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TANGLE FLOER HOMOLOGY AND COBORDISMS BETWEEN TANGLES
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AKRAM ALISHAHI AND EAMAN EFTEKHARY

ABSTRACT. We introduce a generalization of oriented tangles, which are still called tangles, so
that they are in one-to-one correspondence with the sutured manifolds. We define cobordisms
between sutured manifolds (tangles) by generalizing cobordisms between oriented tangles. For every
commutative algebra A over Z/2Z, we define A-Tangles to be the category consisting of A-tangles,
which are balanced tangles with A-colorings of the tangle strands and fixed Spin® structures, and
A-cobordisms as morphisms. An A-cobordism is a cobordism with a compatible A-coloring and an
affine set of Spin® structures. Associated with every A-module M we construct a functor

HF"™ : A-Tangles — A-Modules,

called the tangle Floer homology functor, where A-Modules denotes the the category of A-modules
and A-homomorphisms between them. Moreover, for any A-tangle 7 the A-module HFM(T) is the
extension of sutured Floer homology defined in an earlier work of the authors.

In particular, this construction generalizes the 4-manifold invariants of Ozsvath and Szabd.
Moreover, applying the above machinery to decorated cobordisms between links, we get functorial
maps on link Floer homology.
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1. INTRODUCTION

1.1. Introduction and background. Ozsvath and Szabé introduced Heegaard Floer homology
for closed three dimensional manifolds [OS04c), [0S04b] which resulted in powerful tools for the study
of various structures in low dimensional topology, including invariants for knots [OS04al Ras02,
Eft05], for links [OS0§], for contact structures [OS05] and for sutured manifolds [Juh06, [AE15].
Juhdsz and Thurston [JT] showed that the Heegaard Floer groups associated with three-dimensional
objects (closed manifolds, links and sutured manifolds)are in fact functors which associate a con-
crete module to any of the aforementioned topological objects, rather than just the isomorphism
class of it./\Typically, Heegaard Floer homology groups come in different flavours, which are de-
noted by HF, HF ™, HF ~ and HF*°, besides many other flavours which appear in knot and link Floer
homology theories. The simplest version of these invariants, AF and }TFT{, has been generalized
to compact, non-closed 3-manifolds, with a specific on the boundary, called sutured manifolds by
Juhdsz. The authors gave a framework that generalizes sutured Floer homology and brings all
flavours of Heegaard Floer homology under the same roof in [AET5].

In this paper, to define a natural notion of cobordism between sutured manifolds, that generalizes
cobordisms between 3-manifolds, knots and links, we introduce a generalization of classical oriented
tangles such that they are in one-to-one correspondence with sutured manifolds without toroidal
sutures. So, we call our Heegaard Floer invariants, tangle Floer homology, and denote it by HF.

Definition 1.1. A tangle (M,T) is an oriented 3-manifold M with boundary and a properly
embedded, oriented 1-manifold 7. Both M and T have no closed components, M is equipped
with a fixed decomposition OM = "M 11 0~ M such that 0~T C 9~ M and 07T C O M.

The tangle (M, T) is called balanced if every component of OM intersects T and for every con-
nected component M, of M, x (0T M,) = x (0~ M,).

Fix an algebra A over F = Z/27Z (which will always be commutative through this paper). For
every connected component s € mp(0°M) and any map u : mo(7") — A define

u(s) = [ u)
tEWo(T)
15 (t)=s
where o = +,— and 13 : m(T) = m(0°T) — me(0°M) is the map induced by the inclusion
0°T C O°M.
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Definition 1.2. An A-coloring for a balanced tangle (M,T') is a map u : mo(7") — A satisfying the
following two conditions.
(1) If s € mo(OM) corresponds to a connected component with positive genus, then u(s) =0,
(2) For every connected component M, of M

Y. ous) = ) us),

s€mo (0 Mo) s€mo (0~ Mo)

In particular, A = F and u = 0 give an A-coloring for any balanced tangle.

The set Spin®(M) of Spin® structures over a tangle (M,T) is the set of homology classes of
nonzero vector fields on M which restrict to the outward normal of &M and the inward normal
of 0" M.

Definition 1.3. An A-tangle is a 4-tuple T = [M,T,s,u] where (M,T) is a balanced tangle,
s € Spin®(M) is a Spin® structure over M and u : mo(7") — A is an A-coloring of (M, T).

If T is an A-tangle, we use [My,T7,s7,ur] to denote the corresponding 4-tuple. Given an A-
module M and associated with an A-tangle 7 the construction of the authors in [AET5] defines an
A-module

HFY(T) = H.(CF(T) @ M)
so that its isomorphism type is an invariant of 7. In light of Juhasz and Thurston’s naturality
discussions in [JT], one can strengthen this result as follows.

Definition 1.4. The category A-Tang is defined such that:

(1) Objects are A-tangles.

(2) Morphisms from an A-tangle 7 = [M,T,s,u] to another A-tangle 77 = [M', T’ s’ 1] are
the diffeomorphisms d : (M, T) — (M’',T") such that d*s’ = s and the following diagram is
commutative.

7T0(T) d* 7T0(T/)

A
Here d* : Spin®(M’) — Spin®(M) and d, : mo(T) — mo(T") are the maps induced by the diffeomor-
phism d.

Let A-Mod denote the category of A-modules together with the isomorphisms between them.
Using [JT), Theorem 2.39] one can prove the following theorem (see Section [3)).

Theorem 1.1. For every algebra A over F and every A-module M, assigning the A-module HF (T
to the A-tangle T in A-Tang gives a functor

HF™ : A-Tang — A-Mod.

Example 1.1. Tangle Floer homology extends sutured Floer homology, as well as different versions
of knot and link Floer homology in the following sense:
(a) Let A =F. Equipping any balanced tangle (M, T") with the trivial A-coloring u = 0 and an
arbitrary Spin® class s € Spin®(M), we have HFY (M, T, s,u) = SFH(M, T, s).
(b) Corresponding to any closed, oriented 3-manifold Y with a based point p € Y, there is a
tangle (Yp,T),) where Y}, is obtained from Y by removing two disjoint 3-balls, and T}, C
Y, is a properly embedded, oriented arc connecting the two sphere boundary component.
Furthermore, T, passes through the point p. For A = F[u], there is a natural A-coloring
u, of T), which labels T}, by u. Then, for any Spin® structure s € Spin®(Y’), setting the A-
module M equal to F, F[u], F[u,u™'] and F[u~'] the tangle Floer homology HF™ (Y}, T}, 5, 1)
is equal to ﬁF(Y, s), HF~(Y,s), HF*°(Y,s) and HF " (Y, s), respectively.
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(c) Suppose that L = II!",L; is an oriented link in a connected, oriented, closed 3-manifold
Y and p = {p1,...,pn} is a collection of markings on L, so that each component of L
contains at least one marked point. We may consider a collection of n small arcs on
L containing p, and remove small balls from a neighborhood of the endpoints of these
arcs. This gives a 3-manifold Y}, with 2n sphere boundary components. The orientation
on L may be used to decompose this boundary into n spheres in 7Y, and n spheres in
07 Yp. After changing the orientation of the small arcs, we also obtain a tangle Ly with 2n
connected components which connect the negative boundary to the positive boundary. Let

A =Tuy,...,upy,01,.., 0], and label the small arc containing p; by u; and the remaining
arcs on L; by v;. This gives an A-coloring of (Y, Lp), denote by up, which assigns the
variables uq, ..., u, to the marked points in p and the variables vy, ..., v,, to the connected

components of the link L. For any Spin® structure s € Spin®(Y), the tangle Floer homology
groups HFM(YP,Lp,uP,s) give the usual link Floer homology groups associated with L
using different A-modules M. In particular, for any knot K C S® with one based point p,

Flu, 0]
HF 0 (S5, Kp,up,8) = HFK™ (K, s).
1.2. Main results. Associated with a cobordism W from a closed, oriented 3-manifold M to
another closed, oriented 3-manifold M’, and a Spin® class t € Spin“(W), Ozsvath and Szabd
construct the homomorphisms
fov,e s HEC (M, t{nr) — HE® (M, t|r0).

With Theorem in place, it is natural to ask if the construction of Ozsvath and Szabé may be
extended to an invariant for cobordisms between tangles. First, we define the notion of cobordisms
between tangles, by generalizing the notion of cobordisms between classical tangles.

Definition 1.5. A cobordism (W, F) from (M, T) to (M’,T") consists of a smooth oriented four-
manifold W, with boundary and corners and without closed components, and a properly embedded
smooth oriented surface F' in W, with boundary and corners and without closed components, such
that:

(1) The boundary (OW,dF) of (W, F') consists of a horizontal part
(O W, 0nF) = (8, W, 0 F) I1 (9, W, 0, F)
= ("M x LotT x I) I (0" M x 1,07 T x I)
= ("M’ x LoTT x I) I (8~ M' x 1,07 T' x I)
and a vertical part (0,W,0,F) = —(M,T) I1 (M',T"), with corners
(O, W,0,F) N (0,W, 0 F) = (OM,0T) 11 (OM',dT").

(2) For every component F;, of F' the orientation induced on OF, by the orientation of F, agrees
with the orientation inherited from —7 I17".

The cobordism (W, F) is called stable if (M, T) and (M’,T") are balanced and for every connected
component F, of F' which is not homeomorphic to a disk, T'N F, and T N F, have more than one
connected component.

Assume that (W, F') is a stable cobordism from a balanced tangle (M,T) to a balanced tangle
(M',T"), as above. The inclusions of T" and 7" in F induce maps

gr:mo(T) = mo(F) and g : wo(T") — mo(F).

Definition 1.6. An A-coloring for (W, F') is a map u : mo(F') — A such that uo yr and uo 7 are
A-colorings for (M, T) and (M',T"), respectively.

Let Spin®(W) denote the set of Spin® structures on W (Definition [2.4)). By an affine set of Spin®
structures over W we mean a subset T = t + Hg C Spin®(W) which is determined by a Spin®
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structure t € Spin(W) and a submodule of Ker(r) C H?(W,Z). Here, 7 is the map from the
cohomology long exact sequence

HXW,MTIM,Z) > HXW,Z) 2+ HX M UM, Z) — -

for (W, M 11 M'). In particular, if this fixed submodule is trivial, then ¥ consists of a single Spin®
structure t. If t — t' € ker(7), then t|p; = /|5 and t|p = |5, so Ty and Ty are well-defined.

Definition 1.7. An A-cobordism C = [W,F,T,u] from T to T’ consists of a stable cobordism
(W, F) from (M,T) to (M',T"), an affine set T C Spin®(W) of Spin® structure over W, and an
A-coloring u : mo(F') — A so that

T=[MT,s=%|y,uo0yr] and T =[M T s =F|y,uojp]
If C is an A-cobordism from 7 to 7', we write C : T ~ T".

The 4-tuple associated with an A-cobordism C is denoted by [We, F¢, ¢, uc] and we set Spin®(C) =
Spin®(W¢). When ¥ consists of a single Spin® structure t, we abuse the notation and denote it by
t (or use similar notation for it).

Using affine sets of Spin® structures instead of single Spin® structures over cobordisms allows us
to compose A-cobordisms. In fact, if

Cl = [Wl,Fl,Kl,ul] T~ ’T’ and C2 — [WZ;FQ;‘ZQ,uQ] 1T,M 7—//

are A-cobordisms, then the Mayer-Vietoris exact sequence

1)
HY (M7, Z) s HYW,Z) "> HXW1,Z) ® H* (W), Z) — -

for W = Wj; U Wy, and the submodules corresponding to ¥; and ¥y determine a submodule of
H?(W,Z) as their pre-image under 7. Since ¥; restricts to s = 57 on M = M7 and T restricts to
s" = 571 on M" = Myn, this submodule determines an affine set T of Spin® structures on W, which
is bigger than ¥ x To unless the map ¢ in the above sequence is trivial. We may then compose
the A-cobordisms C; and Cy to obtain

C=CUpCo: T ~ T,

Definition [I.7] gives a category A-Tangles. The objects of A-Tangles are A-tangles and the mor-
phisms are A-cobordisms. The category A-Tang is a subcategory of A-Tangles: given a diffeomor-
phism

d:[M,T,s,u] — [M T s
define an A-cobordism C = [W, F,t,up|, where (W, F) = (M,T) x [0,1], and (M,T) x {1} is
identified with (M’,T") by the diffecomorphism d. Further, the Spin® structure t and the map up
are trivially determined by s and u, respectively.

For every A-cobordism C from an A-tangle 7 to an A-tangle 7', and any A-module M, we define
an A-homomorphism

fo' : HEM(T) — HF(T").
Theorem 1.2. For every F-algebra A, the functor HF™ from Theorem extends to a functor
HFM : A-Tangles — A-Modules,

by setting HFM(C) = fgl\jﬂ, for any A-cobordism C. Here, A-Modules denotes the category of A-
modules with A-homomorphisms between them.

If ¢ : M — M’ is a homomorphism of A-modules, we obtain a corresponding homomorphism of
A-modules

i HEM(T) — HEM ().
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Given an A-cobordism C : T ~ T’ , the following diagram is commutative:

M %ﬂ M /
HF(T) ——— HF"(T")

i id
HFM' (T) —€ i’ HEM (7).

Moreover, given a short exact sequence

7

0 - M - M —

‘M” ‘0

of A-modules, we obtain a corresponding exact triangle of tangle Floer homology A-modules:
6

1"
FM

T

HFM (T
where 0 is a connecting homomorphism.

1.3. Examples and applications. Let us first review some of the familiar cases of the above
construction.

Example 1.2. Let Y = (Y,p) and V' = (Y’,p’) be pointed, oriented, connected and closed 3-
manifolds. If X is a smooth 4-dimensional cobordism from Y to Y’ and if o is a simple path in X
from p to p/, then X = (X, 0) gives a cobordism (X, F,;) from (Y}, T},) to (Y, T, ), where F, is
a disk. Let u, be the F[u]-coloring that labels F, by u. For every Spin® structure t € Spin®(X),
Cxt = (Xo, Fo,t,uy) is an A-cobordism from Ty s to Ty o, where s = t|y, and s’ = f‘yp//. In view of

Example(l.1|(part (a)), when we choose M equal to IF, F[u], Flu~!] or F[u, u™!], the A-homomorphism
HFM (Cxyt) = fF{HX . Is the cobordism map of Ozsvath and Szabd in the corresponding cases.

Example 1.3. (Functoriality of knot and link Floer homologies) Suppose that (L,p) C Y and
(L',p’) C Y’ are marked links, as in Example with |p| = |p’| = n. For a decorated cobordism
Z = (Z, F, o) consisting of a smooth, oriented, 4-dimensional cobordism Z from Y to Y’, a properly
embedded, smooth, oriented surface ' C Z which connects L to L' and a properly embedded,
oriented 1-manifold ¢ C F which connects p to p’ i.e. 9~¢ = p and 07¢ = p’, we construct a
cobordism (X, Fi;) connecting (Yp, Lp) to (Y}, L,). We require that o does not have any closed
components and that any connected component of F' — ¢ with positive genus intersects L and
L’ in more than one connected component, to achieve stability. Then the connected components
o1,...,0, give a matching between p and p’. We may thus assume that the endpints of o; are
picpandp,ep fori=1,...,n

Let us assume that F = ]_[;nzl F; and set A = Fuy,...,upy,01,...,9,). The A-coloring of
(X5, Fy) is given by labeling the disk associated with each o; by u;, and labeling each connected
component of F; \ o by v;. If Ay, denotes the ring associated with the marked link (L, p), there
is a quotient map from Ay , to A. If two link components in L are on the boundary of the same
connected component of F', the variables associated to these link components by up are identified
in the quotient. In particular, if each connected component of F' intersects precisely one connected
component of each one L and L', Ar , and Ay are both identified with A. In this case, we call
(Z,F,0) a decorated link cobordism from (Y, L,p) to (Y', L', p’).
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Let us assume that (Z, F, o) is a decorated link cobordism from (Y, L, p) to (Y', L', p’). Associ-
ated with every Spin® structure t € Spin°(Z) we obtain an A-cobordism

Czi=[Wz, Fz,tbuz] : Topyy ~ T p
Correspondingly, we obtain the cobordism maps
fz ¢ HEY(Y, L, p,tly) = HF" (L', p/ t]y).

The functoriality of link Floer homology then follows from our main theorem.

l7tlyl'

Remark 1.3. A similar construction, in the context of pointed links and cobordisms between them,
is independently given by Ian Zemke in [Zem)|.

Suppose that the oriented knots K and K’ differ by changing one crossing. Corresponding to
this crossing change there is a cobordism obtained by a band attachment from K to L = K'#H,
where H is the right- or left-handed Hopf link. In [AE], we use the corresponding cobordism maps
for appropriate choices of based points on K and L and decoration on the cobordism, and we
define a lower bound [(K) on the unknotting number of K. This bound is greater than or equal to
v~ (K), v~ (—K) and the order of U-torsions in HFK™(K'). Additionally, it only vanishes for the
unknot, and we present examples of slice knots K such that [(K) is arbitrarily large. A parallel
construction is used by the first author in [Ali] to construct lower bounds on the unknotting number
from Khovanov homology, also see [AD].

1.4. Outline of the paper. The paper is organized as follows. In Section [2| we review Heegaard
poly-tuples and Spin® structures over them. Then in Section [3| we follow the footsteps of Juhész
and Thurston [JT] to show that tangle Floer homology for A-tangles gives functors from A-Tang to
A-Mod. In Section [] we study parametrized Cerf decompositions of cobordisms between tangles.
We show that any two parametrized Cerf decompositions for a stable cobordism can be connected
by a sequence of Cerf moves.

In Section [5| we define cobordism maps for parametrized cobordisms associated with attaching
one or three handles and show that the map is invariant. In Section [] we introduce a special
A-tangle Tr associated to the positive boundary of any A-cobordism together with a distinguished
generator O € HF(7r). The distinguished generator makes it possible to define invariant cobor-
dism maps for cobordisms parametrized with framed links and framed arcs. In Section [7] we define
cobordism maps for arbitrary A-cobordisms by composing cobordism maps constructed in Sec-
tions [f] and [6] for cobordisms parametrized by framed 0-spheres, framed knots and arcs and framed
2-spheres. We prove that this map is in fact an invariant and does not depend on the parametrized
Cerf decomposition. Moreover, we show that this construction gives functors from A-Tangles to
A-Modules. Finally in Section [8 we discuss some special cases and applications. In particular,
decorated cobordisms between pointed links induce functorial maps on link Floer homology.

Acknowledgements. The authors would like to thank Andras Juhasz and Robert Lipshitz
for helpful discussions and suggestions. Most of this work was done when the first author was a
postdoc at Max Planck Institute for Mathematics (MPIM) in Bonn. She gratefully acknowledges
the support and the hospitality of MPIM through this period.
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2. TANGLES, Spin® STRUCTURES AND HEEGAARD POLY-TUPLES

In this section, we describe the correspondence between sutured manifolds and tangles. Then,
we review some definitions and results from [AEI5] about Heegaard Floer homology for tangles
(sutured manifolds), to fix our notation. We will also reformulate some definitions and results about
Heegaard diagrams, Heegaard poly-tuples and Spin® structures from [AELS, [GW10] [(0S04c, [OS06]
to work in our setup.

2.1. Sutured manifolds and tangles. Sutured manifolds were introduced by Gabai in [Gab83|
Gab87al [Gab87b]. Throughout this paper, we use a less general family of sutured manifolds by
excluding toroidal sutures.

Definition 2.1. A sutured manifold (X,7) is an oriented 3-manifold X with boundary, together
with a set of pairwise disjoint, oriented, simple closed curves 7 = {71,..., 7.} on 0X. We will denote
by A(7;) a tubular neighborhood of 7; in X, which is an annulus. We let A(7) = A(m)1I-- - 1T A(7,).
Every connected component of (1) = 0X \ A(7)° is oriented with the orientation induced from
X, where A(7)° denotes the interior of A(7). Furthermore, we require that R(7) = RT(7) I
R~ (1) where R (7) (respectively, R (7)) denotes the union of components of S(7) such that the
orientation induced on 7 as the boundary of R (1) (respectively, R~ (7)) agrees with (respectively,
is the opposite of) the orientation of 7.

Every sutured manifold (X,7) determines a tangle (M,T), where M = X is obtained from
X by filling the sutures (i.e. attaching 2-handles along the sutures) and 7' is the set of cocores
of these 2-handles. The orientation on 7 induces an orientation on 7T and the decomposition
OR(1) = R (7) LR (1) induces a decomposition IM = 9T M 11 9~ M of the boundary of M.
Conversely, every tangle (M, T) determines a sutured manifold (X, 7) where X = M \ nd(7") and
7 is the set of meridians of T" along with the induced orientation.

Note that a tangle (M,T) is balanced if and only if the corresponding sutured manifold is
balanced in the sense of [Juh06l Definition 2.2].

In [AETL5], we introduced a Z-algebra A, associated to the boundary of any balanced sutured
manifold (X, 7). Assume 7 =¥ 7,

k l
R(r)=][R and ®T(r)=]]R}
i=1 j=1

Associated with the connected components of 2R(7), consider the elements

woo= [ w, i=1..k and W= J[ w, i=1...1,

T;COR; TjC@R;r
in the free Z-algebra Z[uy, ..., u,] generated by uy,...,u,. Then
Zluy, ..., u
AT _ [ 1, ) /{]

(ut(r) —u=(m)) + (uf | g7 >0)+(u; | g; >0)

where u= (1) = Zle u, ut(r) = Zlizl u and g? denotes the genus of R? for ¢ = +,—. For
any balanced tangle (M, T'), denote the algebra associated to its corresponding balanced sutured
manifold by Ar.

Suppose (M,T) be a connected balanced tangle (i.e. a balanced tangle with M connected).
The map up : mo(T) — Ar which sends each component T; to the variable u; corresponding to its
meridian gives an Ap-coloring for (M, T). In fact, any map u : mo(T)) — A is an A-coloring for
(M, T) if and only if u = ¢ o up for a homomorphism ¢ from Az to A.

2.2. Heegaard Floer homology for tangles. Recall that a balanced Heegaard diagram is a
4-tuple H = (3, o, 3,z) where X is a closed oriented surface, o and 3 are sets of pairwise disjoint
circles on ¥, and z C ¥\ (aUp) is a set of points. Further, || = |3| and z intersects every connected
component of ¥\ e and ¥\ 3. Every balanced Heegaard diagram H, specifies a balanced tangle
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(M, T), where M is obtained from ¥ x [0, 1] by attaching 2-handles along the circles a x {0} and
B x {1}, and T =z x [0, 1].

A Heegaard diagram for a balanced tangle (M,T), is a balanced Heegaard diagram H =
(X, e, 3,2), so that ¥ is an embedded separating surface in M which cuts T transversely in z,
a and B bound disjoint disks on the two sides of 3. Moreover, let X[a] and X[3] be embedded
surfaces obtained from compressing ¥ along the e and 3 curves, respectively. Then, (X[a],z) and
(2[B],z) are isotopic relative to T to (0~ M,0~T) and (0" M, d+T), respectively.

Let H = (¥,a,8,z = {21,...,2x}) be a Heegaard diagram which corresponds to a balanced
tangle (M, T). We set Spin®(H) equal to Spin®(M). For an F-algebra A, consider a map u : z — A.
Then, corresponding to any 2-chain D on ¥ with boundary on U3, let n;(D) denote the coefficient
of D at z; and set

K
(1) u(D) = [Tul"™ e A,
i=1

where 1; = u(z;). Let S\ e =11¥_; 4; and ¥\ B = Hé»lej.
Definition 2.2. With the above notation fixed, u is called an A-coloring for H if it satisfies the

following two conditions.

o S u(A) =Y u(By),

e if A; or B; is not a punctured sphere, then u(A4;) = 0 or u(B;) = 0, respectively.

Definition 2.3. A Heegaard diagram H, together with an A-coloring u and a Spin® class s €
Spin®(H) is called an A-diagram, if (H,u) is s-admissible. Here, (H,u) is called s-admissible if for
any periodic domain P with (ci(s), H(P)) = 0, either u(P) = 0 or the coefficient of P at some
point is negative.

Any A-diagram specifies an A-tangle. Given an A-tangle 7 = [M,T,s,u|, an A-diagram for T
consists of a Heegaard diagram for (M, T), together with the A-coloring induced by u and the Spin®
class induced by s.

Let H = (3,a,8,u:z — A s) be an A-diagram for the A-tangle 7. Choose a generic path Js
of almost complex structures on Sym‘(¥), where £ = |a| = |3|. In [AEI5], we construct a chain
complex

CFJS (27 «, B7 u, 5))

which is generated by the intersection points x € T, N T with s(x) = s, and its chain homotopy
type is an invariant of 7. We usually drop Js from the notation for simplicity. Furthermore, for
any A-module M the isomorphism type of the Floer homology group

HFY(T) := H,(CF(2, a, B,u,5) ®4 M)

is an invariant of 7. For simplicity, we set HF(7) := HF*(T). Moreover, for any balanced tangle
(M,T), let
HF (M, T, s) :== HF (M, T, ur : 7o(T) — Ar,s)

where Ap is the algebra associated to (M, T') and up is its corresponding coloring map.

2.3. Spin® structures over cobordisms. Given a stable cobordism (W, F) from (M, T) to (M',T"),
let £ denote the oriented 2-plane field in 9, W = OM x [0, 1] consisting of the tangent planes of the
surfaces dM x {t} for any ¢ € [0,1]. Fix an almost complex structure Jy on TW |y, w such that £
consists of complex lines i.e. 2-planes in £ are invariant under Jy. One may further extend Jjy to
a an almost complex structure on F' by requiring that Jy preserves the tangent space of F'. Note
that the set of almost complex structures Jy with the above property is contractible.

Definition 2.4. A Spin® structure on W is the homology class of a pair (J, P), where

(1) P C W\ 0,W is a finite collection of points,
(2) J is an almost complex structure on W \ P with J|g,w = Jo.
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We call the pairs (J1, P1) and (Ja2, P») homologous if there exists a compact 1-manifold C' C W\9, W
without closed components so that 9C = PyUP,, and J; |W\C is isotopic relative to O, W to Js ]W\C.
Denote the set of Spin® structures on W by Spin®(W). Similarly, a relative Spin® structure on the
pair (W, F') is the homology class of a pair (J, P), where P C W\ (0,/W UF) is a finite collection of
points and J is an almost complex structure on W\ P which agrees with Jy over 9, WUF'. The notion
of homologous pairs is defined similarly, the only difference is that we need to consider isotopies
relative 9, W U F. The set of relative Spin® structures over (W, F') is denoted by Spin®(W, F).

Since Jy is chosen from a contractible family, the above definition does not depend on the par-
ticular choice of Jy.

After fixing a metric over the 4-manifold W, any oriented 2-plane field which extends £ and is
defined in the complement W — P determines a corresponding almost complex structure. It is not
hard to show that Spin®(W) is an affine space over H2(W, 8, W; Z).

For every Spin® structure s over W, the induced Spin® structures s|p; and s|y;s are defined
as follows. Consider an almost complex structure J (defined on W \ P) representing s. At any
point p in M, J specifies a subspaces V,, = T, M N J(T,M) of T,M. Similarly, at any p € M’, it
specifies a subspace V; C T,M’. Let V and V' denote the corresponding plane fields in M and
M’ respectively. Then, s|p; and s/ are defined to be the Spin© classes represented by V and V’,
respectively.

2.4. Heegaard poly-tuples. Let H = (Z,a!,...,a™,z) be a balanced Heegaard diagram. This

means that ¥ is a closed oriented surface and for any 1 < i < m, o' = {o],... ,aé} is a set of ¢
disjoint simple closed curves on X for some ¢ > 0. Moreover, z = {z1,..., 2} is a set of marked
points in ¥ —a! —a? —--- — a™ such that for any 1 < i < m every connected component of 3 — o’

intersects z.

Associated with the balanced Heegaard diagram H, we define a pair (Wpy, Fy) as follows. For
every 1 < i < m, the Heegaard diagram (X, o, ), z) determines a tangle (U;, T}), where U; = C[a']
is the compression body determined by ' i.e. it is obtained from X x [0, 1] by attaching 2-handles
along the curves o' x {1}, and T; = z x [0, 1]. Thus U; = 0~ U; 11 97 U;, where

a_Ui =X and 8+UZ = E[al]

and X[ay] is obtained by cutting ¥ along «; and attaching disks to the boundary components of
the resulting surface. We denote the finite set 7; N 0~ U; = z x {0} by z;.
Let D,,, be a m-gon with the vertices vy, ..., vy, labelled in clockwise order, and edges e, ..., €n,
where e; connects v;_1 to v; for i = 2,...,m and ey connects v,, to v;. Define
(8 x D) (I, Us % 1) (2 % D) (LI}, T % 1)

Wy = and Fy := .
Yxe~0"U; Xe; Z X e~ Z; X €

We smooth the corners of Wy and F along v; x 3 for 1 < ¢ < m. Corresponding to any vertex vj,
we obtain a balanced tangle in (0Wy, OFy) determined by the Heegaard diagram (X, of, a'*!, z)
denoted by (M;it1,T;ii+1). Note that o™t = ol and (Myms1, Tmt1) = (M1, T 1). Let

M = M172HM273H'-~HMm,1 Cc oWy and Z:=0Wyg —int(M/)

Thus, Z is a product and
Z = (8_M1?2 Im...11 8_Mm71) X [0, 1]

Fix an almost complex structure Jy on TWy|z such that for any ¢ € [0, 1] the tangent planes
to the surface (0" My I1--- 1107 My, 1) x {t} are complex lines. The almost complex structure Jy
may further be extended to Fig so that it preserves the tangent space of Fp, i.e. the tangent planes
of Fy are all complex lines. We may then talk about the Spin® structures on Wy and the relative
Spin® structures on (Wy, Fy).
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Definition 2.5. The set of Spin® structures on Wy, denoted by Spin®(Wpr), is defined as the set
of homology classes of the pairs (J, P) consisting of a finite set of points P in the interior of Wy
and an almost complex structure J on Wy — P such that J|z = Jy. Similarly, the set of relative
Spin® structures on (Wy, Fyr), denoted by Spin®(Wp, Fyr), is defined as the set of homology classes
of the pairs (J, P) consisting of a finite set P of points in the interior of Wy — F and an almost
complex structure J on Wy — P such that J|zup, = Jo.

Spin®(Wy) is an affine space over H2(Wy, Z;Z), and Spin®(Wy, Fy) is an affine space over
H2(Wy, Z U Fy; 7).
Let T; C Syme(Z) denote the torus oﬂi X oo X aé. Given intersection points x; € T; N T;41, the
homotopy classes of maps
U :D, = Sym’(X) st. U(y) =x; U(e)CTy, i=1,...,m

is denoted by ma (X1, ..., Xm). If ma(x1,...,X;,) is non-empty, [GW10, Proposition 3.3] implies that
there is an affine correspondence

o (X1, ..., Xm) =~ Ker (@ Span(a') — Hy(Z; Z)) >~ H*(Wy, 0OWg; Z)

where Span(a‘) denotes the submodule of Hy(X; Z) spanned by the elements of .

Fix intersection points x; ,x; € T; N T;yq for ¢ = 1,...,m. Two homotopy classes ¥ €
mo(X1,...,Xm) and ¥ € mo(x],...,x),) are called equivalent if there exist Whitney disks v; €
mo(xi,x;) for i = 1,...,m so that ¥ is obtained from ¥’ by juxtaposition of each disk ; at the
vertex x,. Let Polygons {1,..,m} denote the set of equivalence classes of such m-gons. We may thus
re-state Proposition 3.9 of [GW10] as follows.

Proposition 2.1. There is a one to one map
sy : Polygonsyy .y — Spin“(Wg)
so that for any ¥ € ma(x1,...,Xm), we have sy ([V])|ns, ., = 5(x;) for anyi=1,...,m.
For every index set
I={iy<---<ip}C{l,...,m}
with |/| > 3 we may consider the cobordism W; which corresponds to the compression of Wy —
HZ¢I(U x e;) along the edges ¥ x e; C ¥ xD,, with ¢ ¢ I. Thus, Wy is represented by the Heegaard
diagram H; = (X, a’, ..., a%,z). Let
rr 2 Spin®(Wpx) — Spin®(W7).
be the corresponding restriction map. Denote s; = r7(s) for any s € Spin®(Wpg).
2.5. A-diagrams and holomorphic polygon maps. Let A be a commutative algebra over F

and H = (3,a!,...,a™,z) be a balanced Heegaard diagram as before. Consider a map u:z — A.
We will denote u(z;) by u;. For any 2-chain D on ¥ with 9D on a! U--- U a™ we define u(D) as

in Equation . Suppose ¥\ o = H;T”:ilA;. Then, as before, u is called an A-coloring for H if the
following are satisfied:

(1) For any i,/ € {1,...,m} we have S>7" u(Al ) zl " u(AD).
(2) If AZ is not a punctured sphere, then u(A’)

Definition 2.6. Let the balanced Heegaard diagram H = (X, a!,...,a™, z), the A-coloring u :
z — A and Spin® structure s € Spin®(Wpy) be as above. We call

H=(Z,a',...,a™u:z— A s)
an A-diagram if it is s-admissible, i.e. if the following admissibility condition is satisfied. For every

index set I = {i; < --- < ip} and every doubly periodic domain
P ="Piiy + Piyis + -+ Pipiy
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with P;; a periodic domain on (X, o', o’ z), the following is true. If
P
Z <Cl (5ijij+1)a H(Pijij+1)> =0
j=1
then either u(P) = 0 in A or the coeflicient of the domain P at some point w is negative. Here, s;;

is the Spin® structure on the 3-manifold M;; (corresponding to (¥, @', a’,z)) which is determined
by s.

Note that the admissibility condition only depends on the restrictions s;; of 5. In particular, for
every family T of Spin® structures with the same restrictions s;;, we can speak of A-diagrams

(Z,al,...,a™u:z— A %T).

Let H = (%,al,...,a™, u,5) be an A-diagram and choose an appropriate translation invariant
family of generic almost complex structure J = {J,},ecp,, . For every pair of indices i < j we may
thus define the chain complex CF ;(X, ', o/, u,s;;). Associated with any subset

I={i1<---<ip}C{l,...,m}
of indices, we may then define a holomorphic polygon map
p—1
fr ®CFJ (B, 0,0 w85, ) — CF 7 (3,0, o' u,84,5,) -
j=1

@@ @xp) = Y] > (mWu(w)x,
XPGTilﬂTip ‘I/€7T2(X1,X2,...,Xp)
5(xp)=5iyip n(¥)=3—p
[V]=sr
where p(¥) denotes the Maslov index of the polygon class ¥ and m(V) is the count of points in
M(¥) modulo 2.
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3. TANGLE COMPLEX AND THE ISSUE OF NATURALITY

In this section we address the issue of naturality in the sense of [JT] for the construction of [AEILS].
More precisely, we strengthen our result in [AEL5] and show that for any A-module M, HF™ defines
a functor from A-Tang (See Definition to A-Mod. For the most part, the argument of [JT]
for the naturality of sutured Floer homology may be copied here without significant modifications.
In fact, we need to go through the argument presented in Section 9 of [JT] and check that all
statements remain valid, a task that is outlined in the present section.

3.1. Oriented graph of isotopy Heegaard diagrams. Let us fix a commutative algebra A over
F and an A-module M as before. Consider an A-tangle 7 = [M,T,s,u] and let H = (3, o, B, 1, 5)
be a Heegaard diagram for 7. Any collection of pairwise disjoint circles on 3 (like v and 3) is called
an attaching set. Recall that each attaching set -y on the pointed surface (3, z) determines a tangle
(Clv], T[v]) where C[v] is the compression body obtained from ¥ x [0, 1] by attaching 2-handles along
vx {1} and T'[y] = zx [0,1]. Then, 9~ C[y] = £ x {0} 2 ¥ and 9T C[y] & X[v], where X[v] denotes
the surface obtained by performing surgery on ¥ along the curves in 4. Attaching sets v and 4/ on X
are called compression equivalent, denoted by v ~ «/, if there is a diffeomorphism d : (C[v], T[y]) —
(C[¥'], T[7]) such that it is the identity on (£,z) = (0~ C[v],0"T[y]) = (0~ C[¥'], 0" T[y']). This
gives an equivalence relation which descends to the isotopy classes, denoted by [v], of attaching
sets v on X. If 4 ~ 4/ then [v] and [y'] are related by a sequence of handle slides, [JT), Lemma
2.11].

If for the attaching sets o’ and B’ we have [a] = [@/] and [3] = [B'], and the s-admissibility
condition is satisfied then (3, a’,3,u,5) is also a Heegaard diagram for 7. We may thus refer to
the set of all such Heegaard diagrams as an isotopy diagram (X, A, B,u,s) for T, where A = [&]
and B = [3].

The isotopy diagrams

Hl = (El,Al,Bl,ul 1721 — A,ﬁl) and Hg = (EQ,AQ,BQ,UQ L Zo — A,,‘Sg)

are called a-equivalent if X1 = o, z1 = 2Zo, Uy = Uy and By = By while A1 ~ Ay and under the
natural correspondence between Spin€ structures, s1 = so. Similarly, we may define S-equivalence.
Stabilization and destabilization also induce operations on isotopy diagrams. Furthermore, a dif-
feomorphism from H; to Ho is an orientation preserving diffeomorphism d : 31 — Yo such that
d(Al) = AQ, d(Bl) = Bg,d(zl) = Z9, d*ﬁg = 571.

Finally, we may define the oriented graph G = G (in the sense of [JT!, Definition 2.21]) as follows.
The vertices of G are isotopy diagrams for 7 and for any two vertices H; and Ha, the set of edges
connecting Hy to Ha, denoted by G(H1, H2), is a union of four sets

G(H1,H2) = Ga(H1, Ho) L Ga(H1, Ha) U Gtar,(H1, Ho) U Gaig (H1, Ha),

defined as follows. The set Go(H1, Ha) (or Gg(H1,H2)) consists of a single arrow if #; and Ho are
a-equivalent (or (-equivalent), otherwise it is empty. Similarly, Ggan(H1, H2) consists of a single
arrow if Ho is obtained from H; by a stabilization or destabilization and Ggig(H1,H2) contains
an arrow corresponding to any diffeomorphism from H; to Ha. Let G, Gg, Gstab and Ggig denote
the corresponding sub-graphs of G. The sub-graphs G,,Gg and Ggig are in fact categories when
endowed with the obvious compositions. The graph G is connected as an oriented graph.

3.2. Special Heegaard diagrams. A Heegaard diagram H = (¥, «,3,2z) is called special if
a ~ 3,1i.e. ais compression equivalent to 3. Any special Heegaard diagram determines a balanced
tangle (M,T) that is obtained from a product tangle by applying sugeries on ¢ 0O-dimensional
spheres, where ¢ = |a| = |3|. Furthermore, if a balanced tangle (M,T) has a special Heegaard
diagram then HF(M,T,s) = 0 for any non-torsin class s € Spin®(M). Recall that a Spin® class
s € Spin®(M) is called torsion if s = [s] for a torsion relative Spin® class s € Spin®(M,T) i.e.
c1(s) = 0 as an element of H*(X,Z) for X = M — nd(T).

Associated with every z; € z = {z1,..., 24}, let p; denote a small simple closed curve which is
the boundary of a small disk around z; € X.. The torsion relative Spin® structures corresponding to
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a special Heegaard diagram are related to each other by adding integer multiples of the cohomology
classes PD[u;] € H2(M,T;Z), for i = 1,...,x. In fact, the torsion relative Spin® structures s €
Spin®(M,T') with the property that HF(M,T,s) is non-zero form a cone, in the sense that every
such relative Spin® structure s is of the form

K
s =55+ Z a;PD[y;], where ai,...,a, € Z=°.
i=1
The relative Spin® structure s, € Spin®(M, T') is thus uniquely associated with our special Heegaard
diagram, and is called its distinguished (torsion) relative Spin® structure for the special Heegaard
diagram H.

Fix a special Heegaard diagram H = (X, at, 3,2z) as above, and let (M, T') be the corresponding
balanced tangle. Further, assume that for the torsion Spin® class sy € Spin®(M,T) the diagram H
is sp-admissible. If z = {z1,..., 2.}, then Ap = M where u; is the variable corresponding
to z; and Z is the ideal of relations. Note that Z is generated by monomials corresponding to
connected components of ¥\ a (or X\ 3) that are not punctured spheres.

Consider a - x,b-y € CF(M,T,s) such that x,y € T, N Tg, s € Spin®(M,T) is torsion and

b
K

(79

— 1,21 _ .
a=uy ---u and b=u'---u

are non-zero monomials in Ap. Then, we say a homotopy disk ¢ € ma(x,y) connects a-x to b-y
if a; + ny(¢) = b; for any ¢ = 1,..., k. We define gr(a - x,b-y) = u(¢) for a homotopy disk
¢ € ma(x,y) connecting a-x tob-y.

Lemma 3.1. The map gr is well-defined and induces a relative Z-grading on
CF(M,T,s) = CF (%, a, B, 2,5),

for every torsion relative Spin® structure s € Spin®(M,T'). Furthermore, the subgroup of HE(M, T, s,)
in top homological grading is isomorphic to F for the distinguished relative Spin® structure s, €
Spin®(M,T).

Proof. Let ¢1,¢2 € ma(x,y) be homotopy disks connecting a.x to b.y. Then, P = ¢1 — ¢2 would
be a periodic domain such that n,,(P) =0 for any i = 1,...,x. Hence,

(1) — p(¢2) = u(P) = (ci(s), H(P)) = 0.
In particular, gr is well-defined. For the second part, it is not hard to show that HF (M, T, s) is

invariant up to isomorphism in each relative grading. So the discussions in Section 6.2 of [AELS]
implies that the subgroup with the top grading is isomorphic to F. O

Hence, the homology group in the top grading has a well-defined generator up to sign, called top
generator, in the summand HF(M,T,s,) of HF(M, T, so), where s, € Spin®(M,T) is the distin-
guished torsion Spin® structure and sg = [s,] is its image in Spin®(M). This generator is denoted
by O4g.

3.3. Weak Heegaard invariance. In this section, we check that HF™ is a weak Heegaard invari-
ant i.e. for any A-tangle T, we construct a well-defined A-module HF™(#) for every vertex H of
G and associate an isomorphism to any edge of G

Consider an A-diagram H = (X, a,3,u,s) and a complex structure j on 3. Recall that any
generic path J; of perturbations of Sym®(j) gives a chain complex

CFJS (Ea o, Bauvs)v

generated by the intersection points x € T, N Tg with s(x) = s, where £ = |a| = |3|. We will
usually drop the complex structure j on ¥ from the notation. Given two different choices (j, Js)
and (j', J.), the proof of Lemma 2.11 from [OS06] gives an isomorphism of A-modules

®;, .y HFY (3, @, B,u,5) — HFJ (S, a, B,u, 5).
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for any A-module M. Moreover,

Qg o®y g =Py

One may thus define
]_[J5 HFI}]/E (Ea o, 187 u, 5)

~

HFY(Z, o, B,1,5) =

where z ~ y if y = @, _, yr () for some Js and J.. Since we will face several equivalence relations

in the definition of HF™(7) we will abuse the notation and denote all of them by ~, leaving it to
the reader to make the distinctions.
Let us ssume that
H= (Zja,,@,ﬂ’,u, t)

is an A-diagram and 3 ~ @'. Furthermore, suppose that the restriction of t to Mpag is the torsion
Spin€ structure sg, which was discussed in the previous subsection. With this restriction in place, t is
determined by its restriction s to Mg, and the induced Spin® structure on M, g is in correspondence
with s under the natural identification of M,z with M,z . We will thus abuse the notation and
denote the above A-diagram by

(27 a’ﬂ?ﬂ’?"l?s)
implying that the above restrictions on t are imposed. Then, using the top generator ©gg we may
define an isomorphism

o 5 HF'(S, o, B,u,8) — HFY(S, o, B, 1, 6).
The arguments in the sequence of lemmas preceding Proposition 9.9 in [JT] may then be copied

in our setup to show that if (X, o, B,u,5) and (2, a, 3,1, 5) are Heegaard diagrams for 7, one may
define a chain map and a well-defined induced isomorphism

Y, 5 HF'(S, o, B,u,5) — HFY(Z, o, 3,1, 6),
using the top generators and a detour to admissible triple diagrams (note that the above assump-
tions do not imply that the (X, o, 3,3, u,5) is an A-diagram). Furthermore, if (2, o, 8", u,5) is a
third Heegaard diagram for 7 so that 3 ~ 3 ~ 3", we get
(2) (I)%/A)BH 9} @gﬁﬁl = q)gﬁﬁ”'
Similarly, one may define (I)%HO‘/. If (3, a,8,u,5), (X,a,8,u,5), (Z,a,8,u,5) and (3, ', 3 ,u,5)
are Heegaard diagrams for 7 so that a ~ @’ and B ~ @', one may define

q)g::g/ = Q%!HB/ O@g%a = (Pg/_)a O@gﬁﬁl.

It follows from [JT) Lemma 9.11] that these isomorphisms satisfy
Q) G5 0 @575 = 905 and B335 = 85, = 8577 = My o s

These isomorphisms may be used to construct a well-defined A-module HF™(#H) for every vertex
H of G and associate isomorphisms to edges of G, and Gg, as follows.

Given an isotopy diagram H = (X, A, B,u,s) for T, we denote by My the set of all Heegaard
diagrams corresponding to H, and we let

H(Z,a,,@,u,g)e/\/(” HFM(E? «, B? u75)

~

HEY (1) =

where the generators = € HF™(Z, a, B, u,5) and 2/ € HF™(Z, o/, 3,1, 5) are equivalent if and only
if o' = @924 (x).

Suppose H = (X, A, B,u,s) and H' = (X, A, B’ u,s) are S-equivalent. Pick representatives
(2, e, B,u,5) and (X, o, 3, u,5) of H and H’, respectively. The formal proof of [JT, Lemma 9.17]

then implies that LN descends to a well-defined isomorphism

d4 g HFM(H) — HFM(H).
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Similarly, an a-equivalence from H = (X, A, B,u,s) to H' = (3, A’, B,u,s) gives a well-defined
isomorphism
oA HFM () — HFM (7).
Consider an edge of Ggig i.e. a diffeomorphism d : H — H’. It gives a correspondence between
complex structures, which in turn gives the isomorphism

dy : HFM(H) — HFY(H),

c.f. [JT), Definition 9.19 and Lemma 9.20].

Finally, if the Heegaard diagram (X', o/, 3,1/, s’) is obtained from (X, e, 3, u, s) by stabilization,
there is a correspondence between the homotopy classes of disks on the two sides. Furthermore, for
suitable almost complex structures on the two diagrams, there is an isomorphism of chain complexes
associated with the two diagrams. If H and H’ denote the isotopy diagrams corresponding to the
above two Heegaard diagrams for 7, [JT, Lemma 9.21] (which is basically [OS06, Lemma 2.15])
may be used to construct the isomorphism

OH—H' - HFM(H) — HFM(HI)

Hence, HFM is a weak Heegaard invariant, and the above considerations reprove the invariance
of the quasi-isomorphism type of the chain complex CF™ (7).

3.4. Strong Heegaard invariance. The weak Heegaard invariant HF™ is a strong Heegaard
invariant if it satisfies the following axioms, [JT]:
(1) Fuctoriality: The restriction of HF™ to the categories G, G and Ggig is a functor to the
category A-Mod of A-modules. Moreover, if o : H — H’ is a stabilization and ¢’ : H' — H
is the corresponding destabilization then HF™ (') = HFM (o).
(2) Commutativity: For every distinguished rectangle

€1
Hi Ho
€2 €3
€4
Hs Ha

in G we have HF™ (e3) o HF™ (e1) = HF™(e4) o HFM(e3), where HF™(¢;) denotes the associ-
ated isomorphism to e;. Here, distinguished rectangles are the rectangles of the above type
such that one of the following is the case:
e The horizontal arrows are a-equivalences while the vertical arrows are S-equivalences.
e Both horizontal arrows are a- or f-equivalences, while the vertical arrows are stabi-
lizations.
e Both horizontal arrows are a- or - equivalences, while the vertical arrows are diffeo-
morphisms with the same restriction on the surface.
e The square corresponds to the two possible ways of performing disjoint stabilizations.
e The horizontal arrows are diffeomorphisms and the vertical arrows are stabilizations
which correspond to one another via the diffeomorphisms.
(3) Continuity: If H is a vertex of G and d € Ggig(H, H) is a diffeomorphism isotopic to the
identity, then HFY(d) = Tdyygu s,
(4) Handleswap invariance: For every simple handle swap

Ho
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in the sense of [JT| Definition 2.32] in G we have
HEF" (e3) o HF™ (e2) o HF™ (e1) = Tdypuayy, -

Functoriality follows from equations and for a- and (-equivalences, and is a consequence
of the definition for the diffeomorphisms. Moreover, the equality HFy(o’) = HFp(o) ™! is a conse-
quence of the definition.

Our earlier considerations proves the axiom of commutativity for the first three types of distin-
guished rectangles. The commutativity of a diagram of the fourth type is satisfied in the level of
chain complexes if the A-diagrams (representing #;), and the complex structures on the surfaces
are chosen correctly. Similarly and following the argument of [JT, Subsection 9.2], for suitable A-
diagrams representing the isotopy diagrams H; and the correct choice of almost complex structures,
the commutativity of the diagrams of the fifth type is satisfied in the level of chain complexes.

One may then copy the proof of [JT) Proposition 9.23] and show that if for the A-diagram
(X, a,B,u,s) the map d : ¥ — ¥ is isotopic to identity, then d, = (I)gjg,,, where o/ = d(a) and
B = d(B). Thus, it follows from our definition of HFyp(#) that the induced isomorphism HFY(d)
is identity. This completes the proof of continuity.

Finally, let H1, Hs and Hs denote the isotopy diagrams corresponding to a handleswap. Choose
A-diagrams (X, v, 3;,u,8;) representing H;, ¢ = 1,2,3. The argument given for handleswap in-
variance in Subsection 9.3 of |JT] regards the region corresponding to the handleswap in the afore-
mentioned Heegaard diagrams as a genus 2 subsurface £9 of the connected sum of ¥ with another
surface 2!, such that the Heegaard diagrams are identical on %', all markings in z lie on X!, and
two curves from each one of the attaching sets a; and B3; are on X°. It is implied by [JT, Lemma
9.25 and Lemma 9.28] (which stay correct in our more general framework) that every triangle class
which contributes to HF™(e;) or HF™(ey) may be decomposed as a disjoint union of a triangle
class on ' which does not pass through the connected sum region and a small traingle class on
30, The proof of Proposition 9.24 from [JT] thus goes through without difficulty, completing the
proof of handleswap invariance.

Let b denote an oriented path in Gy from the isotopy diagram H to the isotopy diagram H’.
Composing the isomorphisms corresponding to the edges in § we obtain an isomorphism

HFY () : HFY(H) — HFM(#).

If h and b’ are different oriented paths from #H to H’, [JT), Theorem 2.39], implies that HF(h) =
HFM(f)’ ), since HFY is a strong Heegaard invariant. In other words, associated with the vertices
H and H' of G7 there is a well-defined isomorphism

HFY 50 - HEY(3) — HFY(3(').
It is clear that
HF%/%HH (¢} HF’;I\./][I_)H/ - HF'%[—)H”'

One may thus define

HEM(T) [neig, HFM(H)’

~

where x is equivalent to y if y = HF 1?\_[41 _gp (x). Thus, associated with every A-tangle 7 and A-module
M we obtain a well-defined A-module HF™ (7).

Let d: T =[M,T,u,s] - T =[M',T 1, 5] be a diffeomorphism of A-tangles. Pick an isotopy
diagram H = (X, A, B,u,s) for 7. The diffeomorphism d takes ¥ to a surface ¥’ in M’ and
the markings z to a set z’ of markings such that z’ = ¥’ NT’". Let A" = d(A) and B’ = d(B).
Furthermore, we obtain a Spin® structure s’ for (X', A’, B’,z") which corresponds to s. We may
define v’ : z — A as uod~!. We thus obtain the isotopy diagram H' = d(#) for T'. The
isomorphism

HFY(d) : HFM(#H) — HFM (%)
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associated with the diffeomorphism d from H to H’, induces a well-defined isomorphism
HFM(d) : HFM(T) — HFM(T7).
The above considerations imply the following theorem.

Theorem 3.2. For every algebra A over F and every A-module M, assigning HFM(T) to the
A-tangle T in A-Tang gives a functor

HFY : A-Tang — A-Mod.

3.5. The action of A*(H(M,Z)/Tors). As in the usual setup of the Heegaard Floer homology,
there is a natural action of A*(Hy(My,Z)/Tors) on HFM(T) as follows. Let us assume that H =
(X, a,B,u:z — As) is an A-diagram for the A-tangle 7 = [M,T,u,s]. First of all, as discussed
in Subsection 2.4 of [OS04c], there is a homotopy long exact sequence
0 -7 » 11 (Q(Tq, Tg)) — m1(To x Tg) — m1(Sym?(X)).
Here Q(T,,Tg) denotes the space of paths in Sym?(X) joining T, to Tg. Under the identification
of m(Sym?(X)) with H*(X,Z), m1(T,) and 71(Tg) correspond to H'(C(a),Z) and H*(C(B),Z),
respectively. After comparing the above exact sequence with the cohomology long exact sequence
for the decomposition M = C(a) Uy C(8B), we obtain the short exact sequence
0 Y/ > 11 (QUTy, Tg)) — H'(M,Z) — 0.

Applying Hom(—,Z) to the above short exact sequence we obtain

0 Hy(M,Z)/Tors — H'(Q(Tq, Tg),Z) — Z.

Every element ¢ € Hy(M,Z)/Tors may thus be realized as an element of H'(Q(Ta, Tg),Z), which
is represented by a 1-cocycle Z(¢) € Z1(Q(T4,Ts),Z) in the space of paths connecting T, N Tg.
If ¢ € ma(x,y) is the homotopy class of a Whitney disk, it may be viewed as an arc in (Tq, Tg)
which connects the constant path at x to the constant path at y. The evaluation of Z(¢) over this
path gives a value nz(¢). Correspondingly, we may define a map

Az CF(E, e, Byu,5) — CF(X, a, B, 1, 5)
Azox) = D D ngol@)m(du(d)y.

yeTaNTs el (x,y)
s5(y)=s
The proof of [OS04c, Lemma 4.18] implies that Az is a chain map and the proof of [OS04c,
Lemma 4.19] implies that if Z(() is a coboundary then Az ) is chain homotopic to zero. The map
induced by Az(¢) on homology is thus independent of the choice of the cocycle Z (¢), and may thus
be represented by

Ac  HFY(Z, @, B, 1, 5) — HFY(Z, , B, 1, 5).
The proof of [0S04c, Proposition 4.17] may then be copied to show that A-o A = 0. Consequently,
we obtain an action of the exterior algebra A*(Hi(M,Z)/Tors) on HFM (X, o, B, u, 5).
We may then follow the steps toward weak and strong Heegaard invariance of the functor HF™,
and observe that all the isomorphisms which correspond to the edges of the graph G preserve the
action of A*(H1(M,Z)/Tors) constructed above. This observation implies the following proposition.

Proposition 3.3. For every A-tangle T and every A-module M, there is a natural action of
A*(Hy(Mr,Z)/Tors) on HEM(T).
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4. PARAMETRIZED CERF DECOMPOSITION

4.1. Parametrized elementary cobordism. Let (M,T) be a balanced tangle. For k = 0,1, 2,
a framed k-sphere S in (M, T) is an embedding of S* x D37% in M — T. In other word, it is an
embedded k-sphere a(S) = S* x {0}, called attaching sphere, in M —T together with a trivialization
v of its normal bundle. We will denote by

W(S) = (W(S), F(S))
the cobordism obtained by attaching a k-handle to M x [0, 1] along S x {1} to construct W (S) and

setting F'(S) = T x [0,1] € W(S). Thus W(S) is a cobordism from (M,T) to (M(S),T), where
M(S) is obtained by surgery on M along S.

Similarly, a framed arc I in (M, T) is an embedding of D? x D! in M such that

INT) = ({z = 0} x {1 [] ({z = 0} x {1}),

where (z,y) denotes the standard coordinate system on D? (as a subset of R?). Moreover, I is
called orientation preserving if the restriction of I to

{z=0}x{-1}[[fz=0} x {1} co({z =0} x [-1,1]),

which is equipped with the boundary orientation, is orientation preserving as a map to 7. We
think of T as an embedded arc a(I) = {0} x D!, called attaching arc, connecting the two points
da(I) N'T, together with a trivialization v of its normal bundle in M which is compatible at the
end points, with the trivialization induced from the orientation of T. Abusing the notation, we
denote I(D? x D) by I. Associated with a framed arc I, let T(I) C M be the properly embedded
1-manifold obtained by doing band surgery on 7" along I i.e.

T(I) = (T -InT))|JI(({z = ~1} U{z = 1}) x [-1,1)).

Note that if I is orientation preserving, then the orientation on 7" induces an orientation on 7'(I).
Moreover, for every set I = {Ij,...,I,} of framed arcs in (M,T'), denote the properly embedded
1-manifold constructed by doing surgery on 7" along the framed arcs Iy, ...,I, by T'(I). Thus, if I
is a single framed arc, T'(I) and T'({I}) are the same object.

Definition 4.1. A set I = {I,...,[,} of framed arcs in (M, T) is called acceptable if for any i, [;
is orientation preserving and (M, T'(I)) is a tangle.

Let I = {Ij,...,I,} be an acceptable set of framed arcs in (M,T). Corresponding to I, we
construct a cobordism W(I) = (W (I), F/(I)) from (M, T) to (M,T'(I)) by attaching a standard pair
o (M x[0,1],7 x [0,1]) along I C M x {1} as follows. The standard saddle is the pair (H, B),
which is identified in R* via

2,2
— 2 1 1_ 4| 4y <1
H:=D?x D' x D' = {(m,y,z,t) eR ) crel it } and
(t+ 1)y + (t—1)22 =2t
z=0

For i € {—1,1}, denote 9;(H, B) := (D? x D' x {i}, BN (D? x D' x {i})). See Figurefor a picture
of the projection of the standard pair over the 3-dimensional box {z = 0} x D! x D!,

B= {(:E,y,z,t) € D? x D! x D! ‘

Let W(I) = (W(I), F(I)) denote the cobordism
(M X [07 1]’ T x [0’ 1]) ]_[ (H?:l(Hiv BZ))
{(]Ii $ {1}, (T ML) x {1}) ~ 8_1(H;, B;) | for any 1 < i < n}

after smoothing the corresponding corners. Here (H;, B;) are copies of the standard pair (H, B)
fori=1,...,n. Note that W(I) ~ M x [0, 1].
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FIGURE 1. The standard pair, which is pictured in the cube {x = 0} = [-1,1]3.

Definition 4.2. A stable cobordism W = (W, F)) from the tangle (M, T) to the tangle (M’,T") is
called elementary, if for a framed sphere S or an acceptable set of framed arcs I in (M, T), W is
diffeomorphic to the corresponding cobordism W(S) or W(I).

Moreover, a parametrized elementary cobordism is an elementary cobordism WV as above, accom-
panied with one of the following;:

(1) A framed sphere S C M, together with the isotopy class of a diffeomorphism
a: (M(S),T) - (M',T')

so that for a diffeomorphism D : W(S) — W with D|,1y = Id, we have d = D|s)1)-
(2) A framed arc I C M, together with the isotopy class of a diffeomorphism

d: (M, T()) — (M',T
so that for a diffeomorphism D : W(I) — W with D|; ) = Id, we have d = D]y, 1(1))-
Note that in the above definition we might also have S = (.

Definition 4.3. A parametrized Cerf decomposition of a stable cobordism W = (W, F) from a
tangle (M, T) to a tangle (M’,T") is a decomposition

W =W U(Mth) T U(Mm71,Tm71) Wi,

where W; = (W, F}) is a parametrized elementary cobordism from the tangle (M;_1,T;_1) to the
tangle (M;,T;), (Mo, Tp) = (M, T) and (My,, T,,) = (M',T"). For every i = 1,...,m, depending
on the type of W;, we let (S;,d;) or (I;,d;) denote its parametrization.

4.2. Parametrized Morse data. Let W = (W, F') be a cobordism from (M, T) to (M',T'). A
function G : W — [a, b] is called a Morse function on W, if G has no critical points in a neighborhood
of OW U F, both G and g = G|r are Morse (on W and F, respectively) and

G Ha)=M, G 'b)=M and Glspw =72,
where 7y is the projection over the second factor under an identification
(ORW, 0 F) = (OM,0T) x |a,b].
The set of critical points of G on W, Crityy(G), is defined as
Crityy(G) = Crity (G) U Crit(g)

where Crity (G) and Crit(g) are the sets of critical points of G on W and g = G|p on F, respec-
tively. A Morse function G on W is called proper if it has distinct values at its critical points
on W. @ is called indefinite if both G and g, as Morse functions on W and F' respectively, are
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indefinite i.e. have no critical points with the minimal and maximal index. Therefore, if G is indef-
inite on W, g has only critical points of index 1, while the critical points of G are of indices 1,2 or 3.

Definition 4.4. Let G : W — [a,b] be a Morse function on the cobordism W = (W, F). A
vector field & on W is called an embedded gradient-like vector field for G if it satisfies the following
conditions:

(1) For every p € W which is not in Crity (G), dGp(&p) > 0.

(2) The vector field ¢ is tangent to both F' and 9, W.

(3) For any critical point p € Crity (G) there is an open neighborhood U C W of p together
with a positively oriented local coordinate system (z1, z2, 3, 24) centered at p such that

G(x1,$2,$3,$4) :G(p)il'%:tlE%:t.f‘gixZ and €($17$27$371"4) = (Ztlfl,:l:l'g,:l:ll)g,:l:fl}‘z})

(4) There is an open neighborhood U C W of every critical point p of g and a positively oriented
local coordinate system (x1,x2,y1,y2) centered at p, such that

UNF = {(z1,22,y1,y2) €U | y1 = y2 = 0},
G(z1,22,y1,92) = G(p) £ 2 a5 +y1 and & = (L1, £a9,97 +33,0).

Definition 4.5. A Morse datum for W is a triple MM = (G, b, ), where
b=(a=by<--<by=0>0) c R

is an ordered (m + 1)-tuple of regular values for the proper Morse function G : W — [a,b] on W,
and ¢ is an embedded gradient like vector field for G. Over each interval (b;,b;i1+1), G has at most
one critical point in W, and if it has a critical point in G=!(b;, b;11) then g has no critical point
over this interval.

The Morse datum (G, b, €) is called good if g is indefinite and g~!(b;) is a union of arcs connecting
9, W to O}jW fori=0,...,m.

Any good Morse datum 9 = (G, b, €) induces a parametrized Cerf decomposition €(G, b, ) of W
by taking W; = G_l[bifl, bl], F;, = g_l[bifl, bl] and (MzaT’z) = (G_l(bi),g_l(bi)). If G has a critical
point p € G~1[b;_1, b;] of index k;, the descending flow of & maps p to a k; — 1 dimensional embedded
sphere S; C G_l(bi,l), which is disjoint from T;_;. Moreover, using a positive local coordinate
system in the neighborhood of p such that G and ¢ have the standard structure, we obtain a
framing for S;. As in Remark 2.12 of [Juh], if k; = 0,4, the framed sphere S; does not depend
on the choice of the local coordinates and is uniquely determined up to isotopy. Otherwise, for
k # 0,4, depending on the positive local coordinate system, we obtain two non-isotopic embedded
framed sphere S; and S;. Note that for any framed sphere S : S¥71 x D*% —» M — T in a tangle
(M, T), S is defined by

S(l‘, y) - S(Tk(l'), T4*k(y))a
for z € S¥~1 C R¥, y € D** ¢ R** where

rk(azl,xg, . ,J,’k) = (—(El,.fcg, c. ,xk).
Along with the framed sphere S;, we obtain a diffeomorphism
di + (Mi-1(Si), Ti—1) — (M;, T3)

which is given using the flow of the vector field { over M;_1 \ nd(S;), the complement of the framed
sphere S;. On the other hand, if g has index one critical points p1,...,pp, € G~ Ybi_1,b;) N F, the
descending manifolds of p1,...,p,, under the flow of £ determines a set of orientation preserving
framed arcs I; = {I{,... I, } with end points on T;_; = g~ '(bi—1). Since g~'(b;) is a union of arcs
connecting O~ M; to O+ M;, the set I; is acceptable. The flow of ¢ gives a diffeomorphism

di : (M;—1, Ti1(L;)) — (M, T5).
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Furthermore, if G has no critical points in W;, we set S; = () and the flow of £ defines a diffeomor-
phism d; from (M;_1,T;—1) to (M;,T;).

Therefore, any good Morse datum 9 = (G, b, &) defines a parametrized Cerf decomposition for
W denoted by €(01), well-defined up to replacing some of the framed spheres S by the corresponding
framed spheres S. Because of this ambiguity, we say two good Morse data 9T and 9 induce the
same parametrized Cerf decompositions for W if and only if the corresponding attaching spheres
and attaching arcs coincide, while they are isotopic as framed spheres or framed arcs after replacing
some framed spheres S in €(901) with S.

Lemma 4.1. Let W be a stable cobordism. Then every parametrized Cerf decomposition for W is
induced by a good Morse datum.

Proof. Suppose that W is an elementary cobordism from (M, T) to (M',T").

Case 1. W is parametrized by a framed sphere S in (M, T') and a diffeomorphism d : (M(S),T) —
(M',T"). Tt follows from the proof of [Juh, Lemma 2.14], that one can define a Morse function
G’ : W(S) — [0, 1] together with an embedded gradient-like vector field & on W(S) = (W (S), F(S))
such that G’ has a single critical point, while ¢’ = G'| p(s) has no critical points. Furthermore, the
diffeomorphism induced by &' on (M(S), T) is Id (). For instance, if S = ), then for the cobordism
W(S) = (M, T) x [0,1] we let G’ = 72 and ¢ = §;. Then, G = G' o D™} and ¢ = D,¢ is the cor-
responding good Morse datum, where D : W(S) — W is a diffeomorphism such that D\( m,r) =1d
and D’(M(S),T) =d.

Case 2. )V is parametrized by an acceptable set of framed arcs I = {I;,...,[,}, and a diffeo-
morphism d : (M, T(I)) — (M',T"). For any i consider a small neighborhood N; of I; in (M,T).
Let

(N“ Nl N T) X [07 1] H(Hl, BZ)
(I x {1},(T'NL;) x {1}) ~ 0_1(H;, By)
Here (H;, B;) denotes a copy of the standard saddle (H,B) for ¢ = 1,...,n. Let N be a small
neighborhood of D? x D! in R3 and B denote the corresponding saddle in N x D!. After smoothing
the corners obtained from attaching the saddles, (W;, F;) is diffeomorphic with (N x D, B ). Choose
a diffeomorphism

(Wi, Fy) = c W(D).

¢i - (W;, F;) — (N x D', B)
such that
¢i(01(H;, By)) = (D? x D' x {1}, BN (D* x D' x {1})) and
¢i(N; x {0}, (N; NT) x {0}) = (N x {~1},(BNN) x {~1}).
Moreover, for a sufficiently small v € RT and every t € (0,1), if (z,y,2) € N belongs to the
v-neighborhood of N, then
oMz, y, 2,2t —1) € N; x {t}.
We define G/, by

yo ) ma(y) if ye M x[0,1] -1, W;
Gi(y) == {”2(¢(22!))+1 if yeW;

This is a smooth function, by construction. We define the embedded gradient-like vector field &’
on W(I) by pulling back the vector field 20; on N x D! using ¢; and extending it to the rest of
M x[0,1] using 0. It is now straightforward to check that the Morse function G’ together with the
embedded gradient-like vector field & induces the identity diffeomorphism on (M,T'(I)). Hence,
considering a diffeomorphism D : W(I) — W for which D] 7y = Id and D| (s r(r)) = d, the Morse
function G = G’ o D7! and the gradient-like vector field ¢ = D,&' is the corresponding Morse
datum.
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If W is not an elementary cobordism, consider a parametrized Cerf decomposition
W=Ww U(M1,T1) T U(Mmflmifl) Wi

for W. For each W; denote the corresponding Morse datum constructed as above by (G, ;). Fix
an (m+ 1)-tuple b= (a = by < by < -+ < by, = b) of real numbers, and let a; : [0, 1] — [bi—1, b;] be
the diffeomorphism a;(t) = (1 — ¢)b;—1 + tb;. Then, we can modify the Morse functions a; o G; and
the gradient-like vector fields &;, on a collar neighborhood of (M;, T;) such that they fit together to
give a Morse function G and an embedded gradient-like vector field £ on W. O

Lemma 4.2. Suppose M = (G,b, &) and M = (G',b,¢') are two good Morse data for a sta-
ble cobordism W = (W, F) that induce the same parametrized Cerf decompositions. There exist
diffeomorphisms D : W — W and ¢ : R — R satisfying the followings:

(1) V' = ¢(b)

(2) G =¢oGoD™?

(3) for some h € C°(W,RT) we have D.£ = h.£

Proof. See proof of [Juh, Lemma 2.14]. O

Proposition 4.3. For every stable cobordism W there ezists a good Morse datum 9 = (G,b,§),
and therefore a parametrized Cerf decomposition.

Proof. Let W = (W, F) be a stable cobordism from (M, T) to (M',T") and let g : F — [0,1] be
a Morse function satisfying

glr=0, gl =1, and g|prg,w = 2.

Since every connected component of F' has non-empty intersection with either of T and T’, we
may assume that g has no minimal or maximal index critical point i.e. all critical points of g have
index 1. Further, we assume that it has the same value over all of its critical points. We extend g
to a tubular neighborhood of F' such that it has no critical points and then extend it to a Morse
function G : W — [0, 1]. By a small perturbation in a neighborhood of the critical points of G, we
may assume that G has distinct critical values and these values are distinct from the critical value
of g. Finally, by a small perturbation in a neighborhood of the critical points of g we can transform
G into a proper Morse function on W, such that for every p, ¢ € Crit(g) with G(p) < G(q), G has
no critical point on W above the interval (G(p),G(q)). It is straightforward to show that there is
an embedded gradient-like vector field for every Morse function on W. Let £ be such a gradient-like
vector field for G. Choose the ordered set

b={0=by<by <---<by=1}C[0,1]

of regular values for G such that for every i = 1,...,m, Crity(G) has at most one element in
G~ 1[bi—1,b;]. Furthermore, for exactly one 1 < j < m all critical values of g lie in (bj_1,b;), while
Crity (G) does not intersect G1[bj_1,b;]. The triple (G, b, ) is a good Morse datum for W and it
thus gives a parametrized Cerf decomposition of W. O

4.3. Cerf moves. In this section, we describe Cerf moves on Morse data and discuss how cor-
responding parametrized Cerf decompositions change under these moves. For this purpose, fix
a cobordism W = (W, F) from (M,T) to (M',T"). Let M = (G,b,&) and M = (G',V, &) be
parametrized Morse data for W so that G,G’' : W — [a, b] are proper Morse functions on W.

Critical point cancellation/creation. The Morse data 9t and 9V are related by a critical
point cancellation if
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(1) G and G’ are related by a critical point cancellation i.e. there exist a family of smooth
functions {Gy : W — [a, ]|t € [-1,1]} such that G_1 = G, G; = G’ and:
e Fort € [-1,1]—{0}, G, is a proper Morse function on W and Gy has a death singularity
at some point p, € W,
e The family is an elementary death (chemin élémentaire de mort’ in the sense of Cerf
[Cexr70l, Section 2.3, p.71]) with support in a neighborhood U of p,. More precisely,
G does not depend on ¢ outside U and for ¢ € (0,1] it has no critical points in

U. Furthermore, there exist local coordinates (x1,...,z4) around p,, such that for
te[-1,1]
Gi(x1,...,24) :Go(po)—}—xi’—&—ta:l —m%---—xi—i—xiﬂ—i—---—l—xi

(2) Assume b = (@ = by < by < -+ < by, = b). There is some 1 < j < m — 1 such that
bj = Go(po), b' = b— {b;} while

bi_1 < Go(po) —2/3V3 and bji1 > Go(po) +2/3V3.

(3) Let p and ¢ be the critical points of G where b;_1 < G(p) < b; < G(¢) < bj41 and canceled
against each other at ¢ = 0. The stable and unstable submanifolds W#(q) and W"(p) are
transverse and intersect in a single flow line. Moreover, the neighborhood U is in fact a
neighborhood of

(W (p) UW*(q)) NG [bj—1,bj41],
and &' coincide with £ outside U.

A critical point creation is the reverse of a critical point cancellation.

Suppose that the good Morse data 9 is obtained from 901 by a critical point cancellation as
above. The induced parametrized Cerf decomposition €(9) : Wi U --- U W)/ _, is related to
COM) : Wi U---UW,, as follows. For any i < j — 1 the parametrized elementary cobordisms W,
coincides with W;, while for i > j it coincides with W;1i. Further, let b(S;) in (M;—1(S;),Tj-1)
denote the belt sphere of the attached handle to S;. The framed sphere S; ;1 := dj_1 (Sj41) intersects
b(S;) in a single point, thus there is a diffeomorphism

¢ (Mj1, Tj1) = (Mj-1(S5)(Sj11), Tj-1)
which is unique up to isotopy and fixes (M;_1,Tj—1) N (Mj_l(Sj)(§j+1),7}_1) (See [Cer70], |Jubl
Definition 2.17] and [Mil65, Theorem 5.4]). Then, W/ is a cobordism from (M;_,, T} ;) = (M;—1,Tj-1)
to (M}, T}) = (Mj1, Tj+1)~parametrized by the framed sphere S} = () and the diffeomorphism d,
which is isotopic to dj;q o dj o ¢. Here,
dj = (Mj—1(S5)(Sj1), Tj—1) — (M;(Sj11), Tj)
is the diffeomorphism induced by d;. For more details, see [Juhl Lemma 2.15].

Critical point switches. The Morse data 9t and 9 are related by critical point switch if £ = &',
b\bj = '\ V; for some j, and G is connected to G’ by a smooth family {G; : W — [a, b]|t € [-1, 1]}
of Morse functions which are proper for all but finitely many values of ¢ in [—1,1] and Crity (G})
is independent of ¢. Furthermore, depending on the type of critical point switch, the family {G;}
satisfies one of the followings:

Type 1. For critical points p, g € Crity (G) we have
bj1 < G(p) <bj <G(q) <bjy1 and bjy < G'(q) <b; <G'(p) < bjr.
Then Go(p) = Go(q) while tGy(p) > tGy(q) for t # 0. Further, the family {G};c[—1,1) is an ele-

mentary upward or downward switch ("chemin élémentaire de croisement, ascendant or descendente’
in the sense of Cerf [Cer70, Chapter II, p.40]) in a neighborhood U of

Wi(a) =W (g)N G ([G(p),G(a)]) or  Wg(p):==W"(p)n G~ ([G(p),G(a)]).
In particular, Gy is independent of ¢ outside U while G; — G is constant in an open neighborhood
containing the critical points inside U.
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Type II. For critical points p € Crity (G) and ¢i, ..., g, € Crit(g) we have
bj-1 <G(p) <b; <G(q1) < <Glgn) <bjya

while bj_1 < G'(q1) < -+ < G'(qn) < bj < G'(p) < bj41. Then Gi(q1) < -+ < Gi(gn) < Gi(p) for
some § > 0 and every 1 —J <t < 1. Furthermore, the family {G}},c_1 1) is an elementary switch
("chemin élémentaire de croisement’ in the sense of Cerf [Cer70, Chapter II, p.40]) with support in
a neighborhood U of
W(p) == W*(p) NG H([G(p), G(gn)))

and Gy¢|w_p is independent of ¢.

Type III. There are critical points p,q € Crit(g) so that bj—1 < g(p) < g(¢) < bj, g has no
critical value in (g(p),g(q)) and bj_1 < ¢'(q) < ¢'(p) < bj. In this case Go(p) = Go(g), while
tG(p) > tGy(q) for t # 0. Moreover, for a neighborhood U of

W (q) NG~ ([G(p),G(q)]) or W"(p)NnG ([G(p),G(q)),

Gy is independent of ¢t in W — U. Furthermore, in a neighborhood V C U of p and ¢q, G; — G is
constant.

If the good Morse data 9 and 9" are related by a critical point switch of type III, then it is
straightforward to see that €(901) and €(9M') are the same. However, if they are related by a critical
point switch of type I or II, then €(91) and €(M') are related as in Lemma 2.16 of [Juh|. Let us
recall the statement of the aforementioned Lemma (with a small modification) for a critical point
switch of type II.

Lemma 4.4. (Critical point switch of type II) With the above notation fized, if M = (G,b,€) and
M = (G",V,¢) are related by a critical point switch of type II, then the parametrized elementary
cobordism W; coincides with W, for any i < j — 1 and i > j. Moreover,

o ;11 Ndj(b(S;)) = 0 where b(S;) denotes the belt sphere of the attached handle to S;,
o d;(Il}) = Lj1 and d;(S;) =S4,
o The diagram
(d;)"
(M;—1(S;), Tj1(I})) —2— (M;, Tj(Lj41))
(d})®i djt1
!

41
(M}(S},1),Tj) e (Mg, Tia).

is commutative. Here, (dj)]l; and (d})gi are induced by d; and dj, respectively.

Proof. See proof of Lemma 2.16 in [Juh]. O

Isotopy on embedded gradient-like vector field. We say that the Morse data 9t = (G, b, §)
and M’ = (G', 1, ¢) are related by doing isotopy on the embedded gradient-like vector field, if G = G’
and b =1

If the good Morse data M and M’ are related by doing isotopy on the embedded-gradient like
vector fields, their corresponding parametrized Cerf decompositions, possibly after reversing some
of the framed spheres, are related by ambient isotopies [Juh, Remark 2.11]. More precisely, for
any j there is an ambient isotopy {@:}e(o,1] of (Mj-1,Tj-1) with ¢o = Idps;_,, so that if W is
parametrized by (S;,d;) (or (I, d;)) then ¢1(S;) = S} and d; = d; o (&)t (1) = I’ and
d; =djo (#)~1). Here, ¢} is the diffeomorphism induced by ¢;.

Adding/removing regular values. The Morse data 9 = (G,b,€) and M = (G, b, &) are
related by adding or removing reqular values, if G = G’ and & = ¢'. Thus, M(bU) = (G,bUV,§)
is a Morse datum for W obtained from 9t and 9 by adding regular values. If both 9t and 9V
are good, the induced parametrized Cerf decomposition €(M(bUY')) is obtained from €(M) and
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C(M') by splitting product cobordisms and cobordisms parametrized by acceptable sets of framed
arcs.

Definition 4.6. We say that a parametrized Cerf decomposition €’ is obtained from € by a splitting,
if there is some j such that for any ¢ < j the parametrized elementary cobordism W, coincides
with W; while for any 7 > j + 1 it coincides with W;_;. Furthermore, the cobordism Wj; splits as
Wi U W in &, such that one of Wi or W/ |, say WY, is either parametrized by (S = 0, d})
or (I, d%). If W is a product then, depending on the types of W} ; and W;, we have either

S =d (8)) and dj=djo(d)Y, or

I = d;'_l( ") and dj=dj, o0 (d;‘)ﬂj~

If W is parametrized by (I, d;) then Wi, is parametrized by (I, ,,d} ;). Moreover,

I =110d, ' (I);,) and dj=dj,,0(d))" 5.

The reverse of this move, is called merging.

Therefore, for any two good Morse data 9 = (G, b, &) and M = (G, 1V, £) we may change €(9M)
to €(M') by first splitting and then merging.

Left-right equivalence. Let W = (W, F) be a cobordism from (M,T) to (M',T"). We say
that the Morse functions G and G’ on W are related by a left-right equivalence if there are diffeo-
morphisms ® : W — W and ¢ : R — R such that @[, ) = Id 1), @) = Idape 1), and
G' = ¢ oG o® L. Moreover, we say that the good Morse data M = (G, b, &) and M’ = (G, b, &)
are related by a left-right equivalence, if G and G’ are related by a left-right equivalence and under
the corresponding diffeomorphisms b’ = ¢ o b and & = ®,(£). In this case, the parametrized Cerf
decomposition €(M’) is obtained from €(IM) by a diffeomorphism equivalence. This means that
W! = ®(W;) as parametrized elementary cobordisms i.e. depending on the type of W;, S}, = ®(S;)
or I! = ®(I;) and d; = ®; 0d; o (®;_;)~!, where &; = ®|(pr,,1y) and @ is the map induced by ®; on
(M;(Sit+1),T;) or on (M;, T;(Liy1)).

4.4. Parametrized Cerf decomposition theorem. The goal of this subsection is to show that
any two good Morse data associated with a stable cobordism can be related by a sequence of
Cerf moves. As before, let MM = (G,b,£) and M = (G',V,¢') be good Morse data for W so that
G,G': W — [a,b] are proper.

Lemma 4.5. If there exists a smooth family {Gi}icpo,1) of proper Morse functions on W with
Go =G and G1 = G’ then G is related to G' by a left-right equivalence.

Proof. The proof is similar to the proof of Lemma 3.1 in [GWWI13] with minor modifications.
For every t € [0,1], Gy is proper. Therefore, we have a smooth family {¢; : R — R};co] of
diffeomorphisms of R such that ¢g = Id and for every t € [0,1] , ¢, 16 Gy has the same critical
values as G. Moreover, if for p € Crityy(G) and p; € Crityy(Gt) we have ¢; 'Gi(p;) = G(p) then
either both p and p; are critical points in W or both are critical points in F'.

Let G} = ¢; ' o Gy. Consider a point (zg,tg) € W x [0,1] such that xg € Crityw (Gy,). For
sufficiently small values of € > 0 and § > 0, we can find the local coordinates 0; : B C R* > W
for every t € (tg — 0,tp + d) such that G} o 6, takes the normal form

Gio0y(w1,. .., x4) = Gy (w0) + Z +a2,

Similarly, if 29 € Crit(g¢), for sufficiently small ¢,6 > 0, we can find local coordinates 0; : B, C
R* — W for t € (tg — &,t0 + §), so that F is given by {3 = x4 = 0} in these coordinates and

Gg 00i(x1,...,14) = GQO(ZL'()) :El’% :EZE% + x3.
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Then, for any (z,t) in a neighborhood of (zg,ty) defined as above, let

o) = (4100007 @] 1)

It is straightforward to show that {Gj}}icp,1] is constant along the flow lines of v(x,t) in this
neighborhood. Consider a finite set of pairs {(U;,v;)|i = 1,...,n}, where each pair consists of an
open neighborhoods U; C W x [0, 1] as above and the corresponding vector field v;, such that

{(z,t) e W x [0,1] | & € Critw(G})} C LnJ Ui.

Consider an open set Uy C W x I in the complement of the critical points such that | J;"_, U; covers
W x [0,1]. We define vector field vy on Uy as

vo(z,t) := (—(9Gy)(dGy (&))" 6, 1).
Here, {&;}tcpo,1) is @ smooth family of vector fields on W such that for every ¢ € [0,1], & is an
embedded gradient-like vector field for Gj. Note that {G}}icp,1] remain constant along the flow
lines of vg. Thus, we may patch the above local vector fields and construct a global vector field v
on W x [0,1] such that {G}}¢c[o,1] remain constant along its flow lines. Hence, G o ®; = G, where
®; is the time-one map of the flow of v. Therefore, ¢1_1 oG o®; =QG. O

Definition 4.7. Given a stable cobordism W = (W, F'), a proper Morse function G on W is called
almost ordered if

(1) G is ordered as a Morse function on W, i.e. for any p, g € Crity (G), ind(p) < ind(q) implies
G(p) < G(q).

(2) For every p € Crity (G) with ind(p) < 2, G(p) is smaller than the critical values of g, while
for p € Crity (G) with ind(p) > 2, G(p) is greater than the critical values of g.

The Morse function G on W is called ordered if G is almost ordered and for every p € Crity (G)
with ind(p) = 2, G(p) is greater than the critical values of g. A good Morse datum 9 = (G, b, &)
for W is called almost ordered if G is almost ordered and it is called ordered if G is ordered.

Lemma 4.6. Any good Morse datum MM = (G, b, &) for W = (W, F') can be connected by a sequence
of Cerf moves to an ordered good Morse datum I = (G',b,&") such that under these moves, the
Morse function remains constant in an open neighborhood of F.

Proof.  Consider a consecutive pair of critical points p,q € Crityy(G) with wrong order, say
ind(p) > ind(¢q) while G(p) < G(q). After removing the extra regular values we may assume
(G(p), G(q)) contains exactly one b; € b. Depending on the type of the critical points p and ¢ one
of the followings hold:

Case 1. p,q € Crity(G) and ind(p) > ind(gq). By a dimension count one can show that for a
generic embedded gradient-like vector field &,

W) N W) 1 G (b5) = 0.
Since ¢ is gradient-like, for some ¢ > 0, the submanifolds W*(p) and W*#(q) are disjoint from F' in
G~ ((G(p) — §,G(q) + 6)). Therefore, we have an elementary switch supported in a neighborhood
of
W (p)N G~ ((G(p) = 0,G(q) +6)) or W (q)NG™ ((G(p) —0,G(q) +9)),

and disjoint from F, that connects G to a proper Morse function G’ satisfying G'(¢) < G'(p).
Furthermore, in a small neighborhood U of F' we have G|y = G'|y. Let £ = £ and pick b’ such
that b’ — b, = b—b; and G’'(¢) < b; < G'(p). Then the resulted good Morse datum M’ = (G", ¥/, ¢’)
satisfies the required conditions.

Case 2. p € Crit(g) and ¢ € Crity (G), with ind(q) < 1. Let

{p1, ..., pn; = p} C Crit(g)
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be the set of critical points of g such that

bj—1 < g(p1) < < g(pn;) <bj.
Similar to Case 1, after changing £ to a generic embedded gradient-like vector field and by a
dimension count, one can assume that
n;
U W) nW*(g) n G (b)) = 0.
i=1
Moreover, for some § > 0, W*(q) is disjoint from F in G~ ((G(p1) — 6, G(q))). Thus, as before,
there is an elementary critical point switch, supported in a neighborhood of

W*(q) NG~ (G(p1) — 6, G(q)),

and disjoint from F', which changes the order of ¢ and {p1,...,pn;}. The rest of the argument is
as in Case 1 with no modifications.
Case 3. ¢ € Crit(g) and p € Crity (G), with ind(p) > 2. This is the same as Case 2.
By induction on the number of pairs of critical points with wrong order, we are done.
O

Proposition 4.7. Let M = (G,b,&) and M = (G',b,&') be ordered, indefinite and good Morse
data for a stable cobordism W = (W, F). Assume that on a tubular neighborhood U of F we have
Glv = G|y and &|ly = &|u. Then M can be connected to M’ by a sequence of Cerf moves such
that it stays indefinite and almost ordered throughout. Further, the Cerf moves can be chosen so
that the Morse function and the gradient-like vector field are not changed on U.

Proof. Suppose W is a cobordism from (M, T) to (M’,T"). Let a = G|y = G'|apr and b = G|y =
G'|ar. First, we show that G can be connected to G’ by a smooth, generic family {G}sc(o,1], in
the sense of [GKI5l Definition 2.3], such that for all but finitely many values of ¢ in [0, 1], G; is
a proper, indefinite and almost ordered Morse function. Moreover, for every ¢ € [0,1] we have
Gilv = G|y = G'|y. The argument is similar to the proof of Theorem 4.5 in [GKIH].

The Morse functions G and G’ coincide on U, so there is a generic family {G};¢jo,1) connecting
G to G’ such that G|y = G|y = G'|y. Associated with {G,} consider a generic family of embedded
gradient-like vector fields {{;}/c[,1) connecting & to &' such that &[y does not depend on ¢. The
family {G}} is called indefinite if for all but finitely many values of ¢, G; is an indefinite Morse
function. If {G:} is not indefinite, consider r € [a, b] such that an index zero critical point is born
at time r in p, € W. Corresponding to this critical point, we have a path of critical points

P={(t,p) € [r,s] x W | pr € Critw(G;) and ind(p;) =0 for t € (r,s)}
in [0,1] x W such that at ps the index zero critical point is canceled against an index one critical
point. Since W is connected, for every ¢ € (r, s) there is an index one critical point ¢; of Gy which
cancels pg, i.e. W*(q;) N W*¥(p;) is a single flow line. Therefore, for some § > 0, and an ordered
sequence
(r=to <ty <--<tyn=25),

we have paths of index one critical points

QZ:{(tvq;)EIlXW‘qzecrltW(Gt)}v izl?"'an>
such that ¢/ cancels p; for t € I;, where

I = [’I",tl —|—5),Iz = (tl — 0, to —|—5),...,In = (tnfl — 5,8].
Moreover, g} = p, and ¢" = ps. Since {&} is generic, for any 1 < i < n and t € I;, the submanifold
(4) Wi(a) = W*(g) N G ([Gelpe), Ge(a1)])

is disjoint from F. Thus we can use the Unmerge Lemma [GK15l Lemma 4.6] to cancel P against
Q" on the non-overlapping parts of the intervals I; for i = 2,...,n — 1. Then we use either Eye
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Death Lemma [GK15, Lemma 4.7] or Swallowtail Death Lemma [GKI5, Lemma 4.8] to cancel over
overlaps and on the intervals I and I,,.

Next, we make the family {G;} almost ordered. It is straightforward that one can use generic
homotopies which pass through cusp-fold crossings to move all critical point creations before all
critical point switches and all critical point cancellations after all critical point switches. See [GK15,
Section 2] for the exact definition of a cusp-fold crossing homotopy, see Figure

- =

Ficure 2. In a cusp-fold homotopy, the Cerf graphic, which is given by
{(t,Gi(p)) C [0,1] x [a,b] | p € Crit(Gy)}, changes as above.

Then, we modify {G:} such that if an index one/two (two/three) critical point creation/cancellation
happens at a point p, € W and time ¢, then Gi(p;) is larger than the values of index one (two)
critical points of G; and smaller than the values of index two (three) critical points of G;. Since
G and G’ are ordered, such modifications of {G;} can be achieved through generic homotopies
supported in a neighborhood of an arc disjoint from F'.

Suppose that for paths of critical points

P={(t,pt) € Ipg x W | py € Crity(Gy)} and Q = {(t,q) € Ipg x W | ¢ € Crity (Gy)}

with ind(P) < ind(Q) we have Gi(p:) > Gi(q;) for any t € Ip,. Further, suppose that G; has no
critical value in (G¢(pt), G¢(qr)). It follows from the definition of a gradient-like vector field that
W*(py) and W¥(q;) are disjoint from F in Gy ([Gi(qt), G¢(p¢)]). Moreover, since & is generic, by
counting dimensions we conclude that W#(p;) does not intersect W"(q:). Therefore, there is a
homotopy supported in a neighborhood of the 1-parameter family of descending disks {WCS2 (p)} or
the 1-parameter family of ascending disks {W}5(q;)} that pulls P below (). Note that W4 (pt) and
WE(q:) are defined as in Equation
The other possibility is that, for a path of index 1 critical points

P= {(t,pt) el,xW ‘ P € CritW(G)},

9(q) < Gi(py) for some ¢ € Crit(g) and Gy has no critical value in (g(q), G¢(pt)). As before, we
can modify {G} by a homotopy disjoint from F and supported in a neighborhood of {W;(p:)} to
pull P below ¢. Similarly, we can modify {G;} through homotopies such that for every index three
critical point p; of Gy (with ¢ € [0,1]) and every ¢ € Crit(g), we have G¢(p:) > g(q).

As a result, we obtain a generic, smooth path {Gt}te[o,l] of Morse functions which are proper,
indefinite and almost ordered for all but finitely many values of t. Let m and m’ denote the smallest
and largest critical values of g. The next step is to modify {G;} through generic homotopies such
that there exists an ordered set

O=tg<t;<---<tp=1)C]0,1]

for which Gy, is proper, indefinite and almost ordered with no critical points in W above the interval

[m, m]. Moreover, for any 1 <i <k the family {G}icpr, , 4, satisfies one of the followings:

(1) For every t € [t;—1,t;], G is a proper Morse function on W.

(2) {Gt}iet,_, 1) corresponds to a critical point creation/cancellation connecting Gy, _, and Gy,.

(3) {Gt}iept;_, 1) corresponds to switching two critical points of Gy,_, on W with equal index,
thus to a critical point switch of type I.
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(4) {Gt}iet,_, 1) corresponds to switching some p € Crity (Gy,_, ) with all of the critical points
of g, thus a critical point switch of type II.

In order to do so, we apply generic homotopies similar to Reidemeister II and Reidemeister I11
fold-crossings in [GK15l p.11, p.12] [See Figures|3| and . The only difference is that we also have
paths consisting of the critical points of g. Assume that for some ¢ € [0,1], there are index 2
critical points p and p’ of G, such that G.(p) = G.(p') = d and d < m/. There is a critical point
q € Crit(g) so that G, has no critical value in the interval (d, g(¢)). For sufficiently small § > 0,
consider paths of index 2 critical points

P={(t,pt) € (c—6,c+6) x W | p; € Critw(Gy)} and

P'={(t,p}) € (c—6,c+8) x W | p} € Critw (Gy)}
so that p = p. and p’ = pl. Since {&:} is generic, we may arrange for descending disks W#*(p) and
W#(p') to be disjoint from g. Thus, we may modify {G¢}sc(s—s5.5+5) through generic homotopies,
disjoint from F', to make Gi(pt), Gi(p;) > g(q) for any ¢t € (¢ — d,¢ + §). We continue these
modifications, until for any two critical point p,p’ € Crity (Gt) with d = Gi(p) = G¢(p') either
d<mord>m.

With a similar argument, we may use generic homotopies through Reidemeister II fold-crossings,

that are disjoint from F, and make {G\}co,1) to satisfy the required conditions. Note that the
family {G}4ejo,1) remains indefinite and almost ordered under these homotopies.

v >©<
/\ _____ g

FicUrE 3. Reidemeister II fold-crossing.

e

FI1GURE 4. Reidemeister III fold-crossing.

For any 1 < i < k, if {Gi}epr,_, 1) 18 of type (2) or (3), we may choose the interval [t;_1,1;]
sufficiently small so that we can obtain an elementary critical point creation/cancelation or critical
point switch by a perturbation of {Gi}epy,_, 1,-

Let us assume that an embedded gradient-like vector field &;, together with an ordered set of
regular values b, for Gy, is given, such that 0; = (Gy,, &, b;) is a good Morse datum for W for some
i € {0,1,..,k — 1}. Moreover, assume that b; N [m, M] = (. Then, depending on the type of the
family {G:}ier, 1,,,) We may construct a good Morse datum M1 = (G, &iv1,0;41)- In fact, if
the family {G¢}ie, 1, ,) satisfies (1), (2), (3) or (4), then 2,41 is obtained from M; by a left-right
equivalence, a critical point creation/cancellation, a critical point switch of type I or a critical point
switch of type II, respectively.

Inductively, we get a sequence of good Morse data M; = (Gi,&,b;) for ¢ = 1,2,...,k with
G = G', which is obtained by applying a sequence of Cerf moves to 9 = M. Then, N, is related
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to 9 by isotopies of the gradient-like vector field and adding or removing regular values, and we
are done. O

Lemma 4.8. Let W = (W, F) be a stable cobordism and suppose that g, g’ : F — [a, b] are indefinite
Morse functions over F. Then g can be connected to g’ by a generic family {9t}ejo,) of indefinite
Morse functions.

Proof. This is a corollary of Theorem 4.5 in [GK15]. O

Proposition 4.9. Let M = (G, b, &) be an indefinite, ordered and good Morse datum for the stable
cobordism W = (W, F). Fiz a proper, indefinite and ordered Morse function G" : W — [a”,b"] on
W. Then M can be connected by a sequence of Cerf moves to a Morse datum I’ = (G',b',£"), such
that the Morse datum stays ordered throughout and G’ coincides with G" in a neighborhood of F.

Proof. After removing some regular values, we may assume that for some integer n, all critical
values of ¢ lie in the interval (b, b,+1). Choose the regular values m and m’ for G” such that for
any p € Crity (G”)

{G"(p) <m if ind(p) =1
G"(p) >m’ if ind(p) =2
Moreover, we require that every critical point p € F of ¢ = G”|p satisfies m < G"(p) < m/. Let
a = min(b) and b = max(b). Consider a diffecomorphism ¢ : [a,b] — [a”, "] with
é(a) =d", o) =b", ¢(b,)=m and ¢(byr1)=m'.
We apply the left-right equivalence move defined by ¢ and Idy on the Morse datum (G, b, §) to get

(poG,é(b),§). Lemma 4.8 implies that ¢ o g can be connected to g” by a generic family {g; };¢(0,1)
of indefinite Morse functions on F which fails to be proper at the times

0<ci<ep<--- <<l

Moreover, we may assume that for every ¢ € [0, 1] the critical values of g; lie in interval (m,m’).
For any 1 <14 <, consider a sufficiently small §; > 0 such that

O<thi<ag<ta<tz<ca< - <ty_1<cg<ty<l
where to;_1 = ¢; — ; and to; = ¢; + ;. Let p* and ¢° denote the critical points of ge, for which
9e:(P) = 96:(d"),  g2i-1(0") < g2i—1(¢) and  g2(p') > g2i(q").

Here g; = ¢¢,. Since ¢; is sufficiently small, we may perturb {gt}te[ and change it to an

toi—1,t2i
elementary switch. In particular, there is a vector field & on F' which is gradient-like for any g,
and the homotopy {9t }+ejt,;_, ;] 1S sSupported in a neighborhood V; of

WS (p') N goity [92i-1("), 92s(0")]  or W (¢') N gaity [92i(a"), 92i-1(a")] -
Without loss of generality, assume V; is a neighborhood of
W* () N gty [g2i-1(p"), g2 (p")] -
For a bump function w; supported in V; we have
gt = 92i—1 + (t — t2i—1)wi for te [tgi_l, tgi].

Furthermore, w; is constant in a neighborhood of p’.

Let G9;—1 be an extension of g9;_1 to an ordered Morse function on W. Consider an embedded
gradient-like vector field & for Ga;—1 such that &|p = 5 We may extend w; to a bump function
on W, denoted by €2; and supported in an open neighborhood V; of

W* (p') N Galy [Gaic1(p'), G2i(0))]
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and is constant on a neighborhood of p’ in W. Moreover, for every t € [ta;_1,to;]
Gy = Goj—1 + (t — t2i—1)%

is a Morse function on W with Crityy(G;) = Crityy(Gg;—1) and corresponds to the embedded-
gradient like vector field &;. Thus, {Gt}te[tgi_htgi] is an elementary critical point switch. Further,
Mo; = (G4, pob,&;) is an ordered, good Morse datum, obtained from Mg; 1 = (Goi—1,0 0 b, &;) by
a critical point switch of type III.

On the other hand, we may find a family

{wt‘tE[tQi,tQH_l]} for i=1,...,1—1,

of diffeomorphisms of R such that v;,, = Id and v, 0 g; have the same critical values as go;. With the
same argument as in the proof of Lemma we may define a vector field v(z,t) on F X [ta;, t2;+1]
such that the corresponding diffeomorphism

\I’t:FX{tzi}—)FX{t}

satisfies 110 g1 0 Wi pyf1,,3 = goi- After choosing an arbitrary connection on a tubular neighborhood
nd(F) of F in W we may extend v to a vector field over nd(F') x [ta;, t2;+1] and correspondingly,
extend ¥, from F' X {tg;} to a diffeomorphism

U, : nd(F) x {ta;} — nd(F) x {t}.

Suppose that we have an extension of go; to an ordered Morse function Go; on W. Then for any
t € [to;, t2i+1] the Morse function Gy; o\IJ[1 is defined on the tubular neighborhood nd(F) x {t} C W
of F' x {t} and has no critical points. Fix the vector field d; on the complement of F' X [to;, t2;+1].
By patching the vector fields v and 0, using a partition of unity, we get a global vector field, still
denoted by v(z,t), on W X [to;, t2;+1]. The flow of v defines a family of diffeomorphisms

{\I’t W ox {tQi} — W x {t} } t e [tgi,t2i+1]} .
Furthermore, the family
{Gt = Gy 0 \I/t_l W x {t} —R ‘ t e [tzi,tglq_l]}

is a family of ordered Morse function on W such that Gy|p = ¢ o g;. Therefore, any ordered Morse
function Go; on W with Go;|p = g2; can be connected by left-right equivalence to an ordered Morse
function G2i+1 on W such that G2¢+1’F = §2i+1 and G2i+1|W—nd(F) = G2i|W—nd(F)~

We may thus connect 9 = (G, &, b) to a Morse datum M = (é , E, b) by a sequence of Cerf moves,
such that

é‘F:G”|F and é|W—U :G‘W—U

for an open neighborhood U of F. Moreover, Crity (G) = Crity (G”) is a subset of W\ U and the
Morse datum remains good, indefinite and ordered throughout.

Finally, after a small perturbation in a neighborhood of F', we may arrange for tG + (1-t)G" to
be a family of Morse functions with no critical points in a neighborhood UcCUof F. Let v/ (z,1)
be the corresponding vector field on U x [0, 1] as in the proof of Lemma Define a global vector
field v on W x [0, 1] by patching v/ in U with the vector field d; on (W — F) x [0, 1] using a partition
of unity. Denote the time-one flow of v/ by ®;. Then, the Morse datum M’ = (G', ¥/, ¢’) is obtained
from 0N by the left-right equivalence corresponding to Idg and <I>f1 (so that in particular, we have
G'=Go <I>1_1), and satisfies the required conditions. O

Combining Propositions [£.7] and we deduce that:

Corollary 4.10. Let M = (G,b,&) and M = (G',b,&') be ordered, good and indefinite Morse
data for a stable cobordism W = (W, F). Then, MM and M’ can be connected by a sequence of
Cerf moves. Moreover, we can keep the Morse data almost ordered, and avoid index zero and four
critical points throughout the sequence.
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Lemmal[4.6land Corollary implies the following theorem, which will be called the parametrized
Cerf decomposition theorem in this paper.

Theorem 4.11. Any two good and indefinite Morse data for an stable cobordism W = (W, F),
may be connected by a sequence of Cerf moves. Moreover, we can avoid index zero and four critical
points throughout the sequence.

4.5. Ordered Morse data and parametrized decompositions. Let W = (W, F') be a stable
cobordism from the tangle (M, T) to (M’,T"). Suppose that G : W — [a, b] is an indefinite, ordered
Morse function. There is an ordered set of regular values b = (bg = a < by < by < bz = b) so that
for any p € Crityy(G), one of the following holds:

e if p € Crityy(G) and ind(p) =i then b;—1 < G(p) < by,

e if p € Crit(g) then by < g(p) < bo.
Any such set of regular values gives a decomposition

W - Wl U(M1,T1) W2 U(MZaTZ) W3

where (M;, T;) = WNG~1(b;) and W; = WNG~Y([b;_1,b;]). Choose a gradient-like vector field ¢ for
G. Tt induces a parametrization on each W; = (W, F;). More precisely, for i = 1,3, £ specifies a set
S; € M;_1\T;—1 of pairwise disjoint, framed (i — 1)-spheres such that W; is diffeomorphic to W (S;),
the cobordism obtained by attaching i-handles to M;_; along S;. Moreover, it determines a diffeo-
morphism d; : (M;—1(S;), T;—1) — (M;,T;). Similarly, £ determines a framed link Sg and an accept-
able set of framed arcs I in (M7, T7), along with a diffeomorphism dy : (M (S2), T1(1)) — (Ms, T3).
Any parametrized decomposition of this form is called indezed. For any indexed parametrized de-
composition of W as above, there is an indefinite, ordered Morse function G, a gradient-like vector
field ¢ and a 4-tuple of regular values that specifies it. Any such triple (G, &, b) is called a simplified
Morse datum.
Suppose that

E W =W U(M1,T1) W U(MQ,TQ) Ws and El W = W{ U(M{:T{) Wé U(Mé,TQ’) Wé
are indexed parametrized decompositions for W. For i = 1,3, let (S;,d;) and (S}, d.) denote the

parametrization of W; and W/, respectively. In addition, assume (Sg,I,d3) and (Z’Q,ﬁ’ ,djy) are the
parametrization of Wy and W), respectively. Then, ¢’ is obtained from € by creation of an index
one/two critical point if:
e Wjs coincides with W5 as parametrized cobordisms.
o S| =S IIs, where s C M\ (TUS;) is a framed O-sphere,
e Sy=djo d7H(S9) 11 k where k € M} \ T} is a framed knot disjoint from d o glvl_i(Sg). Here,
dy : M(S}) — M;(s) is the diffeomorphism induced by d;. Moreover, I' = d} o d; *(T)

The framed knot k = d; o (d})~t(k) intersects the belt sphere of s at one point. As a result,
there is a corresponding diffeomorphism

¢ (M1, Th) — (Mi(s)(k), Th).
Note that ¢(Sz) = Se and ¢(I) = 1.
dy = dl o D o ® where

@ : (Mi(S2), T1(D) — (My(s)(R)(S2), Ty(I) and

D (My(s)(K)(S2), Ti(L)) — (M;(S5), T(I'))
1

are diffeomorphisms induced by ¢ and d} o (cﬁ) , respectively.

The inverse of this move describes cancellation of a pair of index one/two critical points. Similarly,
one may describe creation and cancellation of a pair of index two/three critical points.

Theorem 4.12. With the above notation fixed, any two indexed parametrized decompositions

W= Wi Ui, ) Wa UMa,1T2) Ws  and W = Wi U(M{,Tl’) Wé U(Mészl) W;/))
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can be connected by a sequence of the following moves:
(1) Sliding one component of S; on another component of S;, fori=1,2,3,
(2) Sliding one component of I on another component of 111 Sa,
(8) Sliding one component of So on a component of I,
(4) Creation and cancellation of index one/two or two/three critical points,
(5) Diffeomorphism equivalences.

Proof. The proof is a straightforward application of Corollary
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5. ONE-HANDLES, THREE-HANDLES AND THE COBORDISM MAPS

5.1. Adding one-handles. Fix an algebra A over F = Z/27Z as before. Let T = [M,T,s,u] be
an A-tangle and S C M \ T be a framed 0-sphere. Recall that M’ = M(S) denotes the 3-manifold
obtained from M after attaching a 1-handle along S. If components of S lie in the same component
of M, then M’ is diffeomorphic to M#(S* x S2). Otherwise, M’ has one component which is the
connected sum of the corresponding components of M. Let T" = T and v’ = u. It is straightforward
that (M’,T") is a balanced tangle with A-coloring u’.

Associated with S, we obtain a cobordim W (S) from M to M’, by attaching a 1-handle along
Sx {1} to M x[0,1]. Let F = T'x[0,1] C W(S) and regard u also as a map ug : mo(F') = mo(T) — A.
Then, (W (S), F) is a stable cobordism from (M,T) to (M’,T") and up induces the A-colorings u
and u' on (M,T) and (M',T"), respectively. Given any Spin® class t on W (S) such that s = t|yy,
we get an A-cobordism C = [W(S), F, t,up] from T to T' = [M',T",s',u'] where ' = t|j;. In fact,
the Spin® structure s always determines t and thus §'. Let C(S) = C and T(S) =T".

We may choose a Heegaard surface X for (M, T') so that it cuts each one of the two disjoint balls
in a disk. Denote the boundary curves of these two disks by C7 and C, and their centers by wy and
wa, respectively. Further, each connected component 7; of T' cuts X in a single transverse point z;,
let z = {z1,...,2¢}. For appropriate collections e and 3 of pairwise disjoint circles on X \ z that
bound disks on the two sides of ¥ in M \ T', we get a Heegaard diagram

H=Xa Bu:z={z1,...,20} = A,5)

for 7. In this situation, a Heegaard diagram for 7’ may be constructed as follows. There is a
properly embedded cylinder S on the one-handle attached to M with boundary circles C'y and Cs.
If we remove the two disks with centers w; and wy from ¥ and glue S to the resulting surface
(which has C; and Cj as its two boundary components) we obtain a Heegaard surface ¥ for M.
Let o and 3 be circles on S which bound disks on the two sides of ¥, and cut each other in a pair
of canceling intersection points, i.e. are Hamiltonian isotopes of each other. Then,

¥, o =aU{a},d =BU{B},2)
is a Heegaard diagram for (M’,T"). Moreover, if H is s-admissible in the strong sense of [AET5)
Remark 4.6], the diagram
H =% a,8u:z—A5s)
is a Heegaard diagram for 7. We will thus assume the above stronger form of admissibility for the
Heegaard diagram .

The union of the cylinder S and the aforementioned disks with centers w; and wy is a sphere,
which will be denoted by S. We may label the two intersection points between o and 8 by 6,5 and
34, so that the bigons on the cylinder S connect 6,3 to 05, as the domains of the Whitney disks
for the Heegaard diagram Hg = (S, a, 3, w1, w2).

With the above two Heegaard diagrams fixed, and given an A-module M, we construct a cobor-
dism map from HF™(T) to HF™(77) associated with adding the 1-handle along the framed 0-sphere
S. A completely similar construction would give a cobordism map associated with attaching a 3-
handle along a framed 2-sphere.

5.2. Stretching the necks in Heegaard diagrams. The construction of the cobordism map for
1-handles rests on a slight generalization of [OS08, Theorem 5.1], which will be discussed in the
present subsection.

Proposition 5.1. Fix the Heegaard diagrams
Hi == (Ei7aialgiazi)7 Z: 1727

with extra marked points w' = {wi, ..., wj} on ¥\ (o’ U B Uz') fori=1,2. Let ¥ denote the
surface obtained from X' and ¥? by attaching | one-handles (necks) which connect wjl. to wjz, for
j =1,...,1. Denote the number of curves in o and B° by d* and the genus of ' by ¢g*. For
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i =1,2, choose a Whitney disk ¢* for H', with n,i(¢") = n,2(6?) = k; and let ¢ = ¢! x ¢ be the
J J
homotopy class of the Whitney disk obtained by joining ¢ and ¢ along the necks.
(1) w(d) = (") + pu(¢?) = 2(kr + - + k).
(2) Let J; be a path of almost-complex structures on 3, which are stretched along the necks, so

that all necks have length t, and ast — oo converges to a degenerate path of almost complex

structures on
Y110 ¥,

{wh~w?i=1,...,1}

[

»hyvy? =

giving the path J' of almost complex structures on L.'. If for any R € R, there is some
t > R so that the moduli space M(¢) is non-empty for Jy, then the moduli spaces of broken
pseudo-holomorphic flowlines representing ¢' and ¢* are non-empty.
(3) Suppose H' and ¢' satisfy the followings:

(a) (&) = 1, 0(6?) = 201 4+ + ki) and u(@) #0,

(b) All components of £2\ a? and %2\ B2 are punctured spheres and d* > g>.

If J' and J? are generic, then for sufficiently large t, the moduli space M(¢) may be
identified with the fiber product

M(o") X Sym*1 (D) x - x Sym* (D) M(@?) = {(u',u®) | u' € M(¢"),p' (u') = p*(u?)}
where p* = pb x - X pf denotes the product of evaluation maps

p} = Pui M(qbl) — Symkj (D), p;(u) = u_l({wj-} X Symd]'_l).

Proof. The proof of Proposition is basically the same as the proof of [OS08, Theorem 5.1],
and uses the cylindrical reformulation of Heegaard Floer homology by Lipshitz [Lip06]. We only
need to make a small modification to the last part of the argument of Ozsvath and Szabé. In fact,
the proof of the first two claims remains unchanged. We will thus focus on the proof of the last
claim.

Consider a sequence {t;} of real numbers which converges to oo such that M(¢) is nonempty
for each Ji;. In Lipshitz reformulation, as we stretch the necks (i.e. as j — 00), every sequence
{vj}jez+ of curves with v; € M T, (¢) has a subsequence which converges to a pseudo holomorphic
curve in the symplectic manifold

W(oo) = ((B' = w') x [0,1] xR) [T ((Z* = w?) x [0,1] x R)
:(WI*WIX[0,1]XR)H(W2*W2X[0,1]XR).

which may be completed to a J'-holomorphic curve in the symplectic manifold W' = £! x [0,1] xR
and a J2-holomorphic curve in W? = %2 x [0,1] x R. The components of this limit consist of pre-
glued flowlines, boundary degenerations and nodal curves supported entirely inside the fibers of
the projection map to D ~ [0,1] x R, which are identified with 3! v ¥2. By ignoring the matching
conditions for the pre-glued flowlines we obtain the representative in M(¢!) and M(¢?) (in fact,
this proves the second claim).

Let us now assume that p(¢!) = 1. Since u(¢!) # 0, in the above Gromov limit we obtain a
J'-holomorphic representative u' of ¢! and possibly a broken flow-line representative of ¢2. If this
latter representative has no closed components, a component u? of it forms a pre-glued flowline
together with u'. Since other possible components of ¢? (including the boundary degenerations)
each correspond to a positive share of the Maslov index, it follows that u(u?) < 2(k1 + --- + k),
with equality happening only if u? represents ¢? and there are no other components. For a generic
point

A = pl(ut) € Sym* (D) x --- x Sym™ (D)

the moduli space (p?)~'(A), which contains u?, is of expected dimension p(u?) — 2(ky + --- + k).
Thus, u? is forced to represent ¢? if J' (and thus A) is generic.
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The difference with the argument of Ozsvath and Szabd appears when we consider the possibility
of having closed components in the broken flowline representing ¢2. Let us assume that these closed
components represent m[X2]. After deleting these components we obtain a new class 2, represented
by u?, with

p(?) = u(¢?) = 2m(d* — g* +1).
Moreover, each component A; of

P?(u?) = A" = (A],...,A)) € Sym* (D) x --- x Sym* (D)

is obtained from the component A; of p(u') = A by deleting m points {p1,...,pn} from it. Note
that these m points are determined by the projection of the closed components in W2 over D, and
are thus the same for Ay, ..., A;. This means that the components of A have the points p1,...,pm
in common. The subset of M(¢!) consisting of J!-holomorphic curves satisfying this condition is
of expected dimension
w(d') —2m(l —1) =1 —2m(l —1).

If m>0,1>1,and J! is generic, this subset of M(¢!) is empty. The only remaining case is thus
the case where [ =1 and m > 0.

In this latter case, the argument of Ozsvath and Szab6 may be used. The moduli space of all
u? € M(¢?) with p?(u?) = A’ is of expected dimension

,u,((ﬁg) — 2(k1 — m) =2ky — 2m(d2 +1- 92) — 2(]{71 - m) = —2m(d2 - gg) <0

and hence is empty for a generic choice of J! and J2.
It follows that every weak limit of the curves in M(¢), as we stretch the necks, is in correspon-
dence with a pre-glued curve in

{(hu?) [ € M(67), 9 (') = 07 (u2)} = M(D') Xyt (9) syt () M(B2).

Moreover, from a pre-glued curve we may obtain an actual J;;-holomorphic curve if j is sufficiently
large. This completes the proof. O

5.3. Construction of the cobordism map. Choose a generic path J of almost complex struc-
tures on the Heegaard surface ¥. We identify (S, wy,ws) with (P!,0,00) and denote the induced
complex structure on S by Jg. Let J' be a generic path of almost-complex structures on ¥’ which
is sufficiently close to the join of J and Jg.

Let fs: CF;(H) — CF ;/(H') be the homomorphism defined as

fS(X) =X X {‘9&5} S CFJ/(H/)
for any generator x € T, N Ty representing the Spin© class s.

Proposition 5.2. The homomorphism fs is a chain map.

Proof. Let x € T, N Ty be an intersection point corresponding to the Spin® class s € Spin®(M).
Suppose
y X QETO/QT@ = (TaﬂTﬁ) X (Ozﬂﬁ)

is a generator contributing to dfs(x), via v’ € M(¢’), where ¢ € ma(x X Oap,y x 0). Thus,
w(@') =1 and v (@) # 0. The class ¢’ is the join of classes ¢ € ma(x,y) (corresponding to the
Heegaard diagram #) and ¢g € m2(0q3,0) (corresponding to the Heegaard diagram #Hg), along
a pair of necks corresponding to w; and wg which connect the two Heegaard diagrams. Further,
u(¢’) # 0 implies that u(¢) # 0.

Let |0| denote the number of intersection points in # which are different from 6,5. Thus, |6] €
{0,1}. For a class ¢’ as above with u(¢’) = 1, we have

1= (') = 1(¢) + (Bs) — 20w, (B5) — 20wy (d5) = p(9) +10].
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Since the path J’ of almost complex structures is chosen close to the join of J and Jg, and
u(¢) # 0, Proposition implies that every pseudo-holomorphic representative u’ of ¢’ is in
correspondence with a J-holomorphic curve u € M(¢) and a Jg-holomorphic curve ug € M(¢g),
which are pre-glued.

If 6 # 6,p, then p(¢p) = 0 and u is the constant map. It follows that n, (¢s) = 1w, (¢) = 0 and
¢s corresponds to one of the two bigon connecting 0,3 to 63,. The total contribution of such «’ to
dfs(x) is thus zero.

The remaining contributions to dfs(x) come from the classes ¢’ such that ;(¢) = 1, while 6 = 6,3
and ny, (¢g) = ny, (¢) = k; for i = 1,2. We would like to show that the total contribution to dfs(x)
from such v’ is equal to the corresponding contribution from u € M(¢) to d(x). It follows from
Proposition that if the necks connecting S to X are sufficiently stretched, then for ¢’ = ¢x¢pg the
moduli space M(¢') maybe identified with the fiber product M(¢) X ymk1 (D) x Sym*2 (D) M(pg). In
particular, any u’ € M(¢') corresponds to the degeneration uxug with u € M(¢) and ug € M(¢pg)
such that

ps(u) = ps(us) € Sym™ (D) x Sym* (D),
where
PS = pun X puy : M(¢) = Sym™ (D) x Sym** (D) and
PS = Pwy X Puwy M(¢S) - Symkl (]D)) x Symk2 (D)

are the evaluation maps.
This reduces the proof to the first part of the following Lemma, which will be proved in Subsec-
tion With this lemma in place, the proof of the proposition is complete. O

Lemma 5.3. Let o, 3,7 denote three curves on P! which are small Hamiltonian isotopes of one
another and denote the corresponding top intersection points by 0, € SN~,0, € aNy and 6. € aNg.
Let wy and wo denote markings on the two domains in the complement of the isotopy regions. Let
Ok, ko denote the set of Whitney disks ¢ € ma(0e, 0.) with ny, (@) = ki, i = 1,2 and Ay, i, denote
the union of the triangle classes A € wa(0c, 04, 0y) with ny,(A) = ki, i =1,2. Then for generic

(p1,p2) € Sym* (D) x Sym*? (D)
and a generic path of almost complex structures on P! we have
(0) Mpypo(Phy ko) = F# {u € M(¢p, ky) ‘ puw; (u) =pi, i =1, 2} =1 and
(i1) Ty po (Doy ) = # {u € M(Apy i) | puy(u) =pi, i =1,2} =1.

5.4. Proof of Lemma The proof is closely related to the proof of [OS08, Lemma 6.4]. We
will prove the second claim. The first claim is in fact easier, and its proof is completely similar.
The first step is to show that the number ny, ,,(Ag, k,) does not depend on the generic choice
of (p1,p2). Given a generic path {(ptlapé)}tG[O,l} in Sym*! (D) x Sym*?(ID) connecting the generic
points (p{,p9) and (p},pd), consider the moduli space

{(u,t) | t €10,1], u € M(Apy ), P (u) = p}, i =1,2},

which is a smooth 1-dimensional moduli space with ends determined by the Gromov limits of its
points. Picture D as a Y shape domain, and assume that the complex structure is translation
invariant as we move towards infinity in any of three directions corresponding to v,, v, and v.
Three types of the boundary points correspond to a degenerations of the domain into a disk ¢
and a triangle class A,. Since the path {(p!,p})}; remains in a compact subset of the domain,
the disk ¢ can not contain any of the pre-images of w; or wa, i.e. Ny, (¢) = ny,(¢) = 0. There
are no holomorphic disks to 8, with coefficient 0 at w; and we. Thus, ¢ corresponds to the disks
contributing to 5(0(1) or 5(96) which are all zero, i.e. the total number of such ends is always zero.
The remaining ends correspond to

- {U € M(Akl,kz) | p’wz(u) :pgv @ = 172}H{u € M(Ak’l,kg) ’ Pwl(u) :pzla = 1>2}>
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implying the independence of ny, p,(Ag, k,) from the generic choice of (p1,p2) in the product
Sym*! (D) x Sym*2 (D).

Consider one of the branches of the Y-shape domain D, for instance the one corresponding to
Vg, and identify the branch with [0, 1] x (0,00). Denote the projection over the second factor by
7r. Choose the generic path (p!,pd) of points in Sym*! (D) x Sym*?(D) so that p? is a union of
k1 points p{l, .. ,p{kl in the above branch so that

WR(I’{D >T and WR(PlT,z‘H) - WR(prip,i) >T.

Similarly, assume that pZ is a union of ky points pQT’I, ey pQTkQ in the above branch so that

mr(p31) — TR(PLg,) > T and 7wr(pS ) — mr(py,) > T.

One may then consider the ends of the smooth 1-dimensional moduli space

N=J] {veMBi)|pu)=pl i=12}.

Te[1,00)

Two types of boundary ends correspond to degenerations of u to a triangle and a disk ¢ which
goes to 6, or starts from 6.. Since the path of points remains in a compact subset of the branch
corresponding to vertices v, and v., we find 74, (¢) = 1y, (¢) = 0. There are no holomorphic disks
to 0, with coeflicients 0 at w; and ws, and the disks ¢ which contribute to 5(96) come in canceling
pairs. Such pairs correspond to pairs of points in the boundary of N with canceling contributions.
The remaining boundary components of A are in correspondence with the points in union of

—{u e MDAy k) | pus(u) = pl, i=1,2}
and the product

k‘l k‘2
M(Aoy) x (H {U € M(¢)‘ﬂw1 (u) = tu}) X (H {U € M(W}Pwl (u) = t2,i}> .
i=1 i=1

Here ¢ € m9(04,0,) denotes the homotopy types of the two disks connecting 6, to itself with
boundary on S II 7, ny, (¢) = 1 and ny, (¢) = 0. Similarly, ¢ € m3(0,,0,) denotes the homotopy
types of the two disks connecting 6, to itself with boundary on S 117, ny, (¢) = 0 and n, (¢) = 1.
Moreover, t1; and ta; are arbitrary point on [0, 1] x R. It is implied by [AEL5, Lemma 7.3] that the
total number of points (counted with sign) in this latter end of the moduli space is 1. Consequently,
N1 o1 (Aky ky) = 1 and the proof is complete.

5.5. Invariance of the cobordism map for one-handles. Let 7 = [M, T, u,s| be an A-tangle
and S C M \ T be a framed O-sphere. As before, C = C(S) denotes the parametrized A-cobordism
from 7 to 7' = T (S), obtained by attaching a 1-handle to T x [0,1] along S x {1}.

Theorem 5.4. For any A-module M, the chain map fs from Proposition[5.9 induces a homomor-
phism
fe': HEM(T) — HFM(T7).

Proof. Any Heegaard surface for 7 may be modified to intersect each component of S in a disk,
by an isotopy supported in a neighborhood of two arcs in M. So we may just consider Heegaard
diagrams for 7 that the underlying Heegaard surface satisfies in this property. From any Heegaard
diagram H for T with such an underlying Heegaard surface Y, one may construct a Heegaard
diagram #H' for T’ as described in Section Any choice of a path J of almost complex structures
for the Heegaard surface X of 7 gives a degenerate path of almost complex structures corresponding
to the join of ¥ and the standard model S at w; and wy. This path may be perturbed to a path
J’ of almost complex structures corresponding to ¥/, the Heegaard surface for 7'. Let J; and J
be paths of almost complex structures for ¥ and J; and J} be the corresponding paths for ¥'. Tt
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follows from standard techniques (involving a path connecting different choices of paths of almost
complex structures) that
fso®ps =Py pofs
Let Hg and H; be Heegaard diagrams for T such that H; is obtained from Hy by one Heegaard
move (i.e. isotopy on an « or  curve, handleslide on an « or 3 curve, stabilization or destabilization)
denoted by e. We need to prove that the diagram

HFY (o) 25 HFY (34))

o, D,

HFM (H,) Is HFM (7).
is commutative. Here, ®, is the isomorphism associated with the Heegaard move, and H, is the
Heegaard diagram for 77 obtained from H; after joining it with Hg = (P!, o, 8, w1, w2) at w; and
wy. Furthermore, H) is obtained from H{ by a Heegaard move, denoted by €'.

When e is a stabilization or destabilization, the proof is straightforward, and the above diagram
is in fact commutative in the level of chain complexes if the almost complex structure is chosen
correctly. The remaining cases are thus the cases where e is an isotopy (which may pass over either
of wy and ws), or a handle slide.

We present the argument in the case where e is a [-isotopy or a handle-slide on 3. Let ~ be
a collection of curves which is obtained from @ by applying the Heegaard move e, followed by
small Hamiltonian isotopies. Choose a small isotope 7 of 3 as well. Let v/ = 4 II {v}. There is
a generator associated with the Heegaard diagram (3, 3,7,u,s), denoted by ©, which represents
the homology class ©g,. Furthermore, ® = © x {f3,} generates the top homology class ©g. in
HF (X, 5,9/, v, ¢").

The Heegaard triple (3, o, 3,7, u,s) determines a holomorphic triangle map, and together with
the generator O, this gives a chain map

[ = fapy : CF(X, o, B,u,5) — CF(X, o, 7,1, 5).
Similarly, the Heegaard triple (X', ', 3',~/,1/,5’) and the generator ©' determine a chain map
= fapy : CE(Y, a0V, s") — CF(X, o/, v, §).
To complete the proof, it is enough to show that f' o fs = fso f.
For this purpose, fix the generator x of CF(X, a, 3,u,5) and suppose

A" € To(x X 03,0 X O3,y X 0)

is a triangle class contributing to f’ o fs, where 6 is one of the two intersection points in v Ny, A/
gives the triangle classes

A€ m(x,&y) and Ag € 7['2(90[5,057,9)
which support holomorphic representatives. Moreover we have
nwl(A) = nwi(AS) fori=1,2 and 0= M(A/) = M(A) + M(AS) — 2ny, (AS) — 2ny, (AS)

Since u(Ag) = 0] + 204, (As) + 204, (As) we find u(A’) = p(A) + |0]. From here, we conclude
that 6 is the top generator 6, and that pu(A) = 0.
Let k; = ny,(Ag) for i = 1,2 and consider the evaluation maps

05 = Pu, X Puy : M(A) = SymF1 (D) x Sym*? (D) and
PS = Puwy X pu, : M(Ag) = Sym*™ (D) x Sym*? (D).
If ' € M(A') corresponds to the degeneration ux ug with u € M(A) and ug € M(Ag), we find
px(u) = ps(us) € Sym* (D) x Sym* (D).



TANGLE FLOER HOMOLOGY AND COBORDISMS BETWEEN TANGLES 41

There are several classes Ag with the property that n,, (Ag) = k;. Let Ay, i, denote the set of all
the above classes. We thus obtain a map

N M(A/) — M(A) Xgymk1 (D) xSym*2 (D) M(Akl,kz)'

By the argument of Proposition if the neck is sufficiently stretched and the paths of al-
most complex structures are generic 14/ is a bijection, reducing the proof to the second claim in
Lemma [5.3] This completes the proof of Theorem O

5.6. Three-handles. Let 7 = [M,T,u,s] be an A-tangle as before, and S C M \ T be a framed
2-sphere. Further, assume that (ci(s), [a(S)]) = 0, where a(S) is the attaching sphere of S. Then,
S specifies an A-cobordism

C=C(S)=[W(S),F(S)=T x[0,1},up : mo(T) = mo(F(S)) — A, ],
where W(S) is obtained from M X [0, 1] by attaching a 3-handle along the framed sphere S x {1} C

M x {1}. The Spin® class t = t; is the Spin® structure on W = W (S) determined by s i.e. t|3; = s.
The cobordism C(S) connects 7 to

T =T(S)=[M =MS), T =T x {1},v : mo(T") = mo(T) — A, s = t|pr].

If we reverse the cobordism C(S) we obtain an A-cobordism from 77 to 7 which corresponds to
attaching a 1-handle.

Consider a Heegaard surface X for M that cuts the framed sphere S in a cylinder S C ¥ with
boundary components C; and C3. A Heegaard surface ¥’ for M’ is then obtained from ¥ by
removing S, and gluing a pair of disks with centers w; and we to C'y and Co, respectively. Let
H = (X, a,0,v :z — A ') be a Heegaard diagram for 7’. Consider a pair of Hamiltonian
isotopic curves o and § on S that are both isotopic to the core of the cylinder and cut each other
transversely in 6,5 and 6g,. Then,

H=(Sa=a Ufa},B=0U{8}u: 2z As)
is a Heegaard diagram for 7, provided that we use the stronger form of admissibility for H’, as
discussed in [AE1S, Remark 4.6].

Choose a generic path J' of almost complex structures associated with the surface ¥'. On the
sphere S, obtained by attaching a pair of disks with centers w; and wg to S, consider a complex
structure Jg, so that (S,w;,ws) is identified with (P!,0,00). Then, let J be a generic path of
almost complex structures on X sufficiently close to the join of J and Jg. The chain map

fg : CFJ(H) — CFJ/(H/).
is defined as follows. For a generator

XZX/XHETQHTBZ(TQIQTBI)X(Oéﬂﬁ)

let

0  otherwise
An argument, which is basically the dual of the argument used for 1-handles implies the following
theorem.
Theorem 5.5. With the above notation fized, fs is a chain map, and for any A-module M, it

induces a natural homomorphism

Al = ¥ HEM(T) — HFM(T).
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6. FRAMED ARCS, FRAMED KNOTS AND COBORDISM MAPS

6.1. Special tangles corresponding to cobordisms. Assume C = [W, F, t,up| is an A-cobordism
from the A-tangle T = [M,T,s,u] to another A-tangle 7' = [M',T',s',u]. In this subsection we
introduce an A-tangle Tz associated with C playing the role of #*S1 x S2 in defining the chain
maps in Heegaard Floer theory. The important feature of Tr is the existence of a distinguished
generator O € HF(TF), which plays the role of the top generator in HF ™~ (#+S1 x S2).

Denote the stable cobordism (W, F') by W. Recall that the positive boundary of W, denote by
OtW = (M, T"), is identified with the product tangle

(M*,T%) = (0" M x [0,1],07T x [0,1]).
Thus, denote
(O M, 0TTT) = (0" M x {1},07T x {1}) and (0" M™*,0"T") = (0TM x {0},0"T x {0}).

Let J C F be a properly embedded, simple arc such that 0J C T". Associated with J we
define a pair (M, Ty) by doing surgery on (M, T") at points J NT" with the framing induced
by F. More precisely, let nd(J) C W be a small tubular neighborhood of J in W. The intersection
F N ond(J) induces a framing on dnd(J). Using this framing, we define

My=(M*"\M*Nnd(J)) Udnd(J) and Ty =0(F\nd(J))\ (OF N(OW \ M™)).

If the end points of J are on distinct connected components of T'F then (M, Ty) is a balanced
tangle. In this case, consider a small product neighborhood of M ™, and an identification of it with
M x]0, €], such that FN(M™* x [0,¢]) = T x |0, ¢]. Denote the 4-manifold obtained from attaching
the one-handle nd(J) to M™* x [0,¢] by W;. Let F; = F N W and note that Wy = (W, Fy) is a
cobordism from (M™,T%) to (M, Ty).

Definition 6.1. A set J = {Ji,...,J,} of pairwise disjoint, properly embedded, simple arcs on
F satisfying 8J; ¢ TT for i = 1,...,n is called a spanning set if each connected component of
F\ (11 /i) is a disc and contains exactly one connected component of 7' and one connected
component of T”.

Consider a spanning set J = {Ji,...,J,} of arcs on F. After doing surgery on (M ™, T7) along
the elements of J, we get a balanced tangle, which is denoted by (M, T). In particular, if J is a
single arc, (M, T(sy) = (My,Ty). The diffeomorphism type of (M ,T) does not change under
an arc slide move, i.e. sliding one foot of an arc .J; over another arc .J;, while fixing the rest of the
arcs.

Lemma 6.1. The diffeomorphism type of the tangle (My,Ty) is independent of the choice of J.

Proof. Associated with any spanning set J of arcs on F, we may define a Morse function
g: F —[0,1] and a gradient like vector field &, such that

(1) 9lrno-w =0, g|pro+w = 1 and g has no critical point in a neighborhood of OF.

(2) All critical points of ¢ have index one.

(3) The arcs in J are the unstable manifolds of the critical points of g.

It follows from [GK15, Theorem 4.5] that any two Morse data (g,&) and (¢',¢’) as above, can be
connected by a sequence of critical point switches and isotopies of the gradient-like vector fields.
Thus, the corresponding spanning sets can be connected by a sequence of arc slides. So, (M, 1)
does not depend on the choice of J. O

We may thus denote the balanced tangle (M, Ty) by (Mp,Tr) and the cobordism W; from
(M+,T+) to (MF,TF) by Weg.

Definition 6.2. A spanning set J = {Ji,...,J,} of arcs is called ordered, if

(1) endpoints of each J; lie on distinct components of T,
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(2) if for some j < k an endpoint e; of J; and an endpoint ey of Jj are on the same component
of Tt then w(ej) > m(ex). Here, m: T =1I%_ ({p;} x [0, 1]) — [0, 1] denotes the projection
on [0, 1].
If a spanning set J = {Ji, ..., J,} of arcs is ordered, doing surgery along Ji,...,J; on (M, TT)
would result in a balanced tangle, for any 1 <1i < n.

Lemma 6.2. For any stable cobordism (W, F), there is an ordered spanning set of arcs on F'.

Proof. The proof is straightforward. O

The A-coloring up induces an A-coloring up o2 on (Mp,Tr), where v : mo(Tr) — mo(F) is
defined by inclusion. Abusing the notation we denote this coloring by up. Let H; € Ho(Mp,Z)
be the homology class represented by the belt sphere of the attached 1-handle corresponding to
J;. Moreover, associated with every component ﬁle of 0t M, with k = 1,...,¢, we obtain a
homology class H, € Ho(Mp,Z). Consider the Spin® class so € Spin®(Mp) such that (c(so), H;) =
(c1(s0), Hp) = 0 for every 1 <4 < m and every 1 < k < {. We then define Tp = [Mp,TF, 0, ur).

Similar to Tz, we define another tangle TFb as follows. Let us assume that 91T = {p1,...,px} C
Ot M and correspondingly, T is a union of components

Tt = ]_[T+ ]_[ ({pi} x [0,1]) ¢ M+,
i=1
For every 1 < i < k consider a point p; € T M close to p; and let T;r =p; x[0,1] and T = Hlefzr
in M*. Setting T% = Tp T one gets a balanced tangle (Mg, T%).
Suppose that F = [[", F; and 9T M = Hizlé?,jM . Associated to each component G;M of
Ot M, we define a monomial

wp =[] (ulpj)v;) € Flug,... um, 01, 0,]
ijB:M

where u(p;) = u; if p; € F;. Denote the genus of 8:M by gx. With this notation fixed, let

F[ul,...,um,ﬂl,...,bﬂ]
(g | g > 0, k=1,...,€>.

A% =

The map ub, : m(T%) — Al defined by
Wy (T)) = v, 1<j<n
ub(T4) = u(p;) 1<j <k,

is an All’;—coloring of (Mp, Tl{l). Here, TI{; denotes the component of T that intersects 9t M in p;.

As a result, we get an A%—tangle TV = [MFp, bey,so, ul};].

Remark 6.3. Let A denotes the Z-algebra associated with the sutured manifold corresponding to
(Mp, TZI}), see Section . Then Al}; 18 th.e quotient of AQF by the ideal generated by the binomials

w; —u; for alli and j, so that Tk and T lie on the boundary of the same component of F'.

The algebra A has a natural A%—module structure given by the homomorphism ¢ : AZI’; — A
defined as
o) =up(F;) 1<i<m
(o) =1 1<j<k.
Further, considering this module structure on A it is straightforward that

HFA(T?) = HF (Tr).
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6.2. The distinguished generator. For every 1 < i < &, consider a product disk (D;,dD;) in
the balanced tangle (M*, T+ IIT") such that

T U -TF coD; and oD;\ (T, 1 -T;") c oM™.

Abusing the notation, we denote the intersection of D; with Mg by D; as well. Let D = LI}, D;.
For every 1 < j < n, we may attach an oriented one handle D} (i.e. a band) to D such that
D;- C MF is embedded in the one handle associated with J; and

dD;\ (0D;N D) C F.
Denote the resulting embedded, oriented surface in (Mg, T%) by F’. Note that
(F',0F") C (MF, OMp U Tg)

and that this pair is uniquely determined up to isotopy.

Let (Xp, %) be the balanced sutured manifold associated with the tangle (Mg, T%). The surface
F'N X C Xp is a decomposing surface for (Xp, 7%), in the sense of [Juh08, Definition 2.7]. Tt is
straightforward to check that this surface decomposes (X F,Tf%) into a product sutured manifold.
Thus, there exists a unique relative Spin® structure sz € Spin®(Xp, T}) which is outer with respect
to F’. Recall that s € Spin®(Xp, 7’?7) is called outer with respect to F”, if it is represented by a unit
vector field v on X such that v, # —(vp), for every p € F'. Here vgs is the unit normal vector
field of F’ with respect to some Riemannian metric on Xp, See |[JuhO8, Definition 1.1]. Note that

[gF/] = 50.
If the components T%' and T} of T lie on the same component F; of F, then

(] = [r§] € Hi(Xp, Z)

where 7'1{; denotes the suture associated with Tiﬁ. Thus, for any component F; of F, there is a

well-defined homology class h; = [T}];] € Hi(XF,Z) where TI{; C Fj. As a result, the algebra A%,
admits a filtration by H = H?(Xr, 0XF,Z), which is defined by

X : GAY) —» H = HX(Xp, 0XF, Z)
X([Tw [T i) =" aiPD(h) + > b,PD(7
i=1 j=1 i=1 j=1

where ?;r is the suture corresponding to T;r cT g. Therefore, for every s € Spin®(Mp)
CF(Mp, Th, ul, s)

may be decomposed into sub-complexes associated with relative Spin® structures. More precisely,

let H = (2,04,,8,143’[7 2zl Z '—> A%,so) be an A%—diagram for T2, where z = {z1,...,2.} and
zZ=1{z1,...,%s}, while z; = T5. N ¥ and z; = T; N3. Then
CF(ZaaaﬁﬂJ%WgO) = @ CF(E,@,,@,U}};,&)

5€50CSpin®(Mp,T2)

and CF(X, o, B,ub., 5) is generated by the elements u.x, where u € G(A%) is a monomial in A%, and
x € T, NTg is an intersection point satisfying

s(u.x) :=s(x) + x(u) =s.

For a relative class s € sg, let
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be non-zero monomials in G(A%) and x,y € T, N Tj be intersection points such that s(u.x) =
s(u.y) = s. Then, we say ¢ € ma(x,y) connects u.x to u'.y if

ai—’—ZTg;Cpinzj(Qs):Ci 1<t1<m
bj +nz;(¢) = d; 1<j<k.
Moreover, we define the relative grading of u.x and u'.y by

griux,u.y) = u(¢o)
where ¢ € mo(x,y) is a disk connecting u.x to u'.y.

Lemma 6.4. The relative grading gr is well-defined and is independent of the choice of ¢. It
induces a relative grading on the chain complex CF(MF,Tg,u%,g) and the differential lowers this
grading by one.

Proof. Suppose ¢,¢' € m(x,y) connect u.x to w'.y. Then, D = D(¢) — D(¢’) is a periodic
domain such that

Z n.,;(D)=0 and nz(D)=0
TILCF;
for any ¢ and j. Thus D =" , m;P; where P; is the periodic domain associated with H;. Since,
(c1(s0), H;) = 0 for any 1,
11(¢) — u(¢') = (e1(s0), H(D)) = 0.
UJ

Proposition 6.5. With respect to the relative grading defined above, the top-dimensional homology
group in HF(MF,T},u%,gF,) is isomorphic to F. If G)ll’; denotes the generator of this homology
group, then for the homomorphism

¢ : HF(Mp,T%, 18, s ) —HFY (Mp, T2 0%, 57) = SFH(Xp, 72, 5) = T,

we have ¢(0%) = 1. Here, F is an A%.-module with trivial module structure and the homomorphism
¢ 1is induced from the surjection AI}; — FF, which sends all variables to zero.

Proof. Let 7 : Tt =11, ({p;} x [0,1]) — [0,1] denote the projection on [0,1]. Consider an
ordered set of spanning arcs J = {Jy,--- .,J,} on F. The result of surgery on (M™*,T+ HT+)
along Jy,...,J; is a balanced tangle for any i, denoted by (M?, T I_[Ti). Note that T' = T for
any i, and (M™, T"1IT") = (Mp,T%).

Let s;, denote the Spin® structure on M* such that for any 1 < j < i we have (ci(sp), H;) = 0
and for 1 < k < ¢ we have (ci(sy), H;) = 0. Thus, s§ = so. Assume that the components of
T = Hg”le} are labeled such that TJZ NotM = {p;}. Inductively, we define an F-algebra A? and
a map u' : mo(7T" HT’) — A’ such that 7% = [M*,T? HTi,sé,ui] becomes an A’-tangle. For i = 0,
we have (MO, TOLIT") = (M*+, T+ IIT"). Let
Zol0}, ... 00, 01,...,0,]

(b | g > 0)

where uf = Hpjea,jM(UjU;')' An A%coloring u® : 7o (T° HTO) — Al is defined as

AV .=

uO(T]Q) =v; and uO(TA;-) = for every 1< j <k.
Then, if J; connects T:~! and T;_l, we define
Ai—l

Mm@ e )
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and u® : 7o (1" HTz) — A is the map induced by u’~!. Note that A" = Ab,.
We may also construct an A’-diagram
H = (2 a!, B0l 2" 117" — Al s))
for 7°, inductively. For i = 0, 7° is a product tangle so let %° :‘BJFM X {1/2}.7 al = ,50 = 0,
z={p1,...,px} x {1/2} and Z = {py, ..., p,.} x {1/2}. Given an A" '-diagram H'~' for T'~!, we
construct an A’-diagram for 7" as follows. As before, suppose J; connectes T~ ! to T, gil.
(1) The Heegaard surface ¥ is obtained from Y~ by adding a one-handle with feet near z,
and 25, where z, = TN for @ = a,b.
(2) ' = a’fl U{a;} where «; is the core of the attached one-handle.
(3) B° = B U {B;} where B; is a Hamiltonian translate of «;, intersecting «; in a pair
of canceling intersection points. The area bounded between «; and f3; gives a 2-chain
P = D;" — D; with 9P = o; — 83, the components D;" and D; of ¥! — a’ — 3" are bigons
such that one of them intersects z in z, while the other one intersects z in zp.
(4) z' =z""tand 7' =7 L.
As a result, we get an A%-diagram
H=H"=E,a={a,...,on},B={b1,...,0u},ub:211Z — A% 59)

for T°. Any pair of curves (a;, 5;) intersect in a pair of points z; and x;, so that the bi-gons D;"

— + — . .
and D; connect x;” to z; . Thus, corresponding to any map € : {1,...,n} — {+,—} we have an
intersection point

x© = {xi(l), czf™MY e T, NT.
By an argument similar to the argument of Proposition the map
fi: CR(ETh o™l g™l ) @ AT = CR(S, o, 87,0, 50)
which is defined by f;(y) = y x {z;}, is a chain map if the path of almost complex structures
is chosen correctly. In particular, the intersection point 0 := {xf, ...,ot} is closed in the chain
complex
CF(Z, o, B, ub, 50) = CF(T?),

i.e. we have 96T = 0.

For every 1 < i < n, let (F/,0F/) C (M",0M*UT'UT") denote the embedded, oriented
surface obtained from D by attaching the embedded one handles Dj,...,D}. Each F] is then a
decomposing surface in (M, T 11 Tz). We may inductively construct a closed subsurface P? C 3¢
such that the Heegaard diagram H’, together with P, is a diagram adapted to F! in the sense of
[JuhO8, Definition 4.3]. More precisely, P’ is a closed subsurface of X! such that the boundary of P*
is a union of polygons, whose vertices are P?N(z11Zz) and its edges are decomposed as OP? = A'U B!
where

ANB czllz, o'NB'=0 and B'NA =0.

Finally, the equivalence class of F} is given by smoothing the corners of
(P x {1/2}) U (A" x [1/2,1]) U (B x [0,1/2]) C (Mi,TZ‘ uTi) .

For every ¢, suppose that J; connects T, 5:1 to T, bii_l. For i = 1, FY is obtained from D by attaching
a one-handle to Tgl and T,?l . Thus, P! is a union of a rectangle whose vertices are 24, , 2p,, Za, and
Zp, and contains the intersection point x|, together with n — 2 bigons disjoint from a! and B,
whose vertices are z; and Z; for j # a1,b1. For any ¢ > 1, the subsurface P’ may be constructed
from P! by attaching an embedded one-handle in X¢ which intersects o; and 3; and contains z;,
as illustrated in Figure



TANGLE FLOER HOMOLOGY AND COBORDISMS BETWEEN TANGLES 47

Q
™

([ —F—)

()

/%Lik jzm\ JPZ 9% 0% | 9%
R

FIGURE 5. The i-th one-handle is attached over the marked points z,, and z;,. The
curves «; and f;, their intersection points xj and x; and the modification changing
Pi=1 to P! are illustrated.

Thus, for i = n, #T is the only intersection point that does not intersect P™. As a result, 07 is
the only intersection point for which $(6%) = sz and thus 0" is the generator of

SFH(Xp, 72,85) =F.
For every e : {1,...,n} — {4+, —}, there is a positive disk
¢ €m(0h,x9) with pu(¢) =#{i| (i) = —}.

Furthermore, 5(u%(¢).x) = sp and if for a monomial u € A% we have s(u.x¢) = s then u =

ub.(¢).ut for some 1 € Ab.. Hence @4, = 6%, which is closed by our earlier considerations, generates

the top-dimensional homology group in
HF (Mp, T% u%, 55)

with respect to the relative grading defined above. The above observations complete the proof of
the proposition. 0

The algebra A has a natural A%—module structure given by the homomorphism ¢ : A’}; — A

defined as

o) =up(F;) 1<i<m

o(v;) =1 1<i<k.
Further, considering this module structure on A it is straightforward that

HF(T?) = HF (Tr).
Definition 6.3. The image of the homolog class @% ® 1 under the homomorphism
HF(T?) ®4 A — H (CF(T?) ®4 A) = HF*(T?) = HF (TF)

is denoted by ©p and is called the distinguished generator of HF (Tr).

6.3. Framed arcs, framed knots and the cobordism map. Let (M,T) be a balanced tan-
gle, I = {I4,...,I,} be an acceptable set of framed arcs in (M,T) and S = {Sy,...,S;,} be a
set of framed circles in M \ (IUT). In other words, each S; is determined by a framing on a
knot K; and each I; is determined by a framing on an arc I;. Let L = III", K; and I = II}"_ ;.
As discussed in Section (I,S) specifies a cobordism W = (W, F) = W(L,S) from (M,T) to
(M',T") = (M(S),T(I)). Here, T(I) is constructed from band surgery on T along I and M(S) is
constructed from M by surgery along the framed link S.
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Definition 6.4. With the above notation fixed, a stalk s(S) = {s1,...,smn} for the framed link S
(disjoint from I) in (M,T) is a set of embedded arcs in M \ (T"UI) such that s; connects K; to
OTM\T.

For every i, if I intersects T;, let r; C T; be the segment where
OfricotM, 0 r,cT;nl and (T, —r;)NI=0.
IET;NI=0,let r; = 0 and denote r(I) = II¥_,r;. Let
B(M)=1uUr() and B(S)=LUs(S).

Consider small tubular neighborhoods nd(r(I)) and nd(s(S)) of r(I) and s(S), respectively and
let

N =TuSuUnd(r()) Und(s(S))
be the resulting neighborhood of B = B(I) U B(S). For each i = 1,...,n, let A; C N be a sphere
with 4 boundary components resulted from the intersection of an enlarged neighborhood of I; with
ON. Such neighborhoods are illustrated in Figure []| The intersection of T' with M” = M — N
defines a new tangle (M"”, 7" =T N M").

otM
’l“a > rb > /rc N
L I B
Ly A7 A7
Ci( 01 1
h Iz
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FIGURE 6. A Heegaard diagram subordinate to a framed knot S; and a pair of
framed arcs I; and I, with one end point on the same strand 7 of T, and the
other ends on the strands T, and T.. A tubular neighborhood of the union of
Ky, 1,11, I2, 74,7 and 71 is deleted to obtain the tangle (M”,T"). Attaching disks
to the meridians 8 and 2 of I} and Iy and the meridian 3 of S; gives a Heegaard
diagram for (M, T) while the framings of 1,5 and S; determine the curves 1,72
and 3. The curves 71 and 75 live in the 4-punctured spheres A; and As, respectively.
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Definition 6.5. A Heegaard triple subordinate to the framed arcs I, the framed link S, and the
stalk s(S) for the balanced tangle (M, T) is a Heegaard triple

C,a={ay,...,a},B={b1,--,Bet,y={",---,v},2)

satisfying the following conditions:

(1) (&, a0, {Bntm+1;---,0¢},2z) is a Heegaard diagram for (M”,T"). Fix an identification of
E[ﬁn+m+1, ‘e ,Bg] with 8+M”.

(2) Fori=m+n+1,...,¢, v is obtained by a small Hamiltonian isotopy from f; supported
away from the marked points, so that |5; N y;| = 2.

(3) For any i = 1,...,m, the curves S,4; and v,4; lie on the punctured torus 9S; N o+ M”,
representing the meridian and the framing of Kj;, respectively. Further, they meet in a
single transverse intersection point.

(4) For any j = 1,...,n, the curves f3; and 7; lie on the punctured sphere A;. Moreover, §;
represents the meridian of I; and meets 7; in two transverse intersection points, while ~;
is obtained from f; by an isotopy corresponding to the framing of I; (which crosses two of
the boundary components of A;), as illustrated in Figure @

(5) The Heegaard diagrams (3, o, 8,2) and (¥, o, 7, z) are diagrams for (M,T) and (M',T"),
respectively.

We say that a Heegaard triple is subordinate to the framed arcs I and the framed link S if it is
subordinate to the framed arcs I and the framed link S and some stack s(S) for S.

The existence of Heegaard triples subordinate to an acceptable set of framed arcs I and a framed
link S for a stable cobordism W as above and the correspondence between different such Heegaard
triples is addressed in the following lemma.

Lemma 6.6. Let1 = {I,...,1,} be an acceptable set of framed arcs in (M,T) andS = {S1,...,S,}
be a framed link in M \ (T'UI). There is a Heegaard triple subordinate to I and S. Further, every
two such triples may be connected (after composing with a diffeomorphism of the diagram) by a
sequence of following moves, all supported away from the set z of marked points:

(1) Isotopies and handle slides among {au, ..., ap},
(2) Isotopies and handle slides among {Bntm+1,--., B¢} while carrying the corresponding iso-
topy or handle slide among {Yn+m+1,---,7e},

(8) Stabilization (and destabilization); i.e. taking the connected sum of the Heegaard triple with
a triple (E,«, B,7), where E is a surface of genus one, |a N 3| =1, and v is obtained by a
small Hamiltonian isotopy from B such that |5 N ~y| = 2,

(4) Isotopies or handle slides of Pn+j along the curves in {Bnim+1,..., B¢} forj=1,...,m,

(5) Isotopy or handle slides of yny; along the curves in {Ynym41,...,%} forj=1,...,m,

(6) For i = 1,...,n, isotopy or handle slide of B; along the curves {Bn+m+1,--.,0e}, while
carrying the corresponding isotopy or handle slide on ~;,

(7) Handle slide of a curve in {Bnim+1,- .-, B¢} along some Bnyj for j =1,...,m, while doing
a handle slide of the corresponding curve in {Yntm+1,.--,%e} along Yni;.

Proof. Given the stack s(S) for S, the proof of Lemma 4.5 from [OS06] may be used to show
that Heegaard diagrams subordinate to I, S and s(S) exist and that for every pair H and H' of
such diagrams, H may be changed to H' via a sequence of moves of types 1,2,3,4,5 and 6 in the
statement of the lemma. If the stacks s(S) and s/(S) are different, the proof of [OS06, Lemma 4.8]
implies that there is a Heegaard diagram H as above subordinate to I, S and s(S) and a Heegaard
diagram H' subordinate to I, S and the stalk s'(S) such that the following is true. There is a
sequence of handle slides of some particular curves in {fn4m+1,...,08¢} over the curves S, for
j=1,...,m and other curves in {fB,+m+1,--.,05¢} (and a corresponding sequence of handle slides
for ) which change H to H'. The lemma then follows. O
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Let H = (X, 0, 3,7,2) be a Heegaard triple subordinated to the framed arcs I and the framed
link S as above. Associated with H we have a cobordism
Wi = (Wa, Fr) : (M, T) I1 (Mg, Tgy) ~ (M(S), T(T)),

where (Mg, Tsy) is the balanced tangle determined by the Heegaard diagram (X,3,+,z). This
cobordism is related to W(L,S) = (W, F) as follows.

Each I; determines an embedded arc J; on F with endpoints on T. After applying a smooth
isotopy supported in a neighborhood of OF on J = {Ji,...,J,} which moves the endpoints to
O1F, it becomes a spanning set of arcs on F. Let nd(J) be a tubular neighborhood of J. Then,

(W —nd(J), Fn (W —nd(J)))
gives a cobordism from (M,T) I (Mp,TF) to (M(S),T(I)).

Lemma 6.7. Under the above assumptions, after attaching 3-handles along S1,...,Si—n—m C Mgy
to Wi, we obtain the cobordism

(W —nd(J), F 0 (W — nd(.J))).

Proof. Denote the compression body obtained by attaching disks to ¥ x [0, 1] along 3 x {1} by
C(B). Without loss of generality, we may assume that

I;;S; c C(B) for ie{l,...,n}, je{l,...,m}.

Furthermore, we may consider an identification

W = (M x [0,1]) Up1yxs (U D? x D2>

i=1
such that 7| is a Morse function with all critical points of index one. Here, 73 is the projection
map from M x [0,1] \ {1} x S onto [0, 1]. Moreover, we assume that

Crit(mlp) C M x {1/2}.

Thus, T /o = FN(M x{1/2}) is a properly embedded, oriented, singular 1-dimensional submanifold
of M x {1/2}. For every framed arc I; we have a singular point

g € TN (C(B) x {1/2}) C F.

Let B'(I) C T}, be the subspace corresponding to B(T). Let N', Ny, C W be tubular neighbor-
hoods of B'(I) and C(B) x {1/2}, respectively. Then

(W—-N.Fn(W —-N")) =W —nd(J), Fn (W —nd(J))) and
(W - Nl/Q,Fﬂ (W - N1/2)) - WH
Thus, (W —nd(J), F N (W —nd(J))) is obtained from Wpg by attaching 3-handles along the
spheres S1,...,S50—n—m C Mpg,. O

It follows from the proof of Lemmathat (MFp,TF) is obtained by surgery on (Mg, T3,) along
the 2-spheres Si,...,S/—m—n. Abusing the notation, let so € Spin°(Mpa,) denote the Spin® class
obtained from sy € Spin®(Mp) which satisfies

(c1(s0),S;) =0 forany i€ {1,2,...,0 —n—m}.
For any Heegaard tripe H subordinated to I and S, let
r: Spin°W(L,S)) — Spin“(Wpg).
denote the restriction map.

Lemma 6.8. For every t € Spin“(W(L,S)), the restriction r(t)|n,., is the Spin® class so € Spin®(Mg,).

Proof. This is straightforward. O
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Suppose up : mo(F) — A be an A-coloring for W(IL, S). Given a Spin® class t € Spin°(W(L,S)) we
abuse the notation and call the Heegaard triple (X, e, 3,7, u) t-admissible, if it is r(t)-admissible.
Here u : z — A denotes the map induced by up. Note that every diagram (3, o, 3, 7, u) subordinate
to I and S may be transformed to a t-admissible Heegaard diagram by performing isotopies on the
curves in «, following a procedure similar to [AEI5l Section 4.2]. Let us assume that the Heegaard
diagram (X, e, 3,7, u) subordinate to I and S is t-admissible. We then call H = (¥, o, 3,7, u,t)
an A-diagram for

C= C(]I,S) = [VV,F,t,uF] :T: [M,T,S = t]M,uT] ~ T/ = [M/,T/,ﬁl = t]M/,u’T],

subordinate to I and S. Here, up and w/, are the A-colorings induced by up on (M, T') and (M’',T"),
respectively.

For an appropriate generic family of almost complex structures J, the A-diagram H determines
a holomorphic triangle map

faﬁ'y : HF](EJ a,ﬁ,u,ﬁ) 4 HFJ(E,,B,’Y,U,EO) — HF](Eu a777u)5/)'

From the Heegaard diagram (X, 3,+,z) for (Mg, Tp,) we may construct a Heegaard diagram
H = (¥,8,4,2) for (Mp,Tr) where ¥ is obtained by surgery onX along Bn1m+1,- - -, 3¢, while

B ={B1,....Bntm} and ¥ ={y1,.... tm}-
Following the construction in Section [5.3] we get a homomorphism

fﬂ’y : HF(Ela /3/5 7/7 u, 50) — HF(Ea Ba Y, u, 50)-
Then, we set O3, := f3,(OF) and define

f2.0  HF (2, a0, B,u,5) — HF (3, o, v, 1, 5")
§2,7(X) := fapy (X ® Ogy) for any x € HF;(X, o, B,u,5).
Theorem 6.9. For any A-module M, the homomorphism §y ; induces a homomorphism
fers : HEY(T) — HFM(T).

6.4. Proof of Theorem It follows from standard arguments in Floer theory that for appro-
priate families of almost complex structures J and J’, we have

fr,00 0 Py =Py o,
So we denote the induced map by fy. Let
H = (270767’77117 t) and Hl = (2/7 al?ﬁ’?’Y/?u/?t)

be A-diagrams for C subordinate to I and S. Assume that H’ is obtained from H by one Heegaard
move e of the type specified in Lemma Associated with e, let

o, : HFY (2, @, B, u,5) - HFY (Y, o, 8,0, 5)
U, : HPY (2, @, v,u,8') - HFY (2, o, v/ 0, §) .
be the isomorphisms defined in Section We need to prove that the diagram
HEM (S, o, B,u,5) —1 e HEY(S, ar, y, 1, 6')
o, v,

HFM(Y, o, B/, 1/, 5) Tw, HFM(S, o, 4/, 1, &)
commutes. Let us first consider the Heegaard move e which changes a to o’ and keeps X, 3, ~
and z unchanged. The 4-manifold W,g, is obtained by attaching 3-handles to Wqsng,. Abusing
the notation, denote the restriction of t to Wyag, by t. Let &, be the homomorphism associated
with the A-diagram (¥, o/, o, 3,7, u,t) and the distinguished generators O,/ and O, defined by
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counting holomorphic squares. Considering different possible degenerations of a square either to a
bigon and a square or to a pair of triangles gives the relation

\I/eof’H_fH’oq)eZGeod‘i‘dOGe?

following the standard arguments in Heegaard Floer theory. With a similar argument, if e is a
Heegaard move that changes 3 to 3’ (respectively v to 4/) and keeps 3, a, v (respectively 3) and
z fixed, the diagram commutes.

Suppose e changes both B3 and ~ simultaneously to 8 and 4’. We obtain a pair of maps
S; = 6., i = 1,2 which correspond to the Heegaard quadruples

(2? a7 167 ﬁla ’7/7 u7 t) and (27 a7 /67 ’77 ’717 u7 t)7
respectively. Denote the holomorphic triangle maps corresponding to the Heegaard subdiagrams

(E7a7577,7u7 t)? <E757777/7u7t) a‘nd (27675,77/7117{')
by fagy's fayy and fggrr, respectively.

The images of the distinguished generator ©4,®©,., under fg,, and the distinguished generator
Opg ® Opy under fgg4 is the distinguished generator ©g,, which corresponds to (X, 3,7/, u,t).
This should be done independently for each one of the Heegaard moves. The proofs follow from
the standard arguments in Heegaard Floer theory since the Heegaard triples (X, 3,~,4,2) and
(2, 83,0,4") have standard forms.

Let us abuse the notation and denote fog./(— ® ©g/) by fagy . Setting &, = &1 + S,, the study
of different possible degenerations of a square to a bigon and a square or to two triangles gives

faﬁ,yl—fy_l/oq)e:61od+d061 and
\I]eofﬂ_faﬂv’:62od+d062
= Veofy —fproPe=6.,0d+doG,.

Note that the map &, is trivial when e is a stabilization or destabilization, provided that the
complex structure is sufficiently stretched along the neck.
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7. THE COBORDISM MAP AND ITS INVARIANCE

Let C = [W, F,t,up] be a stable A-cobordism from 7 = [M,T,s,u] to 7' = [M', T, ].
Consider an indexed parametrized decomposition

C:W=mW Uy, ) Wa Uan, 1) Ws.

Recall that for ¢ = 1,3, the cobordism W; is parametrized by a set S; C M;_1 \ T;—1 of pairwise
disjoint framed (i — 1)-spheres, and a diffeomorphism

di : (M;-1(S;), Ti-1) — (M;, T}).

Further, W, is parametrized by a framed link So and a set of pairwise disjoint framed arcs I in
(M, Ty) along with a diffeomorphism

d2 : (Ml(Sg),Tl(I[)) — (MQ,TQ).

For each W; = (W;, F;), let t; and u; be the Spin® structure and the A-coloring induced by t
and up, respectively. Note that t determines t; for ¢ = 1,2,3, while to determines t. Let C; =
[Wi, Fi, si,u;]. In addition, t and up induce an Spin® structure on (M;,T;), denoted by s;, and
an A-coloring denoted by u;, abusing the notation. For 0 < i < 3, let 7; = [M;, T}, si, u;], where
To=T,and T3="T".

For every A-module M, the constructions of Section [5] and Section [f] associate naturally defined
A-homomorphisms

i = HE'(d;) o j&; - HF"(Tizy) — HF'Y(T)
to the parametrized A-cobordism C; for ¢ = 1,3 and
fo = HFY(d2) o s 1, : HFY(T1) — HFY(T3)
to the parametrized A-cobordism C. Subsequently, we may define

(5) Jeg HE'(T) — HE'(T'),  flg=fsofaof.

The homomorphism fg/ﬂé is well-defined and natural, while a priori it depends on the indexed

parametrized decomposition ¢

Theorem 7.1. Let C be an A-cobordism from the A-tangle T to the A-tangle T'. For every A-
module M, the A-homomorphism

feg : HEY(T) — HFY(T")

is an invariant of C. More precisely, this A-homomorphism does not depend on the choice of the
indexed parametrized decomposition € for W, which was used in its definition.

Proof. With the above notation fixed, Theorem reduces the proof to showing the invariance
of the homomorphism fg/ﬂ&v under the following changes:

(1) Sliding a component of S; on another component of S; for i = 1,2, 3,

(2) Sliding a component of I on another component of I or a component of So,
(3) Sliding a component of Sy on a component of I,

(4) Creation and cancellation of index one/two or two/three critical points,
(5) Diffeomorphism equivalences.

Invariance under the move (1) follows from the arguments in [OS06, Subsection 4.4], and invariance
under the moves (4) and (5) is straightforward. We will prove invariance under the moves (2) and

(3) in Sections and O
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7.1. Invariance under arc slides. Let C = [W, F, t,up| be an A-cobordism defined by an accept-
able set of framed arcs I and a framed link S in an A-tangle 7 = [M, T, s, u]. Thus, the A-cobordism
C is from T to T' = [M(S),T(I),s',w'] where s’ = t|j;(s) and 1’ is the A-coloring induced by up
on (M(S),T(I)). Suppose T is an acceptable set of framed arcs obtained from I by arc slides.
Corresponding to (I, S) we get a diffeomorphism

D: (W,F)— (W,F)
where (V[N/,ﬁ) is the cobordism from (M,T) to (M(S),T(I)) defined byN(ﬁ, S). Note that d® =
Dy is isotopic to identity and let d = Dl s),rm)- So, (I,S,d) and (I, S,id) are two parame-
terizations of (W F) The Spin® structure t and the A—colorlng ur induce a Spin® structure and and
A-coloring on (W, F), denoted by iy and t. Set C = [W, F,{,ip] and let 7 = [M(S), T(I),s", u"]

where s” and u” are induced by up and 1, respectively. Thus, d is a diffeomorphism between the
A-tangles 7" and T".

Theorem 7.2. With the above notation fized, for any A-module M
HF"(d) o ¢y s = g5 - HE'(T) — HF'(T).

Proof. Assume [ is obtained from I by a single arc slide of I} over IIs. Let

H=Ea={ar,....,},B={b1,.. .. B}, y={n,.. ..}, u:z—= At
be an A-diagram subordinate to I and S, as in Definition Then, we obtain an A-diagram

subordinate to I and S by handle sliding 82 over 81 and 7; over ~» as in Figure |7l Here, 8; and ~;
are the closed curves corresponding to I; for ¢ = 1,2. Let

H= (S, 8,5u:z—A%

be the resulting Heegaard triple. Following an argument analogous to the proof of Theorem
we show that the diagram

M
HFY(Z, o, B, u, 5) T3, HFY (2, o, v, u,5")

) @’
M
HFY(Y, a, B, u,5) -+ HFY(Z, o, 7, 1, 8")

commutes. Here, ® and &' are isomorphisms corresponding to the aforementioned handle slides.

On the other hand, let h : ¥ — ¥ be the diffeomorphism, which maps 82 to 81, 71 to 72 agd
preserves the rest of 8 and 7 curves. Then, h induces the diffeomorphism D from (W, F') to (W, F)
as well as the diffeomorphism d, and

H = (3, h(e), B,7,u:2z — AT

is the corresponding Heegaard triple subordinate to (I,S) for (W, F). Note that # is obtained
from H by a sequence e of isotopy and handle slide on « curves i.e. moves of type (1) in Lemma

Theorem [6.9] implies that W, o f7 = fz, o ®¢, where
o, : HFY(S, o, B, u,5) — HFY(S, h(e), B, u,5) and
T, : HFY(Z, o, 3, u,5") — HFY(S, h(a), 7, u,5")
are the isomormphisms associated with the Heegaard moves e. Since d is induced by h, it follows
that,
dy ofH =T, O(I)/ofH _f~ o d, o@—f%/odg.

Therefore, HFM(d) o %4}115 = f(ﬁ,S'
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We may thus restrict our attention to ordered sets of framed arcs. This is particularly useful
when we study the composition law in the following subsections.

7.2. A composition law for framed arcs and links. Let C = [, F, t,ur] be an A-cobordism
from the A-tangle T = [M, T, s,u] to the A-tangle 7' = [M’', T’,s',u/]. Further, assume that (W, F)
is the cobordism corresponding to an acceptable set of framed arcs I, and a framed link S. Given
a decomposition S = S’ IIS? and I = I' IT1I? where I' is acceptable, we obtain a decomposition
(W, F) = (W1, F1) Ui iy (Wa, Fa).

Here, (W1, Fy) is the cobordism associated with (I',S!) and (Wa, F3) is the cobordism associated
with (I2,S%) in (M, T") = (M(SY), T(I')). For i = 1,2, let u; denote the A-coloring induced by
ur on (W;, F;), and t; = t|y,. Consider the corresponding A-cobordisms

Cl = [Wl,Fl,tl,ul] 2T~ 7-” and C2 = [WQ,FQ,’LQ,uQ] : 7—” s T/,
where 7" denotes the A-tangle obtained by equipping (M”,T") with the induced A-coloring and
Spin® structure from ug and t, respectively.

The restrictions of t to Wi and W5 remain unchanged, under modifying t by adding an element
of SHY(M",7), where 6 : H'(M",7) — H?(W,Z) is the connecting homomorphism in the Mayer-
Vietoris sequence for (Wi, Wa). So, let T be the set of all Spin® classes on W so that their restrictions
to W1 and Wy are equal to t; and ts, respectively.

Theorem 7.3. With the above notation fized, for every A-module M we have

M M _ M
fereseofeipn gt = ch@,u,ga
teT

where C(t) is the A-cobordism obtained from C by replacing t with t.

J
o) >

k
ommioes »

&l B2
Simlultaneously perform handle Are Slide I
slide among 3 and ~y over [y

FiGgure 7. Sliding a framed arc II; over another framed arc Is.
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Proof. Any acceptable set of framed arcs can be turned into an ordered set by arc slides. So
Theorem implies that without loss of generality, we may assume I is ordered such that

I'=(I,...,I,,) and T*= Ly41,... 00 4n,), where ny +ny=n.
Furthermore, suppose that
St =(S1,...,Sm,)  and  S*= (Spmi41,-- - Smmmytms) -
Let us fix an A-diagram H = (X, o, 3,7, u,t) subordinate to (I,S). Let § = {01,...,0d¢} denote

a set of curves obtained as follows:

e Let §; be a Hamiltonian isotope of v; for every ¢ in

A={1,....m}U{n+1,....n+mi}.
e For every i € {1,...,0} — A, let §; be a Hamiltonian isotope of ;.

The Spin® structures t; and ty induce Spin® structures on W,gs and Wys,, which will also be
denoted by t; and to, by slight abuse of notation. Then the A-diagrams

Hi =3, a,3,0,u,t;) and Ho = (X, a,d,v,u,t)
are subordinate to (I',S') and (I?,S?) and correspond to C; and Co, respectively. These two
Heegaard triples determine the maps f; = fe1 n g1 and fo = fe2 12 g2. Furthermore, the A-diagram
3, a,8,0,v,u,%)
and the distinguished generators
@55 € HF(Z,,@, o,u, t1|M65 = 50) and @57 S HF(E, 5,7,u,t2|MM = 50)
determine a holomorphic square map
S :HF (S, a, B,u,5) = HF(T) — HF (3, a, v,u,5") = HF(T").

Considering different possible degenerations of a square class of index 0 and applying a mild gen-
eralization of [OS04c, Theorem 8.16], we obtain the relation

Fooft =Y fapril(— @ fa54(0ps © Osy)) = S od+do®,
teT

Here f,3,t and fgs, are the holomorphic triangle maps associated with the Heegaard triples

(Eaauﬁ777u7{) and (27ﬁ76)77u7 tO)v

respectively, and ty denotes a canonically determined Spin® structure on the 4-manifold Wpgs,. In
order to complete the proof, it thus suffices to show that

f557(Ops ® O5y) = Opsy.

Since (2, a, 3,7, z) is a Heegaard triple subordinate to (I, S), the proof of Proposition[6.5]implies
the existence of a labeling for the intersection points of 8; and ; by d; and d; , for i € {1,... ¢} \
{n+1,...,n+m}, such that Og, is represented by

05, ={df,....d;}.
Here, d:r denotes the only intersection point of 5; and v; for n+1 < ¢ < n+m. Similarly, it follows

from the definition of § that we may label the intersection points of § with 3 and « such that ©gs
and O, are respectively represented by:

935:{0T7---,C?} and ng{bf,...,bj}.
Let us now assume that § € Tg NT, contributes to fg,5(Ogs ® O5,) through a triangle class

A=A em (%,9;,9)

of Maslov index 0. For any 1 < ¢ < ¢, consider the Heegaard triple
Hi = (EZ = E[Bi+1?"'7ﬁ£]7ﬁi = {ﬂla'-'aﬁi}vdi = {517"'75’i}77i = {71a"-a7’i}vz)
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where X[8;,1,...,8,] denotes the surface obtained from ¥ by performing surgery along the S-
curves {Bii1,Bit2,...,0¢y. Therefore, ¢ is obtained from %¢~! by attaching a 1-handle, and
corresponding to Af, when the necks are sufficiently stretched, we obtain a triangles class A1 on
¥~ and a class A’ on the attached one-handle which connects

Czr € By N dy, bz € 0p Ny and dz € Be Ny,
where * is either + or —. It also follows that
p(AY) = (A1) — e(dp),
where €(d]) = 0 and €(d,) = 1. We are thus forced to have x = +. It also follows from the
argument of Proposition [5.1] and the second part of Lemma [5.3| that, if the the necks are sufficiently

stretched, M(A?) may be identified with M(A*~1). This argument may in fact be repeated again
and again to show that the generator 6 uses the intersection points

dfeﬁiﬂ%, for i=n+m-+1,...,¢

and that M(A’) may be identified with M(A"+™), for a triangle class over ¥"+™.

Now X7tm = yntm—lLE where E is a surface of genus 1. If we stretch the connected sum
neck, the complex structure on X" converges to the join of complex structures on the L7+m—1 —
{w} and E — {w'}. We also obtain a decomposition of A"*™ to the triangle classes AnT™~!
(on ¥"*m=1) and A’ (on E). The generator 6 is forced to use the unique intersection point
dntm € Bntm N Ynim- From the choice of the intersection points in 9;5 and 03; it also follows that

p(ATm=L) = (A" = 0. Furthermore, as the weak limit of a sequence of holomorphic curves
in M(A™™) as the neck is stretched, we obtain a degenerate holomorphic curve u™™™~! in the
0-dimensional moduli space M(A"*™~1) which has coefficient k at w. The holomorphic curve
u" ™1 determines a point p(u™t™ 1) in Sym*(D). Let Aj, denote the union of all triangle classes
A’ over the genus-one surface E with coefficient k over the marked point w’. The arguments of
Section 12 of [Lip06], and in particular Lemma 12.2, Proposition 12.4 (in fact, Proposition A.3),
imply that in the aforementioned weak limit, u”+*™ ! is paired with a degenerate curve v on E,
which is the union of
Explu™ )y c ExD

and the unique holomorphic representative of Ag, to produce the only possible curve in the weak
limit. Every such weak limit may be perturbed to a holomorphic curve representing A", giving an
identification of M(A™™) with M(A™™~1) if the connected sum neck is sufficiently long. Again,
we may repeat the above argument to find an identification of M(A?) with M(A™), provided that
attaching the 1-handles and taking connected sum with surfaces of genus 1 is done using sufficiently
stretched necks.

The surface ¥" is obtained from "' by attaching a 1-handle and moving two of the markings
(which we denote by z, 2’ € z) over the attached 1-handle. The curves f3,, d, and v, are all isotopic
to the belt circle of the attached 1-handle, while the positions of z and 2’ in the cylinder representing
the neck is the position illustrated on the right-hand-side of Figure |8} Correspondingly, when the
necks are sufficiently stretched, we obtain a triangles class A”~! on X"~ ! and a class A’ on the
attached one-handle which connects the intersection points

¢ €BuNby, b €8Ny and  dY € By N,
where « is either 4+ or —. It also follows that
p(A") = (A" — e(dy),
where €(d;}) = 0 and €(d,;) = 1. We are thus forced to have d,, = d,}. It also follows from the
argument of Proposition [5.1] and the second part of Lemma [5.3] that, if the the necks are sufficiently

stretched, M(A™) may be identified with M(A"~!). This argument may be repeated to show that
the generator # uses the intersection points

d:reﬁiﬁ%, for i=1,...,n,
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FIGURE 8. As we stretch the neck, X! degenerates to a subsurface ¥~! and a
sphere, which are attached by two long necks. When i € {1,...,n1} a pair of
markings z, 2z’ € z will land on the sphere as illustrated on the left-hand-side, while
for i € {n1 4+ 1,...,n} their location follows the pattern illustrated on the right-
hand-side.

—
N
.
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and that M(A) may be identified with M(A!), which consists of a single point.

The above argument shows that 6 is forced to represent the generator ©g,, and that the total
contribution of holomorphic triangles to the coefficient of 8 in §3,5(© 35 ® ©s,) is 1. This completes
the proof of the theorem. O

Corollary 7.4. Assume C = [W, F,t,up] is an A-cobordism from T to T', determined by an
acceptable set of framed arcs 1 and a framed link S i.e. (I,S,id) gives a parametrization of (W, F).
Let I be an acceptable set of framed arcs obtained from 1 by sliding some of its components over
some components of S, and similarly S’ be the framed link obtained from S by sliding some of its
components over some of the framed arcs in 1. Denote the induced diffeomorphisms by

dy: T(T,S) =T and ds:T(LS)—T.
Then for any A-module Ml we have

f%,g = HFM(dH) 0 f%/,g and %4,111,8 = HFM(dS) o %/J,IJI,S'-

Proof. Note that (I',S,d;) and (I,S', ds) are parametrizations of C, or (W, F')). The claim is then
a straightforward result of Theorems and O

This completes the proof of Theorem and we may now denote the A-homomorphism associ-
ated with the A-cobordism C and the A-module M by f¥.

7.3. The composition law. In this subsection, we prove a generalization of Theorem

Theorem 7.5. Suppose that C; = [W;, Fy, t;,w;] : Ti—1 — T; are A-cobordisms fori=1,...,m. Let
W = (W, F) be the stable cobordism obtained by putting W; = (W;, F;) together and u : mo(F) — A
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denote the A-coloring induced by u;. For every t € Spin®(W) with tlw, = t;, let C(t) = [W, F, t,u].
Then

(6) Y ey =T o ofe.
teSpin® (W)
w, =t

Proof. The definition of the cobordism invariants and Theorem reduce the proof of Theo-
rem to the case where m = 2, both C; and Cy are parametrized elementary A-cobordisms, and
one of the following happens.

(1) Wy corresponds to a framed 2-sphere S1, and Ws corresponds to a framed 0O-sphere S,.
(2) Wi corresponds to a framed 2-sphere S1, and W, corresponds to a framed knot Ss.

(3) Wy corresponds to a framed 2-sphere S, and Ws corresponds to a framed arc I.

(4) Wy corresponds to a framed knot S1, and W5 corresponds to a framed 0-sphere Ss.

(5) Wi corresponds to a framed arc I, and W, corresponds to a framed 0-sphere S.

For all cases, there is a unique Spin® class t on W such that t|y, = t; for i = 1,2. We may thus set
C=C(t). Let T =Ty =[M,T,s,ul and T = To = [M', T',s' ) W/].

In the first case, W; is determined by the framed 2-sphere Si, so the underlying tangle of T3
is (M, T1) = (M(S1),T). Considering this identification, we may assume that Sy lies in M \
S1 = M N M. Thus, Sy specifies a cobordism WJ from (M,T) to (M(S2),T). Similarly, S;
specifies a cobordism W from (M (Sz2),T) to (M',T"). As a result we get an indexed parametrized
decomposition WY Uy s,y Wo for (W, F).

The A-coloring u and the Spin® class t make W[ and Wj into A-cobordisms, denoted by C] and
C3, respectively. Let 7" = [M(S2),T,s" = t|ps(s,), u]. Consider the following diagram:

fé,

HFM(7) =% HFM(T7)

M M
fC{ sz
M f‘% M 1

Every generator of CFM(T) is of the form x x 8, where x is a generator of the chain complex
CFM(Tl) and 6 is one of the two intersection points Géﬁ and %a corresponding to the framed
2-sphere Sy, (see Section [5.3)). If the necks in the corresponding Heegaard diagrams for S; and Sy
are sufficiently stretched, this generator is mapped to x x 6 x 935 under flé/% Here 935 and 62 o
are the two intersection points which correspond to the 1-handle, attached to So. The generator
X X 6 x 935 goes to zero under flgg unless 6 = 0}3(1, when it is mapped to x X 936' On the other

hand, the image of x x 6 under f% is zero unless 0 = % o» When

fol (x x 0}3&) =x and f& (%/Ji (x % 9}30)) =x X 935.
This implies that the above diagram is commutative and
iy ofty = feg o fer = 1c-

A similar modification to the proofs of [OS06, Proposition 4.19 and Proposition 4.18], imply the
heorem in the second and fourth cases, respectively. The only remaining cases are thus the third
and the fifth cases.

In the third case, C; corresponds to attaching a 3-handle along S and Cs corresponds to a framed
arc [. This framed arc may clearly be isotoped to M \S. Therefore, we get an indexed parametrized
decomposition of (W, F') by switching the order of attached handles. More precisely, let W] to be

the cobordism determined by I from (M,T) to (M,T(I)) and Cj be the cobordism determined by
S from (M,T(I)) to (M',T"). For i = 1,2, the A-cobordism obtained by equipping W/ with the
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A-coloring induced by u and Spin® structure induced by t is denoted by C;. Correspondingly, we
may choose a Heegaard surface X in M with the following properties:

e The intersection of ¥ with S is an annulus A, such that the surface X° in M; obtained by
cutting off A and gluing in a pair of disks to the two boundary components, is a Heegaard
surface for M7. Here, M7 is the underlying 3-manifold of 77.

e Each component of T intersects 3 transversely in exactly one point. We let z =T N X.

e There are two collections e and 3 of attaching circles on ¥ such that N A is a single circle
a which is a small Hamiltonian isotope of the circle {5} = 3N A. Moreover, the diagram
(X, a,B,u:z— A, s) is a Heegaard diagram for 7 and

(X% a\{a},B\{B}u:z— A s)
is a Heegaard diagram from 7;, where s1 = |5,
e There is a third collection « of pairwise disjoint circles on ¥ so that v N A is a single circle
~ which is a small Hamiltonian isotope of both « and  and

(X% e\ {a}, B\ {8}, 7\ {7}, 2)

is subordinate to the framed arc I in 7;. In particular, the diagram (X°, o\ {a}, v\ {7}, 2)

is a Heegaard diagram for (M’,T").
Note that (X, a, 3,7, z) is subordinate to I, where I is considered as a framed arc in 7. Consider
such a Heegaard diagram and assume that the almost complex structure is sufficiently stretched
along the boundary circles of A. Every generator of CF™(T) is of the form x x 6, where x is a
generator of CFM(Tl) and 0 is one of the two intersection points 0,3 and 6z, between a and
which correspond to S. The image of such a generator under f%’ﬂl is trivial unless ¢ = 03,, when we
have fl(\fi (x X 03,) = x. On the other hand, we may use the argument of Theorem [7.3|and show that

féM%(x x 0) = flgg(x) x 6

where 6/ € oM~ is the intersection point which corresponds to 6. Every such generator is mapped
to 0 by f%% unless §' = 6., or equivalently, unless 6 = 6g,. If this condition is satisfied, then

5 (7% (x % 050) ) = T (),

which completes the proof of the third case. The proof of the fifth case is similar to the proof of
the third case. O

The composition law of Theorem implies, in particular, that the left-hand-side expression is

well-defined. Let us define

wo= |J W and W'= |J Wi

=0 mod 2 =1 mod 2

Then WOUW! = W and WonW! = U?fllMi, where M; = My, and we obtain the following
cohomology long exact sequence

m—1 5 T m

o D H (M, Z) — H W) — (P H Wi, Z) — -+

i=1 =1
If t, ' € Spin®(W) restrict to t; on W, then t — ' € H?(M,Z) is a class in the kernel of 7, and is
thus in the image of 0. In particular, the subset ¥ C Spin®(W) which appears in the summation
of the left-hand-side of Equation [f]is the orbit of a fixed Spin® structure t under the action of the
Z-module Im(8) of H?(W,Z). On the other hand, using an appropriate Morse datum 9, we may
represent every Z-submodule of H?(W,Z) as Im(6) for some decomposition of the stable cobordism
(W, F). In particular, for every affine set T of Spin® structures over a Z-submodule of H?(W,Z)
which restrict to s and s’ on the two ends, the sum

> el HEY(T) — HEM(T7)

et
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is well-defined.

Definition 7.1. Let C = [W, F,%,up] : T ~ T’ be an arbitrary A-cobordism from the A-tangle T
to the A-tangle 7', where ¥ is a subset of Spin®(W) which is affine over a Z-submodule of H?(W,Z).
For every t € T define C¢ = [W, F\, t,u]. We then define the cobordism map associated with C by

e =) T
et
With the above definition in place, we may then re-state Theorem [7.I] and Theorem [7.3] as the

following theorem.

Theorem 7.6. Fiz an algebra A over F and an A-module M. Assigning the A-module HFM(T) to
every A-tangle T € Obj(A-Tangles) and the A-homomorphism f¥ : HFM(T) — HFM(T") to every
A-cobordism

(C: T~ T'")€Mor(T,T') € Mor(A-Tangles)
gives a well-defined functor

HFM™ : A-Tangles — A-Modules.
7.4. Action of A*(H;(W,Z)/Tors). Let us assume that C = [W, F,t,up] is an A-cobordism from
T =[M,T,s,u]l to T'=[M', T ¢ u]. Consider a decomposition of C as
C:C1U7'1C2U7'2C3

where C; corresponds to the addition of 1-handles, Co corresponds to the addition of 2-handles
along some framed link and band surgeries along framed arcs, and C3 corresponds to the addition
of 3-handles. Let (M;,T;) be the underlying tangle of 7; and C' = Co = [W', F/ t ,up/]. It is clear
that Hy(W',Z) = Hy(W,Z).

Assume C' is parametrized by a pair (I,S) of an acceptable set of framed arcs I, and a framed
link S such that My = M;(S) and Tb = Tj(I). The homomorphism ¥ = % 1. is defined using an
A-diagram

7-‘ = (E7a’ﬁ7’77u7t)

subordinate to (I,S). Let us denote by W, the 4-manifold obtained from the Heegaard triple H.
There is an epimorphism

m: Hy (Mag I Mg, 11 My, Z) /Tors — Hy(Wagy, Z)/Tors = Hy (W, Z)/Tors.
Every element ¢ € Hy(W,Z)/Tors may be represented as m((ag, (gys Cay) With
(Cags C8y: Cay) € Hi(Map I Mgy I Mey, Z) / Tors.

We may then define

i, HE(Z, e, By, tlar,,) — HE(S, o, 7, u, ¢, )

fgi(x) = fapy (Cap - X) @ Opy +X @ (Cay - Opy)) = Cay * fapy (X @ Opy).
Correspondingly, we may define

P HFY(T;) @ A" (H) (W, Z)Tors) — HFY(T;),  Fil(x @ C) o= 5, ().

It is then implied by [OS06, Lemma 2.6] that the above map is in fact well-defined, and does not
depend on the representation of ¢ as m(Cag, sy, Cay). After composing with the maps f(l\f/li and fg/g
we obtain an induced map, which may be denoted by

fo s HFM(T) ® A*(Hy(W, Z)/Tors) —s HFM(T7).

We may then follow the steps taken in [OS06] to show the invariance of the map f and show that
f(l\j/ﬂ is also well-defined.
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7.5. Relative Spin® structures and the cobordism map. Suppose W = (W, F) is a stable
cobordism from a balanced tangle (M°,T°) to a balanced tangle (M, 7). Let (X% 7%) be the
sutured manifold associated with (M?, T?) for i = 0, 1. Specifically, X* = M*\ nd(T") for a tubular
neighborhood nd(T*) around T*. Moreover, if T% = H?ZIT]?', then 7¢ = Hlerj where T; C Ond(T?)
is the meridian of T]’ for each 1 < j < k.

Denote the Poincaré dual of the homology class [Tj’] € Hi(X',Z) by Xé‘ € H?(X',0X",7Z). Recall
that the set of relative Spin® classes on (M*, T%), denoted by Spin(M?, T?), is an affine space over
H2(X?,0X% Z) and sits in the exact sequence

0 <X§ |1<j<k), — Spin®(M*, T") — Spin¢(M") — 0.

The surface F induces an equivalence relation on the components of T% by setting T]Z ~ T,i if they
are subsets of the boundary of the same component of F'. Let

i = (X — x¢ | T} ~ T}y C H*(X",0X",Z)
and define

— Spin¢(M*, T? - H?(X' 0X',Z
(7) Sping(M*,T") := Spin“(M", T") and Hf := H (X', 0X%,2) )
Consequently7 if /= 7L, Fy, each component Fj of F' determines a equivalence class in H’F,
denoted by 7;.

Correspondingly, this equivalence relation specifies an F-algebra (F = Z/27Z), denoted by Ap,
which is isomorphic to a quotient of A; = Ay, 1) ®z F by the ideal determined by ~. More
precisely, consider the polynomial ring Fluy, ..., u,]. If 9t M° =11%_, S~ and 0~ M° = Hé»:lS]‘.",
then

O, W =1;_,5; x[0,1] and gfW =1I,_, 5] x [0,1].
Associated with any connected component of 9,W, we define

uio= J[ w for 1<i<k , ufi= J[ w for 1<i<l
F;nS; #0 F;nSf#0

If we set u™ = 3% u” and ut = 31w, it follows that

Flug, ..., up]
(7 [ 9(87) > 0) + (ui” | g(S]") > 0) + (uF —u~)
The map up : m(F) — Ap mapping F; tou; fori =1,...,m, is an Ap-coloring on (W, F'). Thus,
C = [W,F,t,ur] is an Ap-cobordism for every t € Spin®(W). Let u’ : mo(T") — Ap denote the

A p-coloring 'induced by up on (M;,T;). Associated with this coloring, there is a natural filtration
on Ar by Hf defined by

(8) AF =

m

> agm,

X' GlAp) - Hp = H*(X',0X°,2)  x(J]uy) =
j=1 j=1

see [AETS, Section 3.2]. Thus, for any Spin® class 5° € Spin®(M*) we have
HF (M, T ', u') = EB HF (M, T s', u")
s*€5'CSping, (M*,T)
Lemma 7.7. Consider the Ap-cobordism C = [W, F,t,ur] as above and let 5° = |30 and s' = t|p1.

Suppose that for an element x in HF(M°, T, s° u%) with s° € s° we have fo(x) € HF (MY, T, s, ul)
where s' € s'. Then, §¢ induces the maps

m m
fo : HRE(MO, 7% 8" + > ajnd,u’) - HR(M', T", 8" + ) ajnj,u'),
j=1 j=1

for every choice of ay,...,am € Z.
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Proof. It is enough to prove the lemma in the case where (W, F') is determined by (I, S), for an
acceptable set of framed arcs I and a framed link S. Let

H = (E,a,,@,’y,t,up)
be an A p-diagram for C whose underlying Heegaard triple is subordinate to (I, S). Further, assume
that the distinguished generator ©g, is represented by an intersection point 63, € TgNT, and the
marked points in z are labelled such that z; corresponds to TZ-O. Consider the intersection points
x,y € To NTpg and let

m
0
s(y) —s(x) =Y anf,
j=1
where a; € Z for all j. Here, abusing the notation s(-) denotes the equivalence class of the
relative Spin® structure represented by the corresponding generator. Let A, € ma(x,©3,,%’) and
Ay € m(y,0sy,y’) be triangle classes representing the Spin® structure t for some x’,y’ € T, N T,.
Then, there are disks ¢ € ma(y,x) and ¢ € ma(x’,y’) such that A, = ¢px Ay x1p. Since aj = n;(¢) =
ZTZ.OCQF]- nzi (¢)7

s([Tu™y) = s([T w7 ) = > (m5(A) = ni(An)n} +5(y") — s(x)
i=1 j=1 J=1
j=1 =t
= > ni(emj = > amj
j=1 J=1

where n;j(A,) = ZTocaFj nz,(As) for ¢ = z,y and n;(¢) = ETocaFj n,(¢). This completes the
proof of lemma. O
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8. APPLICATIONS AND SPECIAL CASES

8.1. Cobordisms between closed 3-manifolds. Let ) = (Y, p) be an oriented, closed 3-manifold
Y with a based point p € Y. Associated with ), there is a balanced tangle (Y}, T},) defined as
follows. Let p_,p+ € Y be points close to p and T' C Y be an embedded oriented arc passing
through p such that =7 = p_ and 07T = py. Then, Y, is constructed by removing small disjoint
balls (also disjoint from p) around p_ and py and T, = T NY,. Note that 7Y, and 97Y), are
the boundary of spheres around p_ and p,, respectively, and 7T, has one connected component.
So, there is an obvious F[u]-coloring on (Y, T},) labeling T}, by u. Here, as before F = Z/27. Let
Tys = (Yp, Tp, 5,up) for every s € Spin“(Y).

Definition 8.1. Let Y = (Y,p) and )’ = (Y',p’) be oriented, closed, based 3-manifolds. A
decorated cobordism X = (X,0) from Y to )’ is a smooth, oriented 4-manifold X with 0X =
—Y 'Y’ and a properly embedded arc ¢ C X such that 9o = pIIp/.

Associated with any decorated cobordism X = (X, o) from Y = (Y,p) to )’ = (Y, p) one may
construct a stable cobordism (X, F,;) from (Y}, T},) to (Y, T}), as follows. Let T'C Y and 7" C Y’
be embedded, oriented arcs containing p and p’ respectively, and let 9*T = p, and 9°T' = p)
for @ = 4, —. Consider parallel disjoint copies of o in X, denoted by o~ and o, such that
do~ =p_1p. , ot =py Mp/, and 0~ UT'Uot UT bounds an embedded disk D in X. Then,
X, is obtained from X by removing small, disjoint tubular neighborhoods around ¢~ and o™,
while F, = D N X,. Let u, denote the Flu]-coloring on (X,, F,;) which labels F, by u, and set
Cx = (Xo, Fy,t,u,) for every t € Spin®(X).

For every closed, oriented, based 3-manifold J = (Y, p) and every s € Spin®(Y’), the homology
groups HFM(73;75), for M equal to I, Flu], IF[%] or Flu, %], are equal to P/IF(Y,S;IF), HF~ (Y,s; F),
HF (Y, s;F) and HF> (Y, s; F), respectively. Moreover, for every decorated cobordism X = (X, o)
from (Y,p) to (Y',p') and every Spin® structure t € Spin®(X), the cobordism map %/Em is the

cobordism map of Ozsvith and Szabd in any of the aforementioned cases.

8.2. Functoriality of link Floer homology. Another important example of A-tangles is given
by multi-pointed links.

Definition 8.2. A multi-pointed link is a triple £ = (Y, L,p) where L is an oriented link in a
closed, connected, oriented 3-manifold Y together with a finite set p C L of based points such that
every component of L contains at least one base point.

Associated with any multi-pointed link £ = (Y, L,p) we define a balanced tangle (Y, Lp) as
follows. Assume p = {p1,...,pn} and consider n pairwise of disjoint arc segments I = II?" |I; in
L such that p; € I;. Using the orientation induced from L on I, let p_ = &I and p; = O11.
Then, Y}, is obtained from Y by removing small disjoint ball neighborhoods around the points in
p— and p4 and 0°Y, C 0Y} is the union of sphere boundary components around p, for ¢ = +, —.
Furthermore,

Lp=—((I\N) N Yp) IL(INY,).

Definition 8.3. A decorated cobordism from L = (Y,L,p) to L' = (Y',L',p’) is a triple F =
(X, F,0) as follows.

(1) X is a smooth, oriented 4-manifold with 0X = —-Y ITY".

(2) F C X is a smoothly embedded, oriented surface such that 0F = —L 1T L'.

(3) o C F is a union of embedded, pairwise disjoint, oriented arcs such that 9~ o = p, to = p

and every component of F'\ o with positive genus intersects more than one component of
L\pand L'\ p'

To any decorated cobordism F = (X, F,o) from £ = (Y,L,p) to L = (Y',L',p’), we assign
a cobordism (X, Fiy) from the tangle (Yp, Lp) to (Y, L;,). We choose the labeling for p =
a7 ,pi,p’ =" ,p, and 0 = I, 0; such that do; = p; I p} for all 1 < i < n. Let I =1I" ;I; and

/
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I' = 11", I} where I; C L and I/ C L' are connected segments containing p; and p}, respectively.
Let
Pe = 0°I =1II" ;p;je and p, =01 =11} p,

where p;je = 0°I; and p}, = 0*I/ for ¢ = — 4. Consider parallel copies o, , ai+ C F of each o; such
that 0o = pje L1 ply for @ = — +. Moreover, o; Uo;” UI; U I/ bounds a disk D; C F containing o;
such that Dy, ..., Dy are pairwise disjoint. Let F° = F'\ (I} D;) = II7"; F}. For each 1 <i <mn,
m?® (i) is defined such that of C 8F7%.(i) where e = +, —

Then, X, is constructed from X by removing disjoint small tubular neighborhood of the arcs
11", (o; Ho;") while

F,=—(F°NX,) I (II},D; N X,).

Abusing the notation, we denote D; N X, by D; and F;’ N X, by F? where F° = ]_[;-”le;’. The
algebra associated to the cobordism (X,, Fy), defined as in Equation is equal to

F[Dl,. ey D, Uy, .,un]
D i1 Wil (i) — Doy Wil (i)
and the map u, : mo(F,) — A, defined by

u(F;):Uj 1§j§m
u(DZ) =U;

A:

is an A-coloring on (X,, Fy;). So, Cry = [Wy, Fy, t,u,] is an A-cobordism for every t € Spin®(X).

Let T (respectively T o) denote the A-tangle obtained from equipping (Yp, Lp) (respectively

(Y, Ly,)) with the coloring induced from u, and the Spin® structure s = t[y (respectively s’ = t|y).
Then for every A-module M we have an A-homomorphism

joo HEY(Tz o) — HEY(Tzr o).

For M = A, following the discussions of Section the chain complexes CF (7, ) and CF (T o)
are (A, Hp) and (A, HY%) filtered chain complexes where Hy and H/ are defined as in Equation
Moreover, the cobordism map fc,, preserves the relative filtration in the sense of Lemma @ In
particular, for Ml = Fluy,...,u,] which has the structure of an A-module via the homomorphism
¢ : A — M which maps all v; to zero, we obtain an invariant homomorphism

fre= ot D HFL™(Y, L, p,s) = HFL™(Y', L, p',s').
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