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ABSTRACT. We develop a generalization of the QQ-construction of the first author, Diemer,
and the third author for Grassmann flips. This generalization provides a canonical idem-
potent kernel on the derived category of the associated global quotient stack. The idempo-
tent kernel, after restriction, induces a semi-orthogonal decomposition which compares the
flipped varieties. Furthermore its image, after restriction to the geometric invariant theory
semistable locus, “opens” a canonical “window” in the derived category of the quotient
stack. We check this window coincides with the set of representations used by Kapranov
to form a full exceptional collection on Grassmannians.

INTRODUCTION

Derived categories, once viewed as a mere technical book-keeping device, have flourished
as a topic of investigation as volumes of literature have exposed their geometric nature.
Derived categories of coherent sheaves on algebraic varieties bind algebraic geometry to
commutative algebra, representation theory, symplectic geometry, and theoretical physics
in deep and surprising ways.

These bindings come in the form of fully-faithful functors or, better yet, equivalences
relating different varieties or categories. An obvious and central question: what is a reason-
ably robust and general source for such functors? Experience in algebraic geometry tells us
that moduli spaces are often a good place to look but beyond this source the examples of
fully-faithful functors are more idiosyncratic.

Recently, a new construction, in the context of group actions, was introduced in [BDF17],
which we call the Q-construction. Given a variety X with a G,,-action, the authors con-
structed an idempotent kernel on the equivariant derived category DP([X/G,,]). The kernel
Q, being the identity on its essential image, fully-faithfully identifies an interesting compo-
nent of the derived category DP([X/G,,]). In fact, it always gives a two-term semi-orthogonal
decomposition. This construction has some natural extensions.

Following Drinfeld [Dril3], we can recognize it as a piece of a more general story. The
inclusion G,, C Al can be viewed as a partial compactification of G,, as a monoid in schemes.
The fibers of the multiplication map A' x AL — Al are a family of G,,, orbits which degenerate
over 0 € Al. From Drinfeld’s perspective, the idempotent kernel constructed in [BDF17] is
the structure sheaf of a variety that parametrizes such degenerations in X.

This viewpoint allows for an immediate generalization: we can replace A' with M where
M is monoidal scheme. If we have a variety with an action of the units of M, we can
produce a kernel for X. In this paper, we study the monoidal scheme End(V') for V' a finite
dimensional vector space and the natural action of the units GL(V') on the vector space
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Z = Hom(V, W) x Hom(W’, V) where W, W' are two additional finite dimensional vector
spaces.

In this setting, we construct an object @ € D([Z x Z/GL(V) x GL(V)]) and show that
the idempotent property still holds:

Theorem 1. There exists a morphism of kernels ) — A inducing an isomorphism of
Q o Q — @, where o denotes convolution of kernels and A is the kernel of the identity.

The robustness of the equivariant setting is indicated by the fact that any flip between
normal varieties arises as a variation of GIT problem for a G,, action on a variety. We
remind the reader of the following conjecture of Bondal and Orlov [BO95] extended by
Kawamata [Kaw02]:

Conjecture (Bondal-Orlov 1995). Assume that X and X’ are smooth complex varieties.
If X and X’ are related by a flop, then there is a C-linear triangulated equivalence of their
bounded derived categories of coherent sheaves

DP(X) =~ DP(X").

As an application of the Q-construction, in [BDF17], the first author, Diemer, and the
third author gave a means of constructing a kernel on X x X’ for any D-flip (X, X’). For
flops of smooth projective varieties, the associated integral transform is conjectured to be
the desired equivalence of Bondal and Orlov. This provides a single unified, though still
conjectural, approach to constructing equivalences from flops.

In the setting of this paper, variation of GIT between Z*,Z~, the two GIT quotients
of Z, amounts to a flip which was studied by Donovan and Segal [DS14] when W and W'
have the same dimension and k is an algebraically-closed base field of characteristic zero.
This is called a Grassmann flop since it comes from contracting the zero section of a vector
bundle over a Grassmannian. Donovan and Segal exhibited equivalences for Grassmann flops
using a set of representations identified by Kapranov [Kap88]. In [BLVdBI16], Buchweitz,
Leuschke, and Van den Bergh showed that structure sheaf of fiber product O+, 7~ for
Grassmann flop is a kernel of the equivalence and they showed that, for the analogous flip
setting, it provides admissible embeddings of derived categories.

As an application to these conjectures, we show the QQ-construction descends to provide
an appropriate kernel for Grassmann flips.

Theorem 2. Let k be an (arbitrary) field of characteristic zero. For a Grassmann flip,
the @ construction, restricted to the semi-stable loci, induces the following semi-orthogonal
decompositions:

(1) If dim W > dim W', then there is a semi-orthogonal decomposition
D*(Z") = (Odim v.dimw -1, D°(Z7))
where Ogim v,dimw—1 is a category of explicitly described objects supported on the
unstable locus for Z~ (see in Definition [(.4.2]).
(2) If dim W < dim W, then there is a semi-orthogonal decomposition
D*(Z7) = (Odim v.dimw'—1, D°(Z 1))

where Ogim v,dimw’—1 is a category of explicitly described objects supported on the
unstable locus for Z* (see Definition [5.4.2)).
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(3) If dim W = dim W’, then there is an equivalence
DP(Z*) = DP(Z").

We also check, a posteieri, that the kernel from the ()-construction agrees with the fiber
product. Additionally, we show that the equivalence holds for any twisted Grassmann flop
over a general field in characteristic 0.

Finally, the utility of “windows” in equivariant derived categories is evident from works
such as, for example [HL15, BFK19, [DS14, [SVdB17]. Identifying windows involves some
choices or special conditions. The next result indicates that windows come simply from the
choice of the monoid M compactifying G.

Theorem 3. Let Q4 := Q|+, Then
e The functor
dg, : DP(ZT) - DP([Z/ GL(V)))
is fully-faithful.

e The restriction map j* : D? ([Z/ GL(V)]) — D°(Z%) is a left inverse to ®¢, .
e Kapranov’s representations form a set of generators for the essential image of ®¢, .

Theorem 3], in particular, provides a completely geometric explanation for the appearance
of Kapranov’s representations. Our method of monoid compactification can therefore be
seen as part of a program to produce canonical windows for quotients via linearly reductive
groups.

Theorems Bl and [ demonstrate that, in the case of Grassmann flips, the Q-construction
plays a unifying role in understanding the relationship between birational geometry and
derived categories.

Remark. The authors became aware of [BLVABI16] after the submission of this article. We
thank Michel Van den Bergh for pointing it out.

2. NOTATION AND CONVENTIONS

Throughout, k denotes a field of characteristic zero. For £ € N, £ # 0, we let [{] :=
{1,...,£}. We denote by Vecy the category of finite-dimensional k-vector spaces. We utilize
standard results in Geometric Invariant Theory and use the notation of [Mum65] as much
as possible. All schemes considered here are k-schemes. For a k-scheme Z, we denote its
ring of regular functions by k[Z]. The word point will always mean a k-point.

Throughout, fix a d-dimensional k-vector space V', a m-dimensional vector space W and
a m/-dimensional vector space such that dim W, dim W’ > dim V. For any k-vector space U
we can associate a scheme over Spec(k) defined as the spectrum of the symmetric algebra
of the dual space UV, that is

Spec (Sym (Uv)) .
More generally, for a k-scheme X and a locally free Ox-module M we can consider the
relative spectrum of the symmetric sheaf of algebras of MY, which we refer to as the total
space of M.
We fix the group G to be the general linear algebraic group

G = GL(V) := Spec <ﬂ< [C’, (det (C’))_l]) ;
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where C' = (ci;); jelq) 18 a collection of indeterminates. We use det (C) to denote the
polynomial

0€Sh

det (C’) = Z (_1)sgn(5) H Cis(i)
i€[d]

Next, recall that for a k-scheme Z, an action of G on Z is defined by a morphism of
schemes

o7 :GXy 2 — Z.

If Z and Y are k-schemes with G-actions given by oz and oy, we say that a morphism
f:Z — Y is G-equivariant whenever the following diagram commutes:

GX[kZ loxif GX[kY
oz gy
Z ! 'Y

Most of this work deals with categories whose objects carry a G-action and whose morphisms
are G-equivariant. To denote such categories, we simply use the superscript G. For example,
let R be a commutative ring with a G-action. Then, we denote the category of G-equivariant
modules by Mod%(R).

In practice, we will consider the case where R is a polynomial ring and think of the
coordinates along with the G-action as follows. Given a collection A = {ai;}icim) je[q Of
indeterminates, for any subsets J C [d], I C [m], we let A ; denote the collection of
variables

Arg = (aij)ier, jeg-

For I C [m] with |I| = d, we may list this set in increasing order, and denote the corre-
sponding ordered set by I := {{1,..,4;}. We then write

det (AI,[d}) = Z sgn(o) H Afz‘,U(i)

oeSy 1<i<d

Given two collections A = {a;; }icim) jejq) and B = {bi; }ic|d) je[m], We use BA to denote the

collection of polynomials
{Z bigagj } .
=1 i€[d],j€[d]

Lastly, given two k-algebras R and S and elements 7 € R and s € S, we let v and s
denote the elements r ® 1 and 1 ® s in R ®y S.
Throughout the text, we will use Z to denote the following affine space

Z = Homveq, (V, W) x Homyec, (W', V),
and we will denote its coordinate ring by

R :=k[Z].
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3. THE KERNEL

Recall that in [BDF17] the authors exhibit a kernel using a partial compactification of a
certain G,,-action. We follow a similar line of reasoning in the case of G-actions on spaces
of a certain type.

3.1. The Grassmann flip. The vector space
Homvyec, (V, W) @ Homvec[k(W/, V),

carries a natural action of G; for ¢ € G (a point), ¢ € Homyec, (V, W), and ¥ € Homyec, (W', V)
the action is given as

S (p,9) = (pog,c o)
Let us provide a few more specifics concerning the above action of G. For such an object
Z, the induced action

oz . G Xk 7 — 7
is equivalent to the co-action as Hopf algebra modules as follows. Choosing bases for V., W
and W', we may write
Z = Spec (k [{ai; Yieta jepm: {bij Yicim] jeqa]) -

where we recall that m = dim W and m’ = dim W’. Letting B := (b;;) and A := (a;;), we
have
(3.1) Z = Spec (k[A, B]) .
The co-action on the global sections

o, - K[Z] = k[G] @ k[Z],

is defined on the generators as

d
bij = (det(C)) ™1 Y Adj(C)rj @i biy
r=1

d
ajj = Zcir Qe Arj
r=1
where Adj(C) is the adjugate matrix of C.
Furthermore, the projection
g GXZ4 — Z

induces the map
7w  K[Z) = k[G] @u K[Z).

In order to get our GIT problem of interest, we consider the two open sets
Ut = (Hom(V, W)\ {p : rank(p) < (d — 1)}) @ Hom(W', V)
U™ :=Hom(V, W) ® (Hom(W’, V) \ {9 : rank(¥) < (d — 1)}),

and define the associated GIT quotients as
zt=[U"%q], z7=[U"/qG].
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The resulting birational transformation between Z% and Z~ is called the Grassmann flip.
It is called a Grassmann flop when dim W’ = dim W.

3.2. The object Q. Before turning attention to our object Q, we introduce the object A,
which gives the kernel of the identity functor in the equivariant setting.

Notation 3.2.1. Given Z = Hom(V, W) x Hom(W’, V) as before, we define the following
scheme

AZ =7 Xk G.
The scheme Ay is equipped with a natural G X G-action as follows.
Lemma 3.2.2. The scheme Az has a natural (G Xy G)-action
on, : GxX G XAy — Ay
uniquely determined by the co-action
o, KAzl = KG] ® R — k[G) @ k[G] @k k[Az)
defined by
UA (L1®1AZ)OO'Z( )
((1®u> (M@l) o st o ub(t )) ® 1.
Here r € R, t € k|G| and 11 : k[G] — k[G] @k k[G] is the natural inclusion into the first
component;
o 3% :k[G] = k[G] is the co-inverse,
o 1t k[G] = k[G] ® k[G] is the group co-multiplication, and
o s k[G] @ k[G] = k[G] ® k[G] switches the factors in the tensor product.

Moreover, the map 7wz X0z : G Xy Z — Z X Z is equivariant with respect to this G X G
action.

UAZ t®1

Proof. The proof is a straight-forward diagram chase and is left to the reader. O
Then, by using the (G xy G)-equivariant morphism
Tz dez:ZXkG—)ZX[kZ,

we get a (G X G)-equivariant sheaf of modules over Z x| Z associated to Az, which we
denote N
Ay = (17 Xk 02):0a,,
where Oa,, denotes the structure sheaf of the affine scheme Ay.
We view Ay as an object of D?(Qcoh®**¥Z xy Z), and claim that it is Fourier-Mukai
kernel for the identity functor on the bounded G-equivariant derived category Db(QcthZ ).

Lemma 3.2.3. Let Z = Spec(R) be before and M be an object of Mod®(R). Then there is
a k[G]-co-module isomorphism

G
(kG @ M) =0,
where k[G] @y M is given the left k|G]-co-action as a k[Az]-module.
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Proof. Note that there is a natural morphism
G
M — <|]<[G] B4 M)

given by the equivariant structure of M. Since the extension k/k is faithfully-flat, it suffices
to show that this map is an isomorphism over k. Assume that k = k.

By the Peter-Weyl Theorem, there is a decomposition k|G] = @ S; ® S, where S; runs
over every irreducible representation of G. Furthermore, since G is linearly reductive, we
have a decomposition M = @ M; into irreducible components. Thus, we have

<I]<[G] R M>G ~Psie (S @ M) =P S @ Homf (S;, M),
and our result follows from Schur’s Lemma. 0
Lemma 3.2.4. The object
Az € DP(Qeoh®*C(Z xy 7))
is the Fourier-Mukai kernel of the identity functor on Db(Qcth Z).
Proof. For an R-module M, the integral transform associated to A 7 is given by
¢£Z(M) = [Rﬂ'g* (ﬁz QT Lﬂ"fﬂ)]G )

where 7; are the natural G-equivariant projections Z x Z — Z (see [BFK14, Section 2] for
background). Our desired result is a consequence of the following calculation:

@&Z(M) = :Rﬂz* [((WZ % 02):0a,) €6, (LWIM)”G

1

:772* (T2 XK 02)« |:OAZ ®oa, ((” Xk UZWTIM)HG

1

- . P, G
O’Z*T(ZM}

1

r G
Oa, ®o, M]

- G
= |(Og ®k Oz) ®o, M]

r —~ G
= _OG ®[|<M]

~ M,

where the first isomorphism follows from the projection formula, and the last follows from
Lemma [3.2.3] Furthermore, on the second isomorphism we may forego the process of
deriving these functors as they are either exact or remain an adapted class (as discussed
above). As each of the above isomorphisms is induced by a natural transformation of
functors, the above sequence yields a natural isomorphism between (I)Ez and the identity
functor. O

We now define the natural generalization of the object @ from [BDF17, Defn 2.1.6].
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Definition 3.2.5. Given the scheme Z = Spec(R) as before, define
Qz = (T} (R), 0} (R),C) CK[G x1. 7).

that is the k-subalgebra of k|G x Z| generated by the images of aﬁZ,wﬁZ and the image of
the inclusion k[End(V)] < k|G x Z]. For ease of notation we denote Qz := Spec(Qz).

Remark 3.2.6. Similar to the functor @ in [BDF17, Def 2.1.6] our definition provides a
partial compactification of the action of G on Z. For ease of reference we recall the definition
of a partial compactification next.

Definition 3.2.7. Let G be an algebraic group and Z a k-scheme with G-action. Also, let
Z be a k-scheme together an action of G' x G which is equipped with a (G x G)-equivariant
open immersion N
1: G X Z — Z s
as well as a (G Xy G)-equivariant morphism
(p,s): Z — ZxuZ
such that the following diagram commutes

Z

GX&ZT)Z

where o is the action of G on Z and = is the projection to Z. In this case, we refer to Z ,
with the maps p, s, 1, as a partial compactification of the action of G on Z.

Example 3.2.8. In the case that dimV = 1, G = G,,,, and the definition of ) given here
recovers that found in [BDF17].

Lemma 3.2.9. There are morphisms

P

Qz —= Z.
which compose with the open immersion Az — Qz to give the morphisms 7wz and oy.
Proof. By definition, the maps TﬁZ and O'ﬁZ both have images which lie in Q. O

Lemma 3.2.10. We have an isomorphism

(3.2) Qz = k[AF, BY AR BE O]/ (BY — BRC, A" — CAY) = kAL, B, ().

Proof. We provide the reader with an easily verifiable isomorphism defined on the generators

by

L

)7
Jﬁz(aij) — af}, UﬁZ(bU) — bf} ]

Remark 3.2.11. It follows from Equation ([B.2) that Q is isomorphic to the closed sub-

variety of (Z xy Z) X End(V'), consisting of the following points

{(¢1,¢27¢3,7/)4790)| ¢1 = ¢3 ° Y, T;Z)4 = @O¢2}

Cij = Cij, Wﬁz(aij) = a Fﬁz(bij) — bi[}'?
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Lemma 3.2.12. The scheme Qz admits a (G X G)-action, denoted oq,, which is uniquely
defined by the co-action
o6,  KIA", BE O] — KD, (det D¥)~'] @ K[D®, (det D®)~'] @ K[A", BE, (1,
which maps the generators

b (det(DM))~ Z Adj(DR),; @ bE,
r=1

aw — Z dE @y a,,],

CU det DL Z Ad,] sg Ok dﬁ« Rk Crs,

where Adj(D) is the adjugate of the matriz D.

Proof. To check commutativity of the appropriate diagrams, we can pass to k|G x Z]. Since
(Qz)aetc = k|G x Z] and det C' is a non-zero-divisor, base change is flat. For k|G x Z],
we are describing, in coordinates, the co-action corresponding to the previously specified
G x G action on Ay. O

The next lemma gives explicit descriptions of the two module structures that )z pos-
sesses.

Lemma 3.2.13. For Z = Spec(k[A, B]) , we have the following two k[A, B]-module struc-
tures on Qz given by p* and s*, respectively:

pF: K[A, B] = K[AF, BE (]
B — BEC
A AL

s*: k[A, B] — k[AF, BE, (]
B+ Bt
A CAL

Proof. These are just the maps induced by the description of Q7 from Lemma [3.2.10] under
the identification
Qz = K[AL, BE C]. O

Remark 3.2.14. We could define Q and A as functors from affine varieties with a G-
action to affine schemes over k[End(V')] with a G x G-action, thereby generalizing the work
of [BDF17]. However, as our focus in this paper is the case of Grassmann flops as considered
by [DS14], we do not consider these generalizations.

Now, we prove some properties of () that will be used in Section 3.4l to prove the fullness
of a Fourier-Mukai transform constructed using Q).

Lemma 3.2.15. For an object Z = Spec(R) as before, we have
Tor;(,Qz, sQz) =0
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for all i > 0, where the subscripts preceding Q7 denote the R-module structures given by p
or s, respectively.
Proof. Let R :=k[A, B] as in Equation (3.I)). By Lemma B.2.13] we have
,Qz 2 KlA,B,B',C]| /(B - B/C)
Qz 2Kk[A, B, A, C)| /(A — C’A')
Let us compute QQz s®£ Q7 using the above expressions:
Qz 9% Qz = KA. B.A.C] /(A ~ CA') @l A B.B.C] /(B - BC)
~ KA, B, A, C] /(A — CA') ®ua,B) Kija,B,5,c)(B — B'C)
= Kya,B,47,8/,C1,C)/(A—Cp 47y (B — B'CY)
= Kyip,ar,5',c1,c5) (B — B'Ch),

where we resolved the regular sequence (B — B’C') by the Koszul complex, denoted by K,
on the second line.

Finally, we see that the sequence (B — B'C1) is still regular in the ring k[B, A’ B', C1, Cs]
and hence all the higher homologies vanish. O

Notation 3.2.16. We denote by

Qz = (p Xk 8):0q,-
the sheaf of modules over Z associated to (. We will use the same notation in the derived

setting (see Section B3] particularly Remark B.3.4]). Furthermore, as Az is an open subset
of Qz we will denote the natural open immersion as

’I’}:GX[;<Z—>Q2.

It will be useful to consider the following open covers of the quasi-affine sets U™ and U~
defined before. Let

(3.3) vt= Uy U,
JC[m, |J|=d
(3.4) v= U u
1], |1|=d
where

U/ := Spec <U< [A,B, (det(A[dLI)_:lD
U := Spec (U< [A7 B, (det(BJ,[d})_ID

and (for example) det (A[d}, 1) denotes the (d x d) minor of A consisting of the rows indexed
by I. Therefore, we have the following affine open covers:

(3.5) Ut xzpU = U Uf xzp0 U7,
I1C[m), JC[m], |1=|J]|=d

3.6 U+X|]<U_: U+><[kU_,
I J
IC[m], JC[m/], |I|=|J|=d
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where Z//0 := Spec(k[A, B]*(V)) denotes the invariant theoretic quotient of Z.

Lemma 3.2.17. There is an isomorphism
k[Z xz)0 Z] = k[A", BY, AR, BR] / (B* A" — BRAFR),
where the generators and relations are as in Definition [3.2.5.

Proof. From Weyl’s fundamental theorems for the action of G (for example see [KP96,
Chapter 2.1] or the original text [Wey46]) we have

Z)0 ={D € Homy (W, W) | rank D < dim V'}.
The map Z — Z//0 is thus given by the homomorphism
k[Z/0] — k[A, B]
D — BA.

Hence,

k[Z xzy0 Z] = KA, BY) @70 KA®, BR] = K[A", BY, A%, B /(B*AY — BRAR). O
Lemma 3.2.18. There exists a morphism

k= p? @ s K[AY, BY] @70 KIA", BT = Q2.

Proof. This follows since p” and s# are equal on k[Z/0], by definition. O

Lemma 3.2.19. With the conventions above we have the following containment of ideals
in the ring k|[AY, BY, AR BE C]:
(BYA" — BRAR) c (BY — BRC, A" — CA").
Proof. This follows from
(BY — BREC)AL + BE(C AL — AR) = BEAL — BRAR, O

Proposition 3.2.20. Let Z = Spec(k[A, B]) as usual and Qz as in Equation ([3.2)). Let
Qzlu+x,u- be the restriction of Qz to the open subset Ut x@ U™ C Z xi Z. Then K
restricts to an isomorphism

Klu+ -+ Qz — OU*XZ//OU*-

Ut ><[kU7

Proof. We look affine-locally using the covers of Equations and We need only show
that under the above localization the map & : k[Z x Z)0 Z] — @z becomes an isomorphism.
For surjectivity, it suffices to show that there is an element (we find two such) which map
to C. Indeed, we have

((BR)JM) Bl o
AR((AL)[du)_l = C,

easily verified by the relations B* — BEC and A® — CAF in Q(K[A, B]) given in Definition
0. 2.9
For injectivity, it suffices to check that under this localization we have the containment

(B* — BRC, A" — CAY) c (BY AR — BRAR)
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since the opposite containment is Lemmal3.2.201 To see this, simply note that by multiplying
by the appropriate elements in the above identification, we have

(BY) jig = (BR)jgC  and  (AR)gr = C(A")qr-
Hence, multiplying by the appropriate units in our localization, we have
(B* — BRC, A" — CAY) = ((Bf) 54 (A" — CAY) , (BY — BRC) (AM) ) -
For example, by Equation (3.2]), we have
(B™) iq (A" = CA") = ((BR) jiq A" — (B") jiqA") € (BY A" — BRAT) |
while the other relation follows similarly. This gives our desired isomorphism. ([l

Consider the restriction Q|+« 7—. By descent, we have a corresponding object P on the
quotient Z+ x Z~.

Theorem 3.2.21. We have an isomorphism
P=0g+yx, 2~
Proof. This follows immediately by passing to the quotient in Proposition [3.2.20] ([l

We now examine a useful invariant when studying kernels in the next subsection. Note
that for Z, the tensor product Q7 s®, Qz is equipped with a natural G**-action. This
induces a G*3-action, which we denote

o5 G x Q- Q2
and is defined as the product of the following compositions

x3 X2
G X Q7

G*2 Xk Qz G*? XKk Qz
UQZl JUQZ
Qz Qz

Here ; ;1 : G*3 %3 Q5% — G*?x.Q,, is the projection onto the i, j® and k™ components.
For any ring T’ with G*3-action, we will denote the invariant subring associated to the action
corresponding to the middle component of G*3 by T™. The notation (—)> is suggestive
of pinching a module in the middle. Since taking invariants is functorial for equivariant
morphisms, we obtain the following:

Lemma 3.2.22. The following diagram commutes

(QZ p®a’ AZ)D<1

(1®mn)™ ~
(Qz p®s Qz)/ \ Qz
e

(n®1)™
(AZ 7r®s C>2Z)l>q
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Furthermore, the morphism pz : (Qz p®s Qz)™ — Qz is an isomorphism.

Proof. First recall that we have a presentation from Lemma B.2.13] of ;7 and ,Qz, which
for ease of calculation we set the following simplified notation, with the hope that no
confusion arises:

»Qz 2 KA, BY, BE O]/ (B* — BRC) 2 KA, BR, O]

=Kk[A, B, (]
sQz 2 KkAY, AR B, C)/ (AR — CAF) 2 KAL, B, C]
:=k[A, B, (]
Further we recall the notational preference that for k-algebras R,S and r € R, s € S that

the following pure tensors will be denoted: r ® 1 := 7% and 1 ® s := sf. With these

conventions we have the following presentations of rings:
Qz p®s Qz = KA, AR BL BR CF OF] /(B*CT — BE, AL — T AR)
=~ kA", B*,CF, 1]
KAZ] »®s Qz 2 KAL, AR B BE OF CF det(CF)™'] /(B* — BR, AY — CTAR)
=~ K[AE BL L, CF det(CF)™Y
Qz »®s KAgz] = KAL, AR BL BR L CR det(CR)™Y) /(BL —BR(CR)Th AL - CRAR>
=~ KA BL CL, Cf det(C®)7!]
Hence, commutativity of the above diagram is clear. Furthermore, one verifies that we have
an isomorphism k[Az] » ®s Qz = Qz , ®s k[Az], and thus
(K[AzZ] = ®s Q)™ = (Qz p @5 K[AZ])™.

It is clear that the maps on the right-hand side of the diagram are isomorphisms since k[Az]
is the kernel of the identity by Lemma B.2.4l We claim that

(Qz p®s Qz)™ = K[A®, B, CF . CF
(Qz » ®o KAZ])™ = KA", BE,CF - O]
from which it follows that these rings are isomorphic. This claim is simply Weyl’s Theorem

for the invariants of k[V @ V'V]. O

3.3. The integral kernel. We now use Q to construct Fourier-Mukai kernels. We begin
by recalling the following from [BDEF17, Definition 3.1.4].

Definition 3.3.1. Let Z be a partial compactification of an action o : G Xy Z — Z, with
maps p, s, and i as above. We define the boundary of Z to be

0% =2 \i(Gxu2),

the s-unstable locus to be

7% = 5 (95),
and the s-semistable locus to be

73 =7Z\Z".

One similarly defines the p-unstable and p-semistable loci.
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Remark 3.3.2. It follows from [BDF17, Example 3.1.10] that the s-semistable locus Z5*
coincides with U™ from Equation (3.3]). Similarly, the p-semistable locus Z,? coincides with
U~ from Equation (3.4).

Definition 3.3.3. For an object Z as before, we let
Qz = (p x 5).0q, € D° (Qecoh™*C Z x; Z)

where the pushforward is understood to be derived. We denote by @} the quasi-coherent
sheaf on Z5° x Z realized by restricting )z from Z xy Z. That is,

Q} = (] X 1Z)*QZ7
where j : Z3° — Z is the inclusion. Finally, taking @\42' as the Fourier-Mukai kernel, we have
the functor

(3.7) ®gs : D (Qeoh® Z5¥) — D (Qeoh® Z) .

Remark 3.3.4. Since the functor (p x s). is exact, @Z is just the G-linearized sheaf
associated to @z with its (p, s)-bimodule structure given in Lemma B.2.21 This justifies our
use of @z in Notation [3.2.10]

Lemma 3.3.5. The functor (IJQ+ is faithful.
zZ

Proof. Our proof follows from the fact that the functor
i* : DP(Qcoh(Z5)) — DP(Qcohy(Z2))
is the left inverse of <I>@+. To see this, note that for any maximal minor m of B, we have

zZ
R, ®sQz = K[G] @k R = k[Az]. Indeed, inverting a minor on the left amounts to inverting
the determinant of C. Since Ay is the kernel of the identity, we obtain the desired result. [

The fullness of this functor depends on certain localization properties, which are the focus
of the next section.

3.4. Bousfield localizations. This section recalls Bousfield (co)-localizations which will
be used to establish fullness of the functor ®5. from Equation B20). We recall that the
existence of a Bousfield triangle produces a semi-orthogonal decomposition, and we show
that the essential image of our functor is an inclusion into one of these pieces. We refer the
reader to [Kral0] for a more detailed treatment of these concepts. While the proofs of the
statements refer to [BDF17] we recall all of the statements here for ease of reference.

Definition 3.4.1. Let 7 be a triangulated category. A Bousfield localization is an exact
endofunctor L : T — T equipped with a natural transformation § : 1+ — L such that:

a) L = 6L and
b) Lé: L — L? is invertible.

A Bousfield co-localization is given by an endofunctor C' : 7 — T equipped with a natural
transformation € : C' — 14 such that:

a) Ce=eC and

b) Ce: C? — C is invertible.
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Definition 3.4.2. Assume there are natural transformations of endofunctors
CS1-51L
of a triangulated category 7 such that
Ca <5 2 % Ly

is an exact triangle for any object x of 7. Then we refer to C — 17 — L as a Bousfield
triangle for 7 when any of the following equivalent conditions are satisfied:

1) L is a Bousfield localization and C(e;) = €c,
2) C is a Bousfield co-localization and L(d,) = dr,
3) L is a Bousfield localization and C is a Bousfield co-localization.

For a proof that the above properties are indeed equivalent, we refer the reader to [BDF17,
Definition 3.33]. Denoting S := k[Az]/Qz, we have morphisms

t
Qz L KAzl = S — Q1]
in D°(Mod“ k[Z]), where n* is the morphism induced by 7 as in Equation 3216l This yields

an exact triangle. Furthermore, if we let 7 : <I>@Z — 1 denote the morphism induced by nf,
we see that for any z in D°(Qcoh® Z) the following is also exact:

D5, (x) = & — Dg(x)
With these observations in mind, we present one of the main results of this section.

Proposition 3.4.3. The triangle of functors

RIN [N

<I>@Z S

is a Bousfield triangle.

Proof. This follows identically as in [BDF17, Lemma 3.3.6], by Lemma and Lemma
O

We are now ready to prove that <I>@+ is full. Let J; := jx 0 5%, where j : Z3° — Z is the
natural inclusion, and let 'y be the local cohomology.

Proposition 3.4.4. There is a semi-orthogonal decomposition

D(Qcoh® Z) = (Im g, Im g5, Im P o T'y ),

where Im denotes the essential image. Furthermore, <I>@+ 1s fully-faithful.
Proof. This follows identically to the proof of Proposition 3.3.9 in [BDF17] O

Letting 5’ : Z3* — Z be the inclusion and I'y its local cohomology, we have the following
dual statement.

Proposition 3.4.5. There is a semi-orthogonal decomposition
D(Qcoh® Z) = (Im @z, Im b5, ImPgol ),

where Im denotes the essential image. Furthermore, ®5_ is fully-faithful.



16 BALLARD, CHIDAMBARAM, FAVERO, MCFADDIN, AND VANDERMOLEN

4. A GEOMETRIC RESOLUTION

For this section, we will denote Z as the scheme
Hom(V, W) @ Hom(W', V).

Having established that @@+ is fully faithful, the remaining objective of this work is to
examine the essential image of the functor <I>@ +. We will show that this image is generated
by an exceptional collection first discovered by Kapranov in [Kap88]. The method which

we use is based on the underlying techniques of the well known ‘geometric technique’ of
Kempf (see e.g. [Wey03]).

4.1. A sketch of Kempf. The objective of the method of Kempf is to provide a free
resolution of special modules by pulling back to a trivial geometric bundle over a projective
variety.

Consider an algebraic variety Y. The total space of the sheaf O;‘?" is the scheme Y x A™.
Now let X be the total space of a locally free sheaf F C (’);‘?“ on Y. Let m denote the
projection ¥ x A" — Y.

We have the exact sequence of locally free sheaves on Y x A"

0 T F y mrOP" NS > 0,

where T is the quotient sheaf.
Consider the section s := f o taut : Oy xan — 77T, where taut denotes the tautological
section of 7* O;‘?“ on Y x A™. Then, we have the following statement.

Proposition 4.1.1. With the above notation, a locally free resolution of the sheaf Ox as a
Oy xan-module is given by the Koszul complex

K(s)g:0— /\mk (T TY) = ... > /\ m™*TY) = 7T = Oyxan

Proof. On the vanishing locus Z(s), the tautological section taut factors through 7*F.
Hence, the vanishing locus is the total space of the sheaf F, which is X. We see that the
section is regular as the codimension of Z(s) equals the rank of the sheaf 7*7; and the
Koszul complex resolves Ox. For more details, see [Wey03| Proposition 3.3.2]. O

4.2. The resolution. Now we are ready to present a resolution which will open a window
to view Im(®g. ). First recall that we set dim(V) := d. We define Q}, as the base change:

Q) —— Qy

| [pes

LIEXL —— I X Z

Let S be the tautological bundle on Gr(d, W) i.e. the locally free sheaf on Gr(d, W) =
[Hom(V, W)$ /G¥] corresponding to the G*-representation V. Then, we have the Euler
sequence for the Grassmannian Gr(d, W):

0—-S—-W-—>09—0.

Consider the pullback of the above sequence to Gr(d, W) x Hom(W’, V) along ¢ and ap-
ply #om(t*V,—), where q : Gr(d,W) x Hom(W', V) — Gr(d,W) and ¢t : Gr(d,W) x
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Hom(W’, V) — Hom (W', V) are projections

(4.1) 0 — Hom(t*V,q*S) LN Hom(t*V, q* W) EN Hom(t*V,q*Q) — 0.

Let us denote T := Fom(t*V,q*Q). We denote the total space of the locally free sheaf
H'om (A, B) as Hom(A, B). From the discussion in the previous subsection, we get the
following result:

Lemma 4.2.1. The following Koszul complex is a free resolution for Ogom(+v,q-s) as an
Ocr(d,w)x z-module.

d(m—d) 2
(4.2) K(s)y: N\ TV > ..o ATTY =7 TY = Ocraw)xz

where 7 : Gr(d, W) x Hom(V, W) x Hom(W’, V) — Gr(d, W) x Hom(W', V) is the projection
morphism.

Proof. We choose Y = Gr(d,W) x Hom(W', V), and F = Hom(t*V,q*S), and apply
Proposition [ T.Il Notice that the total space of Zom(t*V, ¢*W) on Gr(d, W)xHom (W', V)
is Gr(d, W) x Z. 0

Now, we can identify [Q},/GL] as the total space Hom(t*V, ¢*S).

Lemma 4.2.2. The quotient space [Q}/GL] is Gl -equivariantly isomorphic to the total
space Hom(t*V, ¢*S) as schemes over Gr(d, W) x Hom(W', V).

Proof. Recall from Equation ([B.2]), that Q is associated to the module
k[AL, BE C]

Geometrically, we may view Qz as the total space of the locally free sheaf End(V') over
Speck[AY, Bf]. Once we base change to the semistable locus and take the quotient with
respect to the G¥ action, we get that [Q},/ GL(V)!] is isomorphic to the total space

Hom(t*V, ¢*S) — Gr(d, W) x Hom(W' V).

Moreover, the inclusion, SZom(t*V, ¢*S) — Hom(t*V,¢*W) realizes it as a subspace of
the total space Hom(t*V, ¢*W) over Gr(d, W) x Hom(W’, V) which is Z x Gr(d, W).
This inclusion om(t*V, ¢*S) — A om(t*V,¢*W) is induced by the ring homomorphisn

k[AL, AR BE| - k[AL, BE (]
Al AT
Af s cAY
Bf — BE,
which is equivariant with respect to the remaining G®-action. U

We denote 7y : [Z55/GF] — [Hom(V, W)3/G¥] as the projection. Putting Lemma E2.1]
and Lemma together, we get a resolution of the sheaf (m x Idz).QF.

Corollary 4.2.3. The Koszul complezx ({{.3) is a locally free resolution of the sheaf (m; X
1d2).Q7 of Oge(a,w)xz-modules.
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Remark 4.2.4. We note that we could also have constructed a locally free resolution of
Q} on Z3° x Z by the same method, and this will also lead to a similar proof as in the
remainder of this paper.

5. ANALYZING THE INTEGRAL TRANSFORM

In this section, we show that the kernel @JZF induces a derived equivalence for a Grassmann
flop. We begin by showing that the essential image of this functor coincides with the
‘window’ description studied by Donovan and Segal in [DS14, Section 3.1]. Specifically, we
will show that the image of ® P is generated by a collection of vector bundles corresponding
to representations identified by Kapranov [Kap8§].

Let us recall Kapranov’s collection. Consider the standard G representation V', where
GL(V) acts by left multiplication. Consider the Schur modules of V' associated to a Young

diagram (or equivalently, partition) «, and denote them by L,V. Kapranov’s collection is
defined by

Kam = {LQV ‘ a € Young diagrams of height < m — d and width < d}.

We also consider pull backs of these representations to Gr(d, W) along the structure
morphism. As V pulls back to the tautological bundle S, the Schur functors L,V pull back
to LS and these are the locally free sheaves considered by Kapranov. By abuse of notation,
we will consider ¥y, as a collection of locally free sheaves on Hom(V, W) @ Hom(W', V)
or Hom(W’,V) (again, by pulling back along the structure morphism). Note that when
k = C, this is exactly the dual of the zero'™ window W from [DS14} Section 3.1].

It is the objective of this section to show that the thick triangulated subcategory gener-
ated by elements of Ky, is equivalent to Im (@@;). We show one containment in Propo-

sition B.1.1], which relies on the work of Section [l

5.1. Windows from a resolution. Consider the projection 71 : Z — Hom(V, W)$.
To demonstrate that the image of (IJQ+ is contained in (¥Kg,,), we exhibit a particular
zZ

GL(V)% x GL(V)®-equivariant resolution Co of (Idz xwl)*ég over Hom(V,W)$® x Z i.e.
we resolve the kernel of the functor <I>©+ o 7}. Equivalently, this is a GL(V)f-equivariant
zZ

resolution of (Idz xwl)*@} over Gr(d, W) x Z. The resolution obtained in equation (ZZT])
in Section is the one we are looking for.

In this subsection, we will show that the components K* of the resolution have a filtration
whose associated graded pieces are of the form J X K with K € ¥y ,,,. This decomposition
of the Fourier-Mukai transform ® a3 ° 7 yields a functorial way to describe ® a3 © (M)

using objects of ¥z, for all objects 7} (M) € DP([Z5°/ GL(V)]). As such objects generate
DP([Z%%/ GL(V)]) this is enough to conclude the goal of this section, Im (¢@§) C (Kam)-

Proposition 5.1.1. With notation as above, we have
i (g,) < (Ka

where (Kq,) is the thick triangulated subcategory generated by elements in Ky, .
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Proof. By Corollary 1.2.3] we have a quasi-isomorphism with the Koszul complex
Ko = (Idz xm).Q%

The components of the Koszul complex are A'm*#om(t*V,q*Q)Y for 0 < | < d. We
can appeal to the Cauchy Formula, e.g. [Wey03, Theorem 2.3.2(a)], to get a filtration on

N t*7* Hom(t*V, ¢* Q)Y whose associated graded pieces are

7T* @ L)\V X L)\/ QV
IX|=i
Thus, each term in the Koszul complex can be generated using iterated exact sequences
from the locally free sheaves
* (LAV X Ly QV) .
These components, in turn, generate @JZF Hence, for all M, @@+ (7 M) is generated by
zZ

objects of the form

O (ryvrnyov) (T M) = RT(M ® L) Q") @k LV

all of which lie in ¥,,,. Now, since 7 is an affine map, DP([Z%%/G]) is generated by the
essential image of . The result follows. O

5.2. Truncation operator. In this section we will see that <I>@+ has a useful description
Z

on G-representations. Yet before we go deeper into the representation theory we define a
truncation operator over our field k of characteristic zero.

Definition 5.2.1. Let M € Mod“(k[Hom(V,W)]), we define the truncation operator as
follows

G
Msg = (M ® ﬂ<[End(V)]>
Recall, further that there is a G X G-module decomposition
(5.1) kEnd(V)] = @ N @ N,

where we sum over all irreducible representations of G with all positive weights [Pro07],
these representations are also referred to as polynomial representations. Since G is linearly
reductive over a field of characteristic zero, we may decompose any G-module M as M =
@ M;, where M; is irreducible and we have the following description of the truncation

operator B.2. 1}

Remark 5.2.2. Let M € Mod® (k[Hom(V, W)]); then decompose M over k into irreducibles
as

(5.2) M= & M
M; irreducible
Then the truncation operator may be described as follows
Mso= € M

M; irreducible
and polynomial
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Lemma 5.2.3. For any M € Mod® (k[Hom(V, W)]), M>q is a K[Hom(V, W)]-submodule of
M and (-)>¢ is exact.

Proof. The exactness of the functor follows since G is linearly reductive and thus our opera-
tor is just a projection. That M>( is a k[Hom(V, W)]-submodule follows since k[Hom(V, W)]>o =
k[Hom(V, W)] since k[Hom(V, W)] is a polynomial representation. O

To deliver a cleaner picture we define some more notation Y’ := Hom(V,W). For the
remainder of this subsection we will exploit the commutativity of the following diagram.

U} —2— Hom(V, W) & Hom(W", V)

q IU;J/ lfn

Uy, «———— Hom(V,W)

Lemma 5.2.4. Let M € Mod® (k[Hom(V, W)]) then

q,., (M) = M>q
Proof. The coaction map defines a morphism

Mg — (K[End(V)] @ Ms0)¥ < (K[End(V)] ® M),
which we claim is an isomorphism. Notice that the coaction map lands in
k[End(V)] C K[G] as M>¢ is a polynomial representation. To check that this map is an
isomorphism, we may base change to k (which is faithfully flat over k). Hence, assume that
- Ui?ng Equation (5.1)) and Remark (5.2.2 we get
(KEnd(V)] @ M)“ = P N; @ (N} @ M;)©
>~ Mg

where we are considering the left GG invariant submodule and the second line follows from

Schur’s Lemma.
Finally, by Lemma B.2.10] we have Qy+ = k[A] ® k[End(V)], and we get

(Qyr @ M)® = K[A] ® (KEnd(V)] @ M)®
= M. O
Lemma 5.2.5. We have an isomorphism
(1 x 1d)s 5(Qz), = (Id xq1)"s(Qy"),
as objects of Mod®* ¢ (Y’ x Z).
Proof. This follows from the following calculation.
«Qz = KA", BY, O]
~ K[A®, BR] @y K[AL, O]
= Z @y Qv

where the first isomorphism follows from Lemma[3.2.13] and in the second line, k[A] acts on
the left by going to A% and on the right by going C A", O
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Corollary 5.2.6. Let M € Mod®(k[Y"]), then

Do, (a1 M) = q1®q,, (M)
Proof. This follows from Lemma which says that it is true at the level of the Fourier-
Mukai kernels. U

Lemma 5.2.7. For L,V € Ky, we have that
(Rz'*Li*LaV)ZO ~ L,V

Proof. To see this we will denote the irreducible components as (-)g where j is the highest
weight corresponding to the isotypical piece, and by 8 > 0 we denote weights correspond
to polynomial representations.

(Ri,Li*LoV) 5o = P (Ri.Li* Lo V)5

B=>0
=~ (P(Ri,Li* LV ® LgVV)©
B=>0
~ (B(Ri, Li* (Lo V ® LgVY))¢
B=>0
=~ (DRI (Gr(d, W), LoS @ LgS")
B=>0
(5.3) ~ (P (Gr(d, W), LS ® LgSY)
B=>0
(5.4) =~ (B r(Hom(V, W), LoV ® LgV¥)C
B=>0
=~ (B(Sym(Hom(W,V)) ® LV ® LgV")¢
B=>0
(5.5) ~ Sym(Hom(W,V)) @ L,V

= OHom(V,W) ® LoV

Equation (5.3]) follows from [Kap88, Lemma 3.2.a] (this uses the assumption that L,V €
Kaim and the fact that the weights of the irreducible summands of L,V ® LgV"V are all
strictly larger than —(m —d).) Equation (5.4) follows as Gr(d, W) has co-dimension greater
than 2 in the global quotient stack [Hom(V,W)/G]. Equation (5.5) follows from Schur’s
Lemma and the fact that all representations in Sym(Hom(W,V)) ® L,V are polynomial
(this uses the fact that L,V is polynomial). O

Proposition 5.2.8. If L,V € Ky, then
@Q}(LQV) ~ L,V
Proof. This result follows from another calculation,
D (LaV) = g(RILj" LaV)
= 10q.,, (RiLi* L, V)
= (RiLi'LaV ) _,

>0
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where the second line follows from Corollary and the last line by Lemma [5.2.4l Hence
our result follows from Lemma [5.2.7 O

Corollary 5.2.9. Im ¢ 5. = (Kam)-
z

Proof. This is an immediate consequence of Proposition [5.1.1] and Lemma [5.2.8] O

Note that we have a similar equality for @Q,.
Corollary 5.2.10. Im®,5_ = ((’Kd7m,)v> = (K @ det(V*)m'_d>,
zZ

Proof. We can switch the roles of W and W' by taking transposes. This is anti-equivariant,
i.e., equivariant up to inversion in G. Consequently, we replace all representations with
their duals which gives the first equality. The second is a standard identity. O

5.3. The equivalence. Finally, we combine things to provide Fourier-Mukai equivalences
for (twisted) Grassmann flops. As usual, let k be an (arbitrary) field of characteristic zero.
We recall that P is the object obtained by the restriction of Q to Z1T x Z~.

Theorem 5.3.1. Assume dim W' > dim W. The wall crossing functor
®p:DP(ZT) - DP(Z7)
is fully-faithful. If dim W' = dim W, it is an equivalence.

Proof. Proposition B.4.4] tells us that (I>A+ is fully-faithful. Thus, we reduce to checking
that j* is fully-faithful on the image of <I> ot Also, from Proposition 345, we know that

7% is fully-faithful on the image of <I>A
From Corollaries [£.2.9] and m We see that
Imdg, CImdg ® det(V*)4=m"
Since restriction commutes with tensoring with a line bundle, if j* is fully-faithful on a
full subcategory C then it is also on C ® L for any line bundle £. Now Corollaries [5.2.9]
and [5.2.10] show j* must be fully-faithful on the image of ® ot The containment becomes

an equality in the case dim W’/ = dim W. ([l

Remark 5.3.2. In Section [5.4] we use the fully-faithful wall-crossing functors (when, say
dim W’ > dim W) in order to construct semi-orthogonal decompositions for D®(Z 7).

Remark 5.3.3. If k = k, once one knows that
Im @1 = (Kom)
one can conclude Theorem [(.31] using [DS14, Proposition 3.6]. But, the technology pre-

sented here makes for a simple direct proof.

Remark 5.3.4. In general, if we have two smooth projective varieties X and Y over k,
then the existence of an equivalence

D®(Xj) = D°(Yy)
does not guarantee the existence of an equivalence
DP(X) = DP(Y).
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A simple class of counter-examples is Severi-Brauer varieties.

One needs, at least, a kernel over k which base changes to furnish the equivalence to
appeal to [Orl02] Lemma 2.12]. Without providing a kernel for general k for the equivalence
in [DS14], the results in loc.cit. cannot be used to deduce equivalences over arbitrary fields
of characteristic zero.

One can go even further. We give the following definition.

Definition 5.3.5. We say

is isomorphic to a Grassmann flop.

Example 5.3.6. Let A be a central simple k-algebra of degree n. For 0 < [ < n, the [-th
generalized Severi-Brauer variety SB;(A) of A is the variety parameterizing right ideals of
dimension In in A. Such a variety is a twisted form of Gr(l,n), ie

SBl(A)[kscp = Gl“(l, ’I’L)|kSCp.

On SBy(A), the tautological vector bundle 7, whose fibers are the ideals, base changes to
Hom(W,S). Let T denote the associate geometric vector bundle. The map

SB;(A) — SpecI'(T, Or)

contracts the zero section and base changes to ZT — Zj. One can then take two copies of
SpecT'(T, Or) and identify them with the involution that base changes to transposition the
linear maps. The resulting diagram is a(n honestly) twisted Grassmann flop.

We also have equivalences for twisted Grassmann flops in characteristic zero.

Corollary 5.3.7. Assume chark = 0. If we have a twisted Grassmann flop, then there is
an equivalence

DP(Y ) — DP(Y 7).
Proof. Theorem B.2.2T] says that the structure sheaf of the fiber product YMJQCP X (Yo )sen Yesen

is a Fourier-Mukai kernel. Applying [Orl02, Lemma 2.12] shows that the Y xy, Y~ is also
a Fourier-Mukai kernel. O
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5.4. Semi-orthogonal decompositions. In this section, we identify the orthogonal to
the image of the wall-crossing functor studied in the previous section. We will assume
throughout this section that dim W = m is strictly greater than dim W’ = m/, and thus
obtain a semi-orthogonal decomposition for D(ZT). (Of course, one can study the case
where m/ is strictly greater than m using very similar methods.)

Firstly we need to introduce some relevant notation. Consider a vector space H of
dimension d — 1. Then we have the following morphism

S := [Hom(W', H) ® Hom(H,V)/ GL(H) x G] — [Hom(W',V)/G] ,

obtained b~y composition and then forgetting the GL(H )-action. We consider the open
substack S € S where we restrict to injective maps Hom(H, V)™ C Hom(H,V), and
denote the map from S to [Hom(W', V) /G| as
h:S — [Hom(W’',V)/G].
By base changing from Hom(W’, V) to Z, we get the morphism
h:S8—1[Z/G],
where

S := [Hom(V, W) & Hom(W', H) & Hom(H, V)™ / GL(H) x G] .

Remark 5.4.1. Note that the fiber of the map A (similarly, &) at a point ¢ in [Hom(W’, V) /G|
is empty unless t is a map that is not of full-rank, i.e., not surjective. The non-trivial
fibers are the quotients [Hom(H,cokert)*/GL(H)], where the semi-stable locus is the
set of maps of rank d — dim(Imt¢) — 1. We may identify this with the projective space
PV (coker t) = [Hom(coker ¢, k)" /G,,].

Now, we define certain subcategories of D(QCoh®(Z)), which we will later identify as
orthogonals to our window subcategories.

Definition 5.4.2. We define the subcategory Og, where d < m/ < s, of D(QCoh%(Z))
inductively on s.

e For m’ < j < s, define US;; as the one generated by the objects (1. (LxH"))",
USa; = ( (b (LaHY))Y).

where A runs over the set of Young diagrams of height j +1 — d and width d — 1
e Let Ogpy = USg . Then for j > m/, define Oy ;41 as the smallest thick triangulated
subcategory generated by the objects Og4; ® det V' and USg ;.

Remark 5.4.3. The category Og s is the smallest thick triangulated subcategory generated
by the objects US;; ® det V= for m’ <i < s.

The semi-orthogonal decomposition of D°(Z7) is given by the following theorem.
Theorem 5.4.4. Let d < m’ < s. There is a semi-orthogonal decomposition
Kasr1 = (Oa,sr Kamr)
which induces a semi-orthogonal decomposition
D*(Z*) = (Ogm-1,D°(Z7))
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Proof. By Corollary 5.2.10] and Proposition 3.4.4, ¥,/ is admissible. Hence, it suffices to
check generation and orthogonality.

Lemma [5.4.91 shows that K ;11 is generated by the categories Ky ; and Og ;. By induc-
tion, we see that Ky s is generated by Og4,045-1, - ,04m and Ky,y. However, notice
that Ogs O Ogs—1 D -+ D Ogy from Definition (.4.2] and hence we see that Ky 4y is
generated by Oy and ¥y,,,. The orthogonality of Oy, and Ky, is the statement of
Lemma 4101

In order to get the semi-orthogonal decomposition of Db(Z+), we use the equivalences
provided by Corollary [5.2.9] and Corollary 52101 O

Remark 5.4.5. As mentioned earlier, the map A lands in the negative unstable locus of Z,
i.e., where the maps Hom(W’, V') are not surjective. Hence the generating objects of O,
are supported on the negative unstable locus as well.

We claim that the category Ky, is generated by the categories Ky, and Og,y. In
order to prove this, we need to recall certain exact sequences discovered by Donovan and
Segal in [DS14] Appendix A.2].

Proposition 5.4.6 ([DS14, Theorem A.7]). Let § be a Young diagram of width < d. Then
there is an exact sequence of sheaves

SK S1

(56) 0= LgxVY@ AW = ... 5 LoV @ AW = LpVY — h. (LsH') =0,

where the 6% and sj, are defined as follows.
We define a sequence of Young diagrams 6% starting from 6 = 6° of width < d:

o 0! is obtained from 6° by adding boxes to the first row until it reaches width r.
o 5 is obtained from 6%~ by adding boxes to the k-th row until its width is one more
than the width of the (k — 1)-th row of §.

Then, si, is defined as the difference in the size of the diagrams 6F and 6°. The sequence
terminates when we reach a positive integer K such that sx 1 > m/.

Proof. We refer the reader to [DS14, Theorem A.7]. We note that the restriction on the
height of the Young diagram in the statement of Theorem A.7 is unnecessary, as the state-
ment is proved in Section A.3 of loc.cit. without any such restrictions. O

Remark 5.4.7. We note that the notational difference in the above proposition (where
columns and rows have been exchanged) to Theorem A.7 in [DS14] can be attributed to
the difference in definitions of our Schur functor Ly to the $* of Donovan and Segal. The
contents of both statements are exactly the same.

In what follows, we use the following standard fact about G-representations [Wey03|, §2
Exercise 18].

Proposition 5.4.8. There is a canonical isomorphism
Ly, .2V = Ln—)\s,...,n—)\lvv ® det V°.
O

Lemma 5.4.9. Assume d < m' < s. The category Kgs+1 is generated by the categories
Kis and Og 5.
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Proof. The idea of the proof is as follows: we can partition the Young diagrams of Ky 441
by the number of full rows and use the exact sequence (5.6]) to work a downward induction
on that number.

Let us set

Ay = {L,\V‘)\i:dfor1§igs—m'+1—t,)\s+1_d7é0and)\i:0forz'>s—d+1}.

So At has s —m/ + 1 — ¢ full rows of length d. Furthermore, we set A_; := K. For each
A€ A we set

s—m/+1—t times
The base case of t = —1 is clear. Next, we treat the inductive step for 0 <t < s —m’+1.

To do so, we tensor the exact sequence (5.6]) for & by (det Vv)s_m,. From Lemma [5.4.8]
tensoring L,V with det V'V gives L,/ V"V, where 1/ is obtained by adding a row of size d to
the diagram v. Then all the terms appearing in the exact sequence, excluding the last term
he (LsHY) ® (det VV)S_m/, and the first term LV, only involve diagrams that appear in
As with s < t. Dualizing, we get triangles generating L)V from Ay with s <t and Og,.
Finally, we treat the inductive step of t = s —m/ + 1, i.e., no full rows. Choose \ to be
a Young diagram that is a part of the definition of Ky 41 of width d — 1 that is not in
Ki,s- Then, all the terms except for the right-most two terms in the exact sequence (5.6)
(note 0 = X here) belong to the set of vector bundles that we have already generated under
the induction hypothesis. Again, by taking the dual of the sequence, we see that we can
generate LyV. ]

In order to get a semi-orthogonal decomposition of Ky /41, we need the following coho-
mology vanishings.

Lemma 5.4.10. There are no Homs of any homological degree from Ky to Og s, i.e.
Hom"(¥y5,045) = 0.

Proof. Consider a generator (h, (LsH"Y))" ® (det V)®* ™" of Oy, where 0 < s —i < s+ 1—
d — h(6) (h(6) denotes the height of §), and a generator LV of K /. Then, we want to
show that the following Hom set vanishes (for all shifts).

(5.7)  Hom" (LaV; (ha (LsH"))" @ (det V)®*)

= Hom" (h. (LsH") , LV @ (det V)™ )

= Hom” (LaH VLAY @ (det V)®S—i)
(58 =RI (57 LsH ® LV @ (det V)*™ 174 @ (det V)™ @ (det HV)®m"d>
(5.9)  =RD (S,L(;H © LV @ (det HY)*™ @ det Vs—i) |

In order to get line (5.8), we use the following expression [DS14] Equation (28)] for the
upper shriek functor

(=) = h*(=) @ (det V)& 14 @ (det HY)®™ " [d — m! — 1],
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In line B9), N = (d, -+ ,d ,d — M\pw—g,--.,d — M\1) and we use the identity of Proposi-
———

s—i+1times
tion (.48l In particular, note that X has at least one row of length d.
We claim that all the cohomologies in line (5.9]) vanish. Notice first that the stack

[Hom(W’, H) & Hom(H, V)™ / GL(H)]

is the total space of a vector bundle over the projective space P(VV) = Gr(d — 1,V), and
(after suppressing the G-invariants) line (5.9) becomes

RI ([Hom(W’, H) @ Hom(H, V)™ / GL(H)] , LsH ® LyV @ (det HY)*™ " @ Sym(W" & V))
(5.10)

— RT (Gr(d —1,V),LyH @ Ly V ® (det HY)
(5.11)

— RI (Gr(d —1,V), Ly HY @ (det H)®"O=""+ o [V @ Sym(WY @ V) @ Sym(W' & HV))
(5.12)

— Prr <Gr(d —1,V), Ly HY @ L,H" ® (det H)"O ™4 o [,V @ Sym(WY @ V) ® L“W’)
n

(5.13)

-~ PrRr <Gr(d 1L,V (L, HY) S @ (det HYPMO-m" 4 o [V @ Sym(WY @ V) @ LMW’) .
L,V

Here, h(d) denotes the height of the diagram § and ¢’ = (d — 1 — dp(5), - ,d — 1 —d1). In

line (5.I1)) we use Proposition (.48l In line (5.12]), we use the decomposition

Sym(4® B) = D Lu(4) © Ly(B),
o

em'=d g Sym(WY ® V) ® Sym(W' @ HV)>

where we sum over all Young diagrams p. To get the last line (5.I3]), we use the Littlewood-
Richardson rule, and cf, L denotes the Littlewood-Richardson coefficients.
Now, we can use the tautological exact sequence on Gr(d — 1,V) to get the following
identification
HY =", detH =U"®detV,
where U and U~ are the vector bundles appearing in the tautological exact sequence
0= U = VY@ Oaa-1v) = U — 0.

This allows us to use the Borel-Weil-Bott theorem [Dem76] to compute the cohomologies
appearing in equation (5.I3) (see [Kuz08| for a review of this method) as follows.
First, we assume that h(d) —m’+d < 0. Then the expression in equation (5.13]) becomes

-@Pr <Gr(d LV (Ly HY) P @ LyV @ Sym(WY @ V) @ LMW’> .
v
where v/ is obtained from v by adding m’ — h(d) — d rows of length d — 1 to the top of v.
The only non-trivial vector bundle component in the above expression is L, H" which has
no higher cohomology since it is a Schur functor applied to HY = /. Furthermore, global
sections of L, HY = L,U" returns nothing more than L,/V".
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Hence, the above expression is reduced to

EB(L,,,VV)@C?',# ® LyV @ Sym(WY @ V)@ L,W/,
v

where the sum is over all v of width < d (since dim H = d — 1). Now simply notice that v/
always has width < d but any irreducible representation in Ly V ® Sym(W" @ V) is built
from adding to X which has a row length d. Therefore, no representations can cancel and
this expression vanishes upon taking G-invariants.

Now, we consider the case when h(d) — m’ + d > 0. Applying Borel-Weil-Bott, see e.g.
[Kuz08, Theorem 3.1, Corollary 3.4] , gives us the following.

c? ®h(8)—m'+d
Prr (Gr(d —1,V), (L") (uL ® det v)
v
(5.14)

= P (LoaaVV ()7 @ (det V)OO @ LV @ Sym(WY @ V) @ LW
v

®LyV @ Sym(W' V) ® LMW’>

Here we define the diagram « (of width d) by adding a column of height h(d) — m’ + d in
the d-th position (the right-most one) to v. We define an element o of the symmetric group
Sq (uniquely) as follows. To the diagram «, we first ‘add’ a diagram p = (d,d — 1,--- ,1)
vertically, i.e., we add d boxes to the first column, d — 1 boxes to the second column and so
on. Then, we pick (the unique) symmetric group element o that permutes the columns in
order to make them non-increasing to give a diagram, say o.«. Finally, we subtract p from
o.a vertically, i.e, we remove d boxes from the first column, d — 1 boxes from the second
column and so on. This gives a diagram that we denote by o e a. (For the convenience of
the reader, we provide a short graphical illustration of the procedure described above to get
the diagram o e a from the diagram v, immediately after the end of this proof.)

The key observation for us is that the diagram o e a has at most h(d) — m’ 4 d full
rows. This is because the d-th column of « has height h(§) — m’ + d, and the operation
o e a cannot increase the height of this column. Thus, we see that every term (Lyeq V') ®
(det V)®MO)=m"+d gppearing in equation (5.14) can be rewritten as (L, V)@ (det V)? where
~ has no full rows and p > 0. On the other hand, as before Ly/V has a full row and hence
the G-invariants of equation (5.14]) vanish. O

Example 5.4.11. We illustrate the procedure in the above proof to get the diagram o e «
from the diagram v (using the notation introduced in the proof). Assume d = 3, and that
h(6) —m' 4+ d = 3 and choose a diagram v = (2,1). Then, we have the following,

V= —a= —r 0.0 = —oceq =
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