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Dipole emission characteristics near a topological insulator sphere coated 
with a metallic nanoshell 
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A B S T R A C T   

The modified emission characteristics of a source dipole near a metal-coated topological insulator sphere are 
studied with the application of axion electrodynamics in the long wavelength limit. Our focus is on the effect due 
to the topological magneto-electric (TME) response of the sphere and its influence on the multipolar plasmonic 
resonance of the metallic nanoshell. It is found that the TME response mainly affects the bonding modes of the 
metal shell plasmons with the lower order multipole resonances experiencing appreciable red-shifts. In addition, 
the TME effects can lead to either greater or smaller decay rates and lower emission frequencies, depending 
crucially on the frequency of the emitting dipole; but otherwise rather insensitive to the orientation of the dipole 
moments. These findings thus provide an alternative approach to probing the TME effects via molecular fluo-
rescence experiments, as well as new possibility of controlling the emission properties of molecules using these 
novel nanoparticles.   

Introduction 

Topological insulators (TI) are quantum states of (2D/3D) matter 
with an insulating interior but conducting edge/surface states, with 
these boundary conducting states being protected topologically by time- 
reversal symmetry. Composite materials of heavy atoms such as Bi2Te3 
can be fabricated to show TI properties due to the strong intrinsic spin- 
orbit coupling of the electrons in these materials [1,2]. Among the so 
many intriguing physical properties of these materials, their topological 
magneto-electric (TME) response is unique and has been studied 
intensively in the literature, leading to intriguing optical effects such as 
Faraday and Kerr rotations of incident polarized beams at THz fre-
quencies, as recently observed in a series of ingenious experiments 
[3–5]. In addition, nontrivial modifications from this TME in the optical 
reciprocity of propagating EM waves have also been studied in recent 
time [6]. 

Aside from such TME effect on traveling electromagnetic (EM) 
waves, the corresponding effect on confined evanescent waves has also 
been studied in the literature. In particular, excitation of surface plas-
mons at an interface of a TI and a metal has been investigated and the 
effect has been found to be small depending on the square of the fine- 
structure constant [7]. In a recent study, we have extended such 

plasmonic excitation to the geometry of a spherical metallic shell with a 
TI core, and have observed such TME effect to be relatively more sig-
nificant for the low frequency bonding modes of the metal shell [8] – 
leading to manifested red-shifts of these modes [7,8]. Moreover, this 
previous study was limited to an incident far-field source and only the 
dipolar response of the metal-coated TI core has been considered. 

The goal of this paper is to extend our previous work [8], to the study 
of the TME on the near fields of the TI-metal core-shell system. We thus 
here consider a localized dipole emitter in the vicinity of such a metal- 
coated TI sphere and study how the emitting characteristics of the 
dipole are modified by the excitation of all orders of multipoles of the 
coated sphere. This problem with a dipole interacting with a TI sphere 
has been actively studied in the recent literature, but only limited to 
“bare” TI particles [9,10]. Realistic experiments can be designed via 
fluorescence studies of molecules adsorbed to these coated particles 
similar to those performed with bare metallic nanoparticles [11,12], 
with an eye on further manifestation of the TME effects from the TI, as 
well as the possibility of employing such effects for the control of the 
emission properties of the molecules. 

Since we shall consider both the molecule-sphere distance and the 
size of the coated spheres are going to be small compared to the emission 
wavelengths of the molecule, we shall adopt a long-wavelength 
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formulation of the problem and all the multipolar responses of the 
coated sphere can be accounted for from calculating the various polar-
izabilities of the system. In the previous study with a far-field source, 
scattering experiments were referred to which require all the four 
(electric-electric; electric-magnetic; magnetic-electric; and magnetic- 
magnetic) polarizabilities to be calculated [8]. However, in our pre-
sent study of near-field source in the long wavelength approximation, 
we will only need the electric-electric polarizability since the other three 
responses will only lead to higher order contributions when we study 
how the induced fields from the coated TI sphere will affect the source 
dipole. 

Theory 

We consider a metal shell of inner radius a and outer radius b with a 
TI core as shown in Fig. 1. A dipole emitter is placed on the z-axis at a 
radial distance r1 outside the shell, and we consider the two mutually 
orthogonal orientations (radial and tangential) of the dipole. The 
modified Maxwell equations in axion electrodynamics in the long 
wavelength limit in the absence of sources were obtained previously in 

the literature as follows [8,13]: 
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∇
→⋅

(
D→+ 4πκθ B→

)
= 0

∇
→⋅ B→= 0
∇
→

× E→= 0
∇
→

×
(

H→− 4πκθ E→
)
= 0

, (1)  

where κ = α
4π2, α = e2

ħc being the fine structure constant and θ is the axion 
field. These then lead to the following boundary conditions for the field 
components: 
⎧
⎪⎪⎨

⎪⎪⎩

ε2E2n − ε1E1n = 4πκθBn
B2n = B1n = Bn
E2t = E1t = Et

B2t − B1t = − 4πκθEt

, (2)  

where we have assumed a linear dielectric and nonmagnetic response. 
By introducing scalar potentials each for the electric and magnetic field 
as follows: 
{

E→= − ∇
→ϕ

B→= − ∇
→

ϕB

, (3) 

the Laplace equations can then be solved subjected to the boundary 
conditions in (2) leading to the following results: 

(i) Radial dipole 
Starting with the standard general solutions for the Laplace equation 

and accounting for the presence of the dipole, we have: 

ϕ( r→=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
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αℓrℓPℓ(cosΘ), r < a
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ℓ

(

α′

ℓrℓ + β
′

ℓ
1

rℓ+1

)

Pℓ(cosΘ), a < r < b

− μ
∑

ℓ
(ℓ + 1)

rℓ

rℓ+2
1

Pℓ(cosΘ) +
∑

ℓ
β’’

ℓ
1

rℓ+1Pℓ(cosΘ), b < r < r1

,

(4) 

and 

ϕB( r→=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

ℓ

sℓrℓPℓ(cosΘ), r < a

∑

ℓ

(

s
′

ℓrℓ + t
′

ℓ
1

rℓ+1

)

Pℓ(cosΘ), a < r < b

∑

ℓ

t’’
ℓ

1
rℓ+1Pℓ(cosΘ), b < r < r1

, (5) 

Fig. 1. Configuration of the problem: an emitting dipole with radial/tangential 
orientation interacting with a metallic nanoshell consisting a TI core. 
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where Pℓ is the Legendre function, Θ is the polar angle and μ is the 
electric dipole moment of the source. Matching the appropriate 
boundary conditions at r = a and r = b, we obtain the following 8x8 
matrix equation for the eight unknown coefficients αℓ,sℓ,α

′

ℓ,β
′

ℓ,s
′

ℓ, t
′

ℓ,β
′′
ℓ,

t′′ℓ:  

where the constant A is the universval TME parameter given by [14,15]: 

A = 4πκθ =
αθ
π ≃

(2N + 1)
137

, (7)  

with α the fine structure constant, and N is an integer characterizing a TI 
with broken time-reversal symmetry. Note that Eq. (7) is the correct 
form for Eq. (19) of our previous paper [8], which contains by mistake 
an extra factor of π [16]. In order to obtain the ℓthorder polarizability, 
we solve for the coefficient β′′

ℓ in Eq. (6) and obtain:   

(ii) Tangential dipole 
In a similar way as in (i), we obtain for a tangential source dipole the 

following results for the potentials: 

ϕ( r→=

⎧
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ℓ
1
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,

(9) 

and 

ϕB( r→=

⎧
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, (10)  

where P1
ℓ is the associate Legendre function with m = 1 and φ is the 

azimuthal angle. Again, matching the boundary conditions in (2) leads 
to the following result for the eight coefficients αℓ, sℓ,α

′

ℓ,β
′

ℓ, s
′

ℓ, t
′

ℓ,β
′′
ℓ, t′′ℓ:   

Solving (11), we find that the multipolar polarizability coefficient in 
the tangential case can simply be expressed in terms of that in the radial 

case in the form: β′′
ℓ,// =

β′′ℓ,⊥
ℓ+1. Once we obtain both the coefficient β′′

ℓ,⊥

and β′′
ℓ,//, the normalized decay rate and the frequency shift of the 

emitting dipole can then be calculated from the reflected fields from the 
coated TI sphere as follows [17]: 

b̂ ≡
b
b0

= 1+
3c3

2ω3Im(G), (12)  

Δω̂ ≡
Δω
b0

= 1 −
3c3

4ω3Re(G), (13)  

where b0 is the decay rate in free space, ω is the emission frequency, and 
G is the Green function corresponding to the reflected fields from the 
sphere acted on the dipole and is given in the long wavelength limit by 
∑

ℓβ′′
ℓ,⊥(ℓ + 1) 1

rℓ+2
1 

for the radial dipole and 
∑

ℓβ′′
ℓ,//

ℓ(ℓ+1)
2

1
rℓ+2
1 

for the 

tangential dipole, respectively. 

Numerical results and discussion 

To illustrate via some numerical calculation of the TME-modified 

β’’
ℓ,⊥ = b2ℓ+1ℓ(ℓ + 1)μr− ℓ− 2

1
a2ℓ+1[ℓ + ε2(ℓ + 1) ]

[
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plasmonic effects on the emitting dipole, we start by assuming the 
dielectric function of the topological insulator core to be that of TlBiSe2 
of the following form [14]: 

ε1 = 1 −
ω2

e

ω2 − ω2
R

(14)  

with ωR = 1.68 × 1012 rad/s and ωe =
̅̅̅
3

√
ωR. The dielectric function of 

the metallic (Ag) nanoshell is described by the Drude model [18]: 

ε2 = 1 −
ω2

p

ω2 + iωΓ
(15)  

with the plasmon frequency ωp = 1.36 × 1016 rad/s and the damping 
constant Γ = ΓBulk +

ηvF
b− a in which ΓBulk = 2.56× 1013Hz, vF = 1.39 ×

1015 nm/s and choosing η = 1. 
Fig. 2 shows the results for both the normalized decay rate and 

emission frequency shift according to Eqs. (12) and (13) as a function of 
emission frequency for a dipole near a nanoshell as described above with 
inner radius a = 8nm and outer radius b = 10nm. The dipole is at a fixed 
distance of r1 = 12nm, and the case with a non-TI core (θ = 0, in black) 
is set as a reference for the TME effects. For this case, we have analysed 
the various peaks in this figure and have identified one antibonding 
modes (ℓ = 13, ω ∼ 0.72ωp) and six bonding modes (ℓ = 1, ω ∼

0.35ωp;ℓ = 2,ω ∼ 0.45ωp;ℓ = 3,ω ∼ 0.51ωp;ℓ = 4,ω ∼ 0.55ωp;ℓ = 5,
ω ∼ 0.59ωp;ℓ = 9, ω ∼ 0.66ωp) corresponding to different multipolar 
resonances. It can be seen that the TME effect leads to red-shifts for the 
low order bonding modes while those for the corresponding antibonding 
modes are quite insignificant. In addition, for higher order multipoles, 

the bonding and antibonding modes become closer and closer to each 
other as in the case of hollow nanoshells [18], and the red-shifts to these 
after a summation over many of them can hardly be distinguished from 
the total decay rates and induced frequency-shifts. In general, it is 
observed that the TME effect is not particular sensitive to the dipole 
orientation with very similar effects for both radial (Fig. 2(a)) and 
tangential (Fig. 2(b)) dipoles; except that the tangential dipole experi-
ences overall smaller effects which can be understood from the relative 
opposite orientations between the source and the image, when the 
dipole is aligned tangentially along the spherical surface. This relative 
orientation between the source and the image for both the radial and 
tangential dipoles also leads to a negative dipole-dipole interaction en-
ergy which accounts for the red-shifted emission frequencies shown in 
the figure. 

In order to understand better how the TME effect affects the various 
bonding modes of different multipole orders, we compare in Fig. 3 the 
cases between two multipolar resonances: ℓ = 1 and ℓ = 11, respec-
tively. Only results for a radial dipole are shown here. While it is clear 
that monotonic increasing red-shifts are induced by the TME effect for 
both multipole resonances, the amplitudes contributing to the decay rate 
from the bonding and antibonding modes are affected quite differently: 
with that from the antibonding mode clearly increases with N for both 
ℓ = 1 and ℓ = 11, that from the bonding mode turns out to decrease 
with N with the decrease rather insignificant for the ℓ = 1 mode. This 
may account for some of the features in the results shown in Fig. 2 both 
at the low frequency and at the high frequency regimes. 

Finally we look at the distance-dependence of the decay rate of the 
emitting dipole as shown in Fig. 4. It is clear that while both radial and 

Fig. 2. Normalized decay rate and frequency shift of (a) radial and (b) tangential emitting dipole near the nanoshell as a function of the normalized emission 
frequency ω

ωp
. Note that the case with a non TI core is shown by the black line, with the inset showing the various multipole resonances (see text for details). 
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tangental dipoles can experience large induced decay rates close to the 
nanoshell (with the radial dipole rates being even greater), they both 
drop rapidly as the emitter moves away. Most interestingly, one sees that 
the TME effects depend crucially on the emission frequency of the 
dipole. While for ω = 0.2ωp and for a fixed r1, the decay rates will in-
crease with the increase of N, those at ω = 0.6ωp will behave just in the 
opposite direction. This can again be accounted for from the different 
TME effect on the bonding and antibonding modes and for different 
multipole plasmons as can be seen from the peak and valley positions in 
the results shown from Fig. 2. 

Discussion and conclusion 

In this work, we have studied how an emitting dipole can be affected 
by a metallic nanoshell with a TI core with the application of axion 
electrodynamics in the long wavelength limit. In our numerical study, 
the value of N (hence the axion angle) is input as a parameter to manifest 
the TME, an approach following various previous studies in the litera-
ture on the TME induced optical scattering [19,20] and dipole emission 
phenomena [21]. At times, certain unrealistically large values of N have 
been used in our present and the previous studies to show more obvious 
manifestations of the TME. In practice, this can be adjusted by different 
methods including application of magnetic field normal to the TI; doping 

the TI with magnetic atoms; and coating the TI with a thin film of 
ferromagnetic materials. For the geometry of a spherical TI, the latter 
two methods seem to be more adaptable. More advanced fabrication 
methods for a time-reversal broken TI have been discussed recently in 
the literature [22]. In any case, such axion angle in a time-reversal 
broken TI will have values depending more significantly on these 
fabrication methods (e.g. the nature of the magnetic coating) besides on 
the alloyed TI materials [15,19]. As for the metal coating, the most 
significant geometric factor affecting the coupled plasmons across the 
metal shell is well-known to be the thickness of the shell. This effect has 
been well-studied in the literature of nanoshell plasmonics with ordi-
nary dielectric core and we expect similar qualitative features for the 
case with a TI core, since the TME via the axion coupling to some extent 
can be accounted for via an effective dielectric response of a chiral 
medium. Hence it is expected that as the shell thickness decreases, the 
separation between the bonding and antibonding modes will increase 
with the former (latter) acquiring lower (higher) frequencies; while the 
plasmonic enhancement will become weakened [18]. 

From our analysis, some interesting modifications in the emission 
characteristics due to the TME response of a TI with broken time reversal 
symmetry have been revealed including significant red-shifts in the 
decay rate spectrum, and the possibility for both enhancing and sup-
pressing of the decay depending crucially on the emission frequency of 

Fig. 3. Comparison between contributions to the decay rates from (a) the dipole (ℓ = 1) mode and (b) a higher-multipole (ℓ = 11) mode as a function of the 
normalized emission frequency ω

ωp
. Only the results for a radial dipole are shown. 
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the dipole. In addition, the TME effect also is quite different on the 
bonding mode versus the antibonding modes of the coupled plasmons of 
the nanoshell. While it is our plan in a subsequent work to provide 
physical understanding of all these phenomena from application of a 
generalized plasmon hybridization model [23], with the incorporation 
of the axion field, our present results should be of interest in providing 
some guidance to experimenters to investigate the possibility of novel 
control of molecular fluorescing properties using these metal-coated TI 
particles. 
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