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Many physical, biological and neural systems behave as coupled oscillators, with characteristic
phase coupling across different frequencies. Methods such as n : m phase locking value and bi-
phase locking value have previously been proposed to quantify phase coupling between two resonant
frequencies (e.g. f, 2f/3) and across three frequencies (e.g. fi, f2, f1 + f2), respectively. However,
the existing phase coupling metrics have their limitations and limited applications. They cannot be
used to detect or quantify phase coupling across multiple frequencies (e.g. f1, fo, fs, fa, fi + fo +
f3— fa), or coupling that involves non-integer multiples of the frequencies (e.g. f1, f2, 2f1/34+ f2/3).
To address the gap, this paper proposes a generalized approach, named multi-phase locking value
(M-PLV), for the quantification of various types of instantaneous multi-frequency phase coupling.
Different from most instantaneous phase coupling metrics that measure the simultaneous phase
coupling, the proposed M-PLV method also allows the detection of delayed phase coupling and the
associated time lag between coupled oscillators. The M-PLV has been tested on cases where synthetic
coupled signals are generated using white Gaussian signals, and a system comprised of multiple
coupled Rossler oscillators. Results indicate that the M-PLV can provide a reliable estimation of
the time window and frequency combination where the phase coupling is significant, as well as a
precise determination of time lag in the case of delayed coupling. This method has the potential to
become a powerful new tool for exploring phase coupling in complex nonlinear dynamic systems.

I. INTRODUCTION
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Complex systems such as the human brain behave as
a series of oscillators with their instantaneous phases
dynamically coupled over multiple frequency bands [II-
[5]. Methods such as n : m phase locking value (PLV)
[6], bi-phase locking value (bPLV) [7] and their vari-
ants [8HIO] have previously been proposed to detect
and quantify different types of phase coupling. The
n : m PLV measures phase coupling between two res-
onant frequencies when n cycles of one oscillatory sig-
nal are phase locked to m cycles of another oscillatory
signal, i.e. mo(fy,t) — nd(fm,t) < const [0 11I]. The
bPLV quantifies quadratic phase coupling among three
frequencies, where a pair of frequencies, f; and fo are
coupled to a third frequency f3 = f1 + fo or f1 — fs, i.e.
o(f1,t) £ ¢(fa, ) — B(f3,t) < const [T].

However, phase coupling could be shown in more com-
plicated patterns involving more than three frequencies
(e.g. f1, fa; f3, fa, fi+ fo+ f3— fa) as well as their non-
integer multiples (e.g. f1, f2, 2f1/3 + f2/3), which can-
not be detected or quantified by using those conventional
phase coupling metrics. A novel measure called multi-
spectral phase coherence (MSPC) has been recently de-
veloped by Yang and colleagues to provide a generalized
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approach for quantifying integer multi-frequency phase
coupling [12]. This method has been applied to the hu-
man nervous system to advance our understanding of
nonlinear neuronal processes and their functions in move-
ment control [I3] 14] and sensory perception [I5]. The
MSPC is a straightforward extension of bPLV based on
high-order spectra [I6]; however, it does not cover either
the non-integer multi-frequency phase coupling (e.g. fi,
f2, 2f1/3 + f2/3) or non-integer resonant coupling (e.g.
2:3 coupling [I7] revealed by n : m PLV) problems.
Thus, this paper aims to introduce a more generalized
approach, namely multi-phase locking value (M-PLV),
that integrates the concepts of MSPC and n : m PLV to
allow the detection and quantification of various types of
phase coupling, including integer and non-integer, multi-
frequency and resonant phase coupling. The proposed
M-PLV provides us with a tool to explore the unre-
ported non-integer multi-frequency phase coupling that
has never been captured by existing phase coupling meth-
ods. Furthermore, different from commonly used instan-
taneous phase coupling metrics, the proposed method
also allows the detection of delayed phase coupling and
the associated time lag between coupled oscillators. We
tested M-PLV on two scenarios where synthetic coupled
signals are generated using white Gaussian signals, and a
system comprised of multiple coupled Rossler oscillators.
The rest of this paper is organized as follows: Section
IT describes M-PLV, Section ITI summarizes the experi-
ments used to validate the method, Section IV presents
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the results and discussion, and Section V concludes the
paper.

II. MULTI-PHASE LOCKING VALUE (M-PLV):
THEORY AND CALCULATION

The proposed M-PLV is generalized approach that in-
tegrates the concept of MPSC [12] and n : m PLV [6]. It
not only provides us with a formulated mathematical de-
scription for the phase coupling problems separately de-
scribed by MSPC and n : m PLV, but also permits the de-
tection and quantification of non-integer multi-frequency
phase coupling that cannot be assessed by using existing
phase coupling methods.

A. M-PLV

The MSPC considers the case where multiple input
frequencies f1, fa2, ..., fr, are coupled to an output fre-
quency fx; based on an integer combination, such that

fo= Eszl my fi, m; € N:

L
<Z ml¢(fl7t)> - (b(fE; t) < const (1)
=1

The MSPC does not cover the case where non-integer
multiples of input frequencies are coupled to the output
frequency. To address this gap, the proposed M-PLV
generalizes the relation between frequencies as nfs, =
ZZL:1 myf; or fy = zlL:l "L fi. It can be seen that al-
though m;, n are integers, their ratio can give real num-
bers. This idea is in line with the concept of n : m
PLV [6], but allows assessment of phase coupling between
multiple input frequencies and one targeted output fre-
quency.

Moreover, there may exist a delay 7 in the system
between the input and the output, such that the cou-
pling can be detected only after this delay has been com-
pensated by aligning the indices of all the instantaneous
phases. Incorporating these factors, the proposed M-PLV
aims to detect and quantify a more generalized phase
coupling phenomenon that can be described as:

L
(Z mid(fi, t — 7')) —nd(fs, t) <const  (2)

=1

Based on this theoretical definition, the formula of M-
PLV () is given as follows for the calculation:

\If(fl7 fg, ceey fL; mi, Mg, ..., M, N; t 7') =

ZeXP ( ((mebk fi, t— T)) — nor(fs, t)))‘

3)

where K is the number of observations, ¢ (f;,t) is an
instantaneous input phase at the k** observation, which
can be obtained from the Hilbert transform of narrow-
band filtered time series with the spectrum centered at
frequency f; [18].

When 7 = 0, the proposed method can be used for de-
tecting and quantifying the simultaneous multi-frequency
phase coupling. Additionally, if n = 1, M-PLV is further
reduced to MSPC, for measuring simultaneous integer
multi-frequency phase coupling;:

MSPC(fla f27 seey fLa miy, Mg, ..., Mp; t) =

(o) )

Noteworthy, bPLV [7] is basically a special form of
MSPC or M-PLV when the interest is in determining
quadratic phase coupling:

(4)

bPLV(fl, fai t) =

Zexp ((Pr(fr, t) + u(f2, 1) — ou(f1 + fo, t)))‘

(5)
When L = 1, M-PLV can also be reduced to n : m
PLV:

PLVyn(fns fms m, n; 1)
K

Z m¢k frs )*nd)k(fma t)))|

k:

(6)

As such, M-PLV not only allows the detection and

quantification of non-integer multi-frequency coupling,

but also provides a generic mathematical framework that

can accommodate all common forms of phase coupling in
the existing literature.

B. Detecting significant M-PLV

In order to detect the time window and frequency at
which phase coupling is significant, a reference thresh-
old value of M-PLV is required. For this purpose, the
95% significance threshold is obtained by a Monte Carlo
simulation [12]. The null hypothesis is that the phase dif-
ference Ag(t; k) is completely random so that the cyclic
phase difference Ad(¢; k) = A¢(t; k) mod 27 will be uni-
formly and randomly distributed in the interval [0, 27].
The M-PLV corresponding to other frequency combina-
tions for all instants ¢ as well as those corresponding to
the combination of interest for the instants ¢’ = ¢ — ¢,
(t. is the estimated coupling window) are taken as surro-
gate data of uniformly and randomly distributed phase



values of A¢(t; k). This procedure is repeated N (e.g.
1000) times to obtain the statistical distribution of M-
PLV values for the different number of observations, K,
(e.g. K = 50, 100, ..., 600) and the threshold is deter-
mined as the minimum value greater than 95% of the
sum of all the values in the distribution.

C. Delay Estimation

In order to estimate the delay 7, the M-PLV for differ-
ent values 7; within a given range calculated. The value
of 7; corresponding to the maximum value of M-PLV is
the estimated delay 7 of the system.

III. EXPERIMENTS

We tested M-PLV on two scenarios where synthetic
coupled signals are generated satisfying (1) using white
Gaussian signals alone, as well as (2) from a system com-
prised of multiple coupled Réssler oscillators. In the fol-
lowing simulations, the sampling frequency is 1 kHz.

A. Coupled white Gaussian signals

In this case, z(t) and y(t) are two independent white
Gaussian signals (zero mean and unit variance). The
synthetic signal, y.(t) is generated as follows:

yc(t) :y(t) - y(fEatc)
almil (fr,te)xm21(fo, )

. (7)
ANt AT (fo, )

Ay(ny tc)

where ¢ is in the range of [0.001,10] s, x(t.) represents
x(t) in the phase coupling time window ¢, = [2.501, 7.5]
s. z(f1,t.) is a narrowband signal with the spectrum
centered at frequency f;, which is obtained after z(t.)
is passed through a Butterworth band-pass filter [19]
centered at frequency f; (bandwidth: 2 Hz, 6 order).
Az (f1,tc) is the envelope of the Hilbert transform of
2(f1,tc). In order to eliminate the effect of filter on the
signal phase, zero-phase shift filter (Matlab function: filt-
filt.m) is used in this study. The normalization of the
signal z(f1,t.) by its envelope A, (f1,t.) prevents abrupt
changes in its amplitude.

In these designed signals, there is phase coupling be-
tween y.(t) and x(t) in the time interval ¢., following the
rule fs = mqf1 + mafs, serving as the ground truth in
this “white” box problem for testing the M-PLV for in-
teger (n = 1) multi-frequency phase coupling with zero
delay (7 =0).

In order to check for the phase coupling between z(t)
and y.(t), M-PLV is calculated based on Eq., and the
set of input frequencies includes f; and fs.

B. Coupled Réssler oscillators

In this case, y(t) is white Gaussian signal, while x;(t)
are obtained from a system comprised of coupled Rossler
oscillators, which consists of N —1 independent oscillators
coupled to the N*" oscillator. The system is character-
ized by the following equations:

Ty = — Nzélmjwj Ty — 2 T & Niélmjxj—xi
=1 " =1 "
(8)
Ui = W;iTi + au; (9)
2 =c+ zi(x; — b) (10)

where ¢; = 0 for ¢« < IV and w; = 27 f;. These coupled
oscillators are designed to mimic a multiple-input-single-
output (MISO) system. In this case, Eq. can be gen-
eralized to include a larger number of signals coupled at
different frequencies, so that nfy = Zl]il my f; and the
coupled signal can be obtained as follows:

yc(t) = y(t) - y(nfE,tc)

") a0 (vt (1)
tAlnfzte) (@?’f“(fltc)"x%<f17tc>

where x;(fj,t.) is obtained after wz;(t.) is passed
through a Butterworth band-pass filter [19] centered at
frequency f; (bandwidth: 2 Hz, 6" order). In order to
introduce a delay 7 in the system, t. can be replaced
by t. — 7 in the above equation. The coupling is evalu-
ated between xn(t) and y.(t) by calculating the M-PLV
according to Eq..

The 95% significance threshold and delay 7 can be es-
timated through the procedure described in Section II.B
and II.C.

IV. RESULTS AND DISCUSSION

A. Coupled white Gaussian signals: integer (n = 1)
multi-frequency phase coupling with zero delay
(r=0)

The results are shown for f; = 29 Hz, fo = 13 Hz,
m1 = 2, and my = —1, so that fy =2%x29—-1x13 =45
Hz. Fig[l] shows M-PLV plotted as a function of time
and frequency for varying numbers of epoches K (K =
500, 750, 900). M-PLV is calculated for all possible com-
binations of the frequencies f; = 29 and fy = 13 Hz to
examine whether the significant M-PLV is only detected
on the target frequency 45 Hz rather than other frequen-
cies. It is observed that M-PLV shows significant values
for fy, = 45Hz in the time window ¢/, ~ t. = [2.501,7.5],
i.e., the interval t/, = [2.492,7.511] s, [2.421,7.461] s, and



[2.431,7.6] s for K = 500, 750, and 900, respectively. The
error of time window estimation can be defined as the
difference between ¢/, and t. and divided by the window
size. The errors are below 5 % for all tested K values. To
further demonstrate the performance of M-PLV, Fig.
shows a few of example plots of M-PLV for K = 600
for some possible combination frequencies of f; = 29 and
fo=13Hz (e.g. 29—2x13 = 3 Hz, 0x29+3x 13 = 39 Hz,
etc). Significant M-PLV is only detected at the targeted
frequency fs; = 45H z within the coupled time window.

B. Coupled Réssler oscillators: multi-frequency
phase coupling with a delay

In these simulations, we set K = 400, N = 3, and the
parameters of the coupled Rossler oscillators (Eq(@ -
(10) as a = 0.15, ¢ = 0.2, b = 10, and ey = 0.1.

To demonstrate the performance of the method for in-
teger (n = 1) multi-frequency phase coupling with zero
delay (7 = 0) in a MISO system, the oscillators are sim-
ulated for 80 seconds and two sets of 30000 samples are
obtained from the simulated signals, with ¢ = [10.001, 40]
s, t = [17.501,32.5] s for the first set and ¢t = ¢ + 40 s,
te = tc +40 s = [57.501,72.5] s for the second set. In
this case, f1 = 3 Hz, fo =5 Hz, m; = —1, my = 2, so
that fy = =1 x3+4+2 x5 =7 Hz. M-PLV is calculated
for possible combinations of the frequencies f; = 3 Hz,
f2 = 5 Hz to examine whether the significant M-PLV is
only detected on the target frequency 7 Hz rather than
others (e.g. 2x3—5=1,2x3+5 = 11, etc.). Fig.[3|and
Fig. ] show M-PLV for the first and second time set, re-
spectively. The coupling is detected in the time window
t. = [17.383,32.286] s (error: 2.2%) for the first set and
t. = [57.484,72.279] s (error: 1.6%) for the second set.

To demonstrate the performance of the method for
non-integer multi-frequency phase coupling, the proce-
dure is repeated for another case where f; = 7 Hz,
fo =13 Hz, my = 1, mey = 1, and n = 5 so that
fo = XTI — 4 Hy Also, ¢ = [10.001,40] s and
t. = [17.501,32.5] s. Fig. [5| shows the results obtained
for fs = 4 Hz. Using the 95% significance threshold,
t, =[17.295,32.444] s (error: 1.7%).

To demonstrate the performance of the method for

delay estimation, the synthetic signal is generated af-
ter 7 is set as 1 s. In this case, ¢ = [10.001,40] s,
t. = [17.501,32.5] s, fi = 29 Hz, fo = 13 Hz, m; = 2,
and mo = —1, so that fy, = 45. Fig. [] shows the aver-
age M-PLV obtained for varying 7;. The estimated local
maxima over 10 such simulations is 7 = 0.994 4+ 0.0568 s,
with an average error less than 5%.

V. CONCLUSION

In this paper, a new method for quantifying multi-
frequency phase coupling has been proposed. This
method addresses the limitation of existing approaches
that only allow the detection of coupling between two
resonant frequencies (i.e. n : m PLV) or quadratic cou-
pling between three frequencies (i.e. bPLV). The M-PLV
allows us to quantify various types of phase coupling,
including both integer and non-integer phase coupling
across multiple frequencies, so as to permit the explo-
ration of more complicated, even unreported phase cou-
pling phenomena in the real world. Simulation studies
have been performed on synthetic coupled signals gener-
ated using white Gaussian signals, and a complex system
comprised of multiple coupled Réssler oscillators. Our
results suggest that the proposed method can achieve a
reliable estimate of the frequency combination as well as
the time window during which phase coupling is present.
Furthermore, this method can be used for a precise es-
timation of the delay between the input and the output
when delayed phase coupling is present between the os-
cillators.
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