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Abstract

We prove statistical limit theorems for Birkhoff sums of the form ZZ;S On 0T,
where 71}, are a sequence of compact group extensions with non-uniformly ex-
panding base and ¢, are a sequence of equivariant Holder observables. This is
done by extending the methods of Korepanov, Kosloff, and Melbourne to con-
struct two new martingale-coboundary decompositions.

Even in the case of a fixed observable and compact group extension, these
decompositions enable us not only to reprove existing results in the literature,
but also to obtain far reaching consequences. Using our primary martingale-
coboundary decomposition, we give a new proof of a central limit theorem and
weak invariance principle under very general conditions, and obtain moment esti-
mates which are optimal given our setup. Still in the case of a fixed observable and
compact group extension, we use our secondary martingale-coboundary decom-
position to prove an almost sure invariance principle with excellent error rates.

As an application, we prove a homogenisation result for discrete fast-slow
dynamical systems with additive noise, where the fast dynamics are generated by

a family of compact group extensions with non-uniformly expanding base.
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Chapter 1
Introduction

Broadly speaking, ergodic theory is concerned with studying the statistical prop-
erties of deterministic dynamical systems. Given such a system, one would like to
describe the behaviour of orbits in time. However, if only approximate informa-
tion regarding the starting point is available, difficulties may arise due to sensitive
dependence on initial conditions. This chaotic nature restricts our ability to make
deterministic predictions for large times into the future, and so it makes sense to
study such systems from a probabilistic viewpoint. A starting point is Birkhoff’s
ergodic theorem [I1], which says that for typical orbits, the time average coin-
cides with the space average. This is a natural generalisation of the strong law
of large numbers [44] from probability theory. Further classical results such as
the Lindeberg-Lévy central limit theorem [19] and Donsker’s invariance principle
[29] have been widely studied for random variables exhibiting weak forms of de-
pendence [8, 15, 32, [48], [69]. In order to appeal to these results, it is necessary to
utilise the properties of the dynamics.

The statistical properties of uniformly expanding dynamical systems [T}, 12, [80]
88,[90] and non-uniformly expanding dynamical systems [40, [72], 96, 101}, 102] have
been comprehensively studied in the literature. We are interested in dynamical
systems of a product structure, where the dynamics in the base are driven by

a chaotic system and the dynamics in the fibre by compact group translations.



CHAPTER 1. INTRODUCTION

More precisely, let T': X — X be a dynamical system on a metric space X and let
G be a compact connected Lie group with a fixed representation into O(d). Let
h: X — G be Holder and define the compact group extension 7,: X XG — X xG
by Ty(z,9) = (Tx, gh(z)). We consider equivariant observables ¢: X x G — R?
of the form ¢(z,g) = g - v(z) where v is Holder, and are interested in the long

term behaviour of

n—1
ZcboThxg > o(Thy, ghily Zghk "y),

k=0

where hy, = hhoT ---hoT* 1. The statistics of such observations arise naturally
in dynamical systems with Euclidean symmetry [79]. Regarding statistical prop-
erties, there exist results in the literature when the base is uniformly expanding
[277, 36, [70, [71] and when the base is non-uniformly expanding [16, 28, 39, [71]. In
this thesis, our attention is focussed on the latter. In particular, we give a new
proof of the results in [39] which leads to much stronger conclusions. Our aim
in the next few paragraphs is to give a “birds-eye” view of the thesis. We begin
with the new results; more details are given in the corresponding chapter outlines,
which give precise statements of the main theorems.

Chapter : Gordin’s method [37] for studying the statistical properties of de-
terministic dynamical systems has seen extensive development in both the proba-
bility literature [45] [56], 68, [84] and the dynamical systems literature [63] 6] O7].
Roughly speaking, the idea is to decompose observables as the sum of a mar-
tingale and an asymptotically negligible coboundary, which allows one to utilise
results from the martingale literature. Recently, Korepanov, Kosloff, and Mel-
bourne [60] introduced a new version of this method for Holder observables of
non-uniformly expanding dynamical systems. We extend the ideas of [60] to the
compact group extension setting, working with equivariant Holder observables as
described above. An immediate consequence is the central limit theorem (CLT)
and weak invariance principle (WIP), recovering [39, Theorem 1.10]. As well as
being more elementary, our method of proof has numerous advantages. In [39],

the result is first proved for compact group extensions of the induced uniformly



expanding system, and then after further arguments this is lifted to the original
system. Our approach bypasses such induced limit theorems and directly applies
to the original system. Moreover, we obtain optimal moment estimates which are
not readily available in the literature.

Chapter 5} Another advantage of our methods is that we can readily decom-
pose the square of the martingale in the decomposition described above, which
allows us to control sums of squares as is often required in more sophisticated limit
laws. As an application, we prove an almost sure invariance principle (ASIP) by
appealing to the results in [22]. This is a powerful statistical property, which im-
plies the CLT, WIP, and various other probabilistic results (see [84, Chapter 1]).
The ASIP was originally introduced in [93] [04], and has been proved for various
dynamical systems [25], 42 [47, [59, [72], [74]. However, our results appear to be the
first available for compact group extensions with a non-uniformly expanding base,
although results do exist when the base is uniformly hyperbolic [36]. Our error
rates improve on these results in the uniformly expanding setting.

Chapter [0 Our approach also allows explicit control on various constants
associated with 7" and h, making the method useful for studying Birkhoff sums
of the form Zz;é ¢y, © T}y, where the observables ¢,, and cocyles ™ vary with
n. Under mild conditions on the cocycles, we show that both the CLT and WIP
hold. Such Birkhoff sums arise naturally in homogenisation problems, in which
deterministic systems with multiple timescales converge to a stochastic differential
equation [83]. As an application, we give a homogenisation result of discrete fast-
slow dynamical systems with additive noise, where the fast dynamics are generated
by a family of compact group extensions.

Both Chapter 2l and Chapter |3| serve as an exposition of known results, and
can be seen as necessary preparation for the rest of the thesis. We briefly describe
the contents of these chapters below.

Chapter |2} We first establish notation and introduce basic notions in ergodic
theory. This is followed by a review of some classical probability theory, such as
the convergence of probability measures and martingale theory. We next introduce

the Koopman and transfer operators, and review the relevant tools from spectral



CHAPTER 1. INTRODUCTION

theory and harmonic analysis which we require to study these operators. Finally,
we introduce Gordin’s method and give statements of the statistical limit theorems
which we utilise.

Chapter 3} We give a precise definition of non-uniformly expanding dynam-
ical systems, as well as prove the existence of an ergodic absolutely continuous
invariant probability measure. This is done using the method of Young [T0T] 102],
in which we represent a non-uniformly expanding dynamical system as a tower
over its induced uniformly expanding system. By first constructing an ergodic
absolutely continuous invariant probability measure on the base of the tower, this

is then extended to the whole tower using standard arguments which we review.

Remark 1.0.1. The main new results in this thesis are the moment estimates in
Chapter[f, the ASIP in Chapter[d, and the CLT, WIP and homogenisation result
in Chapter [0



Chapter 2

Preliminaries

2.1 Notation

Throughout, we use d, i, j, k,l,m,n to denote integer-valued indices. That is, if
we write n > 1, we implicitly mean n € Z with n > 1. This nomenclature is not
reserved for other indices. For example, if we write p > 1, we mean p € (1,00).
For d > 1, by x € R? we mean the column vector x = (21, ...,z4)”. Fix a norm |- |
on R?. For ¥ € R* where R%? denotes the set of d x d real matrices, we denote
by [|X]| = inf{C > 0 : |[Xz| < C|z| for all z € R?} the corresponding operator
norm. We let O(d) = {X € R* | det X # 0 and X7 = X7!} denote the group of
d x d orthogonal matrices with binary product matrix multiplication.

Let (X, B, 1) be a probability space. For 1 < p < co we denote by LP(X;R?)
the space of measurable functions f: X — R¢ such that

1/p
1l = (/lel”du) < oo

Similarly, we denote by L>°(X;R%) the space of essentially bounded functions
f: X — R That is, measurable functions f: X — R? such that

| floo = inf {C : | f] < C almost surely} < oco.



CHAPTER 2. PRELIMINARIES

For all 1 < p < oo, we have that LP(X;R%) is a Banach space when equipped
with | - |,. In the case d = 1, we write LP(X). Naturally, the above extends to
R%4—valued functions by replacing the norm | - | with the operator norm || - ||.

Let (X, d) be a bounded metric space and n € (0,1]. We say that v: X — R?
is n—Holder if

|v|, = sup |v(x) _ v(y)‘ < 00.
K z,yeX d(&?, y)”
z#y

When 7 = 1, we refer to v as Lipschitz and write the above semi-norm as Lip(v).
We define C"7(X;R%) to be the space of R?—valued n—Hélder functions. This
defines a Banach space when equipped with the norm ||v||, = |[v|s + |v],,. When
n = 1, we write the above norm as ||v||Lip = |v]eo + Lip(v). In the case d = 1,
we write C"(X). Again, the above extends to R4?—valued functions by replacing
the norm | - | with the operator norm || - ||.

For ¥ € R%*4, we denote by N'(0, X)) the (multivariate) normal distribution with
mean 0 and covariance matrix X. If ¥ is singular, then A(0,Y) is degenerate.
That is, N(0,X) is supported on a space of dimension less than d. If ¥ is non-
singular, then we say that A(0,X) is non-degenerate, and its probability density

function is given by

1 1 peyg
fox(z) = ) (et )1 exp ( — 5 )Y x)
Throughout, we use < and “big O” notation interchangeably, writing a,, < b,
or a, = O(b,) if there is a constant C' > 0 such that a, < Cb, for all n > 1. We

write a, = o(b,) if lim, . a,/b, = 0.

2.2 FErgodicity and basic constructions

We begin by introducing some basic notions in ergodic theory (see for exam-
ple [98]). For our purposes, a dynamical system is a probability space (X, B, u)
equipped with a measurable map 7: X — X. We write this as the quadruple
(X, B, i, T) and refer to T" as the dynamical system. The evolution of the system

6



2.2. ERGODICITY AND BASIC CONSTRUCTIONS

is studied by considering iterates 7" = T oT o---oT for n > 1. We say that T' (or
1) is non-singular if for all B € B, we have u(B) = 0 if and only if u(T~*(B)) = 0.
We say that T' (or p) is invariant, or T'is measure preserving, if (T (B)) = u(B)
for all B € B. If T is measure preserving, we say that T (or u) is ergodic if for all
B € B with T7!(B) = B, one has u(B) € {0,1}. Equivalently, T' (or u) is ergodic
if and only if v € L*(X) with vo T = v pu—almost surely implies v is constant
—almost surely. Any two distinct ergodic measures are mutually singular. That
is, if puq and po are two distinct ergodic measures, then there exists B € B such
that p1(B) = pe(X \ B) = 1. Ergodicity is a key component in deducing statisti-
cal properties of deterministic dynamical systems. The most well-known result in
this vein is the celebrated Birkhoff ergodic theorem [I1], which says that almost

everywhere, the time average and space average coincide for ergodic systems.

Theorem 2.2.1 (Birkhoff’s ergodic theorem). Let (X, B, u,T) be an ergodic

measure preserving dynamical system. If v € LY(X), then

n—1

1
—ZUOTk%/Udu a.s.
"= X

In Section [4.6, we require the following consequence of Birkhoff’s ergodic the-
orem. Due to its elementary nature, we state and prove it here. We first give a

lemma.

Lemma 2.2.2. Let b > 0. Suppose (a,),>0 C R with lim, ., n"%a, = 0. Then

- b
lim,, 00 ™" maxo<g<y |ax| = 0.

Proof. Suppose first that there exists C' > 0 such that |a,| < C for all n > 0.
Then n~" maxo<j<n |ax| < Cn~° — 0, proving the result in this case.

Suppose now that |a,| — oo. Note that for each n > 0, there exists 0 < k, < n
such that maxg<x<y, |ax| = |ag,|. It is immediate that (k,),>o is non-decreasing

and k,, — oo. Therefore

b
nfb max |a/k| — |akn| — & . |akn| < |akn|

— 0
0<k<n nb nt kb T kb ’

completing the proof. O
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Corollary 2.2.3. Let (X,B,u,T) be an ergodic measure preserving dynamical
system. Suppose p > 1 and v € LP(X). Then maxo<g<y |v o T*| = o(n'/?) almost

surely.

Proof. In view of Lemma [2.2.2] it suffices to show that v o T = o(n'/?) almost

surely. By Birkhoff’s ergodic theorem, we have

n—1
1
—E UPOTk%/vpdu a.s.
n

k=0

Therefore
n n—1
vPoT™ 1
_ - PoTk_ — P o Tk
T 13- 15
k=0 k=0
n n—1
n—+1 1 & i
— " n+1zvpoT—EvaoT
k=0 k=0
—0 a.s
The result follows. 0

A measure preserving dynamical system (X, B, u, T) is said to be mizing if for
all v,w € L*(X), we have

lim voT”wd,u:/vdu/wd,u.

We say that T' (or p) is weak mizing if for all A, B € B, we have
1 n—1
lim -3 u(TH(A4) 1 B) — p(A)u(B)] = 0.
k=0

It is standard that mixing implies weak mixing and weak mixing implies ergodicity.
Weak mixing can be equivalently characterised as follows: 7" (or u) is weak mixing
if and only if v € L*(X) with voT = e™v p—almost surely for w € [0, 27) implies

v is constant p—almost surely.



2.2. ERGODICITY AND BASIC CONSTRUCTIONS

We next give some constructions which are used throughout the thesis. We
begin with return times and their corresponding induced transformations, which
allow us to focus on specific regions of the state space of our underlying dynamical

system.

Definition 2.2.4. Let (X, B, 1, T) be a dynamical system and Y € B be such that
w(Y) > 0. We call a measurable function 7:Y — Z*+ a return time if T™Wy € Y
for ally € Y. We define the induced transformation F:Y —Y by Fy = T™Wy.

Remark 2.2.5. We make the following observations:

(i) As will be seen in Chapter@ it is often the case that inducing yields a dy-
namical system with better global properties than the original system, which
makes it easier to analyse. Moreover, interesting conclusions about the orig-

inal system can often be obtained by analysing the induced system [60, [70].

(ii) In the context of measure-preserving dynamical systems, a classical example
of a return time is the first return 7:Y — Z* defined by 7(y) = inf{n >
1| Try € Y}. This is well-defined by the Poincaré recurrence theorem [98,
Theorem 1.4] and integrable by Kac’s lemma [15, Theorem 3.2.4].

Example 2.2.6. Let X = [0,1] and v € [0,1). The intermittent map [63] is
defined as

z(1+272Y) ifxe0,1/2],

27 — 1 ifz e (1/2,1].

T(x)=

Let Y = (1/2,1]. We construct the first return to Y and corresponding in-
duced transformation. The first few steps of the construction are illustrated in
Figure (A). Let vy = 1/2 and observe that T 'zy € {x},3/4} for some
rh € (0,1/2). We set x; = 3/4 and ay = (x1,1]. Similarly, T'2) € {x}, x5}
for some zy, € (0,2]) and xo € (1/2,21). Set ag = (x2,x1]. We can continue this
process inductively to generate a partition o = (an)n>1 of Y. Define 7: Y — Z+
by T(y) =n if y € a,. It is immediate that T is the first return to Y. Moreover,
F =TT restricts to a bijection from a, ontoY, as is shown in Fz'gure (B) for
the first 4 branches.
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)
1 "y xs7s T2 1y 1

(A) Inducing scheme (B) Induced transformation

Figure 2.1: Intermittent map

We next introduce compact group extensions of dynamical systems, which
belong to a class of systems called skew products (see for example [2], 81]), where
the first coordinate is determined by some given dynamical system and the second
coordinate is determined by compact group translations. We first make a remark

regarding representations of compact connected Lie groups.

Remark 2.2.7. Let G be a compact connected Lie group with Haar measure v, and
suppose that (7, RY) is a representation of G for some d > 1. By Weyl’s unitarian
trick [3], Proposition 6.1.1], there exists a w(G) —invariant inner product [-,-] on
R?. By fizing an orthonormal basis of R® with respect to this inner product, we
may suppose that m: G — O(d). From here on, unless otherwise stated, we write
7(G) as G and by g-x we denote multiplication of the matriz g € G with v € RY.
We use throughout that ||g|| = 1 for all g € G, where || - || is the operator norm

corresponding to the norm induced by [-,-].

Definition 2.2.8. Let (X, B, u,T) be a measure preserving dynamical system and
G C O(d) be a closed subgroup. For n € (0,1], we call h € C"(X;G) an n -
Hélder cocycle. For such h: X — G, we define the compact group extension

10



2.2. ERGODICITY AND BASIC CONSTRUCTIONS

Th: X X G — X x G by Ty(z,g9) = (Tx,gh(x)).

Remark 2.2.9. Let v denote the Haar measure on G and consider the product
probability measure m = u X v. Then m is Ty, —invariant. Indeed, for ¢ €
LY X x G), we have

/XXG¢oTh($,9)dmZ/X/G¢(Tx,gh(:c)) dz/du:/X/G¢(Tx,g)dl/du
B /G /X¢<T%9>dﬂdv= /G /X da.g)dndv = | ola.g)dm.

For large classes of dynamical systems, ergodicity of compact group extensions
is typical (see for example [35]). To conclude this section, we give some examples
of compact group extensions for which ergodicity fails, even when the underlying

dynamical system is assumed to be ergodic.

Example 2.2.10. Let T: X — X be ergodic. Suppose G = R/2nZ with binary
product addition modulo 27, so v = Leb. Suppose further that we have a constant
cocycle h = 2me, where ¢ € QN [0,1). Note that Ty(x,0) = (Tx, R.0), where
R.: G — G defined by R.0 = 0 4+ ¢ mod 27 is the circle rotation by angle 2mc.
Write ¢ = p/q where p > 0,q > 1, and hcf(p,q) = 1. For

. ‘G [ka’ (2k + 1)717
k=0

q q

note that R;Y(H) = H and v(H) = 1/2. It follows that T;,'(X x H) = X x H
and m(X x H) =v(H) ¢ {0,1}, so that m is not ergodic.

Example 2.2.11. LetT: X — X be ergodic. Suppose G is a non-abelian compact
connected Lie group with compatible bi-invariant metric d. Suppose further that
for some h € G, we have h(z) = h for allz € X. Let H = (h). Since H is closed,
it is a Lie subgroup of G. Moreover, by an approximation argument, H is abelian.
Therefore dim H < dim G, so that v(H) = 0. Consider the thickening of H by
e > 0 small, given by B(H) = {g € G | infpend(g,h') < €}. Then g € B.(H)
if and only if gh € B(H), so that T;,'(X x B.(H)) = X x B.(H). However,
m(X x B{(H)) =v(B(H)) € {0,1}, and so ergodicity fails.

11



CHAPTER 2. PRELIMINARIES

2.3 Convergence of probability measures

As noted in Remark [I.0.1] the main results in this thesis are of a probabilistic
nature. In this section, we give an overview of the relevant probability theory
required to formulate these.

We begin with a brief recap of weak convergence (see for example [10]). Sup-
pose we have a probability space (X, B, i) and let M be a metric space. We say
that W: X — M is a random element of M if it is measurable as a function
from (X, B) = (M, B(M)), where B(M) denotes the Borel o - algebra of M. If
M =R or C, we call W a random variable, and if M = R? for d > 1, we call
W a random vector. The probability distribution or law of W is the pushforward
measure gy = po Wt induced by W on B(M). Let (W,),>0 be a sequence of
random elements taking values in M. We say that the sequence of probability
measures Ly, converges weakly to py, written py, —, pw, or that the random

elements W,, converge weakly to W, written W,, —,, W if

n—oo

lim fduw, :/ fduw forall f e Cy(M),
M M

where Cy(M) is the set of all bounded, continuous, real-valued functions on M.

Equivalently, W,, —,, W if

lim E[f(W,)] =E[f(W)] forall f € Cy(M),

n—0o0

where E denotes the expectation with respect to the underlying probability mea-

sure f.

Remark 2.3.1. We also refer to weak convergence as convergence in distribu-
tion, and use these interchangeably throughout. Almost sure convergence, LP —

convergence, and convergence in probability all imply weak convergence.

One of the most classical results regarding weak convergence is the Lindeberg-
Lévy central limit theorem [9, [19] BI]. We recall this below.

12



2.3. CONVERGENCE OF PROBABILITY MEASURES

Theorem 2.3.2 (Lindeberg-Lévy central limit theorem). Let (Xj)i>0 be a
sequence of independent and identically distributed random vectors with E[X] = 0
and E[X; X[ =X € R* for all k > 0. Then

1 n—1
NG > Xy = N(0,5).
k=0

We next state the definition of Brownian motion. From here on, we use ~ to
denote equivalence in distribution. Recall that a stochastic process is a family of

measurable functions.

Definition 2.3.3. Let W = (W(t));>0 be an R? —valued stochastic process with
W(0) = 0. We say that W is a Brownian motion on R® with mean 0 and covari-
ance matriz ¥ € R4 if the following hold:

(i) For allt >0, we have W (t) ~ N(0,tX).

(il) For 0 =ty < t1 < ty < -+ < tp, the random variables W (ty), W(ty) —
W(t1),..., W(t,) — W(tn_1) are independent.

(iii) For allt > s >0, we have W(t) — W (s) ~ W (t — s).
(iv) t — W (t) is almost surely continuous.

The existence of Brownian motion was first shown by Wiener [99]. We next
recall the space of cadlag functions [82]. Let d > 1 and E C R. We denote by
D(FE;RY) the space of functions f: E — R? which are right continuous and admit

left limits. Let A denote the set of strictly increasing continuous bijections from
E to itself. Define the Skorokhod metric s on D(E;R?) by

s(f,9) = inf max {|A = I|oc, [f = g 0 Aloc}-

This makes D(E;R?) into a complete separable metric space [91]. It is immediate
from the definition that s(f,g) < |f — g|eo. If E = [0,00), we have by [92] that
weak convergence in D(FE;R?) is equivalent to weak convergence in D([0, T]; R%)
for all T > 0.

13
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The next result we state is Donsker’s invariance principle [29, 33]. This can
be seen as a generalisation of the central limit theorem to stochastic processes.
Donsker’s invariance principle says that Brownian motion is the limit of suitably

rescaled random walks. More precisely:

Theorem 2.3.4 (Donsker’s invariance principle). Let (Xy)g>o be a sequence
of independent and identically distributed random vectors with E[Xy] = 0 and
E[X;X[] = ¥ € R* for all k > 0. For n > 1, define the random elements
W,: X — D([0,00); RY) by W, (t) = n~'/? ;:i]o_l Xy fort > 0. Then W, —,
W in D([0,00);RY), where W denotes the Brownian motion with mean 0 and

covariance matriz 3.

Remark 2.3.5. In later chapters, we prove an analogue of Donsker’s invariance
principle for sequences of random wvectors which are not independent in general.

To make this distinction clear, we call such a result a weak invariance principle.

The next result is the continuous mapping theorem [0}, 45] [67], which says that
continuous functions between metric spaces preserve limits even if their arguments
are sequences of random elements. We then use this to show how Donsker’s

invariance principle implies the Lindeberg-Lévy central limit theorem.

Theorem 2.3.6 (Continuous mapping theorem). Let X and Y be metric

spaces and consider random elements (Wy,)n>o and W taking values in X. If

h: X — Y is continuous and W,, —.,, W, then h(W,,) —., h(W).

Remark 2.3.7. Let W,, and W be as in Theorem|2.5.4], and note that W,, —, W
in D([0,1];R?). Take X = D([0,1};R?) and ¥ = R? in Theorem [2.5.6, and let
h: X — Y be defined by h(f) = f(1). Let A denote the set of all strictly increasing
bijections from [0,1] — [0,1], and note that A(1) = 1 for all A € A. Letting s
denote the Skorokhod metric on X, we have for f,qg € X that

s(f.9) = inf max {|]A = I|oc, |/ = g0 Al } > [£(1) = g(1)] = |1(f) = h(9)

)

so that h is continuous. Therefore n=/2S"1—0 X, = h(W,)) = h(W) ~ N(0, %),

recovering the Lindeberg-Lévy central limit theorem.

14
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We next recall the Cramér-Wold device [9, 21], which relates distributional

convergence of random vectors to that of its one-dimensional projections.

Theorem 2.3.8 (Cramér-Wold). Suppose (X,,)n>0 and X are d —dimensional
random vectors. Then X,, —, X if and only if ¢ - X,, = c- X for all c € R?.

The next result is an analogue of Slutsky’s theorem for random elements, from
[T0]. Roughly speaking, this allows us to deduce weak convergence of a sequence
of random elements from that of another, “closely related” sequence of random

elements. More precisely:

Theorem 2.3.9. Let (X, s) be a separable metric space. Suppose that (X,,)n>0 and
(Yo )n>o0 are sequences of random elements of X. If X,, —, X and s(X,,Y,) — 0
in probability, then Y, —, X.

We now recall the definition of uniform integrability. We restrict to what is

needed for the thesis. For a more detailed exposition, see [31], 87].

Definition 2.3.10. Let (X,B,pn) be a probability space and let (My,),>o0 be a
sequence of random variables. The collection (My,),>o is said to be uniformly

integrable if
lim sup/ | M| Lqias, >3 dpe = 0.
X

K—oo n>0

We require the following sufficient condition for uniform integrability.

Proposition 2.3.11. Suppose (M,)n>0 is a sequence of random variables. If

Sup,,so | My, < 00 for some p > 1, then (M,,)n>0 is uniformly integrable.

The next result says that weak convergence and uniform integrability implies

convergence of moments.

Proposition 2.3.12. Let (X, B, u) be a probability space and suppose (My,)n>0
and M are random vectors with M, —, M. If (|M,|P)n>0 is uniformly integrable
for some p > 1, then for all 0 < q < p we have

lim/ ]Mn\qdun:/ | M|?dp.

15



CHAPTER 2. PRELIMINARIES

To conclude this section, we recall the notion of tightness, which roughly
speaking, prevents the escape of mass to infinity. A more detailed exposition

can be found in [10].

Definition 2.3.13. Let (X, B, 1) be a probability space and let (W,,)n>0 be a se-
quence of random elements of a metric space M. We say that (W,,),>o is tight if
for every € > 0, there exists a compact set K C M such that u(W, € K) >1—¢
for alln > 0.

The fundamental result relating tightness to weak convergence is the following:

Theorem 2.3.14 (Prokhorov’s theorem). Let (W,,),>o be a sequence of ran-
dom elements of a complete separable metric space. Then (W, )n>o is tight if and

only if every subsequence of (W, )n>o contains a weakly convergent subsubsequence.

Remark 2.3.15. Our formulation of Prokhorov’s theorem follows immediately

from the classical formulation in [85].

2.4 Martingale theory

As was mentioned in the introduction, much of our approach relies heavily on
martingale techniques. In this section, we give a minimal, for the purpose of this
thesis, review of martingale theory. Much of this is classical and can be found in
[9, 10}, BT, T00]. In what follows, (X, B, 1) is our underlying probability space. We
begin by recalling the definition of conditional expectation [58] and some basic

properties which we require.

Theorem 2.4.1. Let Y € L'(X) and A C B be a o —algebra on X. Then there

exists a random variable Z such that
(i) Z e L} X).

(i) Z is A —measurable.

(iii) E[Y1a] = E[Z14] for all A € A.

16
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Such a random variable Z is unique up to sets of measure zero, and is denoted by

E[Y | AL

Proposition 2.4.2. LetY,Z € L'(X) and A C B be a o —algebra. The following
hold true:

(i) If Y >0, then E[Y | A] > 0 almost surely.
(ii) For all c € R, we have E[cY + Z | A] = cE[Y | A| + E[Z | A] almost surely.
(iii) IfY is A—measurable, then E[Y Z | A| = YE[Z | A] almost surely.
(iv) E[E[Y | A]] = E[Y].
(v) |E[Y |A]|, < |Y], for all1 < p < 0.

(vi) If T: X — X is measure preserving, then E[Y o T | T 1 (A)] =E[Y | Ao T

almost surely.

We next define martingales. Recall that a family of o —algebras (B,,),>0 on X
is called a filtration if B,, C B,,+1 C B for all n > 0.

Definition 2.4.3. A sequence of random variables (My,)n>0 defined on (X, B, 1)
is called a martingale with respect to the filtration (By)n>o if for all n > 0, we

have
(i) M, is B, —measurable.
(ii) M, € L'(X).
(ii) E[M,41|By) = M, almost surely.

We call (M,)n>0 a martingale difference sequence with respect to the filtration
(Bn)n>o if it satisfies (i), (ii), and the additional property that

(iii") E[M,41]|B,] =0 almost surely.

17
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Remark 2.4.4. The above definition naturally extends to random wvectors and
random matrices by the requirement that each component is a martingale (respec-

tiely martingale difference sequence) in the above sense.

The next proposition describes the connection between a martingale and a

martingale difference sequence.
Proposition 2.4.5. The following hold true:

(1) If (My)n>0 is a martingale with respect to the filtration (By,)n>o0, then (Y)n>o
defined by Yo =0 and Y,, = M, — M,,_1 for n > 1 is a martingale difference

sequence with respect to (By)n>0-

(i) If (Yn)n>o s a martingale difference sequence with respect to (By,)n>0, then
(M,,)n>0 defined by M,, = ;_,Yi is a martingale with respect to (B,)n>0.

Proof. Measurability with respect to the filtration (B,),>0 and integrability is
immediate in both cases. For (i), note that if (M,),>o is a martingale, then for

all n > 0 we have
E[Yis1|Bn] = E[Myi1 — M, |By] = E[Myy1|B,] — E[M,|B,] = M,, — M,, =0,

where the second equality uses Proposition m (ii), and the third equality uses
the definition of a martingale and Proposition m (iii). Similarly for (ii), if

(Y.)n>o0 is a martingale difference sequence, then for all n > 0 we have

Bn:| = E[Yn—‘rl |Bn:| + ZYk = Mrw

k=0

E[Mn—i-l ‘Bn} =E |:Yn+1 + Z Yy,
k=0

completing the proof. O

The next proposition tells us that any martingale difference sequence satisfies
a useful orthogonality property. For our purposes, we state this in the random

vector setting.

18



2.4. MARTINGALE THEORY

Proposition 2.4.6. Let d > 1. Suppose (Y)n>0 is a martingale difference se-
quence taking values in R? with respect to the filtration (By)nzo. Then E[Y;Y}'] =0

fori#j.

Proof. Suppose first that j < ¢. We have from Proposition [2.4.2] (iv) and (iii) that
E[vY]') = B[B[VY] | B]] = B[E[Y: | B2 ]Y]] = 0.

Similarly, when i < j, we have

B[] = E[E[V;Y]| ;)] = ENE[Y] | B,1]] = B%(E[Y;] 8;4]))"] =0

This completes the proof. O

We now give some classical inequalities which we require for estimating mo-
ments in Section 4.8 We begin with Doob’s L? —inequality [30].

Theorem 2.4.7 (Doob’s L?—inequality). Suppose (M,),>0 is a martingale.
Then for p > 1, we have

p
|Urgja§1’M]Hp§p_1‘Mn’p for allnz()

We next state Burkholder’s inequality [17].

Theorem 2.4.8 (Burkholder’s inequality). Suppose (M,),>0 is a martingale.
For each p > 1, there exists C(p) > 0 such that

n

1/2

k=0

for all n > 0.
p

We conclude with Rio’s inequality [86]. The formulation given here is due to
[23] (see also [7§]).

Theorem 2.4.9 (Rio’s inequality). Let (X,),>0 C LP(X) be a sequence of
random variables for some p > 2 with E[X,] = 0 for all n > 0. Suppose (By)n>0
s a filtration for which X,, is B, —measurable for all n > 0. Define

m

X, E[X;|B/]

k=t

by, = max
’ 0<t<m<n
p/2
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Under this setup, there ezists C(p) > 0 such that

J
>
k=0

max
0<j<n

n 1/2
< C’(p)(z b&n) for all n > 0.
» =0

2.5 The Koopman and transfer operators

The Koopman and transfer operators form key tools when studying the statistical
properties of deterministic dynamical systems. In this section, we define these
operators and give some immediate consequences which are used throughout.
Much of this section is classical, and can be found in many ergodic theory books
(see for example |4, 13]). Throughout, we suppose that our underlying probability
space is given by (X, B, u).

Definition 2.5.1. Let T: X — X be a transformation. The Koopman operator
U: LNX) — LNX) for T is defined by Uv =v o T.

Definition 2.5.2. Let T': X — X be a non-singular transformation. The transfer
operator P: LY (X) — LY(X) for T is defined as follows: Forv € L'(X), we define
Pu to be the unique element in L'(X) which satisfies

/vad,u:/vL{wd,u for all w € L=(X).
X X

We next give some basic properties of these operators.

Proposition 2.5.3. Let T': X — X be a non-singular transformation with asso-
ciated Koopman and transfer operators U and P respectively. The following hold

true:

(i) U,P: L'(X) — LY(X) are linear operators with U1 = 1.

(ii) [y Pvdu= [yvdy for allve L'(X).

(iil) [y Prowdp = [y oU wdp for alln>1, v e L'(X), and w € L>°(X).
(iv) [Uw|s < |w|oo for all w € L=®(X) and |Pv|; < |v|y for all v € L}(X).
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2.5. THE KOOPMAN AND TRANSFER OPERATORS

If T is measure preserving, then in addition to the above, we have
(v) P1=1.
(vi) [yUvdp = [,vdp for allve L'(X).

(vil) PUv = v and UPv = E[v | T~YB)] for allv € L' (X).

(vill) [Uvl|, = |v|, and |Pv|, < |v|, for all1 <p < oo and v € LP(X).

Proof. We prove (iv), (vii), and (viii). The other assertions are immediate from
the definitions of U, P, and invariance of the measure. We begin with (iv). Since
T(X) C X, we have [Uw|s = |wo T|p < |w|s for all w € L®(X). Next note

that for v € L'(X), we have
[Pvly = sup {‘/vadu’} = sup { /vad,u‘}
weL>(Y) Y weL®(Y) Y

[w]eo<1 [w]oo<1
< sup {/ |v||Z/lw|d,u} < vy,

weL=y) UJy

|wloo <1

proving (iv).
We next prove (vii). We have for v € L'(X) and w € L>(X) that

/P(Uv)wdu:/MUdeu:/Z/{(vw)du:/vwdu.
X X X X

Since w is arbitrary, PUv = v as required. To show that UPv = E[v | T~ (B)], we
first note that UPv is T~!(B)—measurable. Indeed, for A C R Borel measurable,

we have
(UPV) HA) = (PvoT) " (A) =T ((Pv)"'(A)) e T"Y(B)

since Pv € L'(X) is measurable. Moreover, we have for T-'(B) € T~!(B) that

/ UPvd,u:/(PUOT)JIT_1(B)du:/(PUOT)(]IBOT)du
T-1(B) X

X
:/Pvﬂgdu:/vﬂBonu:/ vdpu,
X X T-1(B)

21



CHAPTER 2. PRELIMINARIES

which proves (vii).

For (viii), suppose first that 1 < p < co and v € LP(X). By p—invariance
of T, we have |Uv|, = |v|,. To show that |Pv|, < |v|,, note that by Proposi-
tion m (v), we have |E[v | T (B)]|, < |v|,. Therefore

]Pvlzz/ ]Pv[pd,u:/ |Z/{77v|pdu:/ E[v|T~H(B)][" dp
X X X

< [ P du=1olp
X

and the result follows. We now suppose that p = co and v € L>®(X). Note that
for all M > 0, we have (Jv| o T)"}((M,00)) = T (|v|7*((M, >))). Therefore, by
T —invariance of yu, we have
UV|oo =inf {M >0 | p((Jv] o T)~"((M,0))) = 0}
=inf {M >0 | p(jv| " ((M,0))) =0} = |v]|«.

To show |Pv|e < |V]|s0, note that since £v < |v]o,, we have by Proposition (i)
that |E[v | T~*(B)]| < |v|e- Therefore

|PV|oo = [UPV|oo = |E[v ‘ T*I(B)} }Oo < |0,
completing the proof. O

Example 2.5.4. Consider the doubling map T [0,1] — [0, 1] given by Tz = 2x
mod 1, as shown in Figure . The Lebesgue measure j on [0,1] is ergodic and
invariant for T [13]. Let P denote the transfer operator for T. Note that for
v e LY([0,1]) and w € L*>([0,1]), we have

/01 Powdyp = /Olv(q:)w(Tx) dr = /01/21)(3;)10(2:1;) dx + /11 v(x)w(2x —1)de

/2

S R ORIy S
()

so that
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Figure 2.2: Doubling map

Recall that a measure p on B is absolutely continuous with respect to a measure
p on B if p(B) = 0 implies u(B) = 0 for all B € B. We denote by du/dp the
Radon-Nikodym derivative of p with respect to p. One of the major uses of the
transfer operator is the construction of absolutely continuous invariant probability
measures. Moreover, as we see in Section it allows us to establish various
useful properties of these measures and their densities. On this note, we conclude

this section by giving a criterion to identify such densities.

Proposition 2.5.5. Let T: X — X be a non-singular transformation with trans-
fer operator P: LY(X) — LY(X) and underlying probability measure p. Suppose
fe LNX) with |fli1 =1 and f > 0. Then Pf = f if and only if the measure
gwen by dp = fdp is T —invariant.

Proof. Let us suppose that p is T —invariant. Then for any B € B, noting that

Lp-1py = 1poT, we have

[rao=[ . rao= [ ris0rao= [ Prisa= [ Pra

Since B € B is arbitrary, Pf = f.
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Conversely, let us suppose that Pf = f. Then by the above calculation, for

/Tl(B)fdpz/BPfdpz/dep,

so that p is T'—invariant. O]

any B € B we have

Remark 2.5.6. As one would expect, the Koopman and transfer operators extend

component-wise to R? and R*? —valued observables.

2.6 Peter-Weyl theorem

In this section we state the Peter-Weyl theorem [34], which gives us an explicit
orthonormal basis of L?*(G) when G is a compact group. This is required in
Section 4.3 when we study the transfer operator for compact group extensions.

We begin with some preliminary definitions, which can be found in [14],34]. Let
(m, V') be a finite-dimensional complex representation of G with inner product [-, -]
on V. If G preserves [-, ], then we say that 7 is a unitary representation. We say
that 7 is ¢rreducible if the only closed subspaces W C V such that #(G)W C W
are W = {0} and W = V. Finally, two representations (7, V;) and (p,V,) of a
compact group G are equivalent if there exists an isomorphism A: V; — V, such
that Ar(g) = p(g9).A.

Theorem 2.6.1 (Peter-Weyl theorem). Let ¥ denote the equivalence classes
of wrreducible unitary representations of the compact group G. Suppose that a
representative T is chosen from each equivalence class, and let ul(g) (9) = [7(9)ei, e;]
denote the matriz coefficients of © in an orthonormal basis of V. Letting d™ =

dim(Vy) denote the degree of the representation m, we have that the set of functions
(Vdou) |7 e 2,1 <4, j <d™}

form an orthonormal basis of L*(G).
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Example 2.6.2. Consider the group T = {z € C : |z| = 1}. In this case, the
irreducible representations are one-dimensional and given by 7, (e?) = ™. There
15 a single matrix coefficient for each representation, which is given by the function
u,(e?) = ™. The Peter-Weyl theorem then states that these functions form an

orthonormal basis of L*(T) — a standard result from Fourier theory.

2.7 Separation of spectrum

Probabilistic limit laws for deterministic dynamical systems often follow from good
spectral properties of the associated transfer operator (see for example [43]). In
this section, we give a brief overview of the spectral theory we require throughout
the thesis. A major reference on this topic is [50].

Let X be a Banach space over the complex scalar field C and let [ be the iden-
tity operator on X. Let P: X — X be a bounded linear operator. The spectrum
of P, denoted o(P), is defined by o(P) = {2z € C | zI —P is not invertible.}. The
spectral radius of P, denoted r(P), is defined by r(P) = sup{|z| : z € o(P)}. The

spectral radius formula says that r(P) = lim,,_ ||P"||/"

, where || - || denotes the
operator norm.

The following theorem from [50] is required in Section Informally, it says
that if we can separate the spectrum of some bounded linear operator, then the

underlying Banach space can also be separated in a convenient way.

Theorem 2.7.1. Let B(X) denote the space of bounded linear operators on the
Banach space X and let P € B(X). Suppose 0(P) = 0 UTert, where oy, and Oeyy
are compact and disjoint. Let C be a smooth closed curve which does not intersect
o(P), and which contains oy, in its interior and ey in its exterior. Then the

following hold true:

(i) 7 = 5= [,(zI = P)'dz € B(X) is a projection. That is, 7™ = m, so that
X =Imm @ kerm.

(il) moP=Pom, so that P(Im7) C Imm and P(ker7) C ker .
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(iii) 0(Plimx) = Oin and o(Plyern) = COeut-

Definition 2.7.2. We refer to m defined in (i) above as the spectral projection
of 0in. It is independent of the choice of C, since (zI — P)~! is holomorphic in
C\a(P).

Remark 2.7.3. If z € o(P) is an isolated eigenvalue, then we can separate the
spectrum and define the projection w, as above. The multiplicity of z is defined as
dim(Im,). If this is finite, then Imm, coincides with the generalised eigenspace

corresponding to z.

Let us denote by ges(P) the essential spectrum of P. That is, 0ess(P) consists
of those points in ¢(P) which are not isolated eigenvalues of finite multiplicity. We
denote by 7es(P) = sup{|z| : 2 € 0ess(P)} the essential spectral radius of P. For
any € > 0, one can think of P as a finite matrix outside of {z € C : |z| < rei(P)+€}
and something more complicated inside this set. To conclude this section, we
introduce the following criteria [46] (c.f. [20, 62, [05]) which allows us to estimate
Tess(P). The formulation given here is adapted from [64].

Proposition 2.7.4. Suppose we have the following setup:

(i) Two Banach spaces X1 C Xo with norms ||| x, and ||-||x, satisfying ||-||x, <

- llx
(ii) An operator P: X1 — X; and constants C' > 0 and 0 € (0, 1) satisfying
P vllx, < Cllvllx,

and
[P ]l x, < C(0"[Jv]lx, + [lv]x,)

forallv e Xy and alln > 1.
(iii) The unit ball of X is relatively compact in X.
Then res(P) < 0.
Remark 2.7.5. We refer to the inequality |P"v||x, < C(6™||v]|x, + ||[v|lx,) as a

Lasota-Yorke inequality.
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2.8 Martingale-coboundary decomposition

In this section, we give an abstract formulation of the main method used in the
thesis. It is assumed that (X, B, u, T) is an ergodic measure preserving dynamical
system with associated transfer operator P and d > 1. We call an integrable func-
tion v: X — R an observable. We consider the sequence of functions (v o T%);,
which resemble a stochastic process when our underlying dynamical system is

“sufficiently chaotic”.

Remark 2.8.1. Note that for k > 0 and A C R% Borel measurable, we have
(voTF)"YHA) =T *w=t(A)). Therefore, by u—invariance of T, we have

(00 T (A)) = (o TH1)1(A)) = - = u(v™'(4)),

so that the sequence (v o T*).>q is identically distributed. However, in general,

this sequence is not independent.

Birkhoff’s ergodic theorem tells us the sequence (voT*),>¢ satisfies the strong
law of large numbers. It is natural to ask whether we can deduce stronger in-
formation about the limiting behaviour of this sequence, such as a central limit
theorem or weak invariance principle. To answer such questions, we introduce the
method of Gordin [37], which decomposes observables into a sum of a martingale

and an asymptotically negligible coboundary.

Definition 2.8.2. We say that an observable v € L*(X;R%) admits a martingale-
coboundary decomposition if there exist m € L'(X;R?) and x: X — R? measur-
able such thatv=m+ xoT — x and m € ker P.

We next justify why we call v = m 4+ x o T — x a martingale-coboundary

decomposition.

Proposition 2.8.3. Forn > 1 and 1 < k < n, define B, = T~ " ¥ (B). Suppose
m € LY X;RY) with Pm = 0. Then (moT™ % B, 1)?_, is a sequence of martingale

differences.
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Proof. Fix n > 1. Note that T7!(B) C B. Therefore for 1 < k <n — 1, we have
By =T"""MB) c TP (B) =7~ =D (B) = B, 141
Now, observe that if A C R is Borel measurable, then
(mo T M) HA) =T ""H(m 1 (A)) € By, (2.8.1)

so that m o T™"* is B, — measurable. Integrability is immediate by invariance of
T'. Finally, letting U denote the Koopman operator for T, we have from Proposi-
tion [2.4.2] (vi) and Proposition [2.5.3] (vii) that

E[moT"*|Busa] =E[m|T(B)] o T"* = UPm) o T"* =0,
where the final equality follows from the fact that m € ker P. O]

Remark 2.8.4. By similar arguments, one can show that (T~"(B))n>0 is a non-
increasing filtration, moT™ is T~"(B) — measurable, and E[moT™ | T~V (B)] =0

for all n > 0 almost surely.

Example 2.8.5. Recall from Ezample [2.5.4) that the doubling map T: [0,1] —
[0,1] defined by Tx = 2x mod 1 has transfer operator P: L'([0,1]) — L'([0,1])

given by
1 [fa 1 fxz+1 1
PU(Z‘)—2U<2)+2U< 5 ) for v e L ([0, 1]).
We show that if v: [0,1] — R is Lipschitz with fol v(x)dx = 0, then v admits a

martingale-coboundary decomposition. Note first that for x,y € [0, 1], we have

1 x Yy 1 x+1 y+1
_ < = )2 i _
pr-mt = 1(3) -~ 2 (25)

L. r oyl 1_. r+1 y+1

< Z z_Z - _Jr-

< 5 Lip(v)|5 2‘+2Lm@) 5 5
1.

= S Lip(w)lz —y].

so that Lip(Pv) < Lip(v)/2. Inductively, one has
1
Lip(P"v) < — Lip(v)  for alln > 1. (2.8.2)

2n
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Next, note from Proposition (1) that fol Pro(y)dy = fol v(y)dy = 0 for all
n > 1. Therefore, for x € [0, 1] we have

[P v(z)| = |P"v(z) — /0 1 P u(y) dy‘

< [ [Pro(e) — Proly)| dy

where the final inequality uses (2.8.2) and the fact that |z —y| < 1 for z,y € [0, 1].
It follows that |P"v|s < Lip(v)/2"™ for alln > 1, and so

Lip(v)  for alln > 1.

1P vlluip = Lip(P"0) + [P 0loc < 5o

Define x,m: [0,1] = R by N
X = ZP"U
n=1
and
m=v+yx—xoT.
Note that .
Wl < 3 1Py < 3 5 Lin(v) = 2Lip(o)

o)
2n
n=1 n=1

so that x is well-defined and Lipschitz. Also note that

‘m’oo S ‘vloo + ’X‘OO + |X © T‘oo S ’U‘oo + 2’X‘oo S HvHLip + 2HXHLlp < e,

so that m € L*([0,1]). Finally, we have from Proposition (vii) that P(x o
T) = x, so that

Pm=Pv+Px—P(xoT)=Pv+> Pv—Y Pv=0.
n=2 n=1

Thus v admits a martingale-coboundary decomposition as claimed.
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We next move on to martingale limit theorems. We begin with a central limit
theorem for sequences of martingale differences. By Theorem [2.3.8 the proof is

an immediate consequence of [32] (see also [69]).

Theorem 2.8.6. Suppose that m € L*(X;R%) with Pm = 0. Write ¥ =
fX mm® dp € R4, Then

n—1
1
ﬁszTk —w N(O,Z)
k=0

The next result is a weak invariance principle from [I0] for sequences of mar-
tingale differences. The form given here is a special case of [60, Theorem A.1],
where the authors allow the probability space and underlying dynamics to vary
with each iterate. For our purposes, we keep fixed the probability space but let

the transformation vary with each iterate.

Theorem 2.8.7. Let (X,B,u,T,) be a sequence of ergodic measure preserving
transformations with Koopman and transfer operators U, and P, respectively.
Suppose that m,, € L*(X;RY) with P,m, = 0. For n > 1, define the random
elements M,: X — D([0,00);RY) by M, (t) = n= 25" o Tk fort > 0.
Suppose that the family (|m,|?),>0 is uniformly integrable, and suppose there exists
a constant matriz ¥ € R%% such that for each t > 0, we have

1 [nt]—1

- Z U, Pr(muml) o TH —, t3.

k=0

Then M, —, W in D([0,00); R?), where W is the Brownian motion with mean

0 and covariance matriz .

Remark 2.8.8. The proof of Theorem in [60] is a standard argument in
probability theory. Namely, by Prokhorov’s theorem, weak convergence of M, to
W is equivalent to showing convergence of the associated finite-dimensional dis-
tributions and tightness of (My,)n>o in D(]0,00); RY) (see [10, Example 5.1]).
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2.8. MARTINGALE-COBOUNDARY DECOMPOSITION

To conclude this section, we state the results from [22, Section 2] which we
require. These are known as almost sure invariance principles. We return to the
setup of (X, B,u,T) being an ergodic measure preserving transformation with
transfer operator P, and take d = 1. Let m € LP(X) for some p > 2 and
let 0 = [, m*du. Suppose that m € kerP. By Remark (Bp)nso =
(T~™(B))n>0 is a non-increasing filtration for which mo7™ is B,, — measurable and
E[moT"| B, 1] = 0 for all n > 0 almost surely.

Theorem 2.8.9. If p = 2, then there exists a probability space supporting a se-
quence of random variables (S,,),>1 with the same joint distributions as (3 —¢ mo
TF)n>1 and a sequence of independent and identically distributed random variables

(Zn)n>1 with distribution N'(0,c?), such that

Sk =Y 7Z;

J=1

= 0((n log log n)l/z) a.s.

sup
1<k<n

Theorem 2.8.10. Suppose that 2 < p < 4 and

—_

<E [m? o T | Biya] — O'2> = o(n??) a.s.
0

il

Then there exists a probability space supporting a sequence of random variables
(Sp)ns1 with the same joint distributions as (3 p—ym o T*),>1 and a sequence of
independent and identically distributed random variables (Z,),>1 with distribution
N(0,0%), such that

k

Sk—Y_ 7

J=1

sup = o(n*?(logn)*?)  a.s.

1<k<n

Theorem 2.8.11. Suppose that p > 4 and

S
—

(IE [m2 oT* ‘ Bk+1] — 02> = O((n log log n)l/Q) a.s.
0

B
Il

Then there exists a probability space supporting a sequence of random variables

(Sp)n>1 with the same joint distributions as (3 j—gm o T*),>1 and a sequence of
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independent and identically distributed random variables (Z,),>1 with distribution
N(0,0?), such that

k

Sk =Y 7

j=1

sup = O(n'*(logn)?(loglogn)"*)  a.s.

1<k<n
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Chapter 3

Non-uniformly expanding

dynamical systems

3.1 Outline

In this chapter, we introduce non-uniformly expanding dynamical systems and
show that they admit an ergodic absolutely continuous invariant probability mea-
sure. Roughly speaking, these can be thought of systems for which expansion
holds only on a subset of the state space, and its onset is non-uniform in time. A
precise definition and some examples which are referred to throughout are given in
Section [3.2 By an inducing scheme, one obtains a piecewise uniformly expanding
dynamical system which belong to a class of maps called Gibbs-Markov maps [1].
In Section we prove the existence of an ergodic absolutely continuous invariant
probability measure for such maps, whose densities have “good” regularity. The
approach we use is by now standard [61], T0T], 102], however introduces techniques
which are utilised throughout. Finally, in Section [3.4] we introduce the notion
of Young towers [101], [102]. By representing our non-uniformly expanding system
T as a Young tower over its induced Gibbs-Markov map, we see how to extend
the measure constructed in Section to obtain an ergodic absolutely continuous

invariant probability measure for T
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3.2 Definition and examples

Let (X,d) be a bounded metric space with Borel probability measure p and let
T: X — X be a non-singular transformation. Without loss of generality, we
suppose that diam(X) = sup{d(z,y) | z,y € X} = 1. Let Y C X be a subset
of positive measure, and let o be a countable measurable partition of Y (mod 0)
with p(a) > 0 for all a« € a. We suppose that there is an integrable return time
7:Y — Z* which is constant on each a € a. We also suppose there are constants
A>1,n¢€(0,1], and Cy,C; > 1 such that for all @ € «, the following hold:

(i) The map F = T7 restricts to a bijection from a onto Y with measurable

inverse.
(ii) d(Fz, Fy) > Ad(z,y) for all x,y € a.
(iii) d(T*x,T*y) < Cod(Fz, Fy) for all 7,y € a and 0 < ¢ < 7(a).

(iv) (o = d;i—fF satisfies |log (o(z) —log (o(y)| < Cid(Fx, Fy)" for all z,y € a.

Such a dynamical system T: X — X is called non-uniformly expanding, with
induced map FF' =T7:Y — Y. We refer to condition (ii) as ezpansiveness and

condition (iv) as bounded distortion.

Example 3.2.1. The simplest class of examples are (piecewise) uniformly ex-
panding maps, which are non-uniformly expanding with T = 1. The doubling map
from Example[2.5.4 is uniformly expanding. Another example is the Gauss map
T:10,1] — [0, 1] which is defined by

T(x) = te = [/ Z:fx € (0, 1],
0 if x =0,

where [1/x] denotes the integer part of 1/x. This is shown in Figure[3.1]

34



3.2. DEFINITION AND EXAMPLES

=
W=
DN =

Figure 3.1: Gauss map

Example 3.2.2. Let X = [0,1] and v € [0,1). Recall the intermittent map in
Ezxample defined by

x(1+2727) ifze0,1/2],
27 — 1 ifz e (1/2,1].

T(x)=

This is non-uniformly expanding. From Figure[2.1], we see that uniform expansion
occurs everywhere except at the neutral fixed point at 0. In Example we
explicitly constructed an inducing scheme as described above with first return time
T and partition o = (an)n>1 of Y = (1/2,1].

Example 3.2.3. Let X = [-1,1] and a € [0,2]. Unimodal maps T: X — X
defined by T(x) = 1 — az? which satisfy the Collet-Eckmann condition [20] are
non-uniformly expanding [101]. Recall the Collett-Eckman condition says that
there are constants b,c > 0 such that |(T™)' (1)] > ce®™ for alln > 1. By [3, [49]

this condition holds for a set of parameters a with positive Lebesque measure.

Example 3.2.4. In [97], Viana introduced a C® —open class of multidimensional

non-uniformly expanding maps. To be definite, we restrict attention to maps on
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X =R/Z x R. Let A\ € Z with A\ > 16 and define Ty: X — X by
To(0,y) = (A mod 1, a9 + asin(270) — y2)’

where ag € (1,2) is chosen so that 0 is a preperiodic point for the quadratic map
y — ag — Y2, and a is sufficiently small. Then C3 —maps sufficiently close to Ty

are non-uniformly expanding [3].

3.3 Existence of ergodic absolutely continuous
invariant probability measures for (Gibbs -

Markov maps

Let (Y, py) be a probability space and suppose that « is a countable measurable
partition of Y with py(a) > 0 for all a« € . For n > 1 and ay,...,a,—1 € «, we

define the n —cylinder
n—1
lag, ..., an_1] = ﬂ F~*(a)
k=0

and we let «,, denote the partition of Y into n—cylinders. It is assumed that
the partition separates points in Y, meaning if z,y € Y with x # y, there exists
n > 1 such that z and y lie in distinct n—cylinders. Fix v € (0,1) and define the
symbolic metric d.(z,y) = y*@¥ for x,y € Y, where the separation time n(x,y)
is the greatest n > 0 such that x and y lie in the same n —cylinder. We say that
F:Y — Y is Gibbs-Markov if there exists C7; > 0 such that for all a € «, the
following hold:

(i) F|s: a — Y is a bijection with measurable inverse.
(i) ¢o = ﬁ% satisfies | log (o(z) — log (o(y)| < Cy d(Fz, Fy) for all z,y € a.

Remark 3.3.1. If T: X — X is non-uniformly expanding as in Section[3.3, then
the induced map F:Y — Y is Gibbs-Markov for v € [\™",1). This follows from
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INVARIANT PROBABILITY MEASURES FOR GIBBS- MARKOV MAPS

the fact that if x,y € Y, then d(x,y)" < dy(z,y). To see this, note first that if
n(z,y) =0, then
d(z,y)" < diam(X)"=1=d,(z,y).

Next note that if n(x,y) = n > 0, then by expansiveness of F' on partition ele-

ments, we have
d(z,y) <N A(F"w, Fry) <A<y = dy(a,y)'7,
as claimed.

For the rest of this section, we fix v € (0,1) and let F: Y — Y be Gibbs-
Markov as above. We aim to construct an absolutely continuous invariant proba-
bility measure for F' by utilising Proposition [2.5.5. We begin by giving a pointwise

expression of iterates of the transfer operator for F'.

Proposition 3.3.2. Let P: L'(Y) — L' (Y') denote the transfer operator for F.
Then forn>1,V € LNY), and y € Y, we have

P"V(y) = Z (CO)n(ya)V(ya)a

acoan
where (Co)n = (oCoo F -+ (oo F" 1 and y, is the unique element in a such that
Fnya =Y.

Proof. We proceed by induction. For W € L>*(Y'), we have

[Prwan = [Viveran =3 [V WEna dor o F

aca v

= Z/CO(F‘Iy)V(F‘ly) W(y)dpy = /Y Co(¥a)V (a) W (y) dpy

aco aco

~ [ (X catwav ) Wi oy

aco

where the third equality uses a change of variables. Since W € L*>°(Y") is arbitrary,

the base case follows.
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Let n > 1 and suppose that for all V € L(Y) and y € Y, we have

'Pn*lV(y): Z (C(J)n*l(ya)v@a)'

acon—1

Then noting that P = P"~! o P, we have

PG = Y @heslb PV = Y (@i (Zco o) y%)

Y D (01 (Fya)0Wa)V (ya) = D ()n(¥a)V ()

where the final equality follows from relabelling. This completes the proof. m

We next introduce a space of observables which is used throughout the thesis.
For d > 1 and v € (0,1), we say that an observable V: Y — R? is Lipschitz if
VI, = V], + V] < 00, where

VI = sup V(@) - V)|
B z,yeyY d"/('rvy)
Ty

The space of Lipschitz observables F,(Y;R?) is a Banach space under the norm
| -1l When d = 1, we write F,(Y). It is immediate that if 7y < 79, then
F, (Y;R?) C F,(Y;R?). The next proposition is a standard observation of the
symbolic metric d,, which is useful for showing that various observables are Lip-

schitz.

Proposition 3.3.3. Let x,y € Y. Then d,(Fiz, Fly) = v 7d,(z,y) for all
0<j<n(zy).

Proof. Write n(z,y) = n and observe that n(F’z, F7y) = n — j. Therefore
dy(Fz, Fly) = 4" = 79" =477 d,(2,y),

as claimed. O
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Let P, : L'(Y) — L'(Y) denote the transfer operator for F' with respect
to the measure py. To construct an absolutely continuous invariant probability

measure, we consider the Cesaro averages
1 n—1
Ry =~ X;ngl (3.3.1)
J:

and show they have a convergent subsequence in L'(Y). To do this, we work
via the auxiliary Banach space F,(Y"). Our first step is to verify that (R,),>1 C

F.,(Y). This is an immediate consequence of the next two lemmas.

Lemma 3.3.4. There exists C' > 1 such that for alln > 1, a € a,,, and z,y € a,
we have (Go)a(z) < Cpy(a) and |(Co)n(x) — (Co)aly)| < Cpy(a) d\(F"x, F"y).

Proof. First note that log((y), = Zz;é log(¢y o F*) for all n > 1. Therefore, for

all @ € o, and z,y € a, we have

3
—

| 1og(Co)n () —1og(Co)n ()| < |log (Co(F¥x)) — log (Co(Fy)) ]

B
Il

IN

0
Cy Z d,(FFz, F*y) = Oy Z YR, (F"z, F™y)
k=1 k=1

= C
oSt = (10 ) i,
k=0

where the first equality uses Proposition [3.3.3] It follows that

g (%) = (1?7) d,(F"z, Fy).

Therefore

98 (2 arer) sen(1)

where the second inequality uses that diam,(Y) = sup{d,(z,y) | z,y € Y} = L.

Now, since €7 > 0 and v € (0,1), we have ¢ > 1. Taking the supremum over

x € a and then taking the infimum over y € a gives us

sup(op)n < ci%f(go)n. (3.3.2)
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Therefore
n : n . —1
py(a) = /Y 1,dpy = /YPpy]la dpy > 1{1/f P e = 1%f(§0)n >c sgp((’o)n,

proving the first estimate.
For the second estimate, we first note that for s,¢ > 0, we have |s — | <

max{s,t}|logs — logt|. Indeed, supposing without loss of generality that s > ¢,

we have .
s—t:/dx:s /—: (log s —logt).
Therefore
[(Co)n(@) = (Go)n(y)] < sUD(Go)n | 10g(Co)n (@) —10g(Co)n(y)]
C
< (10_17) py (a)dy(F"z, F"y).
The result now follows with C' = max{c, (1 — ) 'cCy} > 1. O

Lemma 3.3.5. For alln > 1, we have P} 1 € F(Y) with |P} 1], < 2C + 1,
where C' is as in Lemma |3.5.4).

Proof. For x,y € Y, and z,,y, € a with F"z, = x, F"y, = y, we have that

P2 1) = Po )] < ) |(C0)n(wa) = (Go)n(va)]

acan

<C Y py(a)dy(F 'z, F'y,)

acan

- Cd’)/(xay)>

where the second inequality follows from Lemma W Therefore [P} |, < C.
Now, from Proposition m (iv), we have [P} 1]; < 1. For x € Y, it follows that

[P 1(0)] < / ) ()] + P51
]/ = P 10) drl)] +1
< |73:)lyl|7 diam,(Y) +1= | 1|7 + 1.
Therefore [P} 1] < [P} 1], +1 < C + 1, and the result follows. O
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Proposition 3.3.6. Forn > 1, let R, be as in (3.3.1). Then R, € F,(Y) with
IR, |l <2C + 1, where C is as in Lemmal[3.3.4)

Proof. Using Lemma [3.3.5, we have
1 n—1
[Bnlly < ﬁz 1Py iy <20 +1,
§=0

as claimed. O

It remains to verify that (R,),>1 has a convergent subsequence in L*(Y"). This
follows directly from the next proposition. For later purposes, we state and prove

this result in the general setting d > 1.
Proposition 3.3.7. The unit ball of F,,(Y;R?) is compact in L'(Y;R?).

Proof. We show that every (V,,) C F,(Y;R?) with ||V,,]l, < 1 has a subsequence
which converges in L'(Y;R?) to an element of the unit ball of F,(Y;R?%). We
begin by finding a pointwise convergence subsequence.

For a € Ug>10y, let y, € a be a representative of a. Since |V, | < ||Vo]l5 < 1,
the sequence V,,(y,) is bounded, so by Bolzano-Weierstrass, has a convergent
subsequence. Since Uy>1ay is countable, we may suppose via a diagonal argument
and by relabelling that V,,(y,) converges for all a € Ug>jai. We show that (V},)
converges pointwise on Y by showing it is pointwise Cauchy. Fix ¢ > 0. Let k be
sufficiently large so that for all a € ay, we have diam,(a) =¥ <e. Let y € Y,

and suppose y € a for some a € . Then for n,m > 1, we have

|Vn(y) - Vm@)‘ < |Vn(y) - Vn(ya)‘ + |Vn(?/a) - Vm(ya)‘ + |Vm(ya) - Vm(y)|
< (IValy + Vinly) dy (9, ya) + [Va(ya) = Vin(ya)|
<2+ ‘Vn<ya> - Vm(@/a)"

Now, since V,, converges at y,, there exists N, > 1 such that |V,,(y.) — Vin(va)| < €
for n,m > N,. It follows that |V,,(y) — Vi.(y)| < 3€ for n,m > N,. Therefore,
there exists V: Y — R? such that V,, — V pointwise.
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We next show that V' € F,(Y;R?) with ||[V||, < 1. Note that for y € Y, using

pointwise convergence of V,, to V', we have

|V(y)’ = lim inf |Vn(y)| < liniinf Vi oo

n—oo

so that |V|sw < liminf, o |Vy|eo. Moreover, for z,y € Y, we have

[Vaa) = Va(o)| V(o) = Valw)| _ [V() = Vi)

<1V, and ,
Ly Wb o(r) (o)
so that
‘V(x) _ V(y)‘ < liminf |V,,|,.
d’Y(xa y)

Therefore |V, < liminf,_,. |V,,|,. It follows that
< T o < T <
Vi, < hﬂgf |Vialoo + hgr_l)g)lf [Valy < hggolf ([Valoo +1Valy) <1,

as claimed.
To conclude, we show that V;, — V in L'(Y;R?). Note that |V,, — V| < 2 for
all n > 1. Combining this with pointwise convergence, it follows that V,, — V in

LY(Y;RY) by the dominated convergence theorem. This completes the proof. [J
We now have the machinery to construct the required measure py on Y.

Proposition 3.3.8. There exists a unique ergodic F' —invariant probability mea-
sure py on Y which is equivalent to py. Moreover, duy/dpy € F,(Y) and
log(dpy/ dpy) € F,(Y).

Proof. For n > 1, let R, be as in (3.3.1). From Proposition .3.6, (R,) C F,(Y)
is bounded, and so by Proposition there exists a subsequence (R,,,) C (R,)
and R € F,(Y) such that R,, — R in L'(Y). We show that R is the required
density by appealing to Proposition [2.5.5]

First note that R > 0. Indeed, L'(Y) convergence of R,, to R implies there is
a subsequence (R, ) C (Ry,) such that R, — R almost surely. Since R, >0

for all ¢, non-negativity of R follows. Moreover, note that

‘/dey_l‘:‘/deY_/Rnkde
Y Y Y
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so that [, Rdpy = 1. Now, P,, is a bounded operator on L'(Y") by Proposi-
tion (iv). In particular,

= = — J 1 = J 11— — ) =
P, R= hm Ppank lim ZP 1= lim (nk ZP 1 > R,

k—o0 1, k—oc0

so that R is an invariant density.

Define duy = Rdpy. By absolute continuity, to prove ergodicity of uy, it
suffices to show that any F —invariant set B with py(B) > 0 has py(B) = 1.
Note that for any € > 0, there exist k > 1 sufficiently large and a € ay such that

py(B N G)
py(a)
Next, noting that (£y)r = dpy/(dpy o F*), we have

>1—ce

where the final inequality follows from Lemma Moreover, observe that
py(F¥(a)) = py(Y) = 1 < C. Finally, since B = F~!(B), we have F*(B) C B.
Combining the above, we conclude that
py(F*(BNa)) _ py(BNa)
. >
py (F*(a)) py(a)

Since € > 0 is arbitrary, we have that py(B) = 1, and ergodicity of uy follows.

>1—ce

pv(B) = py (F¥(B)) = py (F* (BN a)) =

To prove that py is equivalent to py, we show that R is bounded away from
0. Note that as [, Rdpy = 1, there exists yo € Y with R(yo) = ¢ > 0. Since
R is continuous with respect to d,, there exists & > 1 sufficiently large such that
R > ¢/2 on the k—cylinder a containing yo. It follows that for any y € Y, we

have

R(y) = Pp, R(y) = Y (Co)e(n) R(ys) > (Co)(ya)

bEay,

i%f(go)k =M.

l\DIO

c
2

We show that M > 0. This is equivalent to showing inf,({y)x > 0. Suppose for
contradiction that inf,({y)y = 0. Then from (3.3.2)) we have sup,((o)r = 0, so
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that (¢o)x|s = 0. It follows that

py(a) = /(Co)k dpy o F* =0,

yielding a contradiction. Therefore M > 0 and R is bounded away from 0 as
required.

We now show that log R is Lipschitz. Note that since R is positive, we have
for x,y € Y that

R(frl)?(—y;%(y) -
Therefore
o o= ()] - B4
- ‘R(%(_yf(y)‘ - ‘R(az)]\}R(y)’ < Ii\%; 0 ()

proving the claim.
Finally, uniqueness follows from the fact that any two distinct ergodic measures

are mutually singular. O

Let ¢ = duy/(duy o F) and forn > 1, let ¢, = (o F --- (o F" . To conclude
this section, we give some estimates for ¢, analogous to Lemma which will

be of use to us throughout.

Proposition 3.3.9. There exists D > 1 such that for all n > 1, a € a,, and
z,y € a, we have (,(x) < Duy(a) and |((x) — G (y)| < Dpy (@) dy(F™x, F™y).

Proof. The proof of these estimates is identical to that of Lemma [3.3.4], once we
prove that ¢ has bounded distortion. Therefore, we show that there exists C' > 0

such that for all @ € a and x,y € a, we have

‘logC(az) — 10gC(y)’ <Cd,(Fzx,Fy).

To do this, first note that
¢ = dpy — (_dpy duy \ (dpy o F
dpy o F dpy o F' ) \dpy ) \duy o F )’
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Let g = log(duy/ dpy). Then

log dpy o I = —log duy o I = —log d'u—Y oF | =—log du_y oF
duy o F dpy o F dpy dpy

= —gol.

Therefore, recalling (y = dpy /(dpy o F'), we have

log¢ =loglo+g—goF.
Now, from Proposition 3.3.8] we have |g|, < oo. Moreover, (; has bounded

distortion. Therefore, for all a € a and z,y € a we have

| log ¢(x) —log ((y)] < |log Co() —log Co(y)] + [g9(x) — 9(y)| + |9(Fz) — g(Fy)|
< Cidy(Fzx, Fy) + |gl, dy (2, y) + gl dy(F, Fy)
= (C1 +lglyy + lgl) dy(Fz, Fy),
where we use Proposition in the final step. This completes the proof. O

3.4 Representation as Young tower over induced
Gibbs-Markov map

Let (X,d) be a bounded metric space with Borel probability measure p and let
T: X — X be a non-singular transformation. Let Y C X with p(Y) > 0 and
suppose that there is a Gibbs-Markov map F': Y — Y and integrable return time
7:Y — Z* which is constant on each partition element, such that F' = T". By the
results in the previous section, there exists a unique ergodic absolutely continuous
F —invariant probability measure iy on Y which is equivalent to ply. Using this,
we describe how to construct a unique ergodic 7'—invariant probability measure
i on X which is equivalent to p.

We begin by defining the Young tower [101, 102] for T. Let A = {(y,¢) €
Y XZ|0<{¢<7(y)—1}. The tower map f: A — A for T is defined by

(y,0+1) f0<l<7(y) -2,
(F'y,0) if ¢ =7(y) — 1.

fly,0) =

45



CHAPTER 3. NON-UNIFORMLY EXPANDING DYNAMICAL SYSTEMS

The projection 7: A — X given by 7(y, £) = T*y defines a semi-conjugacy from
f to T. That is, w is surjective and satisfies m o f = T o w. The (th level of the
tower is the set Ay = {(y,¢) € A}. Naturally, the base of the tower (i.e. the 0th
level) identifies with Y C X, and the ¢th level of the tower is a copy of {7 > (}.
Define the probability measures pua and g on A and X respectively by

py X {counting}
Ha =
Jy Tdp

and [t = T UA.

Proposition 3.4.1. The measure ua is f —ergodic and invariant. Moreover,

15 the unique ergodic T —invariant probability measure which is equivalent to p.

Proof. We prove the first statement. The second statement follows from the
fact that m is a semi-conjugacy and Proposition For invariance of pua,
let © € L*(A) and note that

T(y)—2

/A@ofd,m:m /Y<@(Fy,0)+ 3 @(y,erl)) dpy

T(y)—
=\TI1‘1/ (ﬁ(y,0)+ @(y,€)> d#yZ/f}duA,
Y A

=1

where we use F' —invariance of py and relabelling in the second equality.
For ergodicity of pa, let © € L?*(A) be such that © o f = o pua —almost surely.
Then vo f(-,£) = 0(-,¢) for all 0 < ¢ < 7 —1 py —almost surely. In particular, for

almost every y € Y, we have

0(y,0) = o(y, 1) = -+~ = 0(y, 7(y) — 1) = 0(Fy,0). (3.4.1)

Therefore, by ergodicity of py, we have that (-, 0) is constant py —almost surely.
To show that this implies © is constant pua —almost surely, take any ¢ in the set of
full measure for which holds, and note that for 0 < ¢ < 7(y’) — 1, we have
0(y',€) = 0(y',0) = ¢ for some constant c. It follows that v is constant pa —almost

surely, proving ergodicity. O]
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Remark 3.4.2. In the case hef{r(a) | @ € a} = 1, we have from [101, 102,
Theorem 1] that p is mizing.

Example 3.4.3. Figure[3.9 shows the Young tower construction and correspond-
ing tower map for the intermittent map introduced in Example[2.2.6 As we can
see, the dynamics of the tower map f are governed as follows: Each x € (x¢,1]
moves up the tower until it reaches the top level above x, after which it is bijectively

returned to the base by the induced transformation F.

~
!
|
|

< -

Figure 3.2: Young tower and tower map for the intermittent map

To conclude this chapter, we give a pointwise expression of the transfer oper-

ator for f.

Proposition 3.4.4. Let £: L'*(A) — L'(A) be defined by

Loy, 0) = Zaea CWa)0(Ya, T(Ya) — 1)  if £ =0, (3.4.2)

0y, 0 —1) if £ > 1.
Then L is the transfer operator for f.

Proof. Let us write v(y) = v(y, 7(y) — 1), and recall from Proposition that
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Pu(y) = X uea CWa)0(Yas T(ya) — 1). Let w € L>(A), and note that

The result follows.
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Chapter 4

Primary martingale-coboundary

decomposition

4.1 Outline

Let (X, d) be a bounded metric space and T': X — X be non-uniformly expanding
with partition «, return time 7: Y — Z*, induced map F': Y — Y, and constants
A>1,n € (0,1, and Cy,C; > 1 as in Section Let p and py denote the
ergodic invariant Borel probability measures on X and Y respectively which were
constructed in Chapter [3] Let G be a compact connected Lie group with Haar
measure v, and suppose that (7, R?) is a representation of G for some d > 1. As
in Remark [2.2.7, we fix a G —invariant inner product [-,-] on R? and view G as a
closed subgroup of O(d). We study the compact group extension 7j,: X x G —
X x G defined by Ty,(z,g) = (T'z, gh(x)), where h € C"(X;G). The probability

measure m = p X v is T, —invariant and is assumed to be ergodic.

Remark 4.1.1. Ergodicity of m is typical in the following sense, as in [35, The-
orem 1.5]. The set of Héolder cocycles h: X — G for which m is not ergodic lies

in a closed subspace of infinite codimension in the space of all Holder cocycles.

We consider equivariant observables ¢: X x G — R? of the form ¢(z,g) =
g-v(z), where v € C"(X;R?) with [, #dm = 0. In this chapter, we construct
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our primary martingale-coboundary decomposition for a lifted version of the ob-
servable ¢ and then apply the results of Section [2.4] and Section 2.8l We extend
the approach of Korepanov, Kosloff, and Melbourne [60], who applied this method
to lifted Holder observables of non-uniformly expanding maps. As an application,
we recover [39, Theorem 1.10]. Moreover, we obtain optimal moment estimates
which do not seem to be readily available in the literature.

Before stating the main results of this chapter (Theorem [4.1.2) Theorem
and Theorem , we introduce induced versions of the function v: X — R
Define V: Y — R?and V*: Y — R by

T(y)—1

V()= > hely) - v(T) (4.1.1)
/=0

and

V*(y) = max

0<k<r(y)-1

> ) olT) (112)

respectively, where hy = hhoT---ho T 1 Tt is immediate that |[V]| < 7|v|s
and |V*| < 7|v|s. In particular, 7 € LP(Y) for p > 1 implies V € LP(Y;R?) and
Ve LP(Y).

Theorem 4.1.2. Suppose 7 € LP(Y) for some p > 1. If V € L*(Y;R%), then
there exists ¥ € R such that ¢> = Xg for all g € G and
Lni(ﬁoT,f — N(0,2).
v k=0
For n > 1, define the random elements W,,: X xG — D([0,00); R?) by W,,(t) =
n 125 G o TR for ¢ > 0.

Theorem 4.1.3. Suppose 7 € LP(Y) for some p > 1. If V* € L*(Y), then
W, = W in D([0,00); RY), where W is a d — dimensional Brownian motion with
mean 0 and covariance matriz 3, where ¥ is as in Theorem [{.1.3
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Remark 4.1.4. We make the following observations regarding Theorem[{.1.3 and

Theorem [{.1.5.

(i) By [103], we have strong distributional convergence. That is, the associ-
ated weak convergence holds for any probability measure that is absolutely

continuous with respect to m.

(ii) By [70], we obtain strong distributional convergence for the measure fi X g
for any gy € G fized, where 0,4, denotes the Dirac measure at go. That is,
the above results hold for ¢ o T (-, go) for go € G fized and any probability

measure absolutely continuous with respect to .

(iii) The covariance matriz Y is typically non-singular in the following sense, as
in [T9] (see also [36, Section 5]). The set of Hélder functions v: X — R4
for which det X = 0 lies in a closed subspace of infinite codimension in the
set of all Holder functions.

Theorem 4.1.5. Suppose 7 € LP(Y') for some p > 1. There exists a constant
C > 0 independent of v, h, and n such that:

(i) If 1 <p <2, then

max

1/p
1<j<n < Cn*'Plll,|lkll,  for alln > 1.

p

j—1
> 00Ty
k=0

(i) If p > 2, then

< o2\l b, for alln > 1.
2(p—1)

-1
> 00T
k=0

1<j<n

Remark 4.1.6. Optimality of these estimates can be seen as in [73, Section 3]
and [77, Remark 3.7].

The structure of the chapter is as follows: In Section [4.2] we represent the

transformation T : X x G — X x G as an extension of a Young tower over an
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induced transformation. In Section (.3, Section [£.4] and Section [£.5], we develop
the necessary theory to derive a martingale-coboundary decomposition for V. This
is constructed in Section and by further arguments we obtain our primary
martingale-coboundary decomposition for the lifted version of ¢. In Section [£.7]
we give the proofs of Theorem and Theorem [4.1.3] and in Section [4.8| we
prove Theorem [4.1.5[ as well as characterising the covariance matrix > in terms
of the observable ¢. Finally, in Section we give some examples for which our
results hold.

From here on, unless otherwise stated, we implicitly consider complex-valued
function spaces and the complexified action of G on C?, which allows us to utilise
the results from Section [2.6] and Section 2.7 We write ¢ = g - v as shorthand for
¢(x,g9) = g-v(x). To simplify results, by C' we denote various constants which
depend continuously on A > 1, Cy,Cy > 1, n € (0,1], p > 1, and D > 1, where p
is the integrability of 7 and D is as in Proposition |3.3.9,

4.2 Compact group extension of Young tower

In this section, we give a tower representation of T}, on which we derive our primary
martingale-coboundary decomposition. Define the return time 7: Y x G — Z* by
7(y,g) = 7(y). Define the induced cocycle H: Y — G by H=h, =hhoT---ho
77! and the induced compact group extension Fy = T7: Y x G — Y x G by
Fu(y,9) = (Fy,gH (y)), with ergodic invariant probability measure my = py X v.

Let AxG={(y,9,4) €Y xGXZ|0</{<7(y)—1}. We define the tower
map fg: Ax G — A x G for T), by

(y,g,0+1) f0<l<7(y)—2,
fu(y,g,0) = .
(Fu(y,9),0) iflé=r7(y) — 1.

Remark 4.2.1. There are two equivalent ways to view the above construction.
The first is to view it as a tower over the compact group extension Fgy:Y X

G — Y x G with height 7. Alternatively, one can view this as the compact
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group extension of the tower map f: A — A defined in Section[3.4], with cocycle
H: A — G given by

Iy if0<t<7(y) -2,
H(y) ift=r(y)—L

Proposition 4.2.2. The following hold true:

H(y, () =

(i) The projection m: A x G — X x G given by mg(y,9,0) = Ti(y,g) defines

a semi-conjugacy from fyg to T.

(ii) The probability measure ma = pa X v is fg —ergodic and invariant, and

m = p X v satisfies m = (wg)«ma.

Proof. For (i), we have that 7y o fg = T), o my is immediate from the definitions.
Now, 75 (y,9,€) = Ti(y, 9) = (T, ghu(y)) = (7(y, ), ghe(y)), where 7: A — X
is the semi-conjugacy from Section Let (z,9) € X x G and (y,{) € A be
such that 7(y, £) = 2. Then 7y (y, ghe(y) ™", €) = (7(y, (), ghe(y) " he(y)) = (, 9),
so that 7y is surjective. This proves (i).

For (ii), ergodicity and invariance of ma follow from a similar argument as in
Proposition [3.4.1] To prove that m = (7y).ma, we let ¢ € L}(X x G;R?) and
show that [, .¢omgdma = [y, ,¢dm. Recalling that y = m,pa, we have

/Aquﬁom(y,g,é) dmal(y, g, ¢ // 0), ghe(y)) dv(g) dua(y, €)

:/A/ng(yr(y,é),g) v(g) dualy, // g) dua(y, £) dv(g)

:/G/ng(:c,g)du(x)du(g): i G¢(:c,g)dm(x,g),

completing the proof. O

For ¢ € L'(X x G;RY), we define the lifted observable ¢ € L'(A x G;RY) by
$ = ¢ o my. The next proposition says that distributional results for (¢ o TF)x>o

are equivalent to distributional results for (¢ o f%) k>0-
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Proposition 4.2.3. Suppose Ty,: X x G — X x G and fg: A X G —- Ax G
are as above. Let ¢ € LY(X x G;R?Y) and ¢ = ¢ oy € LY(A x G;RY). Then
(¢ 0 TH)kso ~ (0 fi)k0-

Proof. We show that the finite dimensional distributions of (¢ o TF);=o and (¢ o
5 )k>0 coincide. Since a stochastic process is determined by such distributions,
the result then follows. Fix n > 1 and let A = Ag x --- x A, be a product of
Borel subsets of RY. Then

ma(Bo 5o € A) = ma ( Mo fh e Ak})
k=0

N @0{@5 oThoms e 4 ) = ms (it (oo 1) (40))

= ma (it (oo (a0) ) = m( o078 (40))

k=0 k=0
=m((¢oTy)roy € A),

completing the proof. O

4.3 Twisted transfer operators

For the rest of the thesis, we let f: A — A and fy: A x G — A x G denote
the tower maps for F': Y — Y and Fy: Y X G — Y x G respectively. In this
section, we introduce twisted versions of the transfer operators for I’ and f, and
show how they relate to the transfer operators for Fiy and fg respectively. This
is done by utilising the results of Section [2.6]

Let P: L' (Y;RY) — LY(Y;R?) denote the transfer operator for F with respect
to the measure py. We define the twisted transfer operator Py: L'(Y;R?) —
LYY ;R%) for F by PyV = P(H~!-V). We begin by analysing how Py behaves

under iteration.

Proposition 4.3.1. Let V € LY(Y;R?Y) and n > 1. Then PRV = P (H 1 V),
where Hy =1, and H, = HHoF---H o F" 1,
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Proof. We proceed via induction. The base case is immediate by definition. As-
sume the result holds for n — 1 > 1. Then for W € L>®(Y;R%), we have

/Y [PZIV, W} dpy = /Y [PH(P}}_1V), W} dpy

:/ (P(H- P HH,L - V), W] duyz/ [P"Y(H,', - V),H - W o F]duy

n

:/ [Hnll.v,HoF"l-WoF”}duy:/ [H," - V,W o F"] duy
Y

Since W is arbitrary, the result follows. O]

Remark 4.3.2. Forn > 1, let «,, denote the partition of Y into n —cylinders.
Let ¢ = duy /(dpy o F) and denote ¢, = (o F---(o F"'. Giweny €Y and
a € ay, let y, denote the unique element in a such that F™y, = y. Then for
Ve LYY;RY), we have

PirV(y) = > Calva)Ha(ya) ™" - V(ya)

acan

by Proposition and Proposition[5.5.3.

For the main results of this section, we require two preliminary lemmas. Let
us fix the representation 7: G — O(d) and choose coordinates so that [z,y] =

22:1 xrys for z,y € RY.

Lemma 4.3.3. Let ®: G — R? be defined by ®(g) = w(g)V where V € RY.
Then for any ¥ € L*(G;R?), there exists W € R? such that [,[®,¥]dv =
Jo @, W] d.

Proof. Since 7 is finite dimensional, we may suppose without loss that 7 is irre-
ducible. First, note that for W € R¢, we have

/G[é(g)m(g)W] dv = /G [T (g)V, 7(g)W]dv = [V, W] = ZVJ'Wj- (4.3.1)
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Next, by Theorem we have

pEX
1<4,5<dP

where ZZ-’: ;€ R¥. Hence by orthogonality, it follows that

/G[cp(g), Z / Vol (9)22;] dv

1<z j<dp

Z/ V,ul(9)27;] dv.

1<4,5<d

Denote the coordinates of Z[; by (Z7;) for 1 < k < d. The coordinates of 7(g)V’
are given by (7(g)V)r = S¢_, uf ,(g)Vy. Hence, continuing the calculation and

using orthogonality once more, we have

/G[cb(g),\lf(g)] =3 Z/ )7 (0) (2 )

1<i,5<d k=1

-3 Z/uw Wiul, (9) (27, dv

1<i,j<d 1<k(<d

:dzvj

1<i,j<d

Comparing with the right-hand side of (4.3.1]), we obtain the solution

d
Wi =dY (Z7)i, (4.3.2)
=1

completing the proof. n

Lemma 4.3.4. Let ®: Y x G — R? be defined by ®(y,g) = n(g9)V (y), where
V e LA Y;RY). Then for any ¥ € L*(Y x G;R?), there exists W € L*(Y;R%)
such that

) foG[(I)7\IJ] dmy ZfYXG[CD,WW] dmy-.
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(i) If Uy, 9) = U(Fy,g), then [, [, W) dmy = [, ,[®,7W o F]dmy.

Proof. Suppose without loss of generality that 7 is irreducible. By Fubini’s theo-
rem and Lemma [4.3.3, we have

/YXG [, V] dmy:/y</G [, V] dy) dpy

- [ ([ Fovw.atow) av) an

~ [ V) m oW ()] dmy
Y xG
for some W: Y — RY. We next verify that W € L*(Y;R?). Note that

Uiy, 9)= > uli(9)Z0;(y). (4.3.3)
pEX
1<4,j<dP

We see from (4.3.2]) that W;(y) = dezl(Zgj(y))i for 1 < j < d. Therefore, it
suffices to show that (ZZT])Z € L*(Y) for 1 <i,j < d. Observe that

(2w), = d [ Wiy.9), o) o
G
where U, denotes the ith component of W. Therefore

(Z20),] < [ |t g0 (o) dv < |V LV, = Van(..)

Z]|2 27

so that

/| )| dpy < /\\/_\If y, )|, duy =d /}/(/Gl%lg(y,g)dl/) dpy
Zd[/w|‘1’i| (y, ) dmy < oo.

This proves (i).
For (ii), note that
V(y,g) =W(Fy,9)= > uli(9)Zf;(Fy).

pEX
1<i,j<d’

The result follows from (4.3.2)). O]
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Proposition 4.3.5. Let M: L*(Y x G;R?) — LYY x G;RY) denote the transfer
operator for Fy. Suppose ®:Y x G — R? is given by ® = g-V, where V €
LYY;R?). Then M® =g -PyV.

Proof. We first prove the result when V € L?(Y;R?). We note that

/ [M@,\If]dmy:/ (@, o Fy| dmy
Y xG

Y xXG

:/y G[g-V(y)AI’(Fy,gH(y))} dmyz/y G[QH(y)*l'V(y)ﬂI’(Fy,g)] dmy,

where the final equality follows from invariance of the Haar measure. Let W &
L*(Y;R?) be as in Lemma 4.3.4, Continuing the calculation above, we have

[M(I), \If} dmy = / [g CHy)™ - V(y),g- W(Fy)] dmy

Y xG Y XG

— [ 1w VW] duy = [ [PV duy

:/ [Q'PHV,LC]'W} deZ/ [g-PHV,\I’} dmy,
Y xG Y xG

where the first equality follows from Lemmam (ii) and the final equality follows
from Lemma[4.3.4] (i). The result for V € L3(Y;R?) follows.

To complete the proof, we use the density of L?(Y;R?) in L}(Y;R?). Suppose
® =gV where V € L}(Y;R%). Let V,, € L*(Y;R?) with V,, — V in LY(Y;R%)
and set ®,, = g - V,,. From the first part of the proof, we have M®,, = g - PV,
for all n > 1. Now, by Proposition [2.5.3] (viii), we have that M is a bounded
operator on L(Y x G;R%). In addition, for W € L}(Y;R%), we have

PuW = |PH-W)|, < [H - W[ = W],
so that Py is a bounded operator on L'(Y;R?). It follows that
MO = lim M, =g lim PyV, =g PV,
n— oo n—oo

completing the proof. n
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Let £: L'(A; RY) — L'(A;RY) denote the transfer operator for f and H: A —
G be defined as in Remark by

~ [d 1f0§€§7'(y)-2,
H(y7 E) =
H(y) ifl=r(y)—1.
The twisted transfer operator Lg: L'(A;RY) — L'(A;R?) for f is defined by
Lyt =LH- ).
Remark 4.3.6. Given y € Y and a € «, let y, denote the unique element in a

such that Fy, =vy. For o € LY(A;R?), it follows from Proposition that

Zaea C(ya)HQJa)il : @<ya77—(ya) - 1) if £ =0,
O(y, 0 — 1) if € >1,

where ¢ = duy /(dpy o F).

An identical proof to that of Proposition [4.3.5 can be done to conclude the

following;:

Proposition 4.3.7. Let £: L'(A x G;R%) — L'(A x G;R%) denote the transfer
operator for fr. Suppose p: AxG — R is given by ¢ = g-0, where © € LY(A;RY).
Then ﬁ¢f =g - Lyo.

4.4 Basic properties of V

Throughout this section, we let V: Y — R be as in (4.1.1)). We begin by in-
troducing the notion of locally Lipschitz functions. Let a € o, v € (0,1), and
W:Y — R We adopt a convenient abuse of notation and define

Wi(x)-W
T,y€a dv(.’ﬂ, y)
Ay

We say that W is locally Lipschitz and write W e F°(Y;R?) if |[1,W ]|, =
|1, W, + |1,W|x < oo for all @ € a. The above definition extends to subsets of
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R%? and so it makes sense to speak of locally Lipschitz cocyles. We restrict to
v € [\, 1), which makes F': Y — Y Gibbs-Markov and enables us to use the
results of Section Throughout, we use that d(z,y)" < d,(z,y) for z,y € Y.
We first verify that the induced cocycle H and induced observable V' are locally
Lipschitz.

Lemma 4.4.1. Suppose a > 1 and z,b > 0 with x < a and x < b. Then v < ab*
for all e € (0,1].

Proof. If b <1, then x < b < b < ab’. If b > 1, then x < a < ab®. O
Proposition 4.4.2. Let € € (0,1]. The following hold true:

(i) H € FX°(Y;G) with |1,H

v« < C1(a)||hl], for alla € a

(ii) V € F°(Y;RY) with |1,V

4 < CT(a) e vll,|IR]l, for all a € a.

Proof. We begin by making the following observation: For n > 1 and z,y € X,

we have

Ihna) — ha(w)]| < 3 |(T¥2) — H(T*9)]| (4.4.1)

Indeed, when n = 1 then the result is trivial. If we assume (4.4.1)) holds for
n—12>1, then

(@) = R (@)]] = [[fna (@) (T ) = s () (T )|
< s (@) = s @A)+ s [T 2) = AT
- ||h”—1(l‘) - hn—l(y)” + Hh(Tn_lgL') — h(Tn—ly)H

< (ko) =) + -t - )

i
L

= |M(T*z) — h(T"y)

yielding (4.4.1)) for n.

Y

b
I
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We now proceed with the proof of (i). Fixa € a. Forz,y € aand 1 < ¢ < 7(a),
we have [[he(z) — he(y)|| < ||he(2) ||+ ||he(y)|| = 2. Moreover, from (4.4.1]), we have

-1

[he(x) = he(y)]| < i [(T* ) = h(T*y)|| <D |hly d(TF2, THy)"

k=0
<A|h|,CJ d(Fz, Fy)" < {|h|,C] d,(Fz, Fy)
< 7(a)||hll,Cov " d, (2, y), (44.2)
where we use Proposition in the final inequality. Applying Lemma

gives

() = he(w) | < 2(r(@) B, CEr )"y, 9) < @) Al dye(,9).  (4.4:3)

Taking ¢ = 7(a) gives us |1,H |, < 7(a)||h|,. In addition, we have |H(y)| =
1 < 7(a) for all y € a so that |1,H |- < 7(a). This completes the proof of (i).

For (ii), note that for a € a and z,y € a, we have

7(a)—1 7(a)—1
V) -V =| 3 hela) o) = Y o) o(7')
7(a)—1 7(a)—1
< Z |he(z) - (v(T'z) —v(T*y))| + Z | (he(z) = he(y)) - v(T*y)]
£=0 £=0
7(a)—1 7(a)—1
= > [o(T%) —v(T%)|+ Y [(he(z) = hely)) - v(T*)|
=0 £=0
a)—-1 ra)—1
< Z [v(T*z) — v(T*)| + Z | he(x) = ho(y) || |v]o
=0 £=0
Next, we see that
ra)—1 ra)—1 ra)—1

(] d(T*x, T')" < > |v],CJ d(Fz, Fy)”
=0 =0

Z ‘U(Tex) - 'U(Tey)‘ <

< 7(a)|v]yCoy ™ dye (. y),
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where the final inequality follows from the argument in (4.4.2)). Moreover, we have

from (4.4.3) that

7(a)—1

Therefore
|1,V

o < (@) ol 1kl

In addition,

7(a)—1
V) < D |hely) - o(T)] = [v(T'y)| < 7(a)|v]w,
=0

and so
|ﬂav,oo < T(a)|v|00‘

The result follows.

7(a)—1
> lre@) =he)[loloe < Y 7@ NAllyloloc dye (2, y) = 7(a) IRl
=0 =0

e(l‘,y).

(4.4.4)
0

Recall the twisted transfer operator Pg: L'(Y;RY) — L(Y;R?) defined by
PyW = P(H~1-W). The next proposition shows that Py has a smoothing effect

on V', with regularity depending on the integrability of 7.
Proposition 4.4.3. Suppose the return time T € LP(Y') for p > 1.

Q) Ifp > 2, then PyV € F(Y;RY) with |PaV |, < Cllollylhll,-

(ii) If 1 <p <2, then PyV € Fp-1(Y;RY) with ||PyV||o-1 < Cllv|lyllhll,-

Proof. We begin by estimating the sup norm. For y € Y, we have from Re-

mark [4.3.2 Proposition 3.3.9, and (4.4.4)) that

1PaV ()] < CWa)|Hwa) ™ - V(Ya)| < DY py(a)|1aV ]

aco aco
< DY py(a)7(a)[v]o = DI7i[0]o-
acq

Therefore | Py Vs < [0]0o-
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To estimate the Lipschitz semi-norm, note that for z,y € Y, we have

| PV (x) — PHV<y>\
=D @) H(za) " Viza) = > CWa) H(ya) ™V (ya)

aco aco

<D [Cwa) = S| [ H wa) - V(a)|

aca

+ D Ca)| (H(za) ™ = H(ya)™") - V()]

aco

+ 3 CW) [H(ya) ™ - (V(@a) = Vya))| = I + 11+ I11. (4.4.5)

acq
Proof of (i). We look at I,II, and II] in turn. The terms involving ( are
dealt with using Proposition [3.3.9] For I, we have from (4.4.4) that

1< Dol Y pv(@)r(a) dy (Fra, Fya) < [v]sc d ().

acx

We now look at II. Note that from orthogonality, we have
[H(2a) ™ = Hya) 7| = [[H(2a)" = H(ya)"[| = || (H (2a) = H(ya))" |
::llf{(xa) _'}{(ya)”‘ (4'4'6)
Combining this with gives
[(H(za)™ = H(ya) ™) - Vi(za)| < [|H(za) ™ = H(ya) || |2V ]
= |[H () ~ H@o)||r@lle.  (447)
It follows from Proposition [4.4.2] (i) that

11 < [oloclihlly Y pv(a)7(a)? dy (e, ya) < 0locllly dy (2, y),

acx
where the final estimate uses Proposition [3.3.3| and the fact that p > 2. Similarly
for 111, we use Proposition [£.4.2] (ii) to deduce that

11 =3 ) |[Viza) = Viga)| < [ollyllblly S v ()7 (@) dy (0. va)

aco aco

< llyl1plly dy (2, ).
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Combining the above, we conclude that PgV € F,(Y) with || PV, < ||[v]l, IR,
when p > 2.

Proof of (ii). We again want to estimate the terms in . We deal with
the terms involving ¢ by using Proposition m For I, proceeding as in (i) gives

I < |U|OO dv([E, y) S |U‘OO d'yp’l (ZE, y)
For I1, we have from Proposition [4.4.2] (i) that
HH(xa) — H(ya)H < 7(a)? Ay dyp-1(Tas Ya)-
Combining this with ([£.4.7) and Proposition [3.3.3] gives

IT < |U|<>O||h||nZNY(a)T(a)p dop1(Za, Ya) < []oo|[Rly dop-1 (2, ).

aco

Finally, for 111, Proposition [4.4.2] (ii) gives
|V (2a) = V(ya)| < m(@)[[0lly]1lly dyp1 (2a, ya),

and combining this with Proposition |3.3.3| yields

1T =Y Cya)[V(wa) = V(ya)| < ollllblly Y- sy (@)7(@)? dop-s (20, ya)

acx aco

< vllyl[lly dyp-r (2, y).
It follows that |PyV|,e-1 < [|v||,||h]l, when 1 < p < 2. O

Remark 4.4.4. From here on, we restrict to v € [max{\™",A7"=V} 1), In
particular, PyV € F,(Y;R?) for all p > 1.

4.5 Spectral properties of Py

In this section, we obtain a spectral decomposition of the twisted transfer operator
Py when acting on F,(Y;R?) C L'(Y;R?). Once this is done, we give some

consequences which are required throughout. We begin by giving a Lasota-Yorke
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inequality. For this, we need the pointwise expression of P} given in Remark
4.3.2L For V € L*(Y;R%) and y € Y, we recall that this is given by

= Gl Hu(ya) ™" V(ya),

acon

where y, is the unique element in a such that F"y, = y.
Proposition 4.5.1. It holds true that Py : F,(Y;R?) — F,(Y;R?). Moreover,
(1) [PEV|L <|V]y for alln > 1 and V € F,(Y;R%).
(i) [PV Iy < IRl (PIV Il + [V]y) for alin> 1 and V € Fy(Y;RY).
Proof. Fix V € F,(Y;R%). By Proposition [2.5.3) (viii), we have
PV = [P (H; V)|, < [H; - V] = Vs,

This proves (i).
We now look at (ii). Recall |PEV |, = |PEV ], + |PiV |- Note that for

r €Y, we have

|P}}V(:c \ <

/PH ) dpy ( )‘szvyl
= ' / (PEV(x) = PEV(y)) duy(y)’ +|V]
Y
< PRV, diam, (Y) + [V|1 = [PEV], + [V, (4.5.1)

so that |PEV | < |PEV |, + |V|i. Therefore, it suffices to prove the estimate for
|PEV|,. For z,y € Y, we have

‘PZV(ZE) - sz(y)‘ < Z |Cn(xa) - Cn(ya)|‘Hn($a)_1 ' V(Lz)‘

+ 37 Gl | (Hala) ™ = Halya) ™) - V()|
+ 3 Gy [Haulya) - (Viwa) = V(ya))| = T+ T+ 111
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All the terms involving (,, are dealt with using Proposition [3.3.9l Repeating the
argument of (4.5.1)) for V and z, € a, we have |V (z,)| <~"|V|, + V|1, where we

use that diam,(a) = 4" for a € «,. Therefore
1.V ]eo <A™V 4 V1 (4.5.2)
It follows that

I1<D Y py(a)( Vs + V1) dy(F e, F'ya) = D(" V15 + V1) dy (2, y).

a€ay,

We next study /1. Note that since H,,: Y — G, we have from (4.4.6)) that
‘(Hn@a)_l - Hn(ya)_l) ) V(@z)‘ < HHn(Ia) - Hn(ya)||ﬂav|oo' (4.5.3)

Moreover, we have
n—1
[Hu(a) = H(ya)|| <D || H(F*z,) — H(F*y,)]|.
k=0
Indeed, the proof of (4.4.1)) goes through identically. Therefore

1Ho(w) — Halwo)l| < 3 | H (P 20) — H(F*y)|

—

n—

n—1
<Y pryHly dy(FFaa, Frya) = [ Lpeo Hy " dy(F 20, F™ya)
k=0 0

£
Il

n—1

= Z ‘ﬂFk(a)H"y’Yk_n dy(z,y),

k=0
where we use Proposition in the first equality. Combining this with (4.5.2))
and (4.5.3)), we have

—_

1< DAV + VR Y (@) Y L Hl Ay (ey). (45.4)
0

3

il

acon
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Now,

n—1
ZMY(G)Zka(a)HHW Z Z Z gy (@) |1 oy H |7~

aconp k=0 k=0 bEa,, aéan
FF(a)=b
-1 -1
Z "D ILHL 3wl Z " L H ]y (0)
=0 bEay,—k acoy k= b, i
F¥(a)=b
n—1
n 1

<Y A 1 Hlypy(a) < T— > [1aH],py(a)

k=0 acx aca

where we use Proposition [£.4.2] (i) and integrability of 7 in the final line. Com-
bining this with (4.5.4]) gives us

I < ||h||n(7"|V|7 + |V|1) dy(:t,y).

For I11, we have

HI =" Ga)|V(za) = V(ya)| <D Y py(@)[V1]; dy (20, ya)

acomn acom
=D py @)V dy(F"za, F'ya) = DYV, dy (2, y),
acon

where we use Proposition in the second equality. Therefore |PLV], <
12l (¥ [[V]ly 4 [V|1), proving (ii). B

Corollary 4.5.2. Let B(F,(Y;R?%)) denote the space of bounded linear operators
on F(Y;RY). There exists r € (,1) such that

1
T=— 2 —Py) tdz € B Y R
2mi 8BT(O)( H> ( ( ))

defines a projection, so that F,(Y;R?) = Ey & E; where
(i) By =Im7 and E; = ker 7 are closed and Py —invariant.
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(ii) dim By < oo and all eigenvalues of Py|g, lie on the unit circle.
(ili) r(Pulg,) <.

Proof. We begin by verifying the hypotheses of Proposition [2.7.4]in turn. Clearly
||y < |||l Proposition [£.5.1] proves the second hypothesis. Finally, the unit ball
of F,(Y;R?) is compact in L'(Y;R?) by Proposition [3.3.7, Therefore 7e(Ppg) <
v. We next show that 7(Py) < 1. For V € F,(Y;R?) and n > 1, we have from
Proposition [4.5.1] (ii) that

IPE VIl <A VI + [V < [Vl
Letting || - || denote the operator norm, we have the existence of ¢ > 0 such that
|Pgll <c foralln>1. (4.5.5)

Therefore,
. E n||1/n < T 1/n _
r(Pu) = lim [[Pg|" < lim ¢ L.
Let us choose r € (v, 1) sufficiently large so that o(Py)N{z € C:r <|z| <1} C
{z € C: |z| = 1}. The result then follows from Theorem [2.7.1] O

The next lemma shows that on restriction to Ej, the operators PF decay

exponentially.
Lemma 4.5.3. There exists C > 0 such that [Pyl || < Cr™ for alln > 1.

Proof. We first note by Corollary (iii) that r(Pglg,) < r. Now, r(Pulg,) =
limy, o0 || Pr %, [1*/™, so there exists N > 1 such that [|Pg|%, || < " for all n > N.
Let C' > 0 be large enough such that for all 1 <n < N — 1, we have ||Py}, || <
C’r™. The result follows. O

We next examine how Py behaves on E;. Since dim F; < oo, we can write
E as the direct sum of its generalised eigenspaces. The next proposition removes

the possibility of generalised eigenfunctions existing.

Lemma 4.5.4. The generalised eigenspaces of Py|g, are ordinary eigenspaces.
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Proof. First note that Py acts on F; as a matrix since Ej is finite dimensional. Let
w € [0,27) be such that e™ is an eigenvalue for Py, with corresponding generalised
eigenspace G, and Jordan block J,. We show that J, is of degree 1. Suppose
for contradiction that J, is of degree j > 1. We consider the restriction of Py to

G, which is represented by J,,. Iterating this Jordan block, we have

(e™)" (?)(6@)71—1 (]‘g)(eiw)n_jJr2 (jﬁl)(eiw)n_jﬂ

() (TR () (e

@ e
(eiw)n

To work out the operator norm of Py|g,, note that since all norms on finite

dimensional spaces are equivalent, we may work without loss of generality with
the /' —norm. Consider the vector e = (ey,...¢e;)T € R? defined by

1 ifi=2,

€; =

0 otherwise.
Then |e|,, = 1, and so we have ||JZ|| > |J"e|s = n + 1. On the other hand, we
have ||J5|| = [|Pulg, || < [|PE|l < cforalln > 1 from (4.5.5). Taking n sufficiently
large yields a contradiction. It follows that all Jordan blocks corresponding to

eigenvalues on the unit circle are of degree 1, completing the proof. O]

Remark 4.5.5. Let F,o(Y;R?) = {V € E,(Y;R?) | [,.n9 -V dmy = 0} This
is a closed subspace of FV(Y;Rd) and hence a Banach space when equipped with
| - |l5. Let M denote the transfer operator for Fy. Note that if V € F,o(Y;R?),
we have from Proposition[{.3.5 and Proposition [2.5.9 (ii) that
/ g - PyVdmy = M(g-V)dmy = / g-Vdmy = 0. (4.5.6)
Y xG YxG Y xG

In particular, Pg: F,o(Y;RY) — F,o(Y;RY). In addition, the previous argu-
ments in this section go through and we get a similar decomposition to that of

Corollary [{.5.3.
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To conclude this section, we show that 1 is not an eigenvalue for Py when
viewed as an operator on F, (Y;R?). To do this, we consider the L?(Y;R?)-
adjoint of Py, denoted Uy : L*(Y;RY) — L*(Y;R?). We call this the twisted
Koopman operator for F', and it is defined by UyV = H-V o F for V € L?(Y;R?).

It satisfies

/ UV, W] duy = / [V, PyW]dpy for all W € L*(Y;R?).
Y Y

We make the standard observation that PyUy (V) = P(H™' - (H-V o F)) =
PUV)=V.

Lemma 4.5.6. The twisted transfer operator Py : Fyo(Y;R?) — F, o(Y;R?) has

no eigenvalue at 1.

Proof. Suppose PyV =V for some V € F, o(Y;RY). Then
/ UV — VP duy = / [UHV — V.UV — V] dpy
Y Y

[ vt~ [ )

[VitdaV) d -+ [ [VoV] dy
Y

Y

:/Y[v,v} duy_/y[v,PHv] d#y—/y[PHv,v} duy+/y[v,v} dpy

/Y[V,V}duy—/y[v,v}duy—/Y[V,V]duy+/y[1/,v]dﬂy
0.

(4.5.7)
It follows that Uy V = V. Define ¥: Y x G — R% by U = g- V. Then
VoFy=gH - VoF=g-(H-VoF)=g-UgV =¢g-V =V.

By ergodicity of my, it follows that W is constant my —almost surely. Since
V e F,o(Y;RY), we have [, ,¥dmy = 0 so that U = 0 my —almost surely.
Therefore V' = 0 py —almost surely. m
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4.6 Construction of the primary decomposition

Let ¢ = g-v where v € C"(X;R?), and suppose that Jx o ®@dm = 0. Define the
lifted observable qg =gomy: A x G — R? where 7 is the semi-conjugacy as in
Section 4.2 Note that for (y, g,¢) € A x G, we have

Ay, 9.0) = ¢(Ti(y. 9)) = S(T . ghe(y)) = ghe(y) - v(T'y) = g+ (hely) - v(T*Y)).

(4.6.1)
In this section we construct our primary martingale-coboundary decomposition
for QAS We begin by deriving such a decomposition for V', where V is as in ,

as well as giving information about the regularity of the components.

Proposition 4.6.1. Suppose 7 € LP(Y) with p > 1. There exist J,M:Y — R4
with

V=M+UyJ—J and M € ker Py. (4.6.2)
Moreover, J € F,(Y;RY) with ||J|, < Clv|l,l|kll, and M € LP(Y) with |M], <
Cllvllyllally-

Proof. In view of Remark [4.5.5, we consider Py : F,o(Y;R?) — F, o(Y;R?). Let
F,o(Y;RY) = Ey @ E; be the spectral decomposition from Corollary 4.5.2, By

Corollary (ii), Lemma and Lemma the spectrum of Py|p, con-

sists of finitely many eigenvalues e™* for 1 < k < j, where each wy € (0,27). Now,
recall from Proposition that Py V € F,(Y;R?). Moreover, as in ([{.5.6), we
have

T(y)—1

[ g pavam = [ gvame= [ 37 ghly)- oty dmy
YxG YxG YXG ,_g
T(y)—-1 .
:/ > ély.g,0) dmy = |T|1/ ¢dma =0,
YXG g AXG
so that PyV € F, o(Y;R?). Therefore, we have the decomposition
J
PuV =Wo+ Y Wi,
k=1
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where W,y € Ey and PygW;, = e“W,, for 1 < k < j. Moreover, we have from
Proposition that

Wolly = |l=PaV)l, < I7llIPaVIly < lollyllAll,,

where 7 is the spectral projection defined in Corollary 4.5.2, Similarly, ||[Wyl|, <
llvllnl|ll; for 1 < k < j. By Lemmal4.5.3] we have [|PEWyll, < r™||[Ws||,. Define
Jo: Y — R9 by

Jo =Y PEW.
n=0

Note that

1olly < D IPEWally < Y ullyllflly << 1ol iRl (4.6.3)

n=0 n=0

so that .Jy is well-defined. Now define J, M: Y — R by
—’kaW
J=Jy+ Z b

and
M=V +J—-UyxJ.

Noting that Py (UnJ) = J, we have

PuM =PygV +PyJ —J

W, Al
= PV + Pdo — J0+Z( - ’“)

ek —1 e Wk — 1]
k=1

J
PV~ Wy YW= (464)
so that M € ker Py.
We now look at the regularity of J and M. First note that since e™* # 1 for
all 1 < k < 7, we have
e~ Wk Wk

e~k — 1
v

— < [Willy < follyl1lly-

|
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Combining this with (4.6.3)), it follows that ||.J||, < ||v||,||k],. For M, first note
that [UpJ|, < [UpJ|e = ||, where the final equality follows from Proposi-
tion (viii). Therefore

(Mlp < Vp 4+ [Jlp + UaTp < |7lplvlec + 2 |oe < J0llyl Rl (4.6.5)
as claimed. 0

Define the induced observable ®: Y x G — R? by

7(y)—1
Oy.9) = Y by, g.k),
k=0
and note that
T(y)—1
O(y,9) = > ghaly) - v(T*y) =g-V(y).
k=0

Using (4.6.2)), we get a similar decomposition for ® on Y xG. Define x, ¥: YxG —
Reby x =g -J and ¥ = g- M. Note that

X(Fu(y, 9)) = x(Fy,gH(y)) = g- (H(y) - J(Fy)) = g-UnJ(y),
so that
=g V=g M+g-UyJ—g-J=V+xo0Fyg—x. (4.6.6)

We lift this to the tower extension A x G by following the approach in [60].
Define ¥,7: A x G — R? by

/—1
XW. 9.0 =x(.9) + Y _ by, 9.k) (4.6.7)
k=0
and
) 0 if 0 < r(y) -2,
Oy, g.0) = <) (4.6.8)

U(y,g) ifl=r7(y)—1

The next proposition shows explicitly how the regularity of x and & is dictated
by the integrability of the return time 7.
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Proposition 4.6.2. Suppose 7 € LP(Y').
(i) If p > 1, then i € LP(A x G;RY) with [4], < Cllvl,|Al,-
(i) If1 < p < 2 and V e LAY ;RY), then ¥ € L*(A x G;RY) with ||, <
C(IVz + lollylIRlly)-
(iii) Ifp > 2, then x € LP"1(A x G;R?) with [X[p-1 < C|lv[ly]|All,-
Proof. For (i), we have

T(y)—

/AXG|w|PdmA—|r|1 / Z [0y,g, )" dmy

TS / W (y, ) dmy = |7} / M) duy < |MP
Y xG Y
< ol [, (4.6.9)

where the final estimate uses Proposition m Therefore |¢], < |Jo]l,||h]l, as
claimed.

For (ii), note that since V € L?(Y;R?), we have from Proposition that
[Mly < [Vla + U2+ ||z < Vs + 2[T]ee < [V]a + [[v]ly][2]ly- The result now
follows from (4.6.9) with p = 2.

We now look at (iii). Let (y,g,¢) € A x G. We have using Proposition [£.6.1]

that
/-1
X(,9,0)| < |x(y.9 \+Z!¢ Y9, k)| < | Jloo + Lvloe < (14 O]l 12,

T(y)Hanlthn- (4.6.10)

Therefore

A —1 B 3 B
[ a0 dma < [ sty ol aly dms
AxG AxXG

-1t [ Z (ol dmy
YXG g

= ool I e < el Bl (4611
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from which the result follows. O

The next proposition shows that ngS admits a martingale-coboundary decom-
position. Recall that £: L'(A x G;RY) — L' (A x G;R%) denotes the transfer

operator for fg.

Proposition 4.6.3 (Primary martingale-coboundary decomposition). Let

(5,)2, and v be as in (4.6.1)),(4.6.7), and (4.6.8) respectively. Then
p=v+xofu—x andi)€kerl.

Proof. Fix (y,g9,¢) € AxG. We first suppose that £ < 7(y) —2. Then zﬁ(y,g,é) =

0. In particular, we have

)A(OfH(y,ghg) - X(yagag) - X(yagag—{_ 1) - )%(ymg?g)
=6y, 9.0) = 0(y, 9, 0) — ¥y, 9, 0).

=X (Fuly,9)) — x(y.9) — Y oy, g, k)
-1

= d(y.9,.0) — ¥(y,g,0),

where the third equality uses (4.6.6). This proves the first statement.
We next show that zﬂ € ker £. Write 1[1 = g -m, where

. 0 it <7(y)—2,
m(y, () = (4.6.12)
M(y) ifl=r7(y)—1.

For ¢ > 1, we have from Proposition and Remark that

A A

L(y,9,0) =g-Lum(y, L) =g-m(y,{—1)=0.
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Similarly, for ¢ = 0, we have

L(y.g,0) =g Lyn(y,0)=g- > C(Wa)H(ya)"" - M(ya) = g- PuM(y) =0,
acx
where the final equality follows from (4.6.2]). ]

To conclude this section, we show that maxg<g<, | Yo fr| converges to 0 almost

surely when suitably normalised, with exponent depending on the integrability of
7. Recall V*:' Y — R defined as in (4.1.2)) by

> hely)- U(Tgy)‘-

Proposition 4.6.4. Suppose T € LP(Y) with p > 1 and let x be as in (4.6.7)).
Then

Vi) = | max |

— 1/p
max [Xo fii| = o(n'?) a.s.

Moreover, if 1 <p <2 and V* € L3(Y), then

k| _ 1/2
max [ o fyl =o(n”®) as.

Proof. Fix (y,g,¢) € A x G and suppose first that p > 1. Recall that we define
Hy =1I;and HH = HHo F---Ho F/7'. Foranyn > 0and 0 < ¥ < n
there exist j € {0,...,k'} and ¢ € {0,...,7(F/y) — 1} such that f5(y,g,0) =
(Fiy,gH;(y), ). Therefore, we have from that

C(fE (0, 0)| = |X (Fiy, gHj (), €)| < [ollylIR]l,7(F7y)
< IIUIInIIhIInOIgggnT(Fky)-

Since 7 € LP(Y), it follows from Corollary that
max |¥ o fi(y,9,0)] < |loll, IAlly max 7(F*y) = ofn Py as. (4.6.13)

0<k'<n

Suppose now that 1 < p <2 and V* € LQ(Y). Note that

X(y.9. 0| < |x(y,9)| +

—
Z oy, 9,k ' (4.6.14)
k=0
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Now,
Zé(y,g,k)‘z Zd)(T’“y,ghk(y))': Zghk(y)-v(T’“y)'
/—1
=[St o] < v

Therefore, continuing (4.6.14)), we have
Xy, 9, 0)] < [Tloo + V7 (y) < [0llylIlly + V7 (y)-

For any n > 0 and 0 < k' < n, there exist j € {0,...,k'}and ¢ € {0,...,7(Fly)—
1} such that fF (y,g,¢) = (Fiy,gH;(y),¢'). Therefore

(K 5,9, 0) ] < [l 1Blly + V* (F) < ol bl + max V*(F&y).

Since V* € L*(Y'), we have from Corollary that

S K * kE _ 1/2
Orgr}gg}%(n|xo ol << |vllnllRly +0I£I?§Xnv ol o(n’?) as. (4.6.15)
as claimed. O

4.7 Proofs of Theorem 4.1.1 and Theorem 4.1.2

We now proceed with the proofs of Theorem and Theorem {4.1.3] From
Proposition it suffices to prove the results for the lifted observable qg For the
remainder of the chapter, we let ¥ and ¢ be as in (£.6.7) and (.6.8) respectively.

Proof of Theorem[{.1.3. Note that since p > 1 and V € L*Y;R%), we have
U € L2(AxG;R%) by Proposition m Moreover, ¢ € ker £ by Propositionm
Defining

Y= VT dma € R, (4.7.1)
AXG

it follows from Theorem m that n~'/2 377 Yo fE ., N0, ).
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Write S,¢ = S1—0 o fl and S,¢) = S Yo fE. We show that [n=1/2(S,¢—
S,¥)| = 0 in probability. The result then follows from Theorem . Note that
for any p > 1, we have by that E[|x|?~!] < co. Now, for any € > 0, we
have by Markov’s inequality that

ma (|80 — S,u)| > &) < U Vn O IPE o iy — X
< 26_(p_1)n_(p_1)/2E[|)2|p_1] -0,

where we use fy—invariance of ma in the second inequality. Therefore, it holds
true that n='/2(S,¢ — S,1b) — 0 in probability, and the result follows.

It remains to verify that ¥ commutes with the action of G on R?. Since
1& = g-m, where m is defined as in (4.6.12)), we have for all a € G that zﬂ(y, ag,l) =
ag-m(y,0) = a-(g-m(y,0)) = a-(y,g,¢). It follows from invariance of the Haar

measure that
PipT dma = a( D’ dmA> al = a(

so that ¥ = aXa~! for all @ € G. This completes the proof. m

DT dmA) al, (4.7.2)

AXG AXG AXG

Proof of Theorem[{.1.3. Forn > 1, define the random elements Mn, W,: AxG —
D([0,00); RY) by M, (t) = n~1/2 k’”o G o fli and W, (t) = n 1230 o £l
for t > 0. Let X be as in as in and let W be the Brownian motlon with
mean 0 and covariance matrix .

We first show that M, —, W in D([0,00); R%). Since V* € L2(Y), we have
V e LA(Y;R%). Therefore i) € L*(A x G;R%) with £ = 0, as argued in the proof
of Theorem Let U: L' (A x G;RY) — LY(A x G;R?) denote the Koopman
operator for fy. Since ma is fy —invariant, we have from Proposition m (vii)
that

o / UL )dma.
AxG

Therefore, for ¢ > 0 we have by Birkhoft’s ergodic theorem that

LS deino ST R

- o — a.s.
n "= [nt] prd H
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It follows from Theorem that M, —, W in D([0, 00); R%).
We next show that this implies convergence of W,. Observe that for any
T > 0, we have from [92] that M, —,, W in D([0,T];R?). Moreover, note that

[nt]—1
. N 1
sup Wn<t) _Mn(t) = —= Sup )A(O P _Xofk
te[0,7 | } \/ﬁ te[0,7] kz:% H "
=L sup Ko ff — %< — max |50 f]
VI tefo,] i = /N 0<k<[nT] H

2¢/[nT] 1 ok
= NG \/WOSI&&%T] IXo fg| =0 as.
by Proposition Therefore, setting s to be the Skorokhod metric defined on
D([0,T); RY), we have s(W,,, M,) — 0 almost surely. It follows from T heoremm
that W, —, W in D([0,T]); R%). Since T > 0 is arbitrary, we have from [92] that
W, —w» W in D([0, 00); RY), as required. O

4.8 Moment estimates and covariance matrix

In this section we obtain a uniform estimate on | max;<g<, [{ © f& — X||,- As an
application, we prove Theorem and give a characterisation of the covariance
matrix ¥ = [ Ax G@WA}T dma in terms of the underlying observable ¢. We follow
[60, Section 2]. We begin with a lemma.

Lemma 4.8.1. Suppose T € LP(Y) where p > 1. Then

| max X o fir = |, < ClollyllAlly (0P Lzl +a+ 01z 7l)

foralla>0 andn > 1.

Proof. The proof follows [60, Proposition 2.7]. For n > 0, let A, = {(y,9,¢) €
AXxG|0<l<7(y)—n}. We have

N k R R i ) . . .
| 1211?;1 |X o fiy— X||p < }]lAn fggﬁxnb(o fi— XHp + |1A><G\An IIQBSXTJX ofg— XHp'
(4.8.1)
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We look at the terms on the right hand side in turn. For ¢ > 0, define
t. = |1{TEC}T|p. Then
J

Doy (r> k) <Y N R v (r=4) =Y uv(r=4) ) K

k>n k>n j>k ji>n k=n

<3 Pur(r=j) =, (4.8.2)

jzn

For n > 0, we denote the nth level of the tower by A,, = {(y,9,¢) € AxG | £ =n}.
Then

ma(An) =ma({(y,9,0) €Y XxGXZ|0<l<7(y)—1,0=n})
= |77y (7 > n).
For £ > 0, let

Ak {(y,g,ﬁ)GAn|€:k:}:{(y,g,k)EYXGXZ|O§k<T(y)—n}.

n —

Note that f3(y,g,¢) € Anyx if and only if £ = k and k& < 7(y) — n, so that
AF = fo"(A,4r). Therefore, we have

ma) =ms (U 48) =ma (U f @) ) = ma (U £(00)

k>0 k>0 k>n
s (i (U ae) ) =ms(Ud) = bl S (e >
k>n k>n k>n

It follows from (4.8.2)) that

n? " tma(An) = 0P e Dy (T > k) <) R v (r > k) <

k>n k>n
Now, if (y,g,¢) € A,, then for 1 < k < n we have

l(+k—1
((Rofi =)W 9.0] = [X(w, 9.0+ k) = Xy, 9.0 < > |o(y,9,5)|
=t

< E|v]oo < nlv|so.
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Therefore
. . _ 1
[T, max [x o fiy = X|, < nlvlacmalAn)? = n'7[v]oc [0 ma(Ay)] ”
<P [u]sotn < nMP|J0lly | Alyt,

We now look at the second term on the right hand side in . Recall from

T613) that

k
max [ iy, 9.0 < Jolly1hlly max 7(Fy).

Let 7, = 1{z>y7. Then 77 < a” 4 77. It follows that

(fl]'-gl(y7g7€)> - X<y7g7€)|p

X(fi(y,9.0)["

HU"; T 1<k<n

< 2|oll,,

T 0<k<n

P k < P P k
<<Or£1ka<XnT(F y) <a +§TG(F ).

Suppose that 4: A x G — R has the form 4(y,g,¢) = U(y) where U: Y — R.
Then since Ax G\ A, = {(y,9,0) € Y XxGXZ | max{0,7(y) —n} < < 7(y)—1},

we have

/ 5ldma
AXG\A,
T(y)—1

T(y)—1
= ‘7’11[/( Z Lirsny(y ‘+ Z Lir<ny(y )|> dpy
=T

=7(y)—n
el /Y min{r, n}|U] dpy < /Y win{r. 0} || dy.

Now, recall that P is the transfer operator for F'. We have using Proposition |3.3.2
and Proposition that

[P (y) Z |Gk (Ya)7(ya)] < D Z py (@ = D|1]; < o0

acay acayg
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for all k > 1, since 7 is integrable. Therefore |P*7|,, < 0o. Combining the above,

we have

JollPl? [ max [ fh - iPdma
K ! AxG\A,, 1sk=n "
n

<L al + Z/ 2 (F*y)dma
=0 J AXG\A4,,

< ap+2/ymin{7',n}Tfode,uy < ap—l-/Yanduy—l-Z/YTTfOdeiMY
k=0 k=1

=aP 4+ n|TP|; + Z |PFr - 7P|, < af + n|TP|, = af + ntP.

k=1
Hence
o fk v P P\1/p
[Laxeya, max [¥ o fiy = K|, < [[vllyl1Ally(a” +nt)
< [[ollylIhlly(a +n'?L,),
where the final inequality holds since a,t, > 0 and p > 1. O

Proposition 4.8.2. Suppose 7 € LP(Y') where p > 1. Then

~ k ~ ]_/p
121% X o fr— Xl » < CnPlollyllkll,  for alln > 1. (4.8.3)
Moreover,
~ k 3 . ]_/p
1%2% X o fi— Xl ‘p = o(n''?). (4.8.4)

Proof. For the first statement, taking a = 0 in Lemma gives us

| max ¢ o fir = &I, < wllgllplly (0P| Loy 7l + 017 7],)

< JollylIAllyn'r.

We now prove the second statement. For ¢ > 0, write t, = |ﬂ{720}7|p. Let
q > p and note that ¢, < t,1/,. Taking @ = n'/? in Lemma we get

A k ~ 1 1 1
| max [ fly = |, < ol bl (078, + '/ + n/7t,,.,)
< vl hlly(n9 4+ n'Pt,.,)

= ||U||77||h”7](n1/q + nl/p|:n'{7'2n1/’1}7-|p)'
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It follows that

1 N
nl/pl max ‘XOfH X|

ni/a

1<k<n

+ ’]]_{T>n1/q}7"p) — 0,

< Il ||h||n(

where the convergence of the first term on the right hand side follows since ¢ > p,
and the convergence of the second term on the right hand side follows from the

dominated convergence theorem. O]

We next give moment estimates for Zz;é @/A) o f¥ and prove Theorem m
Corollary 4.8.3. Suppose T € LP(Y').
(i) If 1 <p <2, then

Jj—

max }: < Cn'®||v|l, k], for allm > 1.
7>
k=0

p

(ii) Ifp> 2, then

max
1<j<n

<on'2|v|l,\kll,  for alln > 1.

j—1
o fk

Z Vo fg

k=0 P

Proof. First note that from Proposition 4.6.3, Proposition [2.8.3] and Proposi-

tion m (ii), we have that ( izliﬂ o Z‘k)?zl is a martingale. Therefore, for

p > 1 we have

n—k nk2 2
Zwo Zwo

where we use Theorem in the first inequality and Theorem [2.4.8in the second
inequality. We analyse in the cases 1 < p < 2 and p > 2 separately.

Suppose first that 1 < p < 2. Note that for aq,...a, > 0, we have that
(Yh_, a2)P/2 <3 ab. Therefore

(e e) | = (L (o) ams)”

1/p .
(/ S 1o f ’“"’dmﬁ) — P, < 0P ll Il (4.8.6)
A

Xle

. (4.8.5)

p

max <

1<j<n
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where we use Proposition (i) in the final estimate. Therefore, noting that

j—1 n n—j
boffp =Y dofi = dofi (4.8.7)
k=0 k=1 k=1
we obtain
j—1 n n—j
N k N n—k N n—k
max Z o < | max Z o max Z o
1<j<n Vel = 1<j<n vefn Rl e Ve fi
k=0 » k=1 » k=1 P

< n' ol | Ally,

proving (i).
Suppose now that p > 2. We have

no 1/2 no 1/2 n R 1/2
(o) | =|Sweme] <(Siwosr,.)
k=1 k=1 p/2 k=1
1/2 A
= 0[], < n'2[[vll, ||l

p/2

Again it follows from (4.8.7) that

j—1

> dofy
k=0

proving (ii). O

p
— 2]

max < n1/2”UHn||h||n>

1<j<n

p

Proof of Theorem[{.1.5. First note that from Proposition we have for ¢ > 1
that

Jj—1 Jj—1
max E poTF|| =| max E dofh
1<j<n 1<j<n

This allows us to appeal to the martingale-coboundary decomposition in Propo-

sition . Note that Z{C;B q@ o fk = (Zi;éz[; off)+xo f}'{ —x. Forp>1, it
follows from Corollary 4.8.3| and (4.8.3) that

j—1 j—1
n k 7 k ~ J ~
< > | — %]
gﬁ;g;¢0ﬁ{ < gﬁ;kowm& + | max [ o fy = X,
= p = p

< nl/pHUHth”m
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proving (i).

Suppose now that p > 2. For 0 < k < n, let By = fI}(n_k)(B), where B is the
underlying o —algebra on A x G. We aim to apply Theorem to Xp = ggo I’}_k .
First note that by an identical calculation to , X}, is B, —measurable for all
0 < k <n. From Proposition W, Proposition , and Proposition (ii),
we have that ( i:(ﬂ/} o I’}’k);‘zo is a martingale with respect to (B;)7_,. For
0 <?<m <n, it follows that

m

> E[dofi*|B] =E

P
|

k=0 k=0
Therefore, we have
STE[Xe|Be] = Y E[do fit+xo i "V = o £t | B
k=t —¢

k
7 n— - n—({— - n—m
=o fi +E[{o fi VB~ ko fim
Now, by Proposition (v) and invariance of fy, we have that
~ n—(0— ~
|E[X o fH (=0 | B@} }p—l < ’X‘pfl-

By Proposition [4.6.2] (i) and (iii), it follows that

m

e | SECG |5 < el bl
Therefore
ogl;gggn XZ ;E[Xk ‘ Bd o1 S |¢|m0§rgp§%§§n EE[Xk { Bf} -

< ol IRl
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Applying Theorem [2.4.9] gives

J
S
k=0

m

Z Xk‘BZ

k=

max

0<j<n 0<t<m<n

1/2
pl)

To complete the proof, we note that 37— qﬁofH Y opeo Xk — Zz;é X}, to obtain

< ( max
Z_

2(p—1)

< 2]l ||l

-1 n—j
Z ¢o < |max ZXk | max | > X
2(p—1) 2(p—1) k=0 2(p—1)
< n' 2ol 1,
as required. O

Under the assumption V € L*(Y;R?), we can strengthen the estimate in

Corollary (i)

Corollary 4.8.4. Suppose 7 € LP(Y) where 1 <p <2 and V € L*(Y;R?). Then

< Cn'2(|V]s + |vllyllkll,) — for alln > 1.

Proof. We have from (4.8.5)) that
J n
<|(Swese)"| -
k=1

> dofit
n ) 1/2 R
< (Z 190 f;;-’w?\l) — 02y < 02 (Vs + ol lRl).
k=1

1/2
max i k 2
1<j<n

k=1

where we use Proposition [4.6.2] (ii) in the final estimate. Combining this with

(@87 gives

max
1<j<n

max
1<j<n

max
1<5<n

ZW

Jj—1 n
> o fh|| < d dofit +
k=0 2 k=1

<n'?(|V]s + ”U”n”h”n)>

2

completing the proof. O
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To conclude the section, we show that for 7 sufficiently regular, the covariance

matrix X = f AxG zﬁlﬁT dma can be characterised in terms of the observable ¢.

Corollary 4.8.5. Suppose 7 € LP(Y) with p > 2. Then

n—1 T
lim * ¢oTk>< ¢oT’“) dm = DT dma.

AXG

Proof. Write S,¢ = ZZ;; do fE and Syip = ZZ;; Yo fE . From Propositionm
we have

n—1 T
o o Tk _ ~ T .
/X><G <Z¢ Th) (g(b Th) dm A><G<Sn¢)<5n¢) dmA

Moreover, we have from Proposition and Proposition [2.8.3/that (¢yo fi75)7_,

is a martingale difference sequence, so that

[ by ams =n [ it ams
AxG

AXG

by Proposition From Theorem [4.1.5] (ii) and Corollary (ii), we have
Sndlz < |Sulap-1y < n2llyllll, and 1Syl < 1Suvl, < nM2vlly IRl
Therefore

1

(500)(Sud)T dms — / (Su)(Su)T dmia

AXG

AXG

< J(5.:0)(5:0)" ~ (SN (S,

(1536807 = (S:)7)], + [(Su = Sud) (S, )

(1012 (Su)T — (S)T], + 1 — 5,015,

= (150012 + 18:912) 1506 — S.0le = = (15,0 + 1.1 K o i — <

< ||\/”_h||n| s = 0, (4.8.8)

where the final convergence uses that p > 2 with (4.8.4)). O]

IA

IN
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Remark 4.8.6. In the case that T),: X x G — X x G is mizing sufficiently fast

(for example, polynomially of order n=° for b > 1), one has the characterisation

Y= oot d +Oo
m kz/x

XxG

poTi¢"dm+> ¢ (¢ o THT dm.
k=1

xG XxG

See for example [36, Section 3.2].

Remark 4.8.7. Let é: A x G = R? be such that foG(ﬁdmA = 0. Suppose
further that

(i) ¢ € L=(A x G;R9).
(ii) ZZSQ* ng(y,g,ﬂ) =g-V(y) for someV:Y — R
(iii) There exists v € [\, 1) such that PyV € F,(Y;R%).

For such observables, we can see that all the results in this chapter go through
with |[v]|,|| A, replaced by |¢loe + [PV ||, Since R =2 R the results also go

through for matriz-valued observables satisfying the above.

4.9 Examples

We now give some examples of where our results apply. In the literature, it is
common to find estimates of the return time tail py (7 > n). We begin by showing

how these estimates relate to the integrability of 7.
Lemma 4.9.1. Suppose 7: Y — Z* is a return time and p > 1.

(i) If there exists b > 0 such that py (7 > n) = O(n™?), then 7 € LP(Y) if and
only if b > p.

(i) If there exist b > 0 and 0 < ¢ < 1 such that py (7 > n) = O(e™""), then
T e LP(Y).
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Proof. We have

/|T|pd/Ly:/ uy7p>xdx—2/ y(? > z)dx
Y 0

The results follow. O

Note that if 7 € LP(Y) for p > 1, then we immediately have V € LP(Y;R9)
and V* € LP(Y). We apply Lemma to the examples in Section

(i) Uniformly expanding maps are non-uniformly expanding with 7 = 1 € LP(Y')

for all 1 < p < 0o, and so our results apply.

(ii) The intermittent maps with parameter v € (0,1) as in Example satisfy
piy (1 > n) = O(n=7) [102]. Tt follows from Lemma[4.9.1] (i) that 7 € L*(Y)
if and only if v € [0,1/2), and our results immediately apply in this case.
When v € [1/2,1), we have 7 € LP(Y) for 1 < p < 2. In [39, Theorem 4.1],
it is shown under some mild conditions on v and h at the neutral fixed point
0 that V* € L?(Y), and so our results apply.

(iii) The unimodal maps (along Collet-Eckmann parameters) in Example m
satisfy puy (7 > n) = O(e~®) for some d > 0 [I01]. Therefore 7 € LP(Y') for
all p > 1 by Lemma[1.9.1] (ii), and our results apply.

(iv) The Viana maps considered in Example satisfy py (7 > n) = O(e '"?)
for some b > 0 [41]. Therefore 7 € LP(Y) for all p > 1 by Lemma [£.9.1] (ii),

and our results apply.
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Chapter 5

Secondary
martingale-coboundary

decomposition

5.1 Outline

We continue with the setup of Chapter [d Moreover, we suppose throughout
that p > 2. In this chapter, we construct a secondary martingale-coboundary
decomposition as in [60]. This decomposes the square of the martingale in our
primary martingale-coboundary decomposition, which allows us to control sums
of squares as is often required in more sophisticated limit laws. As an application,
we prove the following almost sure invariance principle for the one-dimensional
projections of our underlying observable. This is done by appealing to the results
of Cuny and Merlevede [22] which were stated in Section [2.8]

Theorem 5.1.1. Suppose 7 € LP(Y) for some p > 2. Define & € R4 by

n—1 n—1 T
¥ = lim (Zmﬂ;)(zgﬁoﬂf) dm
n—oo
k=0 k=0

XxG

and let ¢ € R* with ¢"Sc > 0. Then there exists a probability space supporting a
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sequence of random variables (Sy)n>1 with the same joint distributions as (3" p—, (c-
®) o TF)p>1 and a sequence of independent and identically distributed random
variables (Z,)n>1 with distribution N'(0,c"Yc), such that almost surely,

i o((nloglogn)'/?) if p=2,
k= Zj' = o(n'/"(logn)"’2) if p € (2,4),
= O(n'*(logn)*?(loglogn)'/4)  if p > 4.

sup
1<k<n

Remark 5.1.2. The rates in the almost sure invariance principle have additional

powerful implications (see [6] and references therein). We note that:

(i) For p > 2, Theorem recovers Theorem and Theorem [4.1.5 This

is done by a Cramér-Wold argument, see for ezample [36, Corollary 2.7 and
Corollary 2.8].

(ii) When p = 2, the given rate is not sufficient for deducing these results. How-
ever, this rate does imply the law of the iterated logarithm and functional law

of the iterated logarithm. For completeness, these are given in Section [5.3.

(iii) The given rate when p = 2 can also be obtained for 1 < p < 2 when we
assume V as defined in ([A.1.1) lies in L2(Y;RY). This is easily seen from
the proof.

Remark 5.1.3. In our proof, we utilise results of Cuny and Merlevéde [22], who
use a Skorokhod embedding of reverse martingales in Brownian motion [89] to ob-
tain the almost sure invariance principle for sequences of reverse martingale differ-
ences. The best rate achievable via this approach is O(n'/*(logn)'/?(loglogn)'/*)
[55]. We obtain this rate when p > 4, which improves on the rate O(n'/**+%) for

any 6 > 0 given in [36] in the case of a uniformly expanding base.

The structure of the chapter is as follows: In Section [5.2] we define a certain
matrix-valued observable in terms of the martingale from the primary martingale-
coboundary decomposition, and then verify the conditions of Remark to give

us our secondary martingale-coboundary decomposition. In Section [5.3] we use
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this to prove Theorem [5.1.1] as well as proving the law of the iterated logarithm
and functional law of the iterated logarithm. We remark that the results in this

chapter apply to the examples considered in Section [4.9]

5.2 Construction of the secondary decomposi-
tion

In this section we suppose that 7 € LP(Y) with p > 2. In particular, we may
choose v € [A7",1) as in Remark [4.4.4 Recall our observable ¢: X x G — R?
given by ¢ = g - v where v € C"(X;R%) and Jxvo®dm = 0. In the notation of
Chapter [ we have the decompositions

d=1v+ X0 fu—X where 1) € ker £,
O=V+ yoFy—y, and
V=M+UyJ—J where M € ker Py

from Section . We can extend the transfer operator L for fm to an operator on
L'(A x G; R4 by acting component-wise. Similarly, we let i : L' (A x G; R%4) —
LY (A x G;R%*%) denote the Koopman operator for fy. Since ¢7 € LY(A x
G:R%44), we can define ¢: A x G — R%? by

¢ =ULWY") - ST dma. (5.2.1)

AxG
Note by Proposition [2.5.3) (vii) that

dms = /A UL dms = [ G0Tdms =0

AXG AXG

We aim to apply Remark to ¢. Our first step in this direction is to show
that M is locally Lipschitz.

Proposition 5.2.1. If ¢ € (0,1], then M € FX°(Y;R%) with ||[1,M
Cr(a)™ v, |kl for all a € a.

ye <
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Proof. Let a € o and note that 1,M = 1,(V + J —UgJ). Since ¢ € [y,1), it
follows from Proposition that ||J

v < |Jvllyl|R]|;- Moreover, from Propo-

sition (i), we have ||1,V|[,c < 7(a)™||v]|,||hll,- We show || L, Uy ]|, <
7(a)||v||,[|R|l,, from which the result follows. Note that ||1,H |, < 7(a)||h],

from Proposition [1.4.2] (i). For z,y € a, we have
U (@)~ Un I )| = |H(2) - T (Fz) = H(y) - J(Fy)|
< |[#@) - B )| + [H@] ) - 17y
e dye(F, Fy)

L 7(@) | hllg] I oo dye (2, y) + [T
< 7(a)[ollyllhlly dye (2, y),

so that |1, Uy J

ve L 1(a)||v]|,l|R]],. To estimate the sup norm, note that
[Lalt oo < | ]oo < 0]l ][ 72]ly-

Therefore |1, Uy J

4 L 1(a)||v],||~|l;, completing the proof. O

Define the induced observable ®: Y x G — R%? by

T(y)—1

by, 9) = > ¢y, 9,0) (5.2.2)

=0
Remark (ii) requires us to show that P is equivariant. In the next proposition,
we define a suitable action on R%? as well as showing it is invariant with respect
to the Frobenius inner product. Recall this is given by (A, B) = tr(A”B) for
A, B € R4 where tr(-) denotes the trace.
Proposition 5.2.2. Define x: G x R¥® — R4 by g« A = gAg”. This is a
continuous linear action of G on R*. Moreover, for all g € G and A, B € R%<,
we have (gx A, g+ B) = (A, B).

Proof. That x defines a continuous linear action follows from the definition. For
the second statement, we have from properties of the trace and orthogonality that
(g% A, g B) = (gAg", gBg") = tr(9ATg" gBg") = tr(9A" Bg")
= tr(g"' gA' B) = tr(A"B) = (A, B),

as claimed. O
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Let us denote by Lp: L'(A; R%4) — L1(A; R%4) the twisted transfer operator
for f with respect to *, defined for o € L'(A; R%%) by Ly (0) = L(H ' %), where
H: A — Gis as in Remark and £: L'(A; R®4) — L'(A; R®9) is the transfer
operator for f. We can immediately apply Proposition to conclude:

Proposition 5.2.3. Suppose qu A x G — R s given by gg = g * v, where
v e LYA;RY). Then Lo = g+ Lyb.

We set out some notation for the rest of the section. We fix || - || to be
the Frobenius norm on R%?. That is, ||A| = (tr(ATA))Y? for A € R%?. Let
U,P: LNY;RY) — LYY ;R%) denote the Koopman and transfer operators for
F. We denote by Uy, Py : LY(Y;R4Y) — LY(Y;R%?) the twisted Koopman and
twisted transfer operators for F with respect to . These are defined for V €
LY(Y;R%) by Uy(V) = H UV and Py(V) = P(H' % V). The next two
propositions verify the points of Remark [£.8.7, We first give a lemma.

Lemma 5.2.4. For (y,g,¢) € A x G, we have

0 ift <7(y) -2,

UL ) (y, g, ¢) = . |
g*xUyPy(MM* ) (y) ift=1(y)— 1.
Proof. First note from (#.6.8) that 1(y, g, ¢) = g - m(y, ¢), where

0 it ¢ <7(y)—2,
M(y) ifl=7(y) —1.

m(y, l) =

Therefore pip” = (g-m)(g-m)T = g(mmT)g" = g (mmT). Suppose ¢ < 7(y) —2.

We have from Proposition that
UL (Y. 9,0) = LEOT)(y, 9.0 +1) = g% Lu(iun”)(y, £+ 1).
Moreover, from Remark we have
Ly () (y, €+ 1) = 1’ (y, ) = 0,
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which proves the claim when ¢ < 7(y) — 2. Suppose now that ¢ = 7(y) — 1. We
have from Proposition that

ULWYT)(y, 9,0) = LT ) (Fu(y, 9),0) = LT (Fy, gH(y),0)
= gH(y) x L (mm®)(Fy,0). (5.2.3)

Now, writing (F'y), for the unique element in a € « such that F(Fy), = Fy, we
have from Remark [4.3.6 and Remark [4.3.2] that

Lo (Fy,0) = > C(Fy)a) H((Fy)a) ™ i ((Fy)a, 7(a) — 1)

aco

=D <(<Fy>a>H(<Fy>a)‘1 * MM ((Fy)a)

= PH(MMT)(Fy)’

so that continuing from (5.2.3)), we have

ULWYT)(y, g,0) = gH (y) » Pa(MM")(Fy) = g« H(y)  Pp(MM")(Fy)
= g*UyPy(MM")(y),

completing the proof. O

Proposition 5.2.5. The observable ¢ defined in (5.2.1)) satisfies ¢ € L®°(Y; R%4)
with |¢loe < Cllo[I7][R]]7-

Proof. For y € Y and g € G, we have from Proposition that
g *UnPu(MMT)(y)|| = [|gH (y) * UPH(MMT)(y)|| = [[UPH(MMT)(y)]|.

Moreover, note that

Therefore, from Lemma we have

@WA}T dma

AXG

< / 1607 dma < [D2. (5.2.4)
AXG

10loc < [UL@YT)| + < [Pu(MMT)|__ +[D]3.

@WA)T dma

AXG
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From Proposition 4.6.1{ and (4.4.4)), we note that

|]1aM‘oo S yﬂavyoo + |]1auH<]|oo + yﬂat”oo S yﬂavyoo + 2‘*”00
< 7(a)|[v]ly |l (5.2.5)

Therefore
1. MM | < 7(a)?||v]]2]|R]]3. (5.2.6)

For y € Y, it follows from Remark [£.3.2] Proposition [3.3.9] and Proposition [5.2.2]
that

[Pa(MMT)())|| < DY iy ()| H(ya) * MM (yo)|| = DY~ py(a) | MM (y,)]|

aco aco

<Y mv(@r(@PolFlnly < ol 1A, (5.2.7)

acx

and so [Pg(MMT)|o < [[v|l2]|2]]7. Finally, Proposition 4.6.2| (i) gives )2 <
[v][Zl|A]]7, and the result follows. O

Proposition 5.2.6. Let 7 € LP(Y) with p > 2 and ® be as in (5.2.2). Then
O =g*V, where V: Y — R satisfies the following:

(i) If p > 3, then PyV € F\ (Y R ) with | Py V||, < Cllv]2[|h]2.
(ii) If2 <p <3, then PyV € Foua(Y;R) with | Py V |-z < Clv[|2[|A]12.

Proof. First note that for (y,¢g) € Y x G, we have from Lemma that

9) = Zf &y, 9,0) Z (UE (") (y, g, 0) —

= gxUgPu(MM")(y) — 7(y) X GWTdmA.

b dmA)

AXG

Now, from (4.7.2) we have

Q/A)@/A)T dma = g( &&T dmA)gT =gx* ( L@@ZT dmA).
AXG

AXG AXG
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It follows from linearity of * that

B(y, 9) = g x UgPu(MMT)(y) — 7(y) X GWT dma

= gt P 0) g+ (70 [ 50 dms

AXG

. (uHPH<MMT><y> N dmA) — g+ V),

AXG

where we define V: Y — R%? by

V(y) =UnPa(MM")(y) — 7(y) . G@@@@Tdma-

We now prove (i) and (ii) in turn.
Proof of (i). Note that

'PH‘N/ == PH(MMT) - PH (T lﬁQZJT dTTLA)
AxG
We first estimate |PyV|s. From and Proposition m (i), we have

T 1;@[171 dmA
AXG

< 7llolllR]2. (5.2.8)

For y € Y, arguing as in (5.2.7)) gives

i

* 7(a) PpT dma

AXG

P i a ) H D
H(T AXGWP ma < ZMY

acx

7(a) o7 dma

<Yy (@)@l 2107 < vz )R],
AXG

acx

PH(T &&Tdm)\ < ol IR
AxG [e's)

It follows from (5.2.7) that

PV < |Pu(MMT)|__ +

PH(T de)' < [ol2lIP.
AxG 00
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We next analyse the Lipschitz semi-norm of PyV. Note that |73H‘~/],y <
Pu(MMT)|, + [Pu(r [y o 00T dma)l,. We first estimate |Py(MMT)[,. Let
z,y € Y. Note by Remark that

|Pu(MMT)(x) — Py (MMT)(y)|
< D 16(wa) = Clya)| [ H (wa) ™ MM (x4)]|

acx

+) )| (H H(ya)™t) x MM" (2,)||

aco

+ ) CWa)|[H (ya) ™ % (MM™ (24) = MM" (yo)) || =: T+ 11 + I111.  (5.2.9)

aco

All the terms involving ¢ are dealt with using Proposition [3.3.9] For I, note that

from Proposition [5.2.2] and ((5.2.6)), we have

| H (za) ™ x MM (,)|| = [|[MM” (z,)| < 7(a)?||v]|2]|2]]2.
Therefore

I< ) py(@yr(@folplIRl} d, (2, y) < [[ol7lIR]5 d, (2, ).

aco

For I1, first note that
[(H (2a)™" = H(ya) )" [| = [[(H (za)" = H(ya)")"[| = [ H (2) — H(ya)|| <2
In addition, note from that
1 (za) ™" = H (ya) || = [[H(wa) = H(ya)]|
Therefore, by sub-multiplicativity of the Frobenius norm, we have that

|| (H( H(ya) ") % MM (z,)]|

< HH za) " = H(ya) ||| MM (a)|[[|(H (2a) " = H(ya) ™)

< 2|[H(x4) — H(ya)||[|[ MM (,)]

< ||H(wa) = H(ya) | (@) [0l ]1A1]5, (5.2.10)
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where the final estimate uses (5.2.6). Moreover, from Proposition [1.4.2] (i), we

have
[H (wa) = H(ya)|| < 7(@)l|hlly dy(2a, Ya)-

Therefore

11 <3 (e (@ [ol2B 13 d (2, v2)

aco

<> wr(@)r(@? ol Ihll; dy (e, y) < Jol bl dy (@, y),

acx

where the second inequality uses Proposition [3.3.3] and the final inequality uses
that p > 3. For 111, we have from Proposition and ((5.2.5]) that

(MM (0) — MM (y,)

< M (o) (M7 () = M7 (o)) | + [ (M (ra) = M (31)) M7 (3|
< (|M(20)] + [M(ya)]) | M(20) — M(ya)]

< (@ o212 dy (2, ya)

7(a)* [0l 1R]5 dy (2, y),

where the final inequality uses Proposition [3.3.3] Combining this with Proposi-

tion [5.2.2] gives

1T <Yy (a) | MM (2q) = MM (y,)]|

aco

< Y py(@(@?oll3l|R]} d (2, y)

acx

< lplnly dy (@, y).

Therefore [Py(MM7)|, < [|v][7[|All;. To complete the proof of (i), we analyse

[P (T foG YT dma)|,. Since the arguments are similar to the above, we omit
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some details. For z,y € Y, we have that

HPH (7’ @ZH;T dmA) (33) — PH (’7‘ 'I,EQZJT dmA) (y) H
AxG AXG
_ Wt d
< ZGI (@) — C(w)||| () /A T dms
—I—ZC(%)HH(%)—H(%)H 7(a) A GzﬁlﬁTdmA
+3 Cwa)|[r(@) [ T dma—7(a) [ OPT dma
aca AxG AxXG

= I+I11+1II.

As before, we use Proposition to deal with the terms involving (. Now,
I < Pl[ZlIR]7 dy(z,y) by (:2.8). Similarly, IT < [[o|[7]|A]; d, (2,y), where we
use Proposition [4.4.2 (i), (5.2.8)), and p > 2. Finally, I/ = 0 is immediate.

Therefore |Pu (7 [, o DpT dma)|, < [v][Zl|A]]7 as claimed.

Proof of (ii). The estimate for the sup norm remains unchanged. As be-
fore, [PyV]p-2 < [Pu(MMT)| 2 + [Pu(7 [y 0T dma)|p-2. We begin by
analysing (5.2.9). We deal with the terms involving ¢ by using Proposition [3.3.9]

Proceeding as in (i) for I gives
I < lRlRlly dy (@ y) < IR dyz (2, y).
ity AL Y) = T8y =P Y
We now analyse I1. From Proposition [£.4.2] (i), we have
[H (za) = H(ya) || < 7(a)" 2l dyr—2(2a, o).
Combining this with ((5.2.10|) gives
1< Y i (@@l o2 AIE s )

aca

< > wy(@r(@) ol 1Al dyp-2 (2, y)

aco

< vl IRl dyo-z (@, y).
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For 111, note that

M7 (w0) = MMT ()| < (|M(z0)| + | ()]} [ M (w) — M3
< 7(@)P|[v][2 Al dyo—2 (2as Ya)
< (@l 1all5 dyp-2 (2, ),

where the second estimate uses Proposition and ((5.2.5]). Therefore

ITT <Y py(a) || MM (zq) — MM (y,)]|

aco

<Y py(@)r(@PolFlRl} d-z (2, y)

acx

< ol IRIL dyoa (2, ).

Combining the above gives us [Py (MM7")|,p—> < |[v[2]|h]|2. To conclude the
proof, we note that [P (7 [, . Y07 dma)|p-—2 < [v[IZ][R]]2 by an identical argu-
ment to that in (i). O

From Remark [4.8.7], Proposition [5.2.5] and Proposition [5.2.6] we can write
d=v+xofu—xX where €kerl (5.2.12)

for some 9, Y: A x G — R% with the main results of Chapter |4] going through.
We refer to as a secondary martingale-coboundary decomposition. To
conclude the section, we state the results which we explicitly require. The first
result is analogous to Proposition (i).

Proposition 5.2.7. Let ¢ be as in the secondary martingale-coboundary decom-
position (5.2.12). Then ¥ € LP(A x G;R®) with |¢)[, < C|lv|?||h||2.

The next result is analogous to Proposition [4.6.4}

Proposition 5.2.8. Let x be as in the secondary martingale-coboundary decom-
position (5.2.12). Then maxo<p<n ||X © f5|| = o(n'/?) almost surely.

The next result is analogous to Theorem [4.1.5] (ii).
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Proposition 5.2.9. Let ¢ be as in (5.2.1). Then

j—1
> o fh
k=0

max

< 1/2 2 2 >
1<j<n < Cn Pl IRl for alln > 1.

2(p-1)

5.3 Almost sure invariance principle and conse-

quences

We begin this section by showing that Theorem holds for the one-dimensional
projections of the observable 1: A x G — R%¢ from the primary martingale-
coboundary decomposition. For this, we require the classical law of the iterated
logarithm [54], [57], which states that if (Z,),>1 is a sequence of independent and
identically distributed random variables with mean 0 and variance o2 > 0, then
lim sup —2221 Zi = o?
n—soo  V2nloglogn

Lemma 5.3.1. Suppose 7 € LP(Y) for some p > 2. Define ¥ € R4 by

n—1 n—1 T
2= lim <Z¢OT,’;>(Z¢OT,’§) dm
XxG

k=0 k=0

a.s. (5.3.1)

and let ¢ € R? with ¢"'Sc > 0. Then there exists a probability space supporting a
sequence of random variables (S!,),>1 with the same joint distributions as (31— (c-
1&) o fE)u>1 and a sequence of independent and identically distributed random

variables (Z,)n>1 with distribution N'(0,c"Yc), such that almost surely,

N o((nloglogn)l/2) if p=2,
Sk =Y Zi| = { o(n'/?(logn)'/?) if p € (2,4),
= O(n**(logn)*?(loglogn)/4)  if p > 4.

sup
1<k<n

Proof. First note by Corollary 4.8.5/that ¥ = [, VT dma. Observe that since
U € LP(A x G;R%), we have ¢+ € LP(A x G;R). Now,

~ ~ ~ ~

(e )= (c-P)(c ) = (c ) (@ c) = cTTe. (5.3.2)
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Therefore

/ (c-1)*dma = "'Se.
AxG

Note that since r@ € ker £, we have c- 772} € ker £. The almost sure invariance prin-
ciple (ASIP) with the desired rate when p = 2 is immediate from Theorem [2.8.9]
Let B denote the underlying o —algebra on A x G and By, = f5"(B). For p > 2,

we require almost sure estimates for

:Zl< ofH\BkH}—czc)
k=

Note that for n > 1 and 0 < k < n, we have

Ef(e-9)*e fir | Bu] =E[(c-9)| Bi] o fi
=UL((c-0)*) o fy
= (CTUﬁ(lWT)C) o f
where we use Proposition 2.4.2] (vi), Proposition (vii), and ( in the

first, second, and third equalities respectively. Therefore, using the secondary

martingale-coboundary decomposition ([5.2.12)), we have

S
—

A

((TULWIT)e) o i — Te) = (T de) o £
k=0

S
[l

0
("W + X o fu—X)c)o fh

0

c'(Xo fi— C+Z (c"pe) o fF.

k=0

e
Il

Now, we have from Proposition |5.2.8|that almost surely, || Yo f& — X|| = o(n'/?) C
o((nloglogn)!/?). It follows that

c"(X o fi; — X)e = o((nloglog n)l/z) a.s. (5.3.3)

Next, note from Proposition we have ¢ € LA x G;R% ), so that ¢"c €
L*(A x G;R). Moreover, since ¢ € ker £, we have ¢Tipc € ker L. Apply-
ing Theorem m gives us an ASIP for ( Z;é (cT4pe) o f )1 with error rate
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o((nloglogn)'/?). Therefore, on a possibly enlarged probability space, it follows
from the classical law of the iterated logarithm (5.3.1]) that almost surely,

n—1 1

Z(CT@Z’C fH_<Z (c"Pe)o fh — ZZk)+ZZk
O((nloglogn)"/?). (5.3.4)

If necessary, by a coupling argument [24], we can redefine ¥ and ¢ on a further
enlarged probability space such that and hold. In particular, we
have that

A, = O((nloglog n)l/Q) a.s.
For p > 4, the ASIP with the desired rate now follows from Theorem [2.8.11
Suppose p € (2,4). We have that

A, log 1 1/2
< (nloglogn)

o s = n!?"2/P(loglogn)? -0 as.
n n

since % — % < 0. Therefore A, = o(n?/?) almost surely, and the result now follows

from Theorem 2.8.101 O

Proof of Theorem [5.1.1] Note that from Proposition 4.6.4, we have

k—1
max Z_;((c-cz@)Ofif—(c-@ﬁ) fin)| = max e+ (o fi = X)| = o(n'/?)  as.

In view of Lemma [5.3.1, we can enlarge the probability space as in [84, p. 23]
(see also [7, Lemma A.1]) to support sequences of random variables (S,),>1 and
(S!)n>1 with the same joint distributions as (37—, (c - ¢) o fE)ns1 and ( " ole

¥) o fE )1 respectively, such that (S7)),>; satisfies the desired estimates and

max |Si — Si| = o(n'/?)  aus.

1<k<n
Now, note that
o((nloglogn)/?) if p=2,
nl/p — o(nV/?(log n)'/2) if pe(2,4),

O(n'/*(logn)/?(loglogn)t/4) if p > 4.
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Therefore, since

k

Sk—ZZk

j=1

max

1<k<n ’

< max |Sg — Si| + max
1<k<n 1<k<n

k
Sk=_ 2
j=1

we have that (S,,),>1 satisfies the desired estimates. Finally, noting that mp is
a semi-conjugacy, it follows from Proposition that the joint distributions of
(Sr—o(c-¢)oTF) >y coincide with those of (S,)n>1. This completes the proof. [

To conclude the chapter, we give some corollaries of Theorem We start
with the law of the iterated logarithm.

Corollary 5.3.2. In the setting of Theorem[5.1.1], we have

. n
limsup ———ow=c¢'Y¢ a.s.

n—oo  V2nloglogn -
Proof. Since 7 € LP(Y) C L*(Y) for p > 2, it suffices to prove the result for
p = 2. Note that if (z,) C R is such that limsup,,_,. 2, < oo and (y,) C R is
convergent, then

limsup(z, + y,) = limsup z,, + lim y,.
n—00 n—00 n—00

Therefore, we have from the classical law of the iterated logarithm (/5.3.1)) and
Theorem that almost surely,

: Sn : et Zn S = D 1 D
limsup ———— = limsup ——=————— + lim —==——
n—soo v 2nloglogn nsoo  V2nloglogn  n—eo y/2nloglogn
T
=c" X,
completing the proof. O

We next move on to the functional law of the iterated logarithm. Let C0,1]
denote the Banach space of real-valued continuous functions with supremum norm.

Recall that a function f: [0,1] — R is absolutely continuous if, with respect to
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the Lebesgue measure, the derivative f’ exists almost everywhere, is integrable,

and satisfies .
fla) = 1)+ [ o
for all z € [0, 1].

Corollary 5.3.3. Let K be the set of all real-valued absolutely continuous func-
tions f:[0,1] — R such that f(0) = 0 and fol If'(O))?dt < 1. Let c € R? and
(Sn)n>1 be as in Theorem [5.1.1, For n > 3 and t € [0,1], define the random
elements f, € C[0,1] by

(1 —nt + [nt]) Spy + (nt — [nt])S[m]H.

Vv2nloglogn

Then almost surely, (fn)n>s s relatively compact in C[0,1] and its set of limit

fn(t) =

points is precisely K.

Proof. We argue as in [84, Theorem C]. Note that uniformly in ¢, we have

£a(t) = Sy + 0(%)
" Vv2nTloglogn V2nloglogn )’

Let us write

[nt] 7
B,(t) = —=k=128
V2nloglogn

It follows from Theorem that almost surely, |f,(f) — B, (t)] — 0 uniformly

in t. That is, almost surely,

Now, [93, Theorem 1] says that the result holds for the sequence (B,,),>3. From
, it is immediate that the limit points of (B,),>3 and (f,).>3 coincide, so
that the set of limit points of (f,,),>3 is precisely K. Similarly, relative compact-
ness of (fy,)n>3 follows from that of (B,,),>3. O

Remark 5.3.4. As with the central limit theorem and weak invariance principle,

we have Corollaryfollows from Corollary (see for example [93, Section
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3]). From Theorem one can also deduce upper and lower class refinements
of the law of the iterated logarithm. See [84, Chapter 1] for statements of these

and further consequences.
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Chapter 6

Generalisation to sequences of

compact group extensions

6.1 Outline

Let (X, d) be a bounded metric space and T': X — X be non-uniformly expanding
as in Section [3.2] Let p denote the ergodic invariant Borel probability measure
on X constructed in Section [3.4, We suppose throughout this chapter that the
return time 7 has integrability p > 2. Let G be a compact connected Lie group
with Haar measure v, and suppose that (7, R?) is a representation of G for some
d > 1. As in Remark we fix a G —invariant inner product [-,-] on R? and
view G as a closed subgroup of O(d). We consider the sequence of compact group
extensions Tj,m : X x G — X x G defined by Ty (7, g) = (Tx, gh™ (x)), where
h™: X — G are n—Holder and satisfy sup,,»; [|A™]|, < co. For all n > 1 the
probability measure m = p X v is T}, —invariant and assumed to be ergodic as
in Remark [4.1.1 We make the following additional assumptions on the cocycles:

Assumption 6.1.1. There exist h>) € C"(X;G) and C > 0 such that
m _peo < ©
|p\" — b < —  foralln > 1. (6.1.1)
n
Moreover, the induced compact group extension Fi) is assumed to be mixing.
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Remark 6.1.2. Mizing is typical in the following sense, as in [35, Theorem 1.5
and Remark 1.6]. The set of Holder cocycles h™): X — G for which Fi) is not
maxing lies in a closed subspace of infinite codimension in the space of all Holder

cocycles.

We consider the sequence of equivariant observables ¢, : X x G — RY of the
form ¢,, = g - v,, where fXXngn dm =0 for all n > 1 and v,,: X — R? satisfies
sup,,>1 ||vnll; < oo. In this chapter, we show how the martingale-coboundary
decompositions in Chapter 4 and Chapter [ apply to Birkhoff sums of the form
Y ore é On © W . To state our main results, we make some definitions. For n > 1,
define

T
_ YA
kli)nolo k /X><G (Z ¢n h(n>) (Z¢n h(n ) dm = AxG¢nwn dmA'

(6.1.2)
We also define the random elements W,,: X x G — D([0,00); R?) by W, (t) =
n 2SI g o TE ) for t >0,

Theorem 6.1.3. Suppose lim,,_,oc X, = 2 for some ¥ € R4, Then g% = Xq for
all g € G and

(i) n Y230y dn o Th,y —uw N(0, ).

(ii) W, —w W in D([0,00); R?), where W is a Brownian motion with mean 0

and covariance matrix 2.

Let W C D([0,00); R?)) denote the set of weak subsequential limits of (W, ),>1
and S C R%4 be the set of limit points of (X,),>1.

Theorem 6.1.4. The following hold true:

(il) W € W if and only if W is a Brownian motion with mean 0 and covariance
matriz 3 € S.
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The next result says that any weakly convergent subsequence of (W,,),>1 has

corresponding convergence of moments.

Theorem 6.1.5. Let W € W and let (W, )k>1 be such that W, —, W. Then

ne—1 . q
ICIL% n}:q/2 /XXG Z On,, © T;Jﬂnk) dm = EHW(I)‘Q} forall0 < qg<2(p—1),
=0

where E denotes the expectation with respect to the underlying probability space
on which W is defined.

The structure of the chapter is as follows: In Section [6.2] we verify uniformity
of the constants which arise as a result of the primary and secondary martingale-
coboundary decompositions from Chapter 4] and Chapter [5] respectively. For this,
it suffices to verify uniformity on the inducing set Y, for then orthogonality allows
us to deduce uniformity on Y x G, and then by lifting we obtain uniformity on
A x G. In Section [6.3] we prove the main results above. Finally, in Section
we give a homogenisation result of discrete fast-slow dynamical systems with ad-
ditive noise, where the fast dynamics are generated by a family of compact group

extensions with non-uniformly expanding base.

6.2 Uniformity for the primary and secondary

decompositions

Since p > 2, we choose v € [A™",1) as in Remark [4.4.4, For each n > 1, we
define the induced cocycles H™:Y — G by H™ = A" and induced functions
V,:Y — R? by

T(y)—1

Vo) = > h(y) - oa(T'), (6.2.1)

where hén) =hW R 0T ... M o T To simplify the results in this section, we

let C' > 0 denote various constants which are independent of n > 1.
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DECOMPOSITIONS

Proposition 6.2.1. Let € € (0,1]. The following hold true:

(i) L. H™]| e < Cr(a)|[h™]], for alla € o and n > 1.

(ii) [|[1Vale < Cr(@)||vnllnllh ™|, for alla € o and n > 1.

Proof. This follows directly from Proposition since the given constants de-
pend only on the properties of the underlying dynamical system 7. O]

The next statement is immediate from Proposition 4.4.3|and Proposition|(6.2.1

Proposition 6.2.2. The twisted transfer operators Py : L' (Y;RY) — LY(Y;R?)
as defined in Sectz’on satisfy | Py Vally < Cllonlln[|h™ 1], for all n > 1.

In view of Section [4.5 we require some control on the spectra of Py when
viewed as operators on the space F, o(Y;R?) = {V € F,(Y;RY) | [, o9V dmy =

0}. We first remove the possibility of eigenvalues lying on the unit circle for Py (o).

Lemma 6.2.3. The twisted transfer operator Py : Fyo(Y;RY) — F,o(Y;RY)

has no eigenvalues on the unit circle.

Proof. Suppose that PV = €V for some w € [0,27) and V € F, o(Y;RY).
Let Uy : L2(Y;R?) — L2(Y;R?) denote the twisted Koopman operator for F
with respect to the cocycle H™). By arguing as in ([4.5.7)), we have Uy )V =
e” V. Define ¥: Y x G =+ R by ¥ = g-V. Then

T o Fiyieo) :gH(OO)-VOF:g~(H(°°)-VoF) =g Uy V=g -e“V
= e WY,

Since my is mixing, it is weak mixing, so that ¥ is constant my —almost surely.
Since V' € F,o(Y;R?), we have fYXG‘Ifdmy = 0 so that ¥ = 0 my —almost
surely. Therefore V' = 0 py —almost surely. O

We look to appeal to the results of [51]. The next proposition verifies that the
sequence of twisted transfer operators Py satisfies the hypotheses [51, (2)—(5)].
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We first define some notation. For any bounded linear operator Q: F, o(Y;R?) —
F,o(Y;RY), let

IQIl = sup {|QV] : V € Fyo(Y3RY), V], < 1}.
Proposition 6.2.4. The following hold true:
(i) [Prw VI < |V for allk,n>1, and V € F,o(Y;R?).
(ii) ||731’fl(n>V||7 < CHFIVIL, + V) for all kyn > 1, and V € F,o(Y;R?).

(iii) For n > 1, if z € o(Pf.,) with |z| > v, then z is not in the residual
spectrunﬂ of Prrn)-

(iv) |Pae — Pueoll < € for alln > 1.

Proof. We have that (i) follows directly from Proposition [£.5.1] (i). For (ii), we
combine Proposition m (ii) with the fact that sup,, [, < co. For (iii),
note that by the proof of Corollary [4.5.2] we have res(Pye) < v for all n > 1.
Therefore if z € 0(Pym ) with |z| > 7, then z is an isolated eigenvalue of finite
multiplicity. In particular, z does not lie in the residual spectrum of Pywm). It
remains to verify (iv). Let V € F,o(Y;R?) with |[V], < 1. Let y € Y and
Yo € a be the unique element of a € o for which F'y, = y. Note that by a similar

calculation to , we have
’(H(n)@a)il - H(m)(ya)il) ' V(ya)l < ”H(n)(ya) - H(oo)(ya)H’V’oo

Moreover, by repeating the argument of the proof of (4.4.1]), we have

17y () = 22 ()] < Z 1T ya) = BTy |

'For our purposes, we only require that the set of eigenvalues is disjoint from the residual

spectrum.
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In particular,

[ e) = )| = 10 (0) = 055w
7(a)—1

< O |RT ) — O (T )|

< r(@)|A™ — B, < T(“),
n

where the final inequality follows from (6.1.1)). It follows from Remark and
Proposition that

[(Pron = P ) (V)W) <D Galwa) | (H™ (ya) ™ = H(ya) ™) - V(1)

aco
T
< Zﬁby(a)T(a)|h(”) — h(OO)|OO|V|OO < |n|1
acx

Therefore |(Pym) — Py )(V)|1 < 1/n, so that ||[Pym — Pyeo || < 1/n as re-
quired. O

We now show how the results in [51] imply uniform exponential contraction of

the operators Py for n sufficiently large.

Proposition 6.2.5. There exists R € (v,1) and N > 1 such that for alln > N,
we have || Pk, || < CR" for all k > 1.

Proof. We first note that since 7ess(Ppo)) < v and Py has no eigenvalues on
the unit circle, there exists R € (v, 1) such that o(Pgyw) C Br(0). From [51]
Theorem 1], there exists N > 1 sufficiently large such that o(Pym)) C Bg(0) for
all n > N. Applying [51, Corollary 2 (ii)] completes the proof. O

Recall Uy : LH(Y;RY) — L1(Y;R?) denotes the twisted Koopman operator
of F with respect to the cocycle H™. Note that if V,,: Y — R? is defined as in
(6.21), we have from Proposition that there exist J,, € F,(Y;R?) and M, €
LP(Y;R%) such that V,, = M, + Uy J, — J, with M, € ker Pym. In addition,
Proposition also gives the existence of constants C'(n) > 0 depending on n
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such that ||,y < C(n)Jual | A, and [M, < C)lo]l, [}, We now use
Proposition to deduce uniformity:.

Proposition 6.2.6. The following hold true:
) 1ull, < Clloall|A, for alin > 1.
(ii) |Myl, < CHUTLHth(n)Hn Jor alln > 1.

Proof. Let N > 1 be as in Proposition [6.2.5] By Proposition [£.6.1] there ex-
ists C' > 0 sufficiently large such that ||J,|l, < C’||va|l,||h™], and |M,|, <
C'Jvalla|R™, for 1 < m < N — 1. Therefore, it suffices to prove uniformity
for n > N. For such n, we have from the proof of Proposition that
0(Pym) C Bgr(0). Therefore, it follows from the proof of Proposition that

T =Y PhuwVu € F,(Y;RY).

k=1

From Proposition [6.2.5, we have

[ Jnlly < Z HP]];(MVnHW < ZRkanHth(n)“n < ||Un||n||h(n)||m
k=1 k=0
proving (i). For (i), we note that |M,|, < |[va]l,[|R™ ||, by an identical calculation

to (4.6.5)), where we use the uniform estimate for ||.J,,||, proven above. O

From the previous proposition, uniform versions of the results in Chapter 4] go
through. In particular, letting 7 denote the semi-conjugacies as in Section
and ggn = ¢, 0 Tm denote the lifted versions of the equivariant observables ¢,

we have a sequence of martingale-coboundary decompositions

where fyn denotes the tower map for 7} and L,, denotes the transfer operator
for frym). We next state the uniform results we explicitly require. The first result
is a uniform version of Proposition [4.6.2] (i).
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Proposition 6.2.7. It holds true that [{,], < C|lvpll,|R™ ||, for alln > 1.
The next result is a uniform version of .

Proposition 6.2.8. It holds true that | maxj<g<p |Xn © fﬂn) — Xnllp = o(n'/?).
We next state uniform versions of Corollary (ii) and Theorem (ii).

Proposition 6.2.9. [t holds true that

max < O\ vl |B™,,  for alln >1

PT

i<j<n | & e .
and
j-1
max ; Gn 0 Ty < Cn 2|l 1AM, for alln > 1. (6.2.3)
= 2(p—1)

By looking at the proof of Corollary [£.8.5] the following result is immediate

from the previous two propositions.

Corollary 6.2.10. We have the convergence

ot (B ) (Boon) e it

XxG AxG
uniformly in n.

We now switch focus to the secondary martingale-coboundary decomposition.

Define the sequence of observables ¢,,: A x G — R%? by

O = Un Ly (U th]) — L dma, (6.2.4)

AXG

where Uy, L, L'(A x G;R*) — L'(A x G;R%®) denote the Koopman and trans-
fer operators for fym respectively. By the results in Section we have the

secondary martingale-coboundary decomposition for ¢, given by
an :r‘/;n"i_f(nof}[(n) _)Zn with én € kerﬁn.
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Note that by Remark and Section [5.2 in order to conclude uniformity of
the constants which arise as a result of the secondary martingale-coboundary
decomposition, it suffices to verify uniform versions of Proposition [5.2.1] Propo-
sition [5.2.5, and Proposition [5.2.6| By observing the proofs of these results, one
can see that this follows directly from the preceding results in this section. We

require the following uniform version of Proposition [5.2.9
Proposition 6.2.11. Let ¢,, be as in (6.2.4). Then

j—1
Z¢” o fEm < C’nl/2||vn||,,27||h(”)||3] for alln > 1.
k=0

2(p-1)

max
1<j<n

6.3 Proofs of the main results

Lemma 6.3.1. The sequence (|(,|?)ns1 is uniformly integrable.

Proof. Let n > 1 and recall from (4.6.8]) that

. 0 if ¢ <7(y) — 2,
wn<y’g7€) - .
g-Mn(y) ifl=r7(y)—1,

where M, is as in Proposition We begin by showing that (|M,|?),>1 is
uniformly integrable. For this, note by Proposition [6.2.6] (ii) that

/2 n
/Y (1M P duy = /Y ML duy < o212
< (s_up ij”n)p(suP Hh(j)Hn)p < 0.
j=1 j=1

Therefore (|M,|?),>1 is LP/?(Y)~bounded. Since p > 2, uniform integrability

follows from Proposition [2.3.11]
We next show that this implies uniform integrability of (|¢),|?)n>1. Indeed, fix

e > 0 and let K > 0 be such that
/ |Mnl21{|Mn|22K} dpuy <e foralln>1.
Yy
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We have
/ |wn|2]1{‘77[,n‘221(} dma = |T’11/ ‘Mn’21{|Mn|22K} dpy
AXG Y
< / ‘Mnygﬂ{IMnPZK} dﬂy <e€ for all n > 1.
Y

This completes the proof. O

Proof of Theorem[6.1.3. We first note that it suffices to prove (ii), for then (i)
follows immediately from the same argument as in Remark 2.3.7 For n >
1, define the random elements W,,, M,: A x G — D([O 00);R%) by W, (t) =
p 12 o &y and M,(t) = n~1/? Skl . for t > 0. Note that
since each En commutes with the action of G on Rd, it follows that ¥ commutes
with the action of G on R?. Since ) is a semi-conjugacy for all n > 1, it follows
from Proposition that (¢n 0 T} k=0 ~ (¢ 0 fr k=0 for all n > 1, and so
it suffices to show that W, —,, W in D([0, c0); RY).

We begin by showing that M, —, W in D([0,00); R?). First note that each
¥y, lies in L*(A x G;R%) by Proposition m Moreover, ¢, € ker £,, by (6.2.2).
By Lemma m, the family (1/3n|2)n21 is uniformly integrable. Next, for each
t > 0, we have from that

[nt]—1 [nt]—1
1 P 1 Tk
= D UnLa(ntly) © flzin =15 == > (600 flzw + Tn) — 13
k=0 k=0
[nt]—1
1 ~ X [nt]
== kz_% Pn 0 frrm + (7271 —tZ). (6.3.1)

Now, we have from Proposition [6.2.11] that

n—1
> bu o frrw < -
k=0

2pp-1)

max
1<j<n

Z ¢n fH(n)

1
n

2(p-1)

< 71_1/2||vn||37||h(”)||,,27 — 0.
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Therefore n=! ZZ;& én Hm — 0 in probability. Continuing (|6 , we have

ni]— [nt]—
1 [nt] [nt] 1 " [nt]
— n —, —tY ) =—— n —t¥, —tX
nz H()+(n ) n [nt] Z fH()+(nt
— 0 in probability.

Therefore, it follows from Theorem that M, —, W in D([0, 00); R%).
We next show that this implies convergence of W,. Observe that for any
T > 0, we have from [92] that M, —, W in D([0,T]; RY). Moreover, note that

[nt]—1

sSup Wn(t) - Mn( ) = = Sup Xn n >A<n © fk n
. | | Vi o Z it Hn)
1 i 1 oo fk g
Jn tg[%l; [Xn © frm — Xnl < ni/p 1<r}1€13[>;ﬂ [Xn © i) — Xl

It follows from Proposition [6.2.8 that sup,c gy |W,,(t) — M,(t)| — 0 in proba-
bility. Setting s to be the Skorokhod metric defined on D([0,7]; R?), we have
S(Wn,Mn) — 0 in probability. Therefore, we have from Theorem m that
W, = W in D([0,T);R%). Since T > 0 is arbitrary, we have from [92] that
W, = W in D([0, 00); R?), as required. O

Proof of Theorem[6.1.4 Given a matrix 3 € R%? let Wy denote the Brownian
motion with mean 0 and covariance . To prove (i), we show that any subsequence
has a further subsequence which is weakly convergent. The result then follows
from Theorem Let (W,,) be a subsequence. Note that from and
Proposition , we have (3, ) is bounded. Therefore, we can pass to a further
subsequence (Wnk[) along which 3, — ¥ for some X € S. By Theoremm (ii),
we have VVnkZ —» Wy, and tightness follows.

For (ii), let W € W and suppose (W, ) is a subsequence of (W,,) such that
Wy, —w W. From the argument in (i), we can pass to a further subsequence
(Wnkg) along which W, ~—, Wy for some ¥ € S§. By weak convergence of
W, to W, it follows that W ~ Wy and any weak limit is of the required form.
Suppose now that ¥ € S. Then there exists a subsequence (¥,,) of (3,) such
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that limy_e X,, = . It follows from Theorem [6.1.3] (ii) that W,, —, Wk, so
that W € W. ]

Proof of Theorem[6.1.5. Note that by (6.2.3]), we have

2(p—-1)
n;(p_l) / dm
XxG
(p—1)

ne—1

J
E , Pny, © Thmk)

j=0
(p—1)/2

— 2 _ n _
< g o [ AR

2(p—1 . 2(p—1
< (sup [[vll,) > (sup |9],)** 7 < oc.
3=>0 3>0

In particular, if 0 < ¢ < 2(p — 1), then (|W,, (1)|9)g>; is L2?~Y/9—bounded, and

hence uniformly integrable by Proposition [2.3.11 The result now follows from

Proposition [2.3.12] O

6.4 Application to homogenisation

There is considerable interest in understanding how stochastic behaviour emerges
from deterministic systems. One method is via homogenisation, in which de-
terministic systems with multiple timescales converge to a stochastic differential
equation. In particular, there has been much interest in the homogenisation of
fast-slow dynamical systems [18] B8], 52, 53], [75]. To conclude the thesis, we give
such an application of our results. We first formulate the setup.

As in Section [6.1] we let T: X — X be non-uniformly expanding and G be a
compact connected Lie group with fixed representation into O(d). Consider the
family of compact group extensions with base 7', given by Tj,): X x G - X x G
for € € [0, ¢), where ¢y > 0. The cocycles h'9: X — G are n—Holder and satisfy
SUDee(0,c0) |h19]],, < co. For all € € [0,¢) the probability measure m = u x v is
T} —invariant and is assumed to be ergodic as in Remark [{.1.1] We consider the
family of equivariant Holder observables ¢.: X x G — R? defined by ¢, = g - v,
where v.: X — R? satisfies

sup ||vell, < oo and  lim|v. — vgle = 0. (6.4.1)
€€[0,e0) =0
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We make the following additional assumptions on the cocycles:

Assumption 6.4.1. There exists C' > 0 such that
W) — O < Ce  foralle €0,e). (6.4.2)

Moreover, the induced compact group extension Fyo) 1S assumed to be mixing as
in Remark[6.1.2.

Remark 6.4.2. With this assumption, the results from the previous two sections
go through for the family of compact group extensions T« and equivariant ob-

servables @e.

We study discrete fast-slow dynamical systems of the form
ze(n+ 1) = z(n) + €ac(ze(n), uc(n)) + ede(ue(n)), 2(0) =&. (6.4.3)

The slow dynamics z.(n) € R? have initial condition &, and given u.(0) € X x G,
the fast dynamics ue(n+ 1) = T (ue(n)) are generated by the family of compact
group extensions defined above. Here a.: R? x X x G — R? is defined and
continuous for € € [0, €y), and the only source of randomness in the dynamics is

the initial condition u.(0). We make the following regularity assumptions:

Assumption 6.4.3. The function a. and initial condition & in (6.4.3) satisfy the
following:

(1) liHle—>0 66 = 50-

(ii) There is a constant L > 1 such that

ae Zax7 - a& Z/,J},
|ae|oo S L and Llp(ae) = sup sup ( g) /( g)}
22 (2.9) |z — 2|

<L

for all e € [0, €).

(iii) lim g |ac — agleo = 0.
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(iv) ao(z,2,9) = g - ay(z,z) for some ay: RY x X — R which satisfies
lah(2, )y < o0 (6.4.4)
for all z € RY.

We set out some notation for the next theorem. For z € RY, let us define
a,: X x G — R4 by
OCZ<I,g> - CLQ(Z,J)‘,Q)-

Let P: R? — R? be defined by

Let

Eo—nh—)nc}oﬁ (Z%O (o>><z¢oo <o>>

XxG

and let W denote the Brownian motion with mean 0 and covariance matrix .
Define 2, € D([0,00); R?) by 2.(t) = 2([te"?]) for t > 0.

Theorem 6.4.4. P is Lipschitz and 2. —,, Z in D([0,00);RY) as € — 0, where
Z 18 the solution to the integral equatimﬂ

t
Zt:é-o—f‘/P(Zs)dS"—Wt, tZO
0

Proof. By [60, Theorem 6.3 and Remark 6.4] (where z.,y., and X in the cited
paper corresponds to our z, u. and Z), it suffices to show:

(i) For all z € RY,
1/] 1

Z o, 0 h(g / azdm‘dm:().
xG

2Equivalently, one can write this as the stochastic differential equation dZ = P(Z)dt + dW
with initial condition Z(0) = &.

lim
e—0 XxG
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(ii) The family of random elements W,: X x G — D([0, 00); RY) defined for t > 0
by

satisfies W, —,, W in D([0, 00); R?) as e — 0.

We first prove (i). Fix z € R? and define 5,: X x G — R? by B.(z,9) =
o:(z,9) — [y.qa-dm. Note that [, . B.dm = 0. Moreover, by invariance of

the Haar measure, we have

/MO‘Z(% h) dm(x,h)z/XxGaz(:rvgh) dm(z, h) :/XXGaO(z,x,gh) dm(z, h)

= /chgh ~ag(z,z)dm(z,h) =g - (/XxGh -ag(z, z) dm(z, h))

. (/XXGaO(z,x,h)dm(:c,h)) g (/XXGQZ(I, h) dm(:c,h)).

Therefore
ng) =g dy(en) —a- ([ acdm) =g i)
XxG
where 8,: X — R? is defined by
pi(x) = ag(z,x) — / a, dm.
XxG
Now, by (6.4.4), we have ||5.]],, < oo. It follows from ([6.2.3)) that

[6_1/2]—1
/X><G

Z €% 0 Tyt
k=0

< e sup ||, sup |RV], =0 ase—0.
€€[0,e0) e€[0,e0)

dm < /2(1e2]) 2 o, 11,
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6.4. APPLICATION TO HOMOGENISATION

Therefore
[671/2]—1
/ /2 Z o, 0Tl — / a, dm‘ dm
XxG k=0 XxG
[e=1/2]—1
< / Z e'2B, 0Tk, dm+/ |€1/2[€_1/2]042 — | dm
XxG k=0 XxG

—0 ase—0,

proving (i).
We now prove (ii). For e € [0, €), let us define the family of covariance matrices

Se=lim = [ (S,00(Su00)T dim,

n—oo M, Xx@G

where
n—1
S o k
nPe = Ge © [ACE
k=0

By Theorem (i), it suffices to show that that lim. o X, = 3. Write

_ T
]e,n_/)(XG(Sn¢e)(Sn¢6) dm,

and let § > 0. By Corollary [6.2.10} there exists N > 1 such that | N~y — 3| <
J for all € € [0, ¢). Note that

[ Ien — o]l < |(Snoe)(Snoe)” — (SN¢O>(SN¢O)T|1
< (|Sn@el2 + [Sndol2)|Snde — Sndola < N (Jve|os + [vo]oo) [Snvde — Sneol2.

We show that this converges to 0 as € — 0. Note first that N(|ve|oo + |V0]oo) <
2N SUP.¢(o ) I|Velly < 00 by (6.4.1). Next note that

N-1
[Snoe — Sneol <Y [pe — dol 0 Ty + > |0 © Ty — o 0 Ty | =2 T + 11

0 k=0

=2

b
Il

We have
I < N|ve—1v|ec >0 ase—0

123



CHAPTER 6. GENERALISATION TO SEQUENCES OF COMPACT
GROUP EXTENSIONS

by (6.4.1). For I1, first observe that for € € [0,¢), (z,9) € X x G, and 0 < k <
N — 1, we have

0(Th o (2, 9)) = do(T x, gh? () = ghi (x) - vo(T* ),

where h,(f) =hEORE oT ... h(O o Tk=1 Therefore

N—

)_l

N—

|60 0 Tl (2, g) — do 0 Ty (2, g)| < Z\vo|oouh ) — (@)
£

k=0 =

Moreover, by an identical argument to the proof of (4.4.1)), we have
100 (2) — i (@)|| < 37 || (Tx) — KOT2)|| < kIR — 2O < ke

by (6.4.2)). It follows that
N-1

IT <) [volocke =

k=0

N —-1)N
%de —0 ase—0.
Therefore |Sy¢. — Sndo| — 0 as € — 0. In addition,

|Snde — Sndo| < |Snde| + [Sndo] < N|ve|oo + Nl|vgloo < 2N sup |[|vel], < 0o

e€[0,¢)

by (6.4.1), and hence |Syd. — Sndola — 0 as € — 0 by the dominated convergence

theorem. We conclude that lime o I v = o v. Since

1B = Zoll < INTHew = Bl + N7 Ienw — Ton | + IN 7 on — o
<25+ N7 Y. — Ionl,

it follows that lim,_,o X, = X, as required. O
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