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Generating series of a new class of
orthogonal Shimura varieties

Eugenia Rosu and Dylan Yott

For a new class of Shimura varieties of orthogonal type over a totally real number field, we construct
special cycles and show the modularity of Kudla’s generating series in the cohomology group.

1. Introduction

For Hilbert modular surfaces, Hirzebruch and Zagier [1976] showed that certain generating series that
have as coefficients the Hirzebruch—Zagier divisors are modular forms of weight 1. Further inspired by
this work, Gross, Kohnen and Zagier [Gross et al. 1987] showed that a generating series that has Heegner
divisors as coefficients is modular of weight % This approach is unified by Borcherds [1999], who showed
more generally the modularity of generating series with Heegner divisor classes as coefficients in the
Picard group over Q.

Kudla and Millson extended the results to Shimura varieties of orthogonal type over a totally real
number field and showed the modularity in the cohomology group in [Kudla 1997a], based on work from
[Kudla and Millson 1986; 1987; 1990]. This is further extended by Yuan, Zhang and Zhang [Yuan et al.
2009], who showed the modularity of the generating series in the Chow group.

In the current paper, inspired by the above work of Kudla and Millson, we construct special cycles on
a different Shimura variety of orthogonal type over a totally real number field F and show the modularity
of Kudla’s generating series in the cohomology group.

We consider the Shimura variety corresponding to the reductive group Resr,q G, where G = GSpin(V')
is the GSpin group for V' a quadratic space over a totally real number field F, [F : Q] =d. We choose V
of signature (n, 2) at e real places and signature (n 4 2, 0) at the remaining d — e places. Kudla, Millson
and Yuan, Zhang, Zhang have treated the case of ¢ = 1, while we allow e € {1, ..., d}.

If e > 1, there is no simpler divisor case, which makes the analysis much harder. In particular, there is
a very technical convergence issue that does not appear in the work of Kudla and Millson.

We present now the setting of the paper. For F be a totally real field with real embeddings o1, ... 0y, let
A = Ar be the ring of adeles of F and let V be a quadratic space over F of signature (n, 2) at the infinite
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places o1, ..., 0, and of signature (n + 2, 0) elsewhere. Let G denote the reductive group GSpin(V)
over F. We define the hermitian symmetric domain D corresponding to G to be

D=D; xDyx...xD,,

where D; is the Hermitian symmetric domain of oriented negative definite 2-planes in V;, =V ®4, R.
Then (Resr/q G, D) is a Shimura datum and for any open compact subgroup K of G(Ay), this gives
us the complex Shimura variety

My (C) ~G(F)\D x G(As)/K.

Fori =1,...,e welet Lp, be the complex line bundle corresponding to the points of D;. We also
define the projections maps p; : D — D; and then the line bundles p}Lp, € Pic(D) descend to line
bundles Lk ; € Pic(Mg) ® Q.

Let W be a totally positive subspace of V, meaning that W,, = W ®,, R is a positive subspace of
V,. =V ®,, R for all places 1 <i < d. We define Vjy = W+ to be the space of vectors in V that are
orthogonal to W, Gw = GSpin(Vw) and Dy = Dy 1 X --- X Dy . the Hermitian symmetric domain
associated to Gy, where Dy ; consists of the lines in D; perpendicular to W. We actually have the natural
identifications

Gw={geG:gw=w,VweVy}, Dyw={(t;,...,T.)eD:{w,5) =0, Vwe W,V1 <i <e},

where (-, -) is the inner product corresponding to g;, the quadratic form on Vj,, that extends to V, (C)
by C-linearity.
Then (Resg/o Gw, Dw) is a Shimura datum and we have a morphism

(Resp/o Gw, Dw) — (Respq G, D)

of Shimura data. For K C G(A ) an open compact subgroup and g € G(A ), we can define the complex
Shimura variety,

Mgkt w = Gw(F)\Dw x Gw(Af)/(gKg™ NGw(Ay)).
Moreover, we have an injection of Mg ,-1 y into Mg given by
Mygo-1w —> Mk, [T, h]— [T, hg].

We define the cycle Z(W, g)x to be the image of the morphism above. Note that Z(W, g)k is
represented by the subset Dy x Gw (Ay)gK of D x G(Ay).

Now let x = (xq, ..., x,) € V(F)" and let U (x) := Spany{xi, ..., x,} be a subspace of V. Then we
define Kudla’s special cycles:

Z(U(x), )k ((=D)¢ci(LY ) -+ -er(Ly ) 4™V if U(x) is totally positive,
0 otherwise.

Z(X, g)K == i



Generating series of a new class of orthogonal Shimura varieties 2745

Here c¢; denotes the Chern class of a line bundle. We will also use the notation G, := Gy,
Dy := Dy (x), Vx := Vy(x). Note thatif x = (x1, ..., x,) € V(F)", we have G, = G,, N---NGy,,, as well
as Dy =D, N---ND,,.

Now we will define Kudla’s generating function. For any Schwartz—Bruhat functions ¢ » € S(V" (A f))K
and g’ in §f)2, (A), where §f)2, (A) is the metaplectic cover of the symplectic group Sp,, (A), we define

the generating series

Z@g ¢p)= > r(gpd (8 V) Wr () (8h) Z(x, &)k -

xeG(F\V" geG(A\G(Af)/K

Here r is the Weil representation of §f)2r (A) x O(Vy), where T (x) = %((xi, XiDi<i,j<r € M, (F) is the
intersection matrix of x, and Wr(y) is the standard Whittaker function for 7' (x). Note that when e =1,
for g =Id and a careful choice of g/, we recover the generating series presented in [Yuan et al. 2009].

The following is the main theorem of the paper:

Theorem 1.1. Let ¢y € S(V" (Af))K be any Schwartz—Bruhat function invariant under K. Then the
series [Z(g', ¢ )] is an automorphic form, discrete of parallel weight 1 + 5 for g’ € §f)2r (A) and valued
in H**" (Mg, C).

By modularity here we mean that, for any linear function / : H>*" (M, C) — C, the generating series
obtained by acting via [ on the cohomology classes of the special cycles

1Z@ ¢N= Y, > r(@pd e DO Wreo (ge)(Z(x, 8)k)-
XeG(FO\V" geG(A\GAy)/K
is absolutely convergent and an automorphic form with coefficients in C in the usual sense.

The case e = 1 was proved by Kudla and Millson in [Kudla 1997a], based on [Kudla and Millson 1986;
1987; 1990]. Yuan, Zhang and Zhang [Yuan et al. 2009] proved further the modularity of Z(g’, ¢ ) in
the Chow group. One can further conjecture that for e > 1 the series Z(g’, ¢ ) is an automorphic form,
discrete of weight 1 4 % for g’ € §f)2r (A) valued in CH® (M )c. This is out of reach at the moment, but
one can expect to extend the methods of Borcherds [1999] to show the modularity in the Chow group.

We will present now the ideas of the proof. We prove the cases e > 1 by extending the ideas of Kudla
and Millson. For each cycle Z(x, g) we want to construct a Green current 1(x, g) of Z(x, g) in Mg (C).
Via the isomorphism H, 31‘{ (Xg,C) ~ Hzlfy(n_l) (Xk, C), where the former is de Rham cohomology while
the latter is Borel-Moore cohomology, we have the identification of cohomology classes

[Z(x, &)] = [w(n(x, g))],

where w(n(x, g)) is the Chern form corresponding to the Green current 1(x, g).
Letx € V(F)" such that U (x) :=Spang{xy, ..., x,} is a totally positive definite k-subspace of V. Define

x' = xg)

such that x| = x;,, ..., x;, =x; with 1 <ij <--- <i; <r the smallest indices for which U (x") = U (x).
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We take the currents defined by Kudla and Millson ng (x}, 7;) of ij’ ;in Di,where 1 < j <k, 1 <i<e.
Taking further the *-product of the currents g (x;., 7;) for 1 <i <e, we get a Green current of D, ; in D;:

m(x’, 7)) = no(xy, w) * no(xy, T) * - - - % no(xy, 7).
Taking the pullbacks via the projections p; : D — D; and taking the *-product, we obtain a Green current
of Dy in D:
M, &)= pim (', 1) * pym (', 1) x -k prm (¥, o).

Furthermore, we average the current 1, (x’, ) on a lattice to get

me, g = Y mW,yDle@nek (vh),
Y EG(FO\G(F)

which is a Green current for G(F)(D, x Gx(Ay)gK/K) in D x G(Ay)/K. Showing the convergence of
the sum in the definition n3(x’, t; g, h) represents the most technical part of the proof and it is treated in
Section 3G.

As n3(x’, T; g, h) is invariant under the left action of G(F), n3(x’, t; g, h) descends to a Green current
na(x’,t;g,h) of Z(U(x), g) g in Mg. Here G(F)(t,h)K € M.

Taking the Chern forms, the x-product turns into wedge product and the averages, as well as the
pullbacks, are preserved. wy (x}, 7;) is the Chern form of 5 (x}, 7;) that is defined by Kudla and Millson
in [Kudla 1997a], based on work from [Kudla and Millson 1986; 1987; 1990]. Furthermore, we have that

(,()l(x/, T[) = (,()()(Xl, Ti) AREE /\a)o(-x}/@ Tl')a
wr(x', 1) = plo1(x', ) A psor (X, ) A A pion (], 1)
are the Chern forms of 77 (x’, 7;) and i, (x’, T) respectively, and that
o3 T = Y o yD)lG, ek (Yh)
yeG(F\G(F)

is the Chern form of the Green current n3(x’, 7; g, ). Finally, w3(x’, ; g, h) descends to w4 (x’, 7; g, h)
corresponding to the divisor Z(U (x), g)x in Mg and is the Chern form of n4(x’, 7; g, h).

We defined above ws, w3 and w4 for x’ € V(F)* with dimU (x') = k. We actually can extend the
definitions of w,, w3 and wy for x € V(F)" when dim U (x) < r as well. For x € V(F)", if dim U (x) =k,
we have the equality of cohomology classes [Z(U (x), g)] = [w4(x', T; g, h)] in H?***(Mg, C) and we
can actually show further that we also have

[Z(x, )] =[ws(x,T; g, h)]

in H?*" (Mg, C). Plugging in [w4(x, T; g, h)] for the cohomology class of [Z(x, g)], we take the pull-
back p* of the natural projection map p : D x G(Ay)/K — Mk and unwind the sums. Then we get

PZ(g. $)]= Z r(gp)¢r )W (gs)wi(x, 7). )

xeV(F)"
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It is enough to show that (1) is an automorphic form with values in H 2er (D x G(A )/ K, C). We show
this using the properties of the Kudla—Millson form on the weight of each individual wg(x, 7;), as we can
rewrite (1) as

PZE = > r&perre) e P (x, 1)),

xeV(F)"
and the right-hand side is a theta function of weight (n + 2)/2 with values in H 2er(D x G(A /K, C);
thus it is automorphic.
2. Background

2A. Complex geometry. We will recall now some background from complex geometry (see for example
[Chriss and Ginzburg 1997; Griffiths and Harris 1978]).

Let X be a connected compact complex manifold of dimension m. Suppose Y is a closed compact
complex submanifold of codimension d. Then Y has no boundary and is thus a 2(m — d) chain in X. We
can take the class of Y to be [Y] € Hy,—q)(X, C). Note that we have the perfect pairing

Hym-a)(X. C) x Hy"~?(X.C) > C,
given by (Y, ) — [, n. Thus Hygu—a)(X, C) = H;,(em_d)(X , ©)V. We also have the perfect pairing
H" (X, C) x HA(X,C) — C,

given by (1, ®) — f x 1A . Thus H;Igm_d)(X ,0)Y ~ Hjl‘g(X , C). We can compose these isomorphisms
to get

Hm-a)(X, ©) = Hig (X, ©). 2)
For X noncompact, we similarly can take the isomorphism
HEM (X, C) = Hpy'~P(X, ©)Y = H4(X, ©), 3)

where the first group is the Borel-Moore homology, which allows infinite linear combinations of simplexes,
while the second group is the de Rham cohomology with compact support, which uses closed differential
forms with compact support.

Now for Y a closed submanifold of X, in light of the above isomorphisms, a closed 2d-form w on X in
H % (X, C) represents the class [Y] in Hy(,—q)(X, C) (respectively Hzli%_ ) (X, C) when X noncompact),

if and only if
fre oo
Y X

If X is not connected, we restrict the above to each of the connected components.

for any closed 2(m — d) form n on X.
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2B. Green currents and Chern forms. We recall some background on Green currents, following mainly
[Gillet and Soulé 1990].

Let X be a quasiprojective complex manifold of dimension m. We define A”*4(X) and AZ*? (X) to be the
spaces of (p, gq)-differential forms and (p, g)-differential forms with compact support, respectively. Let
D, ,(X)= AP (X)* be the space of functionals that are continuous in the sense of de Rham [1955]. That
is, for a sequence {w,} € A”9(X) with support contained in a compact set K C X and for T € D, ,(X),
we must have T (w,) — 0 if o, — 0, meaning that the coefficients of w, and finitely many of their
derivatives tend uniformly to O.

We also recall the differential operators

1 _ o
d=03+9, d°=—(@0—3), dd°=-03.
47 27

2B1. Currents. We define DP4 := D,,_, ,,_, the space of (p, g)-currents. Then we have an inclusion
AP (X) — DP9(X) given by w — [w], where we define the current

[w](a):/ oA, “4)
X

for any o € A¢ 7" (X)),
For Y C X a closed complex submanifold of dimension p, let¢: Y < X be the natural inclusion and

(Sy((x):/L*a,
Y

we also define a current §y € D?°P(X) by

for any o € Ag PP,

Definition 2.1. A Green current for a codimension p analytic subvariety ¥ C X is a current g €
DP~1-P=1(X) such that

dd‘g +dy = [wy] (&)

for some smooth form wy € AP-P(X).

m—p,m—
nTPMTP e have

fgdd”n=/wyAn—/n-
X X Y

It implies that for a closed form with compact support 1 the left-hand side equals 0, and thus

This means for n € A

[xywy An = [,n. Thus for g a Green current of ¥ in X, we have as cohomology classes in the
isomorphism (3):

[Y]=[wy].
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2B2. Green functions and Green forms. One natural way to obtain Green currents is from Green functions.
For Y C X a closed compact submanifold of codimension 1, a Green function of Y is a smooth function

g: X\Y - R

which has a logarithmic singularity along Y. This means that, for any pair (U, fy) with U C X open and
fv : U — C a holomorphic function such that Y N U is defined by fy = 0, the function

g+log|ful>: UN(YNU)— R

extends uniquely to a smooth function on U.

This definition can be extended for ¥ C X a closed complex submanifold of codimension p of X.
We can define smooth forms gy € AP~1:P~1(X) of logarithmic type along Y such that the current
[gy] € pr—l.p=l given as in (4) by

lgy](n) = / nAgy,
X

is a Green current. We call such smooth forms Green forms of Y in X. We will occasionally abuse
notation and use gy for both the Green form and the Green current corresponding to gy.

2B3. Chern forms. Now let g be a Green function of Y C X, for Y a divisor on X. For U C X let fy =0
be the local defining equation of U N Y. We define locally

wy =dd*(g +log | ful?).

By gluing together all wy we get a differentiable form wy over X. We call this the Chern form associated
to the Green function g. In general for Y of codimension p in X, for a Green form gy of ¥ in X we
call wy the Chern form corresponding to gy.

2B4. Star product. Another natural way to get Green currents is by taking their x-product. For Y, Z
closed irreducible subvarieties of a smooth variety X such that Y and Z intersect properly, let gy, gz
Green forms of Y and Z, respectively. Then the x-product [gy] * [g~] is defined by Gillet and Soulé
[1990] to be

gyl *[gz]l =[gvINdz +wyl A gz, (6)

where [wy] A gz(n) = fx nAwy Agz and [gy] Adz = mu[m*gy], where & : Z — X is the embedding
map. For the definition of pushforwards of currents see [Gillet and Soulé 1990]. We can also define
similarly the *-product [gy]* Gz for gy a Green form of ¥ and Gz a Green current for Z (see [Gillet
and Soulé 1990])).

Moreover, from [Soulé 1992, Theorem 4, p. 50], when Y and Z have the Serre intersection multiplicity 1,
we have that [gy] = [gz] is a Green current for Y N Z and

dd ([gyl*[gz]) = [wy Awz] —éynz. (7
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2BS. Pullback. Also from [Soulé 1992, (3.2, p. 50)] for Z an irreducible smooth projective complex vari-
ety such that f: Z — X is amap with f~'(Y) # Z, if gy is a Green form of logarithmic type along ¥, f*gy
is a Green form of logarithmic type along f~!(Y). We define the pullback of currents f*[gy]:=[f*gy]
and, when the components of f~!(Y) have Serre intersection multiplicity 1, the current f*[gy] satisfies

dd’ f*[gyl+8-1y) =[fF oyl )
3. Construction of Green currents and Chern forms

In this section we construct a Green current of Z(U, g)k in Mg for U a totally positive subspace of V (F).

3A. The Shimura variety. Recall oy, ..., o, are the embeddings of F into R and let (V, ¢) be a quadratic

space such that V,, =V ®,, R, has signature (n, 2) for 1 <i < e and signature (n 4 2, 0) otherwise. V

has the inner product given by (x, y) =g (x +y) —q(x) — g(y). This can be naturally extended to V,, at

each place o; for 1 <i <d, and we denote by ¢g; the quadratic form corresponding to this inner product.
We defined in the introduction the Hermitian symmetric domain

D =D;x---xD,,

where D; consists of all the oriented negative definite planes in V,,,. We can actually write explicitly the
definition of D; as

D ={v €V, (C): (v,v) =0, (v,0) <0}/C* CP(V;(C)),

where (-, -) is the inner product corresponding to ¢; that extends to V, (C) by C-linearity, and v — v is
the involution on V, (C) = V,, ®r C induced by complex conjugation on C.

We now recall the definition of GSpin(V). Let (V, g) be a quadratic space over F and C(V, q) =
(@k V®k) /1 be the Clifford algebra of (V, g), where we are taking the quotient by the ideal I =
{glv) —v®v|ve V]

Then C(V, ¢) has dimension 29™() and we have a Z-grading on T'(V) = D, Ve The map V — V,
v — —v naturally extends to an algebra automorphism o : C(V, g) — C(V, g). Then there is a natural
Z/27Z-grading on C(V, q) given by C(V, q) = Co(V,q) ® C1(V, q), where

Ci(V.q)={xeC(V.q) ta(x) = (=D)'x}, i=0,1.
We naturally have V C C1(V, q). Then we can define the GSpin group of V:
GSpin(V) = {g € Co(V.q)* | gVg ™' = V}.

We denote G = GSpin(V') and note that G acts on V by conjugation. The group Resr,q G is reductive
over Q and the pair (Resr/g G, D) is a Shimura datum. For K C G(Ar) an open compact subgroup, this
gives us the complex Shimura variety

Mk (C) ~G(F)\D x G(As)/K.

For more details on the Shimura variety Mg see [Shih 1978].
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We also define the complex line bundle L p, to be the restriction to D; of the tautological complex line
bundle on P(V;, (C)). Then for the projection maps p; : D — D;, we get the line bundles p} L p, € Pic(D),
which further descend to the line bundles Lk ; € Pic(Mg) ® Q over Mg, defined to be

Lk,i=G(F)\(p;Lp, x G(Ay)/K).
3B. Green functions of Dy ; in D;. We first recall how to construct a Green function of D, ; in D;, where
D, ;={tieD,(r,x)=0}.

Let T € D;. It corresponds to a negative definite 2-plane W in V,, and we can write any x € V,, as
X = X; + x,1, where x, € W and x,1. € W+. We define

R(x,7t)=—qi(x¢), ¢q:(x)=¢qi(x)+2R(x, 7).

Note that this implies R(x, t) =0 if and only if T € D, ;. For x # 0 and ¢;(x) < 0, then D, ; is empty,
and the statement that R(x, t) = 0 if and only if T € D, ; is void, thus still true.

In terms of an orthogonal basis we can write T = o 4+ f+/—1 with a, B € Ve, such that (o, ) =0 and
(a, @) = (B, B) <0. Then t corresponds to the negative oriented plane W; = Ra+RgS C V (R), and we have

2 2
R(x,r)=—<x’a> _ A

(a,a) (B, B)

Another important property that we use is R(gx, gt) = R(x, ). This is easily seen in the definition

above as the inner product is invariant under the action of g.
Moreover, we show below that —log(R(x, 7)) is a Green function for D, ; in D;:

Lemma 3.1. For fixed x € V, x #0, and t € D;\ Dy ;, the function —log(R(x, 7)) is a Green function
for Dy ; in D;.

Proof. Recall the line bundle Lp, is the restriction to D; of the tautological complex line bundle on
P(Vs, (C)). It has the fiber L, = tC C V,,(C) and we have a map

sx(t):L; = C, v {x,v).
This defines an element s, (t) € LY. As T varies, we get a map
sx:Dp— Ly, T s:(0).
Then s, is a holomorphic section of the line bundle LZ)I,. This section has a hermitian metric

|(x, v)I?
(v, V)]

where v € L, is any nonzero vector. In terms of an orthogonal basis we can write v =« + f+/—1 such
that (o, 8) =0 and (o, ) = (B, B) < 0. Then

()= e T B e B (x.a) . (x,B)

[, ) + (B, B 2, ) 2B, B) T wa) (BB

llsx (D) I* =

’
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Computing directly gives us R(x, t) = 2||s, (1) |2 It follows by a theorem of Poincaré-Lelong (see

[Soulé 1992, Theorem 2, p. 41]) that —log(R(x, 7)) is a Green function for D, ; in D;. O
For x € V(F), t € D;, we have the Green function defined by Kudla and Millson (see [Kudla 1997a]),
nx,7)=fQ2rR(x, 1)), 9)
where f(t) = — Ei(—t) = ftoo (e7*/x) dx is the exponential integral. Note that
|
f(@)=—log(t) —y —/ dx,
0 X

where y is the Euler—Mascheroni constant. The function f(¢) is smooth on (0, c0), f(¢) + log(¢) is
infinitely differentiable on [0, 00), and f(¢) decays rapidly as t — oco. Thus using Lemma 3.1 we easily
see that n(x, 7) is a Green function of D, ; in D;.

Furthermore, Kudla and Millson have constructed explicitly the Chern form go%f,[ (x,7) of n(x, 7). We
recall its definition and properties in the following section.

Note that we can consider n(x, t) as a restriction to D; of the Green function f Qr|lse)|?) =
fQmr|(x, v)|*/|{v, V)] of Py (Vo) :={v € Py (V5 c)) : (v, x) = 0} inside P(V,, (C)). Then the theory
of Section 2B, in particular the definition of the x-product, hold by restricting to D;.

3C. The Kudla—Millson form ¢,,,. We will now recall some results from [Kudla 1997a], based on
previous work of Kudla and Millson [1986; 1987; 1990]. Our goal is to present explicitly the construction
of the form (pl((}w)

For this section we will use the notation Vi for a quadratic space over R with signature (n, 2),
G = GSpin(Vr) and D the space of oriented negative 2-planes in Vg. We fix a point zg € D and let
K = Stab(zg) be its stabilizer in GSpin(VR). Then

D ~G/K ~S0(n, 2)/(SO(n) x SO(2)).
Let go = Lie(G) be the Lie algebra of G and £y = Lie(K) be the Lie algebra of K. We denote the

complexifications of these lie algebras by g and &, respectively. We also can identify the Lie subalgebra
Po C go given by
po= {(;’T g) :Be MnXZ(R)} = MnXZ(R)-

Moreover, we can give po a complex structure using J = (_01 (1)) € GL,(R) acting as multiplication on the
right. We denote by p and p_ the =i eigenspaces of p. Then we have a Harish-Chandra decomposition

g=t+pi+p_.
Moreover for the space of differential forms of type (a, ) on D we have an isomorphism
(D) ~[C*(G) & A" (3],

where on the right-hand side we have the wedge product /\a’h(p*) = /\api A /\bpi for p7, p* the
dual spaces of p and p_, respectively.
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Recall that §f)2m (R) is the metaplectic cover of Sp,,, (R), and let K’ be the preimage under the projection
map §f)zm(R) — Sp,,,, (R) of the compact subgroup

{(5 1), A+iBeUm)],

1/2

where U (m) is the unitary group. The group K’ has a character det'/~ whose square descends to the

determinant character of U (m).
Then Kudla and Millson constructed a Schwartz form

o™ (x, 7) € (S(VgH @ Q™" (D)),
where S(Vf') is the Schwartz space over V', and by invariance under G we mean
92 (gx, gT) = 2" (x, 7).
We present their result below:
Theorem. There exists an element goo’(m)(x 1) e (S(Vg)® Q™™(D))C with the following properties:
(1) For k' € K’ such that 1(k') = ( B A) under the natural map t szm (R) — Sp,,, (R), we have
r(gp" = (det(k) " ZpRm.
2) d(p;;\;m) =0, ie., for any x € V', the form gaz;vgm)(x, -) is a closed (m, m)-form on D which is
G -invariant.

We define below (p;;m) explicitly following [Kudla 1997a]. The form wl((’ﬁ';)*" is denoted by ¢ in
[Kudla 1997a]. First we will construct (p;h(]).
Note that we have an isomorphism

[S(Vi) ® 21 (D)I° ~ [S(VR) @ A" p*]*

given by evaluating at 7. Recall that we identified the Lie algebra py = {( BT 0) B e M@} x~
M, 2(R). Then we have the differential forms w; ; € Q1(D) = QM0 (D)®Q*(D), 1<i<n, 1</ <2,
defined by the function w; ; € p§, @i j : Po = My x2(R) — R given by the map u = (us)1<5<n,1<1<2 —> Uij-

We first define for x = (x(V, ..., x"*2)) € Vi the form <p1(<2 (x) that is also G-invariant:
(pl((}w)(x) _ e—ZnR(x,zo)( Z 25Dy (J)a) 1AW — — Zw’ N 2) (10)
i,j=1

We further define ¢! (x) to be g m(x) = e‘zmzo(")gol((g(x), and finally, for x = (x, ..., x,) € V"

we define
QU (x) = @0 (X1) A+ A QL) (6m), (11)

as well as

T[_Zlqlo( )
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Recall the Green function n(x, t) = f(2r R(x, 7)), where x € V(F) and t € D;. It has the important
property [Kudla 1997b, Proposition 4.10]

dd“[n(x, )1 +8p,, =[eV(x, )], (12)

where (pl((}; e (S(V)® QL1(D))X is the Schwartz form defined above. This implies that (plgu) (x, ) is the
Chern form corresponding to the Green function n(x, t). Note that (12) is mentioned in [Kudla 2003, Theo-
rem 4.10] for F = Q, but holds in general for F with a fixed real place o; for which Vj, has signature (n, 2).

3D. Averaging of Green currents and their Chern forms. Now let x = (x1, ..., x,) € V(F)" such that
U(x) = Spang{xi, ..., x,} is a totally positive k-subspace of V(F), k <r. Our goal is to construct a
Green current of Z(U (x), g) in Mg and its corresponding Chern form.

We define x" = (x{, ..., x;) such that x{ =x;,, ..., x; = x;, and U(x") = U (x). To make this uniquely
defined, we pick the smallest indices (i, . . . , ix) for which this happens. Note further that as U (x) = U (x),
we also have D, =D,/, V, =V, and G, = G .

For 7; € D; andx;. eV(F)forl <j<r, 1<i<e,wedefine as in (9):

filxj, @) = fQr R}, 1)

that is a Green function of Dx},,' in D;.
We can further fix zo; € D; for 1 <i < e and we define the Kudla—Millson forms (pl((}w) (x}, 7;) €
(S(V)® QUD)HT)G for 7; € D;, x;. € S(V), as in Section 3C, that satisfy the equation

dde[ f;(x}. )] +8p, , =[pl)(x}. 1. (13)

As x{, ..., x; are linearly independent, the submanifolds DX}J intersect properly inside D; and thus
we can take the *-product of the Green functions f; (x}, ;) for 1 < j < k. Denote

mx’, 1) = fi(x], T) ke fi(xg, 7).

Then, from (7), this is a Green current for D, ; = Dy ; = Dyy,i = ﬂl;zl Dx},,- in D; forl <i <e.
As the star product turns into wedge product when we take the Chern forms (see (7)), the Chern form
associated to 71 (x;, ) is going to be
o1, ) =D, ) A A, 7).

KM

Note that w(x/, 7;) = 901(54) (x’, ;) and thus from the definition (6) of the star product, 7, satisfies
dd°Im (', )1+ 8p,, =[e® ', 1. (14)

Let p; : D — D; be the natural projections as before. Then, from (8), p/n;(x, 7;) is a Green function
of p¥ Dy ; in D and the form pfo®) (x', 7;) satisfies

dd[pim &', ) +8p,, = [pfe® ', 1. (15)
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By taking the x-product, for T = (ty, ..., 7.) € D\ D, we define

(', t)=pim G, 1) %% pini (X, 7).

This is a Green current of D, in D. This follows from (8), as the divisors p/ D, ; have Serre’s
intersection multiplicity 1 in D. The Chern form of n,(x’, t) is going to be

wr(x', 1) = plon(x’, T) A A plor (X, T,),

satisfying
dd‘[n(x', )1+ 8p, = [w2(x', -)]. (16)

We further take for (7, h) € D x G(Ay) the average of Green currents:

pE. g = Y mEyDleangk (Yh).
yE€G(F)\G(F)

Note that this can be rewritten as

e, Tig )=y my 'Y, 1),
yely
where I'y, = G, (F)\ G(F)N Gy (Af)gKh_1 is a lattice in G(F'). It is clear from the average that 13 has
a singularity along G(F)(D, x G (Af)gK/K) in D x G(Ay)/K. However, note that it is not obvious
that this function converges. We are actually going to prove in Section 3G the following proposition:

Proposition 3.2. Let x € V(F Y& such that U(x) is a totally positive k-subspace of V (F). Then we have
that the defining sum of n3(x, t; g, h) is absolutely convergent and n3(x, t; g, h) is a Green current of
G(F)(Dy x Gy(Af)gK/K)in D x G(Ay)/K.

This implies that n3(x’, 7; g, h) is a Green current of G(F)(Dx x G, (Af)gK/K)in DxG(Ay)/K. To
get the Chern form we apply dd€ locally and glue all the local forms using again [Soulé 1992, Theorem 4,

p- 50]. This is possible due to the discussion at the end of the proof of Proposition 3.2 in Section 3G.
Then 73 has the Chern form

w3 (x’', g; T, h) = Z wr(y~Y, 1),
143y
where I', = G (F)\G(F)N er(Af)gKh_l as before.
As 73 is invariant under the action of G (F), it descends to a Green current via the projection map
p:DxGAy)/K — Mg to
na(x’, 75 g, h),
where (7, h) represent the class G(F)(t, h)K in M. The Green current condition (5) is also preserved

under the projection map, and the singularity is given by exactly the cycle Z(U (x), g) ¢ inside the Shimura
variety M. Thus we get:
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Proposition 3.3. For x’ defined as above, n4(x', t; g, h) is a Green current of Z(U (x), &)k in M.

Note that w3 (x’, 7; g, h) descends as well to the Chern form w4 (x’, T; g, h) of n4(x’, 7; g, h). Moreover,
the Chern form w3(x’, 7; g, h) is the pullback under the projection map p : D x G(Ay)/K — Mg
of wa(x’, 7):

w3(x’, T8, h) =pros(x’,T; 8, h).

3E. Extending notation. In the previous section we have defined the Chern forms w;, w3, wy for x’ =
(x{,...,x;) with the coordinates x{, ..., x; linearly independent. We want to extend the definition to
x = (x1,...,xx) in V(F)* when the coordinates xi, ..., x; are linearly dependent over F. In order to do
that, we take w (x, 7;) = (pl((';;(x, 7;), w2 (x, T) = piwi1(x, 7)) A -+ - A piwi(x, T,.), and

w3, T8 )= Y oyl apgk (V).
Y €G(F)\G(F)

We will show in Section 3G in Proposition 3.9 that w3 is well-defined.

Also note that for U a totally positive k-dimensional subspace of V (F) we can pick any y =(y1, ..., Yx)
such that U(y) = U and n4(y, 7; g, h) is going to be a Green current of Z(U, g) in Mg with its
corresponding Chern form w4(y, 7; g, h).

We can actually extend the definition of 17, 13, @y, w3 for v € GLi (Foo) when x = (xq, ..., x¢) € V(F)k
such that U (x) is a totally positive k-plane inside of V. We define

m(vx, ) = pini(vix, 71) % - - - % pini(Vex, Te),

where v; = 0;(v) € GLx(R) for 1 <i <e. Note that G,,, = G and D, ; = D, ; forall 1 <i <e and
2 (vx, 7) is a Green form of D, in D.
We define further

mx, gl = > mx, yOle,mpek(vh),
vE€G(F)\G(F)
where n3(vx, 7; g, h) is a Green form of G(F)(Dyx x G (Af)gK/K) in D x G(Ay)/K. The proof of
convergence is similar to the one for n3(x, t; g, h).
The Chern forms of 1, (vx, 7) and n3(vx, T) are going to be, respectively,

wr(vx, T) = plo1(Vix, T A+ A pro) (Vex, Te),

w3(vx, g )= Y wx, ¥y lg.angk (Vh).
YE€G(F)\G(F)
Propositions 3.2 and 3.9 extend as well for n3(vx, t; g, h) and w3(vx, t; g, h), thus they are well
defined. As they are invariant under the action of G (F'), n3 and w3 further descend to the Green current
na(vx, t; g, h) of Z(U(x), g) in Mg that has the corresponding Chern form w4(vx, 7; g, h).
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Moreover, we extend the notation of w,, w3 for x = (xy, ..., xx) with dim U (x) < k by taking

w2 (vx, T) = plfw1(VIX, T)) A+ A pro; (Vex, Te),

w3(vx,Tig )= Y ox, yD)lgapgk (Vh).
YEG(FO\G(F)

Proposition 3.9 extends as well, making w3 well-defined in general.
3F. Chern forms for x = 0. Recall that we defined in Section 3A the line bundles Lk ; € Pic(Mk ;) ® Q.

For x = 0, we claim that we can still define w; for 1 <i < 4 and the same relationships hold as in
Section 3D. Moreover, we are going to have

Z(0, g) = w4(0, 7).

We define the Chern form w; (0, t;) = (—1)’¢1(<’A3 (0, 7;). Here recall
1 n
0.1 = —5— ) wj1 Awj(T)
j=1

and ) (0, 7;) = N9 (0, 7;) as defined in Section 3C.
Lemma 3.4. ¢0)(0, 1) = —ci (L)), for1 <i <e.

This is Corollary 4.12 in [Kudla 2003]. Kudla considers F = @, but the result is unchanged for a
totally real number field F* with a fixed embedding o; into R such that V,;, has signature (n, 2).

Thus from Lemma 3.4 we have w;(0, 7;) = (—1)"¢; (LZ,I,)’. Then as before we define w,(0, ) =
pio1(0, T)A---Apiwi(0, T.). Note that w»(0, 7) = (—1)’epTcl(LX)l)’/\- . -/\pjcl(LBe)’. Furthermore,
as Go = G, when we average over ', = Go(F) \ (G(F)N GO(Af)gKh_l) we get

w3(0, 7; 8, h) = w2(0, 7).
Moreover, we have as before w3 (0, ) = p*w4(0, T), and thus
w4(0,7) = (=) p*pici(Lp) - p*pier(Lp)" = (=D ci(Lg),
where ¢ (Ly) := cl(L}’l) ---c1(Lg ). Finally, note that w4 (0, 7) is exactly the cycle Z(0, g)k in M.

3G. Convergence of n3(x, T35 g, h) and w3(x, 5 g, h). Now we are ready to show the convergence of
n3(x, t; g, h). More precisely, we are going to prove Proposition 3.2.

Before we continue, we mention two short lemmas that tell us about the behavior of R(x, 7) when t
varies in a compact set in D; and x varies in a lattice. The first lemma tells us that the quadratic forms g,
bound each other:

Lemma 3.5. Let K; C D; be a compact set. Fix tg € K;. Then there exist ¢, d > 0 such that
€qry(x) < qr(x) < dqr(x)
forall T € K;.
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Proof. Let v € K; and x € V, x # 0. Consider the function ¢ : K; X {x € V | g,(x) = 1} = R,
¥ (T, x) = g (x). Since g, is positive definite, the set of vectors of norm 1 is a sphere and thus compact.
Hence the domain is compact and thus the image is compact, and thus bounded. Since x # 0, it must also
be bounded away from 0. Thus we can find constants ¢, d such that

<d

o F )
c‘q(\/qmoc) =

and cqq,(x) < g (x) < dgy (x) as desired. Il

The second lemma tells us how R(x, t) increases when x varies in a lattice:

Lemma 3.6. For a compact set Ko C D and a lattice ' C G(F), there are only finitely many y € I such
that R(y ~'x, ;) < N forany t = (11, ..., t.) € Ko. More precisely, if dim V = n + 2, we have at most
O(N"* Yy suchy eT.

Proof. Fix some 79 € Ko N D;. If for y € I'x we have R(y, 7;) = (g, (y) — a)/2 < N, then from the
previous lemma this implies that there exists ¢ > 0 such that g, (y) < (a +2N)/c. Thus y lies in a
(n+2)-dimensional sphere in V of radius +/(a +2N)/c. The result follows. [

Now we want to compute the summands of

m, g T =Y pimy T x T pymy T x, w) x e x pine(y T x, 1), (17)
yel"h

where 'y = G, (F)\ G(F) N Gx(Af)gthl. Recall ni(x, t;) = no(x1, t) * - - - * no(xx, i), where

no(x, 7)) = f2r R(x, 7;)).
We compute first the general formula for the *-product of N Green currents:

Lemma 3.7. Let fi, ..., fn Green forms for the cycles Y1, ..., Yy inside X, chosen such that the star
product [ fi] *---x[fn] is well-defined. Let ¢1, ..., N be their corresponding Chern forms. Then we
have the x-product of N -terms:

N
[fl]*[fZ]*"'*[fN]:Z(pl/\"’(/)j—l/\[fj]/\SYH]A"‘/\(SYN-
j=1

Proof. We denote 3,',]' =i Adiy1 '-‘/\(Sj, Qi,j =QiN - NQj fori < j and we take 31',]' =@ij= 1 for
i > j. We show the result by induction. For n = 2, we have [ f{]*[f2] = f1 Ad2 + @1 A fo. Assume the
result is true for n. Then we have

n+1

[l [fsl% e furr =D @21 ALIA kg1t

k=2
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By definition, we have

LAl* D131 %[ far1]D) = [[il Ad2np1 F @1 A2 %[ f3] %% [ fug1])

n+1
= [f1l A B2.n41) + Z ©1 NP2 i—1 ALl Ak 1,041
k=2
This is exactly Zz:} @1 k=1 AL fx] A Sk+1.n+1 Which finishes the proof.
We want to apply the above lemma to each of the x-products summands in (17) that define 7n3:

pino(y " xr, r) k- pino(y i, T) x-k pEne (v T xn, ) k% pEne (v T s Te).

Denote f; = pfno and ¢; = p;wy. Then we get the terms

e k
YD e T A A fily T R T A Sy, (18)

i=1 j=I
where all the terms before f; are the smooth forms ¢ and all the terms following f; are the operators §. [J

Proof of Proposition 3.2. To show the convergence of 13, we need to show that for u a smooth form with
compact support, the integral |, « 13 A i converges, where X = D x G(Ay)/K. Note that we can cover
the compact support supp(w) of p by finitely many open sets and in each of them we can write p in
local coordinates as a linear combination of smooth functions that are bounded inside supp(w). Thus it is
enough to show that the form n3 converges to a smooth form on compacts.

We are interested in averaging the terms (18):

e k
DY oL T A A fily, T A ASpn,
i=1 j=1
for 7 inside a compact set Ko C D, where the average is taken over y = (y1, ..., yx) € I'nx. For the

terms containing at least one §, the terms

1

o1y x T A A fily Ty, T A Abpep,,

are nonzero only for 7, € D,,-1,, .. However, this implies R(y~'xi, 7,) = 0 and this only happens for
finitely many y € I' when t, € K inside a compact from Lemma 3.6. Thus the sum

k e
Fi(x,7)= Z Z Z o1(y T 'xL T A A fily T g, T A Abprp,,

j=1 i=1 yel
Q. jreky’

is finite. This leaves the last term,

B0 =Y oy Lt A Ay nn T A fo(y T e ),
yely

which we treat below in Lemma 3.8. We show that the sum F;(x, ) converges uniformly on compacts to
a smooth form. This finishes the proof of the convergence in Proposition 3.2.
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Note that Fi(x, 7) is a finite sum of forms, while F,(x, t) is the average of wedge products of smooth
forms which converges to a smooth form.

To check the Green current condition (5) is met by n3(x, 7; g, h), again it is enough to check the
condition on compact sets. Note first that 7; € Dy, only for finitely many y € I'yx when 7 is inside
a compact set Ky. For 7; € Dy, then we have a finite sum of terms 7, that satisfy the Green current
condition (5): dd“na(y, T) +dp, ., = [w2(y, 7)]. For all the other terms, we do not have singularities, and
as Zy er, n2(y ~'x, 1) and all its derivatives converge to a smooth form, we can just take dd° to get

dd° Yy m(y 'k ) =) ddm@y ', )= ) oy 'x, 1),

vel, y€lR V€l
giving us the condition (5) for n3. Moreover, note that its Chern form is
-1
w3(x,7;8,h)= Z (Y™ x, T).
)/EFh

This finishes the proof of Proposition 3.2. 0
As promised, we show the convergence of F,(x, T) below:

Lemma 3.8. The average

F(x, 758, 0= Y @1t A AQ1D T A+ AQe(Y1, Te) A+ APe(Vk1, Te) A fo(Vks Te)

yelyx
converges uniformly on compacts to a smooth form.

Proof. Let K¢ be a compact. We are free to discard finitely many terms from our average of the star
product without affecting the convergence, so we discard the terms for which f,(yx, 7.) = 0 on K. For
y= (M ., y@t2:0) coordinates determined by the point z; in Dy ;, we recall the explicit definition
of ;(y, ;) = p} ¢y, (v, i) that we presented in Section 3C:

_ ) . . 1
iy, i) =e ZTFR(yyZO,t)( Z y(s),ly(l),lp;‘(a)s’li AN a),,zi) — ; Z p;-"(a)s,u AN a)s,z,‘)).

1<s,t<n 1<s<n

Thus, in the average, all the terms are of the form

= ;Zl tZ RO70) P2TROK20.0) W0
e f(ykaTe)A /\ (y ) P, Wy 1i /\P, Wy, 21(71)

i=1 j=1

.y
The forms p}wy 1;, p}ws 2 are smooth on Ky and the values of the smooth functions representing them
in local coordinates are bounded inside a compact. As they are independent of y, the convergence of
F>(x, t) reduces to the convergence of

e—1 k—1
-2 Z Z R(Yj 20,)) —27 Z R(y, 20.¢)

Z e == e i fe(Vk, Te) P(y).

yelyx
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Here
1

k
P(y) = l_[ Z Z ()0 (t)t

1 =0

o

is a polynomial of degree 2k(e —1).
Similarly, for computing the derivatives of F>(x, z) we are reduced to computing averages of the wedge

products
mfﬂl(m, TN A mfm(yk, TN W%()’l, Te) A
a
A aRe,kflte(')S&k*l'Fe(pe(yk_]’ Te) A er()’ka Te).
We will break the proof in two main steps below:
Step 1: We claim that it is enough to show that the sums
0 1
Z er()’k,l’e) (19)

yelpx

converge for any integers R, , Se.x > 0.
In order to show this, let us compute first the partial derivatives in 7; of the terms ¢(y;, ;) with
(j,1) # (k,e). We get

d —27R(y},20, )i i
- LT)=e Yj,20,i) § (), 4,(®),iNf
3Rti3S?i(p(yJ 2 Y 0R7;35T;

where f € {0, 1} and 1 < s, < n. Since p;ws 2 A pjw;2; are smooth forms on compacts, the terms

Piws 1i A piogpi(Ti),

9/ (R 7,057) piws 1i A pfayi(t;) are smooth as well. Then the problem reduces to showing that the
coefficients

e=1 k k=1
=2 30 Y R(yj.z00) —2m 30 R(yj.20.) 9
Z e i=1 j=1 e j=1 fe(yka Te)P(y)er(yk, T.)

yelpx
converge on compacts.
We can discard finitely many terms for which we have R(y;, t;) <1 for any pair (i, j) with 1 <i <e
and 1 < j < k. Then we can bound

Z Z(y“)’ DO < (@) + Ry o)™

s,1=1 f=0

Thus we can further bound

|P(y)|<CH H (qi () + R(yj. 20)" .
i en
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By discarding finitely many terms from the lattice, we can bound e~ 2" R0 %) R(y j»20,)" <1, for any

1 <m < n? and then

— ) . 2 2
e~ RO (g (xj) + R(yjy 20.00)" < (qi(xj) + D",

which is a constant. Thus we need to show that the sums

3
/
c' . er(yk, T.)

yel'px

converge for any integers R, , Se.x > 0, as claimed in (19).
Step 2: Now we show the convergence of (19), in two parts.

(1) First we show the case of Zyef‘hx fe(k, To). We have

—27 R(%,7)
¢ < e TTROKT)

JeOQr, Te) < m <

for R(yk, T.) > 1, which happens for all except finitely many yx’s from Lemma 3.6. Furthermore, also
from Lemma 3.6, since there are at most O(Z(”+2)/ 2) vectors Vi in our sum with z < R(y, 7.) <z+1,
we are reduced to the convergence of

(o.¢]

Z eonzZ((n+2)/2)’

z=1

which converges using the integral test.

(2) Now we show the convergence of (19) for the partial derivatives in t, for the term f,(yx, t.). Note
first that we can compute the derivatives:

e 2TROKT) g

0
B_Qfe(yk’ T) = ma R(yk, Te),

e~2TROKT) g

0
H—r_efe(yk,fe) ma_ R(yk, Te)-

In general terms we get
—Ci R(ylm Te)

e fe (s Te) = €T RORT) Z ROk, 1%
e

aR-[ aS_ i(aa,‘,b,‘R)a

where the above is a finite sum, P;(dR, yi) are polynomials in

d

——— Ry, 7o),
aaifgabif_e (yk 8)

and the constants c¢;, d; are integers that satisfy d; > 1, and d; > ¢; > 0. This can be easily shown by
induction.
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Excluding the terms for which R(yx, 7.) < 1, note that if we fix a basis (ey, ..., e,42) for V,,, we have
9 n+2
(J).e\2
—— Ry, 1) = — ———R(e;, 1,),
G ge ROk %) ]Z_;(yk Y S gse Rees o)

thus we can further bound

Rk, te)| < My p(qe(xi) + R(k, 20,e)),

091,07,
where M, ;, is the upper bound of the values
aa‘[eab‘[_e R(ej9 Te)
for 1 < j <n+2and 7, in our compact.
As d; > ¢;, for R(y, t.) = 1, we have
e~ 2mci Rk, )
— <1
(27 R(yk, o))
and using the above bound we have more generally
TRy goz Je Wk T)| = Me 2RO O (R (k. T0)),
e e

where é is a polynomial in R(yx, z0..). Let D be the degree of é and let @)(x) =Y |ay|x" if
0:=> ayx".

Similarly as before, we have at most O (z""*t2/2) values yi such that z < R(yx, 7.) < z+ 1 for 7, inside
a compact, and the above convergence is equivalent to the convergence of

o0

Ze—ZUZZ(ﬂ+2)/2§E)(Z+ 1)’

z=1
which converges by the integral test. g

Now we are also going to show:

Proposition 3.9. For x = (x1, ..., x;) € V(F)X, the form

w3(x.Tig )= Y o yDlg,apgk (vh)
v €GL(F)\G(F)
converges.

Proof. Note that the above statement follows for dim U (x) = k from the proof of Proposition 3.2. For the
general case the proof is similar to that of Lemma 3.8. Using the notation from Lemma 3.8, we can write

0306, T8 ) = Y GOL T A AGIGK T A A@L(L T) A A Qe (Vs Te)-
yerhx
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Using the definition of ¢; (y;, 7;),

(pi(ijfi):e_an(yj’ZOI( Z y(S)l ([)lpl (ws, lt/\a)tZz)__ Z Di (a)s lt/\ws21)>

1<s,t<n 1<s<n

the terms pYwj,1; A p} @y, 1; are independent of y, and we are reduced to the convergence of the coefficients:

e k
Z e—ZnEUER(yj,Z(u)P(y)’
yel'px
where
P =I111 X Yo

i=1 j=11<s,t<n f=0

As in Lemma 3.8, we can bound

> Z(y“)’ 0 < (R(yj.20.0) +qi o))"

1<s,t<n f=0

Moreover, for (i, j) # (e, k), by discarding finitely many terms from the lattice we have R(yx, t.)
large enough and we can bound e 2 RGjTi )R(y i,20)" < 1,forany 1 <m < n2 Thus the convergence
reduces to showing that

Z e_ZHR(yk’ZOVe)(R(yky ZO,K) + qe (xk))nz
yelpx

converges, or equivalently that any of the terms

2 R(Y20.0
Z e RO R (31, 20.0)™,
yerhx

converge for 1 <m < n2 Again we have at most O(Z(”+2)/ 2) values y; such that z < R(yr, 7.) <z+1
for 7, inside a compact, thus the above reduces to the convergence of

Z e*ZﬂZ(Z+1)mZ(n+2)/2’
yel'px

which converges by the integral test. This finishes our proof. 0

4. Modularity of Z(g’, ¢)

We recall now the definition of the standard Whittaker function. Recall from Section 3C that we
defined §f>2, (R) to be the metaplectic cover of Sp,, (R), and K’ the preimage under the projection map
§f)2r([R) — Sp,, (R) of the compact subgroup {(_AB ﬁ), A+iBelU (r)}, where U (r) is the unitary group.
We also defined the character det'/? on K’ whose square descends to the determinant character of U (r).
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For (V4, g4+) a quadratic space over R of signature (n + 2, 0), let ¢ (x4) € S(V) be the standard
Gaussian,

g0—0"_(%_'_) — e—?T tr(x,x)+’

where %(x, X))y = %((xi, Xj)1<i,j<r 1s the intersection matrix of x = (xy, ..., x,) € V| for the inner
product (-, -) given by g+ on V..

Then for x € V] and 8 = %(x, x)+ with 8 in Sym, (R), the group of symmetric r x r matrices, we
define the B-th “holomorphic” Whittaker function

Wg(g) =r(8)¢5 (x),

where g € §f)2r([R) and r is the Weil representation of §f)2r([R) x O(V").
Using the Iwasawa decomposition of §f)2r(|R), we can write each g in the form

g=(01) (5 1)K veGL®* K ek’

and we have
W (g) = det(v) " +2/4e27 U AT gey(k') " +D/2,

where T = u + (v-vT)+/—1 is an element of #,, the Siegel upper half-space of genus r (see [Yuan et al.
2009] for a reference).

We can extend this definition for F,. For g’ = (g})lfjfd € §f)2r(Foo) =]] R éT)Zr([jo), we take

0j:F—
We(gh) = [ Wo,p(g))-
oj:F—R

Moreover, by writing each g’/. = ( (1) ulf )(lg (v.TO)—l )k; using the Iwasawa decomposition and taking
? J

—y 4i(v 0T
Tj=uj+i(v;-v;) as above, we get

Wﬂ (g(;o) — 1_[ det(vj)(n-i-Z)/ZeZni tro;(B)T; det(k})("+2)/2.

UjiF"-)R

Recall from the Introduction that we defined T (x) = %((x,-, Xj))1<i,j<r to be the intersection matrix
in M, (F). Note that for 1 <i < e the intersection matrix 7 (x) is different from the intersection matrix
%(x, x)+ above, for which the inner product (-, -) is positive-definite.

We extend the definition of Wp to o;(8) ¢ Sym, (R) for some 0}, 1 < j <e, by taking Wg(g.,) =0.

For g’ € §f)2r A), p € (S (VA<))K, we defined in the introduction Kudla’s generating series

Zg. )= > > r(&pd (8 X)Wr ) (8h) Z(x. &)k - (20)
xeG(F\V(F) geGx(Ap\GAf)/K

We will show:

Theorem 4.1. The function Z(g', ¢) is an automorphic form parallel of weight 1 +n/2 for g’ € §}32r (A),
¢ € S(VL) with values in H**" (M, C).
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Recall that in H?" (Mg, C) we have [Z(x, g)] = [wa(x, T; g, h) A ((=1)¢c1 (L))" ~*] as cohomology
classes, where c(Ly) = Cl(LEl) .. -cl(Lke). We are actually going to show in Section 4A that
[Z(x, g)] =ws(x, T; g, h)] and we will replace in the sum (20) the cohomology class of the special cycle
Z(x, g) with the cohomology class of w4(x, t; g, h). We are going to show first the following expansion
of the pullback of [Z(g", #)] to D x G(Af)/K:

Lemma 4.2. The pullback of the cohomology class [Z(g', ¢)]1to D x G(Ay)/K is the cohomology class

PZE D= D r)prth X)) Wre(gh)ma(vx, 7),
xeV(F)"

0

where p : D x G(Ay)/K — Mk is the natural projection map and g; = ((1) u )(18 -1 )kl’ is the Iwasawa

decomposition of g; = 0;(g') for 1 <i <d.
We claim that this will imply Theorem 4.1. We will first discuss the pullback of cohomology classes
in Section 4A and we will show Lemma 4.2 and Theorem 4.1 at the end of the section.

4A. Cohomology classes. First we would like to understand better how we take the pullback of the
cohomology classes [w3(x, T; g, h)] to H?*" (D x GAp/K,O).

Note that for x € V(F)" with U(x) a totally positive k-subspace of V, and g € G(Ar), we have
the equality of cohomology classes [Z(U (x), g)] = [w4(x’, g)] in H 2¢k(M g, C) and we can take the
pullback [w3(x', g)] to H**(D x G(A)/K, C). The pullback of (—1)°ci(L}) to H*(D x G(As)/K, C)
is w3 (0, 7).

We are actually going to show that the pullbacks of the Kudla cycles Z(U (x), g)c1 (L%)’_k can be
represented by the cohomology class of [w3(x, g)] in H Zer(D x G(A 7)/K, C) in the lemma below:

Lemma 4.3. In H**" (D x G(Ay)/K, C) we have the equality of cohomology classes:
[@3(x) A w3 (0)" 9] = [w3(x)].

To show this, we first recall from [Kudla 1997a, Lemma 7.3] how the pullback acts on the Kudla—Millson
form wl((’;; For 1 <i <e, recall that (V;,, ¢;) is a quadratic space of signature (n, 2).

Lemma 4.4. Let U C Vy, be a positive k-plane. For y € U, let 95 € S(U kY be the standard Gaussian
pe(y)=e " O, Let iy : Dy,; — D; be the natural injection. Under the pullback (7, : QK(D;) — Qk(DU,,-)
of differential forms, we then have

* (k)0 _ k),
Loy C= 903— ® g01<1\4,5U ’

where @ km. v, k.o e (S(UMH® Qk*k(DU,i))K is the Kudla—Millson form for the vector space V; y = (U)*+

and Hermitian symmetric domain Dy ;.

For x € V(F)" such that U (x) is a totally positive k-subspace of V we defined x" = (x;,, ..., x;,). Let
x" = (xj,,...,xj_,) consist of the remaining components of x.
Just for this section, we will use the notation a)l(m)(x, t) fori =2,3 when x = (x1,...,x,) € V™.

Using the above lemma, we are going to show:
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Lemma 4.5. With the above notation, the pullback ofa)gr_k) (x",7;8,h)to Dy x Gy(Ay)gK /K via the
inclusionmap + : Dy x Gy(Ar)gK /K — D x G(Ay)/K equals

Fol V" T g, h) =0l 700, T g, h). 1)
Proof. From the definition of ¢")-° we can write
() = g () Al e (). (22)
Then from Lemma 4.4, for 1y : Dy ; — D; the natural embedding, we have
ieh 0" = 0L @l ") = 0t (e ) (0),
as x” € U"~*. Note that this implies

il (") =l b L(0). (23)

KM Vu
We first want to pullback everything to D, via the projection maps p; : D — D;. We have the maps
ty : Dy — D, p; : D — D;. Recall that
Dy =Dy,1 X+ X Dy,

and we can further define the embedding ¢y ; : Dy; < D; and the projection map py; : Dy — Dy ;. It
is easy to see that (y ; o py,; = p; oty as maps from Dy to D;, thus we also have the equality of pullbacks
of differentials Q" *(D;) — Q" *(Dy):
pyioti =y op;.
Then we get the equality

>(<(r

LUpz k)(x// Tl)_pUzOLUz (r— k)(x// )

From (23), the right-hand side equals pj; ;¢" é‘) (0, ;). Applying the same steps also for "% (0),
we get

07 @y 20, 7)) = Py 01 (@l (0, 1) = py (0 ) (0, 7).

Thus we have
i P (e, 1) = G pi e R0, ). (24)

Note that we can further take the wedge product of (7, p?‘(pgw R (x, ;) for 1 <i <etoget
k
I'Ua)g )(XN) - LU/\Z lpl* = k)(xv Ti) = /\1 lLUp;i< = k)(x, Ti),
and using (24) this gives us L’{](a)g_k) (0, 7)). Note that this implies

oy ") = @y 700, 1) (25)
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Finally, we are interested in the pullback of a)gr_k) (x",7; 8, h)to DyxGy(Ayr)gK /K viathe inclusion
map ¢: Dy x Gy(Ay)gK/K — D x G(Ar)/K. We have

—k —k
t*a)g (x", T g, h)= Z t}k]wg )", YO leyangk (Vh),
yeGu(F\G(F)

and using the pullback above for the right-hand side we get

—k
Z ‘Ek/wg (0, YOleyangk (Yh),
yeGu(F)\G(F)

which equals t*a)gr_k) (0, T; g, h). Thus we have L*a)gr_k) x",t;8,h)= L*wgr_k) (0, T; g, h), which is the
result of the lemma. 0

Note that using (23) and (14) one can actually show that
[p) ()] =[p%) (x") A0 (0)]

as cohomology classes in H* (D;, C).
Moreover, using (25) and (16), one can further show that

[0 ()] = [0 (&) A0l TP (0)]

as cohomology classes in H* (D, C).
The proof of Lemma 4.3 below is based on the same principle.

Proof of Lemma 4.3. To show the equality of cohomology classes, we need to show that for a closed
(I —r,l —r)-form u with compact support, where / is the complex dimension of D x G(Af)/K, we have

r k r—k
/ Aoy (x) = / uAod (") Aoi 0. (26)
DxG(As)/K DxG(As)/K
From (5), for a closed form u, as u A a)gr_k) is a closed (I — k, [ — k)-form we have
/ Aol (x) = / Fun ol TP a).
DxG(Ap)/K DyxGyAp)gK/K
From (21), we have (*(u A a)g’_k) "N = (u A a)gr_k) (0)), thus we get
f Aoy (x) = / Aoy 70 0)). 27)
DxG(Af)/K DyxGyAf)gK/K
Using (5) for i A a)g*k)(O) we also get
Ao ) AP 0) = f Ao TP 0)). (28)
DXG(Af)/K DUXGU(Af')gK/K

Combining the two equations (27) and (28) we get (26). O
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Remarks on w3(vx) and w4(vx). We follow up with some remarks regarding w3(vx, t; g, h) and
w4(vx, T; g, h) when v € GL, (F) and x € V (F)" with U (x) totally positive definite k-subspace of V (F).
We have defined them in Section 3E. Lemma 4.3 extends easily for w3 (vx, t; g, h) and w4(vx, T; g, h)
and we have, as cohomology classes in Hz‘”(D x G(Ay)/K,C),

[w3(vx, T3 g, )] = [w3((vx)', 75 8, ) Ay (0, 7)].

As actually w3((vx)’) represents the same cohomology class as the preimages of Z(U (vx), g) in
D x G(Ayr)/K, and as Z(U (x), g) = Z(U (vx), g), we have:

Lemma 4.6. (i) As cohomology classes in H Zer(D x G(A /K, C), we have
[w3(vx, 75 g, )] = [w3(x, T3 g, h)]. (29)
(ii) Noting that (29) descends to Mg, we also have, as cohomology classes in H 2er (Mg, O),
[ws(vx, T5 8, )] = [wa(x, T3 g, h)]. (30)
Proof of modularity: We will finish below the proofs of Lemma 4.2 and Theorem 4.1.

Proof of Lemma 4.2. The pullback to D x G(Af)/K of w4(x’, 7) is w3(x’, 7) and w3(0, 7) is the pullback
of (—=1)*"c} (L%) = Z(0, g). Then in (20) we can write
JAVACSIE Y > r(g. 8)¢ 7 () Wre (gh)ws(x', 71 8. ) Awy " (0)].
xeGP\V(F)" geG(Ap\GAf)/K
Furthermore, from Lemma 4.3 we have [w3(x', g; T, h) /\wérfk)(o, 7)] =lws(x, 7; g, h)] as classes in
H?**"(D x G(A )/ K, C). From (29) we also have the equality of cohomology classes [w3(x, T; g, h)] =
[w3(vx, T; g, h)]. Thus we get

PIZ(g, ¢)]= Z Z r(g', )¢ () Wr (8o ws(vx, g5 T, W)].

xeG(FO\V(F)" geG(Ap\GAf)/K

By plugging in the definition

w3(vx.Tig )= Y ox, yDlgapgk (vh).
Y€G(FO\G(F)

we get the cohomology class p*[Z(g’, ¢)] equal to the cohomology class of

> > rg. b Wrn(gh) Y. @x, yT)lg, @apern1 ().

XeG(FO\V(F) geG(A\G(Ay)/K y€GL(FO\G(F)

We will unwind the sum below to get the result of the lemma. We interchange the summations to get

> > > r(gs, )0 () Wre (gho)oa(vx, y )6, ek (V).

xeGFN\V(F) yeG(FI\G(F) geG(Ap\G(Af)/K
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Note that 16, a,)gx (yh) # 0 if and only if yh € G (Af)gK, or equivalently if g € G,(A)yhK, and
since we are summing for g € G, (Ay) \ G(Ay)/K, we can replace g by yh everywhere and get

JAVACEIEE Y > r (@ YW () Wi (gh)an(vx, yT).

xeG(PO\V(F) yeGx(F)\G(F)

Since the action of G(Af) on ¢ is given by r(g’f, yh)or(x) = r(g’f)qﬁf(h_ly_lx) and wy(vx, y1) =

wr(y " tox, 1) = wa(v(y ~'x), 1), then we have

PZE = D> r&perh x)Wre(gh)wr(vx, 1),
xeV(F)"

which gives us the result of the lemma. (|

Proof of Theorem 4.1. We would like to rewrite the sum of Lemma 4.2,

PZE D= D r)prth X)) Wre(gh)ma(vx, 7),

xeV(F)"

and show that this sum is automorphic with values in H Zer (D x G(A /K, ).

We recall the Iwasawa decomposition of g’ = (g/)i<i<q € §f)2,(Foo) to be g/ = (é ”1')(18 (vl.To)*l )k{,
where v; € GL,(Ry,) ", k! € K|.

Recall that, for 1 <i <e, we have w;(x, 1;) =go[($ (x, ;) and wy (x, T) = piwi(x, T A - -Apiw1(X, Te).
From property (1) of the theorem of Kudla and Millson we presented in Section 3C, we have

r(kDe"")° = det(k)) TP/ 2p"-e
where <pgz’°(x, 7)) = e 2T woi(T(x) « (X, Ti). Using the Weil representation this easily extends to
r(gl{)(ﬂg;’o(x, Ti) — det(vi)(n+2)/2 det(kl{)(n+2)/ze—2ﬂ tr T(G,‘(X))(M,‘-i-l'vi‘vir)gol({r['; (Ul'.x, Ti)-

We take the pullback to D via the projection maps p; : D — D;. We denote ¢; (x, 7;) = p?‘gogw) (x, 1)

—2n woi(T) g, (x, ;) and thus we also have

and @7 (x, 7)) =e
gD (@ (x, 1)) = det(v;)+2)/2 det(klf)("“)/ze’z” trT(ai(x))(ui+iv,--viT)¢l_ (ix, 7).
Note that on the right-hand side we got Wai(T(X))(g;)(pi(vix, 7;), thus
(g (97 (x, ) = Woy (1)) (€D @i (Vix, T1).
Furthermore, as we can rewrite

W10 (850) @1 (V1X, T1) A+ - A @e(VeX, Te)

d
= (Wor 7 (8D @1 (1%, T) A+ - A Wa,(7) (80)0e (WX, 7)) [ Warcran (8D
i=e+1
we get

Wr ) (85)@1 (01X, T1) A== A@e(VeX, To) =1 (g5)9° (x, T),
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where

d
¢, D) =9f(x, A AGL ) [ 000
i=e+1
Recall that for i > e+ 1, we have Wr (o, (x))(8i) =7(8i)@o,i (x). Here ¢ ; (x) =e™™" rT(0i(%)) is the standard
Gaussian, as (Vy,, g;) is positive definite fori > e + 1.
Going back to the sum of Lemma 4.2, we thus get

PZE . DI= D reperh 0r(gh)e(x, 1),

xeV(F)"
and this is a theta function of weight (n+2) /2 with values in the cohomology group H 2er(Dx G (A /K, C).
This means that for any linear functional [ : H*" (D x G(A )/ K, C) — C acting on the cohomology part
of ¢°(x, 7), the generating series
[P1ZGE D= Y. rgperh™ 0)r(gh )@ (x. 1))
xeV(F)

is a theta function of weight (n + 2)/2. Note that this series is obtained by unwinding

Pz = Y. > r(g, ) () Wr (gh)l (@3 (x, 2)).

XeG(FO\V(F)" geG(Ap\GAf)/K

Denote

Zog )= > r(g', &) (X) Wr(r(gh)w3(x. 8).

xeG(P\V(F)" geG(ApP\GAy)/K

For the natural projection p : D x G(Ar)/K — Mk, recall the pullback
P (Mg) — Q¥(D x G(Ap)/K),

which further descends to the cohomology groups p* : Hjﬁ’ (Mg) — Hj;,’ (D x G(Ay)/K) and the map
is an injection.

We denote by SCZW(M k) the subspace of ij{(M k) generated by the classes [w4(x, g)] and by
SC2er (D x G(Ar)/K) the subspace of H 5;3’ (Mg) generated by the classes [w3(x, g)]. Then the above
pullback map restricts to p* : SC**" (Mk) — SC**" (D x G(A £)/K) and it is an injection.

Then for any linear functional [ of SC**" (M), we are able to just define the linear functional / on
SC*" (D x G(Af)/K) given by [(p*[w]) = [([w]), and thus [(Zo(g', ¢)) = [([Z(g', ¢)]) is automorphic.
Thus [Z(g’, )] is a theta function valued in H>¢" (Mg).

We can also easily check the weight of the theta function by computing

d
r(k)¢°(x, T) = r kD@ (x, T) A= Ark)pg (x, Te) l_[ r (ki) ¢o.i (x),
i=e+1

which gives us the factor det(k; )+2)/2 at each place i. O
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