
University of North Dakota University of North Dakota 

UND Scholarly Commons UND Scholarly Commons 

Theses and Dissertations Theses, Dissertations, and Senior Projects 

6-1-1970 

Development of Procedures for Determination of Yield Lines Development of Procedures for Determination of Yield Lines 

Rafik Y. Itani 

Follow this and additional works at: https://commons.und.edu/theses 

Recommended Citation Recommended Citation 
Itani, Rafik Y., "Development of Procedures for Determination of Yield Lines" (1970). Theses and 
Dissertations. 3551. 
https://commons.und.edu/theses/3551 

This Thesis is brought to you for free and open access by the Theses, Dissertations, and Senior Projects at UND 
Scholarly Commons. It has been accepted for inclusion in Theses and Dissertations by an authorized administrator 
of UND Scholarly Commons. For more information, please contact und.commons@library.und.edu. 

https://commons.und.edu/
https://commons.und.edu/theses
https://commons.und.edu/etds
https://commons.und.edu/theses?utm_source=commons.und.edu%2Ftheses%2F3551&utm_medium=PDF&utm_campaign=PDFCoverPages
https://commons.und.edu/theses/3551?utm_source=commons.und.edu%2Ftheses%2F3551&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:und.commons@library.und.edu


DEVELOPMENT O f  P R O C E D U R E F O R  

DETERMINATION OF YIELD LINES

by

Rafik Y .  I tani

B a c h e lo r  of S c i e n c e  , U n iv e r s i t y  of W i s c o n s i n  1969

A T h e s i s

Subm itted  to th e  F a c u l ty  

o f  the

U n i v e r s i t y  of North D ak o ta  

in p art ia l  fu l f i l lm en t  o f  the req u irem en ts  

for the d e g r e e  of 

M a s t e r  o f  S c i e n c e

Grand F o r k s ,  North D ak ota

June 
19 70



T h is  T h e s i s  subm itted  by Rafik Y .  I tani in part ia l  fu l f i l lm e n t  of the  
re q u ire m e n ts  for th e  D e g ree  o f  M a s t e r  o f  S c i e n c e  from the U n iv e r s i t y  of  
North D ak ota  i s  hereby  approved by th e  F a c u l ty  Advisory C om m ittee  under 
whom th e  work h a s  b een  d o n e .

n



P e r m is s io n

T i t le  D e v e lo p m en t  of P ro ce d u re s  for D e te rm in a t io n  o f  Yield  L in e s

D epartm ent  C i v i l  Eng ineer ing__________________________________________

D e g r e e _____ M a s t e r  of  S c i e n c e ______________________________ ________________

In p r e s e n t in g  t h i s  t h e s i s  in p art ia l  fu l f i l lm en t  o f  the  
re q u ire m e n ts  for a graduate  d e g re e  from th e  U n iv e r s i t y  o f  
North D a k o t a ,  I a g re e  that  the L ibrary  of  t h i s  U n iv e r s i t y  
s h a l l  make it f r e e ly  a v a i l a b l e  for i n s p e c t i o n .  I further a g r e e  
th a t  p e r m is s io n  for e x t e n s i v e  co p y in g  for s c h o l a r l y  p u r p o s e s  
may be gran ted  by th e  p ro fe s s o r  who s u p e r v is e d  my t h e s i s  
work o r ,  in h i s  a b s e n c e ,  by the  Chairman o f  th e  Departm ent  
or the  D e a n  of  the G radu ate  S c h o o l .  It i s  unders tood t h a t  
an y  copying  or p u b l i c a t io n  or o th e r  use o f  t h i s  t h e s i s  or 
part t h e r e o f  for f i n a n c i a l  gain  s h a l l  not be a l lo w e d  without  
my w rit ten  p e r m i s s i o n .  It is a l s o  understood th a t  due 
r e c o g n i t io n  s h a l l  be g iv e n  to me and to the U n iv e r s i ty  o f  
North D a k o ta  in any s c h o l a r l y  u s e  w hich  may be made o f  
an y  m a te r ia l  in my t h e s i s .

Signature w  , \ \ K

Date M o o  ZCr 3 Q 7 ">

iii



ACKNOWLEDGMENTS

The writer  w i s h e s  to  e x p r e s s  h i s  s i n c e r e  grat i tude  and a p p r e c i a t i o n  

to  D r .  Ronald A. A p an ian ,  h i s  co m m it tee  c h a i r m a n ,  w h o s e  s u g g e s t i o n s  

and a d v i c e  were ve ry  h e l p f u l .  T h an k s  and grat i tude are a l s o  due to  

P r o f e s s o r s  I .  R. J e n s e n  and O .  E. M anz for a c t i n g  a s  a d v is o r y  co m m it te e  

m e m b e r s .

The writer  w i s h e s  to  t a k e  t h i s  opportunity  to  thank Dr. C h a r l e s  G .  

Salmon o f  the U n iv e r s i t y  o f  W i s c o n s i n  w h o s e  pr ivate  in te rv ie w s  were 

e x t r e m e ly  h e lp fu l .

T h an k s  and g ra t i tud e  are  due to Karen Eberhard w h o s e  h e lp  in 

computer  programming w a s  v e ry  v a l u a b l e .  Also th a n k s  are  e x te n d e d  to 

M r s .  Ben H e n n e s s y  f o r t y p i n g  the f in a l  c o p y .

The writer  w i s h e s  to  th a n k  h i s  w i f e ,  M a r y s u e ,  for typing th e  rough 

d r a f t s ,  and for her  u n ders tan d in g  and e n c o u r a g e m e n t .

iv



TABLE OF CONTENTS

A C K N O W L E D G M E N T S .........................................................................................................  iv

LIST OF ILLUSTRATIONS.....................................................................................................  v i i

A B S T R A C T .....................................................................................................................................  ix

IN T R O D U C T IO N ..................................................   1

W orking  Strength  D e s i g n .......................................................................................  1
U lt im ate  Strength  D e s i g n .......................................................................................  2
Y ie ld  Line T h e o r y .........................................................................................................  3
Purpose  o f  T h e s i s ......................................................    4

SIGN C O N V E N T I O N ...........................................................      5

RULES FOR DETERMINING YIELD L I N E S ................................................................  7

An Axis o f  R o t a t i o n ...........................    7
A Rigid Region . . .....................................................................................................  8
J o h a n s e n ' s  R u l e s .......................................................................................................... 8

NODAL F O R C E S .......................................................................................................................  12

Nodal  F o r c e s  a t  I n t e r s e c t i n g  Y ie ld  L i n e s ................................................... 12
M agnitude o f  Nodal F o r c e s ..................................................................................  14
C a s e s  of  Nodal  F o r c e s  at  I n t e r s e c t i n g  Y ie ld  L i n e s ..............................  16
Nodal F o r c e s  a t  a Free  E d g e ........................   23

THE EQUILIBRIUM C O N D I T I O N S ..............................................................................  2 5

PROCEDURES FOR DETERMINATION OF YIELD LINE PATTERNS . . .  28

M a t h e m a t i c a l  M e t h o d ............................................................................................  29
S e m i - G r a p h i c a l  S o l u t i o n .......................................................................................  3 1
Thin M em brane A n a l o g y ....................... .... ...........................................................  3 2

v



Sy m m e tr ica l  P l a t e s .....................................................................................................  3 5
N o n - S y m m e t r i c a l  P l a t e s .......................................................................................  43

C O N C L U S I O N S ................................    49

APPENDIX ......................................................................................................................................  51

L i s t  o f  N o t a t io n s  and S y m b o l s .......................................................................... 52

BIBLIOGRAPHY............................................................................................................................  54

PROBLEM ILLU STRA TIO N S................................................................................................. 3 5

vi



5

6

7

8

9

10

13

15

15

17

18

2 1

24

25

27

28

29

32

LIST OF ILLUSTRATIONS

A N e g a t iv e  Angle o f  R o t a t i o n .....................................................................

A P o s i t iv e  Y ie ld ing  M o m e n t ..........................................................................

C a s e s  of  A xes  of R o t a t i o n ..........................................................................

A P la te  D iv id e d  into Four R e g i o n s .......................................................

J o h a n s e n ’ s Rule ( a ) ............................................................................................

J o h a n s e n ' s  Rule ( b ) ............................................................................................

Nodal  F o r c e s  at  I n t e r s e c t i n g  Y ie ld  L i n e s ..........................................

A Small  Element  T ak e n  from Region  B ...................................................

Free  Body Diagram of  th e  Elem ent  Shown in Figure 8 . . . .

C a s e  (a) o f  I n t e r s e c t i n g  Y ie ld  L i n e s ...................................................

C a s e  (b) o f  I n t e r s e c t i n g  Y ie ld  L i n e s ...................................................

C a s e  (c) o f  I n t e r s e c t i n g  Y ie ld  L i n e s ...................................................

A Yield Line I n t e r s e c t i n g  a Free E d g e ...................................................

A Free Body Diagram o f  a R e g i o n ............................................................

A T r a p e z o id a l  R e g i o n ........................................................................................

A C a s e  of Sy m m e tr ica l  P l a t e s .....................................................................

A p p l ica t io n  o f  the M a t h e m a t i c a l  M e t h o d ..........................................

D e f l e c t e d  Su r fa c e  o f  a Y ielded P l a t e ..............................................

v i i



F igure Page

19. Contour Map of  a Square P l a t e ...............................................................  34

2 0 .  Problem l . S . P ........................................................................................................  35

2 1. Problem 2 .  S . P ........................................................................................................  3 6

2 2 .  Problem 3 . S . P ....................................................................................................... 39

2 3 .  Problem 4 . S . P ....................................................................................................... 40

2 4 .  Problem 5 . S . P ....................................................................................................... 42

2 5 .  Problem l . N . S . P ................................................................................................  44

v i i i



ABSTRACT

This  t h e s i s  p r e s e n ts  methods for determining y ie ld  line p a t tern s  of 

i so trop ic  p la te s  that  are uniform in t h i c k n e s s  and s u b je c t e d  to a uniform 

lo ad in g .  The importance of t h e s e  methods a r i s e s  from the m a th e m a t ic a l  

c o m p l ic a t io n s  involved in finding y ie ld  l in e  patterns  by the p re se n t  pro

ced u res  .

S in ce  y ie ld in g  patterns  are  dependent  on the shape of  a p la te  a s  

w e l l  a s  th e  support c o n d i t i o n s ,  th e  methods recommended here w i l l  be 

b a s e d  on assu m in g  a y ie ld in g  p at tern  and c h e c k in g  for it s  c o r r e c t n e s s .  

The u se  o f  the computer  can provide many t r ia l  so lu t io n s  in a very  short 

t i m e .  The c o rre c t  pat tern  wi l l  be  that  w h ich  g iv e s  the same v a lu e  of  the 

y ie ld in g  moment a long a l l  y ie ld  l i n e s .

The b e n e f i t  o f  the  recommended methods is that  no m a th e m a t ica l  

c o m p l ic a t io n s  are involved and a very e le m en tary  knowledge of  computer 

programming is s u f f i c i e n t .

IX



S> .fety and econ om y are two c r i te r ia  that  a s t ru ctu ra l  e n g in e e r  

s t r iv e s  to  s a t i s f y .  T h e s e  two c r i t e r i a  w e r e ,  and a r e ,  the b a s i s  for most  

c h a n g e s  :hat o c cu r  in d e s ig n  c o d e s .  Not long a g o ,  the b a s i s  for d e s ig n  

w a s  the E l a s t i c  Method or what  is known a s  Working Strength  D e s ig n  

(W S D ) . t o d a y ,  th is  method is a lm o s t  c o m p le te ly  re p la ce d  by a new o n e ,  

namely  th ; U lt im ate  Strength  D e s i g n  (U S D ) .

Working S x e n g t ’n D e s ig n

The Working Strength  D e s ig n  method u s e s  the e l a s t i c  b ehavio r  of 

the m ater ia l  a s  a b a s i s  for d e s i g n .  In this  method the yie ld  strength  of 

the  mater:  al is reduced to  an a l lo w a b le  working value and the d e s ig n  is  

carried out on the b a s i s  of that  v a l u e .  This  p re sen ts  some problems to the 

eng in ee rr  . The fa c to r  of  s a fe ty  a g a in s t  fa i lu re  is not r e a l ly  d e f in e d .  The 

method a s s u m e s  an e l a s t i c  s t r e s s  condit ion  but does not a l low  a s o lu t io n  

for loading on a pla te  or a beam th a t  produces a n o n - e l a s t i c  s t r e s s  

dis tr ibu . i o n . A more s e r io u s  l im ita t io n  is in the a n a l y s i s  of p la te s  that  

have ir -egular  s h a p e s .  The p re se n t  d e s ig n  c o d e s  l i s t  c o e f f i c i e n t s  for the 

purpose of a n a ly z in g  reg ular ly  shap ed  p la te s  or s l a b s .  The a n a l y s i s  is 

not q . : ie  that  e a s y  in the c a s e  of p la te s  having irregular s h a p e s  and

INTRODUCTION
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various support c o n d i t i o n s .

Ult im ate  Strength D e s ig n

This  is  one of the  a c ce p te d  d e s ig n  procedures at the present  time 

in the area  of re inforced  c o n c r e t e .  In this method d e s ig n  is carried out 

on the b a s i s  of  an u l t im a te  load w h ich  is eq u a l  to the working load 

multiplied by a load f a c t o r .  The strength of  the m ater ia l  used is that  of  

the y ie ld in g  s t ren g th .

For purposes  of s a f e t y ,  the load fac tor  is  subdivided into two 

f a c t o r s ,  nam ely  the overload fa c to r  (U) and the u n d e r c a p a c i ty  fa c to r  (0 ) .  

To be ce r ta in  that  the loading on a structure is  not u n d e re s t im a te d ,  the  

overload fa c to r  is a p p l i e d .  The American C o n c r e te  In s t i tu te  Code [ 1 ] of 

1963 s p e c i f i e s  that  when wind and earthquake loading are not c r i t i c a l ,

(U) c a n  be computed by the  fo l lowing equation:

U = 1 . 5  dead load + 1 . 8  l iv e  load

To c o r r e c t  for errors  in the qu al i ty  of a m a te r ia l ,  qu a l i ty  of w o rk 

m anship ,  a c c u r a c y  of c a l c u l a t i o n s  and other a p p ro x im a t io n s ,  the u n d e r 

c a p a c i t y  fa c to r  ( 0 )  is a p p l i e d .  This  fac tor  t a k e s  on d if feren t  v a lu e s  

depending on the funct ion  a member s e r v e s .  Knowing U and , the load 

fa c to r  is then  computed a s  U ( h .

The U lt im ate  Strength  D e s ig n  a p p l ie s  for two d im e n s io n a l  mem bers ;  

how ever ,  in tne c a s e  of s l a b s  or p l a t e s ,  the Yie ld  Line Theory is a p p l i e d .
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Yield Line Theory’-

The Yield  Line Theory for s l a b s  or p la t e s  is a r e l a t i v e l y  new c o n c e p t  

of a n a l y s i s .  Even though t e s t  r e s u l t s  show th a t  the c o n c e p t  is an 

a c c u r a t e  o n e ,  the United S t a t e s  d e s i g n  co d e s  have not y e t  adopted i t .

Up to this da te  most of  the l i tera ture  co n ce rn in g  the Yield Line Theory is  

s t i l l  in fore ign lan g u a g e s  s i n c e  most  of the p ion eers  in t h i s  a r e a ,  su c h  

a s  K. W .  J o h a n s e n ,  are Eu ro p e a n s .

The b a s i c  c o n c e p t  of the Yie ld  Line Theory s t a t e s  that  fa i lure  d o e s  

not occur  un t i l  a m e ch an ism  is form ed.  C o n s id e r  a fixed end beam 

s u b je c te d  to a uniform loading that  c a u s e s  the end portions to  r e a c h  th e ir  

p l a s t i c  moment.  This d o e s  no: s ig n i f y  fa i lu r e .  The beam w il l  co n t in u e  to 

carry an add i t io n a l  loading until  p l a s t i c  moment in the middle is r e a c h e d ,  

thus forming a m e c h a n is m .  Ir. the c a s e  of a p l a t e ,  the sam e c o n c e p t  is  

in v o lv ed .  W h e n  a pla te  is s u b je c t e d  to some load in g ,  var ious  points 

w i l l  have d i f feren t  s t r e s s e s .  The addit ion of loading that  c a u s e s  som e 

points  to r e a c h  their  y ie ld in g  s t r e s s  does  not s ig n i fy  f a i l u r e .  The p la te  

c o n t in u e s  to  ta k e  more loading u n t i l  more a d j a c e n t  points  r e a c h  their  

y ie ld in g  s trength  to form a m e c h a n is m .  In jo in in g  the po in ts  that form 

the m e ch a n is m ,  the y ie ld  line pattern  is o b t a in e d .  The Yield  Line Theory 

is only con cern ed  with bending and co m p le te ly  ignores d e f l e c t i o n  and

s h e a r .
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Purpose of T h e s i s

The purpose of th is  t h e s i s  is the development of methods by which 

the lo c a t io n  of  yield l i n e s  for p la te s  of various sh a p e s  and support con di  

t io n s  can be determ ined .  All p la te s  w i l l  have a uniform t h i c k n e s s  and 

w i l l  be a c te d  upon by uniformly d is tr ibuted l o a d s .  It is quite  e a s y  to 

determine the yie ld  l in e s  for sy m m etr ica l  p l a t e s .  However ,  th is  is not 

true in the c a s e  of n o n -s y m m e tr ic a l  p l a t e s .  It is  hoped that  with the 

information conta ined in t h i s  t h e s i s ,  one could apply th is  theory to  d e ter  

mine the yie ld  l in es  of any p la te .



SIGN CONVENTION

In th is  t h e s i s ,  the s ig n  of an a n g le  of  ro ta t io n  will  be determined 

by the right hand ru le .  T h is  angle  w i l l  be re p re se n te d  by a s in g le  headed 

arrow (------ -)  a s  shown in Figure 1.

I
Z

F ig .  1 . - - A  N e g a t iv e  Angle of Rotation

A p o s i t iv e  moment is  a moment th a t  tends to  produce c o m p r e s s iv e  

s t r e s s e s  on the top f ibers  of a p la t e .  Each  moment will  be re p re se n te d  

by double headed arrows (— -) p la ce d  a long a y i e l d  line . An arrow 

ly ing  in a region r e p r e s e n t s  a moment a c t in g  on that  re g io n .  The

5
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right hand rule w i l l  be used to  e s t a b l i s h  the s e n s e  of  that  moment.

Figure 2 i l lu s t r a te s  a p o s i t iv e  y ie ld ing  moment a c t i n g  along a yie ld  

l i n e .

—  Simple  
Edge Suppor

F ig .  2 . — A P o s i t iv e  Yielding Moment



RULES FOR DETERMINING YIELD LINES

In d i s c u s s i n g  th is  s e c t i o n ,  it is e s s e n t i a l  to  def ine  the t e r m s ,  an 

a x i s  of  rotat ion and a rigid r e g io n .

An Axis of Rotation

An a x i s  of ro ta t ion  is a l in e  about which a portion of a p la te  rotate  

For a pla te  that  is  simply supported a lon g  an e d g e ,  that  edge w i l l  serve  

as  an a x i s  of ro ta t ion  whose d i r e c t io n  is w e l l  de term in ed .  For a p late  

that  is supported on a co lum n,  the  a x i s  of ro tat ion  p a s s e s  over the 

column but its d i r e c t io n  is not known. Figure 3 i l l u s t r a te s  the a b o v e

mentioned c a s e s  of a x e s  of r o ta t io n .
i
I
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A Rigid Region

Failure in a p late  is c h a r a c te r iz e d  by the a p p e a ra n ce  of y ie ld  l in e s  

in some pattern .  Figure 4 shows a square p l a t e ,  s imply supported along 

four e d g e s ,  with the  y ie ld  l i n e s  dividing it into r e g io n s  A, B,  C ,  and D .

F ig .  4 . - - A  P la te  Divided into Four Regions

The deformation in e a c h  reg ion  of  the pla te  shown in the above f igure is  

e l a s t i c ,  and for a l l  p r a c t i c a l  purposes  e a c h  of  t h e s e  reg io n s  w i l l  be c o n 

s id ered  a s  a plane r ig id  r e g io n ,  thus ignoring a l l  e l a s t i c  d e fo rm a t io n s .

J o h a n s e n ' s  Rules

The fo llowing two ru les  have been  p resen ted  by K. W .  Jo h a n s e n  [2]

for determining y ie ld  l i n e s :



9

(a) A y ie ld  l ine  b etw een  two reg ions  wil l  p a s s  through the in te r 

s e c t i o n  of  their  a x e s  o f  ro ta t io n .

F ig .  5 . - - J o h a n s e n ' s  Rule (a)

(b) The y ie ld  l in e  pattern is  determined by the a x e s  of  ro ta t ion  of 

the v ar iou s  reg ions  o f  a plate  and the ra t io s  between th e ir  r o t a t io n s .

To prove th is  r u l e ,  c o n s id e r  a plate  s im ilar  to that  shown in

Figure 6 .

Let  plane A 'B 'C 'D '  be p a s s e d  at a d i s ta n c e  of A from the u n d e f le c te d  

su r face  o f  the p la t e .  This  p la n e ,  p ara l le l  to  the or ig inal  p os i t ion  o f  the 

p l a t e ,  w i l l  cut reg io n s  I ,  II,  I I I ,  and IV in l i n e s  A 'B ' ,  B ‘C ' ,  C 'D '  and 

D 'A ' .  T h e s e  l in e s  w i l l  be c o n s e c u t i v e l y  p a r a l le l  to the a x e s  of ro tat ion  

of  the r e g i o n s .  Let be the d i s t a n c e  b e tw e en  AB and A 'B ' ,  and le t  Q  ̂

be the a n g le  that reg ion  I r o ta te s  about AB.



10

/
/

F ig .  6 . - - J o h a n s e n ' s  Rule (b)

X 1

AA'
A

9 1 s i n c x 1
( i )

Let 9-i be the angle  that  region IV r o ta te s  about AE, and le t  be the 

d i s t a n c e  b e tw e en  AE and A ' D ' .

X4

AA

A _

6  4

0 4  s i n & 4
(2)
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By eq uat ing  eq uat ion  1 to eq u a t io n  2 the fo llowing w i l l  be o b ta in e d .

A
9 4 s in ° h

s in 0 C 4 sinCX^ (3)

Equation 3 shows that  the d ire c t io n  of the y ie ld  line b e tw e en  r e g io n s  I 

and IV is  dependent  on the  r o ta t io n s  Q , and Q .

S im i la r ly ,  it c a n  be proven that  an id e n t ica l  re la t io n  holds true for 

a l l  r e g i o n s .

W ith  t h e s e  two r u le s  one c a n  determine the apparent l o c a t i o n s  of

the y ie ld  l i n e s .



NODAL FORCES

In determining y ie ld  line p a t t e r n s ,  equilibrium must e x i s t  in a l l  

parts of a p la te  that are bounded by yie ld  l i n e s .  The d is tr ib u t io n  of 

shear ing  s t r e s s e s  a long yie ld  l in e s  is  of no c o n c e r n  in t h i s  t h e s i s .  For 

that  r e a s o n ,  t h e s e  s t r e s s e s  can  be rep laced  by two fo rc e s  that  are eq u a l  

in m agnitude,  o pp osi te  in d i r e c t i o n ,  and a c t in g  at the ends  of a y ie ld  

l i n e .  It must be noted that  t h e s e  f o r c e s  w.'U c a u s e  a t o r s io n a l  moment 

that  wi l l  induce to rs io n a l  s t r e s s e s  a lon g  e a c h  yie ld  l in e .  H ow ever ,  the 

main c o n ce rn  here is not the s ta te  of s t r e s s  at various points  but the 

equil ibrium condit ion  of  e a c h  region of a p la t e .

Nodal F o r c e s  at I n t e r s e c t i n g  Yield Lines

Figure 7 i l l u s t r a t e s  a c a s e  of four yield l i n e s  i n t e r s e c t in g  at  point  

0 .  Let m^,  m2 , m3 and m^ re p re s e n t  moments per unit length  along 

J,]_, L2 , L3 and L4 , r e s p e c t i v e l y .  The s y m b o l ,  O  , r e p r e s e n ts  a fo rce  

a c t in g  upward while the sy m b o l ,  (#) , is used to  rep re sen t  a force  a c t i n g  

downward .

Exam inat ion  of Figure 7 (b) indie  us that  at  point 0 there  e x i s t s

two f o r c e s ,  Q t and 0 T , that  are p a r a l l e l ,  unequal  and d i r e c t i o n a l l y  
L 1 L2

o p p o s i t e .  Let Q B re p re s e n t  the r e s u l t a n t  of t h e s e  two f o r c e s  ( i . e .  ,
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F ig .  7 . - - N o d a l  F o r c e s  a t  I n t e r s e c t i n g  Yield L in e s
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Q b -  Qj

Thus:

But

. The sam e argument

Q/\ = 0 L
^3

CM
ai

q b = % ~ QpL i

nOa

% ~ q lL4

q d  - Q,
l 4

"  Q t 
l 3

q a + q b + +

This  proves that  there  can  be an inf in ite  number of  yield l i n e s  i n te r s e c t  

ing at one point .

M agnitude of Nodal F o rces

Figure 8 shows a s m a l l  e lem ent  of region B that  is a d j a c e n t  to 

re g io n  A. A free  body diagram of th is  e lem ent  is shown in Figure 9 .

An assum p tion  is made here that  the e le m en t  is sm all  enough that  

dm2 may be co n s ide red  n e g l ig ib ly  s m a l l .  The summation of  moments 

about  aO' y ie ld s  the fo l lowing:
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9 . - - F r e e  Body Diagram of the  t l e m e n t  Shown in Figure 8
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m2^2 c o s A  + Qf\ dx s i n Q ^ ! -  m^dx c o s  ' -

(rr^I^ ~ m^dx c o s Q ^  ') -  dP dx s in  ( X  ' _ 0 (4)

The term dP is  sm al l  enough that  the v a lu e  of dP dx sin CX ' c a n
3

n e g l e c t e d .  As 0 a p p r o a c h e s  0 ,  Q£' approachesCX / A  a p p ro a c h e s  zero 

and equat ion  4 b e c o m e s :

m2L 2 + qA b dx sinCX -  m  ̂ dx c o s  a  -  m9Lr

m2 dx c o s  a = o

q A b = (mi "  m2>

QA B = (mi " ’V

c o s  CX 
sinCX

c o t ( X (5)

Equation 5 g iv e s  d irect  computation for the nodal force  that a c t s  on a 

region at the i n t e r s e c t i o n  o f  two y ie ld  l i n e s .  Th is  force  is e q u a l  to  the 

d i f fe r e n c e  of  moments a lon g  t h e s e  y ie ld  l in e s  mult ip lied by th e  c o ta n g e n t  

o f  the angle  b e tw e e n  them .

C a s e s  of Nodal F o rce s  at  I n t e r s e c t i n g  Y ie ld  Lines

Having ob ta in ed  an e x p r e s s i o n  for the nodal f o r c e s ,  v a r io u s  c a s e s  

of in t e r s e c t in g  y ie ld  l in e s  w i l l  be e x a m in e d .

(a) Three Y ie ld  L in e s  o f  the Same Sign I n te r s e c t in g  at a Point 

Figure 10 shows three  y ie ld  l i n e s  of  the sam e sign in t e r s e c t i n g  at

ooint  0 .
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F ig .  1 0 - - C a s e  (a) of  I n te r s e c t in g  Yield  L in es

Two s e g m e n t s , A b a n d ^  , are shown in the  above figure . In an 

i s o t r o p ic  plate  th a t  has  uniform t h i c k n e s s ,  the moments  per foot  of 

length along y ie ld  l i n e s  of  the  same s ign  are equal  in m agnitude .

H e n c e :

m l = m2 =  m3

Equation 5 y ie ld s :

Q A  c  = 0 co t  OC ] , =  0

Q A  P = ° COt ^  2 =  °

But + 0  A c + ° A  g must be e q u a l  to z ero  to s a t i s f y  the
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con dit ion  of eq ui l ibr iu m .  This  would make Q,. = 0 .  Using th e  same

a n a l y s t s , ;;  c a n  be shown that  = Q> =  g .  = 0 .  Thu s ,  m e  io ilowing
d  U  A

can  be con c lu d ed :  In an i s o t r o p ic  pla te  the nodal f o r c e s  at  the in te r 

s e c t i o n  of y ie ld  l i n e s  of  the  same sign are a l l  eq u a l  to zero .

(b) Two Y ie ld  L in e s  o f  th e  Same Sign In te r s e c t in g  a Third One of  
a D if feren t  Sign

A

F ig .  1 1 . - - C a s e  (b) of In te r s e c t in g  Y ie ld  Lines

To e v a lu a te  u s e  Figure 11 (b) .

(-m + m) cotQC = &
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QAb -  (m + m) c o t J 3  - 2 m  cot

But

QA + QAC + QAB = 0
T h e r e f o r e :

QA “  -°AC - QA B = -2mcotJ3

To e v a lu a te  Qg re fer  to Figure 11 ( c ) .

QAc = 0
Q A  = 2 m c o t $

But

° b  = -°AC - qAa

T h e r e f o r e :

Q =  - 2 m co t  Q

For e v a lu a t in g  Q q  re fer  to Figure 11 (d)

QA  = -2  m co t  Q
A

Q A  = - 2 m c o t J 3
•B

There fore :
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Q c  =  2 m (cot Q + cot  )

If the sumr ‘ ;on of Q
of  two y ie ld  l i n e s  of the same s ig n  in t e r s e c t in g  a third one o f  a d i f fere n t  

s ig n  is p o s s i b l e .

T h e r e fo r e ,  the  mentioned c a s e  is  p o s s i b l e .  To g e n e r a l i z e ,  the fo l low ing 

c a n  be s t a t e d :  It is p o s s i b l e  to have two y ie ld  l i n e s  of th e  same s ig n  

in t e r s e c t in g  a third one o f  a d i f ferent  s ig n .

(c) I n t e r s e c t i o n  of Three Yie ld  L in e s  of th e  Same Sign 
with a Fourth of a D if feren t  Sign

To e v a lu a te  Q n refer  to  Figure 12 ( b ) .
D

q a + Qr + Qq = 2m (cot 0
2 m c o t ^  =  0

Q A a = 0 tan (c c + 7 ) = 0

But

There fore :

0



2 1

F i g .  1 2 . - - C a s e  (c) o f  I n t e r s e c t i n g  Y ie ld  Lines
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To e v a lu a te  Q q  refer to Figure 12 ( c ) .

q A b =  0 t a n f i 0

Q A d  =  O t a n ( a  + / )  = 0

T h e r e f o r e :

Q c  = - Q A b -  =  0

Q c  0

To e v a lu a te  refer  to  Figure 12 (d)

QA ^  = -2m cot (CX+J3 )

QA  = (-m + m) c o t 0  = 0

T h e r e f o r e ;

Qd = 2m cot ( C X + J 3 )

To e v a lu a te  refer  to Figure 12 (e)

= (-m -  m) cot (Cf ) = -2m cotCC

Q A  = ( 0 ) cot ( ~ j f ) = 0
D

Therefore :



Qa “ qA a " qA d = ‘ 2m c o t a

To s a t i s f y  the equil ibrium con dit ion :

QA + Q B + Q C 4 Q D = 0 or QA + Q d  = 0

There fore :

(2 m) [co t  ( C C + J3  ) ~ c o t  CX 1 =  0

IfyQ 7̂  0 ,  then  m =  0 .  This  shows that  the  y ie ld  l ine  b e tw e e n  A 

and D cannot e x i s t .  If  there  w a s  a y ie ld  line b e tw e e n  reg ions  A and D ,  

it would have to  be of a d i f fere n t  s ig n .  This  le a d s  to  the c o n c l u s i o n  

that  when there  are  y ie ld  l i n e s  of one s ig n  in at  l e a s t  three d i r e c t i o n s ,  

no y ie ld  line o f  o p p o s i te  s ig n  can  i n t e r s e c t  them . C o n v e r s e l y ,  it can be 

s ta te d  that when y ie ld  l i n e s  of  dif ferent  s ig n s  i n t e r s e c t ,  th e y  cannot  

radia te  in more than three d i r e c t i o n s .

2 3

Nodal Forces  a t  a Free Edge

Equation 5 g iv e s  d i re c t  computation for the nodal force at a free 

e d g e .  Referring to Figure 13:

 ̂ = (0 -  m) cot  CX =  _m cotCC

But

Q a + Q
A A B 0
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F ig .  1 3 . - - A  Y ie ld  Line I n te r s e c t in g  a Free Edge

There fore :

Q b = m cot  CX (5a)

If a  is an  a c u te  a n g l e ,  the f o r c e ,  Q wi l l  be a c t in g  upward while
A

Q g , w h ich  is e q u a l  in magnitude to Q ^ ,  w i l l  a c t  downward.

The study of  the nodal  f o r c e s  p re sen ted  here is  adequate  and 

s u f f i c i e n t  for th e  u se  of  the  y ie ld  l ine  t h e o r y ,  and with th is  information 

procedures  for determ inat ion  of y ie ld  line patterns  w i l l  be e s t a b l i s h e d .



THE EQUILIBRIUM CONDITIONS

Having studied  the nodal fo rc e s  and the g e o m e tr ic  layout  of  y i e l d 

ing p a t te r n s ,  th e  equil ibrium co n d it io n s  o f  a y ie ld e d  plate  can  now be 

in t ro d u c e d .

As mentioned by K. W .  Jo h a n s e n  [ 2 ] ,  s t a t i c a l  equil ibrium must 

e;<ist in e a c h  re g io n  of a y ie ld e d  p la te .  Th is  im pl ies  that  three  equil ibr ium 

c o n d i t io n s  must be s a t i s f i e d .  Two of  t h e s e  c o n d i t io n s  s ta te  th a t  the sum 

of moments  about any two n o n - p a r a l l e l  a x e s  in the p lan e  of a reg ion  must 

eq ua l  z e r o .  The third co n d i t io n  s p e c i f i e s  that  the  sum of f o r c e s  in a 

d i r e c t io n  perpendicular  to  th e  reg ion  must  a l s o  eq u a l  z e r o .  To apply  

the s e  c o n d i t io n s  , prepare a free  body diagram of  e a c h  region a s  shown

F ig .  1 4 . - - A  Free Body Diagram of a Region

25
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For a region that is supported along an e d g e ,  the magnitude and 

the d is tr ibu t io n  of the r e a c t io n  are r t known. Summing moments about 

that edge wil l  g iv e  a d irect  computation of  the y ie ld in g  moment in that  

region while  the a p p l i ca t io n  of the remaining two co n dit ion s  w i l l  d e t e r 

mine the magnitude of the r e s u l ta n t  of the re a c t io n  and it s  point of  a c t i o n .

If a plate  has  "n "  r e g i o n s ,  "n "  v a lu e s  of the y ie ld in g  moment along 

the y ie ld  l in es  c a n  be d e term in ed .  The c r i t i c a l  l o c a t io n  of the y ie ld  l in e s  

is that  which  c a u s e s  a l l  " n "  v a lu e s  of  the  y ie lding  moments to be  e q u a l .  

This  is  due to the f a c t  that  the y ie ld in g  moment at any point of an  i s o 

tropic  p la te  of uniform t h i c k n e s s  has the sam e v a l u e .  With th is  c r i te r ia  

in mind, the v a l id i ty  of a y ie ld in g  pattern c a n  be determ ined .  M eth o d s  

are e s t a b l i s h e d  for determining yie ld  l in e s  in a la ter  s e c t i o n  of t h i s  

t h e s i s .

A commonly occurring reg ion  in yie lded  p la tes  is a t ra p e z o id a l  

reg ion  which is bounded by y ie ld  l in e s  and sim ply  supported a lo n g  one 

edge a s  shown in Figure 1 5 .

Equating the summation of  moments about AA' to  zero  y i e l d s :

m =  1 /6  ph^ (1 + 2— ) (6)

where p is  the in te n s i ty  of loading per unit a r e a .
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Fig .  1 5 . — A T rap ezoid a l  Region

In a fo llowing s e c t i o n  of  th is  t h e s i s  methods for determ ining yie ld  

line patterns  are d e v e lo p e d .  T h e s e  methods are b ased  on the equil ibrium 

co n d i t io n s  mentioned in th is  s e c t i o n .



PROCEDURES FOR DETERMINATION OF YIELD LINE PATTERNS

All s h a p e s  of p la te s  can  be c l a s s i f i e d  a s  sy m m etr ica l  or n o n -  

s y m m e tr ic a l .  Sym m etr ica l  p la t e s  are defined as  th o s e  that  p o s s e s s  a 

g e o m e tr ic  symmetry and w h ose  supports g iv e  symmetric  y ie ld in g  l i n e s  

about some a x i s .  Figure 16 sh o w s a sy m m etr ica l  re c ta n g u la r  p l a t e ,  

s imply supported a lon g  a l l  four edges  and s u b je c t e d  to a uniformly 

d is tr ibuted load p .  N o n -sy m m e tr ic  p la t e s  are t h o s e  that  do not p o s s e s s  

an a x i s  of symmetry.

Fig .  1 6 . — A C a s e  of S y m m e tr ica l  P la tes

28
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In th is  t h e s i s  three methods are recommended for the determ inat ion  

of yie ld  line p a t te r n s .  T h e s e  are m ath em atica l  method,  s e m i - g r a p h i c a l  

so lu t io n  and thin membrane analog y  s o lu t io n .

M a th e m a t ic a l  Method

The lo c a t io n  of a y ie ld in g  pattern in an i s o t ro p ic  p la t e ,  having 

uniform t h i c k n e s s ,  is c r i t i c a l  when the v a lu e s  of  the y ie ld ing  moment 

a long a l l  yie ld l i n e s  are e q u a l .  W ith  th is  in mind, the fo l lowing s te p s  

d e s c r i b e  the m a th em atica l  method a s  w e l l  as  the procedure .

Y

F ig .  1 7 . — A pplicat ion  of the M a th e m a t ic a l  Method
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(a) Assume a fa i lure  pattern using  J o h a n s e n 's  ru les  a s  mentioned 

b e f o r e .

(b) S e l e c t  a c o n v e n ie n t  s e t  of a x e s .

(c) Let the c o o r d in a te s  o f  the points  that determine the lo c a t io n  of 

the yie ld  l in e s  be defined in terms of som e unknowns x  and y .

(d) P lace  nodal  f o r c e s  where needed with their  v a lu e s  computed in 

terms of the c h o s e n  unknowns .

(e) D ef ine  a l l  dependent  unknowns in terms of th o s e  that  c a n  vary 

in de p en den t ly .  If point A of Figure 17 is  to  be an independent v a r ia b le  

point ,  point B w i l l  hav e  to be re la ted  to point A s i n c e  the  yie ld  l in e  AB 

has  to p a s s  through the i n t e r s e c t i o n  of the  a x e s  of ro ta t ion  of r e g io n s  I 

and II .

(f) C o n s id er in g  e a c h  reg ion  s e p a r a t e ly  and usxng the equil ibrium 

c o n d i t i o n s ,  obta in  e x p r e s s i o n s  for the moment a long a y ie ld  l i n e .  If 

there  are n independent  v a r ia b le s  that determine a y ie ld in g  pat tern ,

(n + 1 ) eq u a t io n s  must be obta ined  s i n c e  the v a lu e  of the y ie ld in g  moment 

is an u nknow n.

(g) Let the c h o s e n  v a r i a b l e s ,  such  a s  y^ or Figure 1 7 ,  take

a l l  p o s s i b l e  v a l u e s .  This  could be performed b e s t  by the u s e  of a c o m 

puter .  The change  in the v a r ia b le s  w i l l  c a u s e  the yie ld  l ine  pattern  to 

take  a l l  p o s s i b l e  l o c a t i o n s .  W h en  the v a lu e s  of the y ie ld in g  moments 

are eq ua l  to  e a c h  o t h e r ,  wi thin  some a c c u r a c y ,  print the v a lu e s  of  the 

v a r i a b l e s .  This w i l l  determine the e x a c t  lo c a t io n  of the y ie ld  l i n e s .



Attempts were made to find the so lu t ion  for y ie ld in g  patterns of  n o n -  

sy m m etr ica l  p l a t e s .  However ,  the c a l c u l a t i o n s  involved made it a ted ious  

t a s k  due to their  c o m p le x i ty .  In c a s e s  of sym m etr ica l  p l a t e s ,  the 

v a r ia b le s  are reduced in number and the so lu t ion  is an e a s y  one .

S e m i - G r a p h ic a l  So lut ion

A quick  p r o c e s s  to  perform the operat ion s  of the m a th em a tica l  

method is the s e m i - g r a p h i c a l  s o lu t io n .  The fo l lowing s t e p s  d e s c r i b e  the 

s e m i - g r a p h i c a l  so lu t io n  as  w e l l  a s  the procedure:

(a) Draw the p la te  to s c a l e .

(b) Assume a y ie ld in g  pattern acco rd in g  to J o h a n s e n 's  r u l e s .

(c) S c a l e  the v a lu e s  needed to u s e  the eq uat ion  of equil ibrium for 

e a c h  r e g io n .

(d) Obtain  the v a lu e s  of the y ie ld ing  moment in e a c h  region by 

simply applying the eq uat ion  of  s t a t i c s .

(e) Repeat  the p r o c e s s  unti l  v a lu e s  of moments for a l l  reg io n s  

c o m p a r e .

The method is fa ir ly  s im ple  and d o e s  not involve any m a th em a tica l  

c o m p l ic a t io n s  .

For c e r ta in  s h a p e s  the m a th e m a t ica l  method c o n s u m e s  a s u b 

s t a n t ia l  amount of  computer time due to the  number of t r ia l s  n e e d e d .  One 

ca n  e a s i l y  cut down th is  time by the a p p l i c a t io n  of the s e m i - g r a p h i c a l  

so lu t io n  by which the y ie ld in g  pattern is conf ined within  some l i m i t s .
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The s e m i - g r a p h i c a l  method is  a p p l i c a b le  to a l l  p la te s  r e g a r d le s s  of 

s h a p e .

Thin Membrane Analogy

In th is  t h e s i s  deformation in a p la te ,  s u b je c te d  to lo a d in g s ,  is c o n 

s idered to be co n ce n tra te d  at the lo c a t io n  of  yie ld  l i n e s .  All r e g io n s  wi l l  

r o t a t e ,  re feren ced  to the or ig inal  pos i t ion  of the p la te ,  about their  a x e s  

of ro ta t io n .  If p lanes  para l le l  to  the or ig in a l  p o s i t io n  of  the pla te  are 

p a s s e d  through the p la te  they w i l l  i n t e r s e c t  the d e f le c te d  su r fa ce  of  the 

p late  in l i n e s .  T h e se  l in e s  may be thought of a s  contour l in e s  showing 

c e r ta in  d e f l e c t i o n s  from the o r ig in a l  su r fa c e  of the p l a t e .  The c h a n g e  in 

d i r e c t io n  of a contour l in e  s imply r e p r e s e n ts  the e x i s t e n c e  of a y ie ld  line 

at that  lo c a t io n  as  shown in Figure 18.

F ig .  1 8 . — D e f le c te d  Su rface  of a Yie lded Plate
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In a t h e s i s  submitted to the fa cu l ty  of  the U n iv e rs i ty  of North 

D a k o ta ,  Mr. G .  Bihnam [3] presented an adequ ate  procedure for d e t e r 

mining the contour l in e s  of any sh ap e  of a p la te  s u b je c te d  to a uniform 

loading .  This  was done by taking  a m e ta l l i c  s h e e t  and cutt ing  out the  

shap e  of  the p la te .  A thin  membrane was used to cover  the h o le .

Pressure  w as  then applied to the thin  membrane,  and an o p t i c a l  c o m 

parator was  used for measuring d e f e c t i o n s ,  from which contour l i n e s  were 

p lot ted .  Having obta ined the contour  l ines  of  the d e f le c te d  s u r f a c e ,  the 

points where t h e s e  l i n e s  change d ire c t io n  could be jo i n e d ,  and the r e s u l t s  

obtained would b e ,  a s  p rev ious ly  d i s c u s s e d ,  the yield l ine  pattern .  It 

must be noted here th a t  contour l i n e s  wil l  ta k e  a r e l a t i v e l y  s tra ight  

d i re c t io n  at  some points  of the p l a t e .  If there  is a c o n s id e r a b le  c h a n g e  

in d i r e c t io n ,  it means that  the contour  line has p a ss e d  through a point on 

a yield l i n e .  To determine the lo c a t i o n s  of the points where contour 

l in e s  change  d ire c t io n s  , in terpola t ion  must be applied a s  done in the 

fo llowing paragraph.

The square s e c t i o n  used by M r.  G .  Bihnam is a good i l lu s t r a t io n  for 

the purposes of th is  t h e s i s .  Referring to Figure 19, the ch an g e  in d i r e c t io n  

of contour l in e s  of the d e f le c te d  su r fa c e  of a square shaped pla te  c a n  be 

e a s i l y  n o ted .  W here  contour l in e s  are r e a s o n a b ly  s t r a ig h t ,  ta n g e n ts  are 

drawn. The i n t e r s e c t i o n s  of t h e s e  ta n g e n ts  def ine  the path of a y ie ld  

l i n e .  This  is  a ra ther  crude and lengthy method for determining the 

lo c a t io n  of y ie ld  l i n e s .  H ow ever ,  for c e r t a in  p la te s  th a t  have odd
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s h a p e s ,  the method can  be used w e l l .

One of the many d i f f i c u l t i e s  that  e x i s t s  in us ing  th is  method is in 

providing fixed end supports  o n a  membrane s i n c e  the membrane ca n n o t  

r e s i s t  m om ent .

F ig .  1 9 . — Contour Map of a Square Plate



PROBLEM ILLUSTRATIONS

The fo l lo w ing  problems were c h o s e n  to dem onstra te  the va l id i ty  of  

the proposed methods a s  w e l l  as  the u s e  of the Yield  Line Theory .  T h e s e  

problems c o n s i s t  of two groups: (a) sy m m etr ica l  p la tes  and (b) n o n -  

s y m m etr ica i  j; i a t e s .

Sy m m etr ica l  P ia t e s  

Problem 1. S . 1 .

D etermine the l o c a t i o n  of y ie ld  l in e s  of the  p late  shown in 

Figure 20 (a) The pla te  is  < u b je c te d  to a uniform load of (p) pounds per 

sq u a re  f o o t .

B C

(a) (b)

F i g .  2 0 . — Problem I . S . P .
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From symmetry the pattern is shown in Figure 20 ( b ) .

Solut ion

Z m a b  = 0

(2) (m) (b) = (P ) ( | ) ( b ) ( i ) ( | - | )

From symmetry the same v a lue  of m is  obtained for region II.. T h e re fo re ,  

the pattern assum ed is c o r r e c t .

Problem 2 . S . P.

Determine the lo c a t i o n  of y ie ld  l in es  of the  plate  shown in 

Figure 21 (a) .  The pla te  is  s u b je c t e d  to a uniform load of one kip per 

square  foot and is simply supported a long a l l  e d g e s .

B C

F i g .  2 1 . - - P r o b l e m  2 . S . P .
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The nodal fo rce s  are a l l  equal to z e r o .  From symmetry the pattern

of y ie ld  l ines  is shown in Figure 21 (b).  Y  M for region I y ie ld s :
A d

So lu t io n

m =1 6 (2.  S . P. a)

Applying equat ion  6 for reg ion  I I ,  the fo l lowing c a n  be obta ined:

m? - | ( l ) ( 9 )  [1 +  2 (1 ° ~ 2 x ) ] (2 . S . P. b) ̂ b 10

W ith  the above eq u a t io n s  one can u s e  the proposed method to s o lv e  for x .  

H o w ev e r ,  the problem is quite  s im p le ,  and there is no need to do s o .  

Equating eq uat ion  2 . S . P . a  to 2 . S . P . b ,  the fo l lowing is obta ined :

I  v 2 = 9 r, 2 (10  -  2x) -i 
6 6 ‘  10

W h ic h  y ie ld s :  x  =  3 . 6 9  f t .  and m =  2 . 2  75 f t .  -  k i p / f t .

The same problem w as  solved on the computer with the  u s e  of the 

proposed method, and the r e s u l t s  obtained were:

x  = 3 . 6 8  7 and m =  2 . 2  77 f t .  =  k i p / f t .

The programming involved is very s im ple  and an e le m en tary  

knowledge of it is  s u f f i c i e n t .  The fo l lo w ing  flow chart  w as  u sed  to s o lv e

the above  problem.
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Problem 3 . S . P .

Repeat  problem 2 . S . P .  using the s e m i - g r a p h i c a l  s o lu t io n .

F ig .  22 . - - P r o b le m  3 . S . P .

The y ie ld in g  pattern is  shown in Figure 22 . 

Try x  =  3 . 0

]TM^g for region I y i e l d s :

m =  — = 1 . 5  f t .  -  k i p / f t  
i  6

Applying equat ion  6 for reg ion II y ie ld s :

m2 -  f  + 2 ^ ]
=  2 . 7  f t . -  k i p / f t

Try x  =  3 . 5

for region I y ie ld s :
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m , = =  2 . 0 4  f t .  -  k i p / f t .
1 o

Applying equat ion  6 for region II y ie ld s :

m9 =  7- (1 +  2 -— ) = 2 . 4 0  f t .  -  k i p / f t .
^ 6 10

Try x =  3 . 7 5

Y , for region I y i e l d s :

(3 75)^
m l =  - * " 6 " =  2 . 3 5  f t .  -  k i p / f t .

m9 =  7  (1 + 7 / 7 ) = 2 . 2  5 f t .  -  k i p / f t .  
z 6 10

The v a lu e s  of  m^ and compare w e l l  and th e re  is  no need for 

more t r i a l s .

Problem 4 . S . P .

Determine th e  y ie ld  line pattern for the  plate shown in Figure 23 ( a ) . 

The p la te  is s u b je c t e d  to a uniform loading of (P) pounds per square  fo o t .

1 . 5 '

F i g .  23 . - - P r o b l e m  4 . S . P .
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Solution

All nodal fo rce s  are equal to  zero .  For region I

£ m a b  -  0

m , ( 6) + 3 (mi )  -  p[ (6) (2) (1) +  (x -  2) ( 1 . 5 )  (2L+.1) (2)] 
1 2

m = §  [12 + 1 . 5  (x2 -  4)] 
i y

(4 . S . P . a)

for region II g i v e s :

•j
3m2 =  p [ (IQ ~ X)- - ( 1 . 5 )  (2) + (3) (2) (I)]

m2 =  [ ( 1 . 5 )(10  -  x )2 +  6] ( 4 . S . P . b )

Equating eq uat ion  3 . S . P  . a to eq u a t io n  3 . S . P . b , the fo l lowing is  

ob ta ined :

x 2 -  3 0 x  +  154 =  0 

x  =  6 . 4 3  f t .

Problem 5 . S . P .

D etermine the y ie ld in g  pattern  for a c i r c u la r  i s o t r o p ic  pla te  w h ich  

is  s u b je c t e d  to a uniform loading o f  (p) pounds per square  fo o t .  The

plate  is  simply supported a long it s  e d g e .
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F i g .  2 4 . — Problem 5 . S . P .

So lut ion

The so lu t io n  provided here is the same a s  that  p re sen ted  by K. W .  

Jo h a n s e n  [ 2 ] .  C o n s id e r  a p l a t e ,  w hich  is sy m m e tr ic a l ly  supported on (n)
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co lu m n s .  From symmetry the y ie lding  pattern is  shown in Figure 24 ( b ) .

p 7T r"

a n
n

x s m aa
Referring to  Figure 24 (c) and eq uat ing  the sum of  moments about AA1 to 

z e r o ,  the fo llowing i s  obta ined:

m ______P
2 n sin

7T
(i 2

3
sin

\ 1 L

}__n_
7T
n

W hen n a p p ro a ch e s  oo , m ap p ro a ch e s  — — . The problem
6 7T

is  then reduced to that  of  a c i r cu la r  plate w h ich  is  simply supported a long 

a l l  its e d g e s ,  and the y ie ld ing  pattern is id e n t ic a l  to that  shown in 

Figure 24 (d ) .

N on-Sym m etr ica l  P la t e s  

Problem 1. N . S . P .

Knowing that  the imposed loading is eq u a l  to  one kip per square 

f o o t ,  find the e x a c t  y ie ld in g  pattern of the p la te  shown in Figure 2 5 (a).
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y

(a) J (b)

Fi g.  2 5 . - - P r o b l e m  l . N . S . P .

Solution

The y ie ld in g  pattern wi l l  be s im i lar  to that  shown in Figure 25 ( b ) . 

The nodal f o r c e ,  a c t in g  at  the i n t e r s e c t io n  of the y ie ld  l in e  with ed g e  AD,

is  eq ua l  to:
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m (x 2 -  X j )

y i

The nodal  f o r c e ,  a c t in g  at the i n t e r s e c t io n  of the y ie ld  line with edge 

DC , is eq u a l  to:

m( y2 -  y x)

(b -  x 2 )

Summation of moments about l ine  AB for reg ion  I y i e l d s  the fo l lo w in g :

(m 1) 'L) + m j  -^ 1 -----(x ^) = P [(L -  y^) {-j-)  (-3^) + (x l ) (y l ) {— ) +
Y 1

(x2 -  x i ) ( y i ) ( | ) ( - ^ — -  +  x i)l

From which is obta ined :

2 2
p y x x 2 (L ~ y x) + 3x 1 y 1 +  V 1 ^ 2 -  x x)(x 2 + 2 x ^  

m i "  6 (y 1) (L) +  (x2 -  X j H x ^

( l . N . S . P . a )

Summation of moments about l ine  DC for region II y ie ld s :

(x? -  x j

m2 P
+  V

l J 1

L  (y j )  [b 

(b -  x 2)2

x 2 +
(x -  x , )  (b -  x )■  
__4_____L  ] + _ 4

6 (y 2 " y l )

x 9 -  x
[ y 9 -  —---------- (b -  x j )  ]

y 1

( l . N . S . P . b )
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Summation of moments about l ine  AD for region II y ie ld s  the fo l low ing 

r e s u l t s :

m2 (b -  Xj ) m
(y2 -  y i ) y l,

2 -----  y 2 = p (b "  X2) ( y l )(T _) +

b -  x 2 y 9 -  y ,
( ---- 2— )<y2 -  y l ) ( y l +  "  3 1

+  ( I d ,

From which is obta ined :

m0 =
3 y 2 (b

£ ___ I____
6

x 2) + (b -  x 2) ( y 2 -  y 1) ( 2 y 1 + y 2) + y 2 ( x 2 -  x ^

(b -  x ^  -
(y2 - y j ) ( y 2)

b -  x .

( l . N . S . P . c )

Summation of moments about  l ine  BC for reg ion  III y i e l d s :

y 9 -  y n (x 9 )(L -  y d  (L -  y n)
rri (b) + m,  ( — ------- -) (L -  y 0) = p — - —  ------— • -----------— +

b  -  X r
\

L -  y?
(b -  x 9) (L -  y ) (-----+

(y2 -  y x)(b -  x 2)(y) [ ( l  -  y 2) +

Vy2 "  y l

w h ich  g iv e s :
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* 2 (L -  y 3_)2 + 3 (l  -  y 2) 2 (b -  x 2) + (y2 -

rru = £
6

(b -  x 2 ) (3L -  2 y 2 -  y^j

b +
(y2 "  Vj )

(b x  ) 
2

(L -  Yr

(1 . N . S .  P.d)

Next  s t e p  is to e s t a b l i s h  the v a lue  of y in terms of , x ? , and y^

-  ~X1 y l
1 X  - x 2

S ’ " * 7 L

L -  y 1
(i ^ x y 2 ) -  s 2

The v a lu e s  of x  , x 2 , y , and y that g iv e  r e l a t i v e l y  equal  v a l u e s  for 

m 1 , mo , and mg are :

x^ =  2 .02  f t . 

x 2 =  3 . 5 4  f t . 

y j  = 2 . 0 7  f t . 

y 2 =  2 . 2 7  f t .  

m^ =  2 . 1 9 f t .  - k i p / f t .

m2 = 2 . 1 5  f t .  -  k i p / f t . ; m2 = 2 . 15 f t . -  k i p / f t . 

mg = 2 . 2  3 f t .  -  k i p / f t .

The fo l low ing flow chart  w as  u sed  to program this  problem on the  computer
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CONCLUSIONS

The fo llowing c o n c l u s i o n s  c a n  be s t a te d  about the proposed 

m e t h o d s .

(1) The v a l u e s  o f  m om en ts ,  computed from e a c h  re g io n ,  c h a n g e  

c o n s id e r a b ly  wTith a sm al l  c h a n g e  in the l o c a t io n  of a y ie ld ing  p a t te rn .

(2) The thin membrane a n a lo g y  is ra ther  limited in it s  a p p l i c a t i o n s .

(3) The m a th e m a t ic a l  method provided an a c c u r a c y  o f  3 . 5 %  in the 

c a s e  o f  n o n - s y m m e t r i c a l  p la t e s  w h ile  e a r ly  i n v e s t ig a t o r s  were s a t i s f i e d  

with an  a c c u r a c y  o f  2 5%.

(4) A very e le m e n ta ry  know ledge of computer  programming is  

s u f f i c i e n t  for applying the m a th e m a t ic a l  method.

(5) The m a th e m a t ic a l  method c o n s u m e s  a c o n s id e r a b le  amount of 

computer  t ime when there  are many v a r i a b l e s .

(6) In applying the s e m i - g r a p h i c a l  so lu t ion  to n o n - s y m m e tr i c a l  

p l a t e s ,  an  a c c u r a c y  of  30% is  c o n s id e r e d  to  be a d e q u a te .

(7) The proposed methods do not inv o lv e  any m a th e m a t ica l  c o m 

p l i c a t io n s  .

To apply th e  m a th e m a t ic a l  method e f f i c i e n t l y ,  a computer  program 

should be run with large in crem e n ts  in the  independent  v a r i a b l e s .  The 

v a lu e s  o f  the moments ob ta in ed  w i l l  not on ly  co n f in e  th e  y ie ld in g  pattern

49
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within  l im its  but w i l l  a l s o  e n a b le  the  programmer to s e t  b o un d ar ies  on 

the value of the y ie ld ing  moment.  Having con f in e d  the y ie ld in g  pattern  

within l i mi t s ,  sm al l  increm ents  in the v a r i a b l e s  are c h o s e n ,  and the 

e x a c t  l o c a t io n  of the  y ie ld in g  pattern is determ ined .



LIST OF NOTATIONS AND SYMBOLS

m U ltimate  moment of a p late  per unit length

m j  , m2 , , . . . U lt im ate  moments  per unit length a lon g  some 

s p e c i f i e d  l ines

P Load per unit area

P Tota l  load

Q Nodal force

QA a Nodal force  a c t in g  on a segment /\  ^

u O verload fac tor

Y  V  7, X , C oordinate  a x e s

a f i j
A

Angles b e tw e e n  yie ld  l i n e s  

M agn i tu des  o f  d e f e c t io n s

A a
e

Segment of reg ion A 

Angle of  reg ion  rotat ion

0 U n d e r c a p a c i ty  factor  

Axis

Axis of  ro ta t ion

Fixed edge support

Q Force a c t i n g  downward

O Force a c t i n g  upward
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A\\\\w\v\mw^

Free edge of a plate  

Moment

Simple column support 

Simple edge support 

Yield  l ine
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