV ;00N + Lo, 0;6 NA2O'ON + Lo, ARV 00N
+ Lz VidRVSR + Lz,V;6R;,V6RI*] | (2.9)

_|_

where:

A= Lgg +4H?Lss — 4H gy,
B=Lgy—2HLgsn,

1
C=Lgr—2HLsr+ iLu — HLgy +2H?Lsy,

1.
D=Lyr + §Lz,{ — H Ly,

3 1.

F =Lk —2HLs,
G=Lrgr + H?*Lyy — 2HLRry. (2.10)

Here and throughout the Chapter, unless stated otherwise, dots indicate
derivatives w.r.t. cosmic time, t. The above quantities are general
functions of time evaluated on the background. In order to obtain
action , we have followed the same steps as in Refs. [37]|65], however,
there are some differences in the results due to the different convention
that we use for the normal vector (Eq. ) As a result the differences
stem from the terms which contain K and K,,. More details are in
Appendix where we derive the contribution of § K and S, and in
Appendix where we explicitly comment and derive the perturbations
generated by U.

Finally, we derive the modified Friedmann equations considering the
first order action, which can be written as follows:

SO, = / d'z [6VR(L+BHF + F) + *(Ly + 3HF + L)SN + a’€0,R]
(2.11)
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where 6;R is the contribution of the Ricci scalar at first order. Notice
that we used /=g = N+v/h, where h is the determinant of the three
dimensional metric. It is straightforward to show that by varying the
above action w.r.t. 6N and dv/h, one finds the Friedmann equations:

Ly +3HF +L=0,
L+3HF +F=0. (2.12)

Hence, the homogeneous part of action (2.9)) vanishes after applying the
Friedmann equations.

2.3.2 The EFT action in ADM notation

We shall now go back to the EFT action and rewrite it in the ADM
notation. This will allow us to easily compare it with action and
obtain a general recipe to map an ADM action into the EFT language.
To this purpose, an important step is to connect the §¢°° used in this
formalism with § N used in the ADM formalism:

1
gooz_ﬁ = 142N —3(6N)? + ... = -1+ ¢, (2.13)

from which follows that (6g°°)? = 4(6N)? at second order. Considering
the Egs. (2.7) and (2.13), it is very easy to write the EFT action in terms
of ADM quantities, the only term which requires a bit of manipulation

s (1 + Q(¢))R, which we will show in the following. First, let us use
the Gauss-Codazzi relation [19] which allows one to express the four
dimensional Ricci scalar in terms of three dimensional quantities typical
of ADM formalism:

R=R+ K, K" — K?+2V,(n"V,n" — n"V,n"). (2.14)

Then, we can write:
/d%«ﬁ C14+ Q)R /d4x\/7 2(149) [R+ K K" — K?
+2V, (n"V, nt —nkV,n")],

/d‘*xf 21+ [R+S-K*+2V, (n"K —a")],

/d%f{ (1+Q)(R+87K2)+mOQK
(2.15)

20



2.3 From a General Lagrangian in ADM formalism to the EFToDE/MG

where in the last line we have used that V”a, = 0. Proceeding as usual
and employing the relation (2.139)), we obtain:

/d‘*:c\ﬁ C1+ Q)R /d‘*z\ﬁmo{ (1+QR+3H*(1+9Q)

F2H (14 Q) + 2HO + O + [HQ —2H(1+Q) - Q} SN

_OSKGSN + MTQ)(SK,%KZ _a ; Y (5K2

+ {2H(1 +Q) +2HO + € — SHQ} ((5N)2} .
(2.16)

Finally, after combining terms correctly, we obtain the final form of the
EFT action in the ADM notation, up to second order in perturbations:

SEFT:/d4$\/ { 014+ Q)R+ 3H*m2(1 + Q) + 2Hm(1 + Q)

+2m2HQ + m2Q + A + [Hng —2Hmi(1 + Q) — Om?2 — 20} ON
(3 + NP)SKON + 2 [md(1 + ) — N3] SKESK — - [m3(1+ )

+N2] (5K)? + N?6NOR + [2Hm(2)(1 + Q)+ Om2 — Hm2Q + 3¢
+2M2] (N)? + 4m3h 8,0N D, 0N + —5R5K + AL(OR)?

FA20RESRY, 4 2X30Rh*'V ,0, 6N + 4)\4h“”8#6NV28,,5N
+AshV RV LR + A6h*' YV RijV, RY + ANk 0,6 NV*0, 6N
+2Xsh*' VPRV ,0,6N } . (2.17)

This final form of the action will be the starting point from which we will
construct a general mapping between the EFT and ADM formalisms.

2.3.3 The Mapping

We now proceed to explicitly work out the mapping between the EFT
action and the ADM one . The result will be a very convenient
recipe in order to quickly map any model written in the ADM notation
into the EFT formalism. In the next Section we will apply it to most
of the interesting candidate models of DE/MG, providing a complete
guide on how to go from covariant formulations all the way to the EFT
formalism at the basis of the Einstein-Boltzmann solver EFTCAMB |22,
23).
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A direct comparison between actions and (| allows us to
straightforwardly identify the following:

2 . . .
%(HQ):g, —2¢+m3 {—ZH(H—Q)—SH—HQ} =Ly - F,

A+m2 [3H2(1+Q)+2H(1+Q)+2HQ+Q} =L+3HF+ F,

: L
m3[2H(1+Q) HQ+Q}+2M2+3C_I+%
M) - MF=A M=T. —mi-Mp=B ™ —c

. m2 M2
M? =D, 2(1+Q)—7_L5, 4m3 = La,, As =1Lz, 4\;= Lo,
2)\3 = Lag, 4)\7 - La4, 2)\8 - L(Xs? AQ = LZy )\6 = LZ2.

(2.18)

It is now simply a matter of inverting these relations in order to obtain
the desired general mapping results:

Q)= 26— c(t)zé(f—LNH(Hé—é_ng),
mo

A(t) =L+ F+3HF — (6H?E + 28 +4HE +4HE),  M3(t) = —A - 2€,

L _ . _

My(h) = 5 (LN+];]V> —g, MP(t)=-B—2€,  Mi(t)=—2Ls+2E
2 _ LOél — _ 72 _ _ g
my(t) = =5, ms(t) =20,  MA)=D,  A()=7,

(2.19)

Let us stress that the above definitions of the EFT functions are very
useful if one is interested in writing a specific action in EFT language.
Indeed the only step required before applying , is to write the
action which specifies the chosen theory in ADM form, without the need
of perturbing the theory and its action up to quadratic order.

The expressions of the EFT functions corresponding to a given model,
and their time-dependence, are all that is needed in order to implement
a specific model of DE/MG in EFTCAMB and have it solve for the
dynamics of perturbations, outputting observable quantities of interest.
Since EFTCAMB uses the scale factor as the time variable and the
Hubble parameter expressed w.r.t conformal time, one needs to convert
the cosmic time ¢ in the argument of the functions in Eq. into
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the scale factor, a, their time derivatives into derivatives w.r.t. the scale
factor and transform the Hubble parameter into the one in conformal
time 7, while considering it a function of a, see Ref. [80]. This is a
straightforward step and we will give some examples in Appendix [2:10]

Let us conclude this Section looking at the equations for the background.
Working with the EFT action, and expanding it to first order while using
the ADM notation, one obtains:

2
Sprr = /d‘*w {a?’”;o (1+ Q) 5iR + [3H2m3 (1 + ) + 2Hm3 (1 +9)

+ 2mBHQ +m0 + A VA + a® [3HOmE - 20+ 3Hmi (1 + Q)
+ AJON}, (2.20)

therefore the variation w.r.t. N and 6v/h yields:

3HOmME — 2+ 3H*m2(1+ Q) +A =0,
SH*m2(14 Q)+ 2Hm2(1 + Q) +2m2HQ + m2Q + A = 0.
(2.21)

Using the mapping , it is easy to verify that these equations corre-
spond to those in the ADM formalism . Once the mapping
has been worked out, it is straightforward to obtain the Friedmann
equations without having to vary the action for each specific model.

2.4 Model mapping examples

Having derived the precise mapping between the ADM formalism and
the EFT approach in Section we proceed to apply it to some
specific cases which are of cosmological interest, i.e. minimally coupled
quintessence [71], f(R) theory [11], Horndeski/GG |78, [79], GLPV [66]
and Hofava gravity [64]. The mapping of some of these theories is
already present in the literature (see Refs. |14} |15| [39, 65| {74} 75] for
more details). However, since one of the main purposes of this work
is to provide a self-contained and general recipe that can be used to
easily implement a specific theory in EFTCAMB, we will present all the
mapping of interest, including those that are already in the literature due
to the aforementioned differences in the definition of the normal vector
and some of the EFT functions. Let us notice that the mapping of the
GLPV Lagrangians in particular, is one of the new results obtained in
this work.
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2.4.1 Minimally coupled quintessence

As illustrated in Refs. |14} |15, |75], the mapping of minimally coupled
quintessence [71] into EFT functions is very straightforward. The typical
action for such a model is of the following form:

so= [atev=g ["R-Jrens-vie] . e

where ¢(t,z%) is a scalar field and V() is its potential. Let us proceed
by rewriting the second term in unitary gauge and in ADM quantities:

_¢32(t) g0 = (Z%\(f? : (2.23)

1
_iguya;ﬂﬁaﬂb —

where ¢o(t) is the field background value. Substituting back into the
action we get, in the ADM formalism, the following action:

Sy = /d‘*wfg{";g [R+8 - K2 + %éi(t) — V(¢o)} , (2.24)

where we have used the Gauss-Codazzi relation to express the
four dimensional Ricci scalar in terms of three dimensional quantities.
Now, since the initial covariant action has been written in terms of ADM
quantities, we can finally apply the results in Eqgs. to get the EFT
functions:
_ _ % _ %

Q(t) =0, c(t) = == Alt) = 3~ Vigo)- (2.25)
Notice that the other EFT functions are zero. In Refs. |14, [15] the above
mapping has been obtained directly from the covariant action while our
approach follows more strictly the one adopted in Ref. [75]. However, let

us notice that w.r.t. it, our results differ due to a different definition of
the background EFT functions[f]

*The background EFT functions adopted here are related to the ones in Ref. |75],
by the following relations:

1+ Q(t) = f(t), A(t) = —A@t) +c(t), c(t) = é&(t). (2.26)

where f and tildes quantities correspond to the EFT functions in Ref. |[75|. These
differences are due to the fact that in our formalism we have in the EFT action the
term —cdg%0 while in the other formalism the authors use —&g%%, therefore an extra,
contribution to A from this operator comes when using g°° = —1 + 6¢%9. Instead the
different definition of the conformal coupling function, €2, is due to numerical reasons
related to the implementation of the EFT approach in CAMB.
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Moreover, in order to use them in EFTCAMB one need to convert
them in conformal time 7, therefore one has:

_gp 00 _gp 0
o) =HE AD =L V), @)

where the prime indicates the derivative w.r.t. the scale factor, a(7), and
H= %g—i is the Hubble parameter in conformal time. Minimally coupled
quintessence models are already implemented in the public versions of

EFTCAMB [R0).

2.4.2 f(R) gravity

The second example we shall illustrate is that of f(R) gravity [10,/11]. The
mapping of the latter into the EFT language was derived in Refs. |14} |75].
Here, we present an analogous approach which uses the ADM formalism.
Let us start with the action :

5= [ ataev=g" im+ s, (2.29)

where f(R) is a general function of the four dimensional Ricci scalar.

In order to map it into our EFT approach, we will proceed to ex-
pand this action around the background value of the Ricci scalar, R(©).
Therefore, we choose a specific time slicing where the constant time
hypersurfaces coincide with uniform R hypersurfaces. This allows us to
truncate the expansion at the linear order because higher orders will
always contribute one power or more of § R to the equations of motion,
which vanishes. For a more complete analysis we refer the reader to
Ref. [14] . After the expansion we obtain the following Lagrangian:

5= [ atay=g"0 {1+ fn(RO)] B+ F(RO) — RO fu(RO)},

(2.29)

where fr = %. In the ADM formalism the above action reads:

2
2 .
S; = /d%\/fg% { [1 + fR(R<0>)] [R+S—K?* + ~/nK
+ (RO - R<o>fR(R<o>)} : (2.30)
where we have used as usual the Gauss Codazzi relation (2.14)). Using

Egs. (2.19), it is easy to calculate that the only non zero EFT functions
for f(R) gravity are:

Q) = fa(R®).  A@) = "L H(RO) — RO fu(RO). @31
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2 An extended action for the EFToDE/MG

The public version of EFTCAMB already contains the designer f(R) mod-
els [12} 180} 181], while the specific Hu-Sawicki model has been implemented
through the full mapping procedure [82].

2.4.3 The Galileon Lagrangians

The Galileon class of theories were derived in Ref. [83], by studying
the decoupling limit of the five dimensional model of modified gravity
known as DGP [84]. In this limit, the dynamics of the scalar d.o.f.,
corresponding to the longitudinal mode of the massive graviton, decouple
from gravity and enjoy a galilean shift symmetry around Minkowski
background, as a remnant of the five dimensional Poincare’ invariance [85].
Requiring the scalar field to obey this symmetry and to have second
order equations of motion allows one to identify a finite amount of terms
that can enter the action. These terms are typically organized into a
set of Lagrangians which, subsequently, have been covariantized [86)
and the final form is what is known as the Generalized Galileon (GG)
model [79]. This set of models represent the most general theory of
gravity with a scalar d.o.f. and second order field equations in four
dimensions and has been shown to coincide with the class of theories
derived by Horndeski in Ref. |78]. It is therefore common to refer to
these models with the terms GG and Horndeski gravity, alternatively.
GG models have been deeply investigated in the cosmological context,
since they display self accelerated solutions which can be used to realize
both a single field inflationary scenario at early times [87H96] and a late
time accelerated expansion [97H101]. Moreover, on small scales these
models naturally display the Vainshtein screening mechanism [102} 103,
which can efficiently hide the extra d.o.f. from local tests of gravity [83,
85, [1044108].

GG models include most of the interesting and viable theories of
DE/MG that we aim to test against cosmological data. To this extent,
the Einstein-Boltzmann solver EFTCAMB can be readily used to explore
these theories both in a model-independent way, through a subset of
the EFT functions, and in a model-specific way [22}, [80]. In the latter
case, the first step consists of mapping a given GG model into the EFT
language. In the following we derive the general mapping between GG
and EFT functions, in order to provide an instructive and self-consistent
compendium to easily map any given GG model into the formalism at
the basis of EFTCAMB.

Let us introduce the GG action:

SGG = /d4.'11\/ —g (LQ + L3 + L4 + L5) 5 (232)
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2.4 Model mapping examples

where the Lagrangians have the following structure:

L2 = K(¢7X) )
Ly = G3(¢, X)Uo,

Ly = Ga(6, X)R = 2Gax (6, X) [(00)° = 6"y .

Ls = G5(6, X)Gu 6™ + 3Gx (6,X) [(06)" ~ 3066" 6,5
+26,,0"7 by ] (2.33)

here G, is the Einstein tensor, X = ¢*¢,, is the kinetic term and
{K,G;} (i = 3,4,5) are general functions of the scalar field ¢ and X,
and G;x = 0G;/0X. Moreover, O = V2 and ; stand for the covariant
derivative w.r.t. the metric g,,. The mapping of GG is already present in
the literature. For instance in Ref. [74] the mapping is obtained directly
from the covariant Lagrangians, while in Refs. |65} 75] the authors start
from the ADM version of the action. In this Chapter we present in details
all the steps from the covariant Lagrangians (2.33)) to their expressions
in ADM quantities; we then use the mapping to obtain the EFT
functions corresponding to GG. This allows us to give an instructive
presentation of the method, while providing a final result consistent with
the EFT conventions at the basis of EFTCAMB. Throughout these steps,
we will highlight the differences w.r.t. Refs. [65, |74, |75] which arise
because of different conventions. Finally, in Appendix we rewrite the
results of this Section with the scale factor as the independent variable
and the Hubble parameter defined w.r.t. the conformal time, making
them readily implementable in EFTCAMB.

Since the GG action is formulated in covariant form, we shall use the
following relations to rewrite the GG Lagrangians in ADM form:

1
nu:'y(b;;u 7:\/?,

where we have, as usual, assumed that constant time hypersurfaces
correspond to uniform field ones. We notice that the acceleration, 7,
and the extrinsic curvature K*” are orthogonal to the normal vector.
This allows us to decompose the covariant derivative of the normal vector
as follows:

Ny =n"Npyw (2.34)

Ny = Ky — npiy. (2.35)
With these definitions it can be easily verified that:

2
G = V_I(Kuv — Nty — i) + %QS;/\X;ATL#”V; (2.36)

2
O¢ =~y 1K — %¢“\X;>\. (2.37)
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2 An extended action for the EFToDE/MG

e L,- Lagrangian

Let us start with the simplest of the Lagrangians which can be Taylor
expanded in the kinetic term X, around its background value X, as
follows:

K¢, X) = ]C(¢07X0)+KX(¢07XO)(X_XO)+%KXX(X_XO)27 (2.38)

where in terms of ADM quantities we have:

do(t)? _ Xo
N2 T N2

Now by applying the results in Egs. (2.19), the corresponding EFT
functions can be written as:

X =

(2.39)

A(t) = K(¢o, Xo),  e(t) = Kx(do, Xo)Xo My (t) = Kxx (o, Xo) X5
(2.40)
The differences with previous works in this case are the ones listed in

Eq. (2:20).
e L3- Lagrangian

In order to rewrite this Lagrangian into the desired form, which depends
only on ADM quantities, we introduce an auxiliary function:

G3 = F3+2XF3x . (241)

We proceed to plug this in the Ls-Lagrangian (2.33)) and using Eq. (2.37)
we obtain, up to a total derivative:

Ly = —F33X — 2(—X)*?F3x K . (2.42)

Now going to unitary gauge and considering Eq. (2.39), we can directly
use (2.19). Let us start with ¢(¢):

ct) =3(F—Ly)= 3P doFax + 200 Fsx x Ps — e Faxe + Fspd
—Fyyx ¢l — 6HP} Faxx + IHFsx - (2.43)

Now we want to eliminate the dependence on the auxiliary function Fj.
In order to do this, we need to recombine terms by using the following;:

Gs = F3+2XFsx, Gap=Fsy —202F3x4, Gax = 3Fsx — 202Fsxx

Gaxx = 3Fsxx — 208 Fsxxx + 2F3xx,  Gagx = 3Fsx4 — 208 Fagxx
(2.44)
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2.4 Model mapping examples

which gives the final expression:
c(t) = §5Gsx (3BHo — o) + Gapdp- (2.45)
Now let us move on to the remaining non zero EFT functions corre-
sponding to the L3 Lagrangian:
A(t) = L+ F +3HF = G405 — 20003Gsx
M}(t) = —Lixn = —2G3x 5,

4 1 LNN C d)g . . .5

My (t) = 3 LN"’T _5:G3X?(¢O+3H¢O)_3HG3XX¢0
(4

—GSq&X@ , (2.46)

where we have used the relations (2.44)). In the definitions of the EFT
functions, G'3 and its derivatives are evaluated on the background. We
suppressed the dependence on (¢g, Xo) to simplify the final expressions.
Before proceeding to map the remaining GG Lagrangians, let us comment
on the differences w.r.t. the results in literature |65, 74, 75]. The results
coincide up to two notable exceptions. The background functions are
redefined as presented in Eq. and M3} = —mj3. In the latter term,
the minus sign is not a simple redefinition but rather comes from the fact
that our extrinsic curvature has an overall minus sign difference due to
the definition of the normal vector. Therefore, the term proportional to
K 6g° will always differ by a minus sign.

e L,- Lagrangian
Let us now consider the L, Lagrangian:
Ly = G4R — 2Gax [(D@Q — | (2.47)
After some preliminary manipulations of the Lagrangian, we get:
Ly = G4R +2Gx (K? — K, K") 4+ 2Gux XA (Kn* —n?).  (2.48)
We proceed by using the relation:
0,Gs = Gux X, + Gapdyp (2.49)

which we substitute in the last term of the Lagrangian (2.48]) and, using
integration by parts, we get:

Ly = G4R+ (2G41x X — G4)(K? — K,y K"™) + 2G4V - XK, (2.50)
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2 An extended action for the EFToDE/MG

where we have used the Gauss-Codazzi relation . Let us recall that
we can relate ¢,, to X by using Eq. .

Finally, in the same spirit as for L3, we derive from the Lagrangian (2.50))
the corresponding non zero EFT functions by using the results (2.19):

2
Qt)=-14+ =G
() +mg 4,

c(t) = _% ( — Ly +2HLs + 2HL5) +HLg — Lr —2HLg
= Gax (208 + 260 6o + 4H G + 2H dopo — 6H )
+ Gax (2080 + 10HE,) + Gux x (12H>¢5 — SHHdo — 467567)

At)=L+F+3HF — (6H*Lg 4+ 2Lr +4HLg +4HLyg),

= Gux {12H2¢% +8H@E + 16H pobo + 4(¢g + d’oao)}
— Gaxx (16Hdo + 86567) +8HGaxsdy ,

M(t) = %(LN +Lnn/2) — g = Gupx (A4HY — dod3) — 6HP Gapx x
—Gux <2H¢.5(2) + Heodo + do b + Q%)
+ Guxx (18H? g + 20505 + AHdody) — 12H*Guxxx ),

2(t) = —Lgg — 2Lr = 4G4x 92,
I3(t) = —2Ls + 2Lg = —4G4x ¢ = —M3(t),
M?(t) = Lyr = 2¢02Gax
VI3 (t) = 2HLsn — 2Lg — Lign = Gax (4¢odo + 8HP?)

—16HG4x x ¢y — 4Gusx 3 (2.51)

where also in this case G4 and its derivative are evaluated on the back-
ground. Let us notice that the above relations satisfy the conditions
which define Horndeski/GG theories, i.e.:

M2 = —MZ2(t) = 2M>(t), (2.52)
as found in Refs. |65, [74]. Finally, besides the differences mentioned
previously for the Ly and L3 Lagrangians which also apply here, we
notice that M? = u? when comparing with Ref. [65].

e Ls- Lagrangian

Finally, let us conclude with the L5 Lagrangian. This Lagrangian contains
cubic terms which makes it more complicated to express it in the ADM
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2.4 Model mapping examples

form:

Ly = Gs(6, X) G+ 3 Gsx (9, X) [(00)° = 8000 6 + 26,0676
(2.53)

In order to rewrite Ls, we have to enlist once again the help of an auxiliary

function, F5, which is defined as follows:

_ Fs
Gsx = Fsx + X (2.54)

Then, using this definition, we get the following relation:
GsxX,p = V(v ' Fs) = Fspy ™ 'y (2.55)

Let us start with the first term of the Lagrangian, which can be written
as:

G5G ™ = F5¢" G,y — %X”’n“GW& + (Fs — G5p)y 0¥ n" G,

(2.56)
hence we need to rewrite F5¢'*”G,,, in terms of ADM quantities which
can be achieved by employing the following relation:

1
K"G. = KK"Ku, —K,, +RuwK—K"nn’R s, — 5K(R - K?
+ KuK" —2R,n"n"). (2.57)
This leads to the following:
2
Fs¢™ G,y = F5(7 1 (=2R,,mPn") + %n“n”&)‘X;)\Gw)
+ By KK Ky — K + Ry K'Y — K*'nn Rygy,
1
— 5K (R = K? + Ku K" = 2R, n*n”)] (2.58)

The second term of the Lagrangian can be computed by considering

Eqgs. (2.36))-(2.37)), which yields:

%GSX [(D¢)3 - 3D¢¢mu¢;uu + 2¢;uu¢)mg¢;g] =

_Gsx 3

S .
+ 59 A X+ 293 KRR,

1 .
(K? —3KS +2K,, K" KY) + Gsx ( — §K2¢>;>\X’)‘ — 20T, K7

G 5
= —;X YK+ Gsx T (2.59)
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2 An extended action for the EFToDE/MG

where the definitions of K and J come directly from the second line of
the above expression. In Appendix we treat in detail the Gsx J
term but for now we simply state the final result:

K
GsxJ = FS'Y_I [5+KuynanpRuaup+hanpRop_KnanpRap] _7(K2_S)'
Hence, after collecting all the terms, we get:

1 R (-
Ls = Fsv/—X (K’“’R,“, - 5KR) + (G — Fsp) X 5 + X7

+ %X(Kz — K, K. (2.61)

Now, in order to proceed with the mapping, we need to analyse K and
U= K"R,, terms. The latter will be treated as in Appendix while
the former can be written up to third order as follows:

K =—-6H® - 6H?K —3HK? + 3HK,, K" + O(3). (2.62)

Finally, the ultimate Lagrangian is:

1 R
Ls = Fsv/—X (u _ 5KR) + (Gsp — Fsp)X 5

(-X)*2

T3

Gsx(—6H® —6H?K —3HK? + 3HS) + %X(KQ -3).
(2.63)

Although F5 is present in the above Lagrangian, it will disappear when
computing the EFT functions as was the case for Ls. At this point we
can write down the non zero EFT functions as follows:

. . .2
o) = <G5X¢o¢(2) ~ Gay ¢°) -1,

2 2
123 2¢ 252 254 313
C(t) = 5]:+ §HmOQ —3H ¢0G5¢ +3H ¢0G5¢X —3H ¢0G5X
+2H3¢3Gsx x
At) =F = 3m2H?*(1+ Q) + 4Gs5x H3 43 + 3HG5403
F o3 . . : .
My (t) = 1 ZngQ —2H3Gsxxxbp — 3H?$3Gspxx + 6Gsx x H* )

3 .
+ 6H2G5¢X¢§ - §H‘3G5x¢>‘3,

Mz(t) = —Gsxd2do + HG5x 3 + G5¢¢% )
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2.4 Model mapping examples

M3 (t) = — M3 (t) = 2M3(t)
M(t) = —m2Q + 4HP2 G5y — 4AH paGspx — AH?¢5Gsxx + 6H*3Gsx
(2.64)

2HmZ(1 + Q). We have omitted, in the EFT functions, the dependence
on the background quantities ¢y and Xy of G5 and its derivatives. Finally
we recover, as expected, the relation .

2.4.4 GLPV Lagrangians

We shall now move on to the beyond Hordenski models derived by
Gleyzes et al. |66l |67], known as GLPV. These build on the premises of
the Galileon models and include some extra terms in the Lagrangians that,
while contributing higher order spatial derivatives in the field equations,
maintain second order equations of motion for the true propagating d.o.f..
Specifically, the GLPV action assumes the following form:

SaLpv = /d4x\/—g (LG + LS9 + L§C + L§G + LGVPY 4 LGMPV] |

(2.65)
where L{¢(i=2,3,4,5) are the GG Lagrangians listed in Eq.(2.33) and
the new terms to be added to the GG Lagrangians are the following:

G ~ v /U/ ’
L4 LPV — F4(¢7 X)Eu pa'eu P U¢;u¢;u’¢;uu’¢pp’ s
LEEPY = Fy (¢, X)W Po etV PO b b 1Dt §opt Do » (2.66)
where €*P7 is the totally antisymmetric Levi-Civita tensor and Fy, Fs

are two new arbitrary functions of (¢, X).
As usual, we will first express the new Lagrangians in terms of ADM

quantities using, among others, relations (2.36)-(2.37), and we get:
LEYY = —X2Fy(¢, X)(K? — K;; KY)
LEMY = F5 (6, X)(=X)°/?K
= F5(¢, X)(—X)*?(—6H® —6H*K —3HK? + 3HK,,, K"") .
(2.67)

The last equality holds up to second order in perturbations. It is now easy
to apply the familiar procedure. Moreover, since different Lagrangians
contribute separately to the EFT functions, we can simply calculate the
EFT functions corresponding to the new Lagrangians and add
those to the results previously derived for the GG Lagrangians.
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2 An extended action for the EFToDE/MG

e L{LPV. Lagrangian
Let us start with the operators included in the LF“"V Lagrangian:
LEYPY = —X?Fy (K% - S). (2.68)

We can easily derive the following quantities that are useful for the
mapping:

Lk =6H¢3Fy, Ls=¢pFs, Lixx=—20F,
Fr . .
Ly = 4N—05F4(K2 —8) =24H?$3Fy Lyn = —12093F4H?,
Ly = —24HG3Fy, Lns = —4d¢F,, F=4H@3F,
F = AHGLF, + 16HEyd3do — SHG o Fax + AHG Fry . (2.69)

Using the relations (2.19)), we obtain the non-zero EFT functions corre-
sponding to L§EFV:

o(t) = 2HGAFy + 8HOS G Fy — AH 3o Fyx + 2H Fuypl — 12H?GAFy
A(t) = 6H?GaFy + AH P Fy + 16 HP3do Fy + AH G Fys — SH 0 Fux
My(t) = —18¢3 FyH? — HpgFy — AH G doFy + 2H P b0 Fux — HFyp05 + 6H?G3Fy
13 (t) = 243 Fy,
I3 (t) = 16 Ho Fy,
I2(t) = —M2(t). (2.70)

As before, Fy and its derivatives are evaluated on the background, there-
fore they only depend on time.

° L5GLPV— Lagrangian
Let us now consider the last Lagrangian:

LEYPY = (=X )*?Fy(—6H® — 6H?K — 3HK? +3HS),  (2.71)
which gives the derivatives, w.r.t. ADM quantities, one needs to obtain
the mapping:

Lix = —12H*¢3Fs5, Ls=—3H®Fs, Ly = 5%%&/& = 3095 H’F5,
Lix =6H@Fs, Lyy =180H>¢5Fs, Lykx = 6043F5H?,
Lns = 156H@ F5, F = —6H2¢)Fs,

F =12H%¢5Fsx o — 12HH G5 Fs — 30H? s Fypo — 6H? G5 Fsyy .
(2.72)
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Employing these, allows us to obtain the non-zero EFT functions:

A(t) = —3H3§3F5 — 12HHGY Fs — 30H?Gp Fsgo + 12H? G5 Fsx ¢o — 6 H> G5 sy,

c(t) = 6H?*$5doFsx — 6HH Y Fs — 15H? G Fsgo — 3H2 S Fsg + 1505 H3 F
45 .o .~ s~ 5 e o~ e 3 -
My (t) = 4 9o H Fs + BHHGGFs + - H*doooFs — BH ¢Gd0Fsx + 5 H*$4Fsg
722(75) = _6H¢8F5a
I3 (t) = —30H?) F,
VI3 (t) = —M3(t). (2.73)

As usual the functions Fs and its derivatives are functions of time. Their
expressions in terms of the scale factor and the Hubble parameter w.r.t.
conformal time can be found in Appendix Let us notice that GLPV
models correspond to:

M3 = —M3, (2.74)

which is a less restrictive condition than the one defining GG theo-
ries (2.52) as M3 # 2M?3.

Let us conclude this Section by working out the mapping between the
EFT functions and a common way to write the GLPV action. This action
is built directly in terms of geometrical quantities, hence guaranteeing
the unitary gauge since the scalar d.o.f. has been eaten by the metric [66].
Therefore now we will consider the following GLPV Lagrangian instead
of the one defined previously:

Lopy = Ax(t,N)+ As(t,N)K + Ay(t, N)(K* — K;;KV) + By(t, N)R
+ At N) (K* = KKK + 2Ky KK
» R
+ Bs(t,N)KY <Rij —hij2) , (2.75)
where A;, B; are general functions of ¢ and N, and can be expressed in

terms of the scalar field, ¢, , as shown in Ref. [66], effectively creating
the equivalence between the above Lagrangian and the one introduced in

Eq. (2:63).
It is very easy to write the above Lagrangian in terms of the quantities
introduced in Section R.3.1t
Lorpy = As(t,N)+ As(t, N)K + Ay(t, N)(K? — 8) + By(t, N)R
+ A5(t,N) (—6H® — 6H’K — 3HK? + 3HS)
RK
(2.76)
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Now, we can compute the quantities that we need for the mapping (2.19):

o B B ) .
L=Ay—3HA3; +6H*A, —6H> A5, € =By~ 3Bs.

F=A3—4HA, +6H?A;, Ls=—-As+3HA;,

Lx = A3 —6HAy + 12H? A5, Lyxx =2A, —6HAs,

Ly = Aoy —3HAsn +6H?Ayny —6H?Asy, Ly = Bs,

Lyny = Aonn —3HAsn + 6H? Agny — 6HP Asnn

Lsy = —Asn +3HAsy, Lin = Asy —6HAyy + 12H Az,

1

_ _ _ 3
Lxkr=-5Bs5, Lnu=DBsv, Lyr=Div+ HBsn, (277)

where the quantities with the bar are evaluated in the background and
A;y means derivative of A; w.r.t. Y. Then the EFT functions follow

from Eq. (2.19)):

M (1)

36

9 [ 1-:
Z(B,—:Bs) -1
m% < 4 2 5) )
Ay — 6H?A, + 12H3 A5 + A3 — AH A, — AHA, + 6H? A5 + 12HH A5
.. — 1 = = — Ea 1 .

- {2(3}12 +2H) (34 - 2B5> +2B, - BY) +4H <B4 - 235)} ,
1 - P ) - - _ —
5 (A3 —4HA, —AHA, + 6H?As + 12HH A5 — Ay + 3HA3N)

- 35 - 1 = e 1 5(3)
—6H“Ayn +6H Asny + H | By — §B5 — By + 535

. _ 1 =
—2f <B4 - 235> ,
— 94, +6HAs — 2B, + Bs,
—Agn +4H A,y — 6H? Ay — 2By + Bs )
—M3(t),
1, - _ _ _ 1 - .
7 (Aeny = 3HAgyy + 6H> Asyy — 6H* Asyy) = 4 (A3 —4HA,
—4H/i4 + 6H2fi5 + 12HHA5) + Z (AQN - 3HA3N + 6H2A4N

— 1 = 1 p3 2 1 —
—6H®Asn) — = |H (By— =Bs ) — By + =B
2 2 2

. — 1 -

(b 151)].

_ 1. 1 -
Bun + EHBSN + §B5 . (278)
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The condition ({2.74) is satisfied as desired and one can focus on the GG
subset of theories by enforcing the condition MZ(t) = 2M?(t) .

2.4.5 Horava Gravity

One of the main aspects of our paper is the inclusion of operators with
higher order spatial derivatives in the EFT action. Thus, it is natural to
proceed with the mapping of the most popular theory containing such
operators, i.e. Hofava gravity [35, 136]. This theory is a recent proposed
candidate to describe the gravitational interaction in the ultra-violet
regime (UV). This is done by breaking the Lorentz symmetry resulting
in a modification of the graviton propagator. Practically, this amounts
to adding higher-order spatial derivatives to the action while keeping the
time derivatives at most second order, in order to avoid Ostrogradsky
instabilities [25]. As a result, time and space are treated on a different
footing, therefore the natural formulation in which to construct the action
is the ADM one. It has been shown that, in order to obtain a power-
counting renormalizable theory, the action needs to contain terms with
up to sixth-order spatial derivatives [62H64]. The resulting action does
not demonstrate full diffeomorphism invariance but is rather invariant
under a restricted symmetry, the foliation preserving diffeomorphisms
(for a review see [55| [59] and references therein). Besides the UV regime,
Horava gravity has taken hold on the cosmological side as well as it
exhibits a rich phenomenology [40H47, 4951, 53] and very recently it has
started to be constrained in that context [39, |48} |52, 54l |56-58].

Here, we will consider the following action which contains up to six
order spatial derivatives, (and is therefore included in the extended EFT
action):

1 . _ )
Sg = e /d4x\/—g (K KY — AK? — 26N + €R + na;a’ + g1 R?
H
+ ggRinij + gg’RViai + g4aiAai + g5RAR + gGViRjkViRjk
+  gra;A’a’ + gsARV,a'] (2.79)

where the coefficients \, 7, € and g; are running coupling constants, A is
the ”bare” cosmological constant and G is the coupling constant |39
64):
1 mé
= . 2.80
167Gy (26 —n) (2:80)

The above action is already in unitary gauge and ADM form, then we
just need few steps to write it in terms of the quantities introduced in
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Section 2.3.1¢
1 _
Sy = /d4x\/—g [S — AK? — 26A 4+ ER +nay + 1R + g2 2
167TGH
+g3a3 + gaas — 9521 + g6 Z2 + graa + gsas| , (2.81)

then by using the results (2.19) it is easy to show that the EFT functions
read:

m2(1+ Q) = (22?_(2’2) oft) = —(22”_(2)77)(1 + 26— 3N,

A(t) (ém%n) —€R — (1 — 3X\+26) (;H2 + H)} :
M=, = -2 (e ),

m3 = 4(2;"37)777 M3(t) = 2(22'”‘%(1 +26 — 3N,
Algl(QZL—(2)77)’ AZgQ(QéTn—%n)’

o 932(2?3 ;o 944(2’;3 nT _g"’(%m%n)
g Mg g (s

and the remaining EFT functions are zero. The mapping of Hofava
gravity has been worked out in details in Ref. [39], by some of the authors
of this paper. Subsequently, the low-energy part of Horava action, which
is described by {Q,¢, A, M2, M2, M3, m3}, has been implemented in
EFTCAMB [80] and constraints on the low-energy parameters {£,7n, A\}
have been obtained in Ref. [39].

2.5 Stability

Along with its unifying aspect, a very important advantage of the
EFToDE/MG formalism is that of being formulated at the level of
the action in a model independent way. By inspecting the EFT action
expanded to quadratic order in the perturbations, it is possible to impose
conditions on the EFT functions to ensure that none of the undesired
instabilities develop. It has been preliminary shown in Ref. [23], that the
impact of such conditions can be quite significant as they can efficiently
reduce the parameter space that one needs to explore when performing a
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fit to data. In some cases they have been shown to dominate over the
constraining power of current data [23].

The study of the theoretical viability of the EFT action has already
been performed to some extent in the literature |14, |15} [65] 67, |68,
however here we will include in the analysis, for the first time, higher
order operators and consider also the instabilities related to a negative
squared mass of the scalar d.o.f.. Specifically, we will consider three
possible instabilities: ghost and gradient instabilities both in the scalar
and tensor sector, and tachyonic scalar modes (for a review see Ref. [109]).
Starting from the general action , we expand it up to quadratic
order in tensor and scalar perturbations of the metric around a flat FLRW
background. Our focus is on the stability of the gravity sector, hence we
will not consider matter fluids. The complete stability analysis of the
general action in the presence of a matter sector is the main topic
of the next Chapter.

Let us consider the following metric perturbations for the scalar com-
ponents:

ds? = —(1+ 26N)dt* + 20ipdtda’ + a*(1 + 2¢)6;;dx'da? ,  (2.83)

where as usual N (¢, z*) is the perturbation of the lapse function, ;3 (t, %)
and ((t, ) are the scalar perturbations respectively of the shift function
and the three dimensional metric. Then, the scalar perturbations of the
quantities involved in the action are:

6K = —3C +3HGSN + %a%,

§Kij = a?6,;(HON — 2HC — &) + 8,951 ,
SK! = (HSN — ()5t + %a%‘aﬂp,

6Rij = —(6:;;0°C + 0;0;C),

IR = —%azg,

52R = — 5 [(01:0)" — 4] (2.84)

Now, we can expand action (2.17)) to quadratic order in metric perturba-
tions. In the following we will Fourier transform the spatial partff] and

*More properly, in Fourier space we should write (¢(¢, k))? — (x(_k, however in
the following we prefer to drop the indices in order to simplify the notation.
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2 An extended action for the EFToDE/MG

after regrouping terms, we obtain:

1 .
Sty = B / d*kdt a® {— (Wo + Wak? + Wak*) k*¢? — 3a*Wa(SN
3 . 2
ﬂa2w5(g) <W46N + WsC — Wik + a4m5k2<) Ky
2
(W1 + 4m3 k2 - 4)\4k4 + 4A7 ) (6N)?
a
- (W6 + SAgk—4 + 8)\2k4) 5Nk2<} ,
a a
(2.85)
where:

1 .
Wy = ) [m%(l + Q)+ 3Hms +377L5] ,

. 3 _ 9 _ _
Wi =c+2M3 — 3m2H?*(1+ Q) — 3m3HQ — 5H2M§ — §H2M22 —3HM?},

As A
W, = —16—5 - 6—6

M
Wi = —16—1 - 6—2

1 . _ _ _
Wi = — <_2m3H(1 Q) - m20 — HM2 — M — 3HM22) ,
a
1 _ _
Ws=— (2m3(1 + Q) + M3 + 3M3) |
4 1 2 ~ 2 mS

1

W fr—
T o4

(M3 + M3) .

In this action we have three d.o.f. {{,0N,}, but in reality only one,

¢, is dynamical, while the other two, {0 N, ¢}, are auxiliary fields. This
implies that they can be eliminated through the constraint equations
obtained by varying the above action w.r.t. them. We will leave for the
next Sections the details of such a calculation, here we want to outline
the general procedure we are adopting. After replacing back in the action
the general expression for § N and ¢ , we end up with an action of the
form:

Bt a® { Lo (1, K)E — [K2G(1, k) + M (1, 1)
(2.87)

1
2
S(El)’T - (
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2.5 Stability

where M (t, k) depends on inverse powers of k. £C~C~(t, k) is usually called
the kinetic term and its positivity guarantees that the theory is free from
ghost in the scalar sector. The variation of the above action w.r.t. ¢
gives:

§+<3H+§<<>C+<k25+2\4>4“=0, (2.88)

¢¢ ¢¢ ¢¢

where the coefficient of ¢ is called the friction term and its sign will
damp or enhance the amplitude of the field fluctuations. M/ Lé ¢ls called
the dispersion coefficient which, in principle, can be both negative and
positive. Finally, we define the propagation speed as:

2 (2.89)

G
Lo
Let us note that the speed of propagation and the dispersion coefficient (or
“mass” term) and their effective counterparts have non-local expressions.
Therefore, their interpretation as the actual physical entities might be
ambiguous at first glance because usually these quantities are defined in
some specific limit, where they assume local expressions. In this work,
we still retain the labeling of speed of propagation and mass term for
the non-local expressions, because they reduce to the corresponding local
and physical quantity when the proper limit is considered. Moreover, the
non-local definitions are the ones which serve to our purpose, since they
represent the proper quantities on which the stability conditions have to
be imposed in order to guarantee a viable theory at all times and scales.

Now, let us perform a field redefinition in order to have a canonical
action. This step is important in order to identify the correct conditions
to avoid the gradient and tachyonic instabilities, in particular the last
one which is related to the condition of boundedness from below of the
corresponding canonical Hamiltonian. We will show that not only the
mass is sensitive to this normalization, as it is known, but that in the
general case in which the kinetic term is scale-dependent also the speed
of propagation, is affected by the field redefinition. In general, we can

C(t, k) = M, (2.90)
2£€:€:(t, k)

which, once applied to the action (2.87), gives:

@2 _ 1 3 319 2 e 2 2
SEFT - (27‘(’)3 /d kdta |:2¢ - Cs,eﬁ"(tvk)?¢ - meff(ta k)¢ )
(2.91)
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2 An extended action for the EFToDE/MG

where meg (¢, k) is an effective mass and depends on inverse powers of k,
while cieﬂ(t, k) is the effective speed of propagation.
When EC'C' is only a function of time, the field redefinition 1) will

give time-dependent contributions only to M thus generating m?2; and
leaving G unaffected. In this case we have:

C?,eff(tv k) = Ci(t k) ,
.. /] ;L *2 L
Lo (ANI(t) = 285 ) + £2, — GHL oL
meﬂ(t) = 8£2
¢

(2.92)

Let us notice that in case in which the kinetic term depends only on time,
the term M usually turns out to be zero or at most a function of time.
On the contrary, when L;; exhibits a k-dependence, the field redef-
inition will affect both M and G and in general cieﬁ # ¢ and the
above expression for the effective mass does not hold anymore. In Sec-
tion we will discuss the general expressions for these two quantities.
In general, the GLPV class of theories belongs to the case in which /3«-
is only a function of time. When one starts including operators like
{m3,ms, \i, M2 # —M3}, k-dependence will be generated in the kinetic
term. In the following sections we will analyse these cases in details.
Finally, in order to study the stability, one has to analyse the evolution
of the field equation obtained by varying the action w.r.t. ¢, ie.

O+ 3Ho+ (Kl o +mig) o =0, (2.93)

In this case H represents a friction term, which is always positive, and
mgﬂ is the dispersion coefficient. A negative value of the effective mass
squared generates a tachyonic instability, however requiring mgﬁ to be
positive is a stringent condition. It is sufficient to guarantee that the time
scale on which the instability evolves is longer then the time evolution of
the system [109] in order to be free of said instability. Therefore, we can
require that, when m2; < 0, the typical evolution scale is of the same
order as the Hubble time, Hy.

Continuing, in order to avoid gradient instabilities one enforces a
positive value of the effective speed of propagation. In the simpler cases
in which the kinetic term depends only on time (e.g. Horndeski and
GLPV theories), the normalization of the field leaves the speed of sound
unchanged, i.e. ¢2 = ¢%;, thus the condition to impose is ¢z = ¢2 > 0.
For the more general case in which the kinetic term depends on scale
in a non trivial way, cZ; = ¢2 + f(t, k) (see Section for the full
expression of f(t,k)); however, in the high k-limit, where the gradient

instability shows up, f(¢, k) is maximally of order O(1/k?) which can be
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2.5 Stability

neglected in this limit. Therefore, the condition on the effective speed
of propagation reduces indeed to the original condition on the speed of
propagation, i.e. ¢2 > 0. In summary, in order to guarantee the stability
of the scalar sector the combination of 23 > 0 and mZ; > 0, along with
the no-ghost condition, i.e. ECC > 0, provides the full set of stability
conditions.

We conclude with the stability analysis on the tensor modes. The
perturbed metric components which contribute to tensor modes are:

gi3(t, ') = a®hi(t, a?), (2.94)

therefore, the terms containing tensor perturbations in (2.17)), are the
following:

SRij = o 500N},

’L]’

5R = ;( DR hIT 4 Lo T
1 o 7.T

where 0oR is the second order perturbation of the Ricci scalar, R. Then,
the EFT action for tensor perturbations up to second order reads:

0 2

Spiq = /d4wa3 {n;o(l + Q)62R + < 5 014 Q) — 2) SKIOK]
. gkl B

+A20R50RY + )‘Ga?akRijalRZJ} ) (2.96)

from which we can notice that only four EFT functions describe the
dynamics of tensors, i.e. {Q, M2 Ay, \s}. Among the extra operators
that we added in action , only two contribute to tensor modes
{A2, As}. Now, using (2.95)), the action becomes:

2 M2
Spid = /d4xa3{ D+ (akhT) (WQLO(lJrQ);’)
Slk 2 1
+ A <a2613kh3;> +)\6$(6k6&61h5)2 .

It is clear that the additional operators associated to higher spatial
derivatives do not affect the kinetic term. However, they affect the speed

of propagation of the tensor modes, as we will show in the following.

Indeed, action (2.97)) can be written in the compact form:

1 Ar(t) T,: A (t, k)
SE}?:(QW)S/dSkdta3 7;3 {(hfj)z_ Ta2 R(hT)2|, (2.98)
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2 An extended action for the EFToDE/MG

with

Ap(t) =mg(1+Q) — M7,
Aoko + Ay
t k)= 8 @ &
() = () 82 L
mg(lJrQ)
m2(1+Q) — M2’

cA(t) = (2.99)

where we have Fourier transformed the spatial part. ¢ is the tensor

speed of propagation for all the theories belonging to the GLPV class,
as shown in Refs. [67, |69]. However, GLPV theories are characterized
by the condition MZ(t) = —M2(t), while the present definition of the
tensor speed does not rely on this constraint as it holds for a wider class
of theories. In order to avoid the development of instabilities in the
tensorial sector, one generally demands the kinetic term to be positive,
i.e. Ar >0, and to have a positive speed of propagation ¢2. > 0. From
Eqgs. it is easy to identify the corresponding conditions on the EFT
functions.

2.5.1 Stability conditions for the GLPYV class of
theories

Let us focus on the GLPV class of theories by considering the appropriate
set of operators:

1 .
S, = P / d3kdt a3 [—W65Nk2§ — WidNE*p — Wsk?y(
— WoE*C2 + Wi (6N)? — 3a®W,N( — gaQWg,éQ , (2.100)

which is obtained from action (2.85)) by imposing the following constraints:

W; =0, {m3,ms,\;} = 0. (2.101)
By varying the above action w.r.t. 0N and v we get, respectively;:
~Wek*¢ — Wak®) + 2Wi0N — 3a* Wy =0,

~WiON — Ws( = 0. (2.102)
Inverting these relations gives:
6N = —%C,
K2 = _W [(3a2w4 + MW € + W4W6k2§} , (2.103)
4
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which, once substituted back in the action ([2.100)), yields:

(2) _ 1 3 3 3 5 WIWEN o 2|3 WsWe
Salpy = @) /d kdta {<2a Ws + W2 ¢ —k 2H Wi
1 d W5W6 2
> & < Wi > JrWo] ¢ } . (2.104)

This particular form has been obtained after integrating by parts the
term containing (¢. The above action has the same form of 1) where

M = 0. Therefore, it is easy to read the no-ghost condition:

>0, (2.105)

and the condition on the speed of propagation (c? > 0):

(t) _ SHW:sWeW, + W6W4W5 + W5W4W6 - W5W6W4 + ZW()WZ
sv 3a2Ws W2 + 2 W2 '

(2.106)
The speed of propagation coincides with the phase velocity due to the
lack of k-dependence in the kinetic term, as discussed at earlier stage.
Additionally, this implies that only the mass term will be sensitive to the
field redefinition which, in this case, reads:

sk
2 (w53

After this transformation the effective mass follows directly form Eq. (2.92)),
ie.

((t, k) =

(2.107)

2 _
y o 2Ll + L3 —6HL L
¢¢

(2.108)

where the kinetic term is given by Eq. (2.105)).

2.5.2 Stability conditions for the class of theories
beyond GLPV

To go beyond the GLPV class of theories we start by naively considering
the general action (2.85) with all the higher order operators. We proceed
to integrate out the auxiliary fields N and v by solving the following
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2 An extended action for the EFToDE/MG
field equations:

k2 .
—2m5—4< + 2Wrk*h — WWOIN —Ws( =0,
A A k2 A
8 <m§ - Sk ) — 0N — (W6 +8X3— + 8§k4) k¢
a a
Wik + 2W15N —3a*Wy( =0, (2.109)

and we finally end up with an action of the form:

) 1 . _ _ .
S3, = o /d3kdt a® {ﬁéé(t, k)2 — K2B(t, k)2 — K2V, k)((} :
(2.110)
where:
ﬁ"(t k‘) _ (6(12)/\/7 + Ws) [3a4W42 + 2a2W1W5 + 8/{32W5 (m% — %]{?2 + %]{34)}
e 2a2 (Wa2 — AW Wr) — 32k2 Wy (m3 — 24 k2 + 2144) ’

B(t, k) = {a2W0 (W3 — aWiWr) + K [alﬁ (—=a®Wr (a®W§ + 16m3Wy)
—2a*msWaWs + a® (W5 — W1 Wr) W3 — dmiWy)
+k? ((118 (a'® (W5 — AW Wr) W, — 16 (a®Wr (a>m3Ws + AsWe — AaW0)

+a ’/77,5)\3W4 + mgm%)))
+k* ( 16 ( 4W7 (a m2W2 —a )\4W3 +a )\7W0 + 43 )

+a2)\g (a4W6W7 + m5W4> — m52)\4))
+k° ( 10 (a*Wr (a®AaWs — a* Ay W5 — 8A3As) — m52)\7)>

+k8 <_a10W7 (CLG)\7W2 =+ 4)\82)):| } /{a2 (W42 — 4W1W7)
—16k2W, ( 2 _ A“ Y A7 k4> }

_ k2 k2 A
V(t, k) =— { [8W4 (6a2W7 + W5) ()\3 + /\82> + 16m5W5 (mg — ;;kQ

A7
+a7k >:| + 6a4W4W7W6 +a W4W5W6 + 6m5W4 + 4 W1W5} / {a

(W3 — aWiWy) — 16K2 Wy <m§ )\4192 A%‘*)} (2.111)
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It is easy to notice that the above expressions can be written in a more
compact form as:

k2 As(t, k) + As(t)

Leet k) = ) + As(h)

= _ EBa(t, k) + By (t)

BUK) = )+ Ast)

- BVt k) +Va(t)

VR = o B A (2.112)

By considering the above definitions the action can be written in the

same form of (2.87), i.e.:

sP = (27103 /d%dtcﬁ {Léé(t,k)éQ —K2a(, k)<2} . (2.113)

where we have identified the “gradient” term as:

G(tk) = {k2 [Vz (k:2/12 + As — 3H (K Ay +A3)) + Ao A (2B,

Vi = V3 + 26%B, ) + Vi (Az — 3HA, )|
+ Vi (As —3HAs) b/ {2 (A + As) 2}

_ KGa(t k) +Gi(t) (2.114)

(K2 Ag(t, k) + As(t)®

Then the speed of propagation is c¢2(t, k) = G/L;; and the friction term
in the field equation of ¢ turn out to be a function of both ¢ and k. Let
us notice that when considering the most general case, at least one of
the functions {m3, \;} is not zero and none of the A; functions are nil.
Additionally the action does not contain the term M. We will show in
the next Section some particular cases of the action for which such
a term is present.

Let us now normalize the field by means of with the kinetic
term given by Eq. . Since the kinetic term is a function of k, the
normalization will affect both the effective mass and speed of propagation.
Thus we have:

m2s(t k) = <A12 [2,43 <3HA3 + Ag) - 3A§} — 245 A, [Ag (3HA1 + A’l)
- AlAg} + AgA‘f) (8 (K2 Ay + Ay)” (K2 Ay + Ag)g) ,
2 altk) = {GH Hk2 (A4k2 n Al) A2 42 [,43 (A4k2 + Al) KA, <A2k2
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Ag)| Ao+ Ay (AsAs2 Ay (Ao + As) )| Ay

A3 (Ag o + Ag (Ak? + As) ) + (Aok® + Ag) Ag [ Az (Adk? + Ay ) 12
k2 Ay (A2k2 + Ag) + As (A4k2 + Al)” + [3Ai/l§k6 — 4A3A,Gok*
6A2As Ask® — 243 A3 A Agk? — 2A3 A2 Aok + 3A2A2K2 — A2 A2K2
AAsALG1K? — 2A3 AL AL Agk? — 2A3 Ay As Agk? — 2 A3 A2 Ask?
QA2 A ALK? — A2 (Aik‘* 24 Auk? — 24, (A4k2 + A’l) k2 + A%) k2
2 M5 Ay Ay Ay — 2452 A1 Ay + 22 A4, + A [3k2A22 + 6454,

2 (Agdy + A (Ao + As ) )] = 240 [A4® (Aok? + Jis) K

Ay (292k;4 + A Auk® + 261K + Ay Aok? + Az Auk? — 2 A5 A4k

+  FAAs - 2A3A1) k% 4+ As (A4k2 + A1)2] + 24, [k2 (A'4k2 + /(1) A3

- (2g2k4 + Ag Akt + 24, A0k + 261 K2 + Ay Agk?

o AgAuk® 4 240 Ak? = 24 Aik? + A Ay — 24541 ) Ay
+ 34 (Aok® + A3)2 — Ag (20:K7

o ApAuk? + 2400k + 261 + ArAs + As Ay + 2A4A'3)
+ A§A4H } J18 (Ask? + As)” (Agh? + A1)

= ci + f(t, k).

As said before the effective mass is a function of inverse powers of k. For
sufficiently high k, the effective mass is negligible while in the low k limit,
which is the one of interest in linear cosmology, it is solely a function of
time. Let us notice that the effective mass in this case has been obtained

directly from action (2.113]), not from Eq. (2.92)) which is valid only for
cases when the kinetic term does not depend on k.

2.5.3 Special cases

Although the subset of theories with higher than second order spatial
derivatives treated in the previous Section is very general, there are some
special cases for which the action assumes some particular forms due to
specific combinations of the EFT functions in the kinetic term. In order
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to illustrate said cases, we will consider the following action for practical
examples:

2 .
s@ = / d*kdt a® [mgf;((w)? — WedNE*¢ — WidNE*p — Wisk*y(

(2m)?
~Wok*C® + Wr(k*))? + Wi (6N)? — 3a®W,N¢ — gcﬁwsg'? (2.116)

for which the following conditions hold:
Wy 0  {ms, N} =0. (2.117)
By solving the Egs. for N and i we get:
Wi (6aWr + Ws) ¢+ 2WeWrk*¢
S 16m3WE Wi e,
WaWek2C + (2W1W5 + 36202 + 8mgw5’;—§) ¢
B 16m3Wr ks — W2 + awmw;

ON

)

k21 (2.118)

which allow us to eliminate the two auxiliary fields in the action. Substi-
tuting back in the action we get:

1 60’ Wy + Ws) (3a*W3 + 20> Wi W5 + 8m3Wsk?) | .
Sprr = @n)p )3/d3kdta3{l(a 7+ Ws) (3¢ Wi + 20> Wi W5 + 8m3Ws )]gz

2a% (W3 — AW W) — 32m3Wrk?
+ K [((a® (Wo (Wi — AW Wy) — EPWiW7) — 16m3WoWrk?) ¢
— (P (60 Wr +W3)) &) / (16m3Wek® — a® (W5 — awywin))] }
(2.119)

where the kinetic term reads:

(6a2W7 + W5) (3G4WZ + 2a2W1W5 + 8k2m%W5)
2a2 (Wf — 4W1W7) — 32k2m§W7 ’

L:(t, k)=

&l

(2.120)
In the following we will consider two special cases in which 1) the kinetic
term depends only on time; 2) the kinetic term has a particular k-
dependence, which needs to be studied carefully in order to correctly
identify the speed of propagation.

e First case: 3a*W3 + 2W; Ws # 0 and m3 = 0. The kinetic term is
only a function of time:

(6a2W7 + W5) (3G4W2 + 2(12W1W5)

L::(t) = 2.121
&® 2a2 (W3 — AW Wr) ’ ( )
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2 An extended action for the EFToDE/MG

which corresponds to the case Ay = A4 = 0. The above expression
must be positive in order to guarantee that the theory does not
exhibit ghost instabilities. Then, the speed of propagation can be
easily obtained from action once the terms proportional to
é( have been integrated by parts and it reads:

1
(Wz — 4W1W7) (3&2W42 + 2W1W5) (6&2W7 + Ws)
X {30a*WWeWr (Wa? — AW W;) H + 3W W W (W3
—  AWIWE) H — WoWIWs W, — AW W W W Wy
wi (WGWS + W5W6) + AW, {Ws (WG (W7W1

At k) =

W1W7> - W1W7W6) - W1W6W7W5]

MWy (W2 — M W;)? + 602 [w;‘f (W7W6 + W6W7)

+ o+ o+ o+

AVEW, (W6W1 — W Wﬁ) MWWV

- waemm} — 2k2aWEWL (W2 — 4w1w7)} ,(2.122)

where the k-dependence of the speed is due to W7 # 0. Moreover, in
this case, the final action is of the form with M = 0. Since the
kinetic terms is free from any k-dependence there is no ambiguity in
defining the mass term which, after the normalization , ends
up being of the same form as in Eq. where, in this case, £
is given by Eq. . Finally, the effective speed of propagation
remains invariant under the field redefinition.

e Second case: SaQWZ + 2Wi1 W5 = 0 and m% # 0. In this case the
kinetic term reduces to:

B Am2W2 (6a2Wy + Ws) &
W2 (6a2Wr + Ws) — 165 m3wWswy

ECC(t’k) (2.123)

which corresponds to A; = 0 and Ajy(t), A4(t) both being functions
of time. From the action it follows that there is an overall
factor k? in front of the Lagrangian which can be reabsorbed by
redefining the field as ( = k(. As a result we obtain an action of
the form . Let us notice that, in this case, Vo = 0. After
integrating by parts the term ~ C(, we end up with an action
as in where M # 0, and both the friction and dispersive
coefficients in the field equation are functions of time and k. Now
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we can compute the speed of propagation which is:

02(t k’) _ V1A2 +A2(2k25’2 — vl +2By) + 2A38; — 3H AV,
s\" - 2A4(k2A2+A3) .

(2.124)
In conclusion, we give the expressions for the effective mass and
speed of propagation:

mgﬂ(t, k?) = {6A2A3H(.A2A3 — AgAg) + A3A2<2A2A3 — 2./43./4.(2

+ Ql) + A22(2A3A3 — 3A32) + A32A22} {8A42 (szQ + Ag) 2}

C?ﬁeg(t, k) = {6A4H [.Ag <A4 (szz + Ag) - 2./43./44) + ./43./44./42

- k2A§A4} + 24, [A4 (k2A2A4 + 2K%G + As Ay
— 24544+ 291) + Ay (k%i{g + A'g) + .Ag.Ai}
A 240 (A A+ Auds + 2, )

— 3A4As (k2A2 + 2/13” + k2A2 (Aﬁ - 2,44/(4) }
[SAi (K2 As + Ag)ﬂ 7

~

where the function G;(i = 1,2) can be read from:

Gl k) = 2 (k2 Ay + As)? 1)
2.126

Finally, let us notice that in the case M # 0, one may wonder if the
conservation of the curvature perturbation is preserved on super-horizon
scales. It is not so trivial to draw a general conclusion about the behaviour
of ¢ in such limit, because the EFT functions involved in the M term
are all unknown functions of time. Therefore, we can conclude that in
the general field equation for ¢ on super-horizon scales such term might
be non zero, possibly leading to a non conserved curvature perturbation.
However, we expect that well behaved DE/MG models will have either
M = 0 or that such term will contribute a decaying mode, thus leaving
the conservation of ¢ unaffected. In this regard, we will argue our last
statement by using an explicit example, which is not conclusive but can
give an insight on how M can behave in the low k regime when theoretical
models are considered. Considering the mapping , it is easy to
verify that the low energy Horava gravity falls in the special case under
analysis and that the corresponding M # 0. However, when considering

o1

_ Vids + As(—V1 + 2B1) + 24385 — 3BHAV, + 2k2 A8,

(2.125)
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the super-horizon limit the M term goes to zero and the equation for ¢
reduces to

(+HE=0, (2.127)

A

£
V2t 533

which solution is { — _ae_
N

term is a decaying mode. Hence, the conservation of { is preserved.
Let us conclude by saying that the cases treated in this Section are
only few examples of “special” cancellations that might happen.

. (¢, c1 are constant and the second

2.6 An extended basis for theories with

higher spatial derivatives

In Ref. [69], the authors proposed a new basis to describe Horndeski
theories, in terms of four free functions of time which parametrize the
departure from GR. Specifically, these functions are: {ap, an, ok, ar},
hereafter referred to as ReParametrized Horndeski (RPH). They are
equivalent and an alternative to the EFT functions needed to describe the
dynamics of perturbations in the Horndeski class, i.e. {Q, My, M2, M3},
In both cases one needs to supply also the Hubble parameter, H(a). The
latest publicly released version of EFTCAMB contains also the RPH
basis as a built-in alternative [80]. RPH is also the building block at the
basis of HICLASS [110].

The RPH basis was constructed in order to encode departures from
GR in terms of some key properties of the (effective) DE component. As
discussed in details in Ref. [69], the braiding function ap is connected
to the clustering of DE, aj; parametrizes the time-dependence of the
Planck mass and, along with ar, is related to the anisotropic stress while
large values of the kinetic function, ax correspond to suppressed values
of the speed of propagation of the scalar mode. In Ref. [67], the RPH
basis has been extended to include the GLPV class of theories by adding
the function ag, which parametrizes the deviation from the Horndeski
class.

In this Section we introduce an extended version of the RPH basis which
generalizes the original one [69], as well as its extension to GLPV [67],
by encompassing the higher order spatial derivatives terms appearing
in action . We also present the explicit mapping between this new
basis and the EFT functions in the extended action , in order to
facilitate the link between phenomenological properties and the theory
which is responsible for them.

Let us start with tensor perturbations of the EFT action analysed
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in Section [2.5] Here, for completeness we rewrite its compact form:

ST — (2;) /d?’kdt 3‘48() [(hT) S k)kQ(hT) . (2.128)

Now, following Ref. [69], we define the deviation from GR of the tensor
speed of propagation as:

At k) =1+ ar(t k), (2.129)
where: 12 1
ar(t,k) = ar(t) + o, (t) = + oz, (t) . (2.130)
with:
or(t) = srrdm =& — 1, an(t) = —8oardm
or, (1) = =8 =i (2.131)

As expected, the additional higher order operators will contribute by
adding a k-dependence in the original definition of the a7 function
introduced in Ref. [69]. Moreover, we can define the rate of evolution of
the mass function M?(t) = Ap(t) (defined in Eq. ) as:

(InM?(1)) . (2.132)

It is clear that ar and «p differ from the ones in Ref. [69] since, in
general, M2(t) # —M2(t) for theories with higher spatial derivatives. It
is important to notice that the EFT functions which are involved in the
definition of aps and ar are {Q, M2}. Therefore, the class of theories
which can contribute to a time dependent Planck mass and modify
the tensor speed of propagation, are the ones which are non-minimally
coupled with gravity and/or contain the S-term in the action; specifically,
Horndeski models with non zero L{Y, LYY GLPV models with non
zero LGPV L?LP V" and Hofava gravity. Moreover, the k-dependence in
the speed of propagation is related to the ars, apg functions which are
present in Hofava gravity. Finally, let us notice that, since M? appears
in the denominator of c%, high values of M? will generally suppress
the speed of propagation and in case only background EFT functions
are at play or theories for which {M2(t), \a6} = 0 are considered, c2
is identically one. Therefore, it would be not possible to discriminate
between minimally and non-minimally coupled models.

Let us now focus on the scalar perturbations. Collecting terms with
the same perturbations, the second order action can be written as
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follows:
2 1 M? ~ . .
Y - R / dkdt a® = {(1+aH)6N51R—4HaB<SN5K

+ SKEOKY — (aGFPV + 1)(6K)? + ax H*(6N)?
1 B\ o5 s - - \f
— 1 ar, + OéTﬁaf2 57?,”(573 + (1 + (IT)(SQR + (1 + OéT)(Sln(S( h)
k2 ~ -~
+ (Oél + (15012) (5R)2 + (1551R5K} ,
(2.133)
where the geometrical quantities with tildes are the Fourier transform of

the corresponding quantities in Eq. (2.84]), moreover we have identified
the following functions:

ap(t) = TN gy - MEEME

ak(t k) =ax(t) + aKQ(t)S—z + aK4(t)];—i + O%(t)’:TZ 7

ak. (t) = %, ag(t, K) =an(t)+ osz(t)z—z +aH8(t)’§,

where ag(t) = W7 am,(t) = _%, (1) = %’
a1(t) = ?\% a5 (t) = % as(t) = % (2.134)

The relations between the W-functions introduced in Section 2.5 and the
above a-functions are the following:
M? .
Wy = Tz (OéT +14+3Has + 3as + 35&5H04M) s

W, = MZH2 ag + ga2HW4 —3H?M?ap,

Wy = ]\5—62 (—8a5 + iaT6) , Ws = J\j—f (—8@1 + iaT2> ,
Wy = —ij (24205 +3aGY) . Wy = ]aw—; (2+3aGEPY) |
We = —2%2 (1+ay +3Has), W;= —%iag”)v. (2.135)

Before discussing in details the meaning of the a-functions and how they
contribute to the evolution of the propagating d.o.f., we introduce the
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2.6 An extended basis for theories with higher spatial derivatives

perturbed linear equations which will help us in the discussion. The
variation of the action (2.133) w.r.t to ¢¥» and é N gives:

) k2
H[2(1+ap) +3aGEPY] 6N — (2 + 3aGEPY)(¢ — agLPVa—;Z’ — 2a5
(382 (2 dap = 30GE7Y) + H2 [N + 2H 205 + 3057V 42|

+[3H (2+ 205 + 30877 [+ 2[1 + Hag +&H}gg —0.

These equations allow us to eliminate the auxiliary fields N and %
from the action, yielding an action solely in terms of the dynamical field
(. A detailed description of how to eliminate the auxiliary fields was
the subject of the previous Section indeed the above equations are
equivalent to Eqgs. , once the relations have been considered.
At this point, we can describe the meaning of the different a-functions in
terms of the phenomenology of (.

Let us now focus on the definition of the a-functions which characterize
the new basis, {aar, dr, ag, oGPV oy, dk, as, a1, as}, extending and
generalizing the RPH one. A first difference that can be noticed w.r.t.
the RPH parametrization, is the presence of {ap, &k} which are now
functions of k, since they contain the contributions from operators with
higher spatial derivatives. Let us now describe the new basis in details

with the help of the definitions (2.134]) and Eqs. (2.136]):

e {ap, o8PV ap is the braiding function as defined in Ref. [69].
Its role is clear by looking at Eqgs. , indeed ap regulates the
relation between the auxiliary field §N and the dynamical d.o.f. (.
Analogously, we define agLP V. which contributes to the braiding
since it mediates the relationship of ¢y and § N with (. The effects
of these braiding coefficients on the kinetic term and the speed
of propagation is more involved. Indeed, by looking at the ac-
tion (2.133) we can notice that oG """ has a direct contribution to
the kinetic term since it is the pre-factor of (§K )2, which contains
QLQ. Moreover, both ap and agLP V' affect indirectly the kinetic
term: the 0N term in Eq. , whose pre-factor contains the
braiding functions, turns out to be proportional to ¢, then substi-
tuting it back to action , the term in (§N)? will generate a
contribution to the kinetic term. Furthermore, their involvement
in the speed of propagation of the scalar d.o.f. comes in two ways:
1) from the kinetic term as previously mentioned. Indeed through

*The definition of ap presented here differs from the one in Ref. [69] by a minus
sign and a factor 2.
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Eq. they enter in the denominator of the definition of the
propagating speed; 2) because they multiply both the 6N and
terms in Eq. which result to be proportional to k2¢ which
contributes to G in Eq. (2.89)). Moreover, analogously to the defini-
tion of gy, which parametrizes the deviation w.r.t. Horndeski/GG
theories, agLP V' is defined such as to parametrize the deviation
from GLPV theories; indeed the latter are characterized by the
condition a&EFV = 0, hence the name. If LV =£ 0, higher
spatial derivatives appear in the { equation. Finally, ap is different
from zero for all the theories showing non-minimal coupling to
gravity and/or possessing the d NOK operator in the action, i.e.
f(R),LSE LEYE LEE LYEPY LGPV | This operator does not ap-
pear when one considers quintessence and k-essence models (L§“)
and Hotava gravity. a&EFV is non zero for the low-energy Hofava
gravity action.

Gk (t, k): it is the generalization of the purely kinetic function
ak (t) and it describes the extension of the kinetic term to higher
order spatial derivatives in the case of non zero {a k2, ax4, ax7}.
It is easy to see that ag(t, k) is related to the kinetic term of the
scalar d.o.f. since it appears in action as a coeflicient of the
operator (0)V)? and, through the linear perturbed equations ,
ON ~ C . Since it describes the kinetic term, it will affect the speed
of propagation of ¢ as well as the condition for the absence of a
scalar ghost. The last point is easy to understand because as we
extensively discussed in Section the kinetic terms goes in the
denominator of the speed of propagation of scalar perturbation (see
Eq. ) The ak function is characteristic of theories belonging
to GLPV, while for Hotava gravity it is identically zero. On the
other hand, Hofava gravity contributes non zero {a k2, ax4, @k}
Finally, let us note that when considering theories beyond GLPV
the braiding coefficient discussed in the previous point, agLP v,
gives a direct contribution to the kinetic term through the operator
(0K)2.

{a1, a5, a5, ay}: from the constraint equations , it can be
noticed that &y and as contribute to the speed of propagation of
the scalar d.o.f. since they multiply the term k2¢. In particular, if
as and the k-dependent parts of ay are different from zero, the
dispersion relation of ¢ will be modified and the speed of propagation
will depend on k. The functions {a;, a5} have a similar impact
since they are the pre-factors of §;R in the action which, once
expressed in terms of the perturbations of the metric, gives a term
proportional to k2¢. In this case by looking at Eq. these
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functions will enter in the definition of G. The theories where these
functions are present are GLPV and Hofava gravity models. In
particular, in the case of Hotava gravity the functions associated
with higher order spatial derivatives terms are present.

The above represents an interesting extension and generalization of the
original RPH parametrization [69], carefully built while considering the
different phenomenological aspects of the dark energy fluid. However, let
us notice that the desired correspondence between the a-functions and
actual observables becomes weaker as we go beyond the Horndeski class.
Indeed, due to the high number of a-functions involved, their dependence
on many EFT functions and the way they enter in the actual physical
quantities, such as the speed of sound and the kinetic term, identifying
exactly the underlying theory of gravity responsible for a specific effect
is a hard task.

2.7 Conclusions

We started this Chapter by generalizing the original EFToDE/MG action
for DE/MG by including operators up to sixth order in spatial derivatives.
This was motivated by the recent rise of theories containing a (sub)set of
these operators with higher-order spatial derivatives, like Hotava gravity.
As such, these theories were not covered by the operators included in the
first proposal of the EFToDE/MG action as presented in Refs. [37] [39].
From there on, the extended Lagrangian became the basis of the
rest of the Chapter as the new operators play a central role.

Starting from the extended Lagrangian we proceeded to show
an efficient method to map theories of gravity, expressed in terms of
geometrical quantities, into the EFToDE/MG language. This led to a
general mapping between the ADM and the EFToDE/MG formalism for
our new extended Lagrangian. Subsequently, we illustrated this procedure
by mapping models of DE/MG, with an additional scalar d.o.f., into the
EFToDE/MG formalism, resulting in a vast set of worked out examples.
These include minimally coupled quintessence, f(R), Hornedski/GG,
GLPV and Hotava gravity. The preliminary step of writing the theories
in the ADM formalism has also been presented as it is an integral
part of the procedure. Therefore we created a very useful guide for the
theoretical steps necessary in order to implement a given model of DE/MG
into EFTCAMB and a “dictionary” for many of the existing DE/MG
models. To this extent, we have been very careful and explicit about the
conventions which lie at the basis of the EFToDE/MG formalism and, by
extension, EFTCAMB. These become obvious when comparing with the
equivalent approaches in the literature as there are some clear differences.
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Thus the take-home message is that the user should be careful with the
conventions when implementing a given model into EFTCAMB.

An ongoing field of research regarding the EFToDE/MG is the de-
termination of the parameter space corresponding to physically healthy
theories, as we introduced at the beginning of this thesis. This is vital
from a theoretical as well as from a numerical point of view. As such it
was natural to subject our extended Lagrangian to a thorough stability
analysis while considering only the gravity sector. In fact, since the
EFToDE/MG formalism is based on an action, we were able to determine
general conditions of theoretical viability which are model independent
and can, a priori, greatly reduce the parameter space. The most common
criteria would be the absence of ghosts and gradient instabilities in the
scalar and tensor sector and the exclusion of tachyonic instabilities. Re-
garding the first two criteria, one can find results in the literature either
with or without the inclusion of a matter sector [14, |15} |37} 38 65l |67,
68, [111]. In this work the study of the physical stability is particularly
interesting due to the appearance of operators with higher order spatial
derivatives. We proceeded, without including a matter sector, to study
the stability of different sets of theories, leaving the analysis of the matter
backreactions to the next Chapter. After integrating out the auxiliary
fields, we obtained an EFToDE/MG action describing only the dynamics
of the propagating d.o.f.. From this action, we identified the kinetic
term and the speed of propagation which have now become functions of
scale and time, due to the presence of higher derivative operators. We
required both to be positive in order to guarantee a viable theory free
from ghost and gradient instabilities. Subsequently we identified, at the
level of the equations of motion, the friction and dispersive coefficients.
We did this both for the scalar and tensor d.o.f.. Finally, we normalized
the scalar d.o.f. in order to obtain an action in the canonical form. This
form allowed us to identify the effective mass term on which we imposed
conditions in order to avoid the appearance of tachyonic instabilities in
the scalar sector. As a result, we obtained a set of very general stability
conditions which must be imposed in order to ensure theoretical viability
of models with operators containing up to sixth order in spatial deriva-
tives, in absence of matter. It is worth noting that due to the complicated
nature of some classes of theories, when written in the EFToDE/MG
formalism, we had to divide the treatment and the resulting conditions
in different subsets.

In the final part of this Chapter, we have built an extended and
generalized version of the phenomenological parametrization in terms of
« functions introduced in Ref. [69], to which we refer as ReParametrized
Horndeski (RPH). This parametrization was originally built to include all
models in the Horndeski class, and was afterwards extended to encompass
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beyond Horndeski models known as GLPV, in Ref. [67]. This was
achieved by introducing an additional function which parametrizes the
deviation from Horndeski theories. From this point we proceeded to
introduce new functions and generalize the definition of the original
ones, in order to account for all the beyond GLPV models described
by the higher order operators that we have included in our extended
EFToDE/MG action (2.I)). In particular, we have found a new function
parametrizing the braiding, which also contributes to the kinetic term:;
we have generalized the definitions of the kinetic and tensor speed excess
functions, the latter one now being both time and scale dependent; finally,
we have identified four extra functions entering in the definition of the
speed of propagation of the scalar d.o.f.. It is important to notice that the
structure of this extended phenomenological basis in terms of a functions
becomes quite cumbersome when higher order operators are considered
and the correspondence between the different functions and cosmological
observables becomes weaker.

2.8 Appendix A: On /K and 45
perturbations

In this Section we explicitly work out the perturbations associated to
0K and 6S used in Section and show the difference with previous
approaches |37, [65]. For this purpose, we consider the following terms of

the Lagrangian ([2.8)):

0L D LgdK+LgdS = .7-'(5K+L55K[,‘6KZ = F(K+3H) +L35K5§KZ ,
(2.137)
where we have defined:

F=Lx—2HLgs. (2.138)
Now, let us prove a relation which is useful in order to obtain action :
/d4x\/jg]-'K = /d4x\/jg.7-'vun“ = - / d*z/=gV , Fnt = /d4x\/jg% .
(2.139)
Using the above relation and the expansion of the lapse function:
N =1+46N +3N?+0O(3), (2.140)
finally, we obtain:

LK + Ls6S =3HF + F (1— 6N + (6N)?) + LsdK}6K),. (2.141)
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The differences with previous works are due to the different convention on
the normal vector, n* (see Eq. )7 which is responsible of the different
sign in Eq. w.r.t. the definition used in Refs. |37, [65] and then
in the final results . Moreover, the difference in the definition
of the extrinsic curvature, see Eq. , which is a consequence of the
convention adopted for the normal vector, leads to the minus sign in

Eq. (2.138]) because its background value is K;(O) = —H(S;.

2.9 Appendix B: On 6 perturbation

Due to the different convention for n* we adopted here (see Eq. ), the
result obtained in Refs. [37, [65] concerning the perturbation associated
to U = R, K", can not be directly applied to our Lagrangian .
Therefore, we need to derive again such result, which is crucial in order to
obtain the coefficients of the action . Then, let us prove the following
relation:

/ d* o /gAt) R KM = / d*z\/g <>\g)RK - ;(]?R> . (2.142)

where A(t) is a generic function of time. We notice that in Ref. [65] the
above relation is defined with a plus in front of the second term in the
last expression. Using the relation K = V#n, we obtain:

/ d*z/—g <)\(t)RWK’“’ - %Rv#nﬂ + 2(]?R> =0. (2.143)

Now, after integration by parts of the second term and using n* =
(=1/N,N'/N), the last term cancels and we are left with:

/d4x\/jg ()\(t)R,“,K’“’ + A?n“Vﬂ%) =0. (2.144)

The first term can be rewritten using the expression for the extrinsic
curvature in the ADM formalism:

1

where covariant derivative is w.r.t. the spatial metric h;;. The overall
minus sign which appears in the above definition makes the expression to
differ from the one usually encountered that follows from the definition
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of n* we employed. After substituting this expression into Eq. (2.144))
we get:

1 o . L 1 .
/d‘*x\/m(t) [2 (Rijh“hﬂkhlk + R) + VIN'Ry; + 5N'ViR| = 0.
(2.146)

From here on the subsequent steps follows Ref. [65], indeed the last
two terms vanish due to the Bianchi identity and the first two can be
combined as a total divergence. Hence, the relation holds.

Finally, using the above relation we can now compute the perturbations
coming from U = R, K"”. Indeed we have:

1
/ d*o/—gLyR,, K" = / d*zy/— { LMRKQNLUR]

= / d*z\/—g {2@ (K<°>5R + 5K5R)

- %LMR(l — 6N)} : (2.147)

then we get:

LydUd = —= (3Lu + ;Lu> SR+ @Luaf( + ;LuaN) SR. (2.148)

2.10 Appendix C: Conformal EFT functions
for Generalized Galileon and GLPV

In this Appendix we collect the results of Sections [2.:4.3] and [2.4.4] and
convert them to functions of the scale factor; the Hubble parameter and
its time derivative are defined in terms of the conformal time, still they
need to be considered functions of the scale factor. This further step is
important for a direct implementation in EFTCAMB of Horndeski/GG
and GLPYV theories. In this Section only, primes indicate derivatives w.r.t.
the scale factor. Furthermore, H = dIna/dr and H = dH /dr, where T is
the conformal time. In order to get the correct results {K, Gy, F;} have
to be considered functions of the scale factor.

First, we consider the EFToDE/MG functions derived in Section m
for Horndeski/GG theories:

e [o-Lagrangian
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Aa) = K,
(a) = ]CXXO )
Mj(a) = Kxx X3, (2.149)
where X is:
= —H>¢g . (2.150)

e [3-Lagrangian

Aa) = H?¢f

G — 2Giax <Z¢6+H2¢3>] ,
e(a) = H*of {ng ((3%2 ) % H2¢>3> + 034 :

G . 6 e
M3 (a) = Z25H20f ((3H2 +7) & % | gz ) —3%G3xx¢65 - T H

M7 (a) = —2HGax ¢p - (2.151)

e [ -Lagrangian

2
Qa) = —1+ —G
(a’) + m% 4,

c(a) = Gax [2 (72 + A+ 2029 - 5m) 2 %N (5r2m +7t) & % g 4 oty
) 4
2H? ¢y <Z¢6+H2¢3> +1o7i ]
6 4
+ Gyxx [127;2 Si < b4 + H2 o >

7_[2(725 <H2 12 27-[2/-[2 ¢6¢6/ H4¢//2>

/2

+2H o5 + Gaxo

b

Ala) = Gux [4 (7# +5HPH +H? + H#) +4 (47{4 + 5HH ) % Doy + 47—[4(;56’2]

/ /
+ 4H pL by + SH—G4x¢¢ — 8Gx xH by’ (HQZO + H%{{) <2H2‘ZO + H%
+ H¢p)

4 8

H H H
M3 (a) = Gaxe 47 o — Hep’ (a% + H2¢6’>] 6*% Gipxx — 12 S Gaxxx oy

62



2.10 Appendix C: Conformal EF'T functions

4 Gaxx H2OL2 { (9H4+H2+2H2 )% +2(2H2H+2H4) G041 4 oy

. . . /2
+ Gux {(27{%2 FoHt W2 H’H,) -

<H4 4 57_[2 ) ¢0¢ H4¢H2
_ H4¢0 ///] ,

3 _ / : 2 (bo 2 _ is e 3,13
Ml (a) = 4G4x7'[¢0 H+2H +H 16G4x x a ¢0 4G4x¢7'[ ¢0
M3(a) = AH*Gux ¢ = —M3i(a) = 2M2(a) . (2.152)

e [s-Lagrangian
2H? H G
o) = 0 [Gsx <a¢g+H2¢3> —25‘”1 -1,

H -, 3 H2 3HS
cla) = 5 F + 5 -—mif — ¢ Gsg + — 30 Gagx — ¢ Gox

+ 2?¢65G5XX ;

B 2 6 3
Ala) = F — 3m37i2(1 + Q) +4G5x H3 + 3H—G5¢¢

F o O3H? H1O
M;(a) = —HZ - 17 mpQY — 27¢ Gsxxx — 37 e ¢0 Gspxx + 6G5XX e ¢'5
2 ¢ yGsgx — pe ¢ yGsx

M;3(a) =2 l’}‘ﬂ@f? G54 — Gsx

g e <7j¢a +H2¢6’>H

_ H7
Mf(a) = —HmQQ/ + 47¢ G5¢ — 47(}50 G5¢X a72¢65G5XX

= —M3(a) = 2M2< ),

¢ yGsx (2.153)
where f(a) = F = mfHQ = 2%mi(1 + ) and F(r) = 2% Gsxof) +
22 G2

Let us now consider the two Lagrangians which extend the Horn-
deski/GG theories to the GLPV ones introduced in Section m

o L{LPV Lagrangian
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4 . _ 4 _ y
cla) = 27i H(H — H?)Fy + 8%¢63F4 (7;(;63 + H%{{)

6 y F
- 4H—F4X <7;¢6 + H%{{) + M6 =22 4‘¢’ oy — 12—¢ Fy,

6 4 y
Afa) = G%Fm +4H—(’H H2) Pt Fy + 16—(;5 (7:% +H2¢6’>

HE . (H HO
- 8*F4X <a¢6 + HQ(%) o+ 47F4¢¢65
HE - HA : . Wt - ([ H
Mj(a) = —18672(?64& - a7¢64(7'l — H*)Fy — 47¢63F4 E% +H g5

H ETL 46
+ 2*¢ S Fyx (a% + ’H(bg) - 7¢65F4¢ + 6¥ o Fy,
M3 (a) = 2H (' Fy = —M3(a),
_ H5
M} (a) = 16-— ¢4 F. (2.154)

o LYLPV Lagrangian

8 6 . 6 y
Afa) = —3%¢65F5 - 12% CH—H)Fs — 307'L—F5 (t‘% + 2 g) r

HE - (H HS -
12¥F5X <a¢lo + H2¢g> /06 - 6¥F5¢¢)66

7'.[ / 2 411 HO 2\ 415 17
c(a )*6*¢ Fsx SO0+ H G | — 65 (H = H)gg' s
. :
157i (7:¢6+H2¢6’> qs F5¢+15H—F5¢
45718 ”H, 15 MO H o, Y
M) = 2 R By 4 315 (- A s+ gl <G¢O+H2 0>

HE 3H
—3 7 < ¢0+H2¢>F5x+ 2¢ Fyy,

_ HE . _
M3 (a) = ~6=—¢F Fs = —Mj ().
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2.10 Appendix C: Conformal EF'T functions

M} (a) = —30—F5¢> . (2.155)

Finally, we write the EFT functions obtained from the GLPV ac-
tion ([2.76]) in Section in the appropriate form adopted in EFTCAMB

2 H

o) = (34 5B5) 1,
_ 2 3 _ N 4 . B 2

Ala) = Az — 6%A4 + 12%/15 +HAy — —(H - H2) A, — 4}‘714’

+6H—3A’+12ﬂ(7—l H?)As —[ (’H2+2H)B4+ (H+2H2) 4

_ H "N - H _ _
+2H2BY — = <7—l2 +3H + H) Bl — - (3H - 2%2) BY —H*BY

b

H? H? H

4
(R = H)As = 47 A+ 65 A+ 12 (H — H) As

1 _
cla) = f(’HA’
H? H3
— Aoy + 3HAzN — 67A4N +6— A5N)
N 7-[ ) _ 3
- 2 _ / o _ 2 " 2 pr Y pm
+a(’H, ’H)B4+2a(3’H, H)B ~ H'B{ + B

b o (A 2H) By~ S (- #)B,

2a 2
H H? H3
M3 (a) = Z(AQNN —3— A3NN + 67A4NN - 67A5NN>
i HA, — A4 —(H-H) - 4H—A’ +6H AL

: H H H?2 H3
+12A5G3(H_H2):| (AQN_?) A3N+67A4N—67A5N>

- % _—%(H —HA)By + - (’H2 - 7{) B, —H*B!
(H 7—[3) B+ 2% (37{ H2> B+ ?;B”’] ,

Ni2(a) = —24, + 6%/15 9By + HB, = —N12(a),
i .
M (a) = ~Agx + 47 Auy — 670 Aoy — 2By + 2By + H7BY,

M?(a) = Byn + %BSN + %Bg . (2.156)
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2 An extended action for the EFToDE/MG

2.11 Appendix D: On the J coefficient in
the L; Lagrangian
In this Appendix we will show the details of the calculation regarding the

J coefficient in the L5 Lagrangian (2.53)). Let us consider the following
term:

1. g, 5N, ) .
GsxJ =G X(— fqb”’X;p(Kz —8)+ 2y 3(727“)(;,,)(1(71“ — K* nl,))

%28

1 .
5 ’va F5¢’y 1np) <K2 — S)(Z)"p
+ Ay (Kb — K, )b (W (v"1Fs) + F5¢’y_lnp> . (2.157)

The last parenthesis contains a quantity which is orthogonal to the
quantities that multiply it, hence it vanishes. Therefore, we have:

F 1
GsxJ = %(bnpn”(KQ —-8)— ianp(7_1F5)(K2 —8) + WOV (v P ) (K — K1''n,,)

F5 [1
= 7(1{2 -5+ = {QVp(npKQ —nPK,, K") — (Kn* — K"'n,).,
_ B (K? K
= ( WKV K — Ky K" = P KM Ky = iV, K
g
F,
—KV,it? + 7,V ,K? + KV i) — %(KQ - 9), (2.158)

where in the second line we have used the fact that n, is orthogonal to
n, and K*”. Now, employing the following geometrical quantities:
R, n*n" = —n'V, K +V ' +n'V'K,, ,
R, n"nt = n*VYK,, —n'n,V'n, - 'V K,
K"nPn’ Rygup = K71° (Vo Kgy) — K70 (V3 Koy) + K7 (Vaiy) + K700, ,

(2.159)
we obtain:
Fs (K3 K
GsxJ = 75( S KK = R K =l K1Y Ky — i
KV .n” . pv pv . F5¢
— KV, + 7, VK + K v,,nu) - (K- S)
Fs (K% K
=5 (7 — S K K" = KRynn” + 0K (V" K,,) + K*nfn?
v

+ K" nnP Ruoyy — K0P (Vo Kp,)
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2.11 Appendix D: On the J coefficient in the Ls Lagrangian

Fsg oo
(K2~ 5)

— Kt + Ry it + 0V, ) =

Py K K
(7 — S K K" — KRyynin® — KK K, + K*nin?
Y

+ K"nnf Ry, + KT*KS K,

— Kt + Ry i + 00y, ) = S22 (K2 - 8),
(2.160)

where we have dropped a total derivative term. Finally, we use the defini-
tion K in Eq. (2.59) and we obtain the final result used in Section m

K
Gsx T = Fsy~! [5 + K00 Ry + 10707 Ry — K" Ry | = “22 (K2 = 8).
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3 On the stability conditions
for theories of modified

gravity in the presence of
matter fields

3.1 Introduction

In the previous Chapter we started to study the set of conditions an
extension of gravity must satisfy in order to guarantee a viable cosmo-
logical scenario. This was done by considering the model in a vacuum
and as such does not represent our universe as it contains matter fields
which are gravitationally coupled to the new d.o.f.. In fact, the stability
conditions might be altered by the presence of the additional matter
fields, thus changing the viability space of the theory 37} 167, [112H115].
Identifying the correct viability requirements is important when testing
MG theories with cosmological data by using statistical tools |22} [23]
116, 117|, as they can reduce the viability space one needs to explore.
Additionally they can even dominate over the constraining power of
observational data as recently shown in the case of designer f(R)-theory
on wCDM background [23]. Therefore, in this Chapter we proceed to
fix this deficiency and to quantify the modifications induced by the new
fields.

With the aim to obtain general results, we will employ once more
the Effective Field Theory of Dark Energy and Modified Gravity [14]
15]. This EFToDE/MG approach has been implemented into the Ein-
stein Boltzmann solver, CAMB/CosmoMC |20} |21} [L18|, creating EFT-
CAMB/EFTCosmoMC (22,23, |39, |80} |82, 119] (http://www.eftcamb,
org/)), providing a perfect tool to test gravity models through comparison
with observational data. EFTCAMB comes with a built-in module to
explore the viability space of the underlying theory of gravity, which
then can be used as priors. The results of the present work have a direct
application as they can be employed to improve the current EFTCAMB
viability requirements but not limited to it as they can be easily mapped
to other parametrizations [80].
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3 Stability conditions in the presence of matter

For the matter sector we chose to employ the Sorkin-Schutz action,
which allows one to treat general matter fluids [120} 121]. Among many
models used to describe matter Lagrangians and which have been exten-
sively used and investigated in the past years [37} |67, |112H115], we choose
to follow the recent arguments in ref. [122]. Indeed, it has been shown
that such an action, along with an appropriate choice for the matter field,
describes the dynamics of all matter fluids avoiding some problems which
might arise when including pressure-less matter fluids, like dust or cold
dark matter (CDM), which are relevant in the evolution of the Universe.

Previously, a stability analysis of the EFToDE/MG in the presence of
matter had been done in [37]. However, in our work we present also the
conditions which allow to avoid tachyonic instabilities and we analyse all
possible sub-cases concerning the stability conditions. Furthermore, due
to the different choice of matter action, modifications can be seen when
one includes presureless fluids.

With this machinery, we proceed to derive the viability constraints
one needs to impose on the free parameters of the theory by focusing
on three sources of possible instabilities, ghost, gradient and tachyonic
instabilities. We will proceed while retaining the full generality of the
EFToDE/MG approach, i.e. without limiting to specific models. However,
where relevant, we will make connections to specific theories, such as
low-energy Horava gravity [35], |36} [55] and beyond Horndeski models [66]
and we will analyse the results within the context of these models.

This Chapter is based on the work in [32]: On the stability conditions
for theories of modified gravity in the presence of matter fields with A. De
Felice and N. Frusciante. In section we briefly recap the EFToDE/MG
formalism we use to parametrize the DE/MG models with one extra
scalar d.o.f.. In section we introduce the Sorkin-Schutz action to
describe the dynamics of matter fluids and we discuss the advantage of
using this action with respect to previous approaches. We also work out
the corresponding continuity equation and second order perturbed action.
In section [3.4] we work out the action for both gravity and matter fields
up to second order in perturbations. Then, we calculate and discuss
the stability requirements to avoid ghost instabilities (section [3.4.1), to
guarantee positive speeds of propagation (section [3.4.2]) and to prevent
tachyonic instabilities (section . Finally, we conclude in section

3.2 The Effective Field Theory of Dark
Energy and Modified Gravity

The EFToDE/MG has been proposed as a unifying framework to study
the dynamic and evolution of linear order perturbations of a broad
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3.2 The Effective Field Theory of Dark Energy and Modified Gravity

class of DE/MG theories |14} [15]. This approach encompasses all the
theories of gravity exhibiting one extra scalar and dynamical d.o.f. and
admits a well-defined Jordan frame. As discussed in the Introduction,
the EFToDE/MG is constructed in the unitary gauge by expanding
around the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. Each
operator si accompanied by a time dependent function dubbed EFT
function. The explicit form of the perturbed EFToDE/MG action is the
following:

4 mg (4) 00 , M3() o oova
Sgrr = /d x/—g 7(1 + Q)R + A(t) — c(t)og™" + T(§g )
73 72 72
_Ml (t)5g()05K _ M2 (t) (6K)2 _ MS(t)(SK,’j(SK’:
2 2 2 t
M2(t
$ O 5000580 L mzn) (0 + i) 9,6%0,6"| (3)

where m3 is the Planck mass, guv is the four dimensional metric and g is its
determinant, §¢° is the perturbation of the upper time-time component
of the metric, n,, is the normal vector to the constant-time hypersurfaces,
R™ and R®) are respectively the trace of the four dimensional and three
dimensional Ricci scalar, K, is the extrinsic curvature and K is its trace.
Finally, with 64 = A — A we indicate the linear perturbation of the
quantity A and A(© is the corresponding background value.

Moreover, it has been shown that appropriate combinations of the
EFT functions in action allows one to describe specific classes of
DE/MG models. We group such combinations as follows:

o M2 = —M2 = 2M? and m3 = 0: Horndeski [78] or Generalized
Galileon class of models [79] (and all the models belonging to them);

o M3+ M2 =0and m3 =0 : Beyond Horndeski class of models [66];
2 3 2

e m2 # 0: Lorentz violating theories (e.g. low-energy Hotava grav-
ity [35} 136} 59]).

For a detailed guide to map a specific theory into the EFToDE/MG
language we refer the reader to the previous Chapter as well as refs. |14}
15,37, 165]. Finally, an extended version of the above EFToDE/MG action
has been presented in the previous Chapter which includes operators
with higher than second order spatial derivatives.
In the following we will briefly recap the construction of the EFToDE/MG

action up to second order in terms of the scalar metric perturbations as
it will be the starting point for the stability analysis.
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3 Stability conditions in the presence of matter

Because of the unitary gauge in action (3.1)), it is natural to choose the
Arnowitt-Deser-Misner (ADM) formalism [19] to write the line element,
which reads:

ds? = —N2dt? + hy;(da’ + N'dt)(da? + N7dt), (3.2)

where N(t,2°) is the lapse function, N*(¢,z") the shift and h;;(¢,z°) is
the metric tensor of the three dimensional spatial slices. Proceeding with
the expansion around a flat FLRW background, the metric can be written
as:

ds® = —(1 4 26N)dt* + 20inpdtda’ + a*(1 + 2¢);;dx'dx? ,  (3.3)

where as usual 6N (¢, 2?) is the perturbation of the lapse function, 9;1(t, z*)
and ((t,2") are the scalar perturbations respectively of N; and h;j and
a is the scale factor. Then, the scalar perturbations of the quantities
involved in the action (3.1)) are:

5% = 26N,

6K = —3( +3HGSN + %a%,

§Kij = a?6,;(HON — 2HC — &) + 8;0;1)

SK! = (HSN — ()5 + %a%‘ajw,

SR®) = —%a%, (3.4)

where we have made use of the following definitions of the normal vector
and extrinsic curvature:
0 A
uw=Nd,, K, = h,Van,, (3.5)

with h* = g"" +ntn¥, H = l@ is the Hubble functlon and dots are the
derivatives with respect to tlme Then the action can be explicitly
expanded in terms of metric scalar perturbations up to second order and
after some manipulations, we obtain the following final form:

2 2
Serr = /dtd3 { F“(a 1”) —gF1<'2+mg(Q+1) (‘952)

82
=

s,
— 0N
2

2
Fy6N — F1C) + 4m2M +

+ {3F2( 2(m0(9+1)+2M2) QC} } (3.6)
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3.3 The Matter Sector

where we have defined

i = 2md(Q+1)+3M3 + M3,

F, = HF +m2Q+ M},

Fy = 4Mj+2c—3H?F, — 6m2HQ — 6HM}

F, = Mj+ M2, (3.7)

and other terms vanish because of the background equations of motion.
This result will be considered along with the matter sector which will be
presented in the next section in order to facilitate the complete study of
conditions that guarantee that a gravity theory, in presence of matter
fields, is free from instabilities.

3.3 The Matter Sector

The goal of the present work is to investigate the emergence of instabilities
in modified theories of gravity under the influence of matter fluids and
subsequently set appropriate stability conditions. Therefore, a crucial step
is to make the appropriate choice for the matter action, S,,. Moreover,
the generality of the EFToDE/MG approach in describing the gravity
sector makes that even for the matter action there is an equally general
treatment. It is common in literature to choose for the matter Lagrangian
a k-essence like form, P(X) [37} |111H114} 123} [124], to model the matter
d.o.f. where X = x.,x* is the kinetic term of the field x. However, this
choice displays problematic behaviours which motivates us to decide for a
different action. The easiest way of identifying those issues is to consider
the corresponding action for P(X) when it has been specialized to a
dust fluid. In that case it can be easily shown that the action diverges.
Subsequently, in ref. [122], it has been shown that the real problem arising
in the K-essence like matter Lagrangian lies in the choice of the canonical
field one uses to describe the d.o.f. of the fluid. The usual choice for
the fluid variable, the velocity v.,, satisfies a closed first order equation
of motion, which requires only one independent initial condition. Then,
the dust fluid would have only one d.o.f. (rather than two) and for that
field the action tends to blow up as the speed of propagation goes to zero
(c? ; — 0). Instead, the appropriate variable for the fluid is the matter
density perturbation, &,,.

In order to avoid the issues described above we choose the Sorkin-Schutz
action, see refs. [120, |121] which is well defined for a dust component
and can describe in full generality perfect fluids. As observed above the
appropriate fluid variable is the density perturbation which is exactly the
one employed by this action and thus satisfies a second order equation
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3 Stability conditions in the presence of matter

of motion as will be evident in the following. The Sorkin-Schutz matter
action reads:

- / d'x[y/ =g pln) + 10,0, (3.8)

where p is the energy density, which depends on the number density n, £
is a scalar field, whereas J” is a vector with weight one. Additionally, we

define n as
a Jp
n =y LT %08 Jggaﬁ . (3.9)

Then, the four velocity vector u® is defined as

J(X
Ut = —— 3.10
e (310
and satisfies the usual relation u“u, = —1. Variation of the matter
Lagrangian with respect to J* leads to
1
= ——— 0.0 3.11

while taking its variation with respect to the metric we find that the
stress energy tensor can be defined as

2 0S, ap ap
== —n L, L 5) gus, 3.12
8= T=a5gf = "o U5+(nan >9ﬁ (3.12)
which is a barotropic perfect fluid with pressure given by
dp
=n——0p. 3.13
p=ng (3.13)

Let us notice that a particular choice for the density, i.e. p oc n!*®, allows

to have the usual relation p = wp, where w is the barotropic coefficient.
Finally, by varying the matter action with respect to ¢, one gets the
conservation constraint
OaJ® = 0. (3.14)
On a flat FLRW background the above relation gives J° = A, where
Ny is the total particle number and from Eq. (3.9) we have n = Ny/a®.
Let us now proceed to write the matter action (3.8]) up to second order
in the scalar fields by using the metric scalar perturbations in Eq. .
For the fluid variables we proceed to expand them as follows

J' = Ny+4J,
J = iaiéj,
0 = /apdt—— U (3.15)
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3.4 Study of Stability conditions

where v, is the velocity of the matter species. Furthermore, we note
that since

3p 3N0 oJ
=p+— | — — | =p 1
P p+an( 3¢t 3 p+dp, (3.16)
where p is the density at the background, one can obtain
5.0 = LP0m L spn (3.17)
~ dp/on 0% '

where, as usual, 0,, = dp/p. We can thus rewrite 6J in terms of 4, in
the perturbed matter action. Finally, we can use the equation of motion
for d7

0j = —No(¢ + vm) (3.18)

in order to eliminate it in favour of v,, and .
Combining the above results and after some integrations by parts, we
obtain the action for the scalar perturbations up to second order:

Sg) _ /dtd3xa3 7np,n(av)2 I 3H (np,n2 —NPPnn — ﬁp,n) Om
2a? Pin
np7n321/} . p,mp%?n _
— o = 3np . — p5m> Uy, — W — pONG,, | (3.19)

Notice that the velocity v,, can always be integrated out, as np, =
p+p#0.

3.4 Study of Stability conditions

In this section we present the main bulk of our work, i.e. the study of the
general conditions that a gravity theory has to satisfy in order to be free
from instabilities when additional matter fields are considered. These
set of requirements include: no ghost instabilities, positive speeds of
propagation (squared) and no tachyonic instabilities as presented in the
Introduction. Recently, it has been shown that physical stability plays
an important role when testing specific gravity models with cosmological
data 23, [125]. In particular, the EFTCAMB patch [22, |23] includes a
specific module with the task to identify the viable parameter space of a
selected theory. The results of the present work can be used to improve
such modules and improve on the efficiency of the selection process.

To achieve this goal we consider the general EFToDE/MG parametriza-
tion presented in section in the presence of two different matter fluids,
described by the action ED, for which we made the following, realistic,
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3 Stability conditions in the presence of matter

choices: a pressure-less fluid, i.e. cold dark matter/dust (d) and radiation
(r). A treatment which includes two general fluids complicates the process
substantially and we do not expect to learn much more in such a case. So
the relevant action required in order to proceed is of the following form:

1 B k21/) _ 4 k‘g’lb
S(Z) = (27r)3 /dtd3ka3 {pd (-a — 34- 6d> Vg + Pr (_3a2
L (kva)® (kv,)*
— 4< - 6r> Uy — pd 2Ud2 ;)2 - 2(14 ( 2¢)

2
e
202 (2012 + m(2+ 1)) K2

4 . + 30 | ON + (SNFy - Fid) =2t
a
2 2 2 2 2
mz(kON)*  mg(Q+ 1)(kC) 4 (kv,) _
+ a? + aQ B gpr 222 padNOa
) -
+ §F36N2 F c-= p,.5N5r} ; (3.20)

where we have Fourier transformed the spatial coordinates and we have
considered the following relations for the number densities:

ndg = pd , ny = (ﬁr)%v (321)

being pq, pr respectively the density of dust and radiation at background.

An action constructed in such a way admits only three d.o.f. described
by {(,d4,6,}. Therefore in the above action we notice the presence of
four Lagrange multipliers 6V, ¥, vy and v,.. Consequently, we proceed
with the removal of the latter by using the constraint equations obtained
after the variations of the action with respect to the Lagrange multipliers.
The resulting set of constraint equations is:

4 k2 .. 4 kv,
pr 7771#744757’ 7757’71):07
a 37 a?

k2 A )
ﬁd (a23€5d) —ﬁd a2d :0,

( . >+3F2< LJrFﬁ—pd(sd
a a? a?
L F3ON — prd, =0,
_ 4 _ ;o Fuog
—Pavg — gprvr+5NF2 - Fi¢— ﬁk Pv=0. (3.22)

After solving for the auxiliary fields and substituting the results back
into action ([3.20), we get an action containing only the three dynamical
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3.4 Study of Stability conditions

d.o.f. {¢, 84,6, }:
1 . . .
52 = P / P kdta® (;ZtA;Z— EY'GY — ¢'BY — ytmy) , (3.23)
T
where we have defined the dimensionless vector:

)Zt = (<a5d75T)7 (324)

and the matrix components are listed in Appendix [3.6] In the next
sections we will derive the stability conditions one needs to impose on
the above action in order to guarantee the viability of the underlying
theory of gravity.

Before proceeding with this in-depth analysis of the final action we
present the background equations corresponding to our set-up:

dQ) _
FE, = 3mg[1+9+ada}H2+A202pi0,
Ey = my(l+Q)3H+2H)+2mi HO+miQ+ > pi+ A =0,

where the Friedmann equations have been supplemented by the continuity
equations for the fluids. Finally, in order to close the system of equations,
one needs to use the well-known equations of state for dust and radiation.
As a side comment, from the background equations it is not possible to
define in general a modified gravitational constant because ¢ and A can
be functions of H?. The latter statement is clear when looking at the
mapping of specific theories in the EFToDE/MG language as done in
Chapter 2.

3.4.1 The presence of ghosts

A negative kinetic term of a field is usually considered as a pathology of
the theory, since the high energy vacuum is unstable to the spontaneous
production of particles [29]. Such a pathology must be constrained
demanding for a positive kinetic term.

Recently in ref. [126], it has been shown that such a constraint has to
be imposed only in the high energy regime, in other words, an infrared
ghost does not lead to a catastrophic vacuum collapse. On the contrary
it was shown that it corresponds to a well known physical phenomenon,
the Jeans instability.

In fact, expanding the ghost conditions in high-k one can show that,
when using appropriate field re-definitions, the sub-leading terms can
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3 Stability conditions in the presence of matter

be recast into the form of a Jeans mass instability, and viceversa. For
example, the Hamiltonian # = —P? + Q? (where a ghost is present), can
be recast into H = p? — ¢? (with negative squared speed of propagation
and /or tachyonic mass), upon using the trivial canonical transformation
@ = p, P = —q. Therefore, we will consider only the constraints coming
from the high-k behaviour for the ghost conditions as only in this regime
they correspond to a true theoretical instability and not to a hidden
physical phenomenon. As for the tachyonic squared mass (i.e. negative
mass), it is problematic only when the time of evolution of the instability
is much larger than H2. We will elaborate on the latter in section

Although the EFToDE/MG approach has been discussed in the context
of energies smaller than the cut-off of the theory, Acut_of, here and in
the following we will assume that we can still perform a high-k expansion,
namely we assume that in this regime we have H < k/a < Acut—oft-
This assumption is assumed to be valid at least for medium-low redshifts,
those for which we can apply all the known cosmological-data constraints,
namely BBN, CMB, BAO, etc.

In action we have a non-diagonal kinetic matrix for the three
fields, i.e. £ 3> Aj;Xix;. As previously mentioned, in order to guarantee
the absence of ghosts, one needs to demand the high-k limit of the kinetic
matrix to be positive definite. It is clear that one case encompassing all
viable theories does not exist as a result of the wide range of operators
which depend differently on the momentum. In particular, one has to pay
attention to the operators accompanying ]\7[23 , ]\_422 and m3, which exhibit
a higher order dependence on k. Therefore, we will present a number of
clear sub-cases which we consider relevant

We can identify a few cases:

1. In this case all the functions in the Lagrangian are present, in
particular m3 # 0 and Fy # 0. As a reference we note that the

low-energy Horava gravity belongs to this general case. Expanding
at high-k, we find

(F173F4)(13F1 >
2F,
a5,512
= ——>0 3.27
gl 2k2(ﬁl+pl) >0, ( )

g1 = 0, (3.26)

where the index [ indicates the matter components, i.e. dust and
radiation, Ql = Det(A)/(A22A33 — A%3), Q,« = A33 and gd =
Ags — A35/As3. The G, conditions represent the standard matter
no-ghost conditions, which are trivially satisfied.

2. Fy = 0 = m3. This case corresponds to the well known class of
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beyond Horndeski theories. We find:

(F\Fs + 3 Fy?) Fia®

= >0, 3.28

gl 2F22 ( )
a5 2

G = —" L _>0. 3.29

LS WG (3:29)

3. F; =0 and m3 # 0. The ghost conditions change into

AF?m2k%a

G = %>0, (3.30)
F2 5=

G = 29 Pd >0, (3.31)

2R2(F3 — 8m3pa)
94° (F§ — 8m3pd)

ro= y .32
9 = SRBE-smiGpat a0 332

and in this case the matter no-ghost conditions get non-trivially
modified. In particular, we find 0 < m3 < F3/[8(pa + 4p,/3)].
Such condition prevents m2 to be arbitrarily large ensuring the
stability of the theory. One might wondering about the role of
spatial gradients of the lapse in the stability of matter, since in
the action there is no direct coupling between matter and
gravity. However, the spatial gradient of the lapse turns out to
be proportional to 6%, 62 and ¢? through egs. @b, then it is
directly involved in the above ghost conditions. In this sense there
is a “coupling” between gravity and matter fields.

4. m3 =0 and Fy # 0. In this case we have

3(Fy — 3Fy) (FyFs +3F
g - “(h ;‘)( 1y +3F) >0,  (3.33)
2(Fy2 + FyFy)
a2
G = —1L 0. 3.34
T R (331

5. F} = 0. In this case the no-ghost conditions can be written as:

9 F%a®
= ——2__>90 3.35
G 16m2kz = (3:35)
a5 p?
G = —1t—>0, 3.36
: 2k2(pr + 1) (3:36)

so that m3 < 0.
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3 Stability conditions in the presence of matter

6. Cases: F; = 3Fy, or F} =0 = Fy, or m3 =0 = F;F3 + 3F%. In
this cases the determinant of the kinetic matrix identically vanishes.
This behaviour, in general, leads to strong coupling, so that this
class of theories cannot be considered as a valid EFT.

A final remark on the first two cases, which are the most noticeable
since they are strictly related to well known models: the presence of
matter fluids does not affect the form of the ghost conditions, indeed,
we recover the same results as in the previous Chapter where no matter
fluids were included, once the high-k limit has been taken. However,
let us note that the parameters space identified by these conditions can
change because of the evolution of the scale factor, which in turns is the
solution of different Friedmann equations. Moreover, no-ghost conditions
have been previously obtained in presence of matter fields described by a
P(X) action as in refs. |37, 111}, 123| |124] (and references therein). Such
results are obtained for the variable v,, and they can be safely applied
for all matter fluids but not for dust. Indeed, in the specific case of
pressureless fluids (w — 0) the ghost condition turns out to be ill defined.
This can be explained by the fact that the no-ghost conditions need to
be derived at the level of the action, which diverges in this limit. From a
physical point of view this is related to a ”bad” choice of physical variable
which has to describe the matter d.o.f. as we discussed in section 3.3l
However, in some cases they can be extended to non relativistic matter
species as for eg. in ref. [111], where the authors use for the barotropic
coefficient of these species the case w = 07 which implies a small yet
non-negligible pressure and speed of propagation. In conclusion, by using
appropriate precautions in some cases present in literature one can find
some of the above results, mostly related to case 2. In this sense our
results are more general and robust.

3.4.2 The speeds of propagation

We will now proceed with the study of the speeds of propagation asso-
ciated to the scalar d.o.f. in action . As usual, their positivity
guarantees the avoidance of any potential gradient instabilities at high-%.
Hereafter, we will consider the action purely in the high-k limit. This is
a necessary step in order to obtain the physical speeds of propagation.
Indeed, if one does not assume the high-k limit the resulting “speeds
of propagation” would be complicated and non-local expressions due to
the complex dependence on the momentum of the action and the
interaction between the three fields. Of course, in order to study the gra-
dient instability in full generality one needs to work out such expressions.
However, let us say that in such case the fields do not decouple from each
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other and it turns out to be very difficult to obtain analytical expressions
for the speeds of propagation. Moreover, the regime in which the gradient
instability manifests itself faster and thus becomes potentially dangerous
within the lifetime of the universe is in the high-£ limit, thus justifying
our restriction to such a regime.

In order to achieve this, it is necessary to diagonalise the kinetic matrix,
therefore we will proceed with the following field redefinition:

A12Asz3 — A13Azs

— W, Gy = Uk — U,
¢ 1 d 2 Aoy — A%, 1
A1 sz — A1z Aao Ass
O0r = kW3 + U, — = Uk 3.37
N AgpAss — A3 A 0 (3:37)

The k dependence of the transformation is a convenient choice in order to
obtain, in the high-% limit, a scale invariant kinetic matrix and the new
kinetic matrix, £ 3 a?’Kij\I/i\Ilj, is now diagonal without approximations.
Finally, we get a Lagrangian of the form:
L = KU+ KpW3 + K333 + Qua(¥1 05 — ¥, 0)
+ Qu3(¥1V3 — U3Wy) + Qo3(Wo W3 — U3Wy) — M,;; 0, %3.38)

where the kinetic matrix coefficients are:

As3A19? — 2A13A23A15 + Al3 Az + A (Az:;2 - A22A33)

K =
H Agz? — A Ass ’
Koo = k? <A22 - A232>
Ass )’
K33 = k?Ass K;j =0 with i # j, (3.39)

and the @Q;; and M;; matrix coeflicients will be specified in the following
case by case.

Due to the different scaling with k of the operators in action , it is
necessary to analyse the sub-cases identified before separately. As it will
become clear every sub-case exhibits a different behaviour, as expected.

1. General case (m3 # 0 and Fy # 0). The kinetic matrix elements at

high-k read
Fy (F, — 3F. 1
K = AR -3k +O(k™2), Ky =-a’pg+ O(k™?),
2F, 2
3
Ksy = gaQﬁr + 0k, (3.40)

which are scale invariant. In its full generality, the action reduces
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in such a limit to a system of three decoupled fields:

AF, (F) — 3F,)
Fy

g2 [2(—4m3(@+1) (m3 — N2 + 401" + m( + 1))

— — \112
a? m3 !

1 al . . .
s@ = W/dk3dt§ {4a2pd\115 +3a*p, V3 + v?

+ a®p V3] + Ok}, (3.41)

from which it is easy to read off the @Q;; and M;; coefficients. Then,
for high-k, the elements @);; are corrections and the matrix M,;
becomes diagonal. This decoupling is very helpful when obtaining
the speeds of propagation from the Euler-Lagrange equations:

R 3F) R —Am3 (@ + 1) (m3 — N2 + AN 4 (2 + 1)
Fy P2 2m2

¥y

F? (3F4H - F4) + R F (2F1 - 9F4H)

+ 77

—3F1 \Plz(),

Uy + 2HU, ~ 0,
. . k2
a

It is now straightforward to isolate the three speeds of propagation
and look at their functional dependence:

Fy (—4m3(@+ 1) (m3 — M) + 407* + m(Q +1)?)
09 = 2Fym2 (Fy — 3Fy) ’

(3.43)

where we have used the suffix ”¢” to indicate the speed of propaga-
tion associated to the d.o.f. of the gravity sector. It is clear that
when we consider all the operators active, including the higher order
in spatial derivative operators, one gets a completely decoupled
system where the fields do not influence each other and evolve
separately.

2. Case Fy = 0 = m3. After applying the fields re-definitions (3.37),
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we get in the large k-limit the following action:

1 1 P F | .
s@ = /dk3dt 3 5F T8 3) W2 4 Zg2p,02
@) a T + 11+ 507pa¥s
3 02502 2 Pr ~9 2
P02 — K2EEW2 4 (AN 4+ 2m2(Q 4+ 1) — F,
toger 8 +2F2( +2mp(2+1) 1)
x [pa (ol = wrda ) + 5y (Weid — w5 )|
k2
+ 3252 [ 3P FyH (2 +m2 Q+1)) + (6pa + 8pr)

X (2M2+mOQ+1)2+3m0{F1 (Q+1)F,
- R(RO+@+1A)+ FRQ+1)] -6 (B (A
n 2F1MJ\2) — FlFQMQ)} \1@} +O(k2).

(3.44)

As it is clear, the resulting action in the high-k& limit exhibits some
substantial deviations from the previous case. The complication
arises due to the fact that now the fields are coupled in antisym-
metric configurations. This will force us to change approach when
obtaining the speeds of propagation. Namely, we will choose firstly
to Fourier transform the time component in the Lagrangian by us-
ing (0; — —iw) and then proceed to obtain the dispersion relations.
This will yield the following:

. %Fl (F3F1 + 3) - ’;—zgu 77;ka12 71'(.016813
L&~ 3" iwkBia §a2p w? O )
iwkBis 0 % a“py w? ]{iQ%

3.45)

where G;; and B;; can be read off from the action and we have
defined the field vector ¥. Now, setting the determinant of the
above matrix to zero and considering that w? = Z—ch in the high-k
limit, we obtain the following results:

A,=0
s, d — Y
(3¢2 = 1)pr [pa (E(FFT + 3F3Fy) — 2a° F3Gn1) — 4B}, F?]

with Fy # 0 and where ¢? is the double solution of the dispersion
relation obtained after observing that the dust speed of propagation,
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cf}d is zero. It is clear that, while the speed of propagation of the
dust component remains unaffected by the presence of radiation
and gravity, the last dispersion relation manifests the clear interac-
tion between radiation and gravity, which modifies their speeds of
propagation. Hence, this result shows us clearly that the interaction
with matter can affect the gravity sector in a very deep way.

The only case in which the gravity sector and the radiation one
completely decouple is when the following condition applies:

AM? +2m2(Q+1) — Fy = 0. (3.47)

In this case from (3.46)) the standard speed of propagation for the
radiation is recovered and the speed of gravity is

2 2F3G1
59 F3F12 +3F22F1 ’

Let us notice that the condition (3.47) is trivially satisfied for
the Horndeski class of models. In Eq. (3.48)), G11 depends on the

background densities of dust and radiation, then one can use the
background equations (3.25)) to eliminate the dependence from the
densities of the matter fluids, thus obtaining

(3.48)

2 .
2 2 2 12
cs = ————————— X (2¢Ff +2m{FTH(Q + 1
g F‘1 (3F22 4 FlFS) ( 1 01 ( )

+ FRH (Fy = m3Q) + mBFE) - 2mFH(Q 4 1) - FEF
+ 2F2F1F1) . (3.49)

Even though the radiation and the dust sector appear unaltered
there is some interplay between gravity and the matter sector.
Although the above expression for the speed of propagation of
the gravity mode holds both in the vacuum and matter case, the
parameters space defined through Eq. changes drastically in
the two cases. Indeed, firstly one has to consider a different evolution
for the scale factor, a(t) accordingly to the corresponding Friedmann
equations, secondly in the vacuum case Eq. simplifies because
a combination of terms turns to be zero due to the Friedmann
equations. Instead, such combination of terms when matter is
included gives a non zero contribution.

The same result for this sub-case has been obtained in ref. 37,
124], starting from a P(X’) action for the matter sector and the vy,
variable. It is important to note that, in contrast to the no-ghost
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conditions, the results also agree for the case of dust. This can be
explained by the fact that the speed of propagation can be obtained
at the level of the equations of motion, hence avoiding the issues
plaguing the action, described in the previous sections.

3. Case Fy = 0 and m3 # 0. The action at high-k reads

1 - 5 [ 4Kk2F2m3 a’paF3 .
2 _ dk3dtad 2\1/2 Pat’s W2
S (27)3 / T2 9FZ — 16pqm3 2

9a2p, (F§ — 8pam3) o k2p,
8 (—24pgm3 + 3F3 — 32m3p,) ° 8
128k%p%m3p, 128k* F2mip, k3Eym3p,
_ 8k~ pgmsyp 2\113_ 8 41T2P o2 8 ;mgp U0,
9 (F2 — 8pgm3) 9a'F, 3aFy
256k3a/3dF1m‘21pT
9ad Fy — 72pgF3m3

+ (41:’2 (FQM - 2m2F1) +2m2F2(Q + 1)

w3

sU1 Wy + k (16Fy Foms H

— Py (16Famaris — 16m3F, + F3) )

Pd ; ;
: oWy — Uy
. [2(F238,6dF2m§)( SRR 2)

3p, . .
Wyl — 0y )
T R, (24pgmZ 1 377 — 32m 2pr)( T 3]
8k2pdm2pr o

We find that the solutions of the discriminant equation

)

de t( k2 K. — M) N a5cs4ﬁm (CSQPr,n - nrpr,nn) ﬁ§m22F12k6
v v (_8 m22nrpr,n - 8m22/6m + F22) nrpr,n2
(3.51)

reduce to

1
2 =0, cid =0, 2, == (3.52)

The results for this case can be found in the limit F;, — 0 for the
general case discussed above.

4. Case Fy # 0 and m3 = 0. The action for this sub-case at high-k
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reads

5@ = : /ddetag (3F22 + F1F3) (Fy — 3Fy) . 5
(271')3 2(F22 +F3F4) 1

Lo 5o 3 9 o 2ﬁT(F22+F3F4+4F4ﬁT)
- \ —a“p. V5 — k
TPt gator ¥y 8(F2 + F3F))

w3

2
or2 2
2P (2M +m2(Q+ 1)) ,

k*p3Fy i
at (F3 + F3Fy) !

O 2(F2+ F?,F4)‘I’g -k
J2F) (2M2 +m2(Q+1)
a? (F2 + F3Fy)
Fy (fFl + 3Fy +4M? +2m2(Q + 1)
F 2(F% + Fs5Fy)
k?paFapr
(F§ + F3Fy)

+ k (Pr¥sWy + pgV,Ws)

+  pr (‘1/3‘111 - ‘1’1‘1’3)} - ‘1’2‘1/3} +O0(k™?),

where the kinetic terms K1, Koo, K33 are of order O(k°) for high
values of k and the elements Q12 and )13 are of order k and cannot
be neglected. Furthermore, the leading component of Mj; is of
order k* Therefore now we need to consider the discriminant
equation as

Det(szij —tw Qij — M”) = 0, (354)
this equation can be recast as

+ 0(k2)> wh + <BZZ + (9(1&)) w?=0, (3.55)

k’4
WG + <.A 3

a
with

N 2
((Q+1)m02+2M2) Fy )
A=14 —,  B=-A. (356)
(3F; — F) (F1F3+3F2) 3

For high-k, we find the following solutions:

e One solution can be found by assuming w? = W k?/a*. In
this case we find

12
(W + A)W? % + Ok =0, (3.57)

[f)d (‘112‘111 - \Ijl\i’2>

(3.53)
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which is verified by W = — A, so that

or

(3.58)

N2
. 16F ((Q +1)m2 +2 M2) 12

= — 3.59
Cs.9 (F1F3+3F22) (F173F4) a?’ ( )

which tends to large values.

e The other two solutions of Eq. (3.55)) can be found by assuming
w? = Wk?/a?, so that

8
(AW? 4+ BW) % +0(k% =0, (3.60)

which implies the following standard results

2,=0, == (3.61)

5. Case I} = 0. The action reads:

S

+

1 9a%F3 .5 pad 9:0 3 .
ddet 3| _ 2 \112 Fa 2\112 o, 2\112
(277)3/ “ [ omz 1T @ et ghra®s
R o o Pa (204 w4 1)
- k o
3 Pz + a2 P1¥a
b (4M2 Fom2(Q+1) + 8m§)
k2 B NRVN
8ms3
AN* — am3(Q + 1) (mg - M?) +md(Q 4 1)2
k* 2
da?m? !
O(k™2). (3.62)

In this case, the matrix ();; can be neglected, but the M1, coeflicient
has a term in k%, therefore we have the discriminant equation

Det(w?K;; — M;;) =0, (3.63)

which leads to

1 kS
3

wb + (A];i + O(k2)> wt + (—Aa6 + O(k“)) w? 4+ O(k%) =0.

(3.64)
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with
4 <74m3(Q +1) (mg — MQ) +4AM* + mi(Q + 1)2)
A= 5 .
9F;
(3.65)
Once more we have a solution
2 k*
w=-A prl (3.66)

which leads to

16 4 (m2 — M2) (1+Q)m2 — (14 Q)* mg — 4 M* k2

2
R F2 a2’
(3.67)
whereas the other two solutions are found to be
2 2 1
csa=0, Cor = 3 (3.68)

In summary, in this section we have derived the speeds of propagation
for the three dynamical fields describing our system. In general for all
the sub-cases analysed we have found that in the high-k regime the three
d.o.f. decouple and the resulting speeds of propagation are unaltered with
respect to the vacuum case. This can be easily verified by considering the
high-k limit of the results in Chapter 2. Only one case stands aside, the
beyond Horndeski case. In this case the dust field completely decouples
from the other fields, while the radiation and gravity fields are coupled
and their speeds result to be modified. We also recall that even in the
cases the expressions for the speeds of propagation do not differ from the
respective cases in vacuum, the parameters space may change accordingly
to a different evolution of the scale factor, which in turns is the solution of
different background equations. In conclusion, for all the cases analysed
we demand a positive speed of propagation in order to guarantee the
viability of the underlying theory of gravity.

3.4.3 Tachyonic and Jeans instabilities

The final aspect of our work which tends to be the one least studied
in the literature in the context of MG theories and especially in the
EFToDE/MG framework, is the study of the canonical mass of the fields
and consequently the boundedness of the Hamiltonian at low momenta.
These results are related to the usual tachyonic and Jeans instabilities,
the latter being characteristic of the fluids components.
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In this section we will restrict the analysis to the EFToDE/MG action
in the presence of only one matter fluid. We choose the dust over radiation
because we know that the dust component clusters and hence for our
purpose it might show an interesting behaviour related to the Jeans
instability. Thus, the results presented here will be applicable during
the dust-dominated era and onwards when the dynamics of the two d.o.f.
starts to play a role. A second fluid can be straightforwardly added, but
it makes the procedure substantially more difficult.

One can obtain the action for the EFToDE/MG with a dust component
by setting §, = 0 in the action and p, = 0 in the remaining
functions. Now, let us assume the no-ghost conditions hold, and proceed
to rewrite the action in its canonical form. The first step is to diagonalise
the (2x2) kinetic matrix as in the previous section by making the following
field redefinitions

=Yy,
AW
6q=kWy — 21271 (3.69)
Ago
with the following diagonal terms:
o A% . 2
K11 = A1 - =, K22 =k AQQ, (370)
Ago

where A;; are the ones defined in Appendix [3.6|after setting p, = 0. Next,
the canonical form is obtained by normalising the fields accordingly to:

1 _
\Ill = — \Ill )
2K11
1 _
U, = T, . (3.71)

V2K

After grouping the different terms and performing a number of integra-
tions by parts, we obtain the Lagrangian as:

£® = T [0+ B3 + B(t, k) (0103 — U ly) — Oy (1K) BT,

(3.72)

where we refer the reader to the Appendix for the functional forms of

the B, Cj; coefficients.

In order to obtain the mass eigenvalues we need to proceed with the

diagonalization of the mass matrix C;; while keeping the canonical form of

the action. For this purpose we consider a field rotation via an orthogonal

matrix, in the following way:

U, = cosad; +sinadsy,
Uy = —sina®; +cosad,. (3.73)
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Now, it is possible to choose « in a very specific way in order to diagonalize
the mass matrix. This leads to the following relation:

2C12
tan(2a) == —=———"——, 3.74
o) =f=-5—"F¢ (3.74)
accompanied by:
d[tan(2a)] e . B
il s S/ R = =—— . (3.7
7 2[1 4 tan“(2a)]c & 30+ 59 (3.75)

Then, the Lagrangian becomes

3
a . . . .
£® = T |03 + &3 + B(t, k) (d105 — do@1) — (1, )0F — pia(t, )03

(3.76)
with the following definitions:
B = B+2a,
_ Ch1 — Co2)? + 4C% C11C99 — 2C%, — C2
- —aQ—Ba+< 116‘ 22)(7+ 2 o2 o g S 25 52 2
11 — Ca2 11 — Ca2
.9 . (011 *622)2+40122 2 0121 *6116224’20122
= —& —Ba- = = cos” o + = - .
2 011 — 022 Cll - 022

(3.77)

It is straightforward to obtain the energy function (which is equal in
value to the Hamiltonian, see e.g. [127] for details) which reduces to a
formally simple form (see Appendix 7 namely

. 3 . .
H(®;,&;) = % DT + @3 + pa (t, k) T + po(t, k) @3 (3.78)

so that the Hamiltonian will be unbounded from below if the eigenvalues
satisfy pu1 < 0 or ps < 0, for example on the line (<I>z = 0). Naively
one could then proceed and constrain the mass eigenvalues to be non-
negative. From a physical point of view this condition must be considered
too stringent as there is a very well known phenomenon related to a
negative mass, the Jeans Instability. As this corresponds to a negative
mass but with a slow enough evolution rate in order to be countered
by gravity we can reformulate the condition avoiding a catastrophical
tachyon instability. For cosmological purposes, in order for a theory to be
viable we will proceed to demand the eigenvalues, if negative, to satisfy
the condition |u;(¢,0)| < H?, so that the evolution rate of the instability
will not affect the whole stability of the system for time-intervals much
shorter than the Hubble time (see also ref. [126]). Finally, one would
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expect that the py eigenvalue can become negative as the dust sector
must exhibit a Jeans instability in order for structure to form in our
universe.

e Minimally coupled quintessence model in presence of a
dust fluid

We will now proceed to exemplify the previous, rather abstract, ap-
proach by studying a specific model in the presence of dust: minimally
coupled quintessence, which has the following action |71]

2
5= [ dov=g | R g 000,60 - V)| + 50 G1Y)

where ¢ is the scalar field and V' the corresponding potential. The above
can be mapped in the EFToDE/MG formalism by making the following
correspondence as was done in Chapter 2 and the following refs. |14} |15]
75|
c= 3B, A=g BV, {088 Mg g} =o,
(3.80)

where ¢g(t) is the background value of the scalar field.

Let us now consider that the minimally coupled quintessence model
can be also parametrized by assuming that the modification to the gravity
sector can be recast as a DE perfect fluid by introducing the following:

Ppg _ $?/2 — V(p)
PDE  $2/2+V(9)’

wpg(a) = (3.81)

and assuming that the DE density has the standard perfect fluid form

1+ wpg (a))

a
ppE = 3miHZ QY exp [— 3/ ( dal, (3.82)
1

a

with Ho, QY% be the present day values of the Hubble and density
parameter respectively. Then, the Friedmann equation simply reads:

3m3H? = py + ppE- (3.83)
and the EFT functions can be written accordingly as
1
c= iﬁDE(l + wDE) , A = wpgppE. (3.84)

This choice for the parametrization makes the whole treatment of the
minimally coupled quintessence case more handy. Indeed, this will allow
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Figure 3.1: The figures show the behaviours of the mass eigenvalues ,u,l/HQ (blue dashed
line), ua/H? (orange dot dashed line) for minimally coupled quintessence on a CPL back-
ground. Left panel: stable tachyonic configuration with wo = —0.9 and w, = 0.009. Right
panel: unstable tachyonic configuration with wo = —2.9 and w, = —2. For this figure the
cosmological parameters are chosen to be: QODE = 0.69, Qg = 0.31, Hy = 67.74 |128|. See
section for the whole discussion.

us to rewrite the mass eigenvalues (3.95)), presented in appendix ?7?,
purely in terms of the fluid parameter, i.e. u;(wpg). As a general remark,
from the expressions it becomes clear that in general the mass
eigenvalues tend to be quite complicated. More complicated theories,
especially the non minimally coupled ones, will be substantially harder
to treat, yet not impossible. Having the explicit results of the mass
eigenvalues for the minimally coupled quintessence model, we want now
to proceed and gain some intuition regarding their behaviour compared
to H2.

We will make a specific choice of the DE equation of state, out of the
many options, which will help in illustrating different behaviours:

e The CPL parametrization [129, |130]: wpg(a) = wo + we(1 — a),
where wg and w, are constant and indicate, respectively, the value
and the derivative of wpg today;

as illustrative examples, for the values of {wp, w,} in the DE equation of
state we choose two sets, one for which the system is free from tachyonic
instability and one where the gravity sector shows an unstable configura-
tion since a tachyonic instability is manifest. The results are illustrated
in figure In the left panel, for the choice of the parameters wg = —0.9
and w, = 0.009, we notice that the eigenvalue associated to the gravity
sector (i.e. p1) is always positive and approximately of the same order
as H?. On the contrary, the eigenvalue associated with the dust sec-
tor (u2), here plotted in its absolute value, is negative and |uq| < H2.
This, of course, has to be expected as it is a manifestation of the well
known Jeans instability which allows structure to form. In the right
panel, we chose a rather unrealistic set of the parameters in order to
show a tachyonic instability, namely wy = —2.9 and w, = —2. Both the
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eigenvalues oscillate and switch the sign very fast at early time, then pus
becomes positive around log(a) > —2.9 and ;1 turns to be firstly negative
and finally positive at very late time. In this case since the eigenvalue
associated to gravity is negative (for most of the time) and additionally
|p1] > H?, this implies that the tachyonic instability evolves very fast,
resulting in an unstable system. The dust eigenvalue on the other hand
is positive during the matter dominated era which means that matter
does not cluster.

The above discussion concerns only the tachyonic and Jeans instabilities,
thus can not be considered exhaustive. In order to complete the set of
stability conditions for minimally coupled quintessence one needs to study
the ghost conditions and the speeds of propagation, as presented in the
previous sections, which in the case of minimally coupled quintessence
simply reduce to wpg(a) > —1.

3.5 Conclusion

In this Chapter we presented a thorough analysis of the viability condi-
tions which guarantee the stability of the scalar d.o.f. in the presence of
matter fields. These conditions guarantee the avoidance of ghosts and
tachyonic instabilities, supplemented with a positive speed of propagation.
The study of the viability of specific gravity theories in vacuum or in
the presence of matter fields has already yielded an extensive literature.
However, our results are more general and directly applicable to most of
the well known models which are of cosmological interest.

For the gravity sector, we employed the general EFT approach for
DE/MG, which has the advantage of being a model independent parametriza-
tion of gravity theories with one extra scalar d.o.f. while at the same
time preserving a direct link with a wide class of theoretical models
which can be explicitly mapped into this formalism. In order to describe
the standard perfect fluids we chose the Sorkin-Schutz action which has
been shown to be well behaved in contrast to other choices made in the
past when considering presureless fluids. In detail, we specialised to the
case where the matter fluids are dust (or CDM) and radiation. From
these starting blocks we proceeded to derive the action up to second
order in scalar perturbations accompanied by the background equations.
Finally, we moved to the study of the viability requirements which we
will summarise and discuss in the following.

After constructing the Lagrangian for the perturbations one can
straightforwardly guarantee the absence of ghosts by imposing the positiv-
ity of the kinetic term, or matrix in case more than one field is considered
as in the present chapter. In deriving such conditions we have considered
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3 Stability conditions in the presence of matter

only the Lagrangian in the high-%k regime, following the recent results
in ref. [126] where it was shown that only the high energy terms can
turn out in catastrophic instabilities. Sub-leading terms can be recast
in mass-like terms through appropriate field redefinitions. Because the
EFToDE/MG approach encompasses a variety of DE/MG models, which
in some cases show different and non trivial k-dependence, it is not
possible to obtain one general result applicable to all possible theories.
Therefore, we have identified five relevant sub-cases for which we have
worked out the corresponding no-ghost conditions. In particular, two
of the aforementioned sub-cases correspond to well known theoretical
models, i.e. low-energy Hotava gravity and beyond Horndeski, while the
remaining three do not correspond to any specific class of theories but
can be useful in a model independent study. In general, we found three
no-ghost conditions for each of the sub-cases. Out of those, the conditions
corresponding to matter fields were trivially satisfied. Finally, we have
also identified conditions which lead to strong coupling regimes, thus
excluding these theories from an effective description.

The next step was to identify the speeds of propagation of the three
d.o.f., in the high-k limit, for the sub-cases mentioned before. In order to
avoid gradient instabilities it was then required that they have a positive
sign. Depending on the sub-case the results change drastically because
the momentum dependence of various terms differs in each sub-case.
In general, the gravity speed of propagation does not depend on fluid
variables once one consider theories with higher (than second) order
spatial derivatives. In particular, for the sub-case to which low-energy
Hotava gravity belongs, we find that at high-k the d.o.f. are completely
decoupled and the speeds of propagation of dust and radiation components
are unaffected by the coupling to gravity, leading to the standard results.
On the contrary, the sub-case corresponding to beyond Horndeski shows
non trivial modifications as only the dust speed of propagation stays
unaltered. Furthermore, when specifying to Horndeski, the dust and
radiation reduce to the standard results while the speed of propagation
associated to the gravity mode still is modified with respect to the vacuum
case. The three remaining sub-cases exhibit unaltered matter speeds
and the gravity one is not influenced by the matter sector. A surprising
result is the sub-case corresponding to Fy = 0,m3 # 0, for which the
gravitational sector has a vanishing speed of sound.

In the last part of the Chapter we considered the tachyonic instability.
This instability is tightly related with the Hamiltonian being unbounded
as was shown in the extensive calculation in Section 3.4.3 . Only for this
case we have simplified the approach by assuming only the dominant
matter fluid, Cold Dark Matter. From this starting point, we have identi-
fied the two eigenvalues (u;) of the system which need to be constrained
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in the limit £ — 0 in order to guarantee the Hamiltonian of the system
is bounded from below. These conditions then correspond to the ones
one needs to apply in order to avoid tachyonic instabilities. A stringent
condition is then to demand both the eigenvalues to be positive definite.
On the other hand, it is well known that the dust fluid exhibits a Jeans
instability, which is necessary in order to allow structures formation.
Therefore, it is more realistic to allow them to become negative in sign
but with a evolution rate which sufficiently slow in order to avoid the
system to become unviable. In other words this translates to demanding
that, in case p; < 0, we have |u;| < H?. Due to the complexity of
these results, we have chosen to exemplify our findings by studying the
minimally coupled quintessence case. We have parametrized the gravity
modification in terms of the equation of state for DE, i.e. wpg(a) and
then through the appropriate mapping, we were able to write u;(wpg).
By choosing the CPL parametrization for the DE fluid and two sets
of values for the DE parameters we then presented, figure we two
typical situations, i.e. the case in which the tachyonic instability shows
up and the theory becomes pathological and a stable case exhibiting a
Jeans instability for the dust sector.

Concluding we would like to stress that, in the case of ghost and
gradient instabilities, we presented the results in a model independent
way. This implies that it covers the results existing in the literature,
typically derived in the context of a specific theory, and generalises them
to cover cases left unexplored. We proved this by comparing our results
with the ones in the literature. Additionally we considered in depth the
tachyonic instability, in the presence of matter, a result completely novel
and of severe importance as the usual two conditions are not enough to
produce a stable theory. This will be discussed more in depth in Chapter
5 where we will proceed to implement these results in EFTCAMB and
test them. That will be the final step of this line of work as then they
can be employed in depth in studying models of DE/MG.

3.6 Appendix A: Matrix coefficients

For completeness in this Appendix we will explicitly list the matrix
coefficients used in sections|3.4] and Let us start by considering

the action (3.23)) introduced in section

1 L .

ok /d3kdta3 (;ztAy— R{GY - ¢BY - >ZtM>Z) . (3.85)
Y8

where the coefficients are

3(F1—3Fy)(k?a®(—8m3 (3pa+4pr)+3F35 +F1 F3)—a®* F5(35a+45,)+8k* Fim3)

S —

A p—
1 2k2a?(—8m3(3pa+A4p,)+3F5 F4+3F52) —2a* F5 (3pa+4p, ) +48k*m3 Fy

95

)



3 Stability conditions in the presence of matter

3a®pa(F1—3Fy)(a® Fs+8k>m3)

Az = An = T 2k2a2 (—8m3(3pa+4p, ) +8Fs Fa+3FZ) —2a* Fa (3pa+4p, )+ 48k m3 Fy ’
Az = Az = — = S%Q(Fl73F4)ﬁr(a2F3+8k2m§,) —
2k2a2 (—8m3 (3pa+47,)+3F3 Fa+3F2 ) —2a* F5(3pa+4p,)+48k4m3Fy ’
Ayy — a®pa(k*a” (3Fs Fa+3F; —32m3p, ) —4a" Fspr+24k*m3 Fy )

2k2 (k2a2(—8m3(3pa+45,)+3Fs Fa+3F3 ) —a* F3(3pa+4p,)+24k4m3Fy) ’
3a*papr(a® Fs+8k%m3)
2k2 (k2a2(—8m2(3pa+4p,)+3Fs Fa+3F2 ) —a* F3(3pa+4p,)+24k4m3Fy)
9a°pr (k>0 (—8m3 pa+Fs Fa+F3 )—a* F3pa+8k*m3Fy)
8k2 (k2a?(—8m3 (3pa+4p, ) +3F3 Fa+3F3) —at F5(3pa+4p,)+24kAm3Fy )
6k* Fa (F1—3F,)(2M*+m(Q+1))

Agg = Aszp =

A33 =

By = —
11 k2a2(—8m3(3patap,)+3FsFat3Fs2)—atF5(3pa+4p,)+24kim3F, ’
B — 3k%a® Fapa(F1—3Fy)
127 %2a2(—8m2(3pa+4p,)+3F5 Fa+3F22) —at F3(3pa+4p,) +24kAm3Fy |
Bia — 3k%a® Fy (F1—3Fy)pr
137 k202 (—8m3(3pa+4p,)+3F3 Fa+3F2% ) —at Fs(3pa+4p, )+ 24k m3 Fy
Boy = 3at Fupg?
k2a2 (8m3(3pa+4pr) —3F3 F1—3F22)+a’ F3(3pa+4pr)—24kim3 Fy ’
By — 6k%a® Fapa (202 +mg (Q+1))
217 k242 (—8m3(3pa+4p,)+3F5 Fy+3F52) —at F3 (3pa-+4p,) + 24k m3 Fy
4 _
Boz: = Bay — 3a"Fapgpr
23 32 7 k242 (8mZ(3pa+4p,) —BF3 Fi—3Fs2)+a* F3 (3pa+4p,)— 24k m3 Fy
Bas — 3a*Fyp,.?
33 7 k242 (8m3(3pa+4p,) —3F3 Fa—3Fs2) +a F3(3pa+4p,)— 24k m3 Fy ’
Bt — 6k a® Fopr (2M%+m3 (2+1))
317 k2a2(—8m3(3pa+4p, ) +3Fs Fut3FZ ) —at F3(3pa+4p, ) +24k*m3 Fy
(3.86)
G = {k*?(m2(Q+1)(-83pa+4p 2 _ M?) +3FF
1n = a” (mg(Q+ 1) (=8 (3pa + 4pr) (M3 — + 3F3Fy

+3R2) 480 (3 + 45,) + 2m§(Q + 1) (34 + A7) )
— M2 F(Q+ 1) (354 + 4p,) — 6k F, (_4mg(Q +1) (mg - M?)
+  4(M*)4+mi(+ 1)2> } / {a® (K*a® (8m3 (3pq + 4pr)
—  3F3F; —315%) +a'F5 (3py + 4p,) — 24k*m3Fy) }
(3.87)

B pa(2M2+m3 (Q2+1)) (—a® (3pa+45,)+3k> M3 +3k> M3 )
k2a2(—8m3(3pa+4p,)+3F3Fa+3F22)—at F5(3pa+4pr)+24kim3 Fy ’

pr (202 +m3 (241)) (—a® (3pa+4p,)+3k> M3 +3k> M3 )
k2a?(—8m3(3pa+4pr)+3F3 Fa+3F22 ) —a* Fs(3pa+4pr)+24k*m3Fy ’

G12 = G21 =

Giz3 =G31 =
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Goo = 3a?Fypg?
227 2k2a2 (—8m3(3pa+4pr)+3F5 Fa+3F? ) —2a* F5(3pa+4p,) +48k m3F; '

G e — 3a2F4ﬁdﬁT
23 327 9k2a2 (—8m3(3pa+4p,)+3F5 Fa+3F22)—2a4 F3(3pa+4p, ) +48KAmEFy ’
pr(a®(—4(m3(6pa+8pr)—3Fapy ) +3Fs Fa+3Fs”)+24k>m3 Fy )
8(k2a2 (—8m3(3pa+4p,)+3F3 Fa+3F2?)—at F3(3pa+4p,)+24k*m3 Fy)
M1 = My = Moy = M3 = M3, =0,
Moy = — a*pa®(3pat+4pr)
2k2a2 (—8m3 (3pa+4p,)+3Fs Fa+3F22)—2a4 F3 (3pa+45,) +48k4m3 Fy

Gz =

Moo = Mao = — a’papr(3pat+4pr)
23 82 2k2a?(—8m3(3pa+4p,)+3F5 Fs+3F22 ) —2a* F5 (3pa+4p, ) +48kAm3Fy '
Man — — a*pr(3pa+4pr) (Fs+4pr)
33 8(k2a2(—8m3(3pa+4p,)+3Fs Fat3Fa?)—a* F3(3pa+4p,)+24k*m3Fs)

(3.88)

Now, we write down the matrix coefficients of eq. (3.72]) in section
0.4.5l

3 - - — - — - — — — —
£® = % {\1/’;’ U2+ B(t k) (B0 — Tyly) — Oyt k)\yi\yj] ,
(3.89)
where
_ k <A22 (-21412 + Bia — Bm) + 2A12A22)
B = -

44990/ K11/ Koo ’
Cra = Cor = {k (a (422 (Asz (Kux (1Ks2 (Azz + Boz — 2Maz) + 245050
— 2R Anki - SK2Ge Ky Ko ) 4Ky Koz iz Ao
+ A3y (K (22 (2412 + Bio + B ) + Ko (2412 — Bio + Ban ) )
+ RapKu (2412 = Buo + Ba ) + 8K2G12K1 Koo ) — 4412K11 Koo A, )
—  6Anp K11 KysaH <A22 (2/112 + Bio+ 321)
— 240 (A + Ba ) ) )1/ {16045, K7 K3}
Cii = [64K1 H (A iz (12K + BiaKiy + B K )
— Ag? (Anf(n + an(n) - A122322f(11>
+ 241245 K0; (A (— Ao Ky + Kur (2Mae — Baa) + 24%Gaa K )
+ KA (4A12 — By + 321)) + Agy® (—2}?11 (Auf(u + Anffn)

+ 341K ? -2K.,°By; + 47412G11K112> + Ago? (2A12R11 (21412[(11
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+  barKi (312 + Bm) - 4k2G12f(11) +2K11% A1, (*21412 + Bia — le)

+  Ap® (2R11K11 - 3[_(112)) - 414122[_(11214222} / {8422°K11°}

= k2 _ . EX - kX _
Co = SK.3 [—2K22 (A22K11 + A22K11> + 3420 K11? + 4k Gag Ko?
22
— 6KanH <A22K11 + 322K22> + Ko? (4M22 - 2322)} .
Note that the A;;, B;j, Gij, M;; matrix components that appear in the

last four coefficients have been obtained from the full expressions defined
above by setting p, = 0.

3.7 Appendix B: Obtaining the
Hamiltonian

In this appendix, we will present the derivation of the Hamiltonian used
in section |3.4.3| and explain why the antisymmetric matrix B does not
affect the unboundedness of the Hamiltonian. For this purpose we star

from the Lagrangian (13.76)):

£? = 5 [qﬁ + 03+ B(t, k) (2102 — $2®1) — pa (8, k)DT — pia(t, k’)‘bﬂ .

(3.91)
Defining, the canonical momenta as:
pr=a* (&1 + Bt k)®s),
p2 = a® (‘fz — B(t, k)q)l) , (3.92)

the Hamiltonian can be written as follows

(3.90)

D1 2 (P2 2
H=p (% = Bo2) 40 (% + Boy) - & (B - Bay) + (2 4 o)
2 |\a a

+B |:<* - B(I)Q) ‘1)2 - (ai?’ + B(I)l) @1] - Mlq)% — MQ(I)%:|}

o b1 P2 2 2 2
_? 5~ B g 3B+ m®+ 3 (3.93)

Now, in terms of {<i>i7 ®,} the above Hamiltonian becomes ([3.78)):
: a® Ty o 2 2
H(®d0) = 5 |8+ 83+ (6 8) 9+ oK) 93] (3.99)

From this expression it is clear that the antisymmetric matrix does not
influence the unboundedness from below of the Hamiltonian, instead such
issues are encoded within the functions p;.
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3.8 Appendix C: Mass eigenvalues for
beyond Horndeski case

In section we studied the mass eigenvalues of the EFToDE/MG in
the presence of a dust fluid. We have presented the procedure and the
results in the case of minimally coupled quintessence but refrained from
showing general expressions due to their complexity. Here we present the
mass eigenvalues for the beyond Horndeski theories which, when using
the appropriate mapping, will yield the previously discussed quintessence
results. Then, the eigenvalues are:

AF, Fy (F2 (FgF1 + F1F3) - 2F1F3F2) 2F,2
- 3F2+ F1 F3

AF,Fy (F2 (F3F1 ) Fg,) R F3F

FiF3
F22 + 3

) 2
+ (F1Fy? (6F Fs (3F°

v RR)a (3F3F22 1 6Fy (,ad - Fz) Fy— 2F32F1) Fy?

Y a (6F33F12F24 2R ((6F3F3 - 9F32) B3 112 (<F2 _ ﬁd) By

+ I3 (ﬁd - Fz)) Fy? + 4F5? (3/7d (Fz - ﬁd) + BBy — F3F1) F

- 8F33F1F2) Fy + 2F,3 Fy2 (F2F3 - 2F3F2) 24 R (9 (2F3F3 - 3F32) J2X
+  36F3 (<F2 - ﬁd) F3 4+ F3 (ﬁd - F2)) %

— 122 (3ﬁd (ﬁd - FQ) + F3F1> R+ 4F34F12F22>))) / (a (352

1

3/ e
(3F22+2F1F3)2

x (6FIFF 3R + FiFy) a (BB + Fy (28 (pa — F2) + FoFy) )

+  FiF3) (3R 4 2R F3)) — (9FR° [ 1+

¥ a (73F32F12F24 4 2F Fy2 (3F22F1 — F3F12) Bl 4 Fy? ((6F3F'3

- 9F32> Fy® +12F; ((Fz - ﬁd) F3 + F3 (pa

- Fz)) Fy? + 2F3? (Gﬁd (Fz - ﬁd) — FyFs + ngjl) F+ 4F33F1F2) Fy
+  2F°F; (—2 (ﬁd2 — Fypa+ F22 + Fy <F2 - ﬁd)) F5?

+ B (B -2(p-28) B) B —2025?)))) /(0 3R + )
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2

100

X

+

X

1
(16F 2 FiFy2)

AF, Fy (F2 (F3F1 T F1F3) _ 2F1F3F2) 2F,2
B 3F2 + Fi Fy

(3F2* + 2F | Fy)))

4F1F3((F2 (F3F1 n F1F3> — 2F1F3F2> 2 )
+[9R° |1+

FiF3 +3 4
? 3\ GRTREe

(6F1F2F3 (3R + FyF3) (F2F3F1 +F (2F3 (ﬁd — Fz) + F2F3))

+ a (—3F32F12F24 + 2F1F32 <3F22F1 — F3F12) F22

+

+
+
+

_|_

£ ((6F3F3 - 9F32) Fy% + 12F, ((F2 - ,ad) By + Fy (f)d - FQ)) 72
2F5? (6ﬁd (F2 - ﬁd) — B P+ F3F1) Fy+ 4F33F1F2) Fy
2F°F; (—2 (ﬁd2 — Fypag+ F22 + Fy <F2 - f)d)) F3?
Fy (F2F3 —2 (ﬁd — 213’2) Fg) Fy— 2F22F32>)>) / (a (3Fy% + FyFy)?
(B8R + 2R Ry)) — (2B (6RFs (3, + FiFs) a (R B! + 6P Fy Fy F?
F2 (2F3 (F3F1 3R (Fz ~ pd)) - 3F22F3)) Fy?
a (f27ng~12FQ8 1 18F, Fy <3F22F1 - 2F3F12) 5+ 18F 2Py (3F22F3F1
ja) (F3F22 O FyFy + F32F1)) Bt 4 2R3 (9 (F32 — F3F3) 2%
18Fy (mF3 + By(t) (FZ _ ﬁd)) P + 6F% (3p42
3Fypy — 3Fy2 — Iy Fy + 2F3F1) Fy? + 12F53 By Fy Fy — 2F34F12> Fy2
Fi'F; (3 (F32 - 2F3F3) Fy? +12F;3 ((ﬁd + Fz) F3 4+ F; (Fz - ﬁd)) Fy?
4B (3 (pa+ Bo) (pa—202) = Py + ol ) P+ SESFL B ) Py
2P R (Bl = 2FsF3)?) ) [ (a (3R + FiF) 2 (3R + 2F1 Fy)) )
(16F 2 Fy Fy?) (3.95)



4 de Sitter limit analysis for
dark energy and modified
gravity models

4.1 Introduction

In the previous Chapter we presented a choice of variables which allowed
us to obtain a Hamiltonian of the form:

. 3 . .
H(@i,d) = 5 |07 + 03 + (k) 0F + ot k) 03], (41)

where ®; (¢, k) are two linear combinations of the physical fields {(t, k), the
curvature perturbation, and dp4(¢, k), the perturbation of the dust energy
density. This Hamiltonian was then the basis from which we constructed
the conditions guaranteeing the absence of tachyonic instabilities on
large scales. As the final set of variables is a mix of the initial, gauge-
dependent quantities, one might naturally wonder if a different choice
of variables would yield different results. Thus we wished to study this
question and compare the gauge-dependent variables with a choice of
gauge-independent variables.

In order to get an insight into the dependence of the mass on the
choice of variables we will choose a gauge invariant combination which
will describe the perturbations. Then, we will make a change of coor-
dinates to this new field, é4, and proceed to study the mass. In order
to simplify the comparison we will choose to study the final-state de
Sitter (dS) background. This is a reasonable choice as our universe
already experiences a dark-energy dominated phase. On doing this, we
will employ the EFToDE/MG formalism which allows for late-time dS
solutions citeCreminelli:2006xe. Since we restrict our attention to the dS
background, we will have one, and only one, propagating scalar d.o.f.,
because matter fields are sub-dominant. Then, it is possible to exactly
define the speed of propagation and the mass of this gauge-invariant field
representing d4. Even though the value for the mass of the dark energy
field is exact only on the dS background, it is expected to be a reliable
approximation for its value at late times, i.e. when z ~ 0.

101



4 de Sitter limit analysis

Besides the mass we will proceed to investigate, during the dS stage, the
behaviour of the speed of propagation in a model independent fashion. On
doing so we need to consider the limit k/(aH) > 1 as a potential gradient
instability might manifest itself at those scales. However, on dS, as time
progresses one needs to consider increasingly larger values for k, as a
grows exponentially (whereas H remains constant). Subsequently, as the
system evolves, the same modes will be rapidly stretched to cosmological
scales. Now, in general, we find that the speed of propagation for the dark
energy perturbation does not necessarily vanish, even for the Horndeski
subclasses of theories. In fact, the numerical value of the speed of
propagation is model dependent, and its non-negativity can be set as
a constraint in order to have a final stable dS. If this constraint is not
satisfied (i.e. ¢ < 0) then we will expect that the late time evolution
cannot evolve towards a dS background even though at the level of the
background the dS case is an attractor solution. On the other hand, for
lower value of k/(aH), the mass of the mode will play a more important
role. In this case one needs to impose, in general, a constraint on the
value of the mass for the dark energy perturbation field in order to obtain
a stable dS.

A final source of instability might show up for those theories which
exhibit a small or vanishing speed of propagation. In this case the sub-
leading order term in the high k/(aH) expansion becomes relevant and
can potentially lead to unstable solutions. We will discuss this in depth
and we will present the necessary constraints in order to avoid such
instability.

The work in this Chapter is based on [33]: de Sitter limit analysis
for dark energy and modified gravity models with A. De Felice and N.
Frusciante. In Sec. we give a general overview of the EFToDE/MG
approach for dark energy and modified gravity and we introduce a gauge
invariant quantity to describe the dark energy field. In Sec. we show
that the parameter space identified by imposing the no-ghost condition
and a positive speed of propagation for scalar modes does not change
when considering different quantities describing the dynamics of the extra
d.o.f.. In Sec. we discuss the dS limit by using the EFToDE/MG
framework, we discuss the evolution of the extra scalar d.o.f. on different
regime, i.e. low and large k, by deriving the speed of propagation and the
mass term. In Sec. in order to make our results concrete we apply
them to specific well known models, such as K-essence, Galileons and
low-energy Horava gravity. Finally, in Sec. we summarize and discuss
potential future steps.
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4.2 Modifying General Relativity

In the present analysis we will employ a general and unifying approach to
parametrize any deviation from General Relativity obtained by including
one extra scalar d.o.f. in the action, i.e. the effective field theory for
Dark Energy and Modified Gravity |14} [15]. For the present purpose the
EFToDE/MG approach has the advantage of keeping our results very
general as all the well known theories of gravity with one extra scalar
d.o.f. can be cast in the EFToDE/MG framework|[14} [15| (37, 139, |65].

The EFToDE/MG is constructed in the unitary gauge, i.e. uniform
time hypersurfaces correspond to uniform field hypersurfaces. This
results in the scalar perturbation being absorbed by the metric. Let us
now introduce the action which can be constructed by solely geometric
quantities. The general form is:

S = / d*zy/—g [”;%(1 +Q()RW + A(t) — c(t)3g™ + 7M5;(t) (3g°)?

M) s o0 pe — ME(W) 50 ME(H)
_ K — K)* — KHOKY
509”0 S (0K) S OKLOK],
2
A0 Q(t) 59" 6R® +m3(t) (9" + n¥n”) 0,90, 9" | | (4.2)

where as usual m? is the Planck mass, g,, and g are respectively the
four dimensional metric and its determinant, §g° = 1 + ¢°°, whereas
R™ and R®) are respectively the trace of the four dimensional and three
dimensional Ricci scalar, n, is the normal vector, K, and K are the
extrinsic curvature and its trace. All the operators appearing in the action
are invariant under the time dependent spatial-diffeomorphisms and they
are expanded in perturbations up to second order around a flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) background. The notation §A =
A — A indicates the linear perturbation of the operator A with A©) its
background value. The functions appearing in front of each operator are
unknown functions of time and usually they are named EFT functions. In
particular, {Q(¢), ¢(t), A(t)} are called background EFT functions because
these are the only functions that appear in the background Friedmann
equations. Finally one can opt to work directly with the field perturbation
by restoring the full diffeomorphism invariance, through the Stiickelberg
technique. This step is useful either when the gauge is not well defined
or when studying the evolution of the perturbations with numerical tool,
such as EFTCAMB/EFTCosmoMC [eftweb, 22| 23| 80].

For the present purpose we adopt the action , which includes
theories like Horndeski/Generalized Galileon |78l [79], beyond Horndeski
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(GLPV) [66] and low-energy Hotava gravity |35, (36} [55], without the new
operators presented in Chapter 2.

Now, let us use the Arnowitt-Deser-Misner (ADM) formalism [19] and
expand the line element around the flat FLRW background. Keeping
only the scalar part of the metric, we get

ds? = —(1426N)dt* +20;3pdtdz’ +[a® (14+2¢)d;;+20;0;7] da'da? | (4.3)

where as usual § N (¢, 2*) is the perturbation of the lapse function, 9;9(t, z°),
¢(t,2%) and ~(t, %) are the scalar perturbations respectively of N; and
of the metric tensor of the three dimensional spatial slices, h;;, and a(t)
is the scale factor. In the following, since we choose the unitary gauge,
we also set (t,z°) = 0.

We have shown in Chapter 3 that the above EFToDE/MG action can
be written as:

s® = /dtd?’xa?’{—w S R m2 Q4 1) (00 _ 0% (FQ(;N - Flé)

204 2 a? a?
SN)? F . . 2
+ 432N S ON? + {3Fgg =2 (my(@+1) +2002) ‘924} 5N}, (4.4)
a a
where we have defined

Py = 2md(Q+1)+3M;5 + M3,

Fy = HF +m2Q+ M},

Fy = AM} +2c—3H?*F, — 6m2HQ — 6HM?

and H = a/a is the Hubble function and 0 N and ¢ are auxiliary fields.
Varying the action with respect to N and ¢ yields the Hamiltonian and
momentum constraints:

( . )+3F2<+m22+F2;/}+F35N=0,
a a a
. F
SNFy — Fy( — a%k% =0. (4.6)

Finally, solving for the auxiliary fields one can eliminate them from the
action, hence obtaining the following Lagrangian, written in compact
form in 3D Fourier space:

. k2
8(2) — /d4x a?’ {ﬁcg(t,k)CQ — CL2G(t7k)C2} y (47)
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4.2 Modifying General Relativity

where

Ar(t) + 5 Ay (t)
As(t) + B As(t)

Gt k) = Gi(t) + Zé%(t) + %93
, (Aa(t) + £ As(t))?
(4.8)
are respectively the kinetic and gradient term. The A;(t) and G,(t)
coefficients are listed in Appendix [4.7] for a general FLRW background.
In the next section they will be specified in the dS limit.

Besides the curvature perturbation ((¢, k) one can choose to undo the
unitary gauge and work directly with the Stiickelberg field, namely ,
by performing a broken time translation ¢ — ¢ — 7(¢,Z). In order to
obtain an unperturbed metric after the translation one needs to recognize
that ( = —Hr |131]. However, these fields are not gauge invariant. In
this work, we will define a gauge invariant quantity which will describe
the evolution of the dark energy field at level of perturbations. Let us
introduce the one-form

‘Cg‘é(tv k}) =

0w b
V9706056 \/—g"
which would define the 4-velocity along the field-fluid. On the other hand,

looking for deviation from General Relativity, when the matter fields are
negligible we can can rewrite the Einstein equations as follows

(4.9)

ny

mg Gy =T5, . (4.10)

This equation can always be written, and the modifications of gravity
have been named in terms of its effective stress-energy tensor, Tl‘f’u,
independently of the EFToDE/MG which we are considering. Therefore,
we can define

Pp = ij nkn’ = mg Gntn”, (4.11)

where the second part of this equation holds on-shell, that is, on imple-
menting the equations of motion (at any order). Notice that the definition
given in eq. (4.11)) is covariant and, as such, valid even at non-linear
order, and does not depend on the choice of the gauge. Since we want
the results to match a more phenomenological approach we will define,
at linear order the following gauge invariant combination to describe the
dark energy field, namely

5P¢ /L’¢> o d (Y
5, = Loy lely 22 (7) , 4.12

¢ po o AV (412
where, using the background Friedmann equation from action (4.2)) and
assuming that no matter fields are present, on the background we can
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4 de Sitter limit analysis

define
po = 2c—A—3miH*(Q+aQ,), (4.13)

and

6pp = pg — Pg - (4.14)
We notice here that ¢, reduces to dpg/pe in the Newtonian gauge. Comma
a is the derivative with respect to the scale factor.

We will find the equation of motion for J, which in general assumes
the following from

0g + pa(t, k) 0p + pio(t, k) 55 = 0. (4.15)

The coefficient of ng is the friction term and its sign will damp or enhance
the amplitude of the field fluctuations. While pg contains both the speed
of propagation of the dark energy field and the information about of the
mass which, in principle, can be both negative or positive. The above
equation will allow us to define the mass of the dark energy perturbation
field, which in the next section will be exact on the de Sitter background,
and approximate at low redshifts, z ~ 0.

4.3 The Ghost and Gradient instabilities

By studying the curvature perturbation field, one can immediately work
out the stability conditions, namely the no-ghost condition, the positive
speed of propagation and the tachyonic condition as weas done in Chapter
2 and 3. The first two conditions, i.e. the combination of no-ghost and
positive-squared-speed conditions, give equivalents constraints for both
the ¢ and d, fields, in the high-k regime [126]. We will show it in the
following. Let us consider the action and the field transformation

by = az(t, k)¢ + ag(t, k)C. (4.16)

We will show in the following section that it is possible to derive this
relation and find explicit expressions for {as, ag}. For the moment we
assume that such an expression exist, since we have only one independent
d.o.f. (the curvature perturbation, ¢), so that any other field (for example
d4 in this case) can be constructed out of a linear combination of ¢ and
its first time derivative ¢. Then, on introducing an arbitrary function,
E(t,k) ( note, it is not a field), we can construct the action

S¥ = / d'za® {£<-<-<t, k)¢ — % G(t,k)¢* — E(t, k) (8 — asl — a6<>2} :
(4.17)
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4.3 The Ghost and Gradient instabilities

and it is clear that d4 is a Lagrange multiplier so that we can use its
own equation of motion to remove it from the action. On performing
this step we can see that eq. reduces to eq. . This step
may look like superfluous, but it allows us to change the dynamical field
variable in the Lagrangian from ¢ to d4. Thus, since E is a free function,
if ag # 0, on choosing it to be £ = Eéé/ag, we immediately see that the

kinetic quadratic term proportional to C'Z disappears and the action can
be rewritten, after integrations by parts, as

S — /d4w3 { l(H(na b+ 3)as —ag)anly; K2 §
a3 a2
3
2Liby  (—2H (ne —ms+3) as + 2a6) Lgdy
L e : ¢
(0% o3
02L
- ¢2“} ’ (4.18)
a3
where we have defined
L . |
— €9 _ a3 _ Og
~HL:: 8= = : 4.19

Therefore, we have succeeded to make ¢ become a Lagrange multiplier
and, as such, in general, it can be integrated out (using its own equation
of motion), leaving 4 as the propagating independent scalar d.o.f..

It should be noted, that integrating out ¢ is only possible whenever the
term proportional to ¢2 in Eq. does not vanish. If this case occurs,
as we shall see later on happening in some theories for which both ag
and G vanish, then the field 6, cannot be chosen as the independent field
used to describe the system of scalar perturbations.

After removing the auxiliary field ¢, we can rewrite the action as

a2 . ]{52
S@ — /d4gg a’ [kQ (Q(t,k) (Si —G(t, k) cﬂéiﬂ , (4.20)
where the coefficients are listed in Appendix [£.7} Therefore, the no-ghost

condition for the field d4 can be read as

Le _ As(t)? ¢

lim Q= lim - lm - >0, 421
A 0= N Gl T G e 03 (4.21)

which implies
Ga(t) > 0, (4.22)
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4 de Sitter limit analysis

and we have assumed that for any function f(¢, k) in the Lagrangian,
we have, for large k’s, that f(t,k) = f(t) + O(k~2). If the previous
assumption does not hold, then we need to discuss case by case what
happens for the limit. On using again the above assumption, the speed
of propagation can be defined as

IO (4.23)

2 m &
drooe Q@ Ao Lip As(H)A(t)’

;= lim —= 1

which we require to be positive defined. On combining both the con-
straints we find

./43 (t) .A4(t) > 0. (424)

If we consider the stability conditions defined by the field (, we find
the no-ghost condition

~

. Ault
L}l{lgloo ECC = As(0) >0, (4.25)

which, together with

2= lim Gs(t) >0

2 G el 4 (4.26)
koo ‘CCC As(t)Ay(t)

imply Gs > 0. Thus, both fields propagate with the same speed. Note

that these results apply on a general FLRW background.

This calculation shows that the no-ghost condition and the speed
of propagation must be calculated in the high-k regime and in such a
limit they become invariants, meaning that they do not change when
we change the propagating scalar d.o.f.. It should be noticed that the
no-ghost conditions do not coincide but the final set of conditions do for
¢ and 4.

Since the mass term is not a quantity which is sensitive to the high
k regime, we should not expect, in general, it behaves as an invariant.
Therefore, each propagating field will have its own mass. However, here
we are considering physical fields, i.e. fields for which we can attach a
clear physical meaning and both d4 and ¢ need to remain less than unity
for the background to be stable. Therefore, a mass instability for d4,
leading this field to reach unity, will imply in general some instability for
the field ¢ and viceversa. In order to find the mass of the field §, we will
investigate its equation of motion. We will perform this calculation in
the following sections.
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4.4 The de Sitter Limit

4.4 The de Sitter Limit

In this section we will consider the EFToDE/MG action in the limit
of a dS universe. Such a limit is a good approximation in those regimes
in which the dark energy component is dominant over any matter fluids,
e.g. very late time. In this case the background Friedmann equation
simply reduces to

3m3HE = i, (.27

where the dark energy density, ps has been defined in eq. . From
the assumption of a dS universe, it follows that H = const = Hy and
the dark energy density is a constant as well. Therefore, eq. is a
constraint. As a result the dark energy density acts like a cosmological
constant. As it is well known such a realization can be obtained, beside
the cosmological constant itself, by considering a modified gravity theory
with a scalar field whose solution can mimic such a behaviour. Then,

eq. (4.27) can be integrated and one immediately gets
a(t) = age™o, (4.28)

where ag is an integration constant.

The EFToDE/MG approach preserves a direct link with those theories
of modified gravity which show one extra scalar d.o.f. and they can be
fully mapped in the EFToDE/MG language as in Chapter 2 and refs. [14}
15), 137, [39], 65]. Then, by using the mapping with specific theories and
the solution in the dS limit for the chosen theories, we can deduce the
behaviour of the EFT functions. In case of Horndeski |78 or Generalized
Galileon [79] and beyond Horndeski/GLPV [66], when the shift symmetry
is applied, the dS universe can be realized when the kinetic term is a
constant, i.e. X = —¢? = const [132, [133]. In this case all the EFT
functions are constants and the constraint is always satisfied. K-
essence models [134] also admit a dS limit with ¢ = const, when the
general function of the kinetic term, namely IC(X), has a polynomial
form. In this case the roots of the polynomial obtained by solving the
equation dK/dX = 0 are the constant values for the derivative of the
field. A more general class of theories is the one with m3 # 0, to which
low-energy Hofava gravity [35} |36} |55] belongs. Such theory admits a dS
solution [46} |135] and also in this case the EFT functions are constants.
We will assume that the EFT functions on a dS background for all theory
having m3 # 0 are constant. In the following, assuming constant EFT
functions will greatly simplify the whole treatment.

Moreover, by assuming = const in the dS limit the EFToDE/MG
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4 de Sitter limit analysis

background equations reduce to the following forms
3moHZ(1+ Q) +A=0,
3moHZ(1+ Q) + A —2¢ = 0. (4.29)
Then, it is easy to deduce the following relations
A
1+Q

The generality of the EFToDE/MG approach in describing linear
modifications of gravity due to an extra scalar d.o.f., allows us to perform

c=0, pp=-— (4.30)

a very general analysis in the dS limit for a wide range of theories.

However, it is worth to notice that a unique treatment is not possible
because subclasses of models, corresponding to specific choices of EFT
functions are expected to show up. Therefore, in the following we will
mainly consider three subclasses corresponding to

e General case: {Fy,m3} # 0, to this class belong all models with
higher then two spatial derivatives;

e Beyond Horndeski (or GLPV) models: {Fy,m3} = 0;
e Hofava gravity-like models: m3 # 0 and 3F§ + F3Fy = 0.

For all of them we will study the behaviours of the curvature perturbation,
¢(t, k) as well as of the gauge independent quantity describing the dark
energy field d4(¢, k).

4.4.1 The general case

We will now investigate the stability of the dS universe in the general
case, i.e. by assuming all operators to be active. In contrast to the
next cases this corresponds to the case {Fy,m3} # 0. The kinetic and
gradient terms for this case have the same form as in , where now
the terms A; and G; are constants and they can be obtained from the
time dependent expressions in the Appendix by setting all the EFT
functions to be constant. They are:

(Fy — 3F5) ((3F3 + FyFy) + 85452 Fym3)

Lot k) = (4.31)
¢\ 2
2 ((F22 L)+ S#Fmg)
. . X!
Gt k) = (16F42m§ (—4m3(9 +1) (mg - M2) AN+ mi(Q + 1)2) -

+ 8Ey (m3(+1) (F2 (32 — 2m3) + FyFy (N1 — 2m3)
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+  3(F) — 3Fy) FyHym2) + 4N (F§M2 + FyFy M2

k2
+  6(F —3Fy) FaHom3) + (F3 + F3Fy) mg(Q+1)?) =

+

Fy (Fy — 3Fy) (F2 + F3Fy) Hy (QM +m2(Q+ 1))

~ (F+ F3Fy) 2m3(9+1))/(((F22+F3F4)+8F4C£;2m3> 2).

(4.32)

We assume that {Fy, (F} — 3F,),2M? + m2(Q 4+ 1)} # 0, leaving
the treatment of these special cases at the end of this section. Now
from action , one can derive the field equation for the curvature
perturbation, ¢, in the dS limit, which reads

. 2
C+<3H0+§CC>C+ kQEC:(). (4.33)
) alt)? Ly
We notice that in the above equation there is no dispersion coefficient.
Let us now analyse two limiting cases of the above equation. In the
limiting case in which k2/a? is small, the term proportional to ¢ in
the above equation is sub-dominant and it can be neglected, thus the
curvature perturbation behaves as follows

Cle—3H0t

t)y=0Cy — ——, 4.34
) = Cam P (434)
where C; are integration constant. Because the second term is a decaying
mode, we can deduce from the above result that the curvature pertur-
bation is conserved. On the contrary, when k%/a? really matters, the

equation of ¢ reduces to
2

¢+ 3Hol + (Wci + fiun)C =0, (4.35)

where we have defined the squared speed of propagation of the mode (
at high-k as in eq. and iy, is the next to leading order term in
the high-k expansion of G/ £¢¢' We will refer to jiy, as the undamped
effective mass of the mode. When considering a dS background these
two terms assume the following constant form

Gs Fy (—4m3(ﬂ+1) (m% —MQ) +4M* + md(Q+ 1)2)
. Az Ay 2F, (Fy — 3F;) m3 ’
flun = —(—12F, (F, — 3Fy) FyHom? (2M2 Fm2(Q+ 1))
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+ P2 (3F4 <74m3(Q +1) (mg - M2) AN
+  my(Q+1)%) +4Fim3mi(Q + 1))
+ REF (200 + m3(Q+ 1)) %)/ (16F2 (Fy - 3Fy)mf).  (4.36)

Now, let us consider for a general friction coefficient, x. Then
for high-k, we choose an approximate plane wave solution of the form
¢ x exp(—iwt), which, after substituting in the previous equation we
get the following algebraic equation:

2k2

2 . Cs ~ _
—w? — yiHow + <@(t)2 + uun> =0, (4.37)

The equation has the following solution

w= ,g Hoyi + w, (4.38)

where

2.2 2
S AW, R = i — S HE, (4.39)

and m? represents the damped mass of the oscillatory part of the solution.
The imaginary part of w corresponds instead to the decaying (damped)
part of the solution. Since we are in the high-k regime, we expect that
in general C%’f +m? > 0. In this case we are in the presence of an
underdamped oscillator, for which the solution reads

C(t) =~ e_XHot/Q(C'l coswot + Co sinwot) ,

and no instability occurs.

Now, an example of where the next to leading order term becomes
relevant for stability is when the speed of sound is small or vanishing,
i.e. ¢2 ~ 0. Then, when m? < 0, one has 63132 +m? < 0, yielding the
following solution:

C(t) = e—XHot/2(Cle—\wo\t + C2e\w0|t) ’ (4.40)

which represents overdamped solutions when |wg| < xHo/2. On the other
2
hand, if the model has &

é22 +m? < 0 and |wo| > xHo/2, then the mode

((t) o el= 2 HotleoDt (4.41)
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is exponentially growing. For ¢2 ~ 0 and m? < 0 this implies a catas-
trophic instability when

flyn, <0 and |,aun| > Hg (442)

Besides the case described above, when ¢2 < 0 and |fiy,| ~ Ho another
instability arises. This is then the usual gradient instability.

The above discussion is directly applicable to the eq. presented
in this section when xy = 3. We will show that the above arguments will
be still valid in the high-k-limit of the dark energy field for the general
case as well as for the other sub-cases discussed in the following, for which
one will only need to employ this analysis for different values of x. In
such instances we will refer back to this paragraph instead of repeating
the whole discussion.

However, in general the speed of propagation is not vanishing, thus
the extra d.o.f. propagates also in a dS universe and the solution, when
[lun 1s negligible reads:

Ctk) = 811{0[5111 (a?t)lflo) (302H0+801£)c5>

+ cos (cft)l;so) (801H0 - 302(12)63)} , (4.43)

which can be approximated as

Cs

(k) ~ ;H()Cft) [801 sin <a?t) H0> — 3Cy cos (let);]o)] . (4.44)

This solution decays, even for a very large k as the scale factor grows
exponentially.

Finally, in order to ensure a stable dS universe one has to impose
some stability requirements. Following the discussion in the previous
section and the results in Chapters 2 and 3, we have respectively for the
avoidance of scalar and tensor ghosts

F\(Fy — 3Fy)

s >0, mi(l+Q)—M;>0, (4.45)
4

which need to be combined with the requirement of positive speeds of
propagation for scalar and tensor modes

) Fy (—4m3(9+1) (m§ —MQ) +4M* + md(Q + 1)2)

“ = 8F; (Fy — 3Fy) m2 ’
M;

21+ Q) M2

& = 1+ (4.46)
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At this point one may wonder if a tachyonic condition can be applied.
In Chapter 2 it has been shown that by performing a field redefinition
in order to obtain a canonical action, one can define an effective mass
term, which in the small k limit gives the correct condition. If we apply
such condition in the dS limit the effective mass associated to our general
case is vanishing. Moreover as discussed before, in case the speed of
propagation for the ¢ field becomes very small at high-%, one has also
to ensure that the following conditions do not apply: jiu, < 0 and
|ftun| > HZ. However, as already discussed the mass term is sensitive
to a field redefinition, thus in order to impose a condition on the mass
which holds regardless of the considered field but containing the real
information about the mass of the dark energy field, we need to investigate
the behaviour of the gauge invariant quantity d,.

In the dS universe the gauge invariant quantity defined in eq.
reads

: 2 V2( + V2

which can be easily obtained from the first line in eq. (4.6)). Moreover,
from the same equations we found that d4 can be written as in eq. (4.16))

and it is then used to derive the eq. (4.15). In the dS universe the
coefficients of the eqs. (4.15))-(4.16) are

+1

Qs+ 7(1?:)2 Ay 2k g
Oég(t, k) = k2 ) Oéﬁ(t, k) = H2 2 52
3Ho (A2 + ;{52 As) 3Hga(t)* | (Az + Z(zA3)
2m 10 k2n
27 =0 bm% E =0 an
ps(t, k) = Ho=r =50 et k) = == —— 50
Zzn:o Cm sz Zi:o In Z;n

where here the {b;, ¢;, d;, f;, &; } are constants. Note that the above results
might have some limiting cases when the determinants of the above
relations go to zero. In what follows we are assuming a non-vanishing
denominator.
For the dark energy field in the regime in which k2 /a? is negligible, we
have
ps =5Ho +O(K*),  ue=6H7+ O(k?), (4.49)

where pug = m? can be read as a mass term, which in this case is positive

and of the same order of HZ, thus no instability takes place. Moreover,
because the value of the mass is fixed (i.e. does not depend on the
specific value of the EFT functions one can assume), this result is quite
general. We also stress that such results can be also safely applicable at
low redshifts, as we know at those z the universe is mostly dark energy
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4.4 The de Sitter Limit

dominated and thus approaching a dS universe. Finally, the dark energy
field evolves following

§¢(t) = 01673H0t + CQGizHOt, (450)

and because the friction term is positive, its effect will be to damp the
amplitude of the field. Then, in this regime the d4 field effectively has a
mass, while the ( field has not. This is one of the main differences which
characterize the gauge invariant field d4.

In the opposite regime, we have

k2
a(t)?

where also in this case we have defined a speed of propagation of the
mode 04 at high-k, which coincides with the speed of propagation for the
field ¢ as discussed in Sec. and we have defined, in analogy with the
previous case, [i,, as the effective undamped mass for the dark energy
filed, which in this case assumes the following form:

Asz(AsGa — AiG3) + AuaG3(4ALHG — Ag)
ASAL 7

which is the next to leading order term in pg. From (4.51)) we see that
the equation of motion has the form

H3 = 7H0 + O(k}_2) y M6 = (Cg + Mun) + O(k'_Q) y (451)

fhun = 10H7 +

(4.52)

.. . k2

which is exactly the same form of the equation of the ( field at high-k.
Thus the discussion presented earlier is also applicable here, for x = 7 and
lun given by eq. (4.52)). Finally, the the damped mass of the oscillatory

mode is
m* = fyn — — Hf . (4.54)

Therefore, an instability might manifest itself when ¢ ~ 0 and m? < 0.
27.2
To be precise, when one has % +m? < 0, one must impose fyn < 0
and |pun| > HE in order to avoid said instability.
Finally we present the solution at leading order and when pi,, is

negligible:

k3 e k c k ¢

0p(t, k) ~ ——= 5 1575 — =) —-128 i — =
s(t:F) a<t>31920H3< erees (o) ~ 12 (o))
(4.55)
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which is decaying for an exponentially growing scale factor.

When one considers the case where all the operators are active it
is necessary to highlight a number of limiting cases where a different
behaviour emerges:

e case Fy = 0. In this case, one is still able to solve the constraint
equation to write the action in the form (4.7)), with the following

coefficients:
1 F
e = 30 (59
1 k2 .
G(t,k) = 2 —4m2(Q+1) (m2 — M?>
( ) 8@@2’)27’/’1%+F3|:a(t)2< O( )(2 )
+oANt miQ 1)2) 2R (Q+ 1)} , (4.56)

the speed of propagation of the curvature perturbation in the high-k
limit ( k2 /a?) is

, I (—4m3(Q +1) (mg - M2> +4M* + md(Q+ 1)2)
= 2F (Fy — 3F,) m2 '

(4.57)
The results and the discussion we had in the general case work also
in this case, one has just to replace the correct speed of propagation.

e case F| — 3F4 = 0. In this case the kinetic term in action is
vanishing, thus follows that the curvature perturbation { = 0 as
well as the dark energy field. These theories lead to strong coupling
thus they cannot be considered in the EFT context.

e case 2M? + m2(1 + Q) = 0. After computing the kinetic and
gradient terms, it is straightforward to verify that the gradient
term is negative. Indeed, it has the form G = —mZ(Q + 1), and
the stability condition to avoid ghost in tensor modes imposes that
14+ Q > 0. Now, considering that the kinetic terms is positive
as well, to guarantee that the scalar modes have no-ghosts, we
can conclude that the speed of propagation in negative, thus this
subclass of theories in the dS limit shows an instability.

In summary, we have analysed the evolution and stability of the
curvature perturbation and the gauge invariant dark energy field for
a quite general case. We have found that the curvature perturbation
is conserved at large scale, as expected, and at small scale it evolves
with a non zero speed of propagation, which finally decays as the scale
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factor grows with time (eq. ) The 64 field at large scale appears
to have mass which results to be positive and of same order of HZ, thus
avoiding the tachyonic instability and along with the fact that at these
scale it decays, these are the two characteristics that makes the two fields
analysed to be different. We conclude this section saying that in order
to have a stable dS universe the conditions which need to be satisfied
are the requirements on the kinetic terms and speeds of propagations for
scalar and tensor modes (see eqs. ({.45)-([4.46))) since the condition on
the avoidance of tachyonic instability at large scale is always satisfied.
However, one has to make sure that at high-k, in case ¢ ~ 0 the mass
associated to these modes do not show an instability, i.e. m? < 0 when
frun < 0 and |fi,,| > HE for the ( field and m? < 0 when g, < 0 and
|ttun| > HE for the dark energy field.

4.4.2 Beyond Horndeski class of theories

In this section we will consider the EFToDE/MG action restricted to
the beyond Horndeski class of theories, which corresponds to set m3 = 0,
F, =0 in action 1’ For such case in general we have both CC-C- and G
to be functions of time as in Chapter 2, but in the dS limit the kinetic
and the gradient terms reduce to constants with the following expressions:

Lig= = —
S F} a3
(4.58)

and because they are constant we can define the speed of propagation

from the beginning without requiring any limit, and it reads

 2F (F1H0 (2M2‘ Fm2(Q 1)) — Bm2(Q+ 1))
s = Fy (3F} + 1 )

c (4.59)

In the following we will consider {F, Fy, (3F§ + F1F3) # 0}. The re-
quirement I} # 0 is ensured by the assumption that our theory reduces
to GR, while the others cases will be considered at the end of this section.
The stability conditions requires Eéé > 0 and ¢2 > 0 to guarantee the
theory to be free from ghost in the scalar sector and to prevent gradi-
ent instabilities. To complete the set of stability conditions one has to
include the conditions from the tensor modes, i.e. the no-ghost condition
which reads F7/2 > 0 and a positive tensor speed of propagation, that
is ¢ = 2m3(1 + Q)/F1 > 0. For the ¢ field we can perform a filed
redefinition and construct a canonical action as was done in Chapter 2,
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4 de Sitter limit analysis

from which we can read the effective mass. In the dS universe, such term
is identically zero at all scale.
In the dS limit the analysis of the dynamical equation for  is straight-

forward:
2

. ) k2,
¢+ 3HoC+ a(t)ch =0, (4.60)
which has the same form of the equation for ¢ in the general case (see
eq. ), thus it has the same solutions in both the regimes, but the
speed is now given by eq. . In summary, the curvature perturbation
is conserved in the limit in which k2/a(t)? is heavily suppressed and it
slowly decays at high-k (see eq. )
Now, let us consider the dark energy field, d4 defined in eq. (4.16).
For the beyond Horndeski sub-case, the coefficients of egs. lb
reduce as follows

2F, (2F, Hy + F3)

_ — .0
@ = 3F2H, =%
2> (—2F2H0 (2M2 Fm3(Q+ 1)) + F22) 2o
t,k) = =
s (t,k) 3F2HZa(t)? a(t)2 e’

H (5a3 (dHoy — afc?) — 7(042)2(1?:)2)

H3(tvk> = - )
af (a§e? — afHo) + (af)? 585
1
ue(t, k) = [GagHg (agci — agHO)
af (a§e? — afHo) + (af)? ;5
+ & [aﬁagHoc +(a3) (02)2+10(a8)2Hg] +(ag)2 i Al
a(t)? : a(t)t™®
(4.61)

where af and af are constants. These relations have been obtained from
egs. (4.48), and from them it is easy to identify the b;, ¢;, d; coefficients.
The above expressions hold for F» # 0 and of (a3c? — adHy) +(ag)? %> g
0. Let us note that in the latter, in order to realize ag (92 — a6Ho) +
(ozﬁ)2 kz — 0, we have to con51der that since all the coefficients are
k—lndependent we need to have o = 0, then the remaining option is
c2 = 0. That is because o # 0 otherwise the dark energy field disappears.
Therefore, the only configuration is with {c?, a8} = 0. We will consider
the case F5 = ¢, = 0 at the end of this section.
In the limit in which £%/a? is suppressed, these coefficients reduce to

M3 = 5H0 + O(k‘) 5 He = 6H§ + O(k}Q) . (462)
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4.4 The de Sitter Limit

Then, the friction term ps will dump the amplitude of the dark energy
field, while pug = m? will act as positive dispersive coefficient or a ”mass”
one. These results are independent on the specific theory one may consider
and the mass of the dark energy field is positive. This is a general result,
which allows us to conclude that all the theories belonging to this sub-
class do not experience tachyonic instability in a dS universe, and it is
quite safe to assume that this results holds also at z =~ 0. Moreover, the

solution of eq. (4.15)) reads
64(t,0) = Dye 30t 4 Dye=2Hot (4.63)

where D; are integration constant. Therefore, we can conclude that the
dark energy field is damped.
On the other hand, for large k%/a? we get

ac? k2
ps = THo+O(k™2),  pue(t,k) = 2H, (;0 + 5H0>+a(t)2¢§+0(k2),
6

(4.64)
with ad # 0. Also in this limit the u3 coefficient will dump the amplitude
of the dark energy field, while the second coefficient assumes the form

2

ue(t, k) = <al(€t)26§ + ,uun> , (4.65)

where the speed of the dark energy field in this regime is the same of
the original ¢ field and i, follows directly from the previous expression.
The analysis done in the previous section for the high-% limit of the dark
energy field is directly applicable to this case. Let us just recall that
an instability might occurs when at high-k the speed of propagation is
very small, as it can happen that m? < 0 when i, < 0 and |fy,| > Hg.
When, g1, is negligible as in the previous case, we can solve the equation
and we find the same behaviour of the general case (eq. (4.55)).
As before we now separately consider some special cases:

° {ci, a6}=0. In case ci = 0 the ( field has the solution

. C
((t)=Cr - ﬁe*sm’t, (4.66)

which predicts the conservation of the curvature perturbation at
any scale.

When going to the dark energy field, §4, which is related to the
¢ field through the eq. (4.16), one can notice two main aspects.
Firstly, because ag = 0, the dark energy field is identified as ( up
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4 de Sitter limit analysis

to a constant (as3) and hence it requires one boundary condition
less. Additionally, when carefully studying the Lagrangian after
changing the field, eq. , it is clear that the kinetic term for the
dark energy field diverges for high-k. This is due to the fact that
the speed is vanishing which translates to the gradient term being
zero. Hence, it must be concluded that, for this particular case, the
choice for the dark energy field is inappropriate and should not be
considered.

e Iy = 0: Considering the action (4.4), by varying with respect to 1
immediately follows that ( = 0. Thus the extra scalar d.o.f. does
not propagate.

e 3F7 + F1F3 = 0: in this case the kinetic term is zero and the
curvature perturbation is vanishing. These theories show strong
coupling thus they cannot be considered in the EFT approach.

We conclude by saying that the results of the previous section also apply
to the beyond Horndeski class of theories considered in the present section.
Moreover, the main result here is also that the speed of propagation of
the scalar mode in general does not vanish as instead previously found
in literature. We will show some practical examples in Sec.

4.4.3 Horava gravity like models

Let us now consider a special case in which m3 # 0 and 3F3 + F3F; = 0.
This subclass of models includes the low-energy Hofava gravity model.
The action can be written as

2 ) 2 G+ kg
8(2) _ /d4xa(t)3 k . Aiz C_2 _ k . 2 akg) 3 g
a(t) Ao + WA:S a(t) (A2 + WAB)

91 2 4.67
+(A2+(L@2’)2A3)2>C} “6n

with an overall factor k%/a(t)?. For this case in the dS limit the no-ghost
and positive speed conditions read

./44 2 gS
A > 0, c; = A

>0, (4.68)

along with the usual conditions for the stability of tensor modes
M

2 72 2
14Q)— M2 >0, H=1 _
mg(1+ Q) 3 cr(t) =1+ 21+ Q) — M2

>0. (4.69)
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4.4 The de Sitter Limit

The conditions on the speeds reduce to Gg > 0 and 1 4+ Q > 0. Just for
simplicity, let us rewrite the above action as follows

k2 ~ : k2 - ~
(2 _ 4.3 R o 2 (R N 2
s /d v {C“(t, k) <a2 Gt k) + N1, k;)) ¢ } ,
(4.70)
where the definitions of the above coefficients immediately follows from

the action (4.67)). The field equation for the curvature perturbation can
then be written in a compact form as

. 2\ . (& a1
x| 3Hy + =5 <+<2~+ _ )gzo, (4.71)
Lee a* L Lee

where in this case a dispersion coefficient for the field ¢ appears in the
evolution equation. Let us now analyse the two limit as in the previous
cases.

In the case k?/a? is sub-dominant M # 0 and we have

4+ 3Hol +m¢ =0, (4.72)

where we have defined the mass term at low k as

m?= fim Lo 9 (4.73)
o0 Ly A

In order to avoid a instability coming from the mass term we require
|m?| << HZ2. The solution reads

C(t) = Clegt(ﬂ/gHg%mzngo) n OQB%t(w/gHgﬂingHo). (4.74)

When 9HZ — 4m? > 0, both the exponentials are purely negative hence
both modes are decaying. In the opposite case the solution is a decaying
oscillator.

In the limit in which k2 /a? is dominant the above equation reduces to

. . 2
C + 5HOC + (aé)gcf =+ ﬂun) < = 07 (4'75)

where

— (AsGs — AsG3)

Let us note that in this limit M is of O(k~2) and the above mass-like
term comes from the Oth order expansion of the term G/L;:. Also in

(4.76)
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4 de Sitter limit analysis

this case we can apply the analysis of Sec. [£.4.1] for xy = 5, and conclude
that, when £ = c +m?2 > 0 no instability occurs, while when the speed is
small or neghg1ble some growing modes or instability might take place if
Hun < 0. In the case fi,, << 5—2027 the solution of the above equation at
leading order is:

= s (s () e ().
(4.77)

which decays in time.

Now, let us consider the dark energy field. The definitions of the «a;
functions which enter in the relation between ¢ and d4 can be found in
Appendix [£.7) after applying the restriction to this subcase. In the regime
in which k?/a? is sub-dominant, the equation for the dark energy field
has the following coefficients

G1
Az Ay

M3 = 3Ho + O(k2) s He = + O(kz) . (478)

As expected in this case the mass term is the dominant one and g = m?2.
Thus in this limit the solution is the same of the curvature perturbation.
In the opposite regime, we have

k‘2
s = 9Ho + O(k™2), g = (Mun + a(t)2c§> Lo, (479)
where
P —A; (6F3G3HE + F3Fy (6G5HG + Ga)) + A2 F3F4Gs — 14A2A4F3F4H0

A2A4F3F4

(4.80)
Again here we obtain a behaviour following the one of the ( field but
with a different dispersive coefficient. When ., is negligible the solution
at leading order is again an oscillatory decaying mode

k4 c4

k k cs
0g = ( L 53760H4 <99225C2 sin < @ Ho) + 512C1 cos <a(t)Ho>> .
(4.81)
In conclusion, along with the conditions discussed in the beginning
of this section for avoiding ghosts and having positive squared speeds
of propagations, we need to make sure that |m?| << Hg. Additionally,
when the speed of propagation is small, one needs to guarantee that both
Lyrn and fi,, do not cause an instability. This set of conditions will ensure
the system to be stable. We will provide a working example in Sec.
where the above results are applied for low-energy Hofava gravity.
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4.5 Working examples

4.5 Working examples

In this section we will apply the results we have derived in the previous
sections to specific models, i.e. K-essence, Horndeski/Galileon models,
low-energy Horava gravity.

4.5.1 Galileons

We consider here the Generalised Galileon Lagrangians, and we will
apply the stability conditions derived for the beyond Horndeski mod-
els (Sec.[4.4.2)). The complete Galileon action is the following |79]:

‘SGG = /d4x\/jg (LQ + L3 + L4 + L5) 9 (482)

where the Lagrangians have the following structure:

L2 = IC(¢’X)7
Lz = G3(¢, X))o,

Ly = Ga(6. X)R — 2Gax (6. X) [(09)° = 6,0 ]
L5 = G5(¢a X)GNV(#/“/ + %G5X<¢7 X) {(D¢)3 - 3D¢¢;IW¢;MV + 2¢;uu¢;pﬂ¢zg )
(4.83)

here G, is the Einstein tensor, X = ¢*¢,, is the kinetic term and
{K,G;} (i = 3,4,5) are general functions of the scalar field ¢ and X, and

The Cubic Galileon model
We start by specializing action (4.82)) to a well known model, i.e. the

Cubic Galileon, which corresponds to the following choice of the functions

KX)=-2x, G3x)=-LXx, Gi= " G =0 (4.84)
2 9 M3 ) 2 9 )
where {g2, g3} are constant and M3 = moH§ .
In a dS universe the background equations become

. 1 . 1 .
3m2HZ = G%Hm?’ + 50287, 3mH;=—gad?. (485)

From the first Friedmann equation one can define the density of the dark
energy field at the background, that is

. 1 .
Py = 622 Hod® + = gads? (4.86)
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4 de Sitter limit analysis

and after manipulating the equations, one gets a constraint equation

6WH0¢3 + 202 =0, (4.87)

which corresponds to ¢ = 0, and from which follows [86, [132]

b = ¢o = const, =—06 ]\gjg Hoydo. (4.88)
Considering the above results, the EFT functions corresponding to this
model in the dS limit read

A = =3 Hodf = —3m3HZ My =385 Hodd = SmZHS
M} = 28593 = —2m3H,, (4.89)

while the others are vanishing.

Using the mapping and the results obtained in the previous section we
obtain that the speed of propagation reduces to zero while the kinetic
term diverges, implying that there is no scalar d.o.f. propagating in dS.
This is an expected result as the cubic Galileon decouples from gravity
in dS with a speed of sound of the form [14]

c

2
T e—— 4.0
T ey ME (4.90)

which is exactly zero on the background.

K-essence

Motivated by the result for the cubic Galileon, where no scalar d.o.f.
propagates on dS, we proceed to check if this holds in more Horndeski
class theories. According to ref. |[136] the complete set of Horndeski
models (with ¢ = 0) does not possess a scalar d.o.f. on a dS background,
a statement which we wish to confront with specific examples.
We start with a well studied and rather simple theory by considering
a K-essence model with a general K(X) and a standard Einstein-Hilbert
term. In this case, we see that the background equations of motion
impose
’CX|X:X0 = O7 ’C(X()) = —3m0H0 s (491)

where X is the background value of X. The speed of propagation can
be written, along with the no-ghost condition, as

2 K x

=
s 2XIC7xx—|-K:7X

ECC =2XK xx +K x. (4.92)
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Now, if K is analytical, we can consider a Taylor expansion around the
point X = Xj. In such a case the background equations of motion impose

K= —-3m3H3 + % (X —Xo)*+ % (X - X0)3 +O[(X — X0)%], (4.93)

where Ko = K xx(Xo), and K3 = K xxx(Xo). Then, one finds that

1 1

S = X, (X —Xo) — Kox2 (3K2 + Xo K3) (X — X0)* + O[(X — X0)*],

(4.94)
and we have that, for an analytical function, ¢ — 0 on dS. Hence, if
one would want to design a K-essence model with a non zero speed of
sound one has to resort to a non analytic form for K. Therefore, this is
an example for which in the class of Horndeski models it is still possible
to have a propagating d.o.f. in the dS universe. In the following we will

show more.

C

Covariant Galileons

Let us study the dS solution for the Covariant Galileon [86], defined by
the following choice of the functions:

m? c.
K(X)=2X, G3(X)=a%, GiX)="0 X

Gs(X) = 3 X% (4.95)

We proceed by adopting the following definitions [99)
X =—22¢miHS, a=cyirhy, B=csadg, (4.96)
where 45 = mfng las being the dS solution and M has been defined

before. Then, we find that the equations of motion for the background
are fulfilled provided that

Crrhs =9a—128+6,  cazhs =9%a—9B+2. (4.97)

In this case the no-ghost condition for the scalar mode can be written

as
ﬁ:_(Sa—6ﬁ+2)(3a—6ﬂ—2)

mg 6 (o —28)°

and the speed of propagation reduces to

>0, (4.98)

28— 1502 — 48 36 5% + 4
ciz(ﬂ @) (15a ap+ ﬂJr)7 (4.99)
18a2 —72af + 172832 —8
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4 de Sitter limit analysis

which does not vanish in general. Finally, from the dark energy field
sector, we obtain

fun = —aateproriHs (150° — 60%(138 +5) + 2a (6657
+578+17) — 4 (1833 + 2752 + 175+ 3)) , (4.100)

which must be constrained, as discussed before, in the case of a vanishing
speed of propagation. Correspondingly, we obtain for the tensor sector
the following:

A7 1 o —2

mg 8
Considering the no-ghost condition and a positive speed of propagation it
can be easily shown that a part of the parameter space allows for stable
dS solutions with a non-vanishing speed of propagation. For example
the choice a = —%, and 8 = —% achieves this. These values result in
a relatively small speed of propagation for which p,, > 0. Thus no
instability is present for these choice of parameters.

(4.101)

Models with G5(X) =0, and G4(X) = m2/2

Now, for the Covariant Galileon, setting o = 0 = 3, that is G4 = m2/2
and G5 = 0, yields once more a vanishing ¢ while for the kinetic term
implies ﬁéé — 400, i.e. weak coupling regime (see the Cubic Galileon
case in the previous section). Therefore, the Covariant Galileon requires
non-trivial G4, G5 in order to have a non-zero speed of propagation for
the scalar modes.

It is possible to find models for which G4 = m3/2 and G5 = 0, and,
on dS, the speed of propagation does not vanish. We illustrate this by
considering the model:

K(X) =~ (5750) . GolX) =cap(5350)", Ga(X) =5,
Gs(X) =0, (4.102)

where p and ¢ are constants and p is a typical length scale of the system.
Using the same notation as for the Covariant Galileon we obtain from
the background equations of motion the following:

o — 3m(2)H2 e pm%H
2T =X/ 2MY))p” T g (=X)2(=x/@MY)e
(4.103)
and subsequently we obtain:
Lee _sp(-pt2e) 2 _ _ _1-p
mg — (1-p)2 > TS 3(1-p)+6q’
2Hg (21p* —2p(18¢+11)+1)
Mun = 0 31)(1)72(]*1) 5 (4.104)
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whereas the tensor modes do not add any new constraint. It is possible
to find a stable dS on choosing 0 < p < 1, and ¢ > —% (1 —p). Finally, in
order for the p,, term to create an instability, one needs to look at the
case of a very small (or vanishing) speed of sound, i.e. p — 1 or ¢ — oc.
In both cases it turns out that p,, = 12H§ hence no issues arise. As
an example for the choice of parameters, we choose p =1/2 and ¢ = 2,
for which all the conditions are satisfied with a speed of propagation of
¢? = 1/27, and the undamped mass of the modes is not negligible, as
fun = 326/27 HZ.

Therefore we have showed that, even in the absence of non-trivial
G4, G5, it is still possible to find models for which ¢2 does not vanish
on dS. This concludes our demonstration of the fact that Horndeski
models do not necessarily imply a vanishing d.o.f. on a dS background
as suggested by ref. [136].

4.5.2 Low-energy Horava gravity

One well known model which falls in the above sub-case is the low-energy
Horava gravity |35l |36} 55]. The action of this theory is

S 4 /= K \NK2 _ 9¢h o
Sup = 167G /d zv/—g (KiK' — AK? — 26A + €R + na;a’) (4.105)

{)\,€,m} are dimensionless running coupling constants, A is the “bare”

cosmological constant, Gz is the coupling constant which can be expressed
as [64]
1 m3

el o (4.106)

Expanding the above action in terms of the perturbed metric
and considering the mapping between this action and the EFToDE/MG
framework, the action up to second order in perturbations can be recast
in the the same form of action (4.67) and by using the redefinition
the action becomes the one in (4.70). In order to specify the coefficients
for action and then analyse the solutions for this specific model,
let us consider the background equation which in the dS limit is

26A

H? = > 4.1
from which follows
26A
0y =mi——— . 4.1
p¢ my (3)\ . 1) ( 08)
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Now, we can specify all the EFT functions [39],

26 4m2e2A — 5 2m3
Q = — A:_— = T 5 N -
G+ =Gy Ge—p -1 BT pemp Y
B 2 2 _ N
ME = 206 X), mi= s, MY = == MY =0,
(4.109)

Then, the no-ghost and gradient conditions at high-k read

213N o (A -DEEE—)
G-Dn—20 % & >0,  (4.110)

n(BA—1)
where the latter is different from zero even in the PPN limit (p — 2€ —2).
Additionally, when k/a is sub-dominant we obtain a vanishing mass term
for the ( field, i.e. m? = 0. When k/a is dominant, we also need to
consider the undamped mass for the ¢ field, which is
2
ﬂun::4b%§. (4.111)
Ui
When studying the parameter space allowed further below it turns out
that fi,, will remain manifestly positive, hence no instabilities will occur
due to its presence. Now, when it comes to the gauge independent choice,
the dark energy field, 64 adds no new conditions when demanding no-
ghost and a positive speed of propagation as analysed in the previous
section. The mass for this field at low k is vanishing as well. At high-&
for the dark energy field we can define

C2HZ((2IX+ 26 — T) + 26(3X — 26 — 1))
N n(3\ —1) ’

. (4.112)

which has to be constrained if the speed is very small. Further below we
will comment on its effect on the parameter space. Finally the tensor
sector add the following set of constraints to the model:
2
26—n
Now it is possible to define a range of viability for the parameters of
low-energy Horava gravity based on this set of conditions, namely:

>0, c=¢>0. (4.113)

1
0<n<2€E, A>1 or A<§, (4.114)

which is a very well known result. Keeping the above conditions in mind
we turn our attention to the regime of a small speed, i.e. A — 1 or n — 2¢.
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In both cases it is easy to see that will always be positive. On the
contrary, does show different behaviours. For A\ — 1 it is clear that
an increasing £ pushes it more and more to the strongly negative regime
while 1 does the opposite. Now, for n — 2¢, it reduces to a constant,
pun = 16HZ. On top of these theoretical considerations one may want
to consider additional constraints coming from PPN, binary pulsar or
CherenKov [137]. Such additional constraints are complementary to the
ones obtained in our paper and in case these have to be imposed, our
results ensure that the theory is stable.

Finally, we will note that the relation between the original field ¢
and the dark energy one for this specific case can be obtained by using
the relations in Appendix after applying the mapping provided in
this section. The functions «; appearing in eq. (4.16)) result to be both
functions of k and time.

4.6 Conclusion

Until now, when considering the EFToDE/MG in the unitary gauge, the
curvature perturbation ¢ has been the main focus of investigation when
considering the question of stability. However, this choice of variable
is gauge dependent, hence one might question if going to a gauge inde-
pendent one the viable parameter space of the model changes and, most
importantly, if such a gauge invariant quantity can be defined as the one
describing the dynamical dark energy field. This motivated us to look
for and construct a gauge independent quantity and, consequently, to
perform a comparison with the results for the original field, (.

In this Chapter, we first proceeded to define a gauge invariant quantity
which describes the linear density perturbation of the dark energy field.
Such a definition is very general and applicable both in the presence of
matter fields and in the late time universe. Then, moving to the explicit
stability study of the scalar d.o.f., we focused on avoiding the usual set
of instabilities namely ghost, gradient and tachyonic instabilities for both
scalar and tensor modes. These are related to the sign of the kinetic
term, the speed of propagation at high-k and the mass term at low-k
respectively. Additionally, we studied the effect of sub-leading term in
the high-k expansion as it might become important when the speed of
propagation is small. Dubbed the effective undamped mass it can become
problematic when it is strongly negative as the corresponding modes
are unstable. Moreover, we showed that, by doing a field redefinition in
the second order action from the curvature perturbation ¢ to the dark
energy field, the constrains arising by imposing the absence of ghost and
gradient instabilities do not change.
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Moving on to the mass terms the agreement between the two per-
turbations does not seem to hold as the mass terms are substantially
different. It is then important to also consider the mass of the dark energy
field, when setting the proper condition for the avoidance of tachyonic
instability, as it has a real physical interpretation. In order to have
an idea of the behaviour of the mass term, we studied modifications of
gravity on a dS background and then we set and discussed the proper
conditions one has to impose in order to ensure a stable dS universe. The
existence of stable dS solutions is of value as it is expected to be the late
time stage of the universe. As we wished to achieve model independent
results we employed the usual EFToDE/MG while neglecting any matter
components due to their heavily sub-leading behaviour.

As we saw in the previous Chapters, the all-encompassing nature of
the original EFToDE/MG action dictates that a unique approach is not
feasible as sub-cases might show up which need to be treated separately,
a behaviour appearing due to the higher spatial derivative operators. In
this Chapter we identified three main cases that deserved our attention:
the case with all operators active, the beyond Horndeski class of models
and the case encompassing low-energy Hofava gravity.

Starting with these three subcases we proceeded to study their theoret-
ical stability by deriving the kinetic term and the speed of propagation.
By demanding them to be positive, one guarantees that the theory is free
of ghosts and gradient instabilities. Additionally, we supplemented them
with the same conditions guaranteeing a stable tensor sector. As already
discussed we find that the parameter space identified by the no-ghost
and gradient conditions is independent of the field chosen to describe the
scalar d.o.f.. In the general case when considering the low k/a limit it
becomes clear that the two fields satisfy a different equation of motion.
The curvature perturbations is conserved at those scales as the equation
does not contain any mass term. On the contrary, the equation for the
gauge invariant dark energy field appears to have a mass term which is
positive and of the same order of HZ, hence a tachyonic instability does
not develop and the solution is an exponentially decaying mode. We can
infer the same conclusion for the beyond Horndeski sub-case. On the
other hand, we find that for the Hotfava like class both the curvature
perturbation and the gauge invariant dark energy field satisfy the same
equation of motion with a mass term dependent on the theory. The non
zero mass term for the curvature perturbation can be attributed to the
Lorentz violating nature of Hofava gravity. Thus we have to require that
|m?| < HZ in order to guarantee a stable dS universe.

In the high-£ limit usually only the leading order is considered, iden-
tified as the speed of propagation. Constraining this to be positive is
usually considered to be enough to guarantee stability of the correspond-
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ing modes. We proceeded to expand this analysis by not neglecting
the next to leading order contribution, a term we dubbed the effective
undamped mass. This term turns out be relevant for theories with a very
small speed of propagation as it can become the source of an instability.
Thus, in such a case, one needs to impose an additional constraint.

As a final comment we would like to emphasize that the speed of
propagation was never identically zero. This is an interesting results
when considering the Horndeski class of models as it was claimed that
they do not propagate a scalar d.o.f. in dS [136]. While this can happen
for specific cases, such as the Cubic Galileon and any analytic K-essence
model, the statement does not hold in its full generality. To name one, the
very well known Covariant Galileon theory has been studied and shown
to propagate a d.o.f.. To complete its study we presented a parameter
choice which not only propagates a d.o.f. but also guarantees a stable dS
background.

Finally we believe that our results can be apllied at present time (z ~ 0)
as well, as the dark energy field is dominating. However, in order to
guarantee that this field remains stable along all the whole evolution
of the universe, one has to properly derive the mass coefficient when
the matter fluids are considered, as was done in the previous Chapter.
In order to provide the mass associated to the, gauge invariant, dark
energy density field one should construct the Hamiltonian for all the
fields (perturbed dark energy density+ fluid densities), then work out
the associated eigenvalues and finally apply the . In light of the results
of this work it might be important to investigate also the behaviour of
the effective undamped mass term at high-k. Concluding, the gauge
invariant quantity defined to describe dark energy is still valid when
one includes the presence of matter. The difficulty will then lie in the
disentangling of its dynamics from these new field and will require a
separate investigation.

4.7 Appendix A: Notation

In this Appendix we will explicitly list all the coefficients used in the
main text.

The kinetic term in action (4.7]) reads
A (t) + %Azx(t)

A() + 2 A(t) (4113)

Léé(tv k) =

where

Ay (t) = (Fy — 3Fy) (3F3 + F\F) ,
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As(t) =2 (F5 + F3Fy) ,
Ag(t) = 16F4m§ 5
Ay(t) = 8Fim2 (Fy — 3F)) , (4.116)

and the gradient term is

Gi(t) + 5 Ga(t) + £5Gs
(Ax(t) + 55 As(1))?

G(t, k) = , (4.117)

where

G (t) 4[1?2 (F2+ FyFy) (Fy — 3F,) H (2M2 +m2(Q+ 1))

2 (F23 ((F1 . 3F4) N2 4 (Fy — 3Fy) 2MM)

Fy (Fi3F = ) B0 + Fy (~or2Nr + Fy (B
F12Mz\2) _ F1F4M2)) _ F2(F, — 3F,) Fy NI

FyFy (Fy — 3F) F2M2) +m32 ( ( (FlQ 3F,0)

(@+1) (i =38)) + 2 (B (£ (300 - @+ DA
BEN(Q+ DE) + F (B (94 DF = FiQ) + Fu@+ 1)E) )

+ 4+ o+ 4+ o+

+ORXQ+1) ((Fl _3Fy) By + 2F3F4)
v RF(Q+1) (F3F4 —(F, - 3Fy) Fz) + RO+ 1))) } ,

Go(t) = 8 (4m3 (—F4(Q +1) (F3F4 (ng - MQ) —(F, — 3Fy) mgFQ)

+

FF3(~(9+ 1) (23 = M) + Fy (Fy = 3F3) B;Hm(Q + 1)

+

3F, <F4 <3F4 ((Q +1)2mgrig — mQQ) +m2(Q+ 1)F1) o <F4 <m§Q
(24 1)2marie) — m2(Q+ 1)F4))) 4 ((&FQF4 (Fy — 3Fy) Hm2M?

+ F4M2 (F3F4M2 +2 (F1 — 3F4) m%Fg)

2F, (F} (6mgm2 = 300%m3) — Fy (m3 (RN + 2R VL0 )

2P Myt ) Fym3Fu02) + FEFI ) miFy (Ff + FoFy) (Q+1)?) |
Gs(t) = G64F2m2 (f4mg(Q +1) (mg - MQ) AN+ mi(Q+ 1)2) (4.118)

The kinetic and Gradient coefficients here are in a FLRW universe.
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Here, we define the coefficients of action (4.20))

4. 3 a? ) k? 2
with

L% (GO&gzﬁ —[H(ne —n3 +ne + 3)as — 046]%&;,;) b

a2

(4.120)

3

2
(aﬁ (H (13 —n6 — 1z — 3) az + ae) Le + ’;—EGag,?)
E" k?4
g < - 5 (G2a§a4
{046 (H (13 — 16 —1c — 3) az + ag) Le + %GCM%}
G{lne®>+ (5—2n3—nc +sc)nc +m3 + (e — 53— 5)ns — 3ng

k2
6]H?a3® +3H(ns —n6 +1/3ng —2/3nc — 5/3)asasz + a62}§£¢€'

H2776[H(7732043 — M3NeQ3 — 27),M303 + 3353 — 30386 + N3
nelas +neasss — neasse — 6mzas + 3 asns + 6 azne

+ + + + +

3asse +9asz) + agne — aglc — AgSe — 3046]a6£§¢) , (4.121)
and

ne 3 76 G
= — = — = — = —. 4.122
Sc H??g ) 53 HT]3 ) 56 H776 e oG ( )

Moreover, the explicit expressions for the a; and u; coeflicients in the
dS limit used in Sec. £.4.1] are

2(F, — 3F) (2F2H0 o 8’§m§)

(6%} t,ki = —
( ) 3H0 (F22 + F3F4 + 8F4§—§m§)
2]€2 HO (F4H0 — 2F2) (2M2 + m%(Q + 1)) + F22 + F3F4 + 8F4];—Zm%
OéG(t,k) = 2 2 2 k2 2 9
a(t) 3Hj (F2 + F3Fy + 8F4pm2)
(4.123)
and
1
ps(t, k) = : : . 2
[:CC (ECC (0462 — 3H00¢30[6 “+ agaiz — OlgOtﬁ) — aﬁagﬁéé + aﬁGa32>
X {LCC (—6H0046O¢3£<'<' + 046043/:.« + a62[:<-<- + 20461.:4'4'(543)
+ ,CEC (3H0()é6 (20&3 + CE(;) - 9H3a30[6
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— g (2046 + 043) + aga6) + 20[3E€'€' (—Oégﬁa:) — a72£C.CIOL32G
k2 .
+ ?Gag (£CC (5H0053 — 2&3) + 20[3,6“-)}
(4.124)

1

pe(t, k) = .
a2£¢¢ <a2 (,CCC (—3H00[3a6 + Oéﬁdg - a3d6 + a62) - OZGCkg,CC'C') + k2GOZ32)

X {a2 <a2 (ECC (—3H00¢3 (—2£¢¢d6) — E« (2(553 + Oég) Qe
Qs (—Eccag + ECCQG)) + E?C (—3H0 (Ozgdg + 230 — 0435[6) + 9H§Oé30'46
oéts — (cs + ) dig + 2656°) + asLl (2566‘5‘6))

+
+

+ K@ (Eg;é (=3Hoasz + s + ag) — agﬁ'g;é))

+ k%d*G (ag (5H0a3./:¢< + agﬁ«- - 20(6/:«: - 2£¢¢d3)
+

Lee (—5Hoaz (cs + ag) + 6HZa3? — 3azdg + 203% + 3agds
—  asdz+ag’)) + K GPas’}
(4.125)
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5 The role of the tachyonic
instability in Horndeski
gravity

5.1 Introduction

In this Chapter we implement the conditions guaranteeing the absence
of tachyonic instabilities, as derived in Chapter 2 and presented in
Appendix into the stability module of the Einstein-Boltzmann solver
EFTCAMB |(22,[23,80]. This completes the stability module as it already
encompasses the no-ghost and no-gradient conditions and guarantees
stability on the whole range of linear scales. The already existing no-ghost
and no-gradient, are in fact inherently high-k statements, and as such
cannot guarantee stability on the whole range of scales. The common
practice in Einstein-Boltzmann solvers so far, was to include a set of
mathematical conditions designed to eliminate models with exponential
growth of the perturbations. The latter are ad-hoc conditions derived,
under some simplifying assumptions, at the level of the equation of motion
implemented in the numerical codes. Here we show that this will not
be necessary anymore and one can rely on the rigorous, theoretically
motivated, set of conditions to ensure stability both in the high-k and
low-k regime.

After the implementation we proceeded to study the impact of the
novel conditions on the parameter space of Horndeski [78], as well as
of its subclasses f(R) gravity and Generalized Brans Dicke theories,
identifying several interesting features. Among other things, we confirm
that the constraining power of the stability conditions is significant and
will certainly give an important contribution towards physically informed
cosmological tests of gravity.

The work in this Chapter is based on [34]: The role of the tachyonic
instability in Horndeski gravity with N. Frusciante, S. Peirone and A.
Silvestri. In Sec. we review the EFT of DE/MG and the formulation
of the stability conditions. In Sec. [5.3] we present the class of models used
in this study and their implementation in the EFToDE/MG language.
In Sec. we illustrate the methodology that allows us to build large
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5 The tachyonic instability in Horndeski gravity

ensembles of models. We also describe the parameter spaces that we use
for studying the impact of the different stability conditions. Finally, in
Sec. we present and discuss the results and in Sec. we conclude.

5.2 Stability conditions in the Effective
Field Theory of dark energy and
Modified Gravity

In this section we review the general conditions that a theory of grav-
ity needs to satisfy in order to be free from instabilities, i.e. no-ghost,
no-gradient and no-tachyon conditions |[109]. As discussed in the Intro-
duction, we include matter fields in our derivation, focusing on CDM,
which is the relevant one for late times.

We employ the EFT of DE/MG framework, which is at the basis
of the numerical code, EFTCAMB, that we use for our analysis. This
framework offers a unified language for a broad class of DE/MG models
with one additional scalar degree of freedom [14} |15]. The corresponding
action is constructed in the unitary gauge as a quadratic expansion in
perturbations and their derivatives, around a flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) background. The different operators that
enter in the action are spatial-diffeomorphism curvature invariants. For
the purpose of this Chapter we restrict to Horndeski gravity, for which
the corresponding EFToDE/MG action reads:

S = /d%\/fg{";%u +Q(t))RW + A(t) — c(t)dg™

M3 (t 1 My (t
+—?’2( ) [(5}()2 — SKUOKY, — 2590051%(3)} +—22( ) (5%0)2
M3 (t
255 + Ll o} 6.1)

where m2 is the Planck mass, g the determinant of the four dimensional
metric g,,, 6g°° the perturbation of the upper time-time component of
the metric, R and R®) are respectively the trace of the four dimensional
and three dimensional Ricci scalar, K, is the extrinsic curvature and
K its trace. Q,¢, A, M; are free functions of time dubbed EFT functions.
Finally, L,, is the matter Lagrangian for all matter fields. In this chapter
we strictly follow the approach of Chapter 3 where we adopt the Sorkin-
Schutz Lagrangian

After decomposing the action into the actual perturbations of
the metric and matter fields, and removing spurious d.o.f., one obtains
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5.2 Stability conditions in the EFToDE/MG

the following action for the propagating d.o.f.s in Fourier space:

3
5@ = / (%3 dta® (V' AY — K*Y'GY — {BY - ¥'MX) ,  (52)
where X! = (¢, d,4) with ¢ the scalar degree of freedom and 6, = dp/p the
density perturbations of the matter component. A, B, G, M are 2 x 2
time and scale dependent matrices (see Chapter 3 for their expressions)
and dots indicate time derivatives with respect to cosmic time.

The stability requirements can be now obtained from action . In
the following we will list them, discussing their relevance and range of
applicability:

e no-ghost: Requiring the absence of ghosts translates into A;; being
positive definite. This must be done in the high-£k limit as a low-k
instability does not lead to a catastrophic vacuum collapse and is
rather relatable to the Jeans instability, as discussed in [126).

e no-gradient: In order to avoid diverging solutions at high-k one
needs to demand the speed of propagation to be positive, i.e. ¢z > 0.
The speed of propagation can be obtained, after a diagonalization
of the kinetic matrix A;;, from the dispersion relations coming from

action (5.2]).

e no-tachyon: In the case of a single scalar canonical field, this
amounts to demanding that either the mass term in the Lagrangian
is positive or, in case it is negative, the rate of instability is slower
than the Hubble rate. The latter case corresponds to the Jeans
instability for the scalar d.o.f.. When matter fields are involved,
one needs to study the mass matrix of the Hamiltonian associated
to the canonical fields as illustrated in Chapter 3. For more details
about the nature of the tachyon instability we refer the reader
to [85]. Here, we will focus on the practical condition one has to
impose in order to avoid such instability.

The Hamiltonian associated to the action (5.2) assumes the follow-
ing general form for the canonical d.o.f.s:

R

3
a . <
M= [@f + B3 + pa(t, k) @ + pa(t, k) ‘1’3} )
(5.3)

where ®; are the canonical fields and, for £k — 0, u; are the mass
eigenvalues[f] As discussed in Chapter 3, the above Hamiltonian

*It is important to note that the canonical field is a result of a number of field
redefinitions, hence is a mix of the scalar and matter d.o.f..
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5 The tachyonic instability in Horndeski gravity

exhibits a tachyonic instability when at low momenta a mass eigen-
value p; becomes negative and evolves rapidly, i.e. |u;| > HZ.
Thus, for a theory to be viable, it must hold that |u;| < H?. For-
mulated in this way one also includes theories with instabilities
which evolve over scales much larger than the Hubble scale. This
particular case is typical of clustering fluids, where the instability
corresponds to the well known Jeans instability, which is vital for
structure formation.

While we focused on the scalar d.o.f.s in the EFToDE/MG action, one
can repeat the same expansion for the tensorial part. Starting from the
quadratic action for tensor perturbations, one can then work out the
equivalent conditions to ensure that tensor modes are free from ghost
and gradient instabilities (see e.g. [14, |15} |65} 67 [68]).

From the above discussion, we have five conditions (three for the scalar
sector and two for the tensor one) which need to be imposed in order to
guarantee the stability of a theory at any scale and time.

The relevance of these conditions reflects also in the choice of the
parameter space one has to sample when performing a fit to data. This
was established in [23] [39] [138], where it was shown that they might
dominate over the constraining power of cosmological data.

In Einstein-Boltzmann solvers the no-ghost and no-gradient conditions
are commonly employed while the no-tachyon ones are typically not in-
cluded. The former two conditions guarantee the stability at high-k, thus
in order to guarantee stability on the whole k-spectrum, the codes usu-
ally employ ad-hoc conditions that eliminate models with exponentially
growing modes at low-k. In the EFToDE/MG framework, these addi-
tional requirements are typically worked out at the level of the dynamical
equation for the perturbations of the scalar field. While in action
the scalar field is hidden inside the metric degrees of freedom, one can
leave the unitary gauge by the Stiickelberg trick and make explicit the
perturbations associated to the scalar field. This amounts to an infinites-
imal time coordinate transformation ¢ — t 4+ 7, with the scalar degree
of freedom being described by 7 and obeying the following equations of
motion:

A" + Bn' + Cr + k*Dr + HyE = 0, (5.4)
where A, B,C, D, E are functions of time and k and their explicit expres-

sions can be found in [80]. Hp is the present day value of the Hubble
parameter and primes are derivatives with respect to conformal time.

The corresponding mathematical conditions are [80]:

138



5.3 Models

e if B2 —4A(C + k%D) > 0 then

—B+/B? —4A(C + k2D)

oA < Hy, (55)
e if B2 —4A(C + k*D) < 0 then

-B

ﬂ < Hyp. (56)

The no-ghost and no-gradient conditions, as well as the mathematical
ones, are implemented in the publicly available version of the Einstein-
Boltzman solver EFTCAMB |22, 80|, respectively under the name of
physical and mathematical (math) conditions. Although it would be rea-
sonable to add the no-tachyon conditions under the umbrella of physical
conditions, in this Chapter we stick to the original convention and retain
the term physical for the pair of no-ghost and no-gradient. We always
refer separately to the no-tachyon one as the mass condition.

In this work, we extend the stability module of EFTCAMB to include
the mass conditions in terms of the mass eigenvalues p; and proceed
to study the impact of the latter on the parameter space of different
scalar-tensor theories within Horndeski gravity. Our first goal is to show
that the physical plus mass conditions form a complete set of physically
motivated, rigorously derived requirements that do guarantee stability on
the whole range of linear cosmological scales. We also compare the mass
and math conditions in terms of performance, showing that the latter
can be safely disregarded in favor of the former. Finally we study the
effects of the different conditions on the parameter space of the different
theories, identifying some noteworthy features.

5.3 Models

We consider several classes of scalar-tensor models of gravity:

e f(R) [11]: specifically designer f(R) [12,81] with a wCDM back-
ground. For any value of the equation of state, wg, the different
models reproducing the corresponding expansion history can be
labeled by the present value of the Compton wavelength of the
scalaron, namely By = B(z = 0), where

HR

1+fr H
Hence we have a two-dimensional model parameter space, i.e.
{wg, Bo}. These models can be fully mapped in the EFToDE/MG

(5.7)
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5 The tachyonic instability in Horndeski gravity

language, and the only corresponding non-zero EFT functions are:
m2
Q= frand A =32 (f - Rfg).

o Generalized Brans Dicke (GBD): non-minimally coupled scalar-
tensor theories with a canonical kinetic term. f(R) gravity is a
sub-class of these theories, with a fixed coupling to matter. When
one allows the coupling to vary, a representative class is that of
Jordan-Brans-Dicke (JBD) models [139]. These models correspond,
in the EFToDE/MG language, to non-zero {2, A, c}. In this work
we adopt the so-called ‘pure EFT’ approach, where we simply
explore several different choices for {2, A, ¢} as functions of time,
thus creating a large ensemble of GBD models. For more details
on this approach we refer the reader to |140} [141].

e Horndeski (Hor): the full class of second order scalar-tensor theories
as identified by Horndeski [78]. Within the EFToDE/MG formalism,
we can explore them by turning on the full set of EFT functions in
action (5.1), i.e. {Q,A, ¢, M3, M}, M2}. We also consider separately
the subset of Horndeski for which the speed of sound of tensor is
equal to that of light, ¢ = 1. Most of the modifications happen in
the scalar sector of the theory, hence we refer to this class as Hg.
This specific class has become of great interest after the detection of
the gravitational wave GW170817 and its electromagnetic counter
part GRB170817A [142H144], which has set tight constraints on
the speed of propagation of tensor modes. We can create large
ensembles of these models in the pure EFToDE/MG approach, by
turning on the following EFT functions: {Q, A, ¢, My, M3},

5.4 Methodology

We aim at studying in detail the way different sets of stability conditions
affect the parameter space of the models under consideration. We always
impose the set of physical stability conditions, i.e. no-ghost and no-
gradient, as a baseline; on top, we separately switch on the checks for
either the math or or the mass condition. For one class of
models, namely f(R), we consider an additional condition, as desrcibed
in the following.

f(R)-gravity is among the models for which the stability conditions have
been extensively investigated |12} |81} 145-147]. Besides the usual no-ghost
and no-gradient conditions, an additional important requirement has
been identified in the literature by demanding the high curvature regime
to be stable against small perturbations. This translates into requiring a
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positive mass squared for the scalaron, in the limit of |Rfrr| < 1 and
fR —0 f
2 14+ fr " 1

"™ Bfrr  3far’ (5:8)
which leads to the well known frr > 0 constraint, often dubbed as the
tachyon condition for f(R). Since such condition has been obtained under
specific hypothesis, it does not coincide analytically with the general
no-tachyon conditions discussed in Sec. In the analysis of f(R), we
include this latter condition as one of the case studies, to compare with
the mass and math ones.

To study the viable parameter space of all the models under the
different sets of stability conditions, we use the numerical framework
adopted in [140l [141]. It comsists of a Monte Carlo (MC) code which
samples the space of the EFT functions, building a statistically significant
ensemble of viable models. To compute wether a sampled model is stable
(and thus accepted by the sampler) or not, we interface the MC code
with the publicly available Einstein-Boltzmann solver EFTCAMB [22,
23|. Starting from the background solution, the code undergoes a built-in
check for the stability of the model.

In EFTCAMB, f(R) is implemented via the so-called ‘mapping’ mode,
i.e. as a specific model after being mapped to the EFToDE/MG lan-
guage [80]. Currently both the Hu-Sawicki model [82] and designer f(R)
models are available. For our study we focus on the latter one, choosing a
wCDM background. For the remaining three classes of models we adopt
the ‘pure EFT’ approach, where we explore many different choices for
the time-dependence of the corresponding EFT functions. Specifically,
following 140, (141}, |148|], we parametrize the relevant EFT functions
using a Padé expansion:

N —
> pet @ (@ — ag)" ™

T B (a—ag)”

where the truncation orders are given by N and M. The coefficients
ay, and S, are sampled with uniform prior in the range [—1,1] and we
verified that the results are not sensitive to the prior range. Furthermore,
the convergence of the results is reached at N + M = 9, meaning that
each EFT function has 9 free parameters. We consider, with equal weight,
expansions around ag = 0 and ag = 1 to represent thawing and freezing
models, respectively. For further details about the sampling procedure
we refer the reader to [140} |141].

In this pure EFToDE/MG approach any choice of A and €2 produces a
different background expansion history, which can be solved for using the
Friedmann equation, as explained in [140]. The remaining background

f(a) , (5.9)
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5 The tachyonic instability in Horndeski gravity

EFT function, ¢, can be determined in terms of A, Q and H (a), and does
not need to be sampled independently.

Following this procedure, we build large numerical samples of viable
models for the GBD, Hg and Hor classes reaching a samples size of ~ 10*
accepted models.

For f(R) gravity we study the impact of stability conditions on the
{wo, Bo} parameter space, comparing also to previous results [23]. For
the remaining classes of models the dimension of the parameter space
is very high (e.g. GBD has 27 additional parameters) and, furthermore,
the individual parameters in the Padé expansion do not have any direct
physical meaning. For such reasons we look at their predictions for the
phenomenology of Large Scale Structure, studying the cuts of different
stability criteria on the, physical, space of the phenomenological functions
(i, %) defined in the usual way [149):

U = —4nGu(a, k)a®pA | (5.10)
(@ +T) = —81GX(a,k)a’pA (5.11)

where p is the background matter density, A = § + 3aHv/k is the
comoving density contrast, and ¥ and ® are the scalar perturbations,
respectively, to the time-time and spatial components of the metric in
conformal Newtonian gauge. From their definition, y = ¥ =1 in ACDM,
but in general they are functions of time and scale. The function p
directly affects the clustering and the peculiar motion of galaxies, hence
it is well constrained by galaxy clustering and redshift space distortion
measurements [150-152]. On the other hand, ¥ affects the geodesics
of light and is directly measured by Weak Lensing, Cosmic Microwave
Background and galaxy number counts experiments [152H154].

The EFTCAMB software allows us, in principle, to evolve the full
dynamics of linear perturbations and extract the exact form of ¥ and
u for each model in our ensembles. This however would be highly time-
consuming, hence we opt for the Quasi Static (QS) analytical expressions
of these functions, worked out from the modified Einstein equations
after reducing them to an algebraic set (in Fourier space) by neglecting
time derivatives of the scalar degrees of freedom [15, [155]. In [141] the
authors have compared the QS and exact (X, u) for the same ensembles
of models as those considered in this Chapter, finding that the agreement
is excellent for all scales below the typical Compton wavelength of the
sampled model.

In order to visualize the effect of different stability cuts, we show
the predictions of a given ensemble of models in the (3, u) plane for a
given value of scale and redshift. We set our output scale at £k = 0.01h
Mpc~!, which has been shown to be safely inside the Compton scale for
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Figure 5.1: The viable (Bg,wo) parameter space of designer f(R) gravity on a wCDM
background. We plot the regions allowed by different stability conditions. The physical
conditions are imposed as a baseline in all cases and cut the lower region highlighted
by black lines. On top of them, we apply separately the math (left panel), frr > 0
(central panel) and the mass (right panel) conditions. The corresponding viable regions
are indicated with solid colors, respectively in red for math, blue for frr > 0 and green
for mass.

all models considered in the present analysis . For this scale, we
show the results at a given value of the scale factor that we choose to be
a = 0.9, corresponding to a redshift z =~ 0.1. This choice is more realistic
than a = 1 in terms of measurements from upcoming surveys.

5.5 Results

We now proceed to discuss the outcome of our analysis, focusing on
the cuts in the different parameter spaces considered. When studying
the GBD and Horndeski classes, through the large ensemble of models
generated via the Monte Carlo sampling, we also analyze the acceptance
rates of models when the different conditions are turned on.

5.5.1 Designer f(R) on wCDM background

We studied designer f(R) on a wCDM background, considering flat priors
on wy € [—1.1,—0.5] and Logig By € [—5, 0], while fixing the cosmological
parameters to Planck 2015 ACDM values . We also tested that our
results do not change when assuming the values from Planck 2018 ,
as they are mostly compatible with the 2015 release.

In Fig. [5.1] we show the impact of the math, frr > 0 and mass
conditions on the (By,wg) space. As it was already known, the physical
conditions do not constrain By while they clearly constrain the equation
of state to wg > —1.04. Going beyond the baseline, it is evident that the
math condition constrains the parameter space most severely, pushing
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4 3 2
Log10 Bo

M )

Figure 5.2: Allowed parameter space for designer f(R) gravity with wCDM background,
when applying the physical conditions jointly with the mass conditions considered sepa-
rately, i.e. the p1 (blue) or po (yellow) stability cuts. In green we show the combined
viable region.

wo towards wy = —1 for values of By < 1072, On the other hand,
frr > 0 and mass condition have a very similar, and less severe, impact.
We have studied the cosmology of a number of models excluded by the
math conditions but allowed by the frr and mass conditions. They all
exhibited stable behaviors, hence we infer the math conditions for f(R)
are too stringent.

The viable parameter space of the same designer f(R) was studied
in under the no-ghost, no-gradient and the frr > 0 requirements.
Their findings are in line with our results. Let us now look at Fig. [5.2]
where we consider separately the constraints coming from the individual
mass eigenvalues. One thing that can be noticed, is that both mass
conditions are important, cutting regions of the parameter space that are
partially complementary. The combined effect is similar to that of the
frr condition, and this is a direct result of the mixing of the scalar and
matter d.o.f., which plays an important role in the determination of the
full no-tachyon conditions.

5.5.2 Horndeski

The results for Generalized Brans Dicke models (GBD), Horndeski with
¢? =1 (Hg) and full Horndeski (Hor) are presented as marginalized 2D
and 1D distributions for the phenomenological functions ¥ — 1 and p — 1,
at @ = 0.9 and k = 0.01hMpc~'. In all cases the sampling was done
till 10* models were accepted by the set of stability conditions under
consideration.
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Figure 5.3: Marginalized 2D and 1D distributions for the phenomenological functions
¥ — 1 and p — 1 for the GBD models, computed at a = 0.9 and k = 0.01AMpc™!. In the
two panels we show the results of the different stability cuts: on the left physical4+math
and on the right physical+mass. Black shaded points represent the values computed for
the single sampled models, while the contour lines cut the 2D distribution at 10%, 20%,
..., 90% of the total sample. These results are computed within the QSA.

In Fig. We show the marginalized 2D and 1D distributions for (3, )
for the ensemble of GBD models, when applying the math and mass
stability cuts, on top of the usual physical baseline. It becomes instantly
clear that the mass condition has a stronger impact on the plane than
the math conditions. While the math conditions generally allow models
satisfying the relation (¢ — 1)(X — 1) > 0, the mass conditions break the
degeneracy and allow purely models with (1 —1),(X —1) < O In terms
of EFT functions this result translates into the mass conditions requiring
Q > 0, since in the QSA ¥ ~ 1_%9 The difference between mass and
math conditions is quite relevant when analyzed in the (X, ) plane, yet
in terms of acceptance rates, the two conditions do not differ much, as
shown in Table In retrospect, one notices that in fact the bulk of
viable models were in the (1 — 1), (¥ — 1) < 0 quadrant already for the
math conditions case. Still, it is noteworthy that the mass conditions in
GBD models forbid more distinctively the first quadrant.

In Fig. the same combinations of stability conditions are studied
in the phenomenological plane of Hg and Hor models. In this case, the
difference between the mass and math conditions is not so evident in
terms of allowed regions in the (¥, 1) plane. Nevertheless, we can notice
that the math conditions allow the ensembles of models to have a tail
in the second quadrant (x> 1 and ¥ < 1), while this tail is drastically
cut by the requirement of mass stability. In fact the models lying in the
second quadrant are reduced from ~ 1% in the former case to ~ 0.1% in

*This boundary when imposed by the math condition is rather sharp, while
imposed by the mass condition can be violated by a statistically negligible number of
models (0.01% of the total sample).
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Figure 5.4: Marginalized 2D and 1D distributions for the phenomenological functions
¥ —1and p— 1 for Hg (top panels) and Hor (bottom panels), computed at a = 0.9 and
k = 0.01hMpc~!. In the two panels we show the results of the different stability cuts: on
the left physical+math and on the right physical+mass. Black shaded points represent
the values computed for the single sampled models, while the contour lines cut the two
dimensional distribution at 10%, 20%, ..., 90% of the total sample. These results are
computed within the QSA.

the latter.

As we discussed in Sec. [5.4] we adopt a Monte Carlo sampling tech-
nique to create ensembles of models that obey different sets of stability
conditions. It is quite informative to compare the acceptance rates for
different stability conditions and we present their percentage values in
Table It can be immediately noticed that the baseline of physical
conditions has a quite strong impact on Horndeski models, a result pre-
viously discussed in . Focusing on the mass and math conditions
a general trend emerges, the mass conditions are more stringent than
the math conditions. For GBD and Hg, this effect is stronger than for
Hor where the impact of the two conditions is fairly similar. Finally,
let us notice that, while in the (X, u) plane of Hg and Hor there were
no striking differences between mass and math conditions, looking at
the acceptance rates we do see some tangible differences. This can be
easily understood in terms of the large number of free EFT functions
that describe these models. In other words, mass conditions do cut more
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GBD (%) | Hs (%) | Hor (%)
physical 18 8.3 1.2
physical + math 15 1.9 0.3
physical + mass 13 1.1 0.2

Table 5.1: Acceptance rates for the GBD, Hg and Hor classes of models as subjected to
the different sets of stability requirements: physical, physical + math and physical + mass.

models than math conditions, yet when we look at the phenomenology,
i.e. at the (X, u) plane, there is high degeneracy among the models
and we can not associate specific regions to these cuts. This is in stark
contrast to GBD where the additional cut contributed by mass has a
specific direction in the (X, 1) plane due to the fact that mainly one EFT
function, 2, is being constrained.

5.6 Conclusions

In the final work presented in this thesis we test the impact of the condi-
tions for the avoidance of tachyon instabilities in scalar-tensor theories,
concluding the line of work. These conditions are crucial to guarantee
the stability of theories on the whole range of linear scales, complement-
ing the no-ghost and no-gradient conditions. The latter are the ones
most commonly implemented in Einstein-Boltzmann solvers, but being
intrinsically high-k conditions, they can not guarantee stability on all
scales. So far this shortcoming was addressed with a set of mathematical
conditions built on the additional scalar field equation, in such a way to
filter out models with exponentially growing solutions that would have
escaped the no-ghost and no-gradient check.

A complete derivation of the mass condition in Horndeski, and more
general modified gravity models, was carried out in Chapter 2 and we
have used those results as the basis for our analysis, implementing the
corresponding conditions in the stability module of EFTCAMB. We then
have carried out an extensive study of the impact of the new conditions
on the parameter space of Horndeski gravity, in particular comparing the
corresponding cuts to those previously contributed by the mathematical
conditions, as well as the improvement brought upon the incomplete set
of no-ghost and no-gradient.

Overall, we show that, as expected, the mass condition provides the
missing constraining power at low-k. Combined with the no-ghost and
no-gradient, they form a complete set of conditions that guarantee the
stability of any theory over all cosmological scales. Additionally, while
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the mathematical conditions depended on a number of simplifying as-
sumptions about the nature of the dynamical equation for the extra
degree of freedom, the mass conditions are more rigorously defined from
a physical point of view. They are obtained from the stability analysis of
the full action and do not rely on any such simplifying assumptions.

In our analysis, we considered a set of different scalar-tensor theories,
as implemented in EFTCAMB, namely f(R) gravity, Generalized Brans
Dicke (GBD) models, the full Horndeski theory, as well as the subset
of it that does not alter the speed of tensor modes. In all cases, we
used the combination of no-ghost and no-gradient as the baseline and,
on top of that, compared the performance of mathematical versus mass
conditions. As mentioned above, the mass condition proves to be a very
reliable substitute of the mathematical condition in all cases. On top of
this, there are some features peculiar to specific models that are worth
summarizing. One of the most evident results of this work is that, in GBD
models, the mass condition removes more efficiently models away from
the X, p > 1 region, clearly cutting the tail of models that were allowed
by the mathematical conditions. This indicates that GBD models with
either p and/or ¥ bigger than one would develop a tachyon instability.
While this feature is interesting and clearly stands out in the (X, u) plane
of Fig. [.3] it is important to notice that, from the acceptance rates in
Table the tail is a small fraction of the whole ensemble of models
which tend to live in the ¥ < 1, 4 < 1 quadrant. Interestingly the latter
would be severely constrained if one imposes consistency with local tests
of gravity, as shown in [141].

It is also worth stressing that in the case of f(R) gravity, we compared
the mass condition not only with the mathematical one, but also with
the popular frr > 0 condition, which is based on the stability of the
theory in the high-curvature regime. As shown in Fig. [5.1] we found
that the ad-hoc mathematical condition is too stringent in the f(R) case,
while the frr > 0 and mass ones contribute an almost equivalent, and
more generous, cut to the parameter space.

For the full Horndeski class, as well as the sub-class obeying ¢ = 1
at all times, we do not report significant differences between the impact
of mathematical and mass conditions. But we highlight that the mass
condition completes the no-ghost and no-gradient into a reliable set
of conditions that guarantees stability on all linear scales, while being
physically informed.

As we have shown, the combination of no-ghost, no-gradient and no-
tachyon forms a theoretically rigorous and practically important set of
conditions that guarantees stability on all linear cosmological scales.
Finally, let us notice that, while in this work we focused on Horndeski
gravity, the mass conditions derived in Chapter 2 and implemented in
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the stability module, can cover beyond Horndeski models as well.
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Summary

The discovery of the accelerating expansion of our universe, dubbed
cosmic acceleration, has been one of the biggest in recent history and
as such sent ripples through the cosmological community. Combined
with that of Dark Matter, it led to the formulation of a concordance
model, dubbed ACDM. In order to explain cosmic acceleration, that
model postulates the existence of a, so-called, Cosmological Constant in
the action of General Relativity. First introduced by Albert Einstein,
this constant can be interpreted as the energy of the vacuum. The Dark
Matter sector is represented by a presureless fluid composed of slowly
moving particles, also called Cold Dark Matter. Up to this day, ACDM
has been very succesfull in explaining the vast quantity of observations,
a remarkable feat in view of the simplicity of the model.

Despite its success, ACDM is problematic from a theoretical point of
view. In particular, the interpretation of the Cosmological Constant as
the energy of the vacuum carries a fundamental issue. The observed value,
in terms of the Planck Mass, is of the order of A,ps ~ (10*30Mpl)4. On
the other hand, when calculating the expected value of the Cosmological
Constant within the Standard Model, the value turns out to be larger
by 60 orders of magnitude. This discrepancy motivated the search for
alternatives to the Cosmological Constant, creating a vast landscape
of gravitational models which explain the observed acceleration in a
multitude of ways.

Most models explaining cosmic acceleration introduce new degrees of
freedom in addition to those of General Relativity, ranging from scalar
fields all the way to including additional tensor fields. The resulting
wealth of models make the challenge of ACDM very inefficient, as one
needs to compare each model individually to the available observational
data. This process can be streamlined by constraining the parameter
space of models through a set of theoretical conditions, which eliminate
models containing theoretical instabilities.

In this thesis we present the derivation, and the subsequent test, of a
complete set of conditions which any model extending General Relativity
must satisfy, in order to be considered a viable cosmological candidate.
Our work focused on the subcase of models which introduces an additional
scalar field in addition to General Relativity, as it is the most diverse
and broadly populated set of models. An example of such a scalar-tensor
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theory is the Horndeski theory which, for a long time, was considered
the most general scalar-tensor theory with second order equations of
motion. In order to achieve our goal we employ the unifying and effective
framework provided by the Effective Field Theory of Dark Energy and
Modified Gravity. This allows us to construct the desired conditions in a
model-independent and efficient way.

The set of conditions under consideration guarantees the absence of
ghost, gradient and tachyonic instabilities. In the literature the tachyonic
instability has been severely neglected and therefore deserves particular
attention. In the first three Chapters we proceed to derive this set of
conditions in, subsequently, vacuum, in the presence of two dominant
matter fields, radiation and Cold Dark Matter, and in the de-Sitter limit.

While the set of conditions derived in the presence of matter fields is
the physically interesting one, it is a substantially more involved problem
and one usually chooses the vacuum case for determining the conditions.
Our work covers this deficiency and allows us to compare the two cases
and to quantify the errors when neglecting matter. It is found that the
ghost and gradient conditions remain largely unchanged with respect
to the vacuum case, partially validating the assumption. In the case
of beyond Horndeski, an extension of the standard Horndeski models,
the previous statement does not hold as the speed of propagation of
the new scalar degree of freedom is modified by the presence of the
radiation field. In contrast, the condition guaranteeing the absence of
the tachyonic instability changes drastically as every additional field
introduces a new, non-trivial, condition, modifying the vacuum results
beyond recognition. This is a direct effect of the gravitational interactions
between the new scalar degree of freedom and the matter fields. The
new tachyonic conditions constitute the main results of this thesis with a
high potential impact on future work.

Having derived the new conditions guaranteeing the absence of tachy-
onic instabilities it is paramount to test and exhibit their constraining
power. In Chapter five we proceed to do this with the help of EFT-
CAMB, a patch of the Boltzmann solver CAMB, which incorporates the
EFToDE/MG. Up till this work, in order to guarantee the stability of
models at all length scales, a set of ad-hoc mathematical conditions were
employed which, while seemingly effective, were based on some limiting
assumptions. Thus we wished to substitute them with the tachyonic
conditions and compare the results. The comparison yields a similar con-
straining power between the two types of conditions with the tachyonic
ones being slightly more constraining. Subsequently, we proceed to study
the impact on the (u, ) parameter space which encodes the deviations
from General Relativity in the Poisson and lensing equation respectively.
This leads to the observation of some noticeable effects, in particular for
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non-minimally coupled theories with a canonical kinetic term, known
as Generalised Brans Dicke (GBD). As the tachyonic conditions are
theoretically well motivated, in contrast to the mathematical ones, it is
evident that they deserve to be chosen as the conditions guaranteeing a
stable theory at large length scales.

In parallel to the work on the viability conditions we enhance the
EFToDE/MG framework in a number of ways. In the first Chapter
we present an expansion of the EFToDE/MG formalism to include the
Horava gravity model, a potential candidate for both quantum gravity
as well as cosmic acceleration. Subsequently, we provide a complete
dictionary mapping individual models into the unifying framework. This
includes all known scalar field models, with the exception of the newly
developed DHOST models which require an additional operator, not taken
into consideration. Finally, we present a new basis for the operators,
inspired by the ReParametrized Horndeski or “alpha” basis which aims
to make the physical effects of the operators clearer.

The work presented in this thesis represents a research line which has
reached its natural end. It is now important to turn to applications
of the presented theoretical results. An initial step in this direction is
presented in Chapter five where a number of parameter space studies
are presented. These studies will be extended as more data become
available and it becomes increasingly possible to constrain models for
cosmic acceleration. Furthermore, the vast amount of data allows one to
directly reconstruct cosmological functions in a model-independent way.
These reconstructions can then use the derived theoretical conditions as a
guiding principle, avoiding parameter space sections which cannot belong
to a viable extension of gravity. It is thus our hope that this body of
work will play an important role in the ongoing golden era of cosmology.
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Samenvatting

De ontdekking van de versnellende expansie van ons universum is één van
de grootste in de geschiedenis van de natuurkunde en heeft verregaande
gevolgen binnen de kosmologische sector. Samen met de ontdekking van
Koude Donkere Materie heeft dit geleid tot de ontwikkeling van hét kos-
mologische concordantiemodel, ACDM. In dit model wordt de kosmische
expansie uitgelegd door middel van een Kosmologische Konstante in de
uitdrukking van de actie van de Algemene Relativiteitstheorie. Als eerste
geintroduceerd door Albert Einstein, kan deze konstante geinterpreteerd
worden als de energie van het vacuum. De donkere materie sector wordt
gerepresenteerd door middel van een drukloze vloeistof, bestaand uit
langzaam bewegende deeltjes, genaamd Koude Donkere Materie (Cold
Dark Matter). Tot vandaag blijkt ACDM zeer succesvol in het beschrijven
van onze kosmologische waarnemingen, een opmerkelijk resultaat gezien
de eenvoud van het model.

Echter, ACDM is, vanuit een theoretisch oogpunt, problematisch. Om
specifiek te zijn, de interpretatie van de Kosmologische Konstante als de
energie van het vacuum gaat gepaard met een fundamenteel probleem. De
waargenomen waarde van deze konstante, in termen van de Planck Massa,
is van de orde Agps ~ (1073°M,,;)%. Wanneer men, via het Standaard
Model, de verwachtingswaarde van de Kosmologische Konstante berekent
blijkt er een verschil te zijn van 60 ordes van grootte. Dit verschil ligt
aan de basis van een intensieve zoektocht naar alternatieven. Dit heeft
geresulteerd in een weids landschap van zwaartekracht modellen die de
waargenomen kosmische versnelling op allerlei manieren proberen uit te
leggen.

De meeste modellen introduceren nieuwe vrijheidsgraden, naast die
van de Algemene Relativiteitstheorie, variérend van scalaire velden tot
extra tensor velden. Zo is een bijna onbeperkte verzameling theorién van
zwaartekracht ontstaan. Het is onmogelijk al deze theorieén efficient met
ACDM te vergelijken, aangezien elk model individueel met de beschikbare
kosmologische data moet worden geconfronteerd. Dit process kan worden
gestroomlijnd door de parameter ruimte in te perken door te eisen dat
theoretische instabiliteiten moeten worden vermeden.

In dit proefschrift geef ik een afleiding van een komplete verzameling
voorwaarden, waar elke uitbreiding van de Algemene Relativiteitstheorie
aan moet voldoen om een levensvatbaar kosmologisch model te zijn. En
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vervolgens toets ik mijn resultaat. Ik heb mij beperkt tot de groep van
modellen die een extra scalair veld toevoegen aan de Algemene Rela-
tiviteitstheorie, aangezien dit de grootste groep is. Een bekend voorbeeld
hiervan is de Horndeski theorie die lang als de meest algemene scalaire-
tensor theorie met tweedegraads bewegingsvergelijkingen werd gezien.
Om ons doel te bereiken heb ik gebruik gemaakt van het verenigend
en effectief kader van de “Effective Field Theory of Dark Energy and
Modified Gravity” . Dit maakt het mogelijk om de voorwaarden op een
modelonafhankelijke en efficiénte wijze te construeren.

De voorwaarden moeten garanderen dat er geen spook-, gradiént-
of tachyon-instabiliteiten ontstaan. De tachyon-instabiliteit is totaal
verwaarloosd in de literatuur en krijgt uitgebreid de aandacht. In de eerste
drie Hoofdstukken worden de voorwaarden afgeleid in,achtereenvolgens,
vaculim, in het bijzijn van twee dominante materie velden, straling en
Koude Donkere Materie, en de De Sitter limiet.

Alhoewel de voorwaarden onder de invloed van materie vanuit een
natuurkundig oogpunt de meest interessante zijn is de afleiding daarvan
erg ingewikkeld. Daarom wordt meestal de aanname gemaakt dat de ma-
terie verwaarloosd kan worden. Ons werk lijdt niet aan deze tekortkoming
en geeft ons de mogelijkheid om de invloed ervan te kwantificeren. De
voorwarden om spook- en gradiént- instabiliteiten te vermijden blijven
grotendeels onveranderd. In het geval van het “beyond Horndeski model”,
een uitbreiding van het Horndeski model, is wel een afwijking gevon-
den. De geluidssnelheid van de scalaire vrijheidsgraad verandert onder
invloed van een stralings veld. In tegenstelling tot de spook- en gradient-
instabiliteiten, is de tachyon instabiliteit wel degelijk sterk afhankelijk
van eventuele materie velden. Elk meegenomen materie veld introduceert
een extra voorwaarde. Dit is een direct resultaat van de gravitationele
interactie tussen de scalaire vrijheidsgraad en de materie velden. Deze,
nieuwe, tachyonische voorwaarden zijn het belangrijkste resultaat van
dit proefschift, met mogelijk grote gevolgen voor toekomstig werk.

Na de afleiding van de nieuwe voorwaarden, die de absentie van moge-
lijke tachyon instabiliteiten garanderen, is het belangrijk om ze te toetsen
en hun kracht in het inperken van de parameter ruimte aan te tonen.
In Hoofdstuk vijf doen we dit met behulp van EFTCAMB, een patch
van de bekende Boltzmann solver, CAMB, waarin de EFToDE/MG is
toevoegd. Om de stabiliteit van de modellen op alle lengteschalen te
garanderen, werden, tot dan, een aantal ad-hoc wiskundige voorwaarden
gebruikt die gebaseerd waren op een aantal limiterende aannames. Het
praktische doel van mijn onderzoek was om deze wiskundige aannames te
vervangen door de nieuwe tachyonische voorwaarden en de resultaten te
vergelijken. Daarom hebben wij de invloed van deze voorwaarden op de
(u, ) parameter ruimte getest. Deze ruimte encodeert de afwijking van
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de Algemene Relativiteitstheorie in, respectievelijk, de Poisson en lens
vergelijking. Deze toets laat sterke afwijkingen zien in de niet-minimaal
gekoppelde velden, beter bekend onder de naam “Generalised Brans Dicke”
(GBD). Aangezien de tachyonische voorwaarden een sterke theoretische
fundering hebben, in tegenstelling tot de wiskundige voorwaarden, is het
duidelijk dat zij de voorkeur genieten als de voorwaarden die stabiliteit
op grote lengteschalen garanderen .

Naast het werk aan de stabiliteits voorwaarden heb ik ook gewerkt
aan het formalisme van EFToDE/MG. In het eerste Hoofdstuk heb
ik een uitbreiding van het EFToDE/MG formalisme gepresenteerd die
het Hotava gravitatiemodel toevoegt. Dit model is interessant omdat
het een kandidaat is voor zowel kwantum gravitatie als kosmische ver-
snelling. Vervolgens heb ik een compleet “woordenboek” opgebouwd dat
duidelijk maakt hoe individuele modellen in the EFToDE/MG formalisme
beschreven kunnen worden. Dit woordenboek geldt voor alle bekende
scalaire modellen met uitzondering van de nieuwe DHOST-modellen die
nieuwe, niet meegenomen, operatoren vereisen. Tot slot hebik een nieuwe
basis voor de operatoren, geinsipireerd door de “ReParametrized Horn-
deski” basis, gepresenteerd die de fysische interpretatie van de operatoren
duidelijker maakt.

Dit proefschrift vertegenwoordigt een onderzoeksrichting die zijn na-
tuurlijk einde heeft bereikt. Het is nu belangrijk om met de theoretische
resultaten aan het werk te gaan. In Hoofdstuk vijf hebben wij hiermee
een begin gemaakt door een aantal parameter ruimtes te bestuderen.
Deze studies zullen uitgebreid worden en, met behulp van hoge precisie
kosmologische data, een leidende rol spelen in het inperken van het weidse
gravitationele landschap. Verder is het mogelijk om kosmologische func-
ties te reconstrueren uit de beschikbare data. Deze reconstructies kunnen
gebruik maken van de ontwikkelde voorwaarden zodat ze instabiele delen
van de parameter ruimte vermijden. Ik hoop dat het onderzoek dat in
dit proefschrift is beschreven een belangrijke rol zal spelen in het gouden
tijdperk van de kosmologie.
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Iepiindn

H avoxdhudn tne emtoyuvopevng SlacTolrg Tou cUUmaVTog vl yiol amd
NG ONUAVTIXOTERES OTNY LoTOPlA TNG PUOLXAC XL KC €X TOUTOL GANUEE NG
looopomnieg oto nedlo e xooporoyioc. e cuVBUACUOS HE TNV avaxdALdn
e podens OANG, N mapamdve avoxdhuln odhynoe otny dnwovpyeia Tou
xoopohoywol povtélou ovopdtt ACDM . To cuyxexpévo poviého u-
nodétel Ty Umapln woe Koouohoyic Ltadepdc otn dpdon tne Ievixrc
Eyetxotnroc. H Koopohoyu) Etadepd eiofydn yio mpdtn popd ano to
‘Adumept ‘Awvotony xou Umopel va epunveudel w¢ Ty evépyela Tou xevou. O
Topéac e Madpng "Thng exnpocwnelte ano €va peuctd ywelc mleon, to
omnolo anaptileton and apyd xvobueva copatidw, ovoudtt Kebda Maden Y-
An. ‘Ewg ofuepa 1o povtého ACDM éyel undpel ToAD emTUYNUEVO GTNV
ene€NYNON TWY XOGUONOYIXWY TapaTHENoEwY, éva ofloonuelwTo YEYOVOC,
AOY® TNG AmAOTNTOG TOU.

IMopd v emituylo tou, t0 poviého ACDM  elvon mpofAnpoatind and
Yewentinhc drnodmne. Xuyxexpéva, n epunveio e Koopohoynhic Xto-
Yepdc we TNV eVEpYELX TOL XEVOU TapoLGLElel €va oNUAVTIXG VEWENTIXO
npdPBinua. H napatnendelon Ty, oe tpée e udlag Planck, avépye-
T 08 Aops ~ (10730M)%. And v dewpntixd TAcupd, o UTOAOYIORAS
e Koopohroyuic Ltadepde péow tov Kadiepwuévou Xwyatidtaxol Ipo-
TOTOoL, 0dNYEl o W T avdTeeT xatd 60 TdEelc yeyédoug. H napandve
Blapopd 00 YNOE OF Lol EXTETOUEVY) EQEUVOL YLl EVOANOXTIXES AUCELS, IOV
xatéAnie oe éva tepdoTio Poputind tomio anapTlOYEvo ond HOVTENA To
omnola e€Nyolv TNV x0GHoAoYIXY) Bl TOAY) e SLdpopoug Tedmoug.

Ta neplocdtepa povtéda mou dnuovpyridnxay elodyouy veoug Borduo-
O¢ ehevdeplag endve otn Yewplo e Fevinrie Lyetxdtnrag, ano Poduwtd
€we TovioTuxd edia. Auth 1 eZ€MEN odriynoe o éva UEYOAO Xou SLOETAL-
To Baputixd tomio, xdvovtog xdde mpoondden oclyxpione we to ACDM,
AVUTOTEAEOUATIXNY (LG Xl XGUE VEO UOVTEAD TEETEL Vo EAEYYVEL ATOUL-
xd ye ta Slodéotua xoopohoyxd dedouéva. Auty 1 Sodixacio urnopel va
dieuxohuviel pe tn Borlelo evog cuvdiou Fewpnuixwdy npotmodéoewy. To
oLYXEXEWO cUVOAO e€ahelpel aoTardr LOVTEAX xal WS €X TOOTOU UELOVEL
BpUCTIXA TO YWEO TUPUUETEOL TV HOVTEAWY Tou enextelvouy Ty Jewplo
e evueie Yyetndtnrag.

TN CUYXEXPWIEVT] TTUYLOXY) TUPOUGCLAGOUE TOV UTOAOYIOUO, XAl TOV ETA-
x6houtto €heyyo, evog ohoxANpwUEéVoL cuvohou Teolnovécewy To omolo
meénel vo ixavorolel xdde Yovtélo mou emextelvel Ty VYewpla e Tevi-
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e Lyeuxdmroe, Gdote va Yewpndel éva BLOoLo x0ouohoyInd HOVTENO.
Y10 épY0 YOG ECTIAOOUE T TEOGOYT OTNV LUTOXATNYORld HOVTIEAWY TOU
elodyouy éva Botuwto medio, uiag ot elvol 1) O XUTOLXNUEVT xou TOLXLAN
uroxatnyopia. ‘Eva mapdderypo poc Baduntrhic-tavuotxrc Yewploc etvan
To povtého Horndeski to onolo, ué€ypet mpocgdtwe, dewpobviav n mo ye-
vy Yewpla e e€lowoelg xivnong deutépou Poduol. T va tetdyouue o
OTOYO HOG YENOWOTOOUUE TO AMOTEAECUATIXG X0l EVOTIOUNTIXG Thaiolo
e Amoteheopotiny) Iedioic Oswplag e Madene Evépyelag xan tng
Metodhaypévne Bopdtntae (AIIOTME/MB). Auti n emhoyy| pog enétpe-
e va dnuroupyricouvpe T emdupntéc npobnodéceic ywplc va emhéEouue
XATOLO CUYXEXELIEVO LOVTENO.

To cOvoro twv npolnotécewy mou Adfope UTOPLY EYYLOVTAUL TNV ATO-
uYT Twv ghost, gradient xou tayLoOVIXDY oo Todeldy. Ao TIC ToPATEVE,
N Touovixy actdleln Exel nopopeindel oty emotnuovixy BiBMoypapia
xa ypetdleton exteTapévn pépluva. Mta et tpta Kegdhoto unohoyioo-
pe T0 obvolo twv npolnodéoewy oto xevd, Oro Ny enippeta 800 LAY
medioy, oxtivoforlo xan xplo waden UAN, xou oto dpto  de-Sitter.

IMopdti T0 ohvoho twv tpobrodéocwy Uno TNy enippelal UAXWY TEdiWY €-
tvan 1 o evBiagpépovoa, o Podudg Suoxolag TOU UTONOYIGUOU TOUS GLYVE
odnyel oty mapauérnot toug. To €pyo pag xOAUTTEL TO CUYXEXELEVO
Pewpnund xevd xou pog EMTEETEL Vo avaAbooupe el Badoc tnv emppo
TV UAXOV tedley. Xtny nepintworn twv ghost xau gradient oo todedv
Berxaye 6TL, o€ YEVIXEC YPUUUES, OL BUO TEPLTTWOELS OEV SLOPEQOUY KoL 1)
TOEOPEANCT TV VAV Tedlwy etvan dexth. H uovadu e€olpeon etvan 1
nepintwon twv beyond Horndeski povtéhwy yiag xau 1 toydtnto Sladoohc
Toug e€apTdton amo To medlo axtvoBollag, eva gouvouevo mou emnpedlel
v gradient aotdder. H toyvovind actddeia, ano v dhir, e optdtan
oe onuovTixd Baduod and to VxS nedio aveaupthtwe nepintwong. Muyxe-
xptéva, xdde L6 medlo elodyel wa véa TpolndVeot), dAAELDOVOVTOS ELC
Bddoc to anoteAéopata mou unohoylooue oto xevd. Autd elvan to de-
co anotéheopa g Poputinnc oAknhoenidpaong HETOED TwV UAXGDY Tedlwy
xot Tou véou Boduwtol medlov. H véeg tayuovinég npotmodéoelg etvar to
%VE(WE HOUVOTOUO ATOTEAEGUO OTNV GUYXEXEWEVY TTUY LY UE LYNAY UEA-
hovtiny| enldpaon oo medlo TG uadeng evEpYELog xat TNG METOARAYUEVNC
Bapdtnrac.

O mpwtapyndg o16)0g, UET TNV OAOXANPWON TOU UTOAOYLOHOU TWV
TpolnoUécewy TOU EYYUDVTOL TNV ENRELYN ToyLOVIXGY doTadeldy, elvon o
€heyyog xan M TEoBoAr) Tne empponc Toug oTo Paputind tomio. Xto Ke-
QANLO 5 TEAYUATOTOACOUE TO CUYXEXEWEVO O0TOYO Ue TV Pordeia Tou
npoypdppatoc EFTCAMB |, eva patch tou Boltzmann xwoixa CAMB
, mou evowpoatdver Ty AIIOTME/MB. Méyper mpoo@dtws, yia vo eyyu-
noel n oTadepdTNTA TWV XOCUOAOYXWY UOVTEAWY, eva alvoho ad-hoc
pardnuaTindy TpounoVéoewy clyav npootedel otic ghost xou  gradi-
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ent mpobmoYéoeic. Ou ouyxexpévec ad-hoc mpobnodéoec Hrav amo-
teheopatixéc odha Booilovtav oe mpoPhnuatixéc uvrtodéoelc. O tehixde
GTOYOC Elvol 1) AVTIXATAOTUOY) TOUC PE TIC TayVoVXES TpolUnodéoels xau
™y avdiuon tne dapopds. H avdhuorn €deile dti oL duo emhoyég €xouv
TapopoLa SOVUUN TEQLOPICHOY TOU BapuTX0oU TOTOU UE TIG TOYVOVLXES TRO-
Unodéoelg ehappdg o oy LeES. XN cuVEYELL AVOAICUUE TNV ETEEOT| GTO
Y Wpo Tapopéteou (4,X) To onolo xwdwonolel Ty andxhior arno T evind
Eyeuxdmra otic e€lowaoeic Poisson xan Baputinnc ectlaong, aviiotolye.
Auté odriynoe otov EVOTTUOUS HLOG ONUOVTIXAG ATOXAONG 0T LOVTEND UN)-
ehdylotng oulevéng we xovovixd xvetixd 6po, ovopdtt Generalised Brans
Dicke (GBD). Eivou Eexddopo ot oL toryuovinée mpobnodéoels, tog xou e-
tvan Yewentnd mo amodextég, afiCouv va yenoiwonoudouy oe GUVOLACUO
HE TIC YNOOT XOU YPUOIEVT.

IMopdAAnha ye v anondve gpyasia mve otn Yewpntx otadepdtnta
Tpoyweooe ot pepixéc Peltidoeic Tou mhaoiou tne AIIOTME/MB. X0
Tptto Kegpdhowo moapouctdooue wa enéxtaon tne AIIOTME/MB dote va
ouunepthngdel to Boputnd poviého Horava. To cuyxexpyévo poviéro
elvon uodhgLo yior TV ¥Bavtixer) BapdTnTa Xou THY XOOULIXY| BILGTOAY. 2T
CUVEYELNL ONUIOVEYTIoOHE EVAL «Ae&x0» To oTmolo TopoLCIdlel TNV Yop®n
CLUYREXPWEVWY BopuTIXGY HOVTEAWY Péoa oTo mhaioto tne ATIOTME/MB.
Yuyxexpiuévo cuuTeptAopdvoude ol TIC YVOOTES PaduwTée TavUoTINES
Yewpleg ue e€aipeon tn Yewploe DHOST mou ypewdleton éva mopomdve
TeheoTr] oL dev ocuunepthdPBaye. Xto TENOC TapoucLdcopE Wiar VEo Bdom
yioo Toug teleotég, Paoctopévn otn Baon ReParametrized Horndeski
Shpo Tou mpoomael vo Eexadopioet T puoxr] onuocio Touv xdde TeheoTH.

To €pyo o omolo mopouctdlel N CUYXEXPWEVY TTUYLOXY XOADTTEL ULot
Yeopur €peuvag Tou €@Tace 6To TéNog TNE. LTo Téunto Kegpdhawo xdvope
Lol eiBElEn Twv mUAVOY EQUPUOYRY TWV ATOTEAECUATOY. 2XT0 HEANOV oL
eapuoyéc Yo enextodolv , xadde 6Ao xau TERLEGHTERA XOGUONOYIXE BEDO-
uéva yivovtan Stotéciya xan 1) SuvatdTn T TERLOPLOUOL Tou BapuTixod Toniou
yivetar o ety Emmiéov, o véa x0ouohoyInd BEBOUEVI HAVOUY EPL-
XTH TNV OVOXATEOXEVY] TV oLvopThoewy e AIIOTME/MB pe petdédoug
mou dev ypewdlovton TNy emhoyt| evdg yoviehou. Ou cuyxexplpéveg ova-
xateoxevéc Yo ypnowonooouy Tig Yewpntixée npobnodéoeic wote va
ATOPUYOLY TEPLOYES TWV YWEMY TUPUUETOOU TOU BEV ETUTEETOLY BLOCLUN
xoopohoywd yovtéha. Q¢ ex toltou eAniloupe to €pyo yog va naiel Eva
ONUAVTIXG PONO OTNV TEEYOV YEUCT ETOYY| NG xoopoloylag.
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