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1. Introduction

Let (P,)n>0 be the Pell sequence given by
Py=0,P =1 and P,i2=2FP, 1+ P, for all n > 0.

It is well-known that

P2+ P2, | = Ps,;1 holds for all n > 0. (1.1)
From this identity, we see that the equation
Pr+ P+ 4+ P =Py (1.2)

has the solution m = 2n + 1 with (x,k) = (2,2), for all n > 1. We call this a trivial solution.
Another trivial solution is given by = £ = 1 and m = n. We will ignore such solutions. We prove
the following theorem.

THEOREM 1.1. The Diophantine equation (1.2) has only trivial solutions in positive integers
(m,n,k, ).

We use Baker’s method to prove our main result.

2. Some properties of the Pell sequence

Let o = 14+v/2 and 8 = 1—1/2 be the roots of the characteristic quadratic equation 22 —2zx—1 = 0
of the Pell sequence (P,,)n>0. The Binet formula
P, = oo holds for all n > 0. (2.1)
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This easily implies that the inequalities

a"2<p, <ot (2.2)
hold for all integers n > 1. It is easy to prove that
P, 3
<= (2.3)
Poi1 — 7

holds for all n > 2. It is also easy to check that the inequality
P1+"'+Pn<Pn+1 (24)
holds for all n > 1.

3. The small cases

We find it convenient to rule out the small cases here, namely the cases when k € {1,2} and
x = 1. We will later rule out the case of x = 2 in Section 7. Note that for £ = 1, the equation
becomes P? = P,,, which has only trivial solutions (see |11; Theorem 1]).
If & = 2, then we get only trivial solutions by the main result in [12]. Thus, k > 3, son+k > 4.
Furthermore, from inequality , we have
Poik < Po+ Poyr + -+ Py < Poggyr-

Therefore, there is no non-trivial solution for z = 1.

4. Linear forms in logarithms

The proof of our main theorem uses lower bounds for linear forms in logarithms of algebraic
numbers and a version of the Baker-Davenport reduction method. So let us recall some results.
For any non-zero algebraic number 7 of degree d over QQ, whose minimal polynomial over Z is

d .
ao ‘H1 (X — 77(1)) (with ag > 0), we denote by
1=

the usual absolute logarithmic height of n. With this notation, Matveev proved the following
theorem (see [9]).

d

1 )

- - (@)
h(n) = pi <log ag + ;,1 log max (1, n

THEOREM 4.1. Let a,...,a, be real algebraic numbers and let by, ..., b, be nonzero integers. Let
D be the degree of the number field Q(ou,...,a,) over Q and let A; be a positive real number
satisfying
A; > max {Dh(a;), |logaj|, 0.16} forj=1,...,r
Assume that
B > max{|b1|,..., |br|}

IfA=1] a?j —1+#0, then
j=1

Hasj - 1‘ >exp (—1.4-30"" . r*%. D*(1 +log D)(1 + log B)A; ... A,).
j=1
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ON THE EXPONENTIAL DIOPHANTINE EQUATION P? + Pl o+t Pff+k-1 = Pn
When r = 2 and a3, as are positive and multiplicatively independent, we can use a result of
Laurent, Mignotte and Nesterenko [7]. Namely, let in this case By, Bs be real numbers larger than

1 such that

logBiZmax{h(ai), |lolg)ai|’é}’ fori=1,2,
and put
l— |b1| |b2| )
DlogBs  Dlog By
Put

A= b1 log o1 + bg log Q9. (41)
We note that A # 0 because a; and as are multiplicatively independent. The following result is
due to Laurent, Mignotte and Nesterenko ([7; Corollary 2, p. 288]).

THEOREM 4.2 (Laurent, Mignotte, Nesterenko). With the above notations, assuming that o, ag
are positive and multiplicatively independent, then

D
Note that T' = e —1 in case r = 2, which explains the connection between Theorems [4.1]and [4.2]

21 1))°
log |A| > —24.34D* <max {log b +0.14, —, 2}) log By log Bo. (4.2)

5. Reduction method

In 1998, Dujella and Pethé in [6: Lemma 5(a)] gave a version of the reduction method based
on the Baker-Davenport lemma [1]. We next present the following lemma from [4], which is an
immediate variation of the result due to Dujella and Pethd [6], and will be one of the key tools
used in this paper to reduce the upper bounds on x or m of the Diophantine equation .

LEMMA 5.1. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational v such that ¢ > 6M, and let A, B, p be some real numbers with A > 0 and B > 1. Let
e = [lnall = M - [|lvall;
where || - || denotes the distance from the nearest integer. If € > 0, then there is no solution of the

inequality
0<|my—n+pu <AB™*
in positive integers m,n and k with
log(A
m< M and kziog( q/g).
log B
The above lemma cannot be applied when p = 0 (since then ¢ < 0). In this case, we use

the following classical result in the theory of Diophantine approximation, which is the well-known
Legendre criterion (see |10 Theorem 8.2.4]).

LEMMA 5.2 (Legendre). (i) Let 7 be real number and x,y integers such that

T 1
- —| < = 5.1
’T y’ 212 (5.1)
Then x/y = pi/qr is a convergent of T. Furthermore,
x‘ 1
T =2 . 5.2
’ yl = (aks1 +2)y? (52
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(ii) If ,y are integers with y > 1 and
ly7 — 2| <lge — pil;
then y > qr+1-

6. A inequality for m in terms of n,k,x

Recall that we are working on equation (|1.2) and we are now assuming that £ > 3, =z > 3.
Observe that
PY+ Pl 4+ Pl > Py > ot
where we used inequality (2.2). On the other hand, we have
I 4 Pl 4+ Pl 1 € (Pat Py + o+ Pupin)”
< (Py+Pi+ Pyt + Poyp1)” < Pryy < olmthobe,
where we used the fact that inequality (2.4) holds for all n > 1. Thus,

amth=8le < pry pr ... 4 PT . <qlnthoDe

(6.1)

and
O677172 S Pm S O[mfl.

Comparing the two bounds above, we get:
mn+k—-3)z<m-1<m and m—-2<(n+k—1)z,

so that
nm+k-3)ax<m<(n+k—-1z+1.

We record this as a lemma.

LEMMA 6.1. If (m,n, k,x) is any nontrivial solution of (1.2) in positive integers, then the inequal-
1ties

m+k-=3)z<m<(n+k—-1z+1
hold.

7. The case when z =2

We consider the case © = 2, k > 3. In this case, equation (|1.2)) becomes
PS+PE+1+"'+PE+]€71 :Pm

By Lemmal6.1] we have 2(n+k—3) < m < 2(n+k—1)+1. That is, 2(n+k)—5 < m < 2(n+k)—1.
However, since P3+k_2 + Pg+k_1 = Pypyok—3, it follows that

Pp=Po+- 4P a+ Pl
> Pﬁ + Ponyor—3 > Popyop_3,
som > 2n + 2k — 2. If k is even then
P <(PI+P )+ + (P o+ P2y )
=Popy1+ -+ Popgor—3 < Popgor—2,
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ON THE EXPONENTIAL DIOPHANTINE EQUATION P7 + P7, | + - -+ P7 = Pn

n+k—1
so m < 2n + 2k — 2, which is a contradiction. The same conclusion holds when £ is odd since in
that case
P < (P2 + P+ 4 (Pl + Pl y)
=Py 1+ + Papgor—3 < Panyor—2.

8. Bounds on z,m in terms of n + k

Recall that £ > 3, = > 3 and n+ k > 4. Now, we rewrite equation ([1.2]) as

am Bm
—— —PY =P 4 PI 4+ PI
2\/? +k—1 — n+1 n+k—2 2\/5

" I
2V2

So

T

ﬁ T Intk-1

and using again inequality (2.4 m, we have that
PI+PZ+1+ +P+k3 (P +Pn+1+ +Pn+k—3) <P+k 25
so that Py + Py + -+ Pj o <2P7 ;. 5. Then

m

<PY4+ P+ + P o+

o €T
2w )

since P, > 1, while |3|™ /(2v/2) < 1. Dividing both sides of the inequality above by P7 ,
and using the inequality (2.3]), we obtain

18"

< 2P¥ + —=<3 ,
n+k—2 2\/§ n—i—k 2

Poiro\® 3
[0 (2v2) P 1‘<3(+’“2> <2 (8.1)
n+k—1 2.3
Let
Ay =a™(2V2) P 1, (8.2)

which is the expression appearing under the absolute value of the left-hand side of inequality -
Let us check that A; # 0. If A; =0, then o™ = 2\/§ij+k_1, which implies that a?™ = 8P2+k 1 €
Z. This is a contradiction since no power of « in nonzero integer exponent can be an integer. Thus,
Ay # 0. We will use Matveev’s theorem to get a lower bound for A;. Put

ri=3, ari=a, a:=2V2, az:= Poik—1, bi:=m, by:=—1, b3:=—x.
Note that a1, as, a3 € Q(v/2). Thus, we take D := 2. Since
h(ay) = (loga)/2, h(ag) = (log8)/2 and h(as) =logPhik—1 < (n+k—2)loga,
we take
Ap :=loga, Ay :=log8, Az :=2(n+k—2)loga.
Finally, Lemma [6.1] implies that m > (n 4+ k — 3)z > z since n + k — 3 > 1, so we take B := m.
Hence, Matveev’s theorem implies that
log|A1] > —1.4 x 305 x 3%% x 22 x (1 +log2)(log a)(log 8) x 2(n + k — 2)log (1 + log m).
So

log |A1] > —3.14 x 10"(n + k — 2)(1 + log m). (8.3)
Thus, inequalities (8.1)) and (8.3) imply that
< 3.77 x 1012 (n 4+ k — 2)(1 4+ logm) < 6.04 x 10*%(n + k — 2) logm, (8.4)
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where we used the fact that 1+ logm < 1.6logm, for m > 6. Using again Lemma [6.1] we have
that

m<n+k—1r+2<6.04x10%n+k—2)(n+k—1)logm +2
< 6.04 x 10*%(n + k)?log m.

So
< 6.04 x 10"2(n + k)2 8.5
e < .04 % 10 4 ) (55)
Using the fact that for all A > 3
Y <A yields y < 2Alog A,
logy

with A := 6.04 x 10*2(n + k)2, y := m, we get that
m < 2 x 6.04 x 10"*(n + k)*log (6.04 x 10"*(n + k)?)
< 1.21 x 10" (n + k)? (log(6.04 x 10'2) + 2log(n + k))
< 1.21 x 10"3(n + k)? (29.43 + 2log(n + k))
< 2.82 x 10" (n + k)?log(n + k).
In the above chain of inequalities, we used the fact that n + k& > 4, which implies that
29.43 + 2log(n + k) < 23.3log(n + k).
Going back to inequality , we get that
r < 6.04 x 10"*(n + k — 2) log (2.82 x 10'*(n + k)*log(n + k))
=6.04 x 10"*(n + k — 2) (log(2.82 x 10'*) + 2log(n + k) + log log(n + k))
< 6.04 x 10" (n 4+ k — 2) (33.28 + 3log(n + k))
< 6.04 x 10 (n 4 k — 2) (27.1log(n + k))
< 1.64 x 10" (n + k — 2) log(n + k).

In the above chain of inequalities, we used the fact that loglog(n + k) < log(n + k) together with
the fact that 33.28 + 3log(n + k) < 27.1log(n + k) for n + k > 4. We record this as a lemma.

LEMMA 8.1. If (m,n,k,x) is any nontrivial solution in positive integers of equation (1.2) with
x >3, k>3 and n+ k > 4, then both inequalities

x < 1.64 x 10" (n + k — 2)log(n + k); and — m < 2.82 x 10" (n + k)?log(n + k)
hold.

9. The case of small n + &k

Here, we assume that 4 < n + k < 90. Then, by Lemma [8.1) we have
r < 1.64 x 10" (n + k — 2)log(n + k)
< 1.64 x 10 x 8810g 90 < 6.5 x 106,
and
m < 2.82 x 10" (n + k)?log(n + k)
< 2.82 x 10 x 90%10g 90 < 1.03 x 1017,
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ON THE EXPONENTIAL DIOPHANTINE EQUATION P74+ PPy +---+ Py, | =Pm

We consider again the expression A; given by expression (8.2]). Since x > 3, we have from (8.1))
that
3 1

M<—<-.

Ml<gg <3
By Lemma[6.1] we have m < (n+k — 1)z + 1 < (n + k)z < 90z. We put

[y :=mloga —log(2v2) — xlog Py yj_1.

Thus, A; = e'* — 1. Since the inequality
1

1 -
[A1] < 1 implies ] < 3

and since |z| < 2|e* — 1] holds for all z € [-1/2,1/2], we get that

IT1 <2le™ — 1] =2|A] <

6
2.3¢"
So

0<

( log & ) ( log(2v/2 )
m|\—)—-—o¢r— | —
log Py k-1 log Pyyg—1
< 0 < 4 < 1

2.3 1og Pyyg—1  2.3%  (2.31/90)m’

where we used the fact that log P, x—1 > log Ps > log 5 > 1.5. For us, inequality (9.1]) is

(9.1)

0<|my—z+p <AB™™,
where

log  log(2v2)

V. Lo =YY A=4, B:=1.009 < 2.3"/%.
IOg Pn-‘rk—l

log Pyt

We can take M := 1.03 x 10'°. For the computations, if the first convergent p/q of « such that
q > 6M does not satisfy the condition ¢ > 0, then we use the next convergent until we find the
one that satisfies the condition. We do this for n + k € {4,5,...,90}. In all cases, we obtained
m < 18164.

Next, since (n + k — 3)z < m, we have
z<m/(n+k—3)<18164/(n+ k — 3).

A computer search with Maple revealed that there are no solutions to the equation (1.2]) in the
range n+k € {4,5,...,90}, m € [6,18164] and « € [3,18164/(n + k — 3)].

10. The bound on z

From now on, we suppose that n + k > 91.

LEMMA 10.1. If (k,n,m,x) is any nontrivial solution in positive integers of equation (1.2]) with
k>3, x >3, thenx <5.
Proof. We suppose that > 6 in order to get a contradiction. By Lemma [8.1] we have

x 1.64 x 10" (n + k — 2) log(n + k) 1
2 k1) 2 k—1) S otk
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where we used the fact that the inequality 1.64 x 10'4(n + k — 2)log(n + k) < a™T*~2 holds for
n + k > 45, which is the case for us. We now write

a(n-i—k—l)w <1 (_1)n+k—1>w

T — —
n+k—1 7 ]z /2 a2(n+k-1)

If n+ k& — 1 is odd, then

(—1)nFE=INT 1 ! 1
L< {1~ a2(n+k-1) =1+ a2(n+k-1) = exp zlog 1+ a2(n+k-1)

T 1 2
<exp(m><e){p <1+ n+k’

R < o~ is very small while if n + k — 1 is even, then

) . (71)n+k71 T B | . 1
Z\1 T ey ) TP Tlos |\ LT e
— -1 2
> exp (ﬂ) > exp () >1— ——:-,
a2(ntk—1) antk antk

. 1 _o1 . .
again because — S« 9 is very small. Hence, we obtain
!

. antk—1)z (71)n+k71 z amtk—1)z
Piyk-1= ]z /2 1= Q2(ntk—1) T g2

because

1
(1+¢), |C\<W

In particular, |¢| < 1/2, so that
(R /82 € ((2/3) P 1, 2P jo1)-
Thus,
m (n+k—1)x ﬁm n+k—2
a @ "
]1/2 ]/2 (1+¢) = 81/2 + ( Z Pj )
J=n

Dividing across by a(®T*=1)= /8%/2 e get

1 893/2 8x/2 ntk—-2
m—(n+k—1)zq(z—1)/2 _ T
a 8 1’ S |<‘ + 81/24m (a(n+k—1)x> + <a(n+k—1)ac> < Z Pj >

j=n

We have [¢| < 1/a"*k. Since a("thk=1z /82/2 ¢ ((2/3)P*,, | 2P% , ), we also have

1 ge/2 3 1
81/2am a(n+l<:—1);v < 2. 81/2amP73;+k_1 < an+k'

Finally, since Pp/Py+1 < 3/7 for all £ > 2, we have that

) (S <a () () e+ ()

Py + | % 4+ 4 .
(a(n+k Dz Z Pn+k—1 P71+k—1 Pn+k—1

3/ Pir2a\" Poii_s\” P, ¥

:(W) (1+(+’“3> +...+< ))
2 Pn+k—1 Pn+k—2 Pn+k—2

2+ 3 2 + 3 ' + < 2.2

@ 7 7) ") T2z

2.
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n+k—1 = Pm

Thus,
2 2.23 5

antk + 2.3 2. 3min{z,n+k}"
Recall that = > 6. Then the above upper bound is smaller than 1/2, so

CUﬂ—(n—&-l<:—l)x8(av—l)/2 1l <

10

|(m — (n+k —1)z)loga — (z — 1) log(2v2)| < PR e

(10.1)
The expression on the right is smaller than 1/2, so |m — (n + k — 1)z| < 2z. Here, we apply
Theorem 2] with

ri=2, o1 = a, Qs 1= 2V/2, by:=m—(n+k-—1)z, by i=x — 1.
Again K = Q(v/2) has D = 2. We take log By := 1/2, log By := (log8)/2. Thus,
_m—(n+k—1)x| r—1  |m—(n+k—1)

— = -1<2
2log B> 2log By log 8 T <
since
|m—(n+k—1)x|< 2x .
log 8 log 8 '

We thus get that
log |A| > —24.34 x 2*(1/2)(log 8) /2 max{log(2z) + 0.14,10.5}?
> —203(max{log(2.5z),10.5})2.
Combining the above inequality with , we get
min{z,n + k} log(2.3) — log(10) < 203(max{log(2.5z),10.5}).
If the maximum in the right above is 10.5, then log(2.5z) < 10.5 which leads to
x < 14,527 (10.2)

Otherwise, we get
min{z,n + k} log(2.3) — log(10) < 203(log(2.5x))?,
which leads to
min{z,n + k} < 625(logx)?,
where we used the fact that
log(2.5z) = log(2.5) +logx < 0.92 4 logz < 1.6log = for all x > 6.

It
min{z,n + k} = x,
we get x < 625(log x)2. This implies
x < 80,000. (10.3)
Finally, it remains to consider the possibility

min{z,n+k} =n+k.
In this case, we get n + k < 625(logz)?2. So, by Lemma we get that
n+k < 625 (log(1.64 x 10" (n + k — 2) log(n + k)))
< 625 (32.74 + 2log(n + k)))?
< 625 (32.74 4 2log(n + k)))* < 56,406.3 (log(n + k),
where we used the fact that loglog(n + k) < log(n + k) and log(1.64 x 10'%) < 32.74 and
32.74 4 2log(n + k) < 9.5log(n + k),
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which holds for n + k > 90. Thus,
n+k<1.6x10".

So, again by Lemma [8.1] we get that
x < 1.64 x 10 x 1.6 x 10" log(1.6 x 107),

which gives
r < 4.4 x 10%. (10.4)

In conclusion, from ([10.2)), (10.3) and (10.4)), we have that inequality (10.4)) always holds. We now
return to inequality (10.1)) and divide it across by (log«)(z — 1) to get

log(2v/2 k—1)z — 1
0g(2v2) (n+ )z —m - 0 ' | (105
log r—1 (log a)(x — 1)2.3min{z,n+k}

Since x > 6, we have 2.3 > (20/log a)(z — 1). Furthermore, since n + k > 91, we have
2.3tk 2.3%1
(20/log ) — (20/log )

To summarize, the assumption x > 6 implies

>3.6x10% >z —1.

2.3min{w7n+k}

—— > 2(x -1
(10/ log @) (z—1),
and therefore inequality (10.5]) implies
log(2v/2) (rtk-Dz-m - 1
log o x—1 2(z — 1)%

Thus, we can apply Lemma to conclude that ((n + k — 1)z — m)/(x — 1) = p;/q for some
convergent p;/q; of 7 := log(2v/2)/loga. The continued fraction of 7 starts as

1,5,1,1,3,3,1,1,7,3,1,1,.. ]
with the 46st convergent psg/qae satisfying gse > 2.2 x 10?3 > x. Thus, by Lemma we have
|(m — (n+k—1)z)loga — (x — 1)log(2v2)| > (loga)|m — (n+ k — 1)z — (z — 1)7|
> (log @)|pas — qus7| > 3.96 x 10724,

and now inequality (10.1]) shows that
10 x 10%*

3.96
This gives min{z,n + k} < 67, so & < 67, since n + k > 91. The sequence of convergents of 7 is

6 7 13 46 151

57 67 117 397 128’
The only convergents of the form p;/q; with ¢; a divisor of (x — 1) and x € [6,67] are the first 5
numbers above. Thus, ¢ € {0,1,2,3,4}. For each one of them, we get that ¢; | z —1s0z > ¢, + 1.
Thus, x > max{6, ¢; + 1}. Now inequality (10.5) implies that
log(2v2)  p:

log o a

9 gmin{z,n+k} < 2.53 x 10%~.

1

10
(log o) max{5, g; }2.3max{6q:+1} "

We checked that this last inequality fails for all ¢ € {0,1,2,3,4}. Thus, the assumption z > 6 is
false, therefore x < 5 which is what we wanted. O
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11. Bounding &

From now, we assume that 3 < z < 5 and n+ k > 91. We take [ to be some number in
{n,n+1,...,n+ k — 1} such that [ > 45. For example, we can take [ = n + |k/2] and then
certainly [ > (n + k)/2 > 45 since n + k > 91. Further, if say k < 46, we can take | = n =
(n+k)—k > 91—46 = 45. We make these choices more precise later. Let j € {I+1,...,n+k—1}.

We have
T 5 o? 1

a2 < a2l+2 < Q242 T 20
T ajI (_1)j !
If 7 is odd, then

1< (1_ (;;J?j)z: (1+O;j>w=exp (xlog <1+a123>)
con () <o ()

<1+

We now write

a2’

because < o™ is very small. If j is even, then

ﬁ =
—1)7\"*
1> (1 — (a21j) ) = exp (:Ulog (1 — oleJ))
> exp (_2:?) > exp <_2>
ai a?!
2
a2l’

>1-—

. 1
again because — < a0, So, we have that
«

(=1)7\" ad® (2
(1— ) 1 <gm (=)

We now return to our equation (|1.2]) and rewrite it as

al®

= 8:1:/2

JjT
- o

J 81/2

= 2\/5 = Pn=FS 4+ PI+ o+ PP P+ + Py
and furthermore
" =B _prypr 4. +P9“’+H+Z:k_1 o +7H§:1(PI O‘jm)

2\/i e l j=l+1 8o/ j=l+1 Toosr)e
Thus,

o™ Oz(H'l)x n+k—1-2 .

877 g «

i=0
Bm ntk—1 jx
:81/2+Zl;1<j 81/2>+Pz+P1+1+ R
j
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n+k—1

< > |pr— G| TPt Pl 4 P
j=l+1
n+k—1 ; T x
1 s a7t P P
<—+ > |PF- 72 +Pl< (Pl>+<Pl +...
j=l+1
n+k—1 ;
1 al® 2
<a7m+ Z ]z /2 (a21>+Pl (2+3+32+ )
J=l+1
1 a(l+1)z 9 n+k—1—2 )
- - | = ix (I-Dz
=t 5 (agl) ZO a'® 42,5077,

(11.1)

In the above chain of inequalities, we used the facts that P;/P; 11 < 3/7 < 1/2.3 for i > 2, the fact
that 2.37 > 3 since > 2 and P < a(!=Y?. Multiplying both sides of the above inequality (T1.1))

by o~ (" th—1)28%/2 e obtain

n+k—1-2
am—(n+k—1)w8(x—1)/2 _ Z o
i=0
8*/2 2 "ET? L 2.5 x87/2
= amt(ntk-1)z + ﬁ Z() @ + antk=z
n+k—1—2
| . 2.5
< Oé(n+k:71):r Z a q(nth—1-1.2)
3.5
< .
a(n+k—l—1.2)a¢ a2l ; 31
3.5 3
ant+k=1-1.2)z ﬁ

6.5
< aqmin{(n+k—1-1.2)z,21}

In the above, we used the fact that m > (n+k —3)z > 88z (see Lemmal6.1), so a™ > 55 >

the fact that a® > a® > 3, the fact that
Saie
i>0
as well as the fact that /8 < a®2. On the other hand, one has
ntk—1—2

a”® = 1 — 1
; ; ar izn-%c:—l—l ar
-t ! (1 FRE I S >
1— 1/ax antk=i-1)z a® a2z e
J— O{I
= 1 + 1,
where
1 1.5
|’7|<W+k_z_1>x(+3+32 )<a(n+k—l—1)w'
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Hence, we obtain
Q- (ntk-Drga—1)/2 _ _ &
a® —1
6.5
amin{(n+k—1-1.2)x,21} + |77|
6.5 1.5
< aqmin{(n+k—1-1.2)z,2l} antk=l-1z
8
< amin{(n+k—1-1.2)z,21}
We want to show that (n +k — 1 — 1.2)x < 6. Suppose that (n +k —1 —1.2)x > 6. Since 2] > 90,
inequality (11.3]) certainly implies that

‘amf(n+k71)x8(mfl)/2_1 <§6+
«

(11.3)

a(L’

ot —1
8 1 1

= — 7<—7
046+04“71 4

-1

(11.4)

since © > 3. So
1
|(m — (n+k—1)z)loga — (z — 1) log(2v2)| < 7

Hence, we have that |m — (n+k —1)z| < 2z. We now take [ :=n+ |k/2|. Note that 2/ > 90 since
[ > 45. We then get

m—(ntk—1)zga—1)/2 " 8
@ 8 at _ 1’ < (- [F/2]—1.2)2,90} °

We checked that for z € [3, 5], there is no integer ¢ :=m — (n+ k — 1)z, t € (—2x,2x) such that

to(e—1)/2 _ 8
8 — < .
“ a® —1 ‘ af

The way we checked that was to check numerically that for every z in our range and for all
t € [-2x + 1,2z — 1], the minimum of |a!8*=~1/2 — ﬁ‘ is > 0.23 > 3, which certainly shows

aﬁ’
that such t cannot exit. This shows that (k — |k/2] — 1.2)x < 6. Since x > 3, this shows that
kE—|k/2] —1.2 < 2, s0 k— |k/2] < 3.4, showing that k¥ < 6. We now take I = n. Then
l=(mn+k)—k>91—-6 > 45, so this choice of [ is also valid. In this case, we get again that
n+k—1—12=Fk—1.2>0, so inequality becomes

x

8

m—(ntk-1)ag(e—1)/2 _ a
amin{(k—1.2)x,90} *

a® —1

«

<

The preceding argument shows that (k — 1.2)z < 6 and since « > 3, we get k¥ < 3. Then k = 3,
since k > 3. Let us record what we have proved.

LEMMA 11.1. If (k,n,m,x) is any nontrivial solution of equation (L.2)) in positive integers with
k>3, x>3, thenk =3.

12. The final contradiction

To finish, we take k = 3, z € [3,5]. Lemma [6.1] shows that
t:=m—(n+k-1zec (-2z1],
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sot € [-9,1]. Put X :=a". Then 8" =X !, where ¢ = (—1)" € {£1} according to whether n
is even or odd. Now, by the Binet formulas, equation (1.2) becomes

a2.r+tXT BQT—H ’I'X x Z i (an_BjEX_l)x
2V2 e 22

7=0

or

2z+tXZx _ R2z+t .z 2 jX2 _ RJ z
@ pTEet Z (ozﬂs) (12.1)

22 2\
For fixed z € [3,5], t € [-9,1] and ¢ € {£1}, this reduces to a polynomial equation in X of
degree at most 2x. We could compute all these equations and all their roots positive real roots
X and check that these roots are not of the form o™ for some positive integer n; that is, that
log X/ log o is not a positive integer n. Instead of doing that, we will prove directly that the roots
X of equation cannot be as large as X = o” for some n = (n+ k) —k > 91 — 3 = 88.
Well, assume that this is so for a contradiction. The general term of the sum the right hand
side is

I X2 —ple\"  alrX? LB Y alrx Lo P
2v2 o gw/2 i X2 _W( +ei) AR e
Note that 1
_ —60

is very small since X = a™ > a®® > 10?3 is very large. By an argument used before, since x < 5 is
small, we have

2z
a2 X2

2z+t . ﬂ2m+t
( 2\[ Z 8z/2> 2 Z &4, T81/2

We move the second term in the left on the right hand side and take absolute values to get that

(1+¢€)" =1+¢,;, where les,;| < 2xle;| =

Thus,

2
a2x+t ﬂ?x—i—t

V2 +Z ”89”/2

al®

o z/2
V2 =8

2x __ 2x

a3 a]a: 2x
S 81/2 + Z |€j,z| 8w/2’X

Sx/ 22: 12X2x2
=0

<a?+ 8(5;2 o2@—2) x22—2

<o+

6 x5 2><3 2x—2
<a®+ 83/2 X

< a?+2a5x2%%72
< 3abXx2072,
In the above chain of inequalities we used the fact that ¢ > —9, therefore

2 +t>2x3—9=-3
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n+k—1 = Pm

and at the end we used that X?*~2 > X > 10%® > o2. The minimum of the expression

for

a2m+t ajx

2

x €1[3,5], t €[-9,1] is > 0.06. Thus, we get
0.06X2* < 3a5X2%%72

which gives

6
X% < 730(;6 = 5008 < a®*0 =o't

so X < a®%, a contradiction. Thus, there are no solutions with n+ & > 91, and this completes the
proof of Theorem [1.1
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