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Navigating an unmapped environment is one of the ten biggest challenges fac-

ing the robotics community. Wheeled robots can move fast on flat surfaces but suffer

from loss of traction and immobility on soft ground. However, legged machines have

superior mobility over wheeled locomotion when they are in motion over flowable

ground or a terrain with obstacles but can only move at relatively low speeds on

flat surfaces. A question to answer is as follows: If legged and wheeled locomotion

are combined, can the resulting hybrid leg-wheel locomotion enable fast movement

in any terrain condition?

To investigate the rich physics during dynamic interactions between a robot

and a granular terrain, a physics-based computational framework based on the

smoothed particle hydrodynamics (SPH) method has been developed and validated

by using experimental results for single robot appendage interaction with the gran-

ular system. This framework has been extended and coupled with a multi-body



simulator to model different robot configurations. Encouraging agreement is found

amongst the numerical, theoretical, and experimental results, for a wide range of

robot leg configurations, such as curvature and shape.

Real-time navigation in a challenging terrain requires fast prediction of the

dynamic response of the robot, which is useful for terrain identification and robot

gait adaption. Therefore, a data-driven modeling framework has also been devel-

oped for the fast estimation of the slippage and sinkage of robots. The data-driven

model leverages the high-quality data generated from the offline physics-based sim-

ulation for the training of a deep neural network constructed from long short-term

memory (LSTM) cells. The results are expected to form a good basis for online

robot navigation and exploration in unknown and complex terrains.
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Chapter 1: Introduction

1.1 Motivation and Overview

Robot navigation and exploration are among the 10 grand challenges which

robotics face in the next decade [1]. A vision-based navigation system embedded

in the mobile robot can only help to negotiate obstacles, which are well described

by geometrical features, like sharp-edged stones and rocks. Other aspects like sand,

snow, and challenging terrains, are challenges for motions that robots cannot avoid

during missions. Thus, designing and selecting effective gaits to navigate over ter-

rains that may not be well describable by geometry is crucial for robot exploration.

Locomotion on natural terrain is sensitive to material properties of the sub-

strate and the ground soil underneath which is granular material. ”Can we develop

a general theory of the dynamics of turbulent flows and the motion of granular

materials?” is one of the 125 questions that span sciences in this century [2].

Fundamentally, granular material problems have multi-physics, multi-scale

and multi-phase features. Complex and unique physical phenomena are often ob-

served with these materials, and these phenomena have evoked the interest of re-

searchers across a range of disciplines. From an application standpoint, granular

materials are used in many engineering and commercial applications; for example,

1



agriculture, geo-engineering, pharmaceuticals, and energy production ( [4], [5]).

1.2 Literature Review

Granular materials are ubiquitous and important as a manipulated industrial

material. Most studies on granular media have focused on dry granular materials

without consideration of liquid between the grains ( [6]- [12]). However, wet granular

materials exist in many real world problems [13].

The major effect that liquid between grains induces is the cohesion in the

system. Cohesion in the wet granular system depends on the amount of liquid in

the media. As indicated in Fig. 1.1, the water saturation in wet granular materials

may be divided into the following four regimes as described in [14] and [45]:

• Pendular state: Capillary bridges (liquid bridge, pendular ring or meniscus)

hold together granular particles when air domain is connected.

• Funicular state: Pores are either fully saturated by liquid or filled with air

when pendular rings collapse on one another.

• Capillary state: All pores are filled with liquid when liquid domain is con-

nected.

• Slurry state: Granular particles are immersed in liquid and no capillary

interactions at the surface.

A small amount of liquid amongst grains can have a considerable influence

on the mechanical behavior of granular matter. Due to the grain size of particles,

thermal noise is omitted in consideration of particle dynamics and the interactions
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Liquid Content Saturation
Regime

Schematic 
Diagram

Mean
Forces

Physical Description

No Dry Gravity, contact Cohesive stresses between grains are 
negligible

Small Pendular Gravity, contact, 
capillary

Cohesive forces act through Liquid bridges 
formed at contact points of grains

Middle Funicular Gravity, contact, 
capillary

Cohesion between particles rises from  liquid 
bridges around the contact points and liquid-

filled pores

Almost 
Saturated

Capillary Gravity, contact, 
capillary, [drag]

Cohesive interaction is due to suction, when 
almost all pores are filled with the liquid. The 

liquid surface forms menisci and the liquid 
pressure is lower than the air pressure.

Saturated Slurry Gravity, contact, 
capillary, [drag]

No cohesive interaction exists between 
particles. The liquid pressure is not lower than 

the air pressure.

Figure 1.1: Granular material saturation states (adapted and revised from [14]and

[45]).

between particles are taken to be dissipative. For dry granular materials, where

the interstitial fluids are negligible for the particle motion, the dominant particle

interactions are due to friction and collision, which are cohesionless and short range.

For wet granular materials, wherein the liquid between grains are considered, the

dominant interactions between grains are cohesive due to the surface tension [14].

During the collapse of wet granular material in pendular state, from experimental

and numerical evidence, one can infer that due to the introduction of surface tension,

the angle of repose is greater than that for a dry sand pile [15], [18].

A continuum constitutive law for granular flow would be helpful for under-

standing natural processes and for design and prediction of industrial processes.

Through many studies, constitutive frameworks for dry granular materials have

been established across geometries and regimes on the basis of theoretical, numeri-
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cal and experimental efforts. To date, the rheology based constitutive law provides

a unifying framework for dry dense granular flows across steady and non-steady

states [19], [21]. However, there is no constitutive relationship for wet granular

material in the dense flow regime.

Flow and collapse of granular materials are usually associated with large de-

formation and plastic failure. Approaches for solving these problems are based on

either a discrete point of view or a continuum point of view. The discrete element

method (DEM) is an accurate approach for granular material modeling and simu-

lation since this method can be used to capture the discrete nature of the granular

system [22]- [25]. A drawback of DEM is that it suffers from a high computational

cost. Recently, meshfree methods have gained popularity. Unlike the grid-based

Eulerian method, the Lagrangian nature of meshfree methods allows one to capture

large deformations during granular flow and collapse without local grid distortion.

Several researchers have also employed the material point method (MPM) or the

smoothed particle hydrodynamics (SPH) for modeling and simulation of dry gran-

ular materials and shown the capability of these methods for studies of granular

material systems [26]- [64]. To date, no SPH based computational framework has

been proposed for wet granular materials. Effective locomotion on a natural terrain

is important for mine detection, geo-mapping operation, and especially, extrater-

restrial terrain exploration [48]. Space robots and rovers are designed to navigate

in unknown and hostile terrain conditions. Obstacles that are well described by

geometrical features, like sharp-edged stones and rocks, can be negotiated by using

a vision-based navigation system embedded in the mobile robot, which includes a

4



topological representation of space together with neural networks to guide robots

through an exterior space [49]. However, other aspects like sand, snow, and soft ter-

rains, are challenges for motions that robots cannot avoid during missions. Lack of

traction on a challenging terrain can result in slipping, sinkage, or even permanent

immobility. Currently, unexpected sand traps are still obstacles that space rovers

cannot overcome [50].

Legged locomotion has superior mobility in natural terrains over wheeled loco-

motion, which suffers from sinkage and slipping [50]. Legged machines use discrete

footholds instead of a continuous support surface to adapt themselves to surface

irregularities. Also, with the feet, one establishes contact with the ground at se-

lected points according to the terrain conditions [51]. Another advantage of legged

locomotion is the failure tolerance during static stable locomotion. With wheel lo-

comotion, one suffers from loss of mobility, since in a locomotion mode, the wheels

need to be in permanent contact with the ground [52]. However, legged machines

are able to maintain a static balance and continue moving on the terrain even when

one or several legs are broken.

Investigations into vehicle-terrain interactions fall in the area of terra-mechanics.

The originator of this field can be said to be M. G. Bekker, who laid the founda-

tion through his landmark work on modeling off road vehicle-soil interaction. This

work has been used with attractive results over the last half-century [53]. However,

classical terra-mechanics models are limited to large and heavy wheeled vehicles.

Due to the occurence of sharp-edge contact, it is difficult to use classical empirical

terra-mechanics analysis for the investigation of small, lightweight-wheeled vehicles

5



(a) (b) (c) (d) (e)

Figure 1.2: Problems of interest. The pictures in the first row are sketches of

real-life examples of different leg morphologies. The figures in the second row are

corresponding leg appendages studied here. (a) Crab, reversed C-leg. (b) Freestyle,

reversed L-leg. (c) Human walking, flat leg (d) Backstoke, L-leg. (e) C-leg robot,

C-leg.

or other bio-inspired locomotion modes, such as jumping, hopping, walking, run-

ning, and crawling [54]. Li et al. [48], [55] proposed the resistive force theory for the

legged locomotion on granular material. From recent studies, it is known that the

continuum simulations can serve as an accurate tool for simulating wheel terrain

interactions with granular material at laboratory and field scales [57].

1.3 Objective and Organization

The scope of this dissertation is relevant for mobile robots used for planetary

exploration, with a specific interest to provide navigation strategies through mobility

evaluation of hybrid and novel locomotion systems. Furthermore, the followings are

to be addressed: 1. To address the grand challenge of robot navigation on an

unmapped terrain by conducting high-fidelity simulations. 2. To open up new
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directions in the field of terra-mechanics and robo-physics by leveraging artificial

intelligence.

Specific objectives include the following: 1. To capture the complex behavior

of granular terrain by developing unified constitutive models across phases. 2.To

develop a fundamental understanding of robot motion interaction with granular

terrain via physics-based modeling approach to guide design of robot for effective

navigation. 3.To leverage data-driven modeling approach for fast prediction of robot

mobility on challenging terrain. The rest of the dissertation is organized as follows.

In Chapter 2, a grain-scale capillary interaction is introduced, as additional

cohesive stress in the continuum-scale framework, to address the missing gap in con-

tinuum modeling of wet granular materials. The author coupled the visco-plastic

constitutive law for dry granular material and cohesion model for wet isotropic

granular material to capture the behavior of wet granular materials. This combined

model is implemented in a Smoothed Particle Hydrodynamics framework because

the mesh-free nature of this method can help capture the large deformation of gran-

ular flows without local grid distortion. This framework is validated by comparing

numerical results with recent experimental findings for both dry and wet cases. The

comparisons are illustrative of the potential of the framework to capture the be-

havior of granular materials across different phases. This effort can serve as a step

forward in the quest for a unified continuum theory and computational framework

of granular material dynamics.

In Chapter 3, to develop a high-fidelity simulator of robot moving on complex

terrain to associate field test, a continuum computational framework based on the
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smoothed particle hydrodynamics (SPH) method has been developed and validated

by using experimental results for interactions between single robot appendages and

soft terrain. This framework has been coupled with a rigid body simulator to model

different robot configurations.

In Chapter 4, the author combined legged locomotion and wheeled locomotion

to leverage the advantages of both locomotion modes with the aim of having a

resulting hybrid leg-wheel locomotion that can enable fast motion in any terrain

condition. A data-driven modeling framework has also been developed for the fast

estimation of the slippage and sinkage of robots.With the data-driven model, the

author has leveraged the high-quality data generated from the offline physics-based

simulation for the training of a deep neural network founded on long short-term

memory (LSTM) cells. The results are expected to form a good basis for online

robot navigation and exploration in unknown and complex terrains.

In Chapter 5, the conclusions and future work are outlined.
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Chapter 2: Solid-Like and Fluid-Like Behavior of Multi-Phase Soft

Terrain

Dry granular materials have been the subject of many investigations, while wet

granular materials, which widely exist in many real-world applications, have only

received limited attention. The aim of this chapter 1 is to address the missing gap

in continuum modeling of wet granular materials. To study the wet granular flows,

a grain-scale capillary interaction is introduced, as additional cohesive stress in the

continuum-scale framework. The author coupled the visco-plastic constitutive law

for dry granular material and cohesion model for wet isotropic granular material to

capture the behavior of wet granular materials. This combined model is implemented

in a Smoothed Particle Hydrodynamics framework, since the mesh-free nature of this

method can be used to capture the large deformation of granular flows without local

grid distortion. The Wendland Kernel is used as the interpolation kernel to improve

numerical stability. This framework is validated by comparing numerical results

with recent experimental findings for both dry and wet cases. The comparisons are

1 Disclosure: This chapter has been adapted from the published work, Wang, G., Riaz, A.

and Balachandran, B., 2020. Smooth Particle Hydrodynamics Studies of Wet Granular Column

Collapses. Acta Geotechnica, 15, pp.1205-1217.
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illustrative of the potential of the framework to capture the behavior of granular

materials across different phases. For different levels of friction and water content,

the run-out dynamics and shear strength properties of granular materials in the final

quasi-static regime are investigated. For granular flows on flat surfaces, compared

with dry granular materials, with the introduction of surface tension in wet granular

materials, it is found that there are increases in shear stresses locally and globally,

enabling stronger internal forces to support structures with larger angles of repose.

The surface energy induced cohesion is found to play an important role in low friction

cases compared to high friction cases. To benchmark the numerical framework

presented here, granular column collapses on curved surfaces are also investigated.

For flows on curved surfaces, although there are also increases in internal shear

stresses, the differences in final profiles between wet granular materials and dry

granular materials are not as pronounced as that on flat surfaces due to geometric

constraints. The findings of this work are demonstrative of the capabilities of the

smoothed particle hydrodynamics method for the study of wet granular materials.

This effort can serve as a step forward in the quest for a unified continuum theory

and computational framework of granular material dynamics.

The rest of this chapter is organized as follows. In Section 2.1 and 2.2, the

author has discussed the formulation used to model wet granular materials. Sub-

sequently, in Section 2.3, the numerical implementation of the governing equations

and boundary conditions in the SPH framework are addressed. In Section 2.4,

comparisons are made between numerical results and experimental results available

in the literature. Following that, the author has presented numerical examples to
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demonstrate the capability of the proposed SPH framework for capturing granular

material behavior across different phases and geometric conditions. Finally, in the

last section, the author has collected together the concluding remarks.

2.1 Physical Laws of Conservation

As granular materials exhibit solid-like behavior, fluid-like behavior and gas-

like behavior, the basic governing equations are a combination of the constitutive law

in solid mechanics, the conservation laws in fluid mechanics and the equation of state

for gas dynamics. Following the standard notation for continuum mechanics [3], the

momentum equation is given by

Dv

Dt
=

1

ρ
(∇ · σ) + b (2.1)

where v is the velocity vector, ρ is the material density, b is the specific body

force, and σ is the stress tensor. The total material time derivative is defined as

D()

Dt
=

∂()

∂t
+ v · ∂()

∂x
(2.2)

and the spatial velocity gradient has the form

L = ∇v (2.3)

The spin rate tensor and strain rate tensor are defined as
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W =
1

2
(L− LT ) (2.4)

D =
1

2
(L + LT ) (2.5)

Writing the trace of the tensor L as trL, the conservation of mass is described

by

Dρ

Dt
= −ρtrL (2.6)

2.2 Constitutive Model

2.2.1 A hyperplastic point of view

In plasticity theory, hyper-plasticity means the strain rate can be decomposed

into an elastic and plastic part. Generally, both the elastic and a plastic parts are

related to the stress rate via yield or plastic potential functions. To formulate the

hyper-plastic constitutive framework, the author starts by the definition of stain

rate tensor

D = De + Dp (2.7)

From generalized Hooke’s law, the elastic strain rate De tensor is given by,
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De =
ṡ

2G
+

1− 2ν

3E
tr(σ̇)δij (2.8)

where ṡ is the deviatoric shear stress rate tensor, σ̇ is the Cauchy stress rate

tensor, δij is the Dirac delta function, ν is the Poisson ratio, E is the Youngs

modulus, G and K are the shear modulus and elastic bulk modulus defined as the

following,

K =
E

3(1− 2ν)
and G =

E

2(1 + ν)
(2.9)

The plastic strain rate tensor Dp is given based on the plastic flow rule as,

Dp = λ̇
∂g

∂σ
(2.10)

Here, λ is the plastic multiplier and depends on the stress state and loading

history, g is the plastic potential function, specifying the direction of development

of plastic strain. It the plastic potential function is related with the yield function

f , the flow rule is associated; otherwise, it is non-associated. The plastic multiplier

λ can be computed by using the consistency condition, which is

df =
∂f

∂σ
dσ (2.11)

Thus the total strain rate tensor is given as follows,
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D =
ṡ

2G
+

1− 2ν

3E
tr(σ̇)δij + λ̇

∂g

∂σ
(2.12)

The total stress tensor is defined as

σ = s +
1

3
trσδij (2.13)

After using the above two equations, the generalized constitutive relationship

for hyperplastic material is derived as follows,

σ̇ = 2Gė−Ktr(D)δij − λ̇[(K − 2

3
G)tr(

∂g

∂σ
)δij + 2G

∂g

∂σ
] (2.14)

where ė is the deviatoric strain rate tensor defined as,

ė = D− 1

3
tr(D)δij (2.15)

By substituting Eq. (2.8) into consistency condition, the rate of change of

plastic multiplier can be obtained through

λ̇ =
2GD :

∂f

∂σ
+ (K − 2G

3
)tr(D)

∂f

∂σ
: δij

2G
∂f

∂σ
:
∂g

∂σ
+ (K − 2G

3
)
∂f

∂σ
: δij

∂g

∂σ
: δmn

(2.16)

For the Drucker-Prager material with associated failure flow rule, the yield

potential function f(σ) and plastic potential function g(σ) are given by,
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f(I1,
√
J2) =

√
J2 + αφI1 − kc (2.17)

g(I1,
√
J2) =

√
J2 + αφI1 − kc (2.18)

For non-associated flow rule, the plastic potential function has the following

form:

g(I1,
√
J2) =

√
J2 + 3I1sin(ψ) (2.19)

where I1 and J2 are the first and second invariants of the stress tensor, given

by

I1 = tr(σ) and J2 =
1

2
s : s (2.20)

αφ and kc are Drucker-Prager’s constants related to the Coulomb’s constants

c (cohesion) and φ (friction angle). For the plain strain assumption, the Drucker-

Prager’s constants become,

αφ =
tanφ√

9 + 12 tan2 φ
and kc =

3c√
9 + 12tan2(φ)

(2.21)

After substituting the plastic and yield potential functions into the definition

of stress rate tensor and the rate of change of plastic multiplier, the hyperplastic
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constitutive law with associated flow rule is as follows:

σ̇ = 2Gė−Ktr(D)δij − λ̇(3Kαφδij +
G√
J2

s) (2.22)

The corresponding rate of change of plastic multiplier is

λ̇ =
3αφKtr(D) +

G√
J2

s : D

9α2
φK +G

(2.23)

The hyperplastic constitutive law with non-associated flow rule is as follows:

σ̇ = 2Gė−Ktr(D)δij − λ̇(9Ksin(ψ)δij +
G√
J2

s) (2.24)

The corresponding rate of change of plastic multiplier is

λ̇ =
3αφKtr(D) +

G√
J2

s : D

27αφKsin(ψ) +G
(2.25)

Taking into the material frame-indifference into account, the Jaumann stress

rate is

˙̂σ = σ̇ + σω̇ − ωσ̇ (2.26)

where ω̇ is the spin rate tensor. Thus the final form of hyperplastic constitutive

relationship with associated flow rule is,
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σ̇ + σω̇ − ωσ̇ = 2Gė−Ktr(D)δij − λ̇(3Kαφδij +
G√
J2

s) (2.27)

Thus, the final form of hyperplastic constitutive relationship with non-associated

flow rule is obtained as

σ̇ + σω̇ − ωσ̇ = 2Gė−Ktr(D)δij − λ̇(9Ksin(ψ)δij +
G√
J2

s) (2.28)

2.2.2 A viscoplastic point of view

A viscoplastic constitutive relationship developed for granular material in

dense regime is adopted and revised from earlier work [19] to describe the gran-

ular media by the following equation:

σ =


−P I +

(µP + c)D

|D|
for I ≥ 0.001

−P I + (µP + c)sign(D) for I < 0.001

(2.29)

Here, the first term in Eq. (2.29) is the hydro-static pressure, and the second

term in Eq. (2.29) is the deviatoric shear stress, µ is the friction coefficient, P is

the pressure, c is representative of cohesion, I is the identity tensor, I is the inertial

number (when I <0.001, the granular material is in quasi-static regime and when

I ≥0.001 the granular material is in dense regime from [12]) and |D| =
√

1
2
D : D

is the second invariant of the strain rate tensor. To avoid singularities, |D| + ε is
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adopted and ε is set to 0.01h2 in the numerical simulation as suggested in previous

work [27]. The pressure is determined by using the equation of state as follows,

P =


κ[(

ρ

ρo
)γ − 1](1 + w) for ρ > ρo

0 for ρ ≤ ρo

(2.30)

wherein ρo is the reference density, κ is related to the bulk modulus and set

to 28000, w is the gravimetric water content (the ratio between the weight of water

and the weight of the dry granular particles), γ is a scaling parameter and set to 7

as suggested in the literature [33]. The friction law follows from reference [19], [20]

and reads as

µ(I) = µ1 +
µ2 − µ1

Io/I + 1
(2.31)

Here, µ1 is the friction coefficient for the quasi-static limit, µ2 is a limiting

coefficient for granular material in the dynamic flow regime, and I is the inertia

number defined as,

I =
|D|d√
P/ρs

(2.32)

In Eq.(2.32), d is the grain diameter and set to 0.002m for all of the simulations

and ρs is the particle density. For dry cohesionless particles, c is set to 0. For wet

granular particles in the pendular state, the cohesion arises from surface tension and

capillary strengthening effects. Rumpf [43] estimated cohesive stress for isotropic
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ϕ

Figure 2.1: Illustration of liquid bridge between two granular material particles.

granular material with identical diameters as

c =
νkF

πd2
(2.33)

where ν is the grain packing fraction. For all the wet granular material sim-

ulations in this chapter, k is assumed to be 6 accrording to experimental results

from [15] and [16], which is the average number for the liquid bridge between a pair

of particles, and F is the average force per liquid bridge that is given by

F =
2πrγs

1 + tan(ϕ/2)
(2.34)

where r is the grain radius, γs is the surface tension, and ϕ is defined in Fig. 2.1.

Note that the particles in Fig. 2.1 are not SPH partilces but real granular material

particles. In the simulation, parameters are taken from physical experiments [45].

19



W

Particle of Interest
0.0 0.5 1.0 1.5 2.0

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

 Derivative of Cubic Kernel

 Cubic Kernel

 Derivative of Wendland Kernel

 Wendland Kernel

r/h

Kernel Function

Derivative of 

Kernel Function

Figure 2.2: Kernel function.

2.3 Numerical Implementation

2.3.1 The SPH method

Smoothed particle hydrodynamics is a mesh-free Lagrangian method. As with

other discretization approaches, in the SPH method, the solution domain is first

discretized and represented by a certain number of particles [35], [36]. Thus, all

the field properties, such as density, velocity, and strain rate, are carried by these

SPH particles. The properties of the particles of interest are then interpolated over

their neighboring particles by using an approximation function, called the kernel

function, which is usually represented by W (see Fig. 2.2). The most popular cubic

kernel function from reference [35], takes the following form:

Wij = αd ×



2

3
− q2 +

1

2
q3 for 0 ≤ q < 1

1

6
(2− q)3 for 1 ≤ q < 2

0 for 2 ≤ q

(2.35)

Here, for one-dimensional, two-dimensional, and three-dimensional problems,
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αd is set to 1/h, 15/(7πh2), and 3/(2πh2), respectively, q = r/h, r is the distance

between two particles, and h is the smoothing length. Although the above most

popular B-spline kernel function often yields a good balance between accuracy and

stability, the Wendland kernel function is adopted from [46] in this work to provide

robust and stable solutions without using artificial stress method [44]. This function

takes the following form:

Wij = αd ×


(1− q

2
)4(2q + 1) for q ≤ 2

0 otherwise

(2.36)

Here, for two-dimensional and three-dimensional problems, αd is set to 7/(4πh2)

and 21/(16πh3), respectively, q = r/h, r is the distance between two particles, and

h is the smoothing length. Then, the particle approximation/interpolation for any

field quantity f(x) and its derivatives at point i can be expressed as

f(xi) =
N∑
j=1

mj

ρj
f(xj)Wij (2.37)

∇f(xi) =
N∑
j=1

mj

ρj
f(xj)∇iWij (2.38)

where Wij = W (rij, h) and

∇iWij =
xi − xj

rij

∂Wij

∂rij
(2.39)
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2.3.2 SPH for granular flow

Summation density: Two approaches to evolve density are adopted in the SPH

framework. For density initialization of a particle i, the density calculated by using

the summation density approach is written as

ρi =
∑
j

mjWij (2.40)

For density re-initialization, the Shepard filter is applied every 10 time steps

to reduce the inaccuracies near the boundaries and free surfaces; this is given by

ρi =

∑
j

mjWij

∑
j

mj

ρj
Wij

(2.41)

Continuity density: For density evolution at each time step, the continuity density

is calculated from the continuity equation. The δ SPH scheme is adopted from

reference [42] to reduce high-frequency oscillations by introducing a diffusive term

that takes the form

Dρi
Dt

=
∑
j

mj(vi − vj) · ∇iWij +
∑
j

ψijrij∇iWij (2.42)

where ψij is defined as

ψij =
2δhco(ρj − ρi)mj

ρj|rij2| (2.43)
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Here, δ is set to 0.01, co is the artificial sound speed set as

co =

√
κγρs

ρo(ρs − ρo) (2.44)

Particle approximation of momentum: To reduce errors associated with particle

inconsistencies, the momentum equation is approximated as

Dvi

Dt
=

∑
j

mj

(
σi

ρ2
i

+
σj

ρ2
j

− Πij

)
· ∇iWij + b (2.45)

where b is the body force. The quantity Π is the artificial viscosity adopted

to improve numerical stability and avoid inter-particle penetration. This quantity

is formulated as

Πij =


−αΠcijφij + βΠφ

2
ij

ρij
for vij · xij < 0

0 for 0 ≤ vij · xij
(2.46)

φij =
hijvij · xij

|xij| 2 + 0.01h2
ij

(2.47)

Here, cij = (ci+ cj)/2, here both ci and cj are set to co as defined in Eq.(2.44),

ρij = (ρi + ρj)/2, hij = (hi + hj)/2, and xij = xi − xj, vij = vi − vj. c is computed

through Eq.(2.44), αΠ is set to 1 and βΠ is set to 0 as the second quadratic term in

the artificial viscosity is used to handle high Mach number flows [47].To evaluate the
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stress tensor in Eq.(2.45), the velocity gradient needs to be interpolated as follows

∇vi =
∑
j

mj

ρj
(vj − vi)⊗∇iWij (2.48)

The extended Smoothed Particle Hydrodynamics (XSPH) is employed from

prior work [35] to stabilize particles at free surfaces and avoid unphysical penetra-

tion. This is given by

dri
dt

= vi + χ
∑
j

mj

ρij
(vj − vi)Wij (2.49)

where χ is set to 0.2.

2.3.3 Boundary conditions

Two types of boundary conditions are employed in this research. The first is

the solid boundary wall. To generate a solid boundary, the stress tensor for solid

boundary particles is calculated by using Eq. (2.29). Also, ghost particles are used

to remove the boundary inaccuracies in SPH methods. The velocity and stress for

the ghost particles are set in accordance with earlier work [28].

2.3.4 Integration

For integrating the Newton’s law of motion, the popular Verlet-Leapfrog algo-

rithm is used. In adopting this approach, the field variables such as density, velocity

vectors, and position vectors are updated at every time step as follows,
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ρ
n+1/2
i = ρ

n−1/2
i + ∆t

Dρi
Dt

n

(2.50)

v
n+1/2
i = vni +

∆t

2

Dvi
Dt

n

(2.51)

r
n+1/2
i = rni +

∆t

2
v
n+1/2
i (2.52)

The Courant-Friedrichs-Lewy condition is used to determine the time step to

satisfy the following,

∆t ≤ Ccour(
h

cs
) (2.53)

Here, h is the smoothing length, cs is the sound speed calculated by Eq.(2.44),

and Ccour is the Courant coefficient.

2.4 Results and Discussion

The granular column collapse case is employed to test the rheology based con-

stitutive relationship used for wet granular materials. It is shown that the results

generated from the current constitutive law are consistent with experimental find-

ings for both dry and wet cases, as illustrated in Fig. 2.3. The parameters µ1 and

µ2 correspond approximately to parameters of glass beads in [19] are used in the

implementation of the friction law for both the dry granular media and wet gran-

ular media studies. (The full list of parameters are shown in Table 2.1 consistent
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Dry Granular Media Experiment (Gabrieli et al., 2013) Wet Granular Media Experiment (Gabrieli et al., 2013) 

Dry Granular Media Simulation Wet Granular Media Simulation

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.00

0.02

0.04

0.06

0.08  w=0 Experiment (Gabrieli et al, 2013) 
 w=0.5% Experiment (Gabrieli et al, 2013) 
 w=1% Experiment (Gabrieli et al, 2013) 
 w=2% Experiment (Gabrieli et al, 2013) 
 w=0 SPH
 w=0.5% SPH
 w=1% SPH
 w=2% SPH

Y
(m

)

X(m)

(b)

(c)

(a)

Figure 2.3: Validation of final profiles for d=2mm. (a) Experimental results from

literature [45]. (b) Computational results obtained in the current work for dry and

wet conditions: dry granular media simulation (µ1=tan(21o), µ2=tan(33o), w=0)

and wet granular media simulation (µ1=tan(21o), µ2=tan(33o), w=0.5%). (c) Sim-

ulated and experimental final profiles for different water content.
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with [23]). In Fig. 2.3a, two typical final configurations of wet and dry granular

column collapse are shown from [23]. In Fig. 2.3b, the qualitative results of two

typical simulations of wet and dry granular column collapses are shown, which is

similar to the experimental findings in [23]. It is evident that larger cohesion in wet

granular column collapses gives rise to a shorter run-out length and larger angles of

repose. In Fig. 2.3c, k is assumed to be 6 for all the wet granular material simu-

lations, accrording to experimental results from [15] and [16]. The grain diameter

d is 0.002m. The final profiles are shown with the increase of liquid content. In

the simulations, the results of the influence of liquid content on the final profiles

are similar to experimental findings. Dry and wet conditions seem distinct, while

differences between wet cases seem smaller. Having verified that the proposed SPH

formulation can be used for dry granular media and wet granular media studies, the

authors then consider other illustrative cases.

Next, the authors consider transient and steady-state phenomena and associ-

ated characteristics related to particle dynamics during granular column collapses,

such as runout distance, the angle of repose, strain developed during the collapse.

The shear strength properties are also studied to uncover clues related to the un-

derlying mechanisms during the collapse.

2.4.1 Runout dynamics of granular column collapse on flat surfaces

The geometry of the quasi-2D initial configuration (7x8 cm2) and surface pro-

file of the final configuration of the granular column is shown in Fig. 2.4. The
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Figure 2.4: Initial geometry and final geometry of granular column.

particles are aligned in a particular arrangement layer by layer. For all of the nu-

merical results shown for dry and wet granular materials studied in this chapter,

the parameter values are set to be the same as what is shown in Fig. 2.3.

Table 2.1: Parameters used in simulations of the dry granular column and wet

granular column collapse

Simulation ρs(kg/m
3) ρo(kg/m

3) k ∆x(m) γs(mN/m) d(m) ϕ

Dry 2532 2507 0 0.0026 0 0.002 0

Wet 2532 ∗ (1 + w) 2507 ∗ (1 + w) 6 0.0026 72.5 0.002 15o

The influence of wetting fluid on the run-out dynamics of wet and dry granular

column collapse is shown in Fig. 2.5. It is evident that a small amount of fluid

between granular particles impacts the deposit as well as the final shape of the

run-out dynamics. In Fig. 2.5a, the representative profiles of low friction, dry and

wet granular materials at different time instants are presented. At t= 0.01s, the

collapse is triggered and the material starts to flow under gravity; At t= 0.2s, the

collapse is well developed, the material near the boundary is in the quasi-static

28



Dry

Wet

t= 0.01s            t= 0.2s            t= 0.4s            t= 0.6s            

t= 0.01s            t= 0.2s            t= 0.4s            t= 0.6s            

Dry

Wet

t= 0.01s            t= 0.2s            t= 0.4s            t= 0.6s            

t= 0.01s            t= 0.2s            t= 0.4s            t= 06s            

εxx

εxx

Dry

Wet

t= 0.01s            t= 0.2s            t= 0.4s            t= 0.6s            

t= 0.01s            t= 0.2s            t= 0.4s            t= 0.6s            

Vx

Vx

(a)

(b)

(c)

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.00

0.02

0.04

0.06

0.08

 x=3.825mm

 x=2.55mm

 x=1.7mm

Wet

Y
 (

m
)

X (m)
0.00 0.05 0.10 0.15 0.20 0.25 0.30

0.00

0.02

0.04

0.06

0.08

 x=3.825mm

 x=2.55mm

 x=1.7mm

Dry

Y
 (

m
)

X (m)

(d)

Figure 2.5: Run-out dynamics during the collapse of dry granular mate-

rial (µ1=tan(21o), µ2=tan(33o), w=0) and wet granular material (µ1=tan(21o),

µ2=tan(33o), w=0.5%). (a) Profiles of dry and wet granular materials at different

time instants. (b) Velocity profiles of dry and wet granular materials at different

time instants. (c) Strain developed during the collapse of dry and wet granular

columns at different time instants. (d) Final profiles with different resolution.
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regime and the material near the surface is in the dynamic flow regime. At t = 0.4s,

the occurrence of jamming due to friction at the boundary prevents further collapse.

By t = 0.6s, one can infer that the internal stresses are quite well distributed and

appear to be in a quasi-steady state, particularly in regions close to the boundary

and the surface. It is observed that the wet granular material has a shorter run-out

distance compared to dry granular material. In Fig. 2.5b, the horizontal velocity

contours are presented for dry and wet granular material at different time instants.

It is clear that the wet granular column collapses more slowly than in the dry case

because of the surface tension induced cohesive stress. In Fig. 2.5c, the strain

developed during the collapse is shown. The wet granular material is noted to

deform less than the dry granular material at all representative time instants due

to the presence of cohesion. The low level of deformation of wet granular materials

leads to a shorter run-out distance and higher final height. In Fig. 2.5d, final

profiles of dry and wet granular columns for different resolutions are shown. The

number of interior SPH particles are 475, 1036, and 2310 accordingly for the coarsest

resolution, the fit resolution and the finest resolution. The fit resolution is used in

other simulations in this chapter, since both the results generated using the finest

and fit resolution agree with the experimental findings from [45]. In Fig. 2.6a,

steady state profiles of granular materials are shown for different water content and

friction levels (µ1=tan(21o), µ2=tan(33o); µ1=tan(32o), µ2=tan(33o); µ1=tan(32o),

µ2=tan(45o)). For low frictional granular materials, dry and wet conditions seem

distinct, while differences between wet cases of different water content seem smaller.

For high frictional granular materials, differences between wet and dry cases are
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Figure 2.6: Parametric study of dry and wet granular column collapses on flat

surfaces. (a) Final profiles of granular materials for different friction levels and

water contents. (b) Normalized run-out length during granular column collapses for

different friction levels and water contents. (c) Normalized final run-out length for

different friction levels and water contents. (d) Normalized final run-out length vs

dimensionless number Bo−1w2/3 for different water content. (e) Normalized final

height for different friction levels and water contents. (f) Yield loci τ -σ of dry and

wet granular materials in the final state.
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small. In the pendular state, the final profile of the wet granular materials depends

on both the water content and friction levels. The differences in water content play

a more prominent role in low friction granular materials compared with high friction

granular materials. In Fig. 2.6b, front advancement (normalized run-out distance)

during granular column collapses at different time instants is displayed. It is shown

that the granular materials reach steady state before 0.6s. The run-out distance

is rescaled and non-dimensionalized by L∗ = (L − Lo)/Lo, where Lo is the initial

length of the granular column, and L is the run-out distance of each state. In Fig.

2.6c, the final normalized run-out distance is plotted for different friction and water

content levels. Lf is the run-out distance of the final state. The increase of water

content has a strong influence on the final runout distance when the water content

is less than 1%, and small effect when the water content is larger than 1%. In Fig.

2.6d, the normalized run-out distance is plotted with respect to a dimensionless

number as a function of Bond number Bo = ρgR2/γ, which is the ratio between

the body force and capillary force, and the water content ω. In Fig. 2.6e, the final

normalized height is plotted for different friction levels and water contents. Hf is

the height of the final state. The final height is rescaled and non-dimensionalized by

H∗ = Hf/Ho, where Ho is the initial height of the granular column. In Fig. 2.6f, the

authors plot the absolute value of the maximum shear stress in the material along

the pressure isobar for different friction levels of dry and wet granular materials. The

yield τ -p loci are plotted and the relationship is close to a straight line, which is in

agreement with the Drucker-Prager model as the granular material is in quasi-static

regime. It is shown that, in the pendular state, the introduction of capillary force
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increases the shear strength which in turn enables a stronger granular structure.

2.4.2 Gravity driven granular flow on curved surfaces

Although the primary driving force for a landslide or landslide-like phenomenon

is gravity, other contributing factors affect the slope stability. To simulate granular

flows across nature-like surfaces and benchmark the author’s numerical model for

wet granular material, wet granular flows across different topology and geometry

conditions are presented, ranging from circular surfaces to ellipsoidal surfaces. The

influence of wetting fluid on the run-out dynamics of wet and dry granular column

collapses on curved surfaces is shown in Fig. 2.7 and Fig. 2.8. For collapses of

granular columns on curved surfaces, what is similar to collapses of granular column

on flat surfaces is that: in Fig. 2.7a and Fig. 2.8a, the representative profiles of

low friction, dry and wet granular materials at different time instants are presented.

Wet granular materials deform less than dry granular materials at all time instants

during the collapses. In Fig. 2.7b and Fig. 2.8b, the velocity contours are presented

for dry and wet granular materials at different time instants. Wet granular column

collapses more slowly than dry granular columns because of the surface tension in-

duced cohesion. In Fig. 2.7c and Fig. 2.8c, steady state granular profiles are shown

for different levels of water content and friction. In Fig. 2.7d and Fig. 2.8d, the

yield τ -p loci for dry and wet granular materials are plotted and the relationship

is close to a straight line, which is in agreement with the Drucker-Prager model

as the granular material is in quasi-static regime. It is shown that, in the pendu-
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Figure 2.7: Granular flows on circular surfaces for d=0.002m. (a) Profiles of

dry granular material (µ1=tan(21o), µ2=tan(33o), w=0) and wet granular material

(µ1=tan(21o), µ2=tan(33o), w=0.5%) on circular surfaces at different time instants.

(b) Velocity profiles of dry granular material and wet granular material on circular

surfaces at different time instants. (c) Final profiles of granular material on circular

surfaces for different water contents. (d) Yield loci τ -σ of granular flows on circular

surfaces in the final state.
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Figure 2.8: Granular flows on ellipsoidal surfaces for d=0.002m. (a) Profiles of

dry granular material (µ1=tan(21o), µ2=tan(33o), w=0) and wet granular material

(µ1=tan(21o), µ2=tan(33o), w=0.5%) on ellipsoidal surfaces at different time in-
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lar state, the introduction of capillary force increases the shear strength that make

the entire granular structure deform less. However, for granular column collapses

on curved surfaces, although the introduction of capillary force increases the shear

strength, the differences in final profiles between wet granular materials and dry

granular materials are not as pronounced as that on flat surfaces due to geometric

constraints. The geometric constraints of circular and ellipsoidal surfaces hinder the

further deformation of granular columns. For collapses on ellipses surfaces, dry and

wet conditions seemed more distinct than those on circular surfaces. This indicates

the smaller the curvature of the surface is, the more distinct the differences between

dry and wet conditions will be.

2.5 Concluding Remarks

A constitutive model for both the dry and wet granular materials is imple-

mented in a smoothed particle hydrodynamics framework to investigate the collapse

of granular columns on flat and curved surfaces. The grain-scale capillary interac-

tion is taken into consideration for capturing the behavior of wet granular materials.

The proposed SPH framework is validated by comparing numerical results obtained

with this model with recent experimental findings for dry and wet granular column

collapses on flat surfaces. Compared with dry granular materials, the introduction

of surface tension in wet granular materials is noted to increase the shear stresses

and enable a stronger structure with larger angles of repose. Although experimental

validation was not found for the simulations of collapses on curved surfaces, future
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experimental studies may find the results useful to compare with. For collapses

on curved surfaces, the differences in final profiles between wet granular materials

and dry granular materials are not as pronounced as that on flat surfaces due to

geometric constraints, although there is also an increase in internal shear strength.

Through the current study, it is shown that the smoothed particle hydrodynamics

method can be used to study wet granular materials.
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Chapter 3: Single Robot Appendage Interaction with Soft Terrain

Legged locomotion has advantages when one is navigating a flowable ground

or a terrain with obstacles that are common in nature. With traditional terra-

mechanics, one can capture large wheel-terrain interactions. However, legged motion

on a granular substrate is difficult to investigate by using classical terra-mechanics

due to sharp-edge contact. Recent studies have shown that a continuum simulation

can serve as an accurate tool for simulating dynamic interactions with granular ma-

terial at laboratory and field scales. No studies have been conducted on continuum

modeling of interactions between flowable terrain and robot limbs and appendages

across different leg morphology as shown in Fig. 1.2. This is addressed here. Spurred

by this, a computational framework based on the Smoothed particle hydrodynamics

(SPH) method has been developed for the investigation of single robot appendage

interaction with a granular system. This framework has been validated by using

experimental results and extended to study robot appendages with different shapes

and stride frequencies. The results are expected to help robot navigation and ex-

ploration in unknown and complex terrains. The rest of this chapter 1 is organized

1 Disclosure: This chapter has been adapted from the accepted work, Wang, G., Riaz, A. and

Balachandran, B., 2020. Continuum Modeling and Simulation of Robotic Appendage Interaction

with Granular Material. ASME Journal of Applied Mechanics, in press
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into four sections to include the formulation, numerical implementation, results, and

concluding remarks.

3.1 Governing Equations

The underlying mechanics is based on the author’s previous work [58]. In

this section, the adaption of this work to study the current problems of interest is

described.

3.1.1 Physical laws of conservation

Following the standard notation for continuum mechanics, the momentum

equation is given by

Dv

Dt
=

1

ρ
(∇ · σ) + b (3.1)

where v is the velocity vector, ρ is the material density, b is the specific body force,

and σ is the Cauchy stress tensor. The total material time derivative is defined as

D()

Dt
=

∂()

∂t
+ v · ∂()

∂x
(3.2)

The conservation of mass is described by

Dρ

Dt
= −ρtrL (3.3)
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where L is the spatial velocity gradient has the form L = ∇v and its trace is trL.

Here, the robot limb or appendage is treated as a rigid body composed of

particles. The interactive forces and torque between the granular material and

robot leg are determined as follows:

Fgranular−robot =
∫

Γ
n · σdx (3.4)

Tgranular−robot =
∫

Γ
r× (n · σ)dx (3.5)

3.1.2 Constitutive law

As things stand, there is no unified constitutive model for granular materials

[59]. Some scholars prefer Drucker-Prager model with different flow rules [29], while

others like the µ(I) rheology better [26]. There are no big differences between the two

different models for simulating the collapses of the granular columns. The author

has chosen the following visco-plastic constitutive relationship because it is simple

enough to capture the physics between robot leg interaction and granular material.

The first equation is the same as µ(I) rheology used in prior work [19] . With just

the first equation, it has been reported in earlier work [27] and also found in the

author’s prior work [58], that one has oscillations in the stress field. Therefore, the

second equation has been proposed to smooth the fluctuations out in the strain rate
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field and also enable the material to sustain shear stress at zero stain rate:

σ =


−P I +

(µP + c)D

|D|
for I > 0.001

−P I +
(µP + c)E

|E|
for I ≤ 0.001

(3.6)

Here, the first term in both equations of Eq. (3.6) is the hydro-static pressure,

and the second term in both equations of Eq. (3.6) is the deviatoric shear stress,

µ is the friction coefficient, P is the pressure, c is representative of cohesion, I is

the identity tensor, I is the inertial number (when I <0.001, the granular material

is in quasi-static regime and when I ≥0.001 the granular material is in dense regime

from [61]). The strain rate tensor is defined as D = 1
2
(L + LT ). |D| =

√
1
2
D : D is

the second invariant of the strain rate tensor. |E| =
√

1
2
E : E is the second invariant

of the strain tensor E, where E = 1
2
(∇x +∇xT ). To avoid singularities, |D|+ ε and

|E| + ε are adopted and ε is set to 0.01h2 in the numerical simulation as suggested

in previous work [27]. The pressure is determined by using the equation of state as

follows

P =


κ[(

ρ

ρo
)γ − 1] for ρ > ρo

0 for ρ ≤ ρo

(3.7)

wherein ρo is the reference density, κ is related to the bulk modulus and set to 30000.

The value of κ is chosen according to reference [27], where it has been reported that

the simulation results were not sensitively dependent on this parameter in a certain

range. Then a small value of κ is picked to use a relatively large time step 10−5 to
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reduce computational cost. γ is a scaling parameter and set to 7 as suggested in the

literature [33]. The friction law follows from reference [19] and reads as

µ(I) = µ1 +
µ2 − µ1

Io/I + 1
(3.8)

Here, µ1 is the friction coefficient in the quasi-static limit, µ2 is a limiting coefficient

for granular material in the dynamic flow regime, and I is the inertia number defined

as

I =
|D|d√
P/ρs

(3.9)

Further, d is the grain diameter and set to 3mm for all of the simulations and ρs is

the particle density. For dry cohesionless particles, c is set to 0 in Eq. (3.6).

3.2 Numerical Implementation

3.2.1 The SPH method

There are many meshfree methods that share similar discretization features.

Smoothed particle hydrodynamics is employed for its simplicity. In the SPH method,

the solution domain is first discretized and represented by a certain number of

particles [34]. Thus, all of the field properties, such as density, velocity, and strain

rate, are carried by these SPH particles. The properties of the particles of interest

are then interpolated over their neighboring particles by using the kernel function

represented by W . In this work, the Wendland kernel function is adopted from
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previous work [46] to provide robust and stable solutions. This function takes the

following form:

Wij = αd ×


(1− q

2
)4(2q + 1) for q ≤ 2

0 otherwise

(3.10)

Here, for two-dimensional and three-dimensional problems, αd is set to 7/(4πh2)

and 21/(16πh3), respectively, q = r/h, r is the distance between two particles, and

h is the smoothing length. Then, the particle approximation/interpolation for any

field quantity f(x) and its derivatives at point i can be expressed as [34]:

f(xi) =
N∑
j=1

mj

ρj
f(xj)Wij (3.11)

∇f(xi) =
N∑
j=1

mj

ρj
f(xj)∇iWij (3.12)

Here, Wij = W (xij, h) and

∇iWij =
xi − xj

rij

∂Wij

∂rij
(3.13)

where rij =
√
|xij| 2.

3.2.2 SPH for granular material

Continuity density: For density evolution at each time step, the continuity density

is calculated from the continuity equation. The δ SPH scheme is adopted from
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reference [42] to reduce high-frequency oscillations by introducing a diffusive term

that takes the form

Dρi
Dt

=
∑
j

mj(vi − vj) · ∇iWij +
∑
j

ψijxij∇iWij (3.14)

where ψij is defined as

ψij =
2δhco(ρj − ρi)mj

ρj|xij
2| (3.15)

Here, δ is set to 0.01 and co is the artificial sound speed set as

co =

√
κγρs

ρo(ρs − ρo) (3.16)

Summation density: For density initialization of a particle i, the density calculated

by using the summation density approach is written as

ρi =
∑
j

mjWij (3.17)

For density re-initialization, the Shepard filter is applied every 100 time steps

to reduce the inaccuracies near the boundaries and free surfaces; this is given by

ρi =

∑
j

mjWij

∑
j

mj

ρj
Wij

(3.18)
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Particle approximation of momentum: To reduce errors associated with particle

inconsistencies, the momentum equation is approximated as

Dvi

Dt
=

∑
j

mj

(
σi

ρ2
i

+
σj

ρ2
j

− Πij

)
· ∇iWij + b (3.19)

where b is the body force. The quantity Π is the artificial viscosity adopted to

improve numerical stability and avoid inter-particle penetration. This quantity is

formulated as

Πij =


−αΠcijφij + βΠφ

2
ij

ρij
for vij · xij < 0

0 for 0 ≤ vij · xij

(3.20)

φij =
hijvij · xij

|xij| 2 + 0.01h2
ij

(3.21)

Here, cij = (ci+cj)/2, where both ci and cj are set to co as defined in Eq. (3.16),

ρij = (ρi + ρj)/2, hij = (hi + hj)/2, and xij = xi − xj, vij = vi − vj. c is computed

through Eq.(3.16), αΠ is set to 1 and βΠ is set to 0 as the second quadratic term in

the artificial viscosity is used to handle high Mach number flows [47].To evaluate the

stress tensor in Eq. (3.19), the velocity gradient needs to be interpolated as follows

∇vi =
∑
j

mj

ρj
(vj − vi)⊗∇iWij (3.22)

The extended smoothed particle hydrodynamics (XSPH) is employed from
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prior work [35] to stabilize particles at free surfaces and avoid unphysical penetra-

tion. This is given by

dxi

dt
= vi + χ

∑
j

mj

ρij
(vj − vi)Wij (3.23)

where χ is set to 0.2. The detailed equation of how to compute the interactive

forces and torques are as follows

Fgranular−robot =
∑

k∈robot

∑
j∈granular

mkmj(
σi

ρ2
i

+
σj

ρ2
j

− Πij)∇iWij (3.24)

Tgranular−robot =
∑

k∈robot

∑
j∈granular

rk0 ×mkmj(
σi

ρ2
i

+
σj

ρ2
j

− Πij)∇iWij (3.25)

3.2.3 Regularizations

To reduce the oscillations in the stress field, the moving least square (MLS)

method [32] has been applied to the kernel function. The stress and strain rate are

calculated by using the reproducing kernel as follows:

σi =
∑
j

mj

ρj
σjW

MLS
ij (3.26)

εi =
∑
j

mj

ρj
εjW

MLS
ij (3.27)
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Here, the reproducing kernel is defined as

WMLS
ij = [β0 + β1(xj − xi) + β2(xj − xi)2]Wij (3.28)

The coefficients βk is obtained by solving the following equations for each

particle

[β0, β1, β2]T = A−1[1, 0, 0]T (3.29)

where

A =
∑
j
mj
ρj



1 (xj − xi) (yj − yi)

(xj − xi) (xj − xi)2 (xj − xi)(yj − yi)

(yj − yi) (xj − xi)(yj − yi) (yj − yi)2


Wij (3.30)

3.2.4 Boundary conditions

The fixed ghost particle boundary proposed in earlier work [62] has been

adopted in this work to model the static wall (boundary) and robot appendage,

as this formulation can be used to handle static, dynamic, and sharp edge boundary

conditions well. The pressure at the boundary is derived from force balance at the

wall:
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pw =

∑
f pfWwf + (g − aw) ·∑f ρfxwfWwf∑

f Wwf
(3.31)

The density of the wall is calculated from the equation of state

ρw = ρ0,j(
pw − χ
p0,j

+ 1)
1
γ (3.32)

Here, ρ0,j and p0,j are the reference density and the reference pressure of the

interacting fluid particle j , and all the other parameters are defined according to

earlier work [62].

3.2.5 Integration

For integrating the Newton’s law of motion, the popular Verlet-Leapfrog algo-

rithm is used. In adopting this approach, the field variables such as density, velocity

vectors, and position vectors are updated at every time step as follows:

ρ
n+1/2
i = ρ

n−1/2
i + ∆t

Dρi
Dt

n

(3.33)

v
n+1/2
i = vni +

∆t

2

Dvi
Dt

n

(3.34)

x
n+1/2
i = xni +

∆t

2
v
n+1/2
i (3.35)
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The Courant-Friedrichs-Lewy condition is used to determine the time step to

satisfy the following:

∆t ≤ Ccour(
h

co
) (3.36)

Here, h is the smoothing length, co is the sound speed calculated by Eq. (3.16),

and Ccour is the Courant coefficient.

h h h
2R 2R 2R
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𝜔 𝜔 𝜔

H

W

H

W

𝜃 𝜃

Figure 3.1: Legs of different geometries (a) Flat leg, (b) C-leg, and (c) Reversed

C-leg.

3.3 Results and Discussion

The case of interactions between a rigid robot leg and the granular material

has been studied to test the proposed SPH framework.The motion of the rigid body

is prescribed to be consistent with the experiment. It is a prototype of the legged

robot. As this work is a first effort to explore the possible use of SPH method to

investigate interactions between robots with granular terrain, the author has em-

ployed this simple test problem to build a foundation for future work.The dimension

and other physical parameters of the robot legs (2R= 7.62cm, width=2.54cm, thick-
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Figure 3.2: Validation of net lift Fz and thrust Fx versus leg angle θ for interactions

of three leg models with 3mm closely packed glass spheres. The experimental results

are from literature [48]: (a) Flat leg, (b) C-leg, (c) Reversed C-leg, (d) Profiles of

flat leg at different time instants, (e) Profiles of C-leg at different time instants, and

(f) Profiles of Reversed C-leg at different time instants.
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Figure 3.3: Comparison of net lift Fz and thrust Fx versus leg angle θ for flat

leg, L- leg (leg with forward foot), and C-leg models: (a) L-leg, fl=0.33; (b) L-leg,

fl=0.67; (c) L-leg, fl=1.00; (d) Profiles of L-leg, fl=0.33 at different time instants;

(e) Profiles of L-leg, fl=0.67 at different time instants; and (f) Profiles of Reversed

L-leg, fl=1.00 at different time instants.
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L-leg, fl=0.33; (b) Reversed L-leg, fl=0.67; (c) Reversed L-leg, fl=1.00; (d) Profiles

of Reversed L-leg, fl=0.33 at different time instants; (e) Profiles of Reversed L-

leg, fl=0.67 at different time instants; and (f) Profiles of Reversed Reversed L-leg,

fl=1.00 at different time instants.
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Figure 3.5: Comparison of net lift Fz and thrust Fx versus leg angle θ for fast and

slow rotations: (a) Flat leg; (b) C-leg; (c) Reversed C-leg; (d) L-leg, fl=0.33; (e)

L-leg, fl=0.67; (f) L-leg, fl=1.00; (g) Reversed L-leg, fl=0.33; (h) Reversed L-leg,

fl=0.67; and (i) Reversed L-leg, fl=1.00.
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ness=0.64cm) and granular bed (W=24cm, H=15cm deep) are the same as those

reported in an earlier experimental study [48], as shown in Fig. 3.1. The granular

media picked is 3 mm (diameter) glass spheres in a closely packed state with a par-

ticle material density of 2.6g/cm3, volume fraction of 0.63, and angle of repose 23o

(µ1 = tan(23o), µ2 = tan(33o)).

During the robot leg rotation simulation, the leg is first paused for 2 seconds,

and then rotated clockwise with an angular velocity ω=0.2 rad/s at a hip height

h=2cm within leg angle -3π/4 ≤ θ ≤ 3π/4.

Overall, the results generated from the current computational framework are

found to be consistent with experimental findings reported in the literature for robot

legs with different geometries, as illustrated in Fig. 3.2. The advantage of continuum

simulation over resistive force theory is the accuracy for curved C leg interaction

with granular material. As reported in reference [48], the error of resistive forces

for C-leg computed with resistive force theory is around 33%.While for continuum

simulation, the error is less than 10% forthis case. And for legs of other shapes,

the continuum simulation always yields more accurate results. In the simulations,

only the contributions from granular particles in the container is considered for the

computation of the resistive forces. The net lift force Fz and drag force Fx versus

leg angle θ acting on flat leg, C-leg and reversed C-leg during interactions with 3mm

closely packed glass spheres are shown in Fig. 3.2 (a), (b) and (c). Compared to a

flat leg profile, the C-leg profile helps increase the net lift significantly, while with

the reversed C-leg profile, one has the opposite situation due to the difference in the

amount of granular material in the leg uplift. As the particles cannot penetrate the
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legs, with the C-leg, one has more uplift of granular material than with a reversed

C-leg when the leg rotates clockwise. However, there is not as much change in the

net drag as that in the net lift with the three leg models because the movement of

particles are bounded within the same boundary walls in the horizontal direction.

The profiles of flat leg, C-leg and reversed C-leg at different time instants are shown

in Fig. 3.2 (d), (e), and (f), which can serve as evidence of the amount of granular

material the legs uplift.

Based on this validated model, the sensitive dependence of drag and lift forces

on the length of the robot foot is investigated. The influence of forward foot with

different lengths on the resistive forces is shown in Fig. 3.3. The length of the

foot to leg ratio is defined as fl. In Fig. 3.3 (a), when fl is 0.33, it is shown that

compared with a flat leg, the introduction of the forward foot increases the lift and

drag forces because the forward foot uplifts more granular material. To generate

the results shown in Fig. 3.3 (b), fl is set to 0.67. From a comparison between Fig.

3.3 (a) and Fig. 3.3 (b), one can infer that longer the foot is, the larger the lift and

drag forces are. The resistive forces experienced by the L shaped legs are in between

those obtained for the flat leg and C-leg. With regard to Fig. 3.3 (c), it is noted

that if the length of the foot is increased continuously, then, the resulting lift and

thrust forces exceed those of the C-leg as there is a sharp edge in the L shaped leg.

The lift force is more sensitive than the drag force to the shape of the leg because of

the different boundary conditions in the two directions. The granular particles are

bounded by two fixed walls in the horizontal direction while in the vertical direction

there is a fixed end and a free surface. In Fig.3.3 (d), (e), and (f), the profiles of
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L-legs at different time instants are shown to help understand the change in the

resistive forces.

In addition, the influence of backward foot with different lengths on the resis-

tive forces is illustrated in Fig.3.4. In Fig.3.4 (a), when fl is 0.33, it is shown that

compared with the flat leg, the introduction of backward foot increases drag force

because more granular particles are pushed in the horizontal direction. However,

with this geometry, one decreases the lift force because it is easier for the leg to

intrude clockwisely into the granular material with a backward foot. From a com-

parison between Fig.3.4 (a) and Fig.3.4 (b), it is learned that the longer the foot is,

the larger the lift and drag forces are. The lift forces of reversed L shaped legs are in

between those obtained with the flat leg and reversed C-leg profiles. In Fig.3.4 (c),

it is shown the drag force continues to increase if the length of the foot continues to

increase. The lift force, however, stops decreasing and starts to increase. The lift

force is less sensitive than the drag force to the shape of the leg. In Fig .3.4 (d), (e),

and (f), the profiles of reverse L-legs at different time instants are shown to provide

more details on the amount of granular particles different legs uplift to understand

the changes in the resistive forces.

Finally, the influence of the angular velocity of legs on the resistive forces

across different shapes is shown in Fig. 3.5. For all the cases, the angular velocity

is 0.2rad/s for the slow rotation and 0.8rad/s for the fast rotation. For all of the

leg shapes, the qualitative trend is the same; that is, the faster the leg rotates, the

larger the thrust and lift forces are. Frfast is defined as the resistive forces in fast

rotation and Frslow is used for the resistive forces in the slow rotation case. The
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ratio rfs = Frfast/Frslow is slightly different in the horizontal and vertical directions

across various leg shapes. This ratio rfs is almost the same for all leg shapes. The

lift force of C-leg is observed to be least sensitive to the increase of the rotation

frequency of the legs and that of reversed C-leg is found to be the opposite due to

the amount of granular material involved in the interaction.

3.4 Concluding Remarks

A computational framework based on the smoothed particle hydrodynamics

(SPH) method has been developed for the investigation of single robot limb in-

teraction with a granular substrate. The proposed SPH framework is validated

by comparing numerical results obtained with this model with recent experimental

findings and extended to study robot limbs across different shapes and stride fre-

quencies. Compared with the flat leg, the C-leg is observed to increase the lift force

significantly and the drag force a little, while with the reversed C-leg, one has the

opposite situation due to the difference in the amount of granular material the leg

uplift. Although the author could not carry out experimental validation for the sim-

ulations of flat legs with the forward and backward foot, the numerical findings can

help understand the influence of foot on the leg locomotion on granular material.

Compared with a flat leg, with the introduction of a forward foot, one increases the

lift force because the forward foot helps uplift more granular material. The longer

the foot, the larger the lift force. In contrast, the introduction of backward foot

first decreases and then increases the lift force with the increase in the foot length.
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The introduction of the foot always leads to an increase in the drag force. The

drag forces experienced by legs with a backward foot are more sensitive than those

experienced with a forward foot. The drag and lift forces increase with the increase

of the angular velocity of the legs. The lift force experienced by a C-leg is found to

be least sensitive to the increase in the rotation frequency of the legs and the trend

with a reversed C-leg is the opposite. Through the current study, it is shown that

the smoothed particle hydrodynamics method can be used to study the interactions

of intruders with arbitrary geometry and granular material, and also be used to

terra-mechanics problems where the interactions between the terrain and the body

of interest are at small scales.
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Chapter 4: Hybrid Robot Motion on Particulate Soft Terrain

In this chapter, the legged and wheeled locomotion are combined to leverage

the advantages of both locomotion modes, with the aim of having a resulting hybrid

leg-wheel locomotion that can enable fast motion in any terrain condition. The pre-

vious experimentally validated computational framework for single robot appendage

interaction with the granular system has been extended and coupled with a multi-

body simulator to model different robot configurations. Encouraging agreement is

found amongst the numerical, theoretical, and experimental results, for a wide range

of robot leg configurations, such as leg curvature and shape. The sensitive depen-

dence of robot performance on different gaits has been investigated by parametric

explorations.

The abovementioned physics-based simulation can serve as a high-fidelity tool

to uncover clues about the underlying mechanism of dynamic interactions between

robots and a soft terrain. However, real-time navigation in a challenging terrain

requires fast prediction of the dynamic response of the robot, which is useful for

terrain identification and robot gait adaption. Therefore, a data-driven modeling

framework has also been developed for the fast estimation of the slippage and sink-

age of robots. With the data-driven model, one can leverage the high-quality data
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generated from the offline physics-based simulation for the training of a deep neural

network founded on long short-term memory (LSTM) cells [70]. The results are ex-

pected to form a good basis for online robot navigation and exploration in unknown

and complex terrains.

The rest of this chapter is organized into four sections to include the approach,

results, and concluding remarks.

4.1 Approach

The physics-based modeling of hybrid robot motion on soft terrain has three

components, which are the granular materials, whose model is the same that in

reference in [58], two-way coupled interaction mechanism that is the same as that

in earlier work [73], and the dynamics of the robot. The robot is treated as a rigid

body composed of particles. Thus, the motion of the robot can be decomposed into

the translational part and the rotational part. The equations of motion are written

as shown next:

drk
dt

= uk (4.1)

uk = U0 + Ω0 × rk0 (4.2)

ak =
dU0

dt
+
dΩ0

dt
× rj0 + Ω0 × vj0 (4.3)
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dU0

dt
=

Fgranular−robot

M
+ g (4.4)

dΩ0

dt
=

Tgranular−robot

I
(4.5)

Fgranular−robot =
∫

Γ
n · σdx (4.6)

Tgranular−robot =
∫

Γ
r× (n · σ)dx (4.7)

Sinkage and slipping are the two most important issues for robot mobility [71].

Wheel sinkage is regarded as the distance from the lowest point of the wheel in the

soil to the horizontal flat terrain in relative research. Wheel slip occurs when the

force applied to a wheel exceeds the traction available to that wheel. The force

is applied to the wheel either longitudinally or laterally. Longitudinal force comes

from the torque applied to the wheel by the engine or due to the brakes. It tends

to either accelerate or decelerate the car. Lateral force is created when a vehicle is

driven around a curve. It takes force to make a vehicle change direction. The tires

and the ground provide lateral force. Slipping is defined as the following:
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slip =


1− vx

Rω
for vx < Rω

Rω

vx
− 1 for vx ≥ Rω

(4.8)

A positive slip indicates that the wheels are spinning; negative slip indicates

that they are skidding.

A data-driven modeling framework has been developed for the fast estimation

of the slippage and sinkage of robots. The data-driven model leverages the high-

quality data generated from the offline physics-based simulation for the training of

a deep neural network founded on long short-term memory (LSTM) cells [70]. The

reason for choosing LSTM is because it is suitable for sequence modeling and can

capture long term dependency. A single LSTM cell is shown in Fig. 4.1 and defined

as:

ct-1

ht-1

xt

x
x
+

ft it ot
𝝈𝝈 𝝈𝝈 tanh 𝝈𝝈

tanh
x

ct

ht

�𝒄𝒄𝒕𝒕

Figure 4.1: LSTM cell
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i<t> = σ(Wuiu
<t> +Whih

<t−1> +Wcic
<t−1> + bi) (4.9)

f<t> = σ(Wufu
<t> +Whfh

<t−1> +Wcfc
<t−1> + bf ) (4.10)

c<t> = f<t>c<t−1> + i<t> ◦ tanh(Wucu
<t> +Whch

<t−1> + bc) (4.11)

o<t> = σ(Wuou
<t> +Whoh

<t−1> +Wcoc
<t> + bo) (4.12)

h<t> = o<t> ◦ tanh(c<t>) (4.13)

wherein σ(x) = 1/(1+e−x) is the sigmoid function, ◦ represents the Hadamard

product, and i<t>, f<t>, u<t>, c<t>, and h<t> are as defined the input gate, forget

gate, update gate, cell memory, output gate, and cell hidden state at time step t.

The weighting matrices are defined accordingly. The gradient is trapped in the cell

and prevented from vanishing through the memory cell and controlling gates.

4.2 Results and Discussion

The wheel and legs across different morphologies are combined as designs

of the hybrid locomotion system, which are shown in Figure. 4.2, such as the
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(a)

(b)

(c)

(d)

(e)

Figure 4.2: Morphologies of hybrid wheels: (a) Flat-leg wheel, (b) C-leg wheel, (c)

Reversed C-leg wheel, (d) L-leg wheel, and (e) Reversed L-leg wheel.
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t=0s          t= 1.5s       t= 2s (a)

(b)

(c)

(d)

(e)

Figure 4.3: Hybrid wheel motion across morphologies: (a) Flat-leg wheel, (b) C-leg

wheel, (c) Reversed C-leg wheel, (d) L-leg wheel, and (e) Reversed L-leg wheel.
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Figure 4.4: Sinkage and slip prediction with physics-based and LSTM prediction:

(a) Flat-leg wheel, (b) C-leg wheel, (c) Reversed C-leg wheel, (d) L-leg wheel, and

(e) Reversed L-leg wheel.
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flat-leg wheel, C-leg wheel, Reversed C-leg wheel, L-leg wheel, and Reversed L-leg

wheel. The dimension and physical parameters are as follows: robot legs (2R= 8cm,

width=10cm, thickness=0.5cm) and granular bed (W=50cm, H=10cm deep). The

granular media picked is 3 mm (diameter) glass spheres in a closely packed state with

a particle material density of 2.6g/cm3, volume fraction of 0.63, and angle of repose

23o (µ1 = tan(23o), µ2 = tan(33o)). A physics-based computational framework

has been developed by coupling robot dynamics and the previous computational

framework for single robot appendage interaction with granular material. This newly

developed framework is used to evaluate the mobility of hybrid robots.

From previousstudies (see for example, Chapter 3), a conclusion can be drawn

that the resistive forces depend on the leg morphologies, stride frequency, and the

load carries by the robots. To investigate the sensitive dependence of hybrid robot

mobility on its morphologies, the stride frequency and carrying load are fixed for

all of the simulation cases in Figure. 4.3. During the hybrid robot locomotion

simulation, the leg-wheels are first paused for 2 seconds, and then rotated clockwise

with an stride frequency ω=1.5 rad/s and a carrying load of 4.9N. One can tell from

Figure. 4.3 that the proposed hybrid robots do not suffer from immobility issue

on soft terrain like wheel locomotion because the legs can pull out themselves even

when trapped in a terrain. The mobility of hybrid robots is influenced by their

shapes. A flat-leg wheel has the worst mobility because of the large sinkage. Even if

this Flat-leg wheel has the slowest speed, it dose not get trapped in sand. One just

swims in the sand instead of walking on the sand. Reversed C-leg wheel in this case

has the best mobility because the lift force is large enough to carry vertical load and
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the drag force is small enough to resist motion.

A data-driven modeling framework has also been developed for the fast estima-

tion of the slippage and sinkage of robots. Again, with this data-driven model, the

author has leveraged the high-quality data generated from the offline physics-based

simulation for the training of a deep neural network founded on long short-term

memory (LSTM) cells. Both the physics-based and data-driven modeling approach

can capture and predict the mobility of the hybrid robots.

4.3 Concluding Remarks

The legged and wheeled locomotion are combined to achieve fast mobility in

any terrain condition. A physics-based computational framework has been devel-

oped to evaluate the mobility of hybrid robots. A data-driven modeling framework

has also been developed for the fast estimation of the slippage and sinkage of robots.

The proposed hybrid robots do not suffer from immobility issue on soft terrain like

wheel locomotion because the legs can pull out themselves even when trapped in a

terrain. The mobility of hybrid robots is influenced by their shapes. Reversed C

leg-wheel in this case has the best mobility because the lift force is large enough

to carry vertical load and the drag force is small enough to resist motion. Both

the physics-based and data-driven modeling approaches can be used to capture the

mobility of the hybrid robots.
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Chapter 5: Conclusion and Future Work

5.1 Summary

As described in previous chapters, the dissertation starts with the development

of constitutive modeling to realistically describe complex behavior of a granular soft

terrain. Then the newly developed model is numerically implemented and validated

in a mesh-less SPH framework. The computational framework is then extended to

study single robot appendage interaction with granular terrain. Finally, the legged

and wheeled locomotion are combined to leverage the advantages of both locomotion

modes aiming at the resulting hybrid leg-wheel locomotion can move fast in any

terrain condition. The resulting hybrid leg-wheel locomotion is found to enable fast

motion in any terrain condition. A data-driven modeling framework has also been

developed for the fast estimation of the slippage and sinkage of robots.

Specifically, a constitutive model for both the dry and wet granular materials

is implemented in a smoothed particle hydrodynamics framework to investigate the

collapse of granular columns on flat and curved surfaces. The grain-scale capillary

interaction is taken into consideration for capturing the behavior of wet granular ma-

terials. The proposed SPH framework is validated by comparing numerical results

obtained with this model with recent experimental findings for dry and wet granular
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column collapses on flat surfaces. Compared with dry granular materials, the intro-

duction of surface tension in wet granular materials is noted to increase the shear

stresses and enable a stronger structure with larger angles of repose. For collapses

on curved surfaces, the differences in final profiles between wet granular materials

and dry granular materials are not as pronounced as that on flat surfaces due to

geometric constraints, although there is also an increase in internal shear strength.

Through the current study, it is shown that the smoothed particle hydrodynamics

method can be used to study wet granular materials.

In addition, a computational framework has been developed for the investi-

gation of single robot limb interaction with a granular substrate. The proposed

framework is validated by comparing numerical results obtained with this model

with recent experimental findings and extended to study robot limbs across differ-

ent shapes and stride frequencies. Compared with the flat leg, the C-leg is observed

to increase the lift force significantly and the drag force a little, while the reversed

C-leg does the opposite because of the difference in the amount of granular material

the leg uplift. Compared with a flat leg, with the introduction of a forward foot,

one increases the lift force because the forward foot helps uplift more granular ma-

terial. The longer the foot, the larger the lift force. In contrast, the introduction of

backward foot first decreases and then increases the lift force with the increase in

the foot length. The introduction of the foot always leads to an increase in the drag

force. The drag forces experienced by legs with a backward foot are more sensitive

than those experienced with a forward foot. The drag and lift forces increase with

the increase of the angular velocity of the legs. The lift force experienced by a C-leg
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is found to be least sensitive to the increase in the rotation frequency of the legs

and the trend with a reversed C-leg is the opposite. Through the current study, it is

shown that the smoothed particle hydrodynamics method can be used to study the

interactions of intruders with arbitrary geometry and granular material, and also be

used to terra-mechanics problems where the interactions between the terrain and

the body of interest are at small length scales.

Finally, the legged and wheeled locomotion are combined to achieve fast mo-

bility in any terrain condition. A physics-based computational framework has been

developed to evaluate the mobility of hybrid robots. A data-driven modeling frame-

work has also been developed for the fast estimation of the slippage and sinkage

of robots. The proposed hybrid robots do not suffer from immobility issue on soft

terrain like wheel locomotion because the legs can pull out themselves even when

trapped in a terrain. The mobility of hybrid robots is influenced by their shapes.

Reversed C leg-wheel in this case has the best mobility because the lift force is large

enough to carry vertical load and the drag force is small enough to resist motion.

Both the physics-based and data-driven modeling approach can capture the mobility

of the hybrid robots.

5.2 Suggestions for future work

In future studies, a few open questions worth exploring are as follows:

1. How can one transfer information at the micro-scale to the continuum scale

model to bridge the gap between length scales for the unified modeling of granular
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material?

2. Can one include multi-physics phenomena, such as thermal effect, size

dependence, and level of water content in only one computational framework?

3. How can one leverage the combined benefit of high-fidelity simulation and

computational efficient data-driven modeling approach for fast online prediction and

control of robot navigation?

Besides the above questiosns, there are new opportunities of developing adap-

tive simulation tools for robot navigation in changing Arctic. The Arctic warms

twice as fast as the rest of the world, which affects not only 4 million people liv-

ing close to this region but also communities far from the Arctic. A warmer and

increasing-accessible Arctic opens to the region to increasing research, navigation,

and exploration, which will have a profound local and global influence. Navigation

on natural terrains in the Arctic would help answer questions by observing the at-

mosphere above the ice: How much are the ice sheets shrinking? How fast is this

change happening? Where is the ice melting the most? What factors are affecting

these melts? These questions are essential to understand and predict changes in

the Arctic environment. Unlike Antarctica where a polar climate dominates, the

Arctic is more diverse. The special environment in the Arctic makes the motion on

natural terrains in the Arctic quite complex. The evolving mapping and navigation

techniques pave the way for robot operations in unmapped terrain like environments

in the Arctic.

There has been significant progress made when it comes to robots perceiving

and navigating their environments, like computer vision for mobile robot navigation.
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Figure 5.1: Complex environment in Arctic [74]
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Not much work has been done in numerical simulations, which are important to

associate gait design and field test of robot locomotion on natural terrain in the

Arctic, where complex contact and fluid-structure interaction occurs. The author’s

previous insight into conducting research on robot locomotion interaction with the

granular substrate can be transferred to modeling the natural terrain in the Arctic.

A plan is to refine and develop a three-dimensional walker simulator on natural

terrain. Novel computational studies will be conducted on the multi-body robot that

can perform hybrid-locomotion modes, such as walking, jumping, skating, climbing

to adapt to complex terrains in the Arctic.

Figure 5.2: Cartoon of proposed numerical simulation of a robot navigating in the

Arctic
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Appendix A: Derivation of Hyperplastic Drucker-Prager Soil Model

To formulate the hyperplastic constitutive framework, one starts by defining

the strain rate tensor,

D =
ṡ

2G
+

1− 2ν

3E
İ1δij + λ̇

∂g

∂σ
(A.1)

From the definition of elastic bulk modulus K,

K =
E

3(1− 2ν)
(A.2)

The strain rate tensor can be rewritten as

D =
ṡ

2G
+

İ1

9K
δij + λ̇

∂g

∂σ
(A.3)

By definition of deviatoric stress tensor, one has

ṡ = σ̇ − 1

3
İ1δij (A.4)

On substituting Eq.(A.4) into Eq.(A.3) and solving for σ̇,

σ̇ = 2GD− 2Gλ̇+
3K − 2G

9k
İ1δij (A.5)

Taking the trace of both sides of Eq.(A.3) leads to

İ1 = 3K(tr(D)− tr(λ̇ ∂g
∂σ

)) (A.6)

After substituting Eq.(A.6) into Eq.(A.5), the generalized consitutive law for hyper-

plastic material can be derived as

σ̇ = 2Gė−Ktr(D)δij − λ̇[(K − 2

3
G)tr(

∂g

∂σ
)δij + 2G

∂g

∂σ
] (A.7)
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where ė is the deviatoric strain rate tensor defined as

ė = D− 1

3
tr(D)δij (A.8)

For the Drucker-Prager material, the yield potential function f(σ) and plastic

potential function g(σ) are given by

f(σ) = F (I1,
√
J2)− kc (A.9)

g(σ) = G(I1,
√
J2)− kc (A.10)

The derivation of these functions with respect to the Cauchy stress tensor can be

derived by

∂f

∂σ
=

∂f

∂I1

∂I1

∂σ
+

∂f

∂
√
J2

∂
√
J2

∂σ
=
∂f

∂I1

δij +
1

2
√
J2

∂f

∂
√
J2

δij (A.11)

∂g

∂σ
=

∂g

∂I1

∂I1

∂σ
+

∂g

∂
√
J2

∂
√
J2

∂σ
=

∂g

∂I1

δij +
1

2
√
J2

∂g

∂
√
J2

δij (A.12)

After substituting Eq. (A.9) into Eq. (A.7), the generalized constitutive relation-

ship for hyperplastic material with Drucker-Prager yield criterion can be obtained

as,

σ̇ = 2Gė−Ktr(D)δij − λ̇[3K
∂g

∂I1

δij +
G√
J2

∂g

∂
√
J2

s] (A.13)

wherein the plastic multiplier can be derived by substituting Eq. (A.11) and

Eq. (A.12) into its definition formula leading to

λ̇ =
3Ktr(D)

∂f

∂I1

+
G√
J2

∂f

∂
√
J2

s : D

9K
∂f

∂I1

∂g

∂I1

+G
∂f

∂
√
J2

∂g

∂
√
J2

(A.14)
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