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ABSTRACT. The hypergeometric solutions of the KZ equations were constructed almost 30
years ago. The polynomial solutions of the KZ equations over the finite field F,, with a prime
number p of elements were constructed recently. In this paper we consider the example of the
KZ equations whose hypergeometric solutions are given by hyperelliptic integrals of genus
g. It is known that in this case the total 2g-dimensional space of holomorphic solutions is
given by the hyperelliptic integrals. We show that the recent construction of the polynomial
solutions over the field F,, in this case gives only a g-dimensional space of solutions, that
is, a "half” of what the complex analytic construction gives. We also show that all the
constructed polynomial solutions over the field IF, can be obtained by reduction modulo p
of a single distinguished hypergeometric solution. The corresponding formulas involve the
entries of the Cartier-Manin matrix of the hyperelliptic curve.

That situation is analogous to the example of the elliptic integral considered in the clas-
sical Y.I. Manin’s paper in 1961.
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1. INTRODUCTION

The hypergeometric solutions of the KZ equations were constructed almost 30 years ago,
see [SV1, SV2]. The polynomial solutions of the KZ equations over the finite field F,, with
a prime number p of elements were constructed recently in [SV3]. In this paper we consider
the example of the K7 equations whose hypergeometric solutions are given by hyperelliptic
integrals of genus g. It is known that in this case the total 2¢g-dimensional space of holomor-
phic solutions is given by the hyperelliptic integrals. We show that the recent construction
of the polynomial solutions over the field I, in this case gives only a g-dimensional space of
solutions, that is, a "half” of what the complex analytic construction gives. We also show
that all the constructed polynomial solutions over the field IF,, can be obtained by reduction
modulo p of a single distinguished hypergeometric solution. The corresponding formulas
involve the entries of the Cartier-Manin matrix of the hyperelliptic curve.

That situation is analogous to the example of the elliptic integral considered in the classical
Y.I. Manin’s paper in 1961.

The paper is organized as follows. In Section 2 we describe the KZ equations, and construct
for them two types of solutions: over C and over F,,. In Section 3 we show that the solutions,
constructed over IF,,, form a module, denoted by M, ,,, of rank g. In Section 4 useful formulas
on binomial coefficients are collected. In Section 5 a new basis of the module M, is
constructed. In Section 6 the Cartier-Manin matrix of a hyperelliptic curve is defined. In
Section 7 we introduce a distinguished holomorphic solution of the KZ equations, reduce its
Taylor expansion coefficients modulo p and express this reduction in terms of the polynomial
solutions over I, and entries of the Cartier-Manin matrix.

The author thanks R. Arnold, F. Beukers, N. Katz, V. Schechtman, J. Stienstra, Y. Zarhin,
and W. Zudilin for useful discussions. The author thanks MPI in Bonn for hospitality in
May-June 2018 when this work had been finished.

2. KZ EQUATIONS

2.1. Description of equations. Let g be a simple Lie algebra over the field C, Q € g2

the Casimir element corresponding to an invariant scalar product on g, Vi,...,V,, finite-
dimensional irreducible g-modules.
The system of KZ equations with parameter k € C* on a ®_, V;-valued function I(zy,. .., z,)

is the system of the differential equations

or 1 Q)

(2.1)

9 " 1=1,...,n,
! g#i
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where Q09 is the Casimir element acting in the i-th and j-th factors, see [KZ, EFK]. The KZ
differential equations commute with the action of g on ®!' ,V;, in particular, they preserve
the subspaces of singular vectors of given weight.

In [SV1, SV2] the KZ equations restricted to the subspace of singular vectors of given
weight were identified with a suitable Gauss-Manin differential equations and the corre-
sponding solutions of the KZ equations were presented as multidimensional hypergeometric
integrals.

Let p be a prime number and F, the field with p elements. Let gP be the same Lie algebra
considered over F,. Let V{ ..., VP be the gP-modules which are reductions modulo p of
Vi,..., Vi, respectively. If k is an integer and p large enough with respect to x, then one can
look for solutions I(z1, ..., z,) of the KZ equations in ®! ,V’®F, [z, ..., z,]. Such solutions
were constructed in [SV3].

In this paper we address two questions:

A. What is the number of independent solutions constructed in [SV3] for given F,?
B. How are those solutions related to the solutions over C, that are given by hypergeo-
metric integrals?

We answer these question in the example in which the hypergeometric solutions are presented
by hyperelliptic integrals.

The object of our study is the following systems of equations. For a positive integer g
and z = (z1,...,29941) € C¥* we study the column vectors I(z) = (I1(z2), ..., Isg+1(2))
satisfying the system of differential and algebraic linear equations:

oI 1 Q)

(22) - = 522'_2'1, i=1,...,29+1,  L(2)+ -+ Lhy(2) =0,
’ gr
where ' _
-Z -j
i -1 1
O — : ’
j 1 —1

and all other entries equal zero.

The system of equations (2.2) is the system of the KZ differential equations with parameter
k = 2 associated with the Lie algebra sl; and the subspace of singular vectors of weight 2¢g—1
of the tensor power (C?)®29+1) of two-dimensional irreducible sly-modules, up to a gauge
transformation, see this example in [V2, Section 1.1].

2.2. Solutions of (2.2) over C. Consider the master function

2g+1

(2.3) O(t,21,...,2941) = H(t—za)_l/2

a=1

and the 2g 4+ 1-vector of hyperelliptic integrals
(2.4) IV(2) = (L(2),- . Laygi1 (2)),
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where
(25) [j = /cb(t, Zl,...,229+1)

The integrals are over an element ~ of the first homology group ~ of the hyperelliptic curve
with equation

dt

=129+ 1.
t—Zj

y2 = (t - Zl) e (t - Zgg+1).

Starting from such v, chosen for given {21, ..., 22511}, the vector I0)(z) can be analytically
continued as a multivalued holomorphic function of z to the complement in C" to the union
of the diagonal hyperplanes z; = z;.

Theorem 2.1. The vector I (2) satisfies the KZ equations (2.2).

Theorem 2.1 is a classical statement probably known in the 19th century. Much more
general algebraic and differential equations satisfied by analogous multidimensional hyper-

geometric integrals were considered in [SV1, SV2]. Theorem 2.1 is discussed as an example
in [V2, Section 1.1].

Theorem 2.2 ([V1, Formula (1.3)]). All solutions of the KZ equations (2.2) have this form.
Namely, the complex vector space of solutions of the form (2.4) is 2g-dimensional.

This theorem follows from the determinant formula for multidimensional hypergeometric
integrals in [V1], in particular, from [V1, Formula (1.3)].

2.3. Solutions of KZ equations (2.2) over F,. We always assume that the prime number
p satisfies the inequality

(2.6) p=2g+1.

Define the master polynomial
2g+1

(2.7) Oyt 21, .. 20ga1) = [ [ (E—2a) P77 € Flt, 2]

a=1

and the 2g 4+ 1-vector of polynomials

(2.8) P(z) = (Pi(t, 2), ..., Pyyii(t, 2)), Pi(t, z) =

P 2 (I)p(t, Zlyeeey Z2g+1)'

Consider the Taylor expansion

(p—1)/2+gp—g-1 . . i i i
(29) P(t,Z) = Zi:o P (Z)t ’ P (Z) = (Pl(z)v ty P2g+1(z))7
with Pj(z) € Fp[z].

Theorem 2.3 ([SV3]). For every positive integer 1, the vector PP=Y(z) satisfies the KZ
equations (2.2).

This statement is a particular case of [SV3, Theorem 2.4]. Cf. Theorem 2.3 with [K].
Theorem 2.3 gives exactly g solutions PP~1(z),..., P%~!(z). We denote

1M(z) = (I1"(2), -+ L5441 (2)),
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where
(2.10) I™(z) == PYO™™PY2),  m=0,...,9—1
3. LINEAR INDEPENDENCE OF SOLUTIONS [™(2)
Denote Fp[2#] := Fy[2],...,25,,1]. The set of all solutions I(z) € F,[z]*"" of thf KZ
equations (2.2) is a module over the ring F,[2”] since equations (2.2) are linear and gz =0

in F,[z] for all 7, 5. Denote by

Moy = {3 en(I"(2) | en(z) € Fyl]},

the F,[2”]-module generated by I"™(z), m =0,...,9 — 1.

Theorem 3.1. Let p > 2g+1. The solutions I"™(z), m = 0,...,g—1, are linear independent
over the ring F,[2P], that is, if an_:lo cm(2)I™(2) = 0 for some ¢, (2) € F,y[2P], then ¢;,(2) =0
for all m.

Proof. Form =0, ..., g—1, the coordinates of the vector I™(z) are homogeneous polynomials
in z of degree (p —1)/2 +mp — g and
m m V4 J4
I] (Z) = Ij;é1,...,€29+1211 o e 2:2;9_:11,

where the sum is over the elements of the set

U7 ={(br, - lagir) €Z2 | Y 5= (p—1)/2+mp—yg,

0<,<(p—3)/2, 0<l;<(p—1)/2 for i #j}

ITy g = (= 1)@ /2 ((p _@3)/2) 11 ((P _6-1)/2) cF,

i#j !

and

Notice that all coefficients I7, ~, . are nonzero. Hence each solution I™(z) is nonzero.

We show that already the first coordinates I7*(z), m = 0,..., g — 1, are linear independent
over the ring F,[z].

Let I C F297! be the image of the set I'!" under the natural projection Z**! — F29+1,
The points of I'!* are in bijective correspondence with the points of I'". Any two sets I'7* and
['7 do not intersect, if m # m/. (The sets [ are analogs in Fﬁgﬂ of the Newton polytopes
of the polynomials 17"(z).)

For any m and any nonzero polynomial ¢,,(z) € Fp[27,...,25,,,], consider the nonzero
polynomial ¢,(2)1{"(z) € Fylz1,. .., 22941 and the set T'7", = of points ¢ € Z*9" such that

. ¢ : .
the monomial zt' .. Zgeny enters cp(2)17"(2) with nonzero coefficient. Then the natural

projection of 7", to F29+! coincides with T'{". Hence the polynomials I7*(z), m = 0,...,g—1,
are linear independent over the ring [F,[27]. O
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4. BINOMIAL COEFFICIENTS MODULO p

In this section we collect useful formulas on binomial coeflicients.

4.1. Lucas’s theorem.

Theorem 4.1 ([L]). For non-negative integers m and n and a prime p, the following con-
gruence relation holds:

(4.1) (7:) = li (7:) (mod p),

where m = myp® + my_1p" 4+ -+ nup + mo and n = np*F + ng_1p" N+ - 4 nap + no
are the base p expansions of m and n respectively. This uses the convention that (’:) =0 if
m<n. 0

Lemma 4.2. For a € Z-~, we have

() %0 ot

if and only if the base p expansion of a = ag + a1p + agp? + - - - + app® has the property:

—1
aigp— for 1=0,...,k.

In that case
k
2a 2(1,2'
(4.2) (a) EH(@-) (mod p).
i=0 v

The lemma is a corollary of Lucas’s theorem.

4.2. Useful identities. For 0 < k < (p — 3)/2, we have

= <(p _]:W) (2k+1) (mod p),
for 0 <k < (p—1)/2
o <<pk—_3>1/2) B ((p —;)/2) ﬁ _ (@ - 2) 2
_ ((p —kl)/2) (—2k)  (mod p).
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For a positive integer k,

(4.5) (‘1/2> (~1/2)(=1/2 = 1) - (=1/2 = (k = 2))(~1/2 — (k — 1))

g k!
_ (cgrl3se k:l (2k—1) _ (_1)k2_k(2k)!/(2.4 ]j 8. 2k)
k
for 0 <k <(p—1)/2
(4.6) ((p —k1>/2) _ () (2]5) mod ).

5. SOLUTIONS J"(z)

5.1. Sets AlL. We introduce sets that are used later. For r = 0,...,9—1, s =0,...,q9,
define

2g+1

(5.1) AL ={(lg.. . logi) €257 10K Y bt s—mp<(p—1)/2. 6<(p—1)/2}.
=3

5.2. Definition. Introduce the vectors J™(z) € F,[2]*¥*, m =0,...,g— 1, by the formula

(5.2) J™(2) :gfm—z(z)zzlp(g—m—ljtl)

g—m—1
that is,
J(z) = I’(2),

JH2) = I°2)7 (9 N 1) +IY2),

g—2
JAz) = 1) (97 N+ ') (9 2) 4 I*(z)
1 g _ 3 1 g o 3 )
and so on.
Lemma 5.1. For m = 0,...,g9 — 1, the vector J™(z) is a solution of the KZ equations
(2.2). Moreover, the F,[2P]-module spanned by J™(z), m =0,...,9 — 1, coincides with the
[, [2P]-module M, ,, spanned by I"™(z), m =0,...,g— 1. O

For the vector P(t,z) in (2.9), consider the Taylor expansion

(p—1)/2+gp—g-1 ~,

(5.3) Plt+2,2) = Zizo Pi2)t.
Lemma 5.2. Form =0,...,9— 1, we have
(5.4) J"(z) = PUTMPL(z),

cf. formula (2.10).
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Proof. We have P(t, z) = S0 D/2HP=971 pi(2y4i hence

—-1)/2 —g—1 . . —1)/2 —g—1 . ) o
Plt+21,2) =3 0 T piy 4 2y = SO T pigy (?)tﬂz;—ﬂ.

=0 1=0

If p (i + 1), then ((m_i ) = 0 (mod p) by Lucas’s theorem. Hence

g)p—1
B(g—m)p— —m)p— —m)p —1 —mtL)p— (g—m-+1)p—1
P(g m)p—1 p :P(g m)p—1 e ((g m)p )+P(g m+1)p—1 P Zp(
) g —mp -1 A g mp -1
- _ —m+2)p—1
_'_P(g m+2)p—1 p ZQP((g m )_'_
D5 g —mp -1
- +1
—Jm Im—l P g m [m—2 p(9—M N
@@ " ) (U

where the last equality holds also by Lucas’s theorem. This gives the lemma.

5.3. Formula for J™(z). Denote
Zj — 21

(5.5) )\j:zg—zl’ j=1,...,29+1.
Theorem 5.3. Form=0,...,9— 1, we have

(5.6) J(2) = (25— 20) 0 D/2Emg o (3,
where

(5.7) K7O0) = 2, KOOV,

AT is defined in (5.1), and
R S L (W O | | ) (g PR

Z2g+1€ ‘I‘ g mp EZ
2g+1
X (1,=2) 0 —2g,205+1,... 20551 +1).

Using (4.6) we may rewrite formula (5.8) as

(5.9) K"\ = (- 1)(]) /24~ 2790 bi—g+mp
2529 0+ 29 — 2 9.
y Z2+1 +2g — 2mp H?g—l—l l; N\l
Zg li+g—mp =2 \ {; g
2g+1

x (1, -2 Zﬁi — 29,205+ 1,..., 2051 +1).

Proof. We have

P((z3 — 21)x + 21, 2) = (25 — 21 )P~ D/ 2op=9-1
2g+1

X 20D/ (y (pl/zn (pl/z(l L ¥>
rir—1"2—=X"""""1— A1
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and
(p—1)/2+gp—g-1 ~. Py

P((zo —21)x+ 21,2) = Zi:o P'(2)(z0 — 21)"2".

Hence J™(z) = PU=m™P=1(2) equals the coefficient of z(9=™P=1 in
2g+1
1 1 1 1

5.10) V2 (g — 1)P-1/2 P .
(5:10) H (1’ r—=1"2—=X" &= A1

multiplied by (2o — zl)(p_l)/2+mp_9. We have
(2o — Zl)—(p—l)/2—mp+gjlm(z) —
- - —1)/2 (P=1)/2\ 0
—1)=1)/24+mp—g (p o A )\on
( ) Z 62 £2g+1 3 2g+1>

where the sum is over the set
2g+1

A = {(ly.. o) €ZX | Y li=mp—g+(p—1)/2,
=2

Expressing /5 from the conditions defining A we write

(22 _ Zl)—(p—l)/2—mp+gjm( ) _ (_1)(p—1)/2+mp—g

D) (0

where the sum is over the set
2g+1

AT = {(ly,. o) €Z27 0K Lt g—mp < (p—1)/2,

(< (p—1)/2,i=3,...,29+1}.
Similarly we have
(22 _ Zl)—(p—l)/2—mp+gj2m(z) _ (_1)(p—1)/2+mp_g

() (et

where the sum is over the set
2g+1

AN = {(la. o lag) €ZX | DY Li=mp—g+(p—1)/2,
lh<(p—3)/2and {; < (p—1)/2 for i > 2}.

Expressing /5 from the conditions defining A" we write

(29 — Zl)—(p—l)/2—mp+gjgz(z) _ (_1)(p—1)/2+mp—g

" Z< s £p+ j)/2mp - 1) ((p _631)/2) a (( ezgi/z) N A
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where the sum is over the set
2g+1

A" = {(ly,. . o) €Z5T0KDY L+ g—mp—1< (p—13)/2,
i=3
For j =3,...,2g9+ 1, we have

(22 _ Zl)—(p—l)/2—mp+gjjr_71(z) _ (_1)(p—l)/2+mp—g

(p - 3)/2 29+1 (p - 1)/2 ¢ lag+1
X Z( 4 Hi:2, it ‘; Ag' - Agght s
where the sum is over the set
2g+1

A/” = {(€2a e €2g+1 € Z | Z E =mp—-g + (p - 1)/2a

l; < (p—3)/2 and &-g( —1)/2, i # j}.
Expressing /5 from the conditions defining A" we write
(23 — Zl)—(p—l)/2—mp+gjm( ) = (_1)(p—1)/2+mp—g
(p—1)/2 (p—=3)/2\ 2+t ((P—1)/2\ 0, ¢
X Z( 20410 4 g mp) < ‘ Hizz o 0 T g

where the sum is over the set
2g+1

A//// _ {(63, o 7€2g+1) c Zi%_l | 0 < Z gz —|—9 —mp < (p - 1)/27
(i< (p—3)/2and (; < (p—1)/2, i # j}.
Using identities (4.3), (4.4) we may rewrite J*(z), j = 2,...,2¢ + 1, in the form indicated

in the theorem. O

6. CARTIER-MANIN MATRIX
Consider the hyperelliptic curve X with equation
y2 = .TL’(LU — 1)(.3(7 — >\3) Ce (LU — )‘2g+1)7

where A3, ..., A\ygy1 € ), while, in the previous section, Ag, ..., Agy41 Were rational functions
in z, see fromula (5.5).

Following [AH] define the g x g Cartier-Manin matriz C(\) = (C7(\))7 +—o of that curve.
Namely, for s =0,...,9 — 1, expand

9Nz — 1) (@ — Ag) ... (t— >\2g+1))(p_1)/2 = Zka:ﬂk
with Q¥ € F, and set

6.1 Cr(\) := QUY—r—1 r=0,...,9—1.
(6.1) s ; g
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The Cartier-Manin matrix represents the action of the Cartier operator on the space of
holomorphic differentials of the hyperelliptic curve. That operator is dual to the Frobenius
operator on the cohomology group H'(X, Ox), see for example, [AH].

Lemma 6.1. We have
(62) Cs()\) = ZZGAQCS;Z()\>’
where A” is defined in (5.1) and
. s =12 Ty (- 1)/2 £y
©03)  cn = e 0 VT (P e g
=3 i=3 v
U

The lemma is proved by straightforward calculation similar to the proof of Theorem 5.3.
We may rewrite (6.3) as

(64) ;Z(A) = (_1)(19—1)/24_2 Zfiﬁl li—s+rp
2 Z?i;rl 0+ 25 — 2rp\ 2! TAN s
: Zfi}fl li+s—1p g l; A3’ Aggl -

7. COMPARISON OF SOLUTIONS OVER C AND F,

Now we will

(1) distinguish one holomorphic solution of the KZ equations,

(2) expand it into the Taylor series,

(3) for any p > 2g + 1 reduce this Taylor expansion modulo p,

(4) observe in that reduction of the Taylor expansion all polynomial solutions, that we
have constructed and nothing more.

7.1. Distinguished holomorphic solution. Recall that holomorphic solutions of our KZ
equations have the form I(z) = (I1(2), ..., log4+1(2)), where

dt 1
Lj(z) = /{ \/(t— 21) . (t—zog41) U= %

and ~ is an oriented curve on the hyperelliptic curve with equation y* = (t—2z1) ... (t—29441).

Assume that zs, ..., 29441 are closer to z; than to zo:
2 — Z 1
i—¢¢<ﬂ =320+ 1.
Z9 — 21 2

Choose v to be the circle {t eC| }ﬂ} = %} oriented counter-clockwise, and multiply the

Zo—21
vector I(z) by the normalization constant 1/27.

We call this solution I(z) the distinguished solution.
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7.2. Rescaling. Change variables and write

(71) I(Zl, ey Zgg+1) = (2’2 — Zl)_1/2_gL()\3, ey )\29+1),

where

23— 21 22941 T %1
(Ag,...,AQQH):( ,

2’2—21’ ' Zo — 21
L(X\) = (L1, ..., Logt1),

J— / dx 1
b2 S Vale =1)(z = Xg) . (1 = Aggi1) T— A
and we set z_1>\1 =1 w_l/\Q =L
The function L(A) is holomorphic at the point A = 0. Hence

L(\) = > Ly gy AB L N2

(kg ..... k2g+1)622}%71

where the coefficients lie in Z[%Pg“. Hence for any p > 2¢ + 1, this power series can be
projected to a formal power series in F,[A]?97".

We relate this power series and the polynomial solutions J™(z), m = 0,...,¢g — 1, con-
structed earlier.

7.3. Taylor expansion of L(\).

Lemma 7.1. We have
—1/2
(7.2) L(0,...,0) = (—1)¢ g (1,—-2g,1,...,1).

Proof. We have =+ = (D2 ond

27
(—1)_1/2 / —1/2 dx 1 —1/2 dx
L(0,...,0) = —F——— -1 e 1— "
1( ) ) ) 270 ‘x‘:1/2(x ) [L’g+1 oI ‘x‘:1/2( [L’) [L’g+1
1 - —1/2\ dx —1/2
- —1 k_.k T —(—=1)9
2mi x:1/2kzzo( e ( k )359“ =) ( g )’
(—1)_1/2 / _3/2dl' 1 —3/2 dx
Ly(0,...,0) = ———— r—1 — = —— 11—z —
2 ) 2m \x\=1/2( ) 9 2mi mzl/Q( ) 9
1 = —3/2\ dx —-3/2 —-1/2
= —— —1 k. — = —1 9 = —1 9 _2 .
2mi |m|:1/2kZ:0( )'w ( k )xg =1 (9—1) (=1) ( g )( 9)
The coordinates L;(0,...,0) for j > 2 are calculated similarly. O

Lemma 7.2. We have
. k g
(7.3) L)) = > Ly, kg N2 o A%
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where
2g+1
(74)  Liyksgn = (=1)7 ( . +1//~322g+1 . g) ]1 ( ]1/ 2)
w (1, —2ks — ++ — 2hags1 — 20, 2ks + 1, ., kg1 + 1).
Proof. The proof is similar to the proof of Lemma 7.1. U
Using formula (4.5) we may reformulate (7.4) as
(7.5) Ly, kagr = 4= 2(ks+Fk2g41)—g
y <2(k3 + - kgggr + 9)) (21{53) o <2k2g+1)
kg4 -+ kog1 +g ks Fag+1
w (1, —2ks — + - — 2kggp1 — 29,2k + 1, .., 2hkngsr + 1).
7.4. Coefficients, nonzero modulo p. Given (ks, ..., ko,.1) € Z2 ", let

ki =k +kip+-+ k", 0O<K <p-1, i=3,...,29+1,

2

be the p-ary expansions. Assume that a is such that not all numbers k', ¢ = 3,...,2g9 + 1,
are equal to zero. By Lemma 4.2, the product Hfi‘gl (2:2) is not congruent to zero modulo

p if and only if
(7.6) k< 5 forall i

Assume that condition (7.6) holds. Then for any j =0, ..., a, we have

2g+1 1 1
Y k< (29—1)1%2917—9—]% < gp-
i=3
Define the shift coefficients (myg, ..., mqr1) as follows. Namely, put mg = g. We have
Z?i;:l k) + g < gp. Hence there exists a unique integer my, 0 < my < g, such that

2g+1

0< Zk?+g—m1p<p.
i=3

We have Zfi;:l k} 4+ my < gp. Hence there exists a unique integer mo, 0 < my < g, such
that
2g+1
0< Zkil_l—ml — map < p,
i=3
and so on. We have 0 <m; <gforall j=1,...,a+ 1.
We say that a tuple (ks,...,kog+1) is admissible if it has property (7.6) and its shift

coefficients (my, ..., mqy1) satisfy the system of inequalities
2g+1 p— 1
(77) Zkﬁ—mﬁlp—i—mjé?, ij,...,a.

=3
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Theorem 7.3. We have Ly, k.., Z 0 (mod p) if and only if the tuple (ks, ..., kagy1) is
admissible. The tuple (ks, ..., koge1) is admissible, if and only if (k3,. .., kggﬂ) € Api*t for
Jj=0,...,a, where the sets Al are defined in (5.1). If the tuple (ks, ..., kag+1) is admissible,
then modulo p we have

2mq
(7'8) LkS 7777 k2g+1>‘§3 T Ag?)i—? = (_1)a(p—1)/2( . +1)

Ma+1

Mt p’ P’ mi
x (j:l mj'kgv”'vkggﬂ ()\3 T )\29+1))Kkg ~~~~~ kggﬂ()\g’ Y )\2g+1)’
where C{, ,(\) are terms of the Cartier-Manin matriz expansion in (6.2) and Ki*(\) are the
terms of the expansion in (5.6) of the solution J™(z).

(7.5) is not divisible by p. For all i = 3,...,2g + 1, we have (2:2) # 0 (mod p) if and only if
property (7.6) holds.
The p-ary expansion of ks + - -+ + kogy1 + g is

2g+1
]{?3+"'+kgg+1+g: (Zk?—mm%—g)
=3
2g+1 2g-+1

+ ( Z ki —map + ml)]? +-+ ( Z ki —maqp + ma>p“ + Mg p™ .
i=3 i=3
By Lemma 4.2, the binomial coefficient (2%633::1@?;::;)) is not divisible by p if and only if

inequalities (7.7) hold. Thus Ly, . k,,,, Z 0 (mod p) if and only if the tuple (ks, ..., kygq1)
is admissible. ' .
The statement that the tuple (ks, ..., kagy1) is admissible, if and only if (k3,..., k5, ) €

A2t for j =0,.. ., a, follows from the definition of the sets AT.
The last statement of the theorem is a straightforward corollary of Lucas’s theorem, for-
mulas for C7,(A), K;*()), and the fact that 4*7 = 4% (mod p) for any k. O

7.5. Decomposition of L(\) into the disjoint sum of polynomials. Define a set
(7.9) M ={(mo,...,Mas1) | a € Zzy, mg =g, mj € Zzg, mj < g for j=1,...,a+1}.
For any mi = (mg,...,may1) € M, define the 2g 4+ 1-vector of polynomial in A = (A3, ...,

>‘2g+1)3

(7.10) Kn(A) = (—1)0@-1/2 <2ma+1)

Ma41
X (H Cmn (. Ag’;ﬂ))Kml(Ag, o )
j=1

Notice that for m,m’ € M, m # nV/, the set of monomials, entering with nonzero coeffi-
cients the polynomial Ky (), does not intersect the set of monomials, entering with nonzero
coefficients the polynomial Ky ().
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Corollary 7.4. We have
(7.11) L)) = ZmeMKm(A) (mod p).

Notice that by Lemma 7.2, L()) is a power series in A with coefficients in Z?™ [1] inde-
pendent of p, while the right-hand side in (7.11) is a formal infinite sum of polynomials in A
with coefficients in F29*! and with nonintersecting supports.

7.6. Distinguished solution over C and solutions J"(z) over F,. Let us compare the
distinguished solution I(z) = (25 — 21)"?79L(\(2)) in (7.1), and the expansion (7.11). For
any m = (mog, ..., mgy1) € M, define
(7.12)  Ja(2) = (22 — Zl)(p—1)/2—g+ma+1p“+1+(p+---+p“)(p—1)/2Km(23 B R T Zl>'
2 — 21 72— 21
Theorem 7.5. The following statements hold.
(i) For any m € M, we have Jz(z) € F,[z]29T!.
(ii) For any m € M, the polynomial vector Jz(z) is a solution of the KZ equations (2.2).
(iii) The Fp[2P]-module spanned by Jz(z), m € M, coincides with the F,[2P]-module M,
spanned by I"(z), m=0,...,9g — 1.

Proof. We have
e = oy (270

Ma+1
a

> H(ZQ _ Zl)((p—l)/2—mg'+mJ'+1p)pjC:?nyﬂ ((23 — Zl)Pj o (Z2g+1 - Zl)Pj>

et / z—z’ Z9 — 21
j_
_1)/2— Z3— 21 229+1 — 21
X (29 — 21)®P~D/2 g+m1me1< L 2
22 — 21 Z9 — 21
where
_ _ 23 — 21 Z2g+1 — 21
(29 — Zl)(p 1)/2=g+map grmi < L. 2 = J™(2)
22 — 21 Z9 — 21

is a solution of the KZ equations (2.2), see (5.6), and each factor
_ <<p—1>/2—mj+mj+1p>pjCmm( R O a7 o Bl ,,j)
(22 — 21) m; (22_21) ) =( 2 — 21 )
is a polynomial in I, [2P]. This proves parts (i-ii) of the theorem. Part (iii) follows from the
identity

K gy (2) = (2’”1) J™ (),

my
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