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Abstract We study the boundary singularity of the solutions to the Boltz-

mann equation in the kinetic theory. The solution has a jump discontinuity in

the microscopic velocity ζ on the boundary and a secondary singularity of log-

arithmic type around the velocity tangential to the boundary, ζn ∼ 0−, where

ζn is the component of molecular velocity normal to the boundary, pointing to

the gas. We demonstrate this secondary singularity by obtaining an asymptotic

formula for the derivative of the solution on the boundary with respect to ζn

that diverges logarithmically when ζn ∼ 0−. Our study is for the thermal tran-
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spiration problem between two plates for the hard sphere gases with sufficiently

large Knudsen number and with the diffuse reflection boundary condition. The

solution is constructed and its singularity is studied by an iteration procedure.

1. Introduction

The kinetic theory allows for rich boundary phenomena. In the present paper,

we are interested in the singularity of the velocity distribution function on the

boundary, which is an important element of the boundary phenomena. We con-

sider the problem for thermal transpiration between two plates with diffuse re-

flection boundary condition. It is known in [5] that the velocity distribution

function on the boundary has a jump discontinuity at ζn = 0, where ζn is the

normal component of the molecular velocity at the boundary, pointing to the

gas. A more subtle secondary singularity is in the form of ζn ln |ζn| for ζn ∼ 0−,

[7]. In the present paper, for highly rarefied gases, we confirm the secondary

singularity by obtaining an asymptotic formula for the derivative of the solution

on the boundary with respect to ζn that diverges logarithmically when ζn ∼ 0−.

Consider stationary linearized Boltzmann equation:

3∑
i=1

ζi∂xif(x, ζ) =
1
κ
L(f)(x, ζ), (1.1)

in a region between two parallel infinite plates

Ω = {x ∈ R3 : −1
2
< x1 <

1
2
}. (1.2)

The linearization is respect to the normalized Maxwellian

E(ζ) = π−
3
2 e−|ζ|

2
. (1.3)
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Singularity of the velocity distribution function in molecular velocity space 3

The diffuse reflection boundary condition prescribes that the distribution leaving

the boundary is in thermal equilibrium with the boundary temperature and that

there is no mass flux across the boundary; for the domain we consider,

f(± 1
2 , x2, x3, ζ) = σ±E

1
2 + τw(|ζ|2 − 3

2 )E
1
2 , for ζ1 ≶ 0,

σ± = − 1
2τw + 2

√
π
∫
ζ1≷0
|ζ1|E

1
2 f(± 1

2 , x2, x3, ζ)dζ,
(1.4)

where τw is the perturbation of the boundary temperature around the reference

normalized temperature. The thermal transpiration phenomenon is that temper-

ature gradient of the boundary, without pressure gradient, can induce a gas flow.

The problem is considered here with linear boundary temperature, τw = cx2, so

that the solution can take a special form:

f(x, ζ) = c
(
φ̃(x1, ζ) + x2

(
|ζ|2 − 5

2
)
E

1
2

)
,

and the symmetric part of φ̃ defined by

φ(x1, ζ1, ζ2, ζ3) :=
1
2
(
φ̃(x1, ζ1, ζ2, ζ3) + φ̃(−x1,−ζ1, ζ2, ζ3)− (σ+ + σ−)E

1
2
)
,

vanishes on the boundary for molecular velocity toward the gas region:
ζ1∂x1φ(x1, ζ) = 1

κL(φ)− ζ2(|ζ|2 − 5
2 )E

1
2 (ζ), for − 1

2 < x1 <
1
2 ,

φ(± 1
2 , ζ) = 0, for ζ1 ≶ 0.

(1.5)

Here, we can observe that φ on the boundary has a jump at ζ1 = 0 whenever

it is not zero for the microscopic velocity toward the boundary and close to

tangential to the boundary. The linear collision operator can be decomposed

into a damping multiplicative operator −ν and a smoothing integral operator

K:

L(φ)(ζ) = −ν(|ζ|)φ(ζ) +K(φ)(ζ). (1.6)
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For the hard sphere case considered here,

ν(η) =2−3/2
(
e−η

2
+
(
2η +

1
η

) ∫ η

0

e−s
2
ds
)
, (1.7)

K(φ)(ζ) =
∫

R3
k(ζ, ζ∗)φ(ζ∗)dζ∗, (1.8)

k(ζ, ζ∗) =2−
1
2π−1|ζ − ζ∗|−1e

− 1
4

(|ζ|2−|ζ∗|2)2

|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2

− 2−
3
2π−1|ζ − ζ∗|e−

|ζ|2
2 −

|ζ∗|2
2

=:k1(ζ, ζ∗)− k2(ζ, ζ∗), (1.9)

and the following bound for ν is well known: there exist positive constants ν0

and ν1 such that

ν0(1 + |ζ|) < ν(|ζ|) < ν1(1 + |ζ|). (1.10)

We will view the smoothing term K(φ) as the source in (1.5) and integrate (1.5)

to obtain an integral equation for φ:

φ(x1, ζ) =
∫ x1

− 1
2

1
|ζ1|e

− ν(|ζ|)
κ|ζ1|

|x1−s|( 1
κK(φ)(s, ζ)− ζ2(|ζ|2 − 5

2 )E
1
2 (ζ))ds, for ζ1 > 0,∫ 1

2
x1

1
|ζ1|e

− ν(|ζ|)
κ|ζ1|

|x1−s|( 1
κK(φ)(s, ζ)− ζ2(|ζ|2 − 5

2 )E
1
2 (ζ))ds, for ζ1 < 0.

(1.11)

To solve (1.11), we consider an iteration scheme:

φ0(x1, ζ) =


κ
ν (1− e−

ν
κ|ζ1|

( 1
2 +x1))ζ2( 5

2 − |ζ|
2)E

1
2 , for ζ1 > 0,

κ
ν (1− e−

ν
κ|ζ1|

( 1
2−x1))ζ2( 5

2 − |ζ|
2)E

1
2 , for ζ1 < 0,

(1.12)

φn(x1, ζ) =


∫ x1

− 1
2

1
κ|ζ1|e

− ν
κ|ζ1|

|x1−s|K(φn−1)ds, for ζ1 > 0,∫ 1
2
x1

1
κ|ζ1|e

− ν
κ|ζ1|

|x1−s|K(φn−1)ds, for ζ1 < 0.
(1.13)

In the above, ν = ν(|ζ|) and K(φ) = K(φ)(s, ζ); such abbreviations will be used

in what follows. For a highly rarefied gas, κ large enough,

φ =
∞∑
n=0

φn (1.14)
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Singularity of the velocity distribution function in molecular velocity space 5

converges and solves (1.11), [2]. A numerical method is developed in [6] based on

this iteration. In [3], it is used to prove the logarithmic singularity of flow velocity

near the boundary. It is indicated in [7] that the singularity in x1 of logarithmic

type of K(φ) induces the same type of singularity in ζ1 on the boundary. This

observation is a key element in the present study.

In the present paper, we prove that the divergence of ∂x1K(φ)(x1, ζ) near

upper (lower) boundary as a logarithmic function induces the same type of di-

vergence of ∂ζ1φ on the upper (lower) boundary for ζ1 ∼ 0+ (0−). The main

step is to prove that ∂x1K(φ0) has the singularity, and this task is reduced to

analyzing an integral F̄ , a function of ζ1 and ζr = (ζ2
2 + ζ2

3 )
1
2 defined in Defini-

tion 1. It is known from [3] that the higher order terms ∂x1K(φn), n ≥ 1 can be

controlled when κ is sufficiently large.

In our theorem, we characterize the secondary singularity by the following

asymptotic formula for 0 < ζ1 <
1
κ2 <

1
100 .

Theorem 1.1. If κ large enough and 0 < ζ1 <
1
κ2 <

1
100 , then

∂ζ1φ(
1
2
, ζ) =

κ

ν2

{
− ln(

κ|ζ1|
ν

)[ζ2U(ζr) +O(
lnκ
κ

)] +O(1)
}
, (1.15)

where ζr =
√
ζ2
2 + ζ2

3 and

U(ζr) :=− 2−
1
2π−

1
4

(
1− 3

8
ζ2
r

)
e−

1
2 ζ

2
r − 2−

7
4π−

1
4 I0

(1
2
ζ2
r

)
e−ζ

2
r . (1.16)

Here, I0 is the zeroth order modified Bessel function of the the first kind.

Remark 1.1. In [7], from the symmetry of the equation, the authors observe that

φE
1
2 /ζ2 = φ̄(s, ζ1, |ζ|). They confirmed numerically

φ̄(
1
2
, ζ1, |ζ|) ≈ a1 + a2ζ1 ln ζ1, for ζ1 ∼ 0+, (1.17)
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where a1 and a2 are independent of ζ1. To see the correspondence between

Theorem 1.1 and (1.17), we introduce new variables µ, ρ, θ that represent ζ by

ζ = (µ,
√
ρ2 − µ2 cos θ,

√
ρ2 − µ2 sin θ), (1.18)

to have

ζ2
∂

∂µ
φ̄(

1
2
, µ, ρ) =E

1
2
∂

∂ζ1
φ(

1
2
, ζ) +

ζ1 cos θ√
ζ2
2 + ζ2

3

φ̄(
1
2
, µ, ρ)

− E 1
2

(
ζ1 cos θ√
ζ2
2 + ζ2

3

∂

∂ζ2
φ(

1
2
, ζ) +

ζ1 sin θ√
ζ2
2 + ζ2

3

∂

∂ζ3
φ(

1
2
, ζ)

)
.

(1.19)

For fixed ρ > 0, say ρ = 0.5, and 0 < ζ1 <
1
κ2 <

1
100 , the second term on the right

hand side of the equation above is bounded from the numerical computation and

the last term is bounded by C κ
ν2E

1
2 to be studied in Section 5. Therefore, we

conclude that Theorem 1.1 and (1.17) are consistent. Numerical demonstration

of (1.17) for ρ = 0.5 can be found in Figure 5 of [7].

In the next section, we lay out an overall plan for the proof of Theorem 1.1. In

Section 3, an asymptotic formula with spatial singularity of ∂x1K(φ0) is studied.

The exact expression of the function F̄ (0, ζr) and the continuity of F̄ for ζ1 ∼ 0 is

studied in Section 4. The contribution of the higher order terms ∂x1K(φn), n ≥ 1

is estimated in Section 5.

Our analysis of the boundary singularity for the Boltzmann equation con-

sists of exact calculations of the solution for the particular physical situation

of thermal transpiration in the parallel plates. We anticipate that this type of

singularity demonstrated here would happen for more general situations.

2. Plan of proof

We will lay out the plan of proof of Theorem 1.1 in this section.
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Singularity of the velocity distribution function in molecular velocity space 7

We formally differentiate φn, n ≥ 1, in (1.13) with respect to ζ1 on the

boundary, say, at the upper boundary, x1 = 1
2 :

∂ζ1φn(
1
2
, ζ) =



−
∫ 1

2
− 1

2

1
κ|ζ1|2

(
1− ν

κ|ζ1| |
1
2 − s|

)
e
− ν
κ|ζ1|

| 12−s|K(φn−1)ds

+
∫ 1

2
− 1

2

1
κ|ζ1|e

− ν
κ|ζ1|

| 12−s|∂ζ1K(φn−1)ds

−
∫ 1

2
− 1

2

1
κ|ζ1|e

− ν
κ|ζ1|

| 12−s| ν
′| 12−s|
κ|ζ| K(φn−1)ds, ζ1 > 0,

0, ζ1 < 0,

where ν′ = dν(ρ)
dρ

∣∣∣
ρ=|ζ|

. The integration by parts of the first term simplifies the

expression for ζ1 > 0 as

∂ζ1φn(
1
2
, ζ) =− 1

κ|ζ1|2

∫ 1
2

− 1
2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)∂sK(φn−1)ds

− 1
κ|ζ1|2

e
− ν
κ|ζ1|K(φn−1)(−1

2
, ζ)

−
∫ 1

2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s| ν
′| 12 − s|
κ|ζ|

K(φn−1)ds

+
∫ 1

2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|∂ζ1K(φn−1)ds. (2.1)

Our goal is to show that the logarithmic singularity of ∂ζ1φ is dominated by the

first term on the right hand side of (2.1) for n = 1:

W :=
1

κ|ζ1|2

∫ 1
2

− 1
2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)∂sK(φ0)ds. (2.2)

The main source of singularity of W is the spatial singularity of ∂sK(φ0) ∼

− ln( 1
2 − s). The following lemma shows that the spatial singularity of ln( 1

2 − s)

type induces a singularity in ζ1 for W , (2.2).

Lemma 2.1.∫ 1
2

− 1
2

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
−s) ln(

1
2
−s)ds =

κ

ν2

(
ln
κ|ζ1|
ν

+ 1− γ +O(e−
ν

2κ|ζ1| )
)
,

where γ is the Euler constant.
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Proof. Letting z = ν(|ζ|)
κ|ζ1| (

1
2 − s), we have∫ 1

2

− 1
2

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s) ln(

1
2
− s)ds

=
κ

ν2

(∫ ν
κ|ζ1|

0

e−zz ln zdz + ln
κ|ζ1|
ν

∫ ν
κ|ζ1|

0

e−zzdz
)

=
κ

ν2

(
1− γ −

∫ ∞
ν

κ|ζ1|

e−zz ln zdz + ln
κ|ζ1|
ν

(1− ν

κ|ζ1|
e
− ν
κ|ζ1| − e−

ν
κ|ζ1| )

)
=

κ

ν2

(
ln
κ|ζ1|
ν

+ 1− γ +O(e−
ν

2κ|ζ1| )
)
.

The first step in studying the spatial singularity of ∂sK(φ0) is to derive the

following asymptotic formula.

Lemma 2.2.

∂sK(φ0)(s, ζ) =
(

ln(
1
2

+ s)− ln(
1
2
− s)

)(
ζ2F̄ (ζ1, ζr) +O

( 1
κ2

))
+O(1). (2.3)

Here, ζr = (ζ2
2 + ζ2

3 )
1
2 and F̄ is a function defined later in Definition 1.

Lemma 2.2 will be proved in Section 3, Lemma 3.1 and Section 4, Lemma 4.1.

It implies that ∂sK(φ0) has a logarithmic singularity in s as long as ζ2F̄ is

bounded away from zero. In Section 4, the following closed form expression for

F̄ (0, ζr) and the continuity of F̄ when ζ1 ∼ 0 will be obtained.

Lemma 2.3.

F̄ (0, ζr) = −2−
1
2π−

1
4 (1− 3

8
ζ2
r )e−

ζ2r
2 − 2−

7
4π−

1
4 I0(

1
2
ζ2
r )e−ζ

2
r , (2.4)

where I0(x) is the zeroth order modified Bessel function of the first kind.

Lemma 2.4. If 0 ≤ ζ̄1 ≤ ζ1 ≤ 1
100 , then

|F̄ (ζ1, ζr)− F̄ (ζ̄1, ζr)| ≤ C|ζ1 − ζ̄1|
1
2 . (2.5)
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The remaining terms in (2.1) for n = 1 are minor and studied in Section 5.

Also, the higher order terms, i.e., (2.1) for n = 2, 3, . . . , are minor, which is also

discussed in Section 5. Summarizing the contributions of these minor terms, we

have

Lemma 2.5. For large enough κ and 0 < ζ1 <
1
κ2 ,

|∂ζ1φ(
1
2
, ζ)− ∂ζ1φ1(

1
2
, ζ)− ∂ζ1φ0(

1
2
, ζ)| ≤ C κ

ν2
(
∣∣ ln κζ1

ν

∣∣+ lnκ)(
C lnκ
κ

), (2.6)

|∂ζ1φ1(
1
2
, ζ) +W | < Cκ

ν2
, (2.7)

|∂ζ1φ0(
1
2
, ζ)| ≤ Cκ

ν2
. (2.8)

With the lemmas above as given, we can present the proof of Theorem 1.1.

Proof of Theorem 1.1. Let U(ζr) = F̄ (0, ζr). Combining Lemmas 2.2, 2.3, and

2.4, we obtain

∂sK(φ0)(s, ζ) = (ln(
1
2

+ s)− ln(
1
2
− s))

(
ζ2U(ζr) +O(

1
κ

)
)

+O(1), (2.9)

for 0 ≤ ζ1 ≤ 1
κ2 ≤ 1

100 . Here we have used that ζ
1
2
1 ≤ 1

κ .

Similar to Lemma 2.1, we have∫ 1
2

0

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s) ln(

1
2
− s)ds =

κ

ν2

(
ln
κζ1
ν

+ 1− γ +O(e−
ν

4κ|ζ1| )
)
.

Furthermore,

|
∫ 1

2

0

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)(| ln(

1
2

+ s)|+ C)ds|

≤
∫ 1

2

0

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)(ln 2 + C)ds ≤ C κ

ν2
,

and ∫ 0

− 1
2

1
κ|ζ1|2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)(| ln(

1
2

+ s)|+ | ln(
1
2
− s)|+ C)ds

≤
∫ 0

− 1
2

1
κ|ζ1|2

e
− ν

2κ|ζ1| (| ln(
1
2

+ s)|+ ln 2 + C)ds ≤ C κ

ν2
.
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Combining the inequalities above together, for small ζ1 > 0, we have an asymp-

totic formula for W of (2.2):

W =
κ

ν2

{
ln(

κ|ζ1|
ν

)[ζ2U(ζr) +O(
1
κ

)] +O(1)
}
. (2.10)

Combining (2.10) with Lemma 2.5, for large enough κ, we obtain (1.15) and

complete the proof of Theorem 1.1.

3. Spatial singularity of ∂sK(φ0)(s, ζ)

The goal of this section is to prove the following lemma:

Lemma 3.1. If κ is large enough, then

∂sK(φ0)(s, ζ) =
(

ln(
1
2

+ s)− ln(
1
2
− s)

)(
F (ζ) +O

( 1
κ2

))
+O(1), (3.1)

where

F (ζ) := −
∫ 2π

0

∫ ∞
0

gζ(ρ, 0, ϕ)dρdϕ+ e−
|ζ|2

2

∫ 2π

0

∫ ∞
0

hζ(ρ, 0, ϕ)dρdϕ,

(3.2)

gζ(ρ, α, ϕ) := c1|ζ − ζ∗|−1e
− (|ζ|2−ρ2)2

4|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2√

1− α2 cosϕ(
5
2
− ρ2)e−

ρ2

2 ρ2,

(3.3)

hζ(ρ, α, ϕ) := c2|ζ − ζ∗|
√

1− α2 cosϕ(
5
2
− ρ2)e−ρ

2
ρ2, (3.4)

and

c1 = 2−
1
2π−

7
4 , c2 = 2−

3
2π−

7
4 ,

|ζ − ζ∗| =
(

(ζ1 − ρα)2 + (ζ2 − ρ
√

1− α2 cosϕ)2 + (ζ3 − ρ
√

1− α2 sinϕ)2
) 1

2
.
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Proof. Substitution of (1.12) into the definition of K, (1.8) and (1.9), yields

∂sK(φ0) =−
∫
ζ∗1<0

π−
3
4 k1(ζ, ζ∗)

1
|ζ∗1|

e
− ν∗
κ|ζ∗1|

( 1
2−s)ζ∗2(

5
2
− |ζ∗|2)e−

1
2 |ζ∗|

2
dζ∗

+
∫
ζ∗1<0

π−
3
4 k2(ζ, ζ∗)

1
|ζ∗1|

e
− ν∗
κ|ζ∗1|

( 1
2−s)ζ∗2(

5
2
− |ζ∗|2)e−

1
2 |ζ∗|

2
dζ∗

+
∫
ζ∗1>0

π−
3
4 k1(ζ, ζ∗)

1
|ζ∗1|

e
− ν∗
κ|ζ∗1|

( 1
2 +s)

ζ∗2(
5
2
− |ζ∗|2)e−

1
2 |ζ∗|

2
dζ∗

−
∫
ζ∗1>0

π−
3
4 k2(ζ, ζ∗)

1
|ζ∗1|

e
− ν∗
κ|ζ∗1|

( 1
2 +s)

ζ∗2(
5
2
− |ζ∗|2)e−

1
2 |ζ∗|

2
dζ∗

=:−A− +B− +A+ −B+,

where ν∗ = ν(|ζ∗|). Introducing new variables ρ, α, ϕ that represent ζ∗ by

ζ∗ = (ρα, ρ
√

1− α2 cosϕ, ρ
√

1− α2 sinϕ), (3.5)

where ρ ∈ [0,∞), α ∈ [−1, 1], and ϕ ∈ [0, 2π), we can write

A± =
∫ 1

0

∫ 2π

0

∫ ∞
0

gζ(ρ,±α,ϕ)
1
α
e−

ν(ρ)
κρα ( 1

2±s)dρdϕdα, (3.6)

B± = e−
|ζ|2

2

∫ 1

0

∫ 2π

0

∫ ∞
0

hζ(ρ,±α,ϕ)
1
α
e−

ν(ρ)
κρα ( 1

2±s)dρdϕdα. (3.7)

Lemma 3.1 is a consequence of the following estimates for A± and B±:

A± =− ln(
1
2 ± s
κ

)
(∫ 2π

0

∫ ∞
0

gζ(ρ, 0, ϕ)dρdϕ+O(
1
κ2

)
)

+O(1), (3.8)

B± =− ln(
1
2 ± s
κ

)
(
e−
|ζ|2

2

∫ 2π

0

∫ ∞
0

hζ(ρ, 0, ϕ)dρdϕ+O(
1
κ2

)e−
|ζ|2

4

)
+O(1)e−

|ζ|2
4 . (3.9)

The estimates for A+ and B+ can be obtained from those of A− and B− by

replacing 1
2 − s and −ζ1 with 1

2 + s and ζ1, and the estimate for B− is similar

and in fact simpler than that for A−. Thus, we will only prove the estimate for

A−.

From (1.7),

d

dρ
(
ν(ρ)
ρ

) = − 1√
2ρ3

∫ ρ

0

e−s
2
ds < 0.
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12 I-Kun Chen, Hitoshi Funagane, Tai-Ping Liu, Shigeru Takata

Thus, ν(ρ)ρ is a monotone decreasing function of ρ. From the well-known bounds

(1.10), we have ν1(1 + 1
ρ ) ≥ ν(ρ)

ρ ≥ ν0(1 + 1
ρ ). Therefore, ν(ρ)ρ tends to infinity

as ρ→ 0 and converges to some positive constant as ρ→∞. Thus, for κ > 2ν1,

there exists a unique solution ρ = ρs to
ν(ρ)
κρ ( 1

2 − s) = 1. We use ρs to divide the

integration in A− into two, A− = A1 +A2.

Consider first

A1 :=
∫ ρs

0

∫ 2π

0

∫ 1

0

gζ(ρ,−α,ϕ)
1
α
e−

ν(ρ)
κρα ( 1

2−s)dαdϕdρ. (3.10)

Note that

| 1
α
e−

ν(ρ)
κρα ( 1

2−s)| = |ν(ρ)
κρα

(
1
2
− s)e−

ν(ρ)
κρα ( 1

2−s)| · | κρ

ν(ρ)( 1
2 − s)

| < C| κρ

ν(ρ)( 1
2 − s)

|.

Using this and applying Hölder’s inequality, we have

|A1| ≤C
(∫ ρs

0

∫ 2π

0

∫ 1

0

|ζ − ζ∗|−2e
− (|ζ|2−ρ2)2

2|ζ−ζ∗|2
− 1

2 |ζ−ζ∗|
2

|5
2
− ρ2|e−

ρ2

2 ρ2dρdϕdα

) 1
2

·
(∫ ρs

0

∫ 2π

0

∫ 1

0

|5
2
− ρ2|e−

ρ2

2 ρ2| κρ

ν(ρ)( 1
2 − s)

|2dαdϕdρ
) 1

2

.

The first term on the right-hand side is finite. Since | κρ
ν(ρ)( 1

2−s)
| ≤ 1 in the domain

of integration, the second term is also finite. Thus, we obtain

|A1| = O(1). (3.11)

Next, consider A2:

A2 :=
∫ 2π

0

∫ ∞
ρs

∫ 1

0

gζ(ρ,−α,ϕ)
1
α
e−

ν(ρ)
κρ

( 1
2−s)
α dαdρdϕ

=
∫ 2π

0

∫ ∞
ρs

∫ 1

0

gζ(ρ,−α,ϕ)
∂

∂α

(∫ α

1

1
z
e−

ν(ρ)
κρ

( 1
2−s)
z dz

)
dαdρdϕ. (3.12)

Introducing exponential integral

E1(x) =
∫ ∞

1

e−txt−1dt =
∫ ∞
x

e−ss−1ds, (3.13)
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Singularity of the velocity distribution function in molecular velocity space 13

we have∫ α

1

1
z
e−

ν(ρ)
κρ

( 1
2−s)
z dz = E1(

ν(ρ)( 1
2 − s)

κρα
)− E1(

ν(ρ)( 1
2 − s)
κρ

). (3.14)

There is a well-known expansion for E1 (for example see [1]),

E1(x) = −γ − lnx+
∞∑
k=1

(−1)k+1xk

k · k!
. (3.15)

We also have

1
2
e−x ln(1 +

2
x

) ≤ E1(x) ≤ e−x ln(1 +
1
x

) for x > 0. (3.16)

Noting that

ν(ρ)
κρ

( 1
2 − s)
α

>
ν0( 1

2 − s)
κα

,

we see, for fixed s and κ, that E1(ν(ρ)(
1
2−s)

κρα ) tends to 0 uniformly with respect

to ρ as α tends to zero. Using integration by parts, we obtain

A2 =
∫ 2π

0

∫ ∞
ρs

gζ(ρ, 0, ϕ)E1(
ν(ρ)( 1

2 − s)
κρ

)dρdϕ

+
∫ 2π

0

∫ ∞
ρs

∫ 1

0

(
E1(

ν(ρ)( 1
2 − s)
κρ

)− E1(
ν(ρ)( 1

2 − s)
κρα

)
)

· ∂
∂α

gζ(ρ,−α,ϕ)dαdρdϕ.

Since (3.15) implies

|E1(
ν(ρ)( 1

2 − s)
κρ

) + ln(
1
2 − s
κ

) + ln(
ν(ρ)
ρ

)| < C, for ρs ≤ ρ <∞, (3.17)

we can rewrite the first term on the right-hand side and obtain

A2 =− ln(
1
2 − s
κ

)
∫ 2π

0

∫ ∞
ρs

gζ(ρ, 0, ϕ)dρdϕ

+
∫ 2π

0

∫ ∞
ρs

gζ(ρ, 0, ϕ)O(1)dρdϕ−
∫ 2π

0

∫ ∞
ρs

ln(
ν(ρ)
ρ

)gζ(ρ, 0, ϕ)dρdϕ

−
∫ 2π

0

∫ ∞
ρs

∫ 1

0

(
E1(

ν(ρ)( 1
2 − s)

κρα
)− E1(

ν(ρ)( 1
2 − s)
κρ

)
)

· ∂
∂α

gζ(ρ,−α,ϕ)dαdρdϕ

=:A′2 +R1 +R2 +R3 +R4.
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14 I-Kun Chen, Hitoshi Funagane, Tai-Ping Liu, Shigeru Takata

Note that the singularity of A′2 is explicit:

A′2 = − ln(
1
2 − s
κ

)
∫ 2π

0

∫ ∞
ρs

gζ(ρ, 0, ϕ)dρdϕ. (3.18)

Below we first prove that

A′2 = − ln(
1
2 − s
κ

)[
∫ 2π

0

∫ ∞
0

gζ(ρ, 0, ϕ)dρdϕ+O(
1
κ2

)], (3.19)

by showing that ∫ 2π

0

∫ ρs

0

gζ(ρ, 0, ϕ)dρdϕ = O(
1
κ2

). (3.20)

Then we prove that R1, R2, R3, and R4 are O(1) and conclude the estimate

(3.8) for A−.

For the estimate of A′2, we first estimate ρs. Recalling the inequality (1.10),

we see from the definition of ρs that

ρs <
ν1( 1

2 − s)
κ

(1 + ρs).

Since κ > 2ν1, we have

ρs <
2ν1( 1

2 − s)
κ

< 1, ρs = O(1)
1
κ
.

Therefore, we can prove (3.20) by showing that

|
∫ 2π

0

∫ ρs

0

gζ(ρ, 0, ϕ)dρdϕ| ≤ Cρ2
s. (3.21)

Because ρs < 1, inside the domain of integration we have

|gζ(ρ, 0, ϕ)| ≤ Cρ2√
(ζ2 − ρ cosϕ)2 + (ζ3 − ρ sinϕ)2

.

When (ζ2
2 + ζ2

3 )
1
2 > 2ρs, inside the domain of integration we have

√
(ζ2 − ρ cosϕ)2 + (ζ3 − ρ sinϕ)2 > (ζ2

2 + ζ2
3 )

1
2 − ρ > ρs > ρ,
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Singularity of the velocity distribution function in molecular velocity space 15

and thus

∣∣∣ ∫ 2π

0

∫ ρs

0

gζ(ρ, 0, φ)dρdϕ
∣∣∣ ≤ C ∫ 2π

0

∫ ρs

0

ρdρdϕ ≤ πCρ2
s. (3.22)

When (ζ2
2 + ζ2

3 )
1
2 ≤ 2ρs, we change the variables by the following relation

r cos θ = ζ2 − ρ cosϕ,

r sin θ = ζ3 − ρ sinϕ.

Since the Jacobian is r/ρ, inside the domain of integration we have

r =
√

(ζ2 − ρ cosϕ)2 + (ζ3 − ρ sinϕ)2 ≤ (ζ2
2 + ζ2

3 )
1
2 + ρ ≤ 3ρs,

and thus

∣∣∣ ∫ 2π

0

∫ ρs

0

gζ(ρ, 0, ϕ)dρdϕ
∣∣∣ ≤ C ∫ 2π

0

∫ 3ρs

0

ρsdrdθ ≤ 6πCρ2
s. (3.23)

Combining (3.22) and (3.23) proves (3.21) and (3.20), and thus the estimate

(3.19) for A′2 is obtained.

Next we estimate R1 and R2. Estimate for R1 is readily obtained as

|R1| = O(1)
∫ ∞

0

∫ 2π

0

|ζ − ζ∗|−1e−
|ζ−ζ∗|2

4 − ρ
2

4 ρdϕdρ = O(1).

For R2, we divide R2 into R2l and R2s whose domains of integration are ρ > 1

and ρs < ρ < 1 respectively. R2l is bounded since ν0 <
ν(ρ)
ρ < 2ν1 by (1.10)

when ρ > 1. Since ν0 < ν(ρ) < 2ν1 when ρ < 1, we have

|R2s| ≤ C
∫ 1

ρs

∫ 2π

0

| ln ρ| |gζ(ρ, 0, ϕ)|dϕdρ

≤ C
(∫ 1

ρs

∫ 2π

0

| ln ρ|qρdϕdρ
) 1
q
(∫ 1

ρs

∫ 2π

0

|ζ − ζ∗|−pρdϕdρ
) 1
p ≤ C,

provided 1 < p < 2 and q is the Hölder’s conjugate of p. Thus R2 is also O(1).
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16 I-Kun Chen, Hitoshi Funagane, Tai-Ping Liu, Shigeru Takata

To finish the proof of (3.8) for A−, it remains to show that R3 +R4 = O(1).

For this, we first study the L1 norm of ∂
∂αgζ . By direct calculation,

1
c1

∂gζ
∂α

=e−
(|ζ|2−ρ2)2

4|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2

cosϕ(
5
2
− ρ2)e−

ρ2

2 ρ2
(
− 1
|ζ − ζ∗|

α√
1− α2

+
√

1− α2
∂|ζ − ζ∗|
∂α

(− 1
|ζ − ζ∗|2

+
(|ζ|2 − ρ2)2

2|ζ − ζ∗|4
− 1

2
)
)
,

where

∂|ζ − ζ∗|
∂α

=
1

|ζ − ζ∗|
(ζ1ρ+ ζ2ρ cosϕ

α√
1− α2

+ ζ3ρ sinϕ
α√

1− α2
).

To estimate ∂|ζ−ζ∗|
∂α , we let

T = (ρ
√

1− α2, ρα cosϕ, ρα sinϕ).

Note that ζ∗ · T = 0; thus

(ζ1ρ+ ζ2ρ cosϕ
α√

1− α2
+ ζ3ρ sinϕ

α√
1− α2

) =
(ζ − ζ∗) · T√

1− α2
.

Therefore, ∣∣∣√1− α2
∂|ζ − ζ∗|
∂α

∣∣∣ =
∣∣∣ (ζ − ζ∗) · T|ζ − ζ∗|

∣∣∣ ≤ |T | = ρ. (3.24)

Applying the triangular inequality, we have

(|ζ|2 − ρ2)2

|ζ − ζ∗|4
≤ (|ζ|+ ρ)2

|ζ − ζ∗|2
≤ 2 +

8ρ2

|ζ − ζ∗|2
. (3.25)

Using both (3.25) and (3.24), we can conclude

∣∣∣∂gζ
∂α

∣∣∣ ≤ Ce− ρ24 − |ζ−ζ∗|24 ρ2
( 1
|ζ − ζ∗|

α√
1− α2

+
1

|ζ − ζ∗|2
+ 1
)
. (3.26)

On one hand, since the integration is in the three dimensional space, we have

∫ 2π

0

∫ ∞
0

∫ 1

0

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2
(
| 1
|ζ − ζ∗|2

+ 1
)
dαdρdϕ < C.
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Singularity of the velocity distribution function in molecular velocity space 17

On the other hand, by the Hölder’s inequality, we have∫ 2π

0

∫ ∞
0

∫ 1

0

|e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2 1
|ζ − ζ∗|

α√
1− α2

|dαdρdϕ

≤
(∫ ∫ ∫

|e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2 1
|ζ − ζ∗|p

|dαdρdϕ
) 1
p

·
(∫ ∫ ∫

|e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2 αq
√

1− α2
q |dαdρdϕ

) 1
q

,

where p = 12
5 < 3, q = 12

7 < 2. Therefore, we obtain∫ 2π

0

∫ ∞
0

∫ 1

0

∣∣∣∂gζ(ρ,−α,ϕ)
∂α

∣∣∣dαdρdϕ < C. (3.27)

With the above estimate (3.27) for L1 norm of ∂
∂αgζ , we estimate R3 + R4.

We divide the domain of integration into two parts:

DH ={(ρ, α, ϕ)|ρ ∈ (ρs,∞), α ∈ (0,
ν(ρ)( 1

2 − s)
κρ

), ϕ ∈ (0, 2π)},

DM ={(ρ, α, ϕ)|ρ ∈ (ρs,∞), α ∈ (
ν(ρ)( 1

2 − s)
κρ

, 1), ϕ ∈ (0, 2π)},

and denote the individual parts of R3 and R4 by putting the corresponding suffix

as R3H , R4H , R3M , and R4M . In DH , we have ν(ρ)( 1
2−s)

κρα > 1. Thus, applying

(3.16), we have E1(ν(ρ)(
1
2−s)

κρα ) < C. Therefore,

|R3H | ≤ C, (3.28)

as a consequence of (3.27). For R4H , because of (3.17), we only need to estimate

the following integral:

∫ ∞
ρs

∫ 2π

0

∫ ν(ρ)( 1
2−s)
κρ

0

ln
(ν(ρ)( 1

2 − s)
κρ

) ∂

∂α
gζdαdϕdρ.

Using (3.26), the task reduces to estimating the following integrals:

R′4H :=
∫
DH

ln(
ν(ρ)( 1

2 − s)
κρ

)e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2 1
|ζ − ζ∗|

α√
1− α2

dαdϕdρ,

R′′4H :=
∫
DH

ln(
ν(ρ)( 1

2 − s)
κρ

)e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2(
1

|ζ − ζ∗|2
+ 1)dαdϕdρ.
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18 I-Kun Chen, Hitoshi Funagane, Tai-Ping Liu, Shigeru Takata

Again by the Hölder’s inequality, we have

|R′4H | ≤
(∫

DH

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2(
1

|ζ − ζ∗|
)adαdϕdρ

) 1
a

·
(∫

DH

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2(
α√

1− α2
)bdαdϕdρ

) 1
b

·
(∫

DH

e−
ρ2

4 ρ2| ln(
ν(ρ)( 1

2 − s)
κρ

)|c|
ν(ρ)( 1

2 − s)
κρ

|dαdϕdρ
) 1
c

< C,

and

|R′′4H | ≤
(∫

DH

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2(
1

|ζ − ζ∗|2
+ 1)pdαdϕdρ

) 1
p

·
(∫

DH

e−
ρ2

4 ρ2| ln(
ν(ρ)( 1

2 − s)
κρ

)|q|
ν(ρ)( 1

2 − s)
κρ

|dαdϕdρ
) 1
q

≤ C,

where a = 8
3 , b = 24

13 , c = 12 and p = 4
3 and q = 4. Therefore, we conclude

|R4H | < C. (3.29)

Finally we deal with R3M and R4M together. In DM we have ν(ρ)( 1
2−s)

κρα < 1

and thus from (3.15)

|E1(
ν(ρ)( 1

2 − s)
κρα

) + ln(
ν(ρ)( 1

2 − s)
κρα

)| ≤ C. (3.30)

Combining with (3.17), we have

|E1(
ν(ρ)( 1

2 − s)
κρ

)− E1(
ν(ρ)( 1

2 − s)
κρα

) + lnα| ≤ C. (3.31)

Thus, again using (3.26) and (3.31), we only need to estimate the following

integrals:

(R3M +R4M )′ :=
∫
DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2 1
|ζ − ζ∗|

α√
1− α2

lnαdαdρdϕ,

(R3M +R4M )′′ :=
∫
DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2
( 1
|ζ − ζ∗|2

+ 1
)

lnαdαdρdϕ.
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Singularity of the velocity distribution function in molecular velocity space 19

For both estimates, we apply the Hölder’s inequality:

|(R3M +R4M )′| ≤
(∫

DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2
( 1
|ζ − ζ∗|

)a
dαdρdϕ

) 1
a

·
(∫

DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2
( α√

1− α2

)b
dαdρdϕ

) 1
b

·
(∫

DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2| lnα|cdαdρdϕ
) 1
c

< C, (3.32)

|(R3M +R4M )′′| ≤
(∫

DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2
( 1
|ζ − ζ∗|2

+ 1
)p
dαdρdϕ

) 1
p

·
(∫

DM

e−
ρ2

4 −
|ζ−ζ∗|2

4 ρ2| lnα|qdαdρdϕ
) 1
q

< C, (3.33)

where we choose a = 8
3 < 3, b = 24

13 < 2, c = 12 and p = 4
3 < 3

2 , q = 4.

Combining (3.32) and (3.33), we conclude

|R3M +R4M | ≤ C. (3.34)

This is the end of the proof of (3.8) for A−, and we complete the proof of

Lemma 3.1.

4. Further studies on F

In this section, we will investigate the dependence of variables for F , namely

F (ζ) = ζ2F̄ (ζ1, ζr), where ζr = (ζ2
2+ζ2

3 )
1
2 , to conclude Lemma 2.2 from Lemma 3.1.

We will further study F̄ , estimate it near ζ1 = 0, and prove Lemma 2.3.

Definition 1.

F̄ (ζ1, ζr) = −G(ζ1, ζr) +H(ζ1, ζr), (4.1)

where

G(ζ1, ζr) =e−
ζ21+ζ2r

2

∫ 2π

0

∫ ∞
0

c1P√
ζ2
1 + P 2

e
−P

2(P+ζr cos β)2

ζ21+P2

· (5
2
− P 2 − ζ2

r − 2ζrP cosβ)(1 +
P

ζr
cosβ)dPdβ, (4.2)
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20 I-Kun Chen, Hitoshi Funagane, Tai-Ping Liu, Shigeru Takata

H(ζ1, ζr) =e−
ζ21+ζ2r

2

∫ 2π

0

∫ ∞
0

c2P
√
ζ2
1 + P 2(1 +

P cosβ
ζr

)

· (5
2
− P 2 − ζ2

r − 2ζrP cosβ)e−P
2−ζ2

r−2ζrP cos βdPdβ. (4.3)

The following lemma, combined with Lemma 3.1, immediately concludes

Lemma 2.2.

Lemma 4.1.

F (ζ1, ζ2, ζ3) = ζ2F̄ (ζ1, ζr). (4.4)

Proof. In (3.2), since α = 0, the variables (ρ, ϕ) can be viewed as the polar

coordinates for two dimensional vector (ζ∗2, ζ∗3): ζ∗2 = ρ cosϕ and ζ∗3 = ρ sinϕ.

We introduce another polar coordinates (P, β) centered at (ζ2, ζ3) with its north

pole in the direction e = ( ζ2ζr ,
ζ3
ζr

) for the same vector:

ζ∗2(= ρ cosϕ) = ζ2 + P cosβ
ζ2
ζr

+ P sinβ
ζ3
ζr
,

ζ∗3(= ρ sinϕ) = ζ3 − P cosβ
ζ3
ζr

+ P sinβ
ζ2
ζr
.

Changing the variables from ρ and ϕ to P and β in (3.2), we obtain

F =−
∫ 2π

0

∫ ∞
0

c1P√
ζ2
1 + P 2

(
ζ2 + P

ζ2
ζr

cosβ

+ P sinβ
ζ3
ζr

)
(
5
2
− ρ2)e

− (ζ21+ζ2r−ρ
2)2

4(ζ21+P2)
− ζ

2
1+P2

4 − ρ
2

2 dPdβ

+ e−
ζ21+ζ2r

2

∫ 2π

0

∫ ∞
0

c2P
√
ζ2
1 + P 2

(
ζ2 + P cosβ

ζ2
ζr

+ P sinβ
ζ3
ζr

)
(
5
2
− ρ2)e−ρ

2
dPdβ,

where

ρ2 = ζ2
r + P 2 + 2ζrP cosβ.

Since sinβ is antisymmetric with respect to β = π, the integral of terms with

ζ3 vanishes. By substituting ρ2 = ζ2
r + P 2 + 2ζrP cosβ, after a straightforward

calculation, we obtain (4.4).
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In viewing (4.2) and (4.3), the integrand is singular at ζr = 0 in the integrand

in both cases. However, it is removable in the following way. We rewrite (4.2)

and (4.3) as

G(ζ1, ζr) =
∫ 2π

0

∫ ∞
0

c1P√
ζ2
1 + P 2

(
1 +

P

ζr
cosβ

)
e
− ζ

2
1
2 −

P4

ζ21+P2
g(ζ1, ζr, P, β)dPdβ,

(4.5)

H(ζ1, ζr) =
∫ 2π

0

∫ ∞
0

c2P
√
ζ2
1 + P 2

(
1 +

P

ζr
cosβ

)
e−

ζ21
2 −P

2
h(ζr, P, β)dPdβ, (4.6)

with

g(ζ1, ζr, P, β) =(
5
2
− P 2 − ζ2

r − 2Pζr cosβ)e
− ζ

2
r
2 −

P2

ζ21+P2 (2ζrP cos β+ζ2
r cos2 β)

,

(4.7)

h(ζr, P, β) =(
5
2
− P 2 − ζ2

r − 2ζrP cosβ)e−
3
2 ζ

2
r−2ζrP cos β , (4.8)

and use the Taylor expansion of g and h with respect to ζr around zero to obtain

G(ζ1, ζr) =2πc1e−
ζ21
2

∫ ∞
0

(
P ( 5

2 − 2P 2)√
ζ2
1 + P 2

−
P 5( 5

2 − P
2)√

ζ2
1 + P 2

3

)
e
− P4

ζ21+P2
dP

+
∫ 2π

0

∫ ∞
0

(
1 +

P

ζr
cosβ

) c1P√
ζ2
1 + P 2

e
− ζ

2
1
2 −

P4

ζ21+P2
RgdPdβ

=:G1(ζ1) +G2(ζ1, ζr), (4.9)

H(ζ1, ζr) =2πc2e−
ζ21
2

∫ ∞
0

P
√
ζ2
1 + P 2e−P

2
(

5
2
− P 2 − P 2(

7
2
− P 2)

)
dP

+
∫ ∞

0

∫ 2π

0

(1 +
P

ζr
cosβ)c2P

√
ζ2
1 + P 2e−

ζ21
2 −P

2
RhdβdP

=:H1(ζ1) +H2(ζ1, ζr). (4.10)
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Here Rg and Rh are the remainder of the Taylor expansion:

Rg(ζ1, ζr, P, β) =g(ζ1, ζr, P, β)− (
5
2
− P 2)

+ 2P cosβ
(

1 +
( 5
2 − P

2)P 2

ζ2
1 + P 2

)
ζr, (4.11)

Rh(ζr, P, β) =h(ζr, P, β)− (
5
2
− P 2) + 2P cosβ(

7
2
− P 2)ζr. (4.12)

Note that, for some 0 ≤ ζ ′r ≤ ζr and 0 ≤ ζ ′′r ≤ ζr,

Rg(ζ1, ζr, P, β) =
1
2
∂2g

∂2ζr
(ζ1, ζ ′r, P, β) ζ2

r , (4.13)

Rh(ζr, P, β) =
1
2
∂2h

∂2ζr
(ζ ′′r , P, β) ζ2

r . (4.14)

By direct calculation of these second order derivatives, we observe that both G2

and H2 are O(ζr); thus G and H are regular in ζr as well as in ζ1.

Next, we notice by direct calculation of (4.2) and (4.3) with ζ1 = 0 that

G(0, ζr) = 2−
1
2π−

1
4

(
1− 3

8
ζ2
r

)
e−

1
2 ζ

2
r , (4.15)

H(0, ζr) = −2−
7
4π−

1
4 I0

(1
2
ζ2
r

)
e−ζ

2
r , (4.16)

which yields (2.4) in Lemma 2.3.

Lemma 2.4 follows the estimates below:

Lemma 4.2. For 0 ≤ ζ̄1 ≤ ζ1 ≤ 1
100 ,

|G(ζ1, ζr)−G(ζ̄1, ζr)| ≤ C(|ζ1 − ζ̄1|
1
2 + |ζ1 − ζ̄1|), (4.17)

|H(ζ1, ζr)−H(ζ̄1, ζr)| ≤ C|ζ1 − ζ̄1|. (4.18)

Remark 4.1. Note that (4.17) is only of Hölder continuous type. This is due to

the singularity of k1(ζ, ζ∗), as will be clear in the proof of the lemma.

In the rest of the present section, we prove Lemma 4.2.
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Proof of Lemma 4.2. Because of the term with 1
ζr
, the case 0 ≤ ζr ≤ 1 will be

discussed by using (4.9) and (4.10), while the case ζr ≥ 1 will be discussed by

using the original form, (4.2) and (4.3). Because the technical details in the proof

are similar, we will show here only the part for the case ζr ≥ 1. The proof for the

case 0 ≤ ζr ≤ 1 is left to Appendix A. In the proof, without loss of generality,

we assume that ζ̄1 < ζ1.

We start with the proof of (4.17). We denote the integrand ofG by g̃(ζ1, ζr, P, β).

It is seen from the definition (4.2) that

|g̃(ζ1, ζr, P, β)− g̃(ζ̄1, ζr, P, β)| ≤ g̃1, (4.19)

where

g̃1 = c1

(
1 +

P | cosβ|
ζr

)∣∣∣5
2
− P 2 − ζ2

r − 2Pζr cosβ
∣∣∣e− ζ2r2 . (4.20)

On the other hand, by the mean value theorem

|g̃(ζ1, ζr, P, β)− g̃(ζ̄1, ζr, P, β)| = |ζ1 − ζ̄1|
∣∣∣∣ ∂g̃∂ζ1

∣∣∣∣
ζ1=ζ′1

, (4.21)

where ζ ′1 is a function of ζr, P , and β taking a value between ζ1 and ζ̄1. Thus,

by direct calculation of ∂
∂ζ1

g̃, we obtain

|g̃(ζ1, ζr, P, β)− g̃(ζ̄1, ζr, P, β)| ≤ |ζ1 − ζ̄1|(
1
P
|g̃2|ζ1=ζ′1

+ |g̃3|ζ1=ζ′1
), (4.22)

where g̃2
g̃3

 = c1

 1 + 2ζ2
r cos2 β

ζ1 + 2P + 4ζr cosβ

 (1 +
P

ζr
cosβ)

· (5
2
− P 2 − ζ2

r − 2Pζr cosβ)e
− ζ

2
r
2 −

ζ21
2 −

P2

ζ21+P2 (P+ζr cos β)2

. (4.23)

We divide the domain of integration into two: (0, |ζ1 − ζ̄1|
1
2 ) × I and (|ζ1 −

ζ̄1|
1
2 ,∞) × I, where I = (0, 2π). Note that both ζ1 and ζ̄1 are less than 1

100 .
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Using (4.19) in the first domain and (4.22) in the second, we obtain

|G(ζ1, ζr)−G(ζ̄1, ζr)|

≤|ζ1 − ζ̄1|
1
2 (‖g̃1‖L∞(0, 1

10 )×I + ‖g̃2|ζ1=ζ′1
‖L1)

+ |ζ1 − ζ̄1|(‖g̃3|ζ1=ζ′1
‖L1). (4.24)

Below, we list the estimates for the norms in (4.24) for arbitrary 0 < ζ ′1 <
1

100

and 1 ≤ ζr:

|g̃1| ≤ c1
11
10

(
ζ2
r +

ζr
5

+
251
100

)
e−

1
2 ζ

2
r , for 0 ≤ P ≤ 1

10
,

|g̃2| ≤



c1( 5
2 + P 2 + ζ2

r + 2Pζr| cosβ|)(1 + 2ζ2
r cos2 β)(1 + P | cosβ|)e− 1

2 ζ
2
r ,

for 0 ≤ P ≤ ζr,

c1e
− 1

2 ζ
2
r− 10000

10001 (P−ζr)2(1 + 2ζ2
r cos2 β)(1 + P | cosβ|)

( 5
2 + P 2 + ζ2

r + 2Pζr| cosβ|), for P ≥ ζr,

|g̃3| ≤



c1( 5
2 + P 2 + ζ2

r + 2Pζr| cosβ|)( 1
100 + 2P + 4ζr| cosβ|)

(1 + P | cosβ|)e− 1
2 ζ

2
r , for 0 ≤ P ≤ ζr,

c1e
− 1

2 ζ
2
r− 10000

10001 (P−ζr)2( 1
100 + 2P + 4ζr| cosβ|)

·(1 + P | cosβ|)( 5
2 + P 2 + ζ2

r + 2ζrP | cosβ|), for P ≥ ζr,

which are obtained by observing (4.20) and (4.23). Note that the functions on

the right hand side above are polynomials of ζr, P , and | cosβ| multiplied by

e−
1
2 |ζr|

2
or by e−

1
2 |ζr|

2− 10000
10001 (P−ζr)2 . Thus, we have

|g̃1| ≤ C, for 0 ≤ P ≤ 1
10
,

 g̃2
g̃3

 ≤

Ce−

1
4 ζ

2
r , for 0 ≤ P ≤ ζr,

Ce−
1
2 |P−ζr|

2
, for P ≥ ζr.
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Using the above inequalities, we can conclude ‖g̃1‖L∞(0, 1
10 )×I , ‖g̃2|ζ1=ζ′1

‖L1 , and

‖g̃3|ζ1=ζ′1
‖L1 are bounded uniformly for 0 ≤ ζ ′1 ≤ 1

100 and ζr ≥ 1. Thus, (4.17)

is established for ζr ≥ 1.

Next, we turn to the proof of (4.18). We denote the integrand of H by

h̃(ζ1, ζr, P, β). Without loss of generality, we may assume that ζ̄1 < ζ1. Applying

the mean value theorem, we have

|H(ζ1, ζr)−H(ζ̄1, ζr)| ≤ |ζ1 − ζ̄1|
∫ 2π

0

∫ ∞
0

∣∣∣ ∂
∂ζ1

h̃(ζ ′1, ζr, P, β)
∣∣∣dPdβ,

where ζ̄1 < ζ ′1 < ζ1. Calculating ∂
∂ζ1

h̃ directly and taking account of ζr ≥ 1 and

0 ≤ ζ1 ≤ 1
100 , we have

∣∣∣ ∂
∂ζ1

h̃(ζ ′1, ζr, P, β)
∣∣∣ ≤


Ce−

ζ2r
4 , 0 ≤ P ≤ ζr,

Ce−
(P−ζr)2

2 , P ≥ ζr.

From the above estimate, we see ‖ ∂
∂ζ1

h̃‖L1 is uniformly bounded for 0 ≤ ζ ′1 ≤ 1
100

and ζr ≥ 1. Therefore, we obtain (4.18) for ζr ≥ 1.

5. Contribution from minor terms

We have so far studied the contribution fromW , the first term of (2.1) for n = 1.

Now, we are going to establish the estimates for all the four terms on the right-

hand side of (2.1) for n ≥ 1 and conclude Lemma 2.5. We will use the following

lemma that has been established in [3].

Lemma 5.1. For 0 ≤ a < 1
2 and κ large enough (depending on a), n ≥ 0, there

exist positive constants C, and Ca and C ′a depending on a, such that

|∂sK(φn)| ≤ C(Ca
lnκ
κ

)n(lnκ+
∣∣ ln |s+

1
2
|
∣∣+
∣∣ ln |s− 1

2
|
∣∣), (5.1)
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|φn| ≤ C ′a(
Ca lnκ
κ

)n(κ−1 + |ζ1|)−1e−a|ζ|
2
, (5.2)

|K(φn)| ≤ C ′a(
Ca lnκ
κ

)n+1κe−a|ζ|
2
. (5.3)

For the first term of (2.1), by using Lemma 2.1 and (5.1), we obtain

Lemma 5.2.∣∣∣∣∣ 1
κ|ζ1|2

∫ 1
2

− 1
2

e
− ν
κ|ζ1|

( 1
2−s)(

1
2
− s)∂sK(φn−1)ds

∣∣∣∣∣
≤ C κ

ν2

(∣∣ ln κ|ζ1|
ν

∣∣+ lnκ
)(Ca lnκ

κ

)n−1

. (5.4)

For the second term of (2.1), by using (5.3), we have∣∣∣ 1
κ|ζ1|2

e
− ν
κ|ζ1|K(φn−1)(−1

2
, ζ)
∣∣∣ ≤ C ′a
|ζ1|2

e
− ν
κ|ζ1|

(Ca lnκ
κ

)n
e−a|ζ|

2

≤ C ′aC
(Ca lnκ

κ

)n
e−a|ζ|

2
, (5.5)

where we use the following estimate in the last inequality:

| 1
ζ2
1

e−
ν
κζ1 | ≤ 1

ζ2
1

e−O(1)ζ
− 1

2
1 < C, for 0 < ζ1 <

1
κ2
. (5.6)

For the third term of (2.1), we use (5.3) and the bound∣∣∣ν′(|ζ|)|ζ|

∣∣∣ < C, (5.7)

to obtain∣∣∣ ∫ 1
2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s| ν
′| 12 − s|
κ|ζ|

K(φn−1)ds
∣∣∣

≤CC ′a
∫ 1

2

− 1
2

| 12 − s|
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|ds
(Ca lnκ

κ

)n
e−a|ζ|

2
≤ CC ′a

ν

(Ca lnκ
κ

)n
e−a|ζ|

2
.

(5.8)

Here, the boundedness of ν′(η)/η for η ≥ 0 is readily confirmed of its form that

is obtained by direct calculation:

ν′(η)
η

= 2−
1
2

(1
η

∫ η

0

e−z
2
dz − 1

η3

∫ η

0

z2e−z
2
dz
)
.
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For the last term of (2.1), we have the following estimate:

Lemma 5.3. For large enough κ

∣∣∣ ∫ 1
2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|∂ζiK(φn−1)ds
∣∣∣ ≤ C ′a(Ca lnκ

κ

)n−1

κe−a|ζ|
2
, (5.9)

where 0 < a < 1
2 .

Proof. Consider the case i = 1. Recalling the definition of k1(ζ, ζ∗) in (1.9), by

direct calculation, we have

∂k1

∂ζ1
=

1√
2π

( (|ζ|2 − |ζ∗|2)2

2|ζ − ζ∗|4
− 1
|ζ − ζ∗|2

− 1
2

)ζ1 − ζ∗1
|ζ − ζ∗|

e
− (|ζ|2−|ζ∗|2)2

4|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2

− 1√
2π
|ζ|2 − |ζ∗|2

|ζ − ζ∗|3
ζ1e
− (|ζ|2−|ζ∗|2)2

4|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2

.

Noting that

|ζ1 − ζ∗1|
|ζ − ζ∗|

≤ 1,

and

(|ζ|2 − |ζ∗|2)2

|ζ − ζ∗|4
≤ (|ζ|+ |ζ∗|)2

|ζ − ζ∗|2
≤ (|ζ − ζ∗|+ 2|ζ|)2

|ζ − ζ∗|2
≤ 2|ζ − ζ∗|2 + 8|ζ|2

|ζ − ζ∗|2
,

we obtain ∣∣∣∂k1

∂ζ1

∣∣∣ ≤ C(1 +
|ζ|2 + 1
|ζ − ζ∗|2

)e−
(|ζ|2−|ζ∗|2)2

4|ζ−ζ∗|2
− 1

4 |ζ−ζ∗|
2

. (5.10)

For k2(ζ, ζ∗), by direct calculation, we have

∣∣∣∂k2

∂ζ1

∣∣∣ = 2−
3
2π−1

∣∣∣ζ1 − ζ∗1|ζ − ζ∗|
− |ζ − ζ∗|ζ1

∣∣∣e− 1
2 (|ζ|2+|ζ2

∗|)

≤ C(1 + |ζ|2 + |ζ||ζ∗|)e−
1
2 (|ζ|2+|ζ2

∗|). (5.11)

Recalling now the estimate (5.2), for large enough κ

|φn−1| ≤ C ′a(Ca
lnκ
κ

)n−1(κ−1 + |ζ1|)−1e−a|ζ|
2
≤ C ′a(Ca

lnκ
κ

)n−1κe−a|ζ|
2
,
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we have

|∂ζ1K(φn−1)| ≤ C ′a
(
Ca

lnκ
κ

)n−1

κ

∫ (∣∣∣∂k1

∂ζ1

∣∣∣+
∣∣∣∂k2

∂ζ1

∣∣∣)e−a|ζ∗|2dζ∗. (5.12)

The latter term in (5.12) is readily estimated by using (5.11) as∫ ∣∣∣∂k2

∂ζ1

∣∣∣e−a|ζ∗|2dζ∗ ≤ ∫ ∣∣∣∂k2

∂ζ1

∣∣∣dζ∗ ≤ C(1 + |ζ|2 + |ζ|)e− 1
2 |ζ|

2
≤ C ′′a e−a|ζ|

2
.

To handle the former term in (5.12), we choose an orthogonal basis {e1, e2, e3}

centered at ζ with e3 = − ζ
|ζ| as the north pole and (ρ, θ, ϕ) its spherical coordi-

nates:

ζ∗ = ζ + ρ cos θe3 + ρ sin θ cosϕe1 + ρ sin θ sinϕe2.

Then, using (5.10), we have∫ ∣∣∣∂k1

∂ζ1

∣∣∣e−a|ζ∗|2dζ∗
≤ C

∫
(ρ2 + |ζ|2 + 1)e−a|ζ|

2−(a+ 1
2 )(ρ−|ζ| cos θ)2+(a− 1

2 )|ζ|2 cos2 θ sin θdρdθdϕ

≤ C ′e−a|ζ|
2
∫

[(ρ− |ζ| cos θ)2 + |ζ|2 + 1]

· e−(a+ 1
2 )(ρ−|ζ| cos θ)2−( 1

2−a)|ζ|
2 cos2 θ sin θdρdθ

≤ C ′′Cae−a|ζ|
2
∫

(|ζ|2 + 1)e−( 1
2−a)|ζ|

2 cos2 θ sin θdθ.

The last integral is bounded by a positive constant for |ζ| ≤ 1, while it is bounded

by (1 + |ζ|)( 1
2 − a)−

1
2 for |ζ| > 1. Therefore we obtain

|∂ζ1K(φn−1)| ≤ C ′a
(
Ca

lnκ
κ

)n−1

κ(1 + |ζ|)e−a|ζ|
2
.

The same estimate holds for the cases i = 2 and 3. Thus we conclude

|
∫ 1

2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|∂ζiK(φn−1)ds|

≤C ′a
(
Ca

lnκ
κ

)n−1

κ(1 + |ζ|)e−a|ζ|
2
∫ 1

2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|ds

≤C ′a
(
Ca

lnκ
κ

)n−1

e−a|ζ|
2
κ. (5.13)

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



Singularity of the velocity distribution function in molecular velocity space 29

Here we have used the fact from (1.10) that∫ 1
2

− 1
2

1
κ|ζ1|

e
− ν
κ|ζ1|

| 12−s|ds =
1
ν

(1− e−
ν

κ|ζ1| ) <
1

ν0(1 + |ζ|)
.

With the estimates above, we can present the proof of Lemma 2.5, from which

Theorem 1.1 is finally established.

Proof of Lemma 2.5. Because of (1.10), we have

e−
|ζ|2

4 < C(
1
ν

), e−
|ζ|2

4 < C(
1
ν2

). (5.14)

With these inequalities, applying (5.4), (5.5), (5.8), and (5.9) with a = 1
4 to

(2.1), we conclude (2.6) and (2.7). It remains to prove (2.8). We calculate ∂
∂ζ1

φ0

at x1 = 1
2 directly to obtain

∂φ0

∂ζ1
(
1
2
, ζ) =− κ

ν2

ν′

|ζ|
(1− e−

ν
κζ1 )ζ1ζ2(

5
2
− |ζ|2)π−

3
4 e−

|ζ|2
2

+
κ

ν
(1− e−

ν
κζ1 )ζ1ζ2(|ζ|2 − 9

2
)π−

3
4 e−

|ζ|2
2

+
1
ν

ν′

|ζ|
e−

ν
κζ1 ζ2(

5
2
− |ζ|2)π−

3
4 e−

|ζ|2
2

− 1
ζ2
1

e−
ν
κζ1 ζ2(

5
2
− |ζ|2)π−

3
4 e−

|ζ|2
2 .

From (5.7) and (5.14), the first three terms on the right-hand side are bounded

by C κ
ν2 . Because of (5.6), the last term is also bounded by C κ

ν2 . Therefore, we

have (2.8).

Finally we confirm the claim in the Remark 1.1, that is,

Lemma 5.4. If 0 < ζ1 <
1
κ2 <

1
100 and |ζ| = 0.5 and κ large enough, then

| ζ1√
ζ2
2 + ζ2

3

cos θ
∂

∂ζ2
φ(

1
2
, ζ) +

ζ1√
ζ2
2 + ζ2

3

sin θ
∂

∂ζ3
φ(

1
2
, ζ)| ≤C κ

ν2
. (5.15)
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Proof. By direct computation,

| ζ1√
ζ2
2 + ζ2

3

cos θ
∂

∂ζ2
φ0(

1
2
, ζ)| = |π− 3

4
cos θ√
ζ2
2 + ζ2

3

e−
|ζ|2

2

[1
ν

ν′

|ζ|
ζ2
2 (

5
2
− |ζ|2)e−

ν
κζ1

+
κ

ν
(1− e−

ν
κζ1 )ζ1

(
(
5
2
− |ζ|2) + ζ2

2 (|ζ|2 − 9
2

)
)

− κ

ν2

ν′

|ζ|
(1− e−

ν
κζ1 )ζ1ζ2

2 (
5
2
− |ζ|2)

]
|

≤ C κ

ν2
, (5.16)

where we have used (5.7) and (5.14) and the fact that when |ζ| = 0.5 and

0 < ζ1 <
1

100 ,

ζ2
2 + ζ2

3 > 0.2499. (5.17)

Similarly,

| ζ1√
ζ2
2 + ζ2

3

sin θ
∂

∂ζ3
φ0(

1
2
, ζ)| = |π− 3

4
sin θ√
ζ2
2 + ζ2

3

e
|ζ|2

2

[1
ν

ν′

|ζ|
ζ2ζ3(

5
2
− |ζ|2)e−

ν
κζ1

+
κ

ν
(1− e−

ν
κζ1 )ζ1ζ2ζ3(|ζ|2 − 9

2
)− κ

ν2

ν′

|ζ|
(1− e−

ν
κζ1 )ζ1ζ2ζ3(

5
2
− |ζ|2)

]
|

≤ C κ

ν2
. (5.18)

For higher order terms, we calculate directly as

| ζ1√
ζ2
2 + ζ2

3

cos θ
∂

∂ζ2
φn(

1
2
, ζ)|

=| cos θ√
ζ2
2 + ζ2

3

[
−
∫ 1

2

− 1
2

1
κ|ζ1|

e−
ν
κζ1

( 1
2−s) ν

′| 12 − s|
κ|ζ|

ζ2K(φn−1)ds

+
∫ 1

2

− 1
2

1
κ
e−

ν
κζ1

( 1
2−s)∂ζ2K(φn−1)ds

]
|

≤CC
′
a

ν
(
Ca lnκ
κ

)n|ζ2|e−a|ζ|
2

+ C ′a(
Ca lnκ
κ

)n−1|ζ1|e−a|ζ|
2
κ, (5.19)

where we have used (5.8) and (5.9) together with (5.17) to obtain the last in-

equality. Therefore, we have

| ζ1√
ζ2
2 + ζ2

3

cos θ
∂

∂ζ2
φn(

1
2
, ζ)| ≤ C κ

ν2
(
lnκ
κ

)n−1, (5.20)
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and, similarly,

| ζ1√
ζ2
2 + ζ2

3

sin θ
∂

∂ζ3
φn(

1
2
, ζ)| ≤ C κ

ν2
(
lnκ
κ

)n−1. (5.21)

Combining estimates above, if κ is large enough, we can conclude the lemma.

A. Proof of (4.17) and (4.18) for 0 ≤ ζr ≤ 1

We discuss the continuity estimates for 0 ≤ ζr ≤ 1 in Lemma 4.2.

We start with the proof of (4.17), treating G1 and G2 parts in G separately.

First consider G1(ζ1, ζr) − G1(ζ̄1, ζr) and denote its integrand by ∆1. On one

hand, we have from (4.9)

|∆1| ≤ 4πc1

(
|5
2
− 2P 2|+ P 2|5

2
− P 2|

)
e
− P4

1+P2 =: g1. (A.1)

On the other hand, by the mean value theorem, we have for some ζ̄1 < ζ ′1 < ζ1

|∆1| ≤|ζ1 − ζ̄1|2πc1e
− ζ
′2
1
2 −

P4

ζ′21 +P2
∣∣∣− Pζ ′1( 5

2 − 2P 2)

(ζ ′21 + P 2)
3
2

+
3P 5ζ ′1( 5

2 − P
2)

(ζ ′21 + P 2)
5
2

+
( 2P 4

(ζ ′21 + P 2)2
− 1
)
ζ ′1

(P ( 5
2 − 2P 2)

(ζ ′21 + P 2)
1
2
−
P 5( 5

2 − P
2)

(ζ ′21 + P 2)
3
2

)∣∣∣
≤|ζ1 − ζ̄1|2πc1e

− P4

1+P2

( 1
P
|5
2
− 2P 2|+ 3

100
|5
2
− 2P 2|

+
3

100
(P 2 + 1)|5

2
− P 2|

)
=: |ζ1 − ζ̄1|(

1
P
g2 + g3), (A.2)

where

g2 = 2πc1e
− P4

1+P2 |5
2
− 2P 2|, (A.3)

g3 =
3
50
πc1e

− P4

1+P2 (|5
2
− 2P 2|+ (P 2 + 1)|5

2
− P 2|). (A.4)

We divide the domain of integration into two: (0, |ζ1− ζ̄1|
1
2 ) and (|ζ1− ζ̄1|

1
2 ,∞).

We use the former estimate (A.1) in the first domain and the latter estimate
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(A.2) in the second to obtain

|G1(ζ1, ζr)−G1(ζ̄1, ζr)|

≤|ζ1 − ζ̄1|
1
2

(
‖g1‖L∞P (0, 1

10 ) + ‖g2‖L1
P

)
+ |ζ1 − ζ̄1| · ‖g3‖L1

P
. (A.5)

From the expressions in (A.1), (A.3), and (A.4), we see that ‖g1‖L∞P (0, 1
10 ),

‖g2‖L1
P
, and ‖g3‖L1

P
are bounded.

Next consider G2(ζ1, ζr)−G2(ζ̄1, ζr) and rewrite it as

G2(ζ1, ζr)−G2(ζ̄1, ζr) =
∫ 2π

0

∫ ∞
0

∆21Rg(ζ1, ζr, P, β)(1 +
P

ζr
cosβ)dPdβ

+
∫ 2π

0

∫ ∞
0

c1P√
ζ̄2
1 + P 2

e
− ζ̄

2
1
2 −

P4

ζ̄21+P2
∆22(1 +

P

ζr
cosβ)dPdβ,

where

∆21 =
c1P√
ζ2
1 + P 2

e
− ζ

2
1
2 −

P4

ζ21+P2 − c1P√
ζ̄2
1 + P 2

e
− ζ̄

2
1
2 −

P4

ζ̄21+P2
,

∆22 = Rg(ζ1, ζr, P, β)−Rg(ζ̄1, ζr, P, β).

On one hand, we obviously have

|∆21| ≤ c1e
− P4

ζ21+P2
. (A.6)

On the other hand, again by the mean value theorem, for some ζ̄1 < ζ ′1 < ζ1 we

have

|∆21| = |ζ1 − ζ̄1|e
− ζ
′2
1
2 −

P4

ζ′21 +P2
∣∣∣ c1Pζ

′
1

(ζ ′21 + P 2)
1
2

P 4 − 2P 2ζ ′21 − ζ ′41
P 4 + 2P 2ζ ′21 + ζ ′41

− c1Pζ
′
1

(ζ ′21 + P 2)
3
2

∣∣∣
≤ c1e

− P4

ζ21+P2 |ζ1 − ζ̄1|
(

1
P

+
1

100

)
. (A.7)

We divide the domain of integration into two: (0, |ζ1 − ζ̄1|
1
2 ) × I and (|ζ1 −

ζ̄1|
1
2 ,∞)× I, where I = (0, 2π). We apply the former estimate (A.6) in (0, |ζ1 −
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ζ̄1|
1
2 )× I and the latter estimate (A.7) in the other domain. Then we obtain∣∣∣ ∫ 2π

0

∫ ∞
0

∆21(1 +
P

ζr
cosβ)Rg(ζ1, ζr, P, β)dPdβ

∣∣∣
≤ |ζ1 − ζ̄1|

1
2

(
‖g4‖L∞(0, 1

10 )×I + ‖g4‖L1

+ |ζ1 − ζ̄1|
( 1

100
‖g4‖L1

)
,

)

where

g4(ζ1, ζr, P, β) = c1e
− P4

ζ21+P2 (1 +
P

ζr
cosβ)Rg(ζ1, ζr, P, β). (A.8)

Remind that g4 contains g through Rg in its definition, see (4.11) and (4.7).

Applying the mean value theorem to one of the terms in g:

(
5
2
− P 2)e

− 1
2 ζ

2
r− P2

ζ21+P2 (2ζrP cos β+ζ2
r cos2 β)

=
5
2
− P 2 − ζr(

5
2
− P 2)(ζ ′r

+
2P 2

ζ2
1 + P 2

(P cosβ + ζ ′r cos2 β))e
− 1

2 ζ
′2
r − P2

ζ21+P2 (2ζ′rP cos β+ζ′2r cos2 β)
,

for some 0 < ζ ′r < ζr and keeping the other term in g as it is, we obtain from

(A.8)

g4 = c1(ζr + P cosβ)
(

2P cosβ
[
1 +

P 2

ζ2
1 + P 2

(
5
2
− P 2)

]
e
− P4

ζ21+P2

− (ζr + 2P cosβ)e
− ζ

2
r
2 −

P2

ζ21+P2 (ζr cos β+P )2

− (
5
2
− P 2)

[
ζ ′r +

2P 2

ζ2
1 + P 2

(P cosβ + ζ ′r cos2 β)
]
e
− ζ
′2
r
2 −

P2

ζ21+P2 (ζ′r cos β+P )2
)
.

Therefore, because 0 ≤ ζr ≤ 1 and 0 ≤ ζ1 ≤ 1
100 , we obtain the following

estimates for g4:

|g4| ≤



c1(1 + P | cosβ|)
(

1 + 4P | cosβ|

+( 5
2 − P

2)(1 + 4P | cosβ|+ 2 cos2 β)
)
, for 0 < P < 1,

2c1e−
10000
10001P

2
P | cosβ|(1 + P | cosβ|)(1 + 5

2 + P 2)

+c1e−
10000
10001 (P−1)2(1 + P | cosβ|)

·
(

1 + 2P | cosβ|+ ( 5
2 + P 2)(1 + 2P | cosβ|+ 2| cosβ|2)

)
, for 1 ≤ P,
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and see that ‖g4‖L∞(0, 1
10 )×I and ‖g4‖L1 are bounded.

As to ∆22, again by the mean value theorem, we have for some ζ̄1 < ζ ′1 < ζ1

|∆22| = |Rg(ζ1, ζr, P, β)−Rg(ζ̄1, ζr, P, β)|

= |ζ1 − ζ̄1|
∣∣∣− ζr 4P 3ζ ′1

(ζ ′21 + P 2)2
(
5
2
− P 2) cosβ

+
2P 3ζ ′1

(ζ ′21 + P 2)2
ζr(2 cosβ +

ζr
P

cos2 β)g(ζ ′1, ζr, P, β)
∣∣∣

≤ |ζ1 − ζ̄1|ζr
(

4| cosβ||5
2
− P 2|+ (4| cosβ|+ ζr

2 cos2 β
P

)|g(ζ ′1, ζr, P, β)|
)
.

(A.9)

Similar to the case of ∆21, we use the original form of ∆22 in (0, |ζ1 − ζ̄1|
1
2 )× I

and the above estimate (A.9) in (|ζ1 − ζ̄1|
1
2 ,∞)× I to obtain∣∣∣∣∣

∫ 2π

0

∫ ∞
0

c1P√
ζ̄2
1 + P 2

e
− ζ̄

2
1
2 −

P4

ζ̄21+P2
∆22(1 +

P

ζr
cosβ)dPdβ

∣∣∣∣∣
≤|ζ1 − ζ̄1|

1
2

(
‖g7‖L1 + ‖g4(ζ1, ζr, ·, ·)‖L∞(0, 1

10 )×I + ‖g4(ζ̄1, ζr, ·, ·)‖L∞(0, 1
10 )×I

)
+ |ζ1 − ζ̄1| (‖g5‖L1 + ‖g6‖L1) ,

where

g5 = 4c1| cosβ||5
2
− P 2|e

− P4

ζ̄21+P2 (ζr + P | cosβ|), (A.10)

g6 = 4c1e
− P4

ζ̄21+P2 | cosβ|(ζr + P | cosβ|)g(ζ ′1, ζr, P, β), (A.11)

g7 = 2ζrc1e
− P4

ζ̄21+P2 | cosβ|2(ζr + P | cosβ|)g(ζ ′1, ζr, P, β). (A.12)

We have already known that ‖g4‖L∞(0, 1
10 )×I is bounded. For g5, from (A.10) we

have

|g5| ≤


4c1| cosβ|( 5

2 − P
2)(1 + P | cosβ|), for 0 < P < 1,

4c1| cosβ|( 5
2 + P 2)(1 + P | cosβ|)e− 10000

10001P
2
, for 1 < P.
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For g6, using ζ ′1 ≥ ζ̄1 and (4.7), we have from the definition (A.11)

|g6| ≤ 4c1| cosβ|(ζr + P | cosβ|)

·
∣∣5
2
− P 2 − ζ2

r − 2Pζr cosβ
∣∣e− P2

ζ′21 +P2 (P+ζr cos β)2

.

From this we have

|g6| ≤



10c1| cosβ|(1 + P | cosβ|), for 0 < P < 1,

4c1| cosβ|(1 + P | cosβ|)

·( 7
2 + P 2 + 2P | cosβ|)e− 10000

10001 (P−1)2 , for P > 1.

In the same way, for g7 we have from its definition (A.12)

|g7| ≤ 2c1 cos2 β(ζr + P | cosβ|)

·
∣∣5
2
− P 2 − ζ2

r − 2Pζr cosβ
∣∣e− P2

ζ′21 +P2 (P+ζr cos β)2

,

and thus

|g7| ≤



5c1 cos2 β(1 + P | cosβ|), for 0 < P < 1,

2c1 cos2 β(1 + P | cosβ|)

·( 7
2 + P 2 + 2P | cosβ|)e− 10000

10001 (P−1)2 , for 1 ≤ P.

From these estimates, we see that ‖g7‖L1 , ‖g5‖L1 , and ‖g6‖L1 are bounded. This

finishes the proof of (4.17) for 0 ≤ ζr ≤ 1.

Next, we turn to the proof of (4.18) for 0 ≤ ζr ≤ 1. Consider H1 part first.

By the mean value theorem, for some ζ̄1 < ζ̃1 < ζ1 we have

|H1(ζ1)−H1(ζ̄1)|

≤|ζ1 − ζ̄1|
∫ ∞

0

∣∣∣∣∣∣ 2πc2P√
ζ̃2
1 + P 2

ζ̃1(1− ζ̃2
1 − P 2)

(
5
2
− 9

2
P 2 + P 4

)
e−

ζ̃21
2 −P

2

∣∣∣∣∣∣ dP
≤|ζ1 − ζ̄1|

∫ ∞
0

1
50
πc2(1 + P 2)

(
5
2

+
9
2
P 2 + P 4

)
e−P

2
dP ≤ C|ζ1 − ζ̄1|. (A.13)
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Here we have used the fact that 0 ≤ ζ̃1 ≤ 1
100 .

For H2 part, by the mean value theorem, for some ζ̄1 < ζ ′1 < ζ1 we have

|H2(ζ1, ζr)−H2(ζ̄1, ζr)|

≤|ζ1 − ζ̄1|
∫ ∞

0

∫ 2π

0

c2P

∣∣∣∣∣(1 +
P

ζr
cosβ)Rh

1− ζ2
1 − P 2√

ζ2
1 + P 2

ζ1e
− ζ

2
1
2 −P

2

∣∣∣∣∣
ζ1=ζ′1

dβdP

=:|ζ1 − ζ̄1|
∫ ∞

0

∫ 2π

0

|h1 + h2|dPdβ,

where

h1 =c2ζ ′1
P√

ζ
′2
1 + P 2

(1− ζ
′2
1 − P 2)e−

ζ′21
2 −P

2
Rh(ζr, P, β),

h2 =c2ζ ′1
P√

ζ
′2
1 + P 2

(1− ζ
′2
1 − P 2)P cosβe−

ζ′21
2 −P

2 1
ζr
Rh(ζr, P, β).

Note that, from (4.12) and (4.8), we have

1
ζr
Rh(ζr, P, β) =− 1

ζr
(
5
2
− P 2)(1− e− 3

2 ζ
2
r−2ζrP cos β)

− (ζr + 2P cosβ)e−
3
2 ζ

2
r−2ζrP cos β + 2P cosβ(

7
2
− P 2)

=− (
5
2
− P 2)(3ζ ′r + 2P cosβ)e−

3
2 ζ
′2
r −2ζ′rP cos β

− (ζr + 2P cosβ)e−
3
2 ζ

2
r−2ζrP cos β + 2P cosβ(

7
2
− P 2),

for some 0 < ζ ′r < ζr by the mean value theorem and that

−3
2
ζ2
r − 2Pζr cosβ − P 2 = −3

2
ζ2
r sin2 β − 3

2
(ζr cosβ +

2
3
P )2 − 1

3
P 2.

Taking these into account, we have

|h1| ≤



1
100c2(1 + P 2)

((
5
2 − P

2 + 2P ( 7
2 − P

2)| cosβ|
)
e−P

2

+( 7
2 − P

2 + 2P | cosβ|)e− 1
3P

2
)
, for 0 < P < 3

2 ,

1
100c2(1 + P 2)

(
( 7
2 + P 2 + 2P | cosβ|)e− 1

3P
2− 3

2 ( 2
3P−1)2

+
(

5
2 + P 2 + 2P ( 7

2 + P 2)| cosβ|
)
e−P

2
)
, for 3

2 ≤ P,
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|h2| ≤



1
100c2(1 + P 2)P | cosβ|

[(
( 5
2 − P

2)(3 + 2P | cosβ|)

+1 + 2P | cosβ|
)
e−

1
3P

2
+ 2P ( 7

2 − P
2)| cosβ|e−P 2

]
,

for 0 < P < 3
2 ,

1
100c2(1 + P 2)P | cosβ|

[(
( 5
2 + P 2)(3 + 2P | cosβ|)

+1 + 2P | cosβ|
)
e−

1
3P

2− 3
2 ( 2

3P−1)2

+2P ( 7
2 + P 2)| cosβ|e−P 2

]
, for 3

2 ≤ P.

From these estimates, we see that ‖h1 + h2‖L1 is bounded and conclude

|H2(ζ1, ζr)−H2(ζ̄1, ζr)| ≤ C|ζ1 − ζ̄1|. (A.14)

Combining (A.13) and (A.14) yields (4.18) for 0 ≤ ζr ≤ 1 in Lemma 4.2.
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