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Abstract

In this paper, we present a generalization of the parameterization method, introduced by Cabré¢, Fontich
and De la Llave, to center manifolds associated to non-hyperbolic fixed points of discrete dynamical sys-
tems. As a byproduct, we find a new proof for the existence and regularity of center manifolds. However, in
contrast to the classical center manifold theorem, our parameterization method will simultaneously obtain
the center manifold and its conjugate center dynamical system. Furthermore, we will provide bounds on the
error between approximations of the center manifold and the actual center manifold, as well as bounds for
the error in the conjugate dynamical system.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Cabré, Fontich and De la Llave introduced the parameterization method for invariant mani-
folds of dynamical systems on Banach spaces in [4—6]. The goal of the parameterization method
is to find a parameterization of the (un)stable manifold associated with an equilibrium point of
the dynamical system. This parameterization is defined as a conjugacy between a dynamical sys-
tem on the (un)stable eigenspace and the original dynamical system on the Banach space. To find
a unique conjugacy, the dynamical system on the (un)stable eigenspace is fixed (it is given as a
polynomial map). Besides providing a new proof of the classical (un)stable manifold theorem,
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the method is useful for computational existence proofs of for example homoclinic and hetero-
clinic orbits, see [3,13,18]. The method has also been used for constructing (un)stable manifolds
of periodic orbits, see [8]. Recent computational advances include applications to delay differen-
tial equations, see [11], and partial differential equations, see [16].

The goal of this paper is to generalize the parameterization method to center manifolds. As
explained above, the proof of the classical parameterization method fixes the dynamics on the
(un)stable eigenspace. Having explicit dynamics on the (un)stable eigenspace a priori ensures
that the parameterization of the manifold is unique. For center manifolds, we generally cannot
choose the dynamics on the center eigenspace ourselves. Thus besides solving for the conjugacy,
we also need to solve for the dynamics on the center eigenspace. To ensure a unique parameteri-
zation, we fix part of the conjugacy instead of fixing the conjugate dynamics.

To state the main theorem of this paper, we introduce some notation. Let F : X — X be a C"
(for n > 2) discrete time dynamical system on a Banach space X, with non-hyperbolic fixed point
0. Denote F(x) = Ax + g(x), with A the Jacobian of F at 0. We assume that A has a spectral
gap around the unit circle, and write X = X, @ X, where X, is the eigenspace associated with
the eigenvalues on the unit circle, and X}, the eigenspace associated with the eigenvalues away

fz)c /?h) with respect to the splitting X = X, @ Xj,. Our goal

is to find a conjugacy K : X, — X and a dynamical system R : X, — X, such that the diagram

from the unit circle. We write A = (

F=A
X=X ®X), +s X=X X,
K:L+(’,§;> K:L+(’,§;>
R=A.+r
X . X

commutes, where ¢ : X, — X, @ Xj, is the inclusion map. We impose that the conjugacy K is
tangent to X, at 0, i.e. DK (0) = (l(‘)i), which implies that the linearization of R at 0 is given by

A.. We also fix part of the conjugacy K by an explicit choice of the non-linear map k. : X, — X,.
Our result is the following.

Theorem (Parameterization of the center manifold). If g : X — X and k. : X, — X, are C",
sufficiently small in the C' norm and bounded in C* norm, see Section 2 for the explicit bounds,
then there exist a C" map ky, : X, — Xp and a C" map r : X, — X, such that

(A+goK=Ko(A.+71) whereK:L-i—(llj;). (1.0.1)

Furthermore, we have explicit bounds on the C' norms of ky, and r in terms of the spectral gap
of A and the C' norms of g and k.. These bounds are made precise in Section 2.

Despite kj, and r being C”, we only give explicit bounds on their C! norm. We note that as g
is at least C2, we may multiply g as usual with a cut-off function £ such that x — Ax + g(x)&(x)
satisfies the conditions of Theorem 2.1. Then we find a local center manifold for x — Ax + g(x)
on the region where £ = 1, as well as local conjugate dynamics on the center eigenspace.
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Our theorem provides a new proof of the classical center manifold theorem, see [7,12,19].
The classical proof of the center manifold theorem is based on the variation of constants formula.
Our proof is more elementary. It simultaneously finds kj, and r as fixed point of an operator on a
function space, which is a contraction on an appropriately chosen subset. The freedom to choose
ke # 0 moreover allows us to obtain the dynamics on the center eigenspace directly in a desired
normal form.

As we mentioned in the beginning, our work is inspired by the parameterization method for
invariant (un)stable manifolds in [4—6], which we shall refer to as the classical parameterization
method. The main difference between the classical and the proposed parameterization method
is the treatment of the conjugate dynamics R. The classical parameterization method fixes a
polynomial map R : X, ;s — X, /s which determines the dynamical system on the (un)stable
eigenspace, whereas our method produces a C"” map R : X, — X..

It follows from [10] that one can find Taylor approximations Ry and Ko of the maps R and
K up to any finite order. These Ry and Ky, will then almost satisfy the conjugacy equation, i.e.
F o Ko — K o Ry will be of order ||x|”. This will imply that the real solution of the conjugacy
equation lies very close to Ry and K¢. More precisely, we can find rigorous bounds for R — Ry
and K — K. Hence, from the Taylor approximations we can extract very detailed information of
the true dynamical behavior on the center manifold.

Another generalization of the classical parameterization method concerning center manifolds
can be found in [1,2]. This generalization finds certain submanifolds of the center manifold at
parabolic fixed points. A fixed point is called parabolic if the linearization of the dynamical
system is the identity. As in the classical parameterization method, the conjugate vector field is
polynomial in this case, and the proof in [1,2] follows roughly the same analysis as the proof
of the classical parameterization method. A drawback of this result is that it produces invariant
manifolds which are only continuous at the origin. Furthermore, it imposes that the linearization
of the dynamical system at the fixed point is the identity on the center eigenspace. Our theorem
on the other hand produces invariant manifold which are everywhere C" and does not impose
that the linearization restricted to the center eigenspace is the identity.

1.0.1. Outline of the paper

Our paper consists of three parts. We start by introducing notation in the following section and
by giving a more precise formulation of the main theorem in Section 2. As a corollary of the main
theorem, we find an upper bound between the error of an almost solution M of (1.0.1) and the
actual solution A of (1.0.1) in terms of how well M solves (1.0.1). Furthermore, we introduce
a fixed point problem in Section 3. This fixed point problem will produce the conjugacy and
conjugate dynamics of Theorem 2.1. Finally, we will prove that the fixed point problem defines
a contraction in C!.

In the second part of our paper, which consists of Sections 4 to 6, we will obtain the smooth-
ness results of the main theorem by means of two bootstrapping arguments. The first bootstrap-
ping argument, in Section 4, shows that once we have a C! conjugacy and conjugate dynamics,
they are in fact both C2. The second argument, in Section 5, shows that we can inductively in-
crease the smoothness from C? to C”. Finally, we prove in Section 6 that our center manifold is
unique, and we derive the estimate on A — M.

1.0.2. Future work
Our proposed method is defined for general discrete time dynamical systems. Although it is
not proven in this paper, we are convinced that the method can be generalized to continuous time
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dynamical systems. Furthermore, our method can be used to parameterize different manifolds
than only the center manifold, for instance the center-(un)stable or (un)stable manifold. In the
latter case, our method should even work if the (un)stable manifold contains infinitely many
resonances.

1.1. Notation and conventions
We use the following notation and conventions in this paper.
— For a Banach space X = @f: | Xi, we assume that the norm on X satisfies
llx]] =1r§iasxn{||xilli}, forx = @7_x; (1.1.1)

where x; € X; and || - ||; the norm on X;. If X is equipped with another norm, we can always
define an equivalent norm on X which satisfies (1.1.1) and leaves the norm unchanged on X;.
— For functions f : X — Y between Banach spaces, we denote with

1/l = max sup D" f )]

m<nyex

the C" norm of f forn > 0.
For X and Y Banach spaces, we denote with

ChX,Y):={f:X—>Y|fisC"and | f|, < oo}

the Banach space of all C” bounded functions between X and Y.
— For a linear operator A : X — Y between Banach spaces, we denote with

[Allop := sup [|Ax]|

lxf=1

the operator norm of A.
For X and Y Banach spaces, we denote with

L(X,Y):= {A : X — Y | Ais alinear operator and || A[lop < oo}

the Banach space of all bounded linear operators between X and Y.
— For a k-linear operator A : X k _> Y between Banach spaces, we denote with

[Allop := sup [[A(xt,....xp)ll
Il |I<1
1<i<k

the operator norm of A.
For X and Y Banach spaces, we denote with

Ek(X, Y): = {A x> Y‘ A is a k-linear operator and || Alop < oo}

the Banach space of all bounded k-linear operators between X* and Y.
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— For Banach spaces X, Y and Z and f € CZ(Y, Z)and g € CZ(X, Y), the kth derivative of
f o g is given by

D[ fogl(x) = D" f(g(x))(Dg(x), ..., Dg(x)) + lower derivatives of f. (1.1.2)

k times Dg(x)

We can identify the kth derivative of f at g(x) with a symmetric k-linear operator between
Y* and Z. This motivates us to define the shorthand notation

A®* = (A,...,A) e LXK, YY) for A e L(X,Y).
————
k times A

Hence we may rewrite (1.1.2) as
DF[f o gl(x) = D* f (g(x)) (Dg(x))®* + lower derivatives of f,
where DF f(g(x)) € £X(Y, Z).
2. A quantitative formulation of the parameterized center manifold theorem

We will now formulate the quantitative version of the parameterization of the center manifold
theorem.

Theorem 2.1 (Parameterization of the center manifold). Let X be a Banach space and F : X —
X a C", n > 2, discrete dynamical system on X such that 0 is a fixed point of F. Denote F =
A+ gwith A:= DF(0) and let k. : X, — X, be chosen. Assume that

1. There exist closed A-invariant subspaces X., X, and X such that X = X, ® X, & X;. We
Ac 0 0
write A = ( 0 A, 0 ) where we define Ac == A\ , and similarly define A, and As.
0 0 A ¢
2. The linear operators A. and A, are invertible.

3. The norm on X is such that
HAZ 2l Agllop < 1 and 1A, lopll Acllly <1 forall 1 <ii <n.
4. The non-linearities g and k. satisfy

ge{heCp(X,X) | h(0)=0, Dh(0)=0and | Dhllo < Lg},
kee{heCl(Xc, Xe) | h(0)=0, Dh(0)=0and || Dhllo < L.},

for Lg and L. small enough; see Remark 2.4 for the explicit inequalities that Lg and L
should satisfy.

Then there exist a C" conjugacy K : X, — X and C" discrete dynamical system R = A. +r :
X. — X, such that
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(A+g)oK=Ko(A.+7). (2.0.1)
Furthermore, K and R have the following properties:

A) The dynamical system R = A, +r is globally invertible, with its inverse given by T = AC_1 +
t, where
re {h €Cp(Xe, Xe) | h(0) =0, Dh(0)=0and |Dh|o < L,} ,
te{heCy(Xe, Xe) | h(0) =0, Dh(0)=0and | Dhllo < L;}.

The constants L, and L, depend on Lg and L. See Remark 2.4 for their definition.
B) The conjugacy K is given by

k
K=1+4+ |k,
ks

[

with t : X. — X the inclusion map and

ki € {h € Cj(Xe, Xu) | h(0) =0, Dh(0)=0and | Dhlo <L},
ks € {h € C}(Xc, X5) | h(0) =0, Dh(0)=0and || Dh|lo < Ly}.

The constants Ly, and Ly depend on Ly and L. See Remark 2.4 for their definition.

Remark 2.2. If A has a spectral gap around the unit circle, conditions 1 and 2 hold when we
take X, to be the center eigenspace, X, to be the unstable eigenspace and X, to be the stable
eigenspace. Furthermore, in this case there exists a norm on X such that condition 3 holds. For
the construction of this norm, see Proposition A.1 of [4].

In many practical situations, using for example numerics or Taylor approximations, one may
be able to find Ky and Ry which almost solve (2.0.1), i.e. for which F o Ky — K¢ o Ry is small.
In other instances, the dynamical system F : X — X may be close to another dynamical system
Fy: X — X, for which we are able to find a Ko and Ry satisfying Fo Ko — Koo Rp = 0 exactly.
In both cases, we are interested in estimating the error between Ko and the true conjugacy K,
as well as the error between R( and the true dynamical system R. The following corollary of
Theorem 2.1 gives bounds for these errors.

Corollary 2.3. Letn >2 andlet F : X — X and k. : X — X be C" functions which satisfy the

conditions of Theorem 2.1. Let ¢ > 0, m < n and M > 0. Then there exists a constant C(M, m),
which will be introduced in Section 6.3, such that if

1 ko€ [he € (Xe, X ® X) | h(©) =0, Dh(O) =0 and hlly1 = M},

2.r0e {he cptixe Xo)

h(0) =0, Dh(0) =0, |Dhllo < L, and ||h|lms1 = M} ,

B ”F <L T <§0)> - <L+ (io)) o (Ac +70)

<e¢
m

’
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then we have

Ik —kollm < C(M,m)e and lr —rollm = C(M,m)e

fork=k, ®ks: X — X, ® X;andr: X, — X, from Theorem 2.1.

Remark 2.4. To state what it means in Theorem 2.1 for Lg and L. to be small enough, we first
introduce explicit formulas for L,, L;, L, and Lg:

Lg+Le (2l Acllop + Lyg)

L, := , 2.0.2
r —L ( a)
—12
L= A Noplr (2.0.2b)
1— A lopLr
A7l 1+L)L
Lu — ” Liluop( + C) 8 — , (202C)
I =LAy llop — 1Acllopll A llop
B 1A Mop (14 Le) L 2.02d)

1= LrlAZ lop — I Asllopll Az llop

For L,, L, L,, and L to be positive, their denominators have to be positive. So we will first of
all require L, and L to be so small that

Lc<1, LellA; Mop + I Acllopll Ay M lop < 1,
LA op < 1, LoAlAZ Mop + 1 Asllopll A7 lop < 1.

Besides these conditions on Lg and L., the proof of Theorem 2.1 contains multiple fixed points
arguments, with contraction constants depending on L, and L. The corresponding contraction
constants are, for 0 <n <n,

Os1:=Lg+ L, (2.0.3a)
6.2 := 147 lop (I Aclop + Lr)" + Lo + Lo ). (2.03b)
0z =L (1Asllop (1 4+ L1 L) + Lg (1 + Ly (14 Lc))). (2.0.3¢)

We note that 65 ; does not depend on 7, but for consistency we choose to keep the index 7.
Furthermore, we define

Loy:= 1A Nlop + Li,

which will act as a bound on ||D(As + )~ !o. Now, if Lg and L are small, then we have that
05,; < 1. In particular, we require Ly and L. to be so small that indeed

61 <1, Oi0 <1, 0r3 <1 forall n <n.
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Lt}

We will often refer to this remark by writing “(...) small in the sense of Remark 2.4 forn =m.”.
By this, we mean that 6; ; < 1 holds foralln <m andi =1, 2, 3.

2.1. Proof scheme of Theorem 2.1
To prove Theorem 2.1 we use four steps:

1. We define a fixed point operator and show that its fixed points are solutions to the conjugacy
equation (2.0.1).

2. We show that the fixed point operator is a contraction with respect to the C! norm on an
appropriate set of C2 functions. Therefore, we find a pair of C! functions (K, r) such that
equation (2.0.1) holds.

. We show that the C' solution (K, r) of equation (2.0.1) is in fact Cc2.

4. Finally, we use induction to prove that K and r are C".

w

We find it easiest to split the proof in the four steps outlined above. We note that in step 2 we
find a contraction with respect to the C!' norm in a space of C? functions, which is the reason
that we assume n > 2 in Theorem 2.1. Furthermore, going from a C 1 solution to a C2 solution
needs different estimates than when going from a C™ solution to a C™*1 golution for m > 2, see
for instance Lemma 4.3 and Lemma 5.6.

3. A C! center manifold
3.1. A fixed point operator

We start by setting up a fixed point operator. For this, we consider the conjugacy equation

(A+g)oK —Ko(Ac+r)=0.

g(? k(?
When we write g = (gu> and K =+ (k,, ), then we have component-wise

8s ks
A 0 O Id +k. gcoK Ac+r+kco(Ac+r)
0o A, O ky 4+ | guoK | — kyo(A.+7r) =0.
0 0 Ay ks gsoK kso (A +7)

In other words, we obtain the three equations
Acke+gcoK —r —kc.o(Ac+7r) =0,
Auky+guoK —k,o0(Ac+7r)=0, (3.1.1)
Asks +gs0 K —kgo (Ac+r)=0.
The first equation is equivalent to

r=Ackc+gcoK —keco(Ac+7).

Secondly, as A, is invertible, the second equation is equivalent to
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k= A, (Auk) = AL (ko (Ac+1) = gu 0 K).
Finally, if we assume that A, + r is invertible, the last equation is equivalent to
ks = Agks o (Ac+7) '+ gs0K o (Ac +r) .
We see that the system (3.1.1) is equivalent with

r=Acke + 80K —keco(As+71),
ki=A; "k 0(Ac+r)— A g 0K, (3.1.2)
ks = Agks 0 (Ac+7) '+ g0 Ko (Ac+r)"\.

,
Thus <ku ) is a fixed point of the operator ®, defined by

ks
r Acke +gco K —kco(Ac+7)
O:|ky || A kyo(Ac+r)—Alg 0K . (3.1.3)
kg Askso(Ac+r) "'+ gi0Ko(Ac+r)7!

The following proposition summarizes this derivation.

ke
Proposition 3.1. Let K = ( + (k,,) X > Xand A +r: Xe — X If Ac + r is globally
ks

invertible, then the following are equivalent:

i) The dynamical system F is conjugate to A, +r by K.

r

ii) The function (11?4) : X — X satisfies the system (3.1.2).

.
iii) The function <§u) : X — X is a fixed point of © defined in (3.1.3).

s

Proof. This follows from the derivation above. O
3.2. O is well-defined

One of the conditions of Proposition 3.1 is that A, + r is globally invertible. Under a mild
condition on the derivative of r, we show that A, + r is a global diffeomorphism. We will state
a more general result, as we need a more general statement in Proposition 6.3. Furthermore, we
note that the result also follows from theorem 2.1 of [15], which states that under some growth
condition on A, +r and the inverse of its derivative, A, +r is a global diffeomorphism. However,
we will provide an alternative proof, as this proof is exemplary for the structure of the proof of
Theorem 2.1.

Lemma 3.2. Let B € L(X., X.) be invertible.
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i) We have that B + ¢ : X, — X is a global diffeomorphism for all ¥ € Cé (X¢, X¢) with
IDYllo < 1B~ gy -

ii) If B+ : X¢ — X is a homeomorphism and € C(X¢, X), then (B+y) ' =B~ +¢
with ¢ € C)(Xc, Xc).

Proof. i) We will first show that B + v is globally invertible, and use its inverse to prove that it is
in fact a diffeomorphism, which is similar to how we show the smoothness result of Theorem 2.1.
For ¢ € C)(X., X.), we have (B + ¥) o (B~! + ¢) =1d if and only if

9=—B"! (¢O<B—1+¢)) — W(p). (G.2.1)

Our first goal is to show that W is a contraction on Cg(XC, Xc).
As ¥ is C! with bounded derivative, it is Lipschitz with Lipschitz constant equal to the norm
of its derivative. Thus for ¢, ¢ € Cg (X, X.) we have

1¥(@) = W@ llo < 1B~ lopl DY llollp — @ llo-

Thus with ||Dy|lo < ||B~
point of W.
Ifgpis C!, we can differentiate (3.2.1) to x, and the derivative of @ satisfies

1||(jpl we have that W is contraction operator. Let ¢ denote the fixed
Do =—-B~'Dy (B~ 4+ ¢)(B~! + Dy). (3.2.2)
In other words, if ¢ is C!, then Dy is a fixed point of the operator
@ : CY(Xe, L(Xe, Xe)) = CP(Xe, L(Xe, X)),
A —B'DyB ' +¢)B™' =B Dy (B~ + p)A.

We will show that & is a contraction, and that its fixed point is indeed the derivative of ¢.
As |[B'DY (B~ +¢)|o < | BllopllD¥r]lo < 1, we see that ® is contraction, and we denote
the fixed point of ® by A. All that is left to show is that .4 is the derivative of ¢. We have

VB ax+y) +e+y) — ¥ (B x — )
1

= / Dyr(z(s, x, y)ds(B™ 'y + o(x +y) — o(»)),
0

where we define z(s, x,y) := B™'x +sB™ 'y +sp(x + y) + (1 — s)p(x). We find, as ¢ is the
fixed point of W,

le(x +y) — () — AX)yl

1
=< IIB_lllop/ DY (2(s, x, y) llopdsl(@(x + y) — @(x) — AX)y)|
0
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1
+ 1B lop / I DY (z(s, x,y)) — DY (z(s, x,0) [lopds | B~ |
0

1
+IIB_lllopfIIDW(Z(S,x,y))—Dw(Z(S,x,0))||opdS||A(X)y||~ (3.2.3)
0

Define 6 = || B~ !{|op fol DY (z(s, x, y))llds, then & < [|B~!|opll DY |lo < 1. Hence (3.2.3) im-
plies

lo(x +y) — () = AX)yl
Iyl

1
B~ Y,
< %/ 1DV (2(s. . 3)) = DY (2 (5. 5, O llopds (1B Hlop + ACH) lop)-
0

Furthermore, || DV ||o is finite, hence by using the Lebesgue Dominated Convergence Theorem,
we can interchange limits and integrals in

1
1im0/ DY (z(s, x, y)) — DY (z(s, x, 0)) [lopds.
0

Iyl—

Using continuity of || Dvr(z(s, x, ¥))llop in y, the limit is 0. Therefore,

i lo(x +y) — () — Ayl
m =
lyl—0 Iyl

0

and we conclude that the right inverse B~! 4+ ¢ of B+ is C!.
We still need to show that B~! + ¢ is the inverse of B + v, or equivalently show that B + v
is injective. Let x, y € X, be such that Bx + ¥ (x) = By + ¥ (), then

0=[Bx+y(x)— By =y Il = 1B~ I, Ix =yl = 1D llollx — ylI.

As |B~! ||gp1 — IDY|lo > 0, we must have ||x — y|| = 0, and thus x = y. With this, we have
shown that B + i is injective, and thus invertible.

ii) We want to show that for all bounded continuous v : X, — X, such that B + ¢ is a
homeomorphism, ¢ := B~! — (B + )~ is uniformly bounded. We have

sup ()| = sup || (B~ = (B+¥)™")

xeX, xeXe

= sup | (B~ =B+ ) (B+v) ()]

xeX,

= sup [lx +B 'y (x) — x|

xeX,
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< sup |B™ Mopllyr )|

xeXe

=B Mlopll¥llo. O

From the above lemma it follows that if 7 : X. — X is C! and its derivative Dr is uniformly
bounded by ||AC_1 ||;p1, then there exists a C!' bounded function 7 : X. — X, such that (4, +

)= A;l + t. Furthermore, from equation (3.2.2) it follows that || Dt || satisfies

IDtllo < 1A ol DrllollAZ Mo + 1AZ oIl D lloll Dt llo.

In particular, we claim in Theorem 2.1 that the dynamical system A, + r will be invertible with
inverse A;l + ¢. Furthermore, we claim that we have the bounds ||Dr|jo < L, and || Dt|jg < L,,
with L, and L, defined in (2.0.2a) and (2.0.2b) respectively. Since L, < A7, it follows
from the lemma that if || Dr||o < L,, we have that A, 4 r is invertible, and from the definition of
L; that | Dt||o < L;. In particular, ® is well-defined if we assume || Dr||o < L, and the desired

properties of R = A, + r follow from the above discussion.
3.3. A first invariant set for ©

We want to find an invariant set for ® by putting additional bounds on || Dr o, || Dkyllo and
|| Dks |lo. To this end, we define

A0)=0, DA0)=0
’
To:={A=|k, | eCl(Xc, X | Drilo < L,
’ c ]l g Dkl < L,
”Dks ”0 = Ls
Theorem 3.3. Assume that Ly and L. are small in the sense of Remark 2.4 for n = 2. Then © is
well-defined on Tg. Furthermore, g is non-empty, invariant under ©, and closed.

Proof. We first note that by Remark 2.4 it holds that 0 € I'g as L,, L, and L, are all positive.
Furthermore, from Remark 2.4 it follows that L, < ||AC_1 ||gpl. By Section 3.2, we thus have that

-
A, 4+ r is a global diffeomorphism for (Q«) € I'p, hence ® is well defined on I'y. Finally, it

follows directly from the definition of I'g that g is closed. All that remains to prove is that ' is

invariant under ®. o1h)
r 1
Let A = (llzu) € I'p. Then we must prove that ®(A) = (@2(/\) € I'o. We will prove the
. ©3(A)
resulting conditions on ®(A) component-wise. We start by showing ®(A)(0) = 0. We have

©1(A)(0) = Ackc(0) + g (K (0)) — ke ((Ac +1)(0)).
With A € I'g, we have r(0) = 0, thus (A + r)(0) = 0. So we get

O1(A)(0) = Ackc(0) + gc (K (0)) — ke (0).
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By Assumption 4 of Theorem 2.1 we have k.(0) = 0. Together with k, (0) = k;(0) = 0 we find
ke

K(0)=1(0)+ (ku> (0) = 0. Therefore
k.

s

©1(A)(0) = g:(0).
Finally, again by Assumption 4 of Theorem 2.1, we have g.(0) = 0 and we conclude that
01(A)(0)=0.
Similarly, ®2(A)(0) = 0 and ®3(A)(0) = 0. For the latter equality, we note that A, +r is a

diffeomorphism and (A, + r)(0) =0, thus (A, + r)~1(0) = 0. So we find that ®(A)(0) =0.
Likewise, we show that D[®(A)](0) = 0 component-wise. For example, we have

D[O1(A)](0) = Ac Dk (0) + Dgc (K (0)) DK (0) — Dke((Ac +r)(0)) D(Ac +r)(0)
= AcDkc(0) + Dgc(0) DK (0) — Dkc(0)(Ac + Dr)(0).
By Assumption 4 of Theorem 2.1 we have Dg.(0) = 0 and Dk.(0) = 0. So we find D[®1(A)](0)
= 0. Similarly, we find D[®2(A)](0) =0 and D[®3(A)](0) =0. So we see that D[O(A)](0) =
0.

For the bounds on the derivatives of the components of ®(A), we use the shorthand notation
R = A, + r. For the first component we have

I1D[O1(M]llo = [ID[Ackelllo + 11D[ge o Kllo + | Dlke o Rlllo. (3.3.1)
We have by Assumption 4 of Theorem 2.1
[ D[Ackelllo = | Acllop I Dkcllo = lAcllopLe- (3.3.2)

Furthermore, we may estimate

D(d+k.)
||DK||0=H< Dk, )
Dk

< max {I + || Dkcllo, | Dkyllo, [ Dksllo} -
0

Now note that 1 + || Dk¢|lo < 1+ L, || Dkyllo < L, and || Dkg||o < Ls. From the definition of L,
in (2.0.2¢), we see that L, < 1+ L. if

1A, HlopLg <1 =Ly lIA Hlop — Il Acllopll Ay llop-

The latter inequality holds since L, > 0 and it is assumed that €1 » < 1. This holds as 0 < L,, and
012 < 1. Likewise, we can bound Ly <14 L. as 61,3 < 1. Thus we find

IDK|lo <1+ Le. (3.3.3)

With this estimate, we get
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ID[ge o Kllo < [1Dgclloll DK lo < Lg(1+ Le). (3.3.4)

Finally, we have

IDlke o Rlllo < I Dkellol DRIl < Le (Il Acllop + L) - (3.3.5)

By combining (3.3.2), (3.3.4) and (3.3.5) we obtain from (3.3.1) that
IDIO1(M]llo<(1—Le) Ly + LeLy =Ly,

The inequalities || D[®2(A)]llo < L, and || D[®3(A)]]lo < L, follow from similar calculations.
Thus we see that ® leaves I'g invariant. O

3.4. A second invariant set for ©

We would now like to prove that ® : I'g — I'¢ is a contraction with respect to the C! norm, i.e.
we must show that |@(A) — O(A)|l; <c||A — Al for all A, A € Ty and some ¢ < 1. We will
need to restrict to a subset of 'y to obtain such a bound. To motivate our choice of the subset, let
us look more carefully at the second component of ® and focus on the bound on its derivative.
For instance, one obtains an estimate of the form

ID®2(A) — DO2(A)llo < 1A, Hlopll Dlky © (Ac + )] — Dlky o (Ac + #)]llo
+ 1A, Yopl Dlgu o K1— Dlgu o Klllo.

If we now estimate the second factor of the first term, we obtain

IDIky © (Ac + )] = Dlky o (Ac + M)lllo < | DIk, o (Ae + )] — Dlky o (Ac +Plllo
+ I Dlky © (Ac + 7)1 — Dlky o (Ac + )]llo.

We can bound the first term in the right hand side by

DIk, o (Ae 4+ r)] = Dlky o (Ac +P)lllo < | Dk (Ac + 1) — Dky(Ac +Flloll Acllop
+ | Dky(Ac +r)Dr — Dk, (A + F) DFlo.

But, to estimate || Dk, (A +r) — Dk, (Ac + F)||o in terms of ||r — 7||; we would need a uniform
r

bound on the Lipschitz constant of Dk, for | k. | € ['g.

Therefore, we will restrict ® to a subset of 'y consisting of once differentiable functions
with uniform bound on the Lipschitz constant of the derivative. In fact, we will restrict ® to a
subset of twice differentiable functions with uniform bound on the supremum norm of the second
derivative. We make this choice rather than working with C! function with a Lipschitz bound on
the derivative, because we later want to show that r, k,, and kg are C". We thus define for § > 0
the space of C? functions
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r D)o <8
T8 :=ToN | ke | € CHXe, X)| 1D?hullo <8 ¢ . (3.4.1)
ks | D?ksllo < 8

In Theorem 2.1, we assume that k. and g have bounded second derivative. If we take || D%k, o <
e and || D%g|lo < ¢ for some positive &, then we will be able to construct an explicit §(¢) such
that I"; (§(¢)) is invariant under ©®.

Proposition 3.4. Let ¢ > 0 and assume that | D*g||o, || D?*ke|lo < €. Furthermore, assume that
Lg and L. are small in the sense of Remark 2.4 for n = 2. Then there exists a (¢) > 0, which
we explicitly define in (3.4.12), such that T'1(5(¢)) is invariant under ®. Furthermore, 5(¢) | 0
ase | 0.

Proof. Let £ > 0. We want to find 8(¢) > O such that I"; (§(¢g)) is invariant under ®. Let A =
r
(2«) € I'1(8), and introduce the shorthand notation R = (A, +r) and T = (A, +r)~!. We have

to show that || D[®;(A)]]lo <8 fori =1,2, 3.
We estimate the first component by

ID*@1(A)llo < ID*[Ackelllo + 1 D?[gc o K1llo + | D*[ke o Rlllo. (34.2)
We estimate the terms separately. First,
I D?*[Ackelllo = |Ac D?kello < 1 Acllopll D*kello < Il Acllope- (3.4.3)

Second, as [|D*K[lo < max{||D%kello, [ID*kullo, IID?;sllo} < max{e, 8} < & + &, where we
choose the rough estimate of ¢ 4 § in order to write é(¢) explicitly in (3.4.12), we find

ID?[gc 0 K1llo < |ID*¢c(K)(DK, DK)llo + | Dgc(K)D*K |lo
< 1D?gcllol DK I3 + | Dgcllol| D*K llo
<(1+Lc)*e+ Lge + Lgs. (3.4.4)

Finally, we have

I D*[ke o Rlllo < |D*ke(R)Y(DR, DR)lo + | Dkc(R)D*r o
< (IAcllop + L)% 4 LS. (3.4.5)

So inequality (3.4.2) together with estimates (3.4.3), (3.4.4) and (3.4.5) gives

10201 (Ml = (L + Le) 8+ (I Acliop + (1 4+ L) + Ly + (1 Aclop + Ly)?) &

=6216+ Ci(¢e), (3.4.6)

where Ci (&) := (Il Acllop + (1 + Le)* 4+ Lg + (1 Acllop + L)) &
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Likewise, we estimate the second component by

ID*[O2(M]1llo < 1A, Nlop(1D*[gu © K1llo + 1D [ky © R1ll0)- (3.4.7)

As before, we estimate the terms separately to find

ID?[gu o K1llo < 1 D*gulloll DK II§ + | Dgullol D*K llo
<(1+ L)%+ Lge + L8,

I1D?[ky o R1llo < [1D*kullol| RIG + Il Dk lloll D*r o
< (IAcllop + Lr)?8 + Ly8.

Hence, inequality (3.4.7) becomes

ID*[O2(M]llo < 1AL Mop((NAcllop + Lr)? 4 Ly + Lg)8 + | A7 Hlop((1 + Le)? + Lg)e
=026 + Ca(e), (3.4.8)

where Ca(e) := || Ay Hlop((1 4+ Le)? + Ly)e.
Finally, we estimate the third component by

ID*[O3(M)]llo < Il Asllopll D*[ks o T1llo + I D*[gs o K o Tllo. (3.4.9)

Before we estimate the different parts of the right hand side of (3.4.9), we estimate || DT ||o by
applying the chain rule twice to the right hand side of 0 = D?Id = D?’[R o T.

0= D?*[RoT]= D*R(T)(DT, DT) + DR(T)D*T.
We let DR(T)~! = DT act on the left to obtain the upper bound
|ID*T|lo= | — DTD*R(T)(DT, DT)|jo < L* 6. (3.4.10)

‘We now find the following estimates for the terms in (3.4.9):

ID?[ks o T1llo < | D*ksllol| DT II§ + || Dks loll DT llo
<L?8+4L,L3 3,
ID?[gs 0 K o T1llo < | D*gsllo(IDK ol DT [l0)* + [ Dgsllol D*K llo[ DT |15
+ | Dgsllol DK [l DT [lo
< L2 (1+ L)%+ L2 L8+ L% | Loe + L | Lo(1+ L.)s.

Inequality (3.4.9) thus becomes
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ID3[@2(M]llo < L (1Asllop(1 + L_1 L) 4+ Lg(1 + L_1(1 + Lc)))8
+ L2 (1 + L)%+ Ly)e
=6238 4+ C3(e), (3.4.11)

where C3(¢) := Lz_l((l + L)%+ L)e.
If we show that §(¢) > 0 can be chosen such that

02,i8(¢) + Ci(e) <48(¢)
then we can estimate inequalities (3.4.6), (3.4.8) and (3.4.11) by §(e) which shows that I"1 (6 (¢))

is invariant under ®. By assumption, we have 6, ; < 1 fori = 1, 2, 3. Therefore we can define

Ci(e)
5(e) = =9 1o, 3.4.12
()=, maxs { =y } - G412

This gives fori =1, 2,3

Ci(e)
1 -6,

02,i6(e) + Ci(e) =0,,;8(e) + (1 —062;) <02,8(e) + (1 —6,,;)8(e) =6(s).

Furthermore, we have by construction that §(¢) | 0 when ¢ | 0, since C;(¢) | 0 as ¢ | 0 for
i=1,2,3. 0O

3.5. Estimates for compositions

We already mentioned before Proposition 3.4 that we have to estimate expressions such as
| Dlky o (Ac + )] — D[ky o (Ac + ]|l in terms of ||k, — ky||1 and ||r — 7||; to show that © is
a contraction with respect to the C! norm. Furthermore, we briefly showed part of the steps we
would take to achieve the desired estimate. However, to show that ® is a contraction with respect
to the C' norm, we must also estimate expressions such as k, o (Ac +71) — /€u o(A, +7F) in
terms of ||k, — ky||1 and ||r — 7||1. We will therefore provide a general result which allows use to
bound both ||k, o (A¢ +r) —ky o (A +7)||o and || D[k, o (Ac +7)] — Dlky o (Ac +7)]|lo, and the
corresponding expressions in the first and third component of ®(A) — ©(A). As we did in the
definition of I'1, we prefer to work with twice differentiable functions instead of differentiable
functions with Lipschitz first derivative.

Lemma 3.5. Let X, Y and Z be Banach spaces.
i) For f1 € CZ?(Y, Z), 81€ Cé Y, 2), fr,82€ Cl?(X, Y) we have the CY-estimate
I f1ofa—giog2llo=Ifi —gillo+IIDgtlloll /2 — &2llo-
ii) For f1,81 € Cg(Y, Z), [, 82 € Cg (X, Y) we have the Cl-estimate

ID[f10 f21 — Dlgi o glllo < 1Dg2llo (||D2g1||0||f2 —gllo+IDf1 — Dglllo)

+ 1Dfilloll Df2 — Dg2llo-
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Proof. i) We find by the Mean Value Theorem

Il fiofo—giogllo=<Ilfiofa—giofallo+llgiofa—giogllo
1

<lfiof2—gio fallo+ /Dgl(tfz + (1 —1)gadt (f2—g2)
0 0
< f1—gillo+1IDgtlloll f2 — g2llo.

ii) We use the chain rule and triangle inequality to find

ID[f1 0 f2]1 = Dlg1 o glllo=I1Df1(f2)Df2 — Dg1(g2) Dg2llo
< IDfi(f2) (Df2 — Dg2) llo + 1 (Df1(f2) — Dg1(g2)) Dgz2llo-

We estimate the first term using the submultiplicativity of the supremum norm:

IDf1(f2) (Dfa — Dg2) llo < I Dfillol Df2 — Dg2llo.

For the second term, we again use submultiplicativity of the norm and estimate the factor
Df1(f2) — Dgi(g2) with part i) of this lemma:

(Df1(f2) — Dg1(g2))Dgz2llo < (”Dfl — Dgillo+1D*gilloll f2 — gzllo) [Dgallo. O

When we estimate the third component of ®(A) — @([\) with the previous lemma, we get an
estimate involving ||(Ac +7)~' — (A. — 7)~!||; instead of || — 7||; for i =0, 1. So if we want to
use the previous lemma to estimate ®(A) — O(A) by ||A — A Il1, then we must find an estimate
for [|[(Ac +7r) "' = (Ac +7) "o and | D(Ac +r)~' — D(A. + 7)o in terms of ||r — 7||o and
|Dr — DF|o.

Lemma 3.6. Let ry,r) € le(XC, X.) be such that A. + r; is a diffeomorphism with D(A. +
) e CH(Xe, L(Xe, X)) fori=1,2.

i) We have the CC-estimate
I(Ac +r) " = (Ac +72) " o < ID(Ae + 1) lolirr = 2o

ii) We have the Cl-estimate

ID(Ac+r)™" = D(Ac +72)7 o
= 1D(A+ )~ ol (A + )~ o (11Dr1 = Dralo

+ 10?20l D (A + )~ ollry = rallo)-
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Proof. i) We denote R; = A, + r; for i =1, 2. Lemma 3.51) implies that

IRT =Ry lo= IR o Roo Ry — Ry o Rio Ry o
<IDR; ' lollR2o Ry = Rio Ry llo

—1
=IDR lollr1 = r2llo-

ii) For the C'-estimate we denote 7; = DR; ' € C}(X,, L(Xc, X)) fori = 1,2. Let x € X,
then we know that T; (x) € L(X., X.) is invertible for i = 1, 2 by the Inverse Function Theorem.
We find

I71) = @ llop = 172 (T2 ™" = 1@ ™) 1) lop
< IT1) opll T2 llop | T2 ()™ = T1(x) ™l op- (3.5.1)

Furthermore, the Inverse Function Theorem allows us to rewrite

10 = (DR @) = DR(RT () = Ac + DRy ().
Taking the supremum over x € X, gives

177" =75 o < 1Dr (Ry ) = Dr2 (B3 ) .
By using Lemma 3.51) we find
1T, =75 Mo < I1Dry = Drallo + ID*r2llo IRy = Ry o
Then we use part i) of this lemma applied to || Rfl - Ry ! [lo to obtain
1T =T, Mo < 1Dry — Drallo + 1D*r2llo I D(Ac + 1)~ lollry = r2lo.

The result now follows from taking the supremum of x € X, in inequality (3.5.1) and using the
above estimate to bound sup,.c 1)~ =Ty (x)~ ! lop. O

To bound O(A) — O(A) by ||A — All1, we can use Lemma 3.5 for the first two components.
For the third component, we can use the same lemma together with Lemma 3.6 for the desired
bound. However, while the first and second component consists of a single composition, the third
component contains a double composition.

Lemma 3.7. Let r,7 € Cl%(XC,XC) such that ||Drlo, |DF|lo < L, and assume that L, <
||AC_1||§p1. Furthermore, let X and Y be Banach spaces with functions h € C}%(Y , X) and

fi, fr € C2(Xc, Y).
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i) We have the C-estimate
lho fio(Ac+r " —ho fro(Ac+7)llo
<IDRllo (If1 = fallo + L-1IIDfallollr —Fllo) -
i) If ||D2f||0 < é(¢) for some ¢ > 0, then we have the Cl-estimate
IDlh o fio(Ac+r)"1=Dlho fro(Ac+7llo
< Ly (IDhlo +1D%hll0I DAl ) I /i = 2l
+ L2, (10210 DA2I + 1 Dllo D f2llo) I = 7l
+ L2 DRI Dfillo (1+ L-18(e) Ir —Fl1.
Proof. i) For the CO-estimate, we first use Lemma 3.51) twice:
o (fioAc+n ™) =no(froc+PH)lo
< Ik = hllo+ IDhlloll fi o (Ac+ )" = fao (Ac+P) o
= 10hllo (11£i = fallo + IDf2loll (Ac + 1)~ = (Ac+ 7o)
Then we use Lemma 3.61) to estimate (A, + )1 — (A, + 7)1
lho (fioe+n™") =ho(f20Ac+H") o
< 110kllo (11 £1 = f2llo + IDL2loll DA + 1)~ lollr = Fllo) .

Recall from Remark 2.4 that L, < [|AZ!||5,) implies that || D(A. +r)~![lo < Ly, which proves
the first estimate.

ii) To prove the C!-estimate, we follow the same steps using Lemma 3.5ii) and Lemma 3.6ii)
instead of Lemma 3.51) and Lemma 3.61) respectively. We then use the estimates || D% |o < 8(¢),
| D! fi — D! follo < Il fi — f2ll1 and || Dir — DiF|lg < ||r — 7|1 for i = 1, 2. From this, the desired
estimate follows. O

Remark 3.8. The assumptions on r and f] can be weakened in part i). We only need the assump-
tions that A, + r is a homeomorphism and f; is continuous and bounded.

3.6. A contraction

Following our proof scheme for Theorem 2.1, which we described in Section 2.1, we want to
show that our fixed point operator ® : I'1(6(¢)) — I'1(6(¢)), which is defined in (3.1.3), has a C!
fixed point. We note that in Theorem 3.9 we will impose an upper bound on the second derivatives
of the nonlinearities k. : X, — X, and g : X — X, whereas we only assume boundedness of the
second derivatives in Theorem 2.1. However, we will see in Lemma 6.1 that we can always find
a scaling such that the second derivative is sufficiently small.
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Theorem 3.9. Assume that L, and L. are small in the sense of Remark 2.4 for n = 2. There exists
an g9 > 0 such for all ¢ < &g it holds that if||D2g||0, ||D2kc||o <eg then® :T1(8(e)) = T'1(6(e))
is a contraction with respect to the C' norm.

r

;?
Proof. Let e > 0 and || D?g|lo, || D?kc|lo < e.Let A = (k) A= (k) e I'1(8(g)). We denote
ks

R=Ac+rand R=A.+F.
Our proof that ® is a C!-contraction is divided in three steps.

A) We prove that © is a contraction with respect to the C° norm, independent of ¢.
B) We show the existence of a constant 81 (¢) such that

IDIO(A)] = DIOM)]llo < 61 ()| A — Al

C) We show that ¢ > 0 can be chosen so that 8;(¢) < 1, thus proving that ® is a contraction
with respect to the C! norm.

Step A) We want to find 6y < 1 such that
18(A) — O(A)llo < ol A — Allo.

Recall from equation (3.1.3) that

r Acke +gcoK —kco(Ac+r)
ON) =0 |k |=| A kyo(Ac+r)— A lg, 0K
kg Askso (Ac+r) '+ g,0K o (Ac+r)~!

We will find the contraction constant component-wise, i.e. we will show that

1©: (A) — ©; (M) lo <6bo.i 1A — Alo

with 6y ; given explicitly in equation (2.0.3a) to (2.0.3c) fori =1, 2, 3.
r-component: We start with

1©1(A) —©1(A)llo < llge 0 K — ge 0 Kllo + llke o R — ke o Rlo. (3.6.1)
By using Lemma 3.51) we find the estimate
lgeo K —geoKllo < IIDgelloll K — Kllo < LgllK — Kllo < LgllA — Allp.  (3.62)

Here we recall that || Dg.|lo < L, which follows from Assumption 4 of Theorem 2.1. Likewise,
we estimate

llkc o R — ke o Rllo < I Dkclloll R — Rllo = | Dkcllollr — Fllo < LellA — Allo. (3.63)

Thus inequality (3.6.1) together with estimates (3.6.2) and (3.6.3) gives
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1©1(A) —O1(A)llo < (Lg +Le) IA — Allo=60,1IA — Allo. (3.6.4)

ky,-component: Similarly, we have

102(0) = ©2(A) o < 147" (ku o R =Ko R) o+ 147" (80 K — a0 K ) Il

<147 op (I o R =Ky 0 Rllo+ lgu o K —guo Kllo).  (3.6.5)

We again use Lemma 3.51), which gives

liguo K — guoKllo<IDgulloll K — Kllo < LgllA — Allo,
lku © R —ky o Rllo < lIku — kullo + | DkyllollR — Rllo < (1 + L) [IA — Allo.

Here we used that || Dk, |lo < L., which follows from the fact that I'; (§(¢)) C 'y, with the latter

space defined before Theorem 3.3. Thus inequality (3.6.5) becomes

1©2(A) — ©2(M)llo < 1A, lop (1 + Lu + Lg) 1A — Allo =602 A — Allg.  (3.6.6)
ky-component: Let T = (Ac +r)~! and T = (Ac +7)!, then we have
O3(A)llo <[ As0ksoT — AcoksoTllo+llgso K oT —gsoKoTllp. (3.6.7)

103(A) —

We use Lemma 3.7i), where the condition L, < ||AC_1 | gpl is satisfied by Remark 2.4, to obtain

145 o ks o T = A oks o Tllo < NAcllop (ks = &sllo + L—111 DEslollr = 7lo)
< lAcllop (14 L1 Ls) 1A = Allo,
lgso K oT —gso K o Tllo < I Dgsllo (1K = Kllo+ Lt DR lollr = 7lo)

<Lg(I+L_i(14+Lo)) A —Alo.
We used | DK |lo < 1+ L, see (3.3.3), in the last estimate. Thus inequality (3.6.7) becomes

©3(A) — ©3(A)lo < (I1Asllop 1+ LyL_1) + Lg (1 + L_1 (1 + L¢))) |A — Allo
=63/ A — Allo. (3.6.8)

Contraction constant: We can now estimate ||©(A) — O(A)|lo with inequalities (3.6.4),

(3.6.6) and (3.6.8). We obtain

1©(8) =Ml = max {10;(4) = O:(A)lo

< max {f01A - Al

= 6oll A — Allo. (3.6.9)
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Here we define 0y := max {90,1 , 60,2, 90,3}. Since it is assumed that Remark 2.4 holds for n =2,

we have 6y ; < 1 and thus 6y < 1. This implies that ® is a contraction with respect to the C 0
norm.
Step B) Analogous to step A), we want to prove the component-wise inequality

I D[O; (M)] — D[O; (M]llo < (B1.i + C1,i(e)) |A — All1,
with 6 ; defined in (2.0.3a) to (2.0.3¢c) and Cy; defined below in the proof. We note that A, Ae

T'1(8(¢)), so we have || D?r|lo, || D*kyllo, I| D?ksllo < 8(e).
r-component: We start with

I D[®1(A)] — DI®1(M]llo
<|IDlgc o K1— DIgc o Klllo + || Dlkc o R] — Dlkc o R]|lo- (3.6.10)

We infer from Lemma 3.5ii) that
ID[gc o K1— Dlgc o K1llo < IDK llo| D*gclloll K — Kllo + I Dgclloll DK — DK [l
= (IDRIoID?gcllo + 1 Dgello) 1A = All
<((A+Loe+Lg) |A— Al (3.6.11)
where we have used (3.3.3). Likewise, we find the estimate

I Dlke o R] — Dlke o Rlllo < | DRIlol| Dk llollr — Fllo + || Dke llol| Dr — DFllo
< ((IAcllop+ L) &+ Le) 1A — Al (3.6.12)
Thus inequality (3.6.10) together with estimates (3.6.11) and (3.6.12) gives
ID[®1(A)] = DIO1(M)]llo < (Lg + Le + (1+ Le + | Acllop + Lr) €) 1A — Allx

= (01,1 + C1,1(®) 1A — All1, (3.6.13)

where we define C1(¢) := (1 + Lc + [ Acllop + Lr) €.
ky,-component: Similarly, we have

ID[©2(A)] — DIO2(M]llo < 1A, lopll DIgu © K1~ Dlgu o K1llo
+ 1A, Yopll DIk, o R] — Dlky o Rlllo.  (3.6.14)
Using Lemma 3.5ii) we get
ID[gy o K1— Dlgu o K1llo < IDK lloll D*gullol K — Kllo + I Dgulloll DK — DK |l
<((1+L)e+Lg)lIA—Alr,

|Dlky o R1 = DIk, o Rlllo < IDRllo (I1D%Kullollr = Fllo + 1Dk, — Dulo)
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+ || Dky llol| Dr — DFllo
< ((1Acllop + L) (1 +8(£)) + Ly) 1A — Al

Thus inequality (3.6.14) becomes
IDO2(A) — DO (A)lo < (612 + C12(8)) 1A — A1, (3.6.15)

where we define C; 2(¢) 1= ||A;1 llop (Lg(l +Lo)e+ (Acllop + Lr)(S(e)).
ky-component: Recall that T = (A, +r)"! and T = (A, + 7)~!, then we have

I D[®3(A)] — DIO3(A)]llo < | D[Ag 0 ks o T1— D[As o ks 0 T1llo
+ |ID[gs o K o T]1— D[gs 0 K o T1llo. (3.6.16)

We will estimate both terms with Lemma 3.7ii). For the first term, we note that |DAg|o =
| Asllop and || D?Ayllo = 0, which gives us
ID[A; 0 ks 0 T] — D[A; 0 ks 0 T1llo
< Ly || Agllopllks — ksl + L2 1| Asllopll D*ks ol — 7l
+ L2 | Agllop | Ds llo(1 + L—18(e)llr — 7y
< AgllopL—1 (14 L_1 L) [|A — Al (3.6.17)
+ | Asllop L2 8(e) (1 + L_1Ly) IIA — All1, (3.6.18)
where we grouped the terms with and without a factor §(¢). The second term in (3.6.16) in-
volves the first and second derivative of K. We estimate the first derivate again with 1 + L.

and we estimate the second derivative with || D%K |lo = max{||D?kcl|o, ||D*kx 0, || D*ks|l0} <
max{e, §(¢)} =: y(¢). Hence we obtain

ID[gs o K o 1~ Dlgs o K o T1llo
~1 (1Dgsllo + 1D%g, 01 DR o) 1K — &I
+ L2, (ID% ol DR IF + 11 Dgs loll DK 1) l1r = 7l

+ L% 1 Dgsllol DK llo(1 + L_18(e)) Ir — Flly
<L_y(Lg+L_tLe(1+Lo))[IA—Al (3.6.19)

(A Loe+ Loa(1+ Loe) A — Al
F L2 (Ley(e) + Lo Lg(1 + L)d() A — Al (3.6.20)

Here we again grouped the terms with and without ¢. We see that (3.6.17) and (3.6.19) together
are 01 3||A — All1. Likewise, we can estimate (3.6.18) and (3.6.20) together by 62 3y (e) | A — Al
as 6(¢) < y(e). Then inequality (3.6.16) reduces to
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IDO3(A) — DO3(A)lo < (61,3 + C1.3(8)) |A — Ay,

where we define C; 3(¢) ;=62 3y(e) + L_1(1 + Lc)e + Lz_1 (14 Lo)%e.
Lipschitz constant: Inequalities (3.6.13), (3.6.15) and (3.6.21) give

ID1OA)] = DO o = max_ {1D16;(A)] - DIO;(A)] o}

= max {(6r: + Cri@) 1A - Al |
i=1,2,3
<61©)|A = Al
Here we define
61(¢) :=max {61,1,601 2,013} + max{Cy,1(¢), C12(¢), C,3(e)}.
Step C) From Remark 2.4 it follows that
max {91,1, 01,2, 91,3} < 1.
As 8(¢e) | 0 and thus also y (¢) | 0 when ¢ |, 0, see Proposition 3.4, we have
ehi%max{cl’l('s)’ Ci2(8),C13(e)} =0.

‘We infer that

11111091 (e) =max {0,1,012,013} < 1.
e—>

(3.6.21)

(3.6.22)

(3.6.23)

Hence, we can find an gy > 0 such that 81(¢) < 1 for all ¢ < gy. Then estimates (3.6.9)

and (3.6.22) imply that

1©(A) = ©(A) 11 = max {[O(A) — O(R) o, [ DIOA)] ~ DIOA)]]o

< max {60 A = Rllo, 1) 1A — Al }

<mlA = Al

We define the contraction constant A1 := max{6y, 61(¢)}, which is smaller than 1 for ¢ < gy by
our previous discussion. We conclude that ® : "1 (§(¢)) — I'1(5(¢)) is a contraction with respect

to the C! norm for e < gy. O

We can now prove the existence of a C! center manifold under the assumption that the second
derivative of k. and g are small enough. As we will see in Lemma 6.1, we can always find a

scaling such that these second derivatives will be sufficiently small.
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Corollary 3.10. Let ¢ > 0 be such that F : X — X satisfies the assumptions of Theorems 2.1
and 3.9. Then the conclusion of Theorem 2.1 holds for K € CY(Xe,X)andr e C'(X¢, Xo). In
particular, the image of K is a C' center manifold for F.

Proof. By assumption, ¢ > 0 is such that ® is a contraction. In Theorem 3.9 and Proposition 3.1
we proved the existence of a conjugacy K and conjugate dynamics A, + r. Furthermore, from
the definition of I'g, it follows that K and r satisfy the Properties B) and A) respectively. In
particular, it follows that image of K is invariant under F and tangent to X, at 0, hence the
image of K is a C! center manifold for F. O

4. A C? center manifold

Now that we have a C! conjugacy, the third step in our proof scheme in Section 2.1 is showing
that the conjugacy is C2. We will prove the equivalent statement that the derivative of the C'
conjugacy is also C!. For this, we define another fixed point operator acting on C! functions,
and show that its fixed point is the derivative of the conjugacy from Corollary 3.10.

4.1. A new fixed point operator

We first note that © is a contraction with respect to the C! norm on I'; (8(¢)), a set that is not
closed with respect to the C! norm. That means that the fixed point of © lies in the C! closure
of I'1 (8(¢)), which is enclosed by T'.

r

Let A = (?) € Iy denote any fixed point of ©, i.e. A consists of three C! functions and we

s

have
r Acke +gco K —keo(Aq+7)
ks | =A=00)=| A 'kyo(Ac+r)— A g 0K
ks Askso(Ac+r) ' +gs0Ko(Ac+r)~!

We can therefore take the derivative at both sides of the equation, which gives

Dr Ac.Dk. + Dg.(K)DK — Dk, (R) DR
Dk, | =| —A,'Dg,(K)DK + A, Dk,(R)DR , 4.1.1)
Dk; Ag¢Dky(T)DT + Dgy(K o TYDK (T)DT

where we define R := A, +r and T := (A, +r)~', notation that we will use throughout the rest
of the paper. To express DT = D(A. + R)~! in terms of r and Dr, we use the Inverse Function
Theorem and write

-1
DT()=D(Ac+1~ @) = (DRR™'x)) = DRI N ™.
This motivates us to introduce for p : X, — L(X., X.) the functions

Pp X — L(X¢, X0 and Qp X L(Xe, Xe) @12)
X A+ p(x) x> (Py(T(x))™! o
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so that we can write DT (x) = Qp,(x) and DR(x) = Pp,(x). In view of (4.1.1) we use these
functions to introduce the fixed point operator

0 AcDk; + Dg.(K)k — Dk (R) P,
Ok, | = | —A;'Dgu(K)k + A, 'ku(R)P, (4.1.3)
Ks Asks(T)Qp + Dgs(K o T)x(T) Q)

1d + Dk, r
where k = ( Ku > and <ku > € I'g is a fixed point of ®. To summarize, we have the following

Ks N

proposition:

Proposition 4.1. Let A € I'g be any fixed point of the operator ®. Then DA is a fixed point of
the operator O defined in (4.1.3).

Proof. This follows immediately from the above discussion. 0O

We want to use ©[2! to show that DA is C! instead of only CY. To this end, we want to show
that ®[2! is a contraction in C! on a suitable set of C! functions, and show that its fixed point
in this set is DA. We therefore want to restrict ©!2! to a space similar to I'1 (§(¢)). In particular,
we want to reflect that ® is a fixed point operator acting on functions and ©?! is a fixed point
operator acting on derivatives. So where functions in I'1(§(¢)) have restrictions on the first and
second derivative, we want the same restrictions on the function and its derivative in our new
space respectively. Therefore, let § > 0, and define the set

M(0) =0,
p lollo < Ly
T2(8) = { M= | ku | €Ch(Xe, LXe, X)) | Nlkcullo < L ¢ (4.1.4)
Ks lksllo < L
IDMllp <8

Proposition 4.2. Let ¢ > 0 and assume that | D*g|lo, | D*ke|lo < €. Furthermore, assume that L g
and L. are small in the sense of Remark 2.4 for n = 2. Then, for §(¢) > 0 from Proposition 3.4,
the set T2(8(¢)) is invariant under ®21,

Proof. The proof follows from similar estimates as in Theorem 3.3 for the bounds on p, ,, and
ks as well as for M (0) = 0. The bound on the second derivative follows from the same estimates
as in Proposition 3.4. We will illustrate this for the derivative of the second component, i.e. we

will show that DO!*'(M) is bounded by 8(¢) for M € T2(3(s)).
We start as we did in Proposition 3.4 with

IDOF (M)llo < IDIA:Dkllo + IDIDge(K)xclllo + | DIDke(R) Py 1o.
We again estimate the terms separately:

IAcDkello = | Acllopll Dkello < Acllopé,
IDIDge(K)xllo < (1+ Le)*e + Lg (e + 8(2)),
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2
| D[Dk:(R)Plllo < (”Ac”op + L) e+ Lc(e),

where we used Dk < ¢ + 8(¢) as we did in (3.4.4). All together, we find

IDOZ (M)l < 6218(8) + Ci () < 8(e).

Here we used the definition of C{(¢) just below (3.4.8), and the last inequality follows from the
definition of §(¢) in (3.4.12). The other estimates are similar. O

4.2. Estimates for products

In Section 3.5 we gave some preliminary results for Theorem 3.9 in Lemmas 3.5 and 3.7.
We want to derive similar results for derivatives instead of functions in Lemmas 4.3 and 4.4
respectively. The results below will be framed in a slightly more general setting, so that we can
use them in the next section as well.

Lemma 4.3. Let X, Y and Z be Banach spaces, m € N and h € Cg (X,Y).

i) For fi,g1 € CO(Y,L(Y, Z)), f2,82 € CH(X, LM (X,Y)) we have the C-estimate

[(f1oh) f2 = (g10Rh)g2llo < Il f1llollf2 — g2llo + Il f1 — g1llollg2llo-

ii) For f1,g1 € C;(Y, LY, Z)), fr,e¢2 € Cg(X, L™(X,Y)) we have the C'-estimate

I1DI(f1 0 h) f2] — D[(g1 o h)g21llo
= IDfillollDhlloll f2 — g2llo + 1D f1 — Dgilloll Dhllolig2llo
+ I f1llolDf2 — Dgz2llo + II.f1 — gtlloll Dg2llo-

Proof. i) The C?-estimate follows from the triangle inequality and submultiplicativity of the
norm.

I(fioh)fo—(g1oMgllo<I(fich)(fa—g)llo+ I(fioh—gioh)gllo

< Ifilloll f2 — g2llo + llg2lloll f2 — g2llo-

ii) For the C!-estimate we use the product rule and triangle inequality to find

IDI(f1oh) fal — Dl(g1om)g2lllo=I1DF1f2+ Fi1Df2 — DG1g2 — G1Dgzllo
<|DFf, — DGigllo+ |F1Df; — G1Dgzllo,

where we introduce F1 = f] o h and G| = g1 o h. We then estimate
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IDF1f> — DG1g2llo < IDF1 fo — DFi1g2llo + |1 DF1g2 — DG1g2llo

< IDfillollDhlloll f2 — g2llo + IDf1 — DgillollDAllollg2llo,
IF1Df, — G1Dgzallo < | FiDf> — F1Dgallo + |1 F1Dg2 — G2 Dgallo

<l fillollDf1 — Dgzllo + I f1 — g1lloll Dg2llo.

For those estimates we have used that DFy; = Dfi(h)Dh, and thus DF; is bounded by
IDf1lloll Dhllo and likewise we have bounded DF; — DG by || Dfi — DgallollDh|lo. For the
last estimate, we have used that F is bounded by | f1llo and F; — G is bounded by || f1 — g1llo-
We obtain the desired estimate by adding the two estimates together O

Lemma4.4. Let p, p € C} (X, L(X¢, X)) be such that || pllo. | 5llo < L and || Dpllo. | Dpllo <
8(¢e) for some € > 0. Furthermore, let X and Y be Banach spaces. Let h € Cg(Y, LY, X)) and
fi, H € Cl%(XC, L(X¢,Y)). Furthermore, assume that L, < ||A7 and recall the definition
of Qp in (4.1.2).

1—1
oy
i) We have the C°-estimate

Ih(fioT)Qp —h(f20T)Qsll0 < Illoll filloL% 1o — Bllo+ L-1llklloll f1 — f2llo-

ii) We have the C'-estimate

DA (fi1oT)Qp] = DIh(f20T)Qsllo
<IDhlloll fillo L2 llp — Allo + L1 DRloll f1 — f2llo
+ IRlloll DflloL? Il — Allo + L2, Ikl Dfy — Df2lo
+2lAlloll filloL2 8@l — Allo + IR lloll filloL2, |1 Dp — DA llo
+ L2 8@llklloll f1 — fallo-

Proof. i) For the C-estimate, we note that /(y) is a linear operator for all y € Y and we use
submultiplicativity of the norm and Lemma 4.31)

Ih(fioT)Qp —h(f20T)Qsll0 < llkllo (Il filloll Qo — Qzllo + 11 fi = f2lloll Q5llo) -

All that is left to do is to show that Q, — Q5 is bounded by L2_l lo — pAllo and that Q5 is bounded
L_. For the latter bound, we use similar calculations as performed at the end of the proof of
Lemma 3.2i). Namely, fix x € X, denote y =T (x) and T = Q5(x) — Ac_l, then we have (AC_l +
T)(Ac + A()) = Q5(x) P5(y) = Id. We can rewrite this as T = —AZ ! 5(A7! — 1o()AS L.
This implies that the norm of 7 is bounded by || A_! ||gp||,3(y)||op/ (1 — At ||0p||p(y)||op) <L,

as |o(M)llop < Ly, where L, and L, are defined in (2.0.2a) and (2.0.2b) respectively. Therefore,
we have the desired bound

10500 < sup 1Q5(T(x)llop = sup IA;" + () llop < sup IAZ lop + Li = L_1.

xeX, xeXe xeXe
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The bound on O, — Q5 now follows from submultiplicativity and

Qp—Q;=0,(P;0T —P,0T)Qs5=0,(poT —poT)Q;.
ii) For the C!-estimate, we start by with the product rule and triangle inequality to find
IDIA(f1oT)Qp] — D[h(f20T)0Q5]llo

<IDh(1d, (f1oT)(Qp— Q) llo+ DA (14, (fi o T = f20T)Q5) llo
+ IAlloll DI(f1 0 T)Qp] — DL f20 T)Qplll0-

The first two terms of the right hand side are estimated using similar arguments as those used in
part 1), that is

IDR (1d, (fi 0 T)(Q, — @) lo < DRIl filloL2 1 1o = Bllo,
IDh(1d, (fioT — f20T)Q;) llo < L-1lIDhlloll fi = f2llo,

which are precisely the first two terms of the right hand side of our desired C!-estimate. The last
term can be estimated using Lemma 4.3ii):

IDI(f1oT)Qpl—=DIf20T)Qslllo
=IDfillolIDT llollQp — Qpllo + IDf1 = Df2lloI DT lloll Q5 llo
+ 1 f1llolDQp — DQpllo + Ilf1 — f2lloll D Qj5llo- (4.2.1)

We will estimate the four terms separately. With the estimates of Q; and Q, — Q; from the
proof of part i), and given that | DT ||o < L_1, we find

IDAloIDT N0 Qo — Qpllo < IDfill0L2 o = Allo.
IDfi = Df2llol DT ol| Q5 llo < L2, IIDfi — Dfallo
which are, up to the factor ||/]|o, the third and fourth term of the right hand side of our desired

C!-estimate. Finally, we have to find an upper bound for DQ 5 and DQ, — DQ; in terms of
L_ and ||p — pllo to estimate the final two terms in (4.2.1). The product rule gives us, since

-1
Q5= (P;oT) ,
0=D[Qs(P;0T)|=DQs(P;0T)+ QszDP;(T)DT.
We isolate DQ ;(P; o T) and multiply from the right with (P; o T '= Op:

DQ;=—0;DP;(T) (DT, Qp). (4.2.2)

Furthermore, we note that P; = A, + p, hence D P; = Dp, which is bounded by §(g). We also
saw that || Q;llo < L in the proof of part i). Hence we find with the triangle inequality
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IDQ, —DQpllo <11 (Qp— Qz) DPo(T) (DT, Qp) llo
+ 105 (DP,(T) — DP5(T)) (DT, Q,) llo
+11Q5DP5(T) (DT, Q, — Q) llo
<21%,8()llp — pllo+ L2, 1Dp — Do
For the last inequality we used that P; = A+ p, and thus D P; = D p, which is bounded by 5 (¢).
Furthermore, we used that Q5 is bounded by L_; and Q, — Q is bounded by L2_l le — pllo,
as shown in the proof of part i). Hence the third factor of (4.2.1) is bounded by the fifth and sixth

term appearing in the right hand side of our desired C!-estimate. Finally, we estimate the last
term of (4.2.1), where we use (4.2.2) to bound D Q5:

Lfi = 2101 DQsllo < Q511 DT ol DAlollfi — fallo < L ;8@ fi — fallo-
This is precisely the final term appearing in the asserted estimate. O
4.3. A new contraction
With the previous two lemmas, we will show that ©!21 is a contraction on I'z(8(¢)) for e > 0
small enough. We note again that we will later show that we can always scale our functions to
satisfy the bound on the second derivative.
Proposition 4.5. Assume that L and L. are small in the sense of Remark 2.4 for n = 2. There

exists an gy > 0 such for all & < &g it holds that if || D?g||o, || D?ke|lo < &, then ®P1: T (8(¢)) —
I'2(8(e)) is a contraction with respect to the C U norm.

P - o
Proof. Let e > 0 and || D?gllo, || D%kcllo < &.Let M = (x) M= <K) € I'>(8(¢)). To show

Ks Ks
that ®?) is a C! contraction, we will use the same steps as we used in the proof of Theorem 3.9.

A) We prove that ©[?! is a contraction with respect to the C norm, independent of ¢,
B) We show the existence of a constant 6, (&) such that

ID[OP (M)] — DI (M)]llo < b2(e) IM — M1,

C) We show that ¢ > 0 can be chosen so that 6,(¢) < 1, thus proving that ©®!2! is a contraction
with respect to the C! norm.

Step A) We recall that 0; (¢), defined in (3.6.23), has the property 81 (0) < 1. We want to show
that

1O M) — O (M) lg < 61(0) | M — Milp.

Recall from equation (4.1.3) that
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P AcDke + Dg.(K)x — Dk (R) P
el M)y=0 |k, | =| —A;'Dg,(K)x + A 'k, (R) P, ,
Ks Asies(T)Qp + Dgs (K o Tk (T)Q)

,
which was derived by taking the derivative of ® (ku ) . Therefore, we will use similar arguments

kg

as in step B) of the proof of Theorem 3.9 to show that
102 M) — O (WND)lo < 611 1M — Mg

for 61 ; given explicitly in equation (2.0.3a) to (2.0.3¢c) fori =1, 2, 3.
p-component: We have

leF ) — e Ml
< (Dgc o K)x — (Dgc o K)kllo + [[(Dkc o R) Py — (Dkc o R)Pjllo.  (4.3.1)
The first term is estimated by Lemma 4.31):
I(Dge o K) — (Dge o K)&llo < [Dgellollc — & llo < Lgll M — Mlo. (4.3.2)

Here we recall that || Dg.llo < L, which follows from Assumption 4 of Theorem 2.1. Likewise,
we estimate

(Dkc o R)P, — (Dke o R)Psllo < | Dkcllollp — fllo < LM — Mllp.  (43.3)
Thus inequality (4.3.1) together with estimates (4.3.2) and (4.3.3) gives
10 M) — O (WMD) llo < (Lg + Le) IM = Mllo =611 IM — Mllg.  (43.4)
ky-component: Similarly, we have
10 M) — O (M) lo < I1A; lopll (Dgu 0 K )i — (Dgy o K)i o
+ 1A Hopll (ku © RYP, — (& © R) Pjllo. (4.3.5)

We again use Lemma 4.31), which gives

(Dgu o K)x — (Dgu o K)&llo < I Dgullolic — #llo < LgIM — Mo,
(ks © RYP, — (&4 © R) Pjllo < lIkullol Py — Pjllo + I P llollu — &ullo
< (Lu + 1 Acllop + L) IM — Mlo.

Here we used that «,, is bounded by L, and p by L,. Thus inequality (4.3.5) becomes

10 M) — @R (M) o < 1 21lM — Mo. (4.3.6)
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ks-component: Let us denote G; = Dgs o K o T. Then

105 M) — O (M) llo < |45 (ks 0 T) Q) — As (& 0 T) Q5ll0
+11Gs(k 0 T)Qp — Gs(& 0 T) Q510 43.7)

We will estimate both terms with Lemma 4.41). We note that « is bounded by 1 + L., and hence
we obtain

145k 0 T)@p = Ay s 0 T)Qzll0 = (I1AslopLs L2 + L1l Asllop) 1M — Ml
1Gy(k 0 T)Qp = Gy(® 0 T)Qzll0 = (Lo (1 + LL? + L1 Ly ) IM = Milo.
Thus inequality (4.3.7) becomes
10T (M) — P (M) o < 61 311M — Milo. (4.338)

Contraction constant: We can now estimate || el (M) — e (M) llo with inequalities (4.3.4),
(4.3.6) and (4.3.8). We have

||®[2](./\/l) — e (./\;l)”O 'E}a;% {||®l[2](./\/l) - @lm (M)”O}

IA

max{61,51:m = Mo
i=1,2,3

61(0) M — Mo, (4.3.9)

where the last equality follows from the definition of 61 in (3.6.23). Since 6 (0) < 1, we conclude
that ®!?! is a contraction with respect to the C° norm.

Step B) Analogous to step B) of the proof of Theorem 3.9, we want to prove the component-
wise inequality

IDIOP (M)] = DIOP (M1l < (62, + C2,i(8)) IM — M1,

with 6 ; defined in (2.0.3a) to (2.0.3c) and C;; will be defined during the proof. We note that
M, M eT(8(¢)), hence Dp, Dk, and Dk are bounded by §(¢e).
p-component: We start with

IDIOP (M)] — DO (M)]1ll0 < IIDI(Dg. o K)i] — DI(Dg. o K)&lllo
+ | D[(Dk; o RYP,] — D[(Dk. o R) P]llo.
(4.3.10)

By applying Lemma 4.3ii) we find that
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I D[(Dg. o K)«] — D[(Dg. o K)&lllo
< I1D?gcllol DK llollc — &llo + | Dgelloll D — Dillo
< ((1+Lo)e+ Lg) IM — M|y,

where we recall that DK is bounded by 1 + L., see (3.3.3). Likewise, we find the estimate

| D[(Dk o R)P,] — D[(Dkc o R)P;1llo
< D%k Mol DRIollo — Allo + | Dkelloll Do — Dfllo
< ((1Acllop + Lr) e+ 1+ L¢) M — M|y

Thus inequality (4.3.10) together with the above estimates gives

IDIOH M) = DIOP (M)Tllo < (Lg + Le + (14 Le + 1 Acllop + Ly ) €) IM — M]3
= (62,1 + C2.1(8)) IM — M1, 4.3.11)

where we define C2,1(¢) := (1 + L¢ + | Acllop + Lr) €.
Ky -component: We have

IDIOF (M)] — DIOF (WMD1lo < |47 opll DI(Dgy © K )] — DI(Dg, o K)&llo
+ 1A Hlopl DLGey © RYP,] — DI(&y © R) P]llo.
4.3.12)

By Lemma 4.3ii) we get

ID[(Dgy o K)k]— D[(Dgy o K)&lllo < ((1+ Le)e + L) IM — My,
ID[(ky © RYP,] — D%y 0 R) P51ll0 < ((lAcllop + Lr)8(e) + L) 1o — A1

+ (UAcllop + L) +8@)) lhey — Fuls-
Thus inequality (4.3.12) becomes, as p — p and k — i are bounded by |M — M1,

1 DIOF! M1 = DO XD < 14; lop ((NAcllop + L)* + Ly + L
+ @+ L)z + (1Aclop + L8 ) 1M — Ml

< (0224 C22(8)) IM — M1, (4.3.13)

where we define C22(¢) := [| A, 'lop((2 + Le)e + (1 Acllop + Lr)3(€)).
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ks-component: Let us again denote Gy = Dg; o K o T, then we have

IDIOF (M)] — DIOF (WDl < IIDIAs (ks 0 T) Q] — DIAs(Rs 0 T)Q51ll0
+ I DIGs(x 0 T)Q,] — DGy (& 0 T)Q5]llo.
(4.3.14)

We will estimate both terms with Lemma 4.411). For the first term, we note that Ay is the constant
operator x = Ay, hence ||Asllo = [|Asllop and DAy = 0, which gives us

ID[As (ks 0 T)Q,] — D[As(Rs 0 T)Q;lllo
< lAsllop L2y 1Dxslloll o — Bllo + Il Agllop L2 ; | Dicy — Disllo
+ 20| AsllopL  llksllod@)llo — llo + Il AsllopL? ks llol Do — Do
+ I AsllopL? 18(e) ks — Rsllo
<l AsllopL?, (14 L1 Ly) IM — M (4.3.15)
+ 20| AllopL? | (1 4+ L1 L) 8()IM — M]|;. (4.3.16)

The second term in the right hand side of (4.3.14) involves «, which is bounded by 1 + L., its
derivative, which is bounded by

| Dk ||o = max{D?k., D,, Dis} < max{e, 8(¢)} =: y (¢),

and the derivative of G;. The derivative of G is bounded by 1 D%gslloll DK |lol| DT ||o, which in
turn is bounded by L_1(1 + L.)e. We obtain

ID[Gy(k 0 T)Q,] — DIG,(k 0 T)Q51llo
<IDGslloL2, llxllolle — Allo + IDGslloL-1llx —&llo
+1GslloL? (1 Dllollo — Allo + G lloL2 | Dk — Dillo
+2[GslloLY Ik llod(@)llp — Allo + IIGslloL™ Ik lloll Do — Dfllo
+11GslloL? 1 8(e) Ik — Zllo
< L2 (Lg+ L1 Lg(1+ L) IM — M|y 43.17)

+ (Lingy(s) + L3 (Ly+2L_1Lg(1+ Lc))5(3)> IM = M,
(4.3.18)

+ (Lil(l + L)%+ L2, (1+ Loe ) [ M — M.

We see that (4.3.15) and (4.3.17) together are 65 3| M — M l1. Likewise, we can estimate (4.3.16)
and (4.3.18) together by 263 3y (¢) | M — M]|1 as §(¢) < y (¢). Then inequality (4.3.14) becomes

IDIOY (M)] = DO (M)TIlo < (625 + Ca3()) IM — M1, (4.3.19)
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where we define C»3(¢) := 203 3y (¢) + L2 | (1 + Lo)e + L3 (1 + L¢)?e.
Lipschitz constant: Inequalities (4.3.11), (4.3.13) and (4.3.19) imply

1D1OP M) — DIOP WDl = max. {1 DIOF (M)~ DIOF W)
< max {62+ CoieNIM ~ Ml
<62(8) | M — Ml|1. (4.3.20)

Here we define 65(¢) :=max {62,1, 62,2, 62,3} +max{C2,1(¢), C22(¢), C2,3(¢)}.
Step C) From Remark 2.4 it follows that

max {92’1 , 92,2, 92,3} < 1.

As 8(¢e) | 0 when € | 0, see Proposition 3.4, we have
slii% max{Cs,1(¢), C2,2(¢), C2,3(¢)} = 0.
For the limit of ¢ to 0 of 8;(¢) we find
eyli_r)ra%(a) =max {6,1,62,2,623} < 1.

Therefore, we can find an gy > 0 such that 6,(¢) < 1 for all € < gg. Then estimates (4.3.9)
and (4.3.20) give

162 M) — O (V)1 = max | 02 (M) — O (WD) o, | DO (M)] = DIO N o}

< max {61 O M — Mllo, 62()| M — M }
<ol M =M.

We define the contraction constant A, := max{6;(0), 62 (¢)}, which is smaller than 1 by the above
discussion. Thus we see that ©21 : ', (8(g)) — I'2(8(¢)) is a contraction with respect to the C 1
norm foralle <gy. O

Corollary 4.6. Let ¢ > 0 such that F : X — X satisfies the conditions of Theorems 2.1 and 3.9
and Proposition 4.5. Then the image of K is a C? center manifold for F.

;
Proof. By assumption, & > 0 is such that both ® and ®?! are contractions. Let A = (ku> el

s

ke
be a fixed point of ®. Then Corollary 3.10 implies that K =+ (ku ) parameterizes a C! center

s

manifold for F. Thus if we prove that A is C?, or, equivalent, that DA is C!, we are done.
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We will show that DA is in fact the fixed point of ®[?]. Let

o M(@0) =0,
lollo <Ly
Tip= M=k | €C) (Xc, L(Xc, X)) , ,
o llullo < min{L,}

llcsllo < min{L}

then DA € I'3/; and I'2(8(¢)) C I'3 2. Furthermore, from step A) of the proof of the previous
proposition, it follows that [C1EI I o 2 — I'32 is a contraction with respect to the CY norm.
Therefore, DA is the unique fixed point of ®!2! in I'3 5. However, ®[2! : T;(8(e)) — T2 (8(¢))
is also a contraction with respect to the C I horm for ¢ sufficiently small. Let M € I';(§(g)) be
the fixed point of ®?!, Then M € I"3/2 is a fixed point of ©!21, which means that DA = M €
I'>(8(¢)). We conclude that DA is C!. O

We have now shown in two steps that there exists a C2 center manifold. In particular, we
used the existence of a C! center manifold to obtain a C? center manifold in the second step.
Furthermore, to obtain the C! center manifold, we explicitly used that our dynamical system F is
at least C2. Hence, with the current proof we cannot obtain a center manifold for a C 1 dynamical
system.

We want to remark that if F is COT1P, we could slightly alter the definition of I'g and show
that © is a contraction with respect to the C° norm. Then both K and r would have been CO+LiP
and we would obtain a CO*LP center manifold and dynamical system.

Furthermore, if F is C! instead of C2, we could adapt our proof to obtaina C I center manifold
and dynamical system if X is uniformly convex, e.g. X = R"™. In this case, we would also prove
that © is a contraction with respect to the C? norm, which would give us C%*LP functions K
and r. Using the results from [9], we know that both K and r would be almost everywhere
differentiable. We could still define the fixed point operator @] and prove that ®?! would be a
contraction with respect to the C° norm. Using similar arguments as in the previous corollary, we
could then show that K and r would be everywhere continuously differentiable. Therefore, we
would obtain a C! center manifold with C! dynamical system if we start with a C! dynamical
system F : X — X on a uniformly convex space X.

5. A C™ center manifold

The final step of our proof scheme in Section 2.1 is inductively showing that the conjugacy
is C”. Similar to what we did in the C? case in the previous section, we will show that if the
conjugacy is C™, then the mth derivative will be C'. We start again by defining a fixed point
operator for the mth derivative of

To make the definition of the fixed point operator more insightful, we will use several lemmas
before we define it. We start by stating Faa di Bruno’s formula for derivatives of compositions,
see for instance [14]



G.J.B. van den Berg et al. / J. Differential Equations 269 (2020) 2132-2184 2169

Lemma 5.1 (Faa di Bruno’s Formula). Let X, Y and Z be Banach spaces, and f1:Y — Z and
f2: X = Y C™ functions. Then the mth derivative of f1 o f> is given by

m
D"[fio 210 =3" 3 D' fif20) (D7 @) ... D™V fom).
i=l rePi
where P,f1 is the set of ordered partitions of length i of the set {1, ..., m}.

Since we want to define a fixed point operator for the mth derivative of A using A = ®(A),
we want to isolate the mth derivatives from Faa di Bruno’s formula, and apply Faa di Bruno’s
formula to the composition of three functions.

Lemma 5.2. Let X, Y and Z be Banach spaces, and f1:Y — Z and f> : X — Y C™ functions.
i) The mth derivative of f1 o f> is given by

D"[fi 0 f1(x) = Dfi(f2(x))D" fo(x) + D™ fi(fo(x)) (Df2(x)®" + P (f1, f2)(x)

where we use the shorthand notation (Df>(x))®" := (Df2(x), ..., Df>2(x)) and P, (fi,

m times

@) =05 Y rep D AH@) (D™ f(x), -, DD fo(x)).
ii) Let f3:X — X be another C™ function, then we find
D"[fio f20 f31(x) = Df1(2) (D2(y)) (D™ f3(x)) + Dfi(2) (D™ f2(y)) (Df3(x))&"
+ D" f1(2) (DH2(Y)E™ (Df3(x)E™ 4+ P f1, f2)() (Df3(x))®"
+ Pm(f10 f2. f3)(x),

where z = f2(f3(x)) and y = f3(x).

Proof. i) The equality follows from Faa di Bruno’s formula and the fact that there is one ordered
partition of m of length 1 and one of length m.

ii) The equality follows from applying Faa di Bruno’s formula twice. We first apply it to the
composition of fj o f> and f3, which gives

D"[fi 0 fr0 f31(x) = DLfi o LI(f3(x))D™ f3(x) + D™ f1 o £1(f3(x)) (Df3(x))®"
+ Pu(f1o f2, f3)(x).

Then the first derivative of fi o f> is given by Df1(f2) D f>, and we apply Faa di Bruno’s formula
a second time for the mth derivative of f] o f> to find the desired equality. O

The third component of ©(A) contains the function (A, + r)~!. We want to express the mth
derivative in terms of the mth derivative of A, + r.
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Lemma 5.3. Let R = A, +r: X — X, be an invertible C"™ function with inverse T. Then

D"T = —DTD"r(T)(DT)®" — DTPu (R, T) form > 2.

Proof. We apply Faa di Bruno’s formula to R o 7', and notice that its mth derivative is 0 as
R o T =1d. Thus we find

DR(T)D"T = —D"r(T)(DT)®" — P (R, T).

The asserted identity follows by multiplying both sides by the inverse of DR(T), which is
DT. O

Remark 5.4. This lemma is another reason why we start the inductive step after we have proven
C? smoothness, because the first derivative of Id does not vanish.

5.1. Another fixed point operator

We can now take the mth derivative of the fixed point identity A = ®(A), where O(A)
is defined in (3.1.2). We will do this component-wise. For the first component we find, by
Lemma 5.21),

D"r = AcD"ke + Dge(K)D™ K + D" gc(K) (DK)®™ + P (gc, K)
— Dke(R)D™r — D"ke(R) (DR)®™ — Py (ke, R)
= fm1+ Dgc(K)D"K + Dkc(R)D"r,

where
fn1 :=AcD"ke + D" go(K) (DK)®™ + Py (ge, K) — D"ke(R) (DR)®™ — Py (ke, R).

For the second component, we find with Lemma 5.21)

D"k, = Ay (Dky(RYD™r 4+ D" ky(R) (DR)®™ + Py (ku, R))
— A, (Dgu(K)D™ K + D" g, (K) (DK)®™ + Py (g, K))
= fua+ A, (Dku(RYD™r + D"ky(R)(DR)®" — Dg,(K)D"K),

where
fn2 = A" (Pu(ky, R) — D" g, (K) (DK)®™ — Py (gu, K)) -

Finally, for the third component we find from Lemma 5.2ii) and Lemma 5.3, with T = (A. +
-1
r) 9
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D"ks = As (Dky(T)D™T + D"ky(T) (DT)®" + Py (ky, T))
+ Dgy(K o T) (DK (T)) (D™T) + Dgs(K o T) (D" K(T)) (DT)®"
+D"gs(K o T) (DK(T)®" (DT)®" + Py (gs, K)(T) (DT)®"
+ Pm(gs 0o K, T)
= AS< — Dky(T)DT D™ r(T) (DT)® — Dky(T)DT Py (R, T)

+ D"ky(T) (DT)®™ + Py (ks T))
— Dgy(K oT)(DK(T)) DTD"r(T)(DT)® — Dgy(K(T))DTPy(R, T)
+ Dgy(K o T) (D" K(T)) (DT)®" + D" gs(K o T) (DK(T))®" (DT)®"
+ P (g5, K)(T) (DT)®" + Pr(gs 0 K, T)

= fm.3 — Ay Dkg(T)hy (D™ r) + Ay D" ks (T) (DT)®™
— Dgy(K o TYDK (T)h,,,(D™r) + Dgs(K o T)D™K(T) (DT)®™,

where we define

fn3 = As( = DK(T)DTPu(R, T) + Pur(hs, T)) = Dgy (K (T) DT P (R, T)

+ D" go(K o T) (DK (T)®" (DT)®" + Py (gs, K)(T) (DT)®" + Pp(gs 0 K, T)

and

hm () (x) := DT (x) p(T (x))(DT (x))®™.

D"k
Hence, we introduce the fixed point operator, where we use k = < Ku ),
Ks

O T, 1 1= Cl(Xe, L™(Xe, X)) — C'(Xe, L7 (Xe, X)),

Sm1+Dge(K)k — Dkc(R)p
PN | fna A0 o RY (DRY®" + A7 DEy(R)p — A, D (K )i
“ Fns = Ay Dy (T (p) + A (6, 0 T) (DT)®™
—Dgy(K o T)DK (T)hy(p) + Dgs(K o T) (k o T) (DT)®"
(5.1.1)

We note that if A € CZ‘ (X¢, X), then the functions fy, 1, fi,2 and f,, 3 are bounded, since we
assume that g € C}'(X, X). Hence, if A € C}'(X,, X), then we have that em+il.r,. | -

L1

r
Proposition 5.5. Let A = <1]{(u> €Ly bea C™ fixedpointof ® for2 <m <n.If A € C}' (X, X),

s

then D™ A is a fixed point of @1 T | — )it
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Proof. This follows from the above discussion. O
5.2. Another contraction

We note that we can apply the estimates of Lemma 4.3 to terms such as Dg.(K)x — Dg.(K)k.
However, we do not have estimates for terms such as (k, o R)(DR)®™ — (k, o R)(DR)®™
with «,, k, € C g (Xe¢, L™(X,, X¢)). Therefore, we start with some preliminary results about the
differences of products.

Lemma 5.6. Ler X, Y and Z be Banach spaces, m > 2 and h € C; (X, 7).
i) Let f,g € Cl?(Y, LMY, Z)). Forh € Cg(X, L(X,Y)) we have the CY-estimate
ICf 0 A®™ — (g 0 A®™ o < 14115 11 f — gllo-
ii) Let f,g € CL(X,L"(Y, Z)). For h € C}(X, L(X,Y)) we have the C'-estimate

IDI(f o h)h®™] — D[(g o h)h®™1llo < I DRllollAIG I Df — Dgllo
+m|RIF " IDRNoI £ — gllo-

Proof. i) Let x € X and recall that the norm of the k-linear operator (f — g)(h(x)) is given by

I1(f — @) (h(X)]lop = H S}ﬂp] I1(f =), ..o xm)l,
1<i<m

from which the desired C%-estimate follows.
iii) For the C'-estimate we use the product rule and triangle inequality to find

IDLCf 0 A" = Di(g 0 Ma®"1llo = | Df () (DA, i®") = Dg(hy (DA, A" ) 1o

+ I(f o h) D[A®™] — (g o h) D[A®™]o.
We note that D[A®™] = Zlm:_ol (fz®i, Dh, fz®’”’1’i), hence we find

IDI(f o WR®™] — DI(g o k)h®™llo < [IDRllo| DRI IDS — Dgllo
m—1

+ D Rl IDRNo AN 1 £ — gllo.
i=1

from which the desired estimate follows. O
Proposition 5.7. Let m > 2 and assume that L, and L. are small in the sense of Remark 2.4 for
n = m. There exists an g9 > 0 such for all € < g it holds that if || D?>g|lo, || D?ke|lo < € and the

fixed point A € I'1(8(¢)) of © lies in C;}” (X¢, X), then @m+11. Iy+1 = Dyt is a contraction
with respect to the C' norm.
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P - o
Proof. Let ¢ > 0 and || D?gllo, | D%*kello < &. Let M = <)M = <x) € I';;, where we

Ks Ks
denote m =m + 1.

To show that ®"] is a C' contraction, we use the same steps as we used in the proofs of
Theorem 3.9 and Proposition 4.5.

A) We prove that ©] is a contraction with respect to the C° norm, independent of ¢,
B) We show the existence of a constant 9;; (&) such that

I DIO™M (M)] — DIOI(AMN)](lo < 6, () IM — M]|1,

C) We show that ¢ > 0 can be chosen so that 6,5 (¢) < 1, thus showing that ©"] is a contraction
with respect to the C!' norm.

Step A) We want to find 6, < 1 such that

1011 (M) — O (Ao < b | M — Mlo.

As we did in the proofs of Theorem 3.9 and Proposition 4.5, we will find the contraction constant
component-wise, i.e. we will show that

1O (M) — O (M) g < O i IM — Mo

for 6, ; given explicitly in equation (2.0.3a) to (2.0.3c) and i = 1, 2, 3. Furthermore, we note that
we will directly apply Lemma 4.3ii) and Lemma 5.6ii) to obtain the estimates (5.2.1), (5.2.2) and
(5.2.4)

p-component: We recall that || Dgcllo < Lg and || Dk.|lo < L, which follows from Assump-
tion 4 of Theorem 2.1. We estimate

10 M) — B (N)llg < (Lg + L) IM = Mllo = 6 1 IM — Mllp.  (5.2.1)

ku-component: Similarly, we have the estimates || Dgullo < Lg, [(DR)llo < | Acllop + L and
lkullo < Ly, hence we find

1O (M) — O (X0 o < 1A, lop ((1Acllop + L™ 4+ L + Lg) M — Mg
= O 2 M — Mo (5.2.2)

is-component: Finally, we have the bounds ||DT|lo < L_1, ||Dksllo < Ly, [|Dgsllo < L,
IDK]lo <1+ L. and

lhm(p) = hm(B)lo=IDT (po T — 5o T) (DT)®"[|o < LT M — Mo (5:2.3)

‘We infer that
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o5 M) — e (Mo
= (WAslop (Ls L2 L2,) + Lo+ LOL™ ! + LgL™ ) 1M = Mllo

= O3l M — M|lo. (5.2.4)

Contraction constant: We can now estimate ||©O(M) — @I(M)|o with inequalities
(5.2.1), (5.2.2) and (5.2.4). We have

101 M) — 01 (XDl = max {161 (M) — O (Do)

=0, | M — M|o. (5.2.5)

Here we define 6,,, := max {9,,“ 2 60m.2,0m.3 } We have assumed that Remark 2.4 holds for n = m.

Therefore, we have 6,, ; < 1 and thus 6,, < 1. We conclude that Ol is a contraction with respect
to the C° norm.
Step B) Analogous to step A), we want to prove the component-wise inequality

IDIO™ (M) = DI (NMDTllo < (61.i + Cini(8)) IM — M1,

with 6;; ; defined in (2.0.3a) to (2.0.3c) and C;; ; will be defined during the proof. We note that
r
(i) € T'1(8(¢)), hence | D> [lo, [ D?kyllo, 1D%ksllo < 8 =8 (e).

s

p-component: Using the same estimates as we did for the p-component in step B) of the proof
of Proposition 4.5, we find

1D (M) — DI (N0 < (Lg + (1 + Lode + Le + (1Acllop + L)) IIM — M|y
< (i1 + Ca1 (&) IM — M1, (5.2.6)

where we define Cjj 1 (¢) := (1 + Le + | Acllop + L) €.
Ky -component: We have
IDIOY (M)] — DIOY (M)l
< ||A;1||op(||D[(xu o R)(DR)®"] — D[(ky o R)(DR)®*"]llo
+ || D[Dky(R)p] — D[Dky(R)51llo
+ I D[Dgu(K)k] — D[Dgu(K)E]no). (5.2.7)

By applying Lemma 4.3ii) and Lemma 5.6ii) we find the estimates
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I D[(cu 0 RY(DR)®™] — D[(%, o RY(DR)®*"]ll0
< (lAcllop + L) 1| Dicy, — DRullo
+m(|Acllop + L))" '8(@)llku — Rullo-
| LDk, (R)p] — DDk, (R)p1ll0 < ((IAcllop + Lr)S(2) + Ly) M — M)y,
IDIDgu(K)k] — D[Dg, (K)&llo < (1 + Le)e + L) M — M|y

By combining these with (5.2.7) we estimate
|DIOY (M1 = DIOY N1l < 147 lop ((NAcllop + L™ + L + L
+ (Ul Acllop + L™ + [ Acllop + L1 ) 5(6)
+ (14 Loe) IM = Ml
< (B2 + Cin2(®) IM = M|, (5.2.8)
where we define
Ci2(€) = Ay lop((1 4+ Le)e + ([ Acllop + Lr +m (| Acllop + L™ ))8(e).
ks-component: We have
IDIOY (M)] - DIOY (M)l
< || Asllopll DLDky (T (0)] — D[ Dks(T)hm (5)1llo
+ | Asllopl| DL(ks 0 TY(DT)®™] — D[(Rs o T)(DT)®"llo

+ I DIDgs(K o T)DK(T)hm(p)] — DIDgs(K o T)DK(T)hm(p)]llo

+ |DIDgs(K o T)(k o TY(DT)®"] — D[Dgs(K o T)(k o T)(DT)®"]|lo.
(5.2.9)

Before we apply Lemma 4.3ii), we start by deriving an upper bound for Dh,,(p) — Dhy,(p).

Dhy(p) = D*T (14, (p o T)(DT)®™) + DT (Dp(T)) (DT, (DT)®™)
m—1

+DT(poT) Y. ((DT)®Q DT, (DT)®m717i) ‘
i=0

From Lemma 5.3 we see that DT is bounded by | DT D?r(T) (DT)®? || since P> = 0. Using
the estimates | DT |lo < L_; and | DT ||g < L3_18(8), see (3.4.10) for the latter bound, we find

|Dhi(p) = Dl (®llo = (L"38() + L™} + mL"18(e) ) o = . (5.2.10)

We can now apply Lemma 4.3ii) and estimate (5.2.3) for the bound on 4, (p) — h;, (p) to get
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| D[ Dks(T)hm ()] — D[ Dky(T)hm (5)1ll0
< I1D*kslloI DT llol1m (0) — hm (D) llo + | Ds lloll Dhim (p) — Dl (5)llo
< (LT1+25(8) +(m 4+ DL LS () + LTTZLS) IM = M. (5.2.11)
By applying Lemma 5.6ii1) we find
| D[(ks o T)(DT)®"] — D[(&s o TY(DT)®*" 1o
<|IDToI(DT)®™ lol| Dy — Disllo + 1 D(DT)®™ lollics — &sllo

< (L’ff‘ + mLsza(e)) IM — M. (5.2.12)

For the third term of the right hand side of (5.2.9), we take x > Dg;(K(x))DK (x) for the
functions f1 and g in Lemma 4.31i) and use T as 4. Recall that y (¢) = max{e, §(¢)}, so that

ID[Dgs(K)DK]llo < |D*gs(DK, DK)llo + | Dgs D*K llo < (1 + Le)?e + Lgy (&).

Hence we find the estimate, using Lemma 4.3ii) and (5.2.3) and (5.2.10),

1 D[Dgs(K o TYDK(T)hm(p)] — DIDgs(K o T) DK (T)hm(p)]llo
< ID[Dgs(K)DK]lloll DT llollhm(p) — hm () llo
+ 1Dgs (K) DK |lol| Dhu (p) — Dhm(p)llo

< (L’L“Lgy(s) +(m+DL"PL,(1+ Lc)aos)) IM =Ml (5.2.13)

+ L™ L (14 LM — My + L™ P21+ Lo)?e | M — M.
(5.2.14)

For the final term, we will apply Lemma 5.6, which gives

ID[Dgs(K o T)x(T)(DT)®™] — D[Dgy(K o T (T)(DT)®"]|lo
<|ID?gllol DIK o T1llolI(x o TY(DT)®™ — (& o T)(DT)®" o
+ | Dgslloll DIk o TY(DT)®™] — DI(k o T)(DT)*"]llo
<|ID?gllol DK [l DT llollx — &lloll(DT)®™ o
+ Ly (IDTllol(DT)®" o + IDI(DT)®" o) Il — &1l
< LN+ LoglM = Ml + (L L™ +mL L5 ) M = Mily.
(5.2.15)
We first recall that (5.2.11) and (5.2.12) should be multiplied by || As|lop. We will collect the

terms without ¢ in (5.2.11), (5.2.12) and (5.2.14), which sum up to 6 3. Then we collect the
terms containing §(g) and y (¢) in (5.2.11), (5.2.12), (5.2.13) and (5.2.15). We estimate §(¢) by
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v (¢), so that those terms together are bounded by 61 3y (¢). Together with terms containing
g, we get

Cin3(8) = mbp1 37 (&) + L7 (1 4+ Le + L™ (1+ Lo)%e.
Finally, we conclude that (5.2.9) reduces to
i) el x i ) Y
I D[OF" (M)] — D[OF" (M)]llo < (0n,3 + Ciin3(8)) IM — M. (5.2.16)

Lipschitz constant: Inequalities (5.2.6), (5.2.8) and (5.2.16) give

|DIO (M1 = DO (M)]lo = max {IDIO}" (M) - DO (XD

< max {5 + Case)IM— M1 |
i=1,23
<6 ()| M — M|y (5.2.17)

Here we define 6,5 (¢) := max {611, 0 2, 0 3} + max{C 1 (¢), Cin 2 (), Cji 3(8)}.
Step C) From Remark 2.4 it follows that

max {61, 6.2, 0 3} < 1.
As 8(¢) | 0 when € | 0, see Proposition 3.4, we have
lim max{Cy 1(¢), C;52(¢), Cs 3(e)} = 0.
e—0

Therefore, we can find an g9 > 0 such that 6,;(¢) < 1 for all ¢ < gy. Then estimates (5.2.5)
and (5.2.17) give

jot™ M) — M (M)
= max {017 (M) — O (XD o, | DO (M)] — DIO (X))o
< max {6, | M = Mlo. 6 (&) IM — M1 }
<kl M = M.

Here we define the contraction constant Aj;; := max{6,,, 6; (¢)} which is smaller than 1 by our
previous discussion. We conclude that ® : T';; — I';; is a contraction with respect to the C!
norm foralle <gy. O

Corollary 5.8. Let ¢ > 0 be such that F : X — X satisfies the conditions of Theorems 2.1 and 3.9
and Propositions 4.5 and 5.7. Then the image of K is a C" center manifold for F.

Proof. The proof follows by induction on the smoothness of the conjugacy and the conjugate
dynamics, with similar arguments as we had in the proof of Proposition 4.5. O
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6. Existence and uniqueness of the center manifold
6.1. Proof of Theorem 2.1

From Corollary 5.8 it follows that there exists an & > 0 such that if | D?g||o and || D%k, ||o are
smaller than g, then there exists a C" center manifold for F : X — X. However, in Theorem 2.1,
the only assumption on the second derivative of k. and g is that they are both bounded. We will
use a simple scaling argument to show that we can bound D%k, and D?g by & without affecting
the assumed bound on Dk, and Dg from Theorem 2.1.

Lemma 6.1. Let ¢ > 0 and define h® (x) := &~ 'h(ex) for h € Cg(X, Y).
i) We have h®(0) =0 if h(0) =0, Dh*(0) = Dh(0) and || Dh®|o = || Dh|lo.
ii) We have | D*h® o = &||D?h]o.
iii) For hy € Cg(Y, Z)and hy € C,%(X, Y) we have hf o h = (hy o h2)®.
Proof. These results follow from straightforward computations. O
We can now prove Theorem 2.1.
Proof of Theorem 2.1. Let k. : X, — X be chosen such that
ke €{heCl(Xc, Xe) | h(0)=0, Dh(0)=0and |Dhlo < Lc}.
Then it follows from Lemma 6.11) that for all ¢ > 0 we have
ki e {h €Cp(Xe, Xe) | h(0) =0, Dh(0) =0and || Dh|g < Lc} .

Likewise, if F = A + g satisfies the conditions of Theorem 2.1, we have for all ¢ > 0 that
Ff = A+ g° with

g e|heCl(X,X) | h(0)=0, Dh(0)=0and | Dhllo < L}

Hence F? also satisfies the conditions of Theorem 2.1.

By Lemma 6.1ii) we can apply Corollary 5.8 to F* and kZ for ¢ sufficiently small. We fix & > 0
sufficiently small. Corollary 5.8 then provides a K : X, — X which conjugates f¢: X — X with
Ac+r: X, — X.. Then we find from Lemma 6.11iii) that

(FoK'Y/*)* =F oK =Ko (Ac+r)= (K" o (A, +r'/%)),

and, again by Lemma 6. liii),
1/ 1/e
Fok\e— ((F ° Kl/g)*’") F ((Kl/g o (A, —|—r1/8)>€> =K% o (Ap + /).

Thus we see that K /¢ : X, — X conjugates F : X — X with A.+r!/¢ : X. — X_. Furthermore,

by combining Lemma 6.1i) with Corollary 3.10, it follows that r /¢ satisfies Property A) and k;/ ¢

and ksl/ ¢ satisfy Property B). O
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6.2. Uniqueness of the center manifold

Since we found our conjugacy K and dynamical system A, + r with a contraction argument,
r
we have uniqueness of ?) in T'p. However, we can improve the uniqueness of k, and kg to

S
arbitrary bounded functions, and the uniqueness of » to arbitrary bounded functions such that
A¢ + r is invertible.

Lemma 6.2. Let F : X — X and k. : X, — X, satisfy the conditions of Theorem 2.1. Then

1d +k. 1d +k
Fol k |=| k |oc+nr 6.2.1)
ks ks

has a unique solution for k, € CS(XC, X)), kg € Cg(XC, Xs)andr € Cg(XC, X) with the prop-
erty that Ac + r is a homeomorphism.

r r
Proof. Let A = (?) € Cp (X, X) be obtained from Theorem 2.1 and let M = <IEM> €

s ks
CS(XC, X) be such that (6.2.1) holds. Then we know from Proposition 3.1 that M = ®(M)
and A = ©(A). We can mimic step A) of the proof of Theorem 3.9, since Lemma 3.51) and
Lemma 3.7i) can both be applied to the components of ®(M) — ©(A), even though M is
merely CY, see Remark 3.8. Hence we obtain

M= Allo=®M) —O(A)lo < OlIM — Allo.
Since 6y < 1, wefind M=A. O

We conclude from Lemma 6.2 that, given k. : X, — X,, the conjugacy between the center
dynamical system R : X, — X, and the original dynamical system F : X — X is unique in the
space of continuous functions with bounded unstable and stable components. Additionally, we
want to show that the center manifold is unique independent of our choice of k. : X, — X.. That
is, we want to prove that the image of the conjugacy does not depend on a given k. : X, — X.

Proposition 6.3. Let F : X — X and k., /EC : Xe = X satisfy the conditions of Theorem 2.1.

ke ~ ke ~
Then the image of K =1 + <k,,> and K =1+ (E«) are the same, for K, K the (unique)
ks

s

conjugacy obtained from Theorem 2.1.

Proof. From Lemma 3.2i) it follows that Id +k. is invertible, and from Lemma 3.2ii) we see
that its inverse is given by Id + for some bounded function ¥ : X, — X,. In particular, we can
write

Id +k. = (Id +kc) o Ad+) o (Id +k¢) = (Ad +kc) o (Id +¢),
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where ¢ = o (Id +/€c) + ~1€c is a bounded function. Likewise, Id ~|—I§C is invertible, and thus
Id+¢ =(1d +ke)~! o (Id +k,) is invertible, as it is the composition of two invertible functions.
By Lemma 3.21i) its inverse is given by Id +¢ for some bounded function ¢. We infer that

Fo(Ko(Id+¢) =K o (Ac+r) o (Id+¢)
= (K o (Id+¢)) o (Id+¢) o (Ac +r) o (Id +¢))

Id +k,
= | kyo (Id+¢) | o (Ac + D),
kg o (Id +¢)

where we define ® =r o Id+¢) + ¢ o (A. +r) o (Id+¢). By Property A) of Theorem 2.1, we
have that A, + r is invertible, and thus A, + & is the composition of three invertible functions,
hence invertible itself. Therefore, we use Lemma 6.2 to conclude l;u =ky o (Id+¢) and l;s =
ks o (Id+¢). Since I1d+k, = (Id+k.) o (Id+¢), we see that K = K o (Id+¢). As Id+g is
invertible, we conclude that

Im(K) = K (X¢) = K((d+9) (X)) = K(Xo) =Im(K). O
6.3. Proof of Corollary 2.3
Finally, we want to show that if we have found approximations of the center manifold and the

center dynamics, i.e., we have found an approximate conjugacy Ky and approximate dynamical
system Ry such that

| FoKo— Koo Rollm <e,

then the center manifold and dynamical system lie close to these approximations.

Proof of Corollary 2.3. Let m < n and let kg = (2‘8) Xe—=> X, ®Xsandrp: X, —> X.. We

ro ke ke

use M to denote (?o) and F=Fo (ku,O) — (ku,(J) o (A; + rg). We assume that ko and rg
5,0 ks,() ks,O

satisfy the conditions of Corollary 2.3, that is, there exist constants M > 0 and ¢ > 0 such that

ko € [h e P (X, X, @ X,)

1(0) =0, Dh(0) =0 and ||/ ]s1 < M] ,

roe fhecytixe Xo

h(0) =0, Dh(0) =0, |Dhllo < L, and [|Allms1 < M] ,

FelheCy(Xe, X)| Il <e}.

Our proof consists of the following steps:

1. We prove that if F is small in C™, then M — ®(M) is small in C™.
2. We prove that if M — ®(M) is small in CY, then M — A is small in CY, where A is the fixed
point of ©.
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3. Using induction, we prove that if M — ®(M) is small in C™, then D" M — D™ A is small
in C°.

For the first step, we want an explicit estimate for M — ®(M). By definition of ®, see (3.1.3),
we have

_]-'1
M—-0OWM) = ATVF
—F30(Ac+ro)!

We can clearly estimate the C™ norm of the first two components by ||Fl,, < & and
A, ! lop I Fllm < ||Au_1 llope respectively. For the third component, we use Faa di Bruno’s for-
mula and Lemma 5.3 to obtain an estimate. We find
15 0 (Ac +70) "l = € (D(Ac + 1) ™", DY (Ac 4+ ro) for i < m) | Fsllm
<Ci(M,m)e,

where we used that the derivatives of rg are bounded by M and D(A. + ro)~! is bounded by
L_1 as Dry is bounded by L,. Hence we obtain

IM = OM) |l < max{L, |4, llop, C1 (M, m)}e = Co(M, m)e. (6.3.1)

Here Co(M, m) := max{l, ||Au_1 llop, C1(M, m)}. Hence we have shown that if F is small, then
M is an almost fixed point of ®.

To prove the second step, we use that  is a contraction in the C° norm with contraction
constant 6y, see the proof of Lemma 6.2, thus we have

A = Mllo = 1©(A) —O(M)llo + M — O(M)llo
<0l A —Milo+ M —O(Mllo.
By rewriting, we obtain the estimate

1
1 —069

A =Ml < M —6WM)lo. (6.32)

Combining (6.3.1) and (6.3.2) proves Corollary 2.3 for m = 0, that is

Cy(M,0
A — Ml < %s —:C(M, 0)e.
— 00

To prove step 3, we will use induction. So let us assume that |A — M||,,—1 <C(M,m — 1)e.
By construction of the contraction ®*11 its fixed point is D" A. Thus similarly to (6.3.2), we
have

ID"A = D" Milo < D™ M — @+ (D™ M) (6.3.3)

— O,
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From (6.3.1), we know that || D" (M — ©(M)) |lo < Ci1(M, m)e. Hence we estimate (6.3.3) with
the triangle inequality and the estimate on D™ (M — ®(M)) to obtain

Co(M, m)e n ID" &(M) — O H(D™ M) o

D" A — D" M|y <
I o= == —,

(6.3.4)

Therefore, it remains to find a bound on D" ®(M) — @+ (D™ M). Recall from (3.1.2) the
definition of ®. By Faa di Bruno’s formula, there exists a function G such that forall 7 : X, — X

D"O(T)=G(T,DT,...,D™T). (6.3.5)

By construction, G(7, ..., D™T)(x) is a linear combination of products of various derivatives
of T, evaluated at either x or 7 (x). In particular, we have for M : X, — X

D"®(M)=G(M,DM,...,D""' M, D" M). (6.3.6)
On the other hand, by definition of O+l gee (5.1.1), we also have that
e+ (p" M)y=G(A, DA, ..., D" 'A, D" M). (6.3.7)
Subtracting (6.3.7) from (6.3.6) we thus obtain
| A—-—M

D’”@(./\/l)—®[m+1](Dm/\/l)=/Dg(/\/(s),DmM)ds
0

L . (638)
D" (A - M)
0

where N'(s) = (1 —s) (M,..., D" '"M) +5 (A,...,D""1A).

To calculate the partial derivative of G in the direction of its first input, we use the chain rule
and obtain an expression depending on G, N'(s), DA/ (s), D™ M and D"*! M. The other partial
derivatives of G are partial derivatives of polynomials, hence only depend on G, N (s) and D™ M.
In particular, DG is continuous and evaluated on the compact set {(N (s), D" M) | s € [0, 1]}
in (6.3.8) — note that A, M € C,T“(XC, X). Thus [|[DGN (s), D" M)|lop < C3(M, m) for all
s € [0, 1]. Therefore, we can estimate (6.3.8) by

ID"©(M) — " FH(D™ M)llo < C3 (M, m)||A = Mllm-1
<C3(M,m)C(M,m — 1)e.
Using (6.3.4) and our induction hypothesis, we thus conclude that

IA = Mlly = max {||A = Mllp—1, [ D" A = D" Mllo}

’ 1 -6,

< max {C(M,m -1

=:C(M,m)e. O
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6.4. Guide towards applications

For practical applications of Theorem 2.1 and Corollary 2.3, one has to make sure that the non-
linearity of F' is bounded and find approximate solutions ko and r( of the conjugacy equation
(2.0.1). The approximation ry and the explicit error bound from Corollary 2.3 allows one to
analyze the dynamical behavior on the center manifold. We will outline both steps as a stepping
stone for future applications. We refer the interested reader to [17] for a detailed presentation of
an application of the parameterization method for center manifolds.

As mentioned above, in most practical applications the dynamical system F = A + g does not
automatically satisfy the conditions of Theorem 2.1 because the non-linear part g is unbounded.
One way to overcome this problem is by multiplying g with a smooth cut-off function &,. The
center manifold we obtain for Fz = A + g - & will be a local center manifold for F in the region
where &, = 1. By shrinking the support of &,, we can make ||D[g&glllo < II(Dg) - &llo + IIg -
Dé&,llo as small as desired.

To find approximations kg and rg, one can use Taylor series. To obtain Taylor approximations
Py and P, for k, ® ks and r respectively, we can solve F¢ o K — K o R = 0 recursively, i.e.
order by order. Our choice of k. influences the Taylor approximations Py and P,. Choosing k.
such that the Taylor approximation P, is in normal form makes it easier to analyze the conjugate
dynamics on the center manifold once we obtain the error bounds from Corollary 2.3.

However, the Taylor approximations Py and P, are polynomials, hence unbounded functions.
Therefore, we cannot use Py and P, directly as approximate solutions ko and rg. To find bounds
on Py —k, & ks and P, — r, there are two strategies one can use:

For the first strategy, we again use cut-off functions to obtain bounded functions ko = P&
and ro = P&, which we can use as approximate solutions in (2.0.1). Corollary 2.3 converts
a bound on the residue of the conjugacy equation into an explicit bound on the C"” norm of
ko — ky @ ks and ro — r. In particular, on the region where §;, 0 K =1, & =1 and &, =1, the
same explicit bound is a bound on Py — k, @ k; and P, — r for the local center manifold of F.
The main challenge one faces is choosing the initial cut-off function &, and the additional cut-off
functions & and &, such that F; o kg — ko o rg is uniformly small away from the origin. Around
the origin F¢ o ko — ko o ro behaves as || x [+ once we solved Fs o K — K o R up to order n.

For the second strategy, we simply use ko = 0 and ro = 0 as approximate solutions. Corol-
lary 2.3 then gives an explicit bound on the C™ norm of k, @ k; and r. In particular this is a
bound on the mth derivative of k, @ k; and r. Hence, with Taylor’s theorem we obtain an explicit
bound on Py — k, ® ks and P, — r. The main advantage of this strategy is that Fz o ko — ko o7
will be uniformly small (without the need for additional cut-off functions). However, the residue
of Fg o ko — ko o ro will be larger than the residue in the previous method, as Fg o ko — kg o rg
behaves quadratically near the origin.
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