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ABSTRACT

We report here an experimental and theoretical study on the magnetoresistance properties of heavily phosphorous doped germanium on
the metallic side of the metal–nonmetal transition. An anomalous regime, formed by negative values of the magnetoresistance, was observed
by performing low-temperature measurements and explained within the generalized Drude model, due to the many-body effects. It reveals
a key mechanism behind the magnetoresistance properties at low temperatures and, therefore, constitutes a path to its manipulation in such
materials of great interest in fundamental physics and technological applications.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5125882

I. INTRODUCTION

The advent of doped semiconductors stands as a milestone in
the development of semiconductor devices. Since the seminals,
with p-n junction transistors1 and solar cells,2 until the current
trends, with midinfrared sensors and plasmonic devices,3 doped
semiconductors have provided a fertile ground for fundamental
research and applied physics. Among the possibilities, such materials
can be used in energy-efficient windows,4,5 because they can act as a
metal for low photon energies and as a semiconductor (or insulator)
for high photon energies. In comparison with ordinary metals, for
which the carrier densities are discrete and limited to a narrow
range, doped semiconductors constitute more flexible systems,
allowing a continuous variation of the carrier concentration over
a wide range.6 In particular, such flexibility is even larger in
n-doped many-valley semiconductors, like Si and Ge. On the one
hand, Si has six equivalent band minima in the 100h i-directions
within the Brillouin zone (BZ); on the other, Ge has eight in the

L-points (the intersection of the 111h i-directions with the zone
faces). Since the conduction-band valleys are strongly anisotropic,
when electrons are filling up the states at the bottom of the
conduction-band minima, they do not form Fermi spheres but
cigar-shaped Fermi ellipsoids. As a consequence, the contribution
to transport and optical properties from each Fermi volume is
anisotropic. However, the sum of contributions from all volumes
is isotropic since the overall symmetry is cubic; note that while Si
has six Fermi ellipsoids in the BZ, in Ge the eight minima lie at
the BZ boundary, leading to electrons effectively distributed
within four Fermi ellipsoids.

It is well known that the application of uniaxial stress on
the sample breaks the afore-described symmetry, such that part of
the minima move upward in energy and part move downward,
depending on the applied stress direction. There is a redistribution of
electrons between the valleys and the applied stress results in piezore-
sistance7,8 and optical birefringence.8,9 Furthermore, it is also possible
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to modify the distribution of electrons by using an external mag-
netic field. Each of the (aforementioned) Fermi volumes is doubly
degenerate and corresponds to spin-up and spin-down electrons.
With the introduction of a magnetic field, the spin-up valleys move
up in energy and the spin-down valleys move down—i.e., there
is a redistribution of electrons where the Fermi level is the same
for both valley types. The system remains isotropic, but impor-
tant transport properties change, in particular, the electric
current parallel to the magnetic field, which is expressed in
terms of the longitudinal magnetoresistance, as will be here dis-
cussed in detail.

For all conducting pure single crystals, the acquired knowledge
shows that, in general, the resistivity increases with the applied
magnetic field, i.e., the magnetoresistance is positive. On the other
hand, doped semiconductors require a detailed description at
the critical concentration, nc, when the system turns metallic.
For densities much larger than nc, if we place the donor electrons
at the bottom of the host conduction band and treat them as a
noninteracting electron gas, we found an unambiguous agreement
with experiments. However, an anomalous regime arises when
n approaches nc, in which, for example, the heat capacity10 and
the spin susceptibility11,12 are enhanced. In particular, low-
temperature magnetotransport properties are critically affected by
this regime, being the negative magnetoresistance a critical signature.
These so-called anomalies have attracted much attention with several
models reported in the literature.13–22 With a peculiar interpretation,
Sernelius and Berggren23 proposed that the donor electrons end up
in the conduction band of the host already at the critical concentra-
tion nc and suggested that the anomalous properties, on the metallic
side of and close to the transition point, are caused by the many-
body effects.24 One step forward, we explore here such anomalous
behavior of the magnetoresistance in heavily n-doped Ge, comparing
results from low-temperature magnetotransport measurements with
those obtained from the theory.

II. MEASUREMENTS AND SAMPLES

As illustrated in Fig. 1, Hall and longitudinal resistance
measurements were performed in an Oxford cryostat with VTI
(Variable Temperature Insert), under a perpendicular magnetic
field provided by a superconducting coil. To prevent heating
effect and provide a clear signal for our measurements, the
lock-in technique was employed with frequencies 0.5–13 Hz in
the temperature range of 1.5–4.2 K and bias current of 10 μA.

The samples were prepared in the following way: P-type, Ga
doped (100)-oriented square, 7� 7mm2, Ge samples with resistiv-
ity in the range of 1�10Ωcm were implanted with phosphorus at
room temperature. In each sample, implantations with energies of
240, 140, 80, 40, and 20 keV were accumulated with appropriate
doses to obtain a plateaulike profile of P, from the surface to the
depth of about 0:40 μm, according to TRIM code simulation.25

In Fig. 2, we show the simulation for the concentration profile.
To achieve a P atomic concentration of 1� 1018 cm�3, the implanted
P doses were 2:0� 1013 cm�2 (at 240 keV), 6:0� 1012 cm�2 (at
140 keV), 4:0� 1012 cm�2 (at 80 keV), 2:0� 1012 cm�2 (at 40 keV),
and 1:1� 1012 cm�2 (at 20 keV). The doses in the other samples
were scaled to this sample, according to the ratio of the desired P

FIG. 2. Simulated multiple implantation phosphorous profile for a nominal
sample atomic concentration of 1018 cm�3. The implanted Pþ doses were
2:0� 1013 cm�2 (at 240 keV), 6:0� 1012 cm�2 (at 140 keV), 4:0� 1012 cm�2

(at 80 keV), 2:0� 1012 cm�2 (at 40 keV), and 1:1� 1012 cm�2 (at 20 keV).

FIG. 1. Measurement setup consists of a VTI (Variable Temperature Insert)
cryostat with the superconductive magnet, Lock-In amplifier, and pump. GeP
sample has four In contacts arranged in a Van der Paw geometry located at the
corners of 7� 7mm2 square. Magnetotransport measurements are done by the
conventional Lock-In technique with signal recovery (Model 7280) DSP dual
phase amplifier, which has a high input impedance of 100 MΩ. The sample was
located in the superconductive magnet (Oxford) with the perpendicular to its
surface magnetic field up to 5 T. Mechanical pump allowed us to reach tempera-
tures down to 1.5 K.
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concentration. Furthermore, the damage annealing and the electrical
activation of P were performed at 600 C for 1min in argon atmo-
sphere in a Rapid Thermal Annealing furnace to avoid high thermal
budget; Van der Pauw structures26 were fabricated by applied indium
contacts at the corners of the samples and annealing at 80 �C on a
hot plate for 1 min was performed to improve the contacts. The
implantation process is described in Refs. 27–29.

III. THEORETICAL APPROACH

From the theoretical point of view, the conduction band of Ge
has four equivalent valleys (ν ¼ 4); there are eight minima in the
+1, +1, +1ð Þ= ffiffiffi

3
p

directions, but they all are on the zone boun-
dary so only half of each cigar-shaped Fermi volume is inside the
Brillouin zone. In heavily n-type doped germanium, on the metallic
side of the metal–nonmetal transition (i.e., n . nc), the donor elec-
trons are up in the conduction-band valleys. We consider that the
electrons are distributed in ν Fermi spheres and neglect some
known anisotropy effects on the resistivity;30 the relation between
the radius of each sphere is then given as29 k0 ¼ 3π2n=νð Þ1=3 and
the Fermi energy given by E0 ¼ �h2k20=(2m) ¼ �h2k20= 2mdemeð Þ,
where me is the electron rest mass and mde ¼ 0:22 is the effective
mass of the density of states in one valley of the conduction band.
In particular, the contributions from the exchange and correlation
energy, Exc, due to the influence of ionized-donor potentials (the
band structure energy, Eb), affect the parabolic band dispersion and
the density of states. Our model starts from the density of states
from one valley, i.e.,

DE ¼ Dk= dE kð Þ=dk½ � ¼ k2

π2 dE kð Þ=dk½ � , (1)

and take into account that in each valley there are two states for
each k (i.e., one for each spin, up and down). Since D0

E ¼ km=π2�h2

is the density of states for noninteracting electrons, the density of
states for interacting electrons can be expressed, in analogy, by
introducing a wave-number dependent effective mass, i.e.,

DE ¼ km*=π2�h2, (2)

with the effective mass given by

m* kð Þ ¼ m= 1� β kð Þ½ �, (3)

where β kð Þ gets a contribution from each of the interaction
energies, β kð Þ ¼ βxc kð Þ þ βb kð Þ, such that

βxc kð Þ ¼ � m
π2k

@

@k
δN � Exc
δn kð Þ , βb kð Þ ¼ � m

π2k
@

@k
δN � Eb
δn kð Þ : (4)

Here, N is the total number of electrons and n kð Þ is the
occupation number of the state with wave-vector k. Specially
important for this paper, one effect of the interactions is that
around the Fermi level the effective mass and density of states
are enhanced.31

We use the generalized Drude model32,33 to calculate the
resistivity. For the static case, as here, the results agree with the

so-called Ziman’s formula,34

ρ ¼ 1
ne2τ=m*

,

1
τ
¼ 4

3
νe4m

π�h3κ2

ð2k0
0

dq
1

q~ε2 q, 0ð Þ,
(5)

where ρ, τ, and κ are, respectively, resistivity, transport time, and
dielectric constant (κ ¼ 15:36 for Ge).

The presence of a static and spatially homogeneous magnetic
field B leads to a redistribution of electrons between spin-up and
spin-down bands, which affects the density of states, the effective
mass at the Fermi level, the conductivity and the transport time.
Let us introduce the spin-polarization parameter, s, that varies
from zero in the absence of B to 1 at full polarization (all electrons
have spin down),

s ¼ n# � n"

n
: (6)

For spin-up and spin-down electrons, the density and Fermi
wave-number are, respectively,

n" ¼ n(1� s)=2,

n# ¼ n(1þ s)=2,

k0
" ¼ k0 1� sð Þ1=3,

k0
# ¼ k0 1þ sð Þ1=3:

(7)

Therefore, the resistivity is now written as29

ρ sð Þ ¼ m=e2

n"τ" 1� β"
� �þ n#τ# 1� β#

� � : (8)

Note that the magnetoresistance is given by
Δρ=ρ ¼ ρ sð Þ � ρ 0ð Þ½ �=ρ 0ð Þ, i.e., it is a function of the spin polariza-
tion s; however, the experimental results are given in terms of B.
When the modulus of the magnetic field is small enough, one can
assume the following linear relation between B and s:

B T½ � ¼ 2:642 62� 10�11 n cm � 3½ �=νð Þ2=3
mde χ=χ0ð Þ s: (9)

IV. RESULTS AND DISCUSSION

We compare obtained theoretical and experimental results in
Figs. 3–5. The spin-susceptibility enhancement-factor (χ=χ0) and
effective mass (mde) were adjusted35 to optimize the fit between
theoretical and experimental curves; note, however, that this adjust-
ment does not affect our main picture, with negative values for the
magnetoresistivity as well as its signal inversion. In Fig. 3, we show
the results for the sample with the lowest doping concentration,
which is closest to the metal–nonmetal transition (reminding that36

nc � 2:5� 1017 cm�3) and for which the magnetoresistance pre-
sents a minimum that becomes deeper when the temperature
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decreases. The black line shows the theoretical curve obtained for
the spin-susceptibility enhancement-factor equal to 2 (and 0 K),
and the blue and red lines correspond, respectively, to experimental
results for 1.5 K and 4.2 K. Figure 4 presents the results for the
sample with the next lowest doping concentration; in comparison
with the Fig. 3, we see a more shallow minimum for the theoretical
curve and little deeper minima for the experimental curves. Here,
we use χ=χ0 equal to 2.2.

In Fig. 5, we present the results for the sample with the
highest doping concentration, where we use χ=χ0 equal to 2.5.
In this figure, the relatively high noise level is related to increased
digital noise level due to a larger dynamic range used in lock-in
amplification compared with measurements in Figs. 3 and 4.
Analyzing Figs. 3–5, we identify two competing effects: while the
lowering of the doping density leads to deeper minima, the incre-
ment of the temperature leads to shallower minima. It is also
important to note that, near and on the metallic side of the
metal–nonmetal transition, the enhancement of the density of
states at the Fermi level increases. Furthermore, the enhancement
of the spin susceptibility also increases when the density comes
closer to nc; however, it is reduced when the temperature goes
up.11,12,37,38 Using a log–log plot, in Fig. 6, we show how the
maximum negative magnetoresistance decreases linearly when the
doping concentration increases. Note that the maximum starts to
decrease at a density that depends on the temperature. The higher
the temperature, the earlier the maximum starts to decrease, as
also reported in Ref. 13.

FIG. 4. The same as Fig. 3, but here for the doping concentration of
6:25� 1017 cm�3.

FIG. 5. The same as Fig. 3, but here for the doping concentration of
1:17� 1018 cm�3.

FIG. 3. The magnetoresistance at the temperatures 4.2 K (red curve) and 1.5 K
(blue curve) as a function of magnetic induction, B, for a Ge:P sample with a
doping concentration of 2:96� 1017 cm�3. The black solid curve is our theoreti-
cal result for 0 K. See the text for details.
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Here, we propose an explanation to the cause of the negative
magnetoresistance observed at low temperatures in heavily
phosphorous doped germanium on the metallic side of the
metal–nonmetal transition. First, in the absence of magnetic fields,
the density-of-states enhancement at the Fermi level contributes to
the enhanced resistivity. Second, the presence of a magnetic field
lifts the degeneracy of the electron dispersion, resulting in an
upshifted spin-up band and a downshifted spin-down band. At the
Fermi level, there is a redistribution of electrons between spin-up
and spin-down bands, which leads spin-up and spin-down electrons
to states with wave-numbers k0

" and k0
#, respectively. Consequently,

the peak corresponding to the density of states at the Fermi-level
splits into k0

" and k0
#: for electrons with k0

", one peak remains at
the Fermi-level while the other moves down into the unoccupied
part of the bands; instead, for electrons with k0

#, while one peak
remains at the Fermi-level, the other moves up into the occupied
part of the bands. The enhancement at the Fermi-level is, then,
reduced for both spin types.

In Fig. 7(a), we show the enhancement of the density of states
at the Fermi-level, for both spin up and spin down, as functions
of the magnetic-field modulus, considering the lowest doping
concentration (i.e., 2:96� 1017 cm�3). We are also considering
that only the enhancement at the Fermi level affects the resistivity
and that the effect due to the scattering against Friedel oscillations,39

which eventually contributes to the enhancement of the resistivity,29

can be negligible in heavily n-doped Ge. For completeness, we show

in Fig. 7(b) how the scattering rates for spin-up and spin-down elec-
trons vary with the magnetic-field modulus.

Our model considers the temperature equal to zero, but the
knowledge acquired from experiments shows that the magnetoresis-
tance reduces when the temperature increases.13 To interpret this
well-known behavior, note that the peak of the density of states at
the Fermi-level is expected to be broadened and only states at the
Fermi-level contribute to the conductivity, at zero temperature.
The temperature effect enables states away from the Fermi-level, for
which enhancement of the density of states is weaker, to contribute
to the conductivity, and we expect that these effects gradually remove
the negative magnetoresistance (reminding that temperature effects
become more important for lower densities, as can be seen in our
experimental results as well as in Ref. 13). Furthermore, beyond the
generalized Drude model, transport anomalies also can be analyzed,
for example, within a band structure approach.40,41

V. CONCLUSIONS

To summarize and conclude, we have investigated the anoma-
lous regime of the longitudinal magnetoresistance of heavily n-doped
germanium on the metallic side of the metal–nonmetal transition,
by using magnetotransport measurements at low temperatures
(1.5 K and 4.2 K) and comparing with obtained results from the
many-body theory, where the donor electrons are assumed to
reside at the bottom of the many-valley conduction band of the
host. For doping densities above and close to nc, we found a regime

FIG. 6. The depth of the magnetoresistance minima as a function of doping
concentration. The red thick solid straight line is the theoretical result for 0 K;
the blue open squares are the experimental results at 4.2 K; the green filled tri-
angles are the experimental results for 1.5 K; the thin solid curves are just
guides for the eye. See the text for details.

FIG. 7. (a) The enhancement of the density of states at the Fermi level for
spin-up and spin-down electrons as functions of the magnetic induction B. (b)
The inverse transport time for spin-up and spin-down electrons as functions of
B. In (a) and (b), we consider the doping concentration of 2:96� 1017 cm�3.
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formed by negative values of the magnetoresistance that is drastically
suppressed when the temperature increases and physically inter-
preted in terms of the many-body effects. The obtained results show
that the experiments support the model and can help in understand-
ing the mechanism of magnetoresistance of heavily doped semicon-
ductors. Besides, the presented results open the possibility to explore
the interplay with other relevant conduction/resistance mechanisms
at low temperatures, like the weak localization. Additionally, more
samples in the doping range of 1018–1019 cm�3 would be helpful for
further verification of the theory.
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