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A mathematical model on community dynamics of Batesian 

mimicry with a general attack probability 

1 I 
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2 Faculty of Environmental Earth Science, Hokkaido University 

ntrod uct1on 

Batesian mimicry is a similarity between an unpalatable species (model-species) and a palatable species 
(mimic-species) in coloration and patterns. As many examples of Batesian mimicry have been reported 
in various taxa, Batesian mimicry is a widespread phenomenon in nature[l]. In Batesian mimicry, once 
a predator eats an unpalatable model-species, it learns the distastefulness and then avoids not only the 
unpalatable model-species but also the palatable mimic-species. Therefore, the mimic-species can avoid 
predation because of the similarity to the model-species. This mechanism has been supported by many 
empirical studies [l]. 
Many theoretical studies on Batesian mimicry have been conducted so far. However, while they focused 
mainly on the evolution ([2] for example), they have not paid less attention to the community dynamics. 
In general, evolution occurs through the process of population and community dynamics. Therefore, it 

is needed to understand the community dynamics in detail as a basic process causing the evolution of 
Batesian mimicry. 
Previous studies on the community dynamics of Batesian mimicry constructed and analyzed mathe-
matical models [3, 4, 5]. In these models, the predation rates of the model-species and mimic-species 

are determined by their population densities. This is because predators learn the taste of prey and then 
become more likely to attack or ignore it, and because the opportunity to learn the taste of prey is more 
frequent as the population density of prey is large. Thus, in these mathematical models, it is needed to 
give the relationship between the predation rates and the population densities of the model-species and 

m1m1c-spec1es. 
In previous studies, the relationship about the predation rates is assumed to be a specific mathematical 
function as we see in the next section. However, the empirical basis of the specific function form describing 
the predation rates is not enough. In general, the qualitative properties of these mathematical models 
vary depending on the properties of the function form. This means that theoretical predictions derived 
in the previous studies can depend on the specific assumption about predation rate, and in that case, 

the predictions are neither robust nor appropriate. Here, it is required to find theoretical predictions 
that arc independent from the specific assumption about predation rate. 
In this paper, we constructed a mathematical model, in which we did not assumed a specific mathe— 

matical function, but a general mathematical function with biologically plausible conditions. Then, we 
analyzed the mathematical model and discussed the result comparing with the typical pattern of geo— 

graphical distribution in Batesian mimicry. This paper is organized as follows: in section 2, we construct 
the mathematical model and make four plausible assumptions. In section 3, we show some theorems 
about the existence and stability of the equilibria. In section 4, we discuss the result. 

2 Mathematical model 

2.1 Mathematical model on community dynamics 

We proposed a mathematical model on the population densities of a model-species x(t) and mimic-species 
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y(t) at time t as follows: 

岳=T1X (1- 后）—れ(x,y,P),
dy 面＝噂 (1-t) —砂(x,y,P),

x(O) = xo > 0, y(O) =Yo> 0, r1,r2,K1,K2,P > 0. 

(1) 

Here, r1 and乃 representthe intrinsic growth rates of the model-species and mimic-species, and K1 and 
応 representthe carrying capacities of the model-species and mimic-species, respectively. P represents 

the population density of their predator. 仇(x,y,P)and砂(x,y, P) represent the predation rates of the 
model-species and mimic-species respectively, that is, the numbers per unit time of eaten model-species 
and mimic-species. 

To formulate the number of eaten prey per unit time, we resolve the process of predation into the three 

steps: encounter, attack, and catch (Fig. 1). Based on this scheme, the number of eaten model-species 
(mimic-species) per unit time can be given by the multiplication of the following three terms: 

(i) Encountered number: This is the number of encounter between the model-species (mimic-
species) and the predator individuals per unit time. The number is assumed to be c1xP (c2yP) 
where c1 (c2) represents a positive proportionality constant. 

(ii) Attack probability: This is the probability of attack by a predator when the predator encounters 
a model-species (mimic-species). This probability for the model-species at time t is denoted by 

</>(x(t),y(t)). For simplicity, we assumed that predators cannot distinguish the model-species and 
mimic-species. Therefore, the probability for the mimic-species is also given by¢(x(t),y(t)). 

(iii) Catching probability: This is the probability of success in catching by a predator when the 

predator attacks an encountered model-species (mimic-species). This probability is denoted by q1 
(q叫.For simplicity, we assumed that the model-species and mimic-species die if they are caught 
by a predator. 

Based on the above assumptions, the number of eaten model-species and mimic-species per unit time 

are given as follows: 

釘(x,y, P) = c1xP・</>(x, y)・q1, む(x,y, P) = c2yP・</>(x, y)・qぁ

C1,C2 > 0, Q < q1,q2 S 1. 

By setting a = c辺1and fi = c2q2, we get 

切(x,y,P)= axPcp(x,y), 砂(x,y,P)=fJyPcp(x,y), a,fJ>O. (2) 

Substituting Eqs. (2) into Eqs. (1), we obtain the following mathematical model: 

dx x 
盃=r1小—『)-axPcp(x, y), 
靡＝乃y(1 -f?;) -(3yPcp(x, y), 

叫O)=xo>O, y(O)=yo>O, r1,r2,K1,K2,a,/3,P>O. 

Encounter 
cixP (c2yP) individuals 

Catch 
(death of prey) 

Fig. 1 Scheme of encountering, attacking and catching of predators. 

(3) 



72

2.2 Assumptions of attack probability 

In the previous subsection, we constructed mathematical model (3) using the attack probability¢(x, y). 

Previous studies assumed the attack probability¢(x, y) to be specific functions ([4, 5] used ユ—, and [3] x+y 

used (~) 8 wheres > 0). However, the empirical basis of these used functions is unsatisfactory. Here, 

instead of assuming the attack probability to be a specific function, we only make the following four 
assumptions on the qualitative properties of the attack probability: 

(i) The attack probability decreases when the population density of model-species increases, that is, 

8¢ 

OX 
< 0'efx > 0'efy > 0. (4) 

(ii) The attack probability increases when the population density of mimic-species increases, that is, 

a¢ 
ay > 0'vx > 0'vy > 0. 

(iii) The attack probability is zero if only the model-species exists, that is, 

cp(x, 0) = 0'vx > 0. 

(iv) The attack probability is equal to one if only the mimic-species exists, that is, 

</>(O,y) = 1 Vy> 0. 

(5) 

(6) 

(7) 

The above assumptions are not only plausible in Batesian mimicry, but also satisfied by the functions 
used in previous studies[3, 4, 5]. 

3 Result 

In mathematical model (3), there are the following equilibria: 

{JP 
尾 =(K1,0), Ey=(O,K2(1―戸）），瓦＝（が，y*),

where x* and y* are real numbers satisfying the following equations: 

x* =瓦(1-Arp(ぶ，y*)),

が＝応(1-B叩＊，が）），

A 
aP 
B 
f3P = = ， 

r1 r2 

(8) 

(9) 

(10) 

Here, it should be noted that a coexistence equilibrium E+ does not always exists in the positive region. 
恥 rthermore,even if a coexistence equilibrium E+ exists in the positive region, the number is not always 
one. 
We provide Theorem 1 for the existence and stability of equilibrium Ex, Theorem 2 for the existence 
and stability of equilibrium Ey, Theorem 3 for the existence of equilibrium E+ using Lemma 1 (in this 
paper, we use an "attractor" as an asymptotically stable point). 

Theorem 1. The model-only equilibrium Eぉ=(K1, 0) always exists on the positive x-axis. Furthermo詑，
the equilibガumEx is always a saddle po叫
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Proof. The existence is proven from K1 > 0. The Jacobian matrix at Ex is given as: 

J E, = (―； 1 -aPK1!f (K1,0)) 
Therefore, the equilibrium砧 isa saddle point because DetJ E, = -r1r2 < 0. 口

Theorem 2. The mimic-only equilib廿umEy = (O,K2(1-B)) exists on the positive y-axis if and only 

if B = (3P/乃く 1.When the equilibrium Ey exists, the stability is as follows: 

(i) The equilibrium Ey is a saddle point if A < 1. 

(ii) The equilibrium Ey is an attractor if A > 1. 

Proof. The existence is proven from K2 > 0. Noting that続(0,y) = 0 for y > 0 from Eq.(7), the Jacobian matrix 
at恥 isgiven as: 

(r,(1-A)  O 
JIEy = -f3PK2(l -B)岳(0,K2(l -B)) ―乃(1-B)).

The inequality一乃(1-B) > 0 holds from B < 1. (i) From内 (1-A) > 0, Det JI < 0. Therefore, the Ey 
equilibrium Eu is a saddle point. (ii) From r,(1 -A) < 0, Tr J尻<0 and Det JIE" > 0. Therefore, the 
equilibrium砧 isan attractor. ロ

Lemma 1. A point (x*, y*) is a positive equilibrium if and only if a positive real number x* satisfies the 

following two conditions: 

(i) ry(x*) > 0, 
(ii) ((x*) = 1, 

where 

rt(x) =~ 応+K2 (1 -~), ((x) = A¢,(x, 71(x)) +応
Proof. Suppose that (がぷ） is a positive equilibrium. From Eqs. (8) and (9), 

叩＊，が） =½(1- 后）＝五 (1-玉）
Rearranging Eq. (11) in terms of y*, we get 

* BK2 * B 
y = AK1 X + K2 (1 -A) ='1(が）．

(11) 

(12) 

From this equation (12), ry(が）＝が>0. Therefore, condition (i) is satisfied. Substituting this relation y* = ry(x*) 
into Eq. (8), we obtainが=K1[l -A¢,(が，'fl(が））]. This equation can be transformed into 

1 =A¢(が，'TJ(が））＋后＝霊）．

Therefore, condition (ii) is also satisfied. The converse is equally true. 

(13) 

亡l

Theorem 3. A coexistence equilibrium E+ = (x*, y*) exists in the positive region if any one of the 

following conditions are satisfied: 

(i} A::; B. 
(ii} B <A<  1. 

Proof. (i) Suppose that A :s; B. Function'T/(x) is positive if and only if x > K,(1 -A/B) =允， andany 
equilibrum does not exist in x?: K,. Therefore, we focus only on x in the range (x, K,). From Eqs. (5) and (6), 
く(K1)= Acp(K1, K2) + 1 > 1. In contrast, く（企） = 1 -A/ B < l Th f . ere ore from mtermediate value theorem 
there existsが E(x, K1) satistifying ((が） = 1 and'T/(が） > 0. Hence, from Lemma 1, coexistence equilibrium 
E+ exists at least one in the positive region. 
(ii) Suppose that B < A < l. Function'T/(x) is always positive for positive x. From Eqs. (5) and (6), 
く(K1)= Acp(K1,K2) + 1 > 1. In contrast, from Eq. (7), ((0) =A<  l. Therefore, from intermediate value 
theorem, there existsが E(0, K1) satistifying ((が） = 1 and'T/(が） > 0. Hence, from Lemma 1, coexistence 
equilibrium E+ exists at least one in the positive region. ロ
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4 Discussion 

Through the analysis in this paper, we clarified the behavior of mathematical model (3). Particularly, 

the following facts are revealed: 

• The model-only equilibrium (Ex) is always unstable (Theorem 1). 
• The mimic-only equilibrium (Ey) is stable in a parameter region (Theorem 2). 
• A coexistence equilibrium (E+) exists in a parameter region (Theorem 3). 

Here, we focus on the instability of the model-only equilibrium (Ex), and call the theoretical prediction 

"model-only instability". Based on the prediction "model-only instability", we can make a prediction on 

the geographical distribution of a model-species and a mimic-species. Let us consider an examination of 

various habitats where a model-species or a mimic-species can exist. In general, environmental conditions 

in habitats are various, and depending on the environmental conditions, the equilibrium state in each 

habitats also varies. Therefore, if prediction "model-only instability" is true and the interactions between 

habitats can be ignored, then the habitats that can be observed are habitats where they coexist, habitats 

where mimic-species only exists without model-species, and habitats where neither the two species do 

not exist. 

Actually, this expectation is consistent with several examples of Batesian mimicry in nature. [6] re-
ported that more than ten cases of Batesian mimicry show the same pattern of geographical distribution, 

and that in the typical pattern of geographical distribution, the range of mimic-species is wider than 

that of model-species (Fig. 2). This means that the habitats where only the model-species exists are not 

observed, and is consistent with the prediction "model-only instability". 

In this paper, we constructed and analyzed a mathematical model on the community dynamics of 

Batesian mimicry, and the derived prediction is consistent with the typical pattern of geographical 

distribution. The theoretical prediction is robust because our mathematical model did not assume a 

specific attack probability. 

References 

Fig. 2 Illustration of the distribution of a model-
species (venomous snake, Micrurus fulvius) and 
a mimic-species (non-venomous snake, Lampropeltis 
elapsoides) in the southeastern United States. There 
are three types of area: the area where they coex-
ist (black), the area where mimic-species only exists 
(stripe) and the area where both species does not ex-
ist (white). This figure was remade from [6, Figure 
1]. 

[l] Graeme D. Ruxton, Thomas N. Sherratt, and Michael P. Speed. Avoiding attack: the evolutionary ecology of crypsis, 
warning signals and mimicry. Oxford University Press, 2004. 
[2] Sergey Gavrilets and Alan Hastings. Coevolutionary chase in two-species systems with applications to mimicry. Journal 
of Theoretical Biology, Vol. 191, No. 4, pp. 415-427, 1998. 
[3] Atsushi Yamauchi. A population dynamic model of Batesian mimicry. Researches on Population Ecology, Vol. 35, 
No. 2, pp. 295-315, Dec 1993. 
[4] Toshio Sekimura, Yuta Fujihashi, and Yasuhiro Takeuchi. A model for population dynamics of the mimetic butterfly 
Papilio polytes in the Sakishima Islands, Japan. Journal of Theoretical Biology, Vol. 361, pp. 133 -140, 2014. 
[5] Toshio Sekimura, Noriyuki Suzuki, and Yasuhiro Takeuchi. A model for population dynamics of the mimetic butterfly 
Papilio polytes in Sakishima Islands, Japan {II), chapter 12, pp. 221-237. Springer, Singapore, 2017. 
[6] David W. Pfennig and Sean P. Mullen. Mimics without models: causes and consequences of allopatry in Batesian 
mimicry complexes. Proceedings of the Royal Society B: Biological Sciences, Vol. 277, No. 1694, pp. 2577-2585, 2010. 


