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ABSTRACT

The Koszul homology algebra of a commutative local (or graded) ring R tends to reflect
important information about the ring R and its properties. We examine Koszul homology
and the relationship between Koszul homology and minimal free resolutions in various set-
tings. We provide tools which allow one to view Koszul homology in a concrete way, and
use these tools in a number of applications.

One setting in which we examine Koszul homology is provided by the notion of J-closed
modules. We introduce this new class of modules and present explicit formulas for the gener-
ators of Koszul homology with coefficients in such modules. This generalizes work of Herzog
and of Corso, Goto, Huneke, Polini, and Ulrich. We use these formulas to study connections
between J-closed ideals and the ideals by which they were inspired, namely, weak complete
intersection ideals.

As another application of such formulas, we study the Koszul homology algebra of quo-
tients by edge ideals. We show that the Koszul homology algebra of a quotient by the edge
ideal of a forest is generated by the lowest linear strand. This provides an answer, for such
rings, to a question of Avramov about the Koszul homology algebra of a Koszul algebra. In
order to obtain this result, we explicitly construct the minimal graded free resolution of the
quotient by an edge ideal of a tree.

We also use these formulas to construct a self-dual complete resolution of a module de-
fined by a pair of embedded complete intersection ideals in a local ring. The existence
of such a complete resolution gives an isomorphism between certain stable homology and

cohomology modules.
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Chapter 1

Introduction

In this chapter we discuss the basic objects that we use throughout this thesis, and we

summarize our main results.

1.1 The Basic Objects

In this section we recall some basic definitions and notations. Throughout this thesis, all
rings are assumed to be commutative and Noetherian. Furthermore we often assume that a
ring is local, or that it is graded. We say that a ring R is graded if R = 69120 R; such that
R,R; C R,y and Ry is a field. Throughout this section, we let (R, m, k) be a local ring with

unique maximal ideal m and residue field k.

1.1.1 Commutative Rings

Here we recall some basic definitions from commutative ring theory. The following defi-

nition is one we use throughout this thesis.

Definition 1.1.1. Let M be an R-module. A sequence of elements x1,...,x, € R is an
M-reqular sequence if x; is a nonzerodivisor on M and, for each ¢ > 2, x; is a nonzerodivisor

on M/(xy,....,x;_1)M. We call xq, ..., x, a reqular sequence if it is an R-regular sequence. If



an ideal I in R is generated by a regular sequence, we call I a complete intersection ideal.

We work with rings that are complete with respect to certain ideals in Chapters 2 and

3. This notion is defined as follows.

Definition 1.1.2. Let [ be an ideal in R. The [-adic completion of an R-module M is the

inverse limit
M .= lim M/I" M.
pr

If the natural map M — M is an isomorphism, we say that M is complete with respect to

the I-adic topology.
We will also use the following basic definitions.

Definition 1.1.3. Let [ be an ideal and p a prime ideal in R. The height of p is

ht p := sup{n | there is a chain of prime ideals, p =p, D ... D p1 D po}-
The height of I is

ht I :=inf{htp | I C p}.
Definition 1.1.4. The dimension of R is
dim R := sup{n | there is a chain of prime ideals, p, D ... D p1 D po}.

Definition 1.1.5. The depth of an R-module M is the length of the longest M-regular
sequence in m, and the depth of the ring R is the depth of R as a module over itself. The
ring R is Cohen-Macaulay or CM if depth R = dim R.

1.1.2 Homology

The main object we investigate in this thesis is Koszul homology. In this subsection we
define the notion of homology and recall several related definitions that we use throughout

this thesis. We begin with the following definition.
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Definition 1.1.6. A complex (C,0) is a sequence
On+1 On
i — Cpg — Cp —= Chy — .

of R-modules and homomorphisms, called differentials, satisfying 9,0,,.1 = 0 for all n. We
define C[i] to be the shifted complex with modules (C[i]), = C,_; and differentials as

above.
Given this definition, the notion of homology is defined as follows.
Definition 1.1.7. The n-th homology of a complex (C, ) is the quotient
H,(C) =Kerd,/Im0,1.
A complex C'is said to be ezxact if H,(C) = 0 for all n.
Next we define some basic objects that will appear often throughout this thesis.

Definition 1.1.8. A chain map f between two complexes (A4,94) and (B, 9P) is a sequence
of homomorphisms f, : A, — B, such that f, 104 = 92f, for all n. Equivalently, the

following diagram commutes

oA 9A 54
n+1 n—1
s A, —— A, —— -
lfn lfnfl
oB oB 0B |

+1
s B, —> B, ;] — ..

It is well-known that a chain map induces a map on homology. This brings us to the

following definition which will be important in this thesis.

Definition 1.1.9. A chain map f is a quasi-isomorphism if its induced map on homology

is an isomorphism.

We end this subsection with the following definition which we use in the proofs of several

of our results.



Definition 1.1.10. An R-module M is flat if whenever
0—A—B—C—0
is an exact sequence of R-modules, the sequence
0—>A<§M—>B<§M—>C%M—>O

is also exact.

1.1.3 Free Resolutions

In this thesis, we investigate the connections between Koszul homology and free resolu-

tions, which are defined as follows.
Definition 1.1.11. A free resolution of a finitely generated R-module M is a sequence
9o A
...HF2—>F1—>F0
of free R-modules together with an augmentation map Fy — M such that the sequence F
i B RS E S M —0
is exact. We say that F'is minimal if Im 9; C mF;_; for all ¢ > 1.

It is well-known that the minimal free resolution of a module is unique up to isomorphism;

thus the following definition makes sense.

Definition 1.1.12. The projective dimension of an R-module M is the length of the minimal

free resolution; that is, the largest integer n such that F), is nonzero.

We end this section by defining the (co)homology modules, Ext and Tor. These objects

will be important throughout this thesis.

Definition 1.1.13. Let M and N be finitely generated R-modules. Then we define
Tor®(M,N) := H,(F ® N)
R
Exth(M, N) := H"(Hompg(F, N))

where F' is a free resolution of M.



1.1.4 The Koszul Complex

The main object of study in this thesis is Koszul homology, which is the homology of a
certain complex called the Koszul complex. We recall the definition of this complex in this
subsection. We begin with the following definition, which we will need to define the Koszul

complex.

Definition 1.1.14. The tensor algebra of an R-module M is
T(M) =P T1"M),
k=0
where T#(M) = M®* is the k-th tensor power. The exterior algebra of M is

A M =T(M)/1,
where [ is the ideal generated by all elements of the form x ® x where x € M. The exterior
product of two elements a,b € A\ M is the product a A b induced by the tensor product on
T(M). The k-th exterior power of M, denoted A\*(M), is the submodule of A M generated

by elements of the form a; A ... A a, with a; € M for all .

Throughout this thesis, we suppress the wedge notation and denote by ab the exterior
product a A b. Now we are ready to define the Koszul complex. Let z = xy,...,z, be a

sequence of elements of R.

Definition 1.1.15. The Koszul complez K (x; R) is the complex with modules
K=\ (R")

for 0 < i <n and K; =0 for all ¢ > n, where we fix a basis dx1, ..., dz,, of the free module

R™, and differentials
Of (d, - - - drj,) = Z(—l)k+1$kd$j1 coodug, o da,.
k=1

We note that Ko = R, K1 = R", and for 2 < i < n, K, is a free R-module of rank (’Z) with

basis
{dx]1d$]z|1§]1<<]z§n}

5



We note that one can also describe the Koszul complex as the exterior algebra of the free
module with basis dzq, ..., dz, equipped with differentials induced by the map sending dx;

to x;, and we write

K(z; R) = R(dxy, ..., dz, | Ok (dz;) = ;).

1.2 Summary of Results

This thesis consists of five chapters and an appendix. The main goal of Chapter 2 is to
provide explicit formulas for the generators of Koszul homology modules with coefficients in
what we call a J-closed module. This generalizes work of Herzog in [24] (see also [26]) and
of Corso, Goto, Huneke, Polini, and Ulrich in [15], and allows one to view Koszul homology
modules in a concrete way. We begin the chapter with some background on the perturbation
lemma and the so called de Rham contraction, which are the main tools we use throughout
the chapter. In Section 2.2, we introduce the notion of J-closed modules, which provide the
setting for the main result of this chapter. We state and prove this result in Section 2.4.

The chapters that follow consist of various applications of the explicit generators of Koszul
homology discussed in Chapter 2. In Chapter 3, we use these generators to investigate
connections between J-closed ideals and weak complete intersection ideals, the ideals that
inspired the notion of J-closed ideals. The main result of this chapter provides a general
condition under which the quotient of J by a .J-closed ideal is a weak complete intersection.
This provides a new family of examples of weak complete intersections.

In Chapter 4, we study the Koszul homology algebra of quotients by edge ideals of forests.
These rings are classical examples of Koszul algebras. The main result of this chapter, which
we state and prove in Section 4.3, gives an answer, for such rings, to a question of Avramov
about the structure of the Koszul homology algebra of a Koszul algebra. In Section 4.2 we
construct the minimal graded free resolution of a quotient by the edge ideal of a tree, and

use this construction along with generators of Koszul homology modules given by Herzog



and Maleki in [26] in the proof of the main result.

The main goal of Chapter 5 is to construct the minimal complete resolution of a module
defined by a pair of embedded complete intersection ideals, and show that it is self-dual.
We begin this chapter with some background on complete resolutions and a survey of the
known results on symmetric growth in such resolutions. In Section 5.2, we provide explicit
generators of Koszul homology modules in the embedded complete intersection case, and we
use them in Section 5.3 to prove the main result of this chapter.

The appendix consists of an alternate proof of the result in Chapter 5 that gives formulas
for the generators of Koszul homology modules in the embedded complete intersection case.
Although the proof we provide in Section 5.2 is a much simpler one, we include this alternate
proof as it provides the intuition behind the methods used in Chapter 2 to provide generators

of Koszul homology in a more general setting.



Chapter 2

Generators of Koszul Homology

Let @ be a commutative Noetherian ring and let J be a complete intersection ideal in Q).
In this chapter, we introduce a class of ideals called J-closed ideals, that provides the setting
in which we study Koszul homology throughout this chapter. This new notion is inspired by
the weak complete intersection ideals studied by Rahmati, Striuli, and Yang in their recent
paper [36]. In a local ring @, they define weak complete intersection ideals to be the ideals
I such that the differentials in the minimal free resolution F' of the quotient (/I land in
IF. In any commutative Noetherian ring (), we define J-closed ideals to be the ideals I such
that there is a projective resolution P of @)/I whose differentials land in JP. We define the
more general notion of a J-closed module in a similar way. Expanding the allowed range for
the differentials allows additional flexibility, which as we show in Chapter 3, becomes useful
in studying weak complete intersection ideals. Of course, when Q is a regular local ring and
m is its maximal ideal, then any ideal is an m-closed ideal, but more interesting examples
are abundant. We show that a weak complete intersection ideal is a J-closed ideal if and
only if it is a complete intersection ideal embedded in J. Although neither class of ideals is
contained in the other, we find other connections between J-closed ideals and weak complete
intersection ideals in Chapter 3. To accomplish this, we study the Koszul homology modules

H;(g; R), where R = Q/I is the quotient by a J-closed ideal and g = g1, ..., g, is a regular



sequence that generates J.

One approach to understanding Koszul homology is to describe the generators. In his
1991 paper [24] (see also [26]), Herzog gives explicit formulas for generators of the homology
H(z; R) of the Koszul complex on the minimal generators of the of the irrelevant maximal
ideal m = (z1,...,x,) of a finitely generated graded k-algebra R, where k is a field of
characteristic zero. Recently, the authors of [15] provided explicit formulas for generators
of Koszul homology in a more general setting. They studied the homology of the Koszul
complex on a sequence g = x7’,...,zp" with M-coefficients, where J = (g) and M is what
we call a J-closed module throughout this chapter. We further generalize to the setting
where g is any full regular sequence generating J and M is a J-closed module. The formulas
we obtain have new terms, which vanish in the case considered by Herzog.

One of the main tools we use to obtain these formulas is the classical perturbation lemma;
see for example [16]. We also utilize the theory developed in [19] on the formulation of a
sort of partial derivative with respect to a regular sequence g and the de Rham contraction

built from it. The formulas we provide are given in terms of these partials.

2.1 The Main Tools

In this section we discuss the main tools used throughout this chapter, including the

perturbation lemma and a version of the de Rham contraction developed in [19].

2.1.1 The Perturbation Lemma

In this section we discuss the classical perturbation lemma. We use it in Section 2.4 as
the main tool for providing explicit formulas for the generators of Koszul homology. We

begin with the definitions, which can be found in [16].

Definition 2.1.1. A deformation retract datum

(2

((F.00) S (G, 06), )



consists of the following:

(i) complexes (F,0r) and (G, dg)

(ii) quasi-isomorphisms p and i such that pi = Idg

(iii) a homotopy H between ip and Idg (ie. 0cH + HOg = ip — Idg).

We call F' a deformation retract of G. A special deformation retract datum is a deformation

retract datum that also satisfies the equalities
Hi=0, pH =0, H*=0.

Given a deformation retract datum, one can define a (small) perturbation of the datum

as follows.
Definition 2.1.2. A perturbation of a deformation retract datum is a map
G—=—G
of degree —1, such that (95 + €)? = 0. The perturbation is small if the map Idg — eH is
invertible.
Now we state the perturbation lemma; see for example [16, 2.4].

Theorem 2.1.3 (Perturbation Lemma). If € is a small perturbation of the deformation

retract datum

((F.0r) = (6.00), ),

(2

then the perturbed datum

((F.3r) & (6,06 + ). 7)

1s a deformation retract datum, where
Op = Op +pAi, p=p+pAH, i=1i+ HAi, H=H+ HAH
and A = (Idg — eH) €. In particular, i is a homotopy equivalence.

10



In Section 2.3, we modify a deformation retract datum constructed in [19], and apply the

perturbation lemma to provide formulas for generators of Koszul homology.

2.1.2 The de Rham Contraction

In this section we use the theory in [19] on connections to formulate a sort of partial
derivative with respect to the elements of a regular sequence g. We use these partial deriva-
tives in the formulas given in Section 2.4.

Throughout this section we assume that k is a field of characteristic zero and @ is a
Noetherian k-algebra. We let g be a regular sequence in @ such that Q/(g) is a finite di-
mensional k-vector space and () is complete! in the (g)-adic topology.

We let Q,lc[ d/k be the module of Kahler differentials, that is,

Qii[g]/k = GB klgldgs,
i=1
and we denote by Q,:[g] ) the exterior algebra over Q}g[g] /i With differential induced by the
map Q,lg[ Ok k[g] sending dg; to g;, where we note that @ is an algebra over the subring
k[g], which is a polynomial ring since g is a regular sequence. The Koszul complex K(g; Q)

on g over @ is given by Q ®xg Q,:[g]/k. Indeed,

Q@ Q=0 @ \ Uyn
K 2 kg g

=Q ® klgl(dgy, ... dgs|6(dg:) = gs)

k[g
= Q<d91, oo dgs | 5(d9i) = 9i>-

Let 7 : Q — Q/(g) be the quotient map and fix a k-linear splitting

o:Q/(g) = Q

of m. The following lemma is a well known; see for example [19, Appendix B| or [32, Lemma
3.1.1]. As a proof is not given in either source above, we include a proof here to clarify the

constructions in this section.

"'We use the term “complete” to mean “complete and separated”.

11



Lemma 2.1.4. For every element q € Q, there exist unique residue classes gy € Q/(g) such

that
g=> ol@)g".
NeNs
where N = (ny,...,n,) and g~ = gi* ... g".

Proof. Consider the quotient maps m;: (9)" = (g)*/(g)""". We will show by induction on i

that there exist elements g € Q/(g) such that

- 3 @ | e
N:(nl,...,ns)
ni+-+ns<i
for all ¢+ > 1.
For the base case, we note that 7(q — 0(q)) =G — 7(0(q)) = ¢ — g = 0, where the second
equality follows from the fact that o is a splitting and where § = 7(q). Hence, ¢—0(q) € (g).

Now we suppose that there exist elements gy € Q/(g) such that

q- Y. @ | @
N=(ni,...,ns)
ni+-tns<m—1

Then since g is a regular sequence, we have that (g)"'/(g)™ is a free Q/(g)-module with

basis {g1 ... 55" }i, 4 ti.=m—1, SO we have that
g Js 11++1s=m—1

Tm—1 | ¢ — Z a@w)g" | | = Z wg"

N=(n1,...,ns) N=(n1,...,ns)
ni4-4ns<m—1 ni+--+ns=m—1

for some gy € Q/(g). But now, by the induction hypothesis and the fact that o is a splitting,

we have that



Thus, we have

which completes induction.
Now we have that

q— (Z U(q_N)9N> e(N@"=(0)

NeNs n>0

since () is complete (and thus separated) in (g)-adic topology. Thus,

¢=> o@m)g"

as desired.
To show uniqueness, we suppose that

Y o@gN =q=>_ o(mm)g".

N N

Applying 7 to both sides of the above equality, we get that gg = 7.
Now suppose that gy = 7y for all N = (n4,...,ns) with Y7, n; < m—1. Then we have

the equality

Applying 7, to both sides, we get that

—N ——N

§ ang = E 'nNg -
N=(n1,--15) N=(n1,...,ns)
ni+--+ns=m ni+--+ns=m

Since {G1" ... J5" }ij+tis—m 18 a basis of (g)™/(g)™*", this implies that gy = 7 for N =

(n1,...,ns) with 37 n; = m, which completes induction. O

By writing elements of ) in this way, Dyckerhoff and Murfet in [19] give an explicit

k-linear connection on (), that is, a map
VO: Q—>Q X Qllc[g]/k
klgl =

13



which satisfies the Leibniz rule. In this context, the Leibniz rule is
V' (aq) = aV®(q) + q @ d°(a),

for a € k[g] and ¢ € Q, where d° : klg] — Q,{j[ g/ is the Kahler differential; see for example

[19, Def 2.7]. Explicitly, they define

s

V)= ) Nio(aw)g" ™ @ dy,

i=1 N

where e; are the standard basis vectors of Z* and ¢” is defined to be zero whenever some

component of N is negative. By means of this connection, one can define a?;- to be the

k-linear map given by the composition

0 Aval (dg:)*
1Q —Q ® — Q,
dg; klg] Hlgl/k
where
i=7
(dgi)*(q @ dg;) = :
0 i#j

Remark 2.1.5. We note that in order for Big to be well-defined, it is important to fix a
J

splitting o.

Using the map %, one defines V to be the k-linear map
J

kgl klgl =

given by

V(q®w)=i

=1

aagi(q)@)dgi/\w—kq@dw.

Recall that § is the differential on K(g;@Q). Since chark = 0, we have that 0V + V¢ is
invertible in nonzero degrees by [19, 8.1], so one can make the following definition; see [19,

Definition 8.8].

14



Definition 2.1.6. Let Hy be the k-linear map
Hy: Q @ Qg — @ © g
klg) = klg] =
Hy = (0V + V4)'V.
This map is called the de Rham contraction.

The de Rham contraction is a homotopy on the Koszul complex, as we see in the following

result of Dyckerhoff and Murfet in [19, 8.10].

Theorem 2.1.7. The following is a special deformation retract datum

(e

((Q/(g),o) = (@ k%] Qgie9), Hv)-

We modify this datum in Section 2.3 and apply the perturbation lemma to provide the

formulas in Theorem 2.4.1.

2.2 J-Closed Modules

Let @ be a commutative Noetherian ring and let J be a complete intersection ideal.
In this section we introduce a class of ideals called J-closed ideals, inspired by the weak

complete intersection ideals defined in [36].

Definition 2.2.1. A finitely generated @)-module M is a J-closed module if there is a

projective resolution (P, d) of M which satisfies the property
for every i. We call an ideal I C @ a J-closed ideal if Q/I is a J-closed module.

If @ is local, we note that it suffices to consider the minimal free resolution. We also

have the following characterization of J-closed modules in the local case.

15



Remark 2.2.2. If Q is local, then a module M is J-closed if and only if Tor?(Q/.J, M) is a

free @/ J-module for every i; see for example [36, Lemma 2.2].
We now give some examples of J-closed ideals.

Example 2.2.3. The complete intersection ideal J C @ is a J-closed ideal. Indeed, Q/J
is resolved by the Koszul complex on a minimal set of generators of J, whose differentials
certainly land in the ideal J. Similarly, any embedded complete intersection ideal I C J
is also a J-closed ideal because Q)/I is resolved by the Koszul complex on a minimal set of
generators of I. In a regular local ring, every module is an m-closed module, where m is the

maximal ideal.

The next example gives a large class of J-closed ideals that are not complete intersection

ideals.

Example 2.2.4. Let J be a complete intersection ideal in a local ring ) and take g =
g1, - -.,gs to be a regular sequence generating J. Then any ideal I generated by monomials
in g is a J-closed ideal. Indeed, Q/I is resolved (possibly non-minimally) by the Taylor
resolution for monomials in a regular sequence. The entries in the differentials are either
monomials in g or units. After change of bases, the minimal free resolution splits off. The
entries in the differentials of the minimal resolution are still contained in J as the appropriate

row and column operations do not disturb this property.

The next example shows that there are non-monomial ideals that are J-closed.

6 $4y2).

Example 2.2.5. Let Q = k[x, v, 2] be a polynomial ring and let I = (z%y*+¢327, y
According to Macaulay2 [21], a free resolution of Q)/I over @ is given by
0202 2" 2 0Q—-Q/I—0

where the differentials are given by the following matrices:

2T — a2y g 0 T — a2
O3 = —x? , O = | a2t —27T—2%y 0 )
B 0 3 A



o) = x4y2 y6 x2y4+y3z7

It is easy to see that [ is a J-closed ideal, where J is any complete intersection ideal containing

(22,43, 27).

Although the definition of J-closed ideals was inspired by the definition of weak complete
intersection ideals, for a fixed complete intersection ideal J, the two classes of ideals are
distinct and neither one is contained in the other. In fact, the intersection of the two classes

is contained in the class of complete intersection ideals, as shown in the following proposition.

Proposition 2.2.6. Let Q) be a local (or graded) ring and let J be a (homogeneous) complete

intersection ideal in ().

(1) Every finitely generated J-closed module has finite projective dimension via the resolu-

tion in Definition 2.2.1.

(2) A weak complete intersection ideal is a J-closed ideal if and only if it is a complete

intersection ideal embedded in J.

Proof. We give a proof of the local case; the one in the graded case is similar.

(1) Let M be a finitely generated J-closed module and let F' be a free resolution of M with
Imo; C JF,_; for all 7. Pick a regular sequence g = g1,---,9s that generates J and let
Hy(g; M) = Hy(K(g; Q) ®q M), where K(g; Q) is the Koszul complex on g over Q. Then we

have isomorphisms
Hi(g: M) = Hi(K (g Q) © M) = Tor (Q/J, M) = H(Q/J & F) = Q[ & F

where the first isomorphism follows from the fact that g is a regular sequence and the last
isomorphism follows directly from Definition 2.2.1. Note that H,(g; M) = 0 for all £ > s.
Then Q)/J ®q Fy = 0 by above, and hence F; = 0 for all £ > s by Nakayama’s Lemma. Thus,
pdoM < oo.

(2) Let I be a weak complete intersection ideal and suppose it is also J-closed. Note that

17



the minimal generators of I are contained in the ideal J since they are the entries in the first
differential of the minimal free resolution F' of /I over Q). By (1), @/ has finite projective
dimension; thus I is a complete intersection ideal by [40, Cor 1]. The other direction follows

directly from [loc. cit.]. O

In Chapter 3, we investigate further the connection between J-closed ideals and weak

complete intersection ideals.

2.3 Some Technical Lemmas

Let @ a Noetherian k-algebra with k a field of characteristic zero and assume that
is complete with respect to the J-adic topology. We fix a regular sequence g in () and the
ideal J generated by it such that /J is a finite dimensional k-vector space. Let M be a
finitely generated J-closed ()-module. In this section we prove some technical lemmas that
we will use in the following sections to study the homology of the Koszul complex on g with
coefficients in M.

Now we fix some notation to be used throughout the section. Let I’ be a free resolution
of M over @ such that ImJr C JF as in Definition 2.2.1. Let 7 : Q — @/J be the quotient

map and fix a k-linear splitting o: Q/J — Q. Set K = K(g;Q) = Q R4y Qfg/x With

gl/k

differential §. Let V be the k-linear map (2.1) defined in Section 2.1.2, and let Hy be the
de Rham contraction from Definition 2.1.6.

Consider the isomorphisms
H(g; M) = Hi(M @ K) = Torf (M, Q/]) = Hi(F @ Q/T) = L2 Q[T (23)

of @/J-modules, which appeared in the proof of Proposition 2.2.6. Thus, the Koszul homol-
ogy we are interested in is isomorphic to the homology of the complex F'®¢g K. We begin by
giving a modification, involving a related complex, of the special deformation retract datum

of Theorem 2.1.7. We apply the perturbation lemma to this datum to yield the desired

18



formulas in Theorem 2.4.1. Before stating it, we make the following remark about the maps

that appear in Lemma 2.3.2.

Remark 2.3.1. We note that ¢ and Hy are only k-linear maps, so to define maps 1 ® o
and 1 ® Hy, we first fix a basis h{,..., hﬁg for each module F} in the resolution F. Now we

have the isomorphisms
F,oK ~2Q" K, ~ K (2.4)
Q Q
and
Fg Q/J = Q" g Q[T =(Q/ )",

for i > 0. We define 1®o: F,®Q/J — F; ® Ky by applying ¢ to each of the b, summands.

We consider the composition
FoQ/J B FoK)y— FeK

where the second map is the natural inclusion; abusing notation slightly, we call this map
1 ® 0. Again using the isomorphisms in (2.4), we define 1 ® Hy by applying Hy to each of
the b, summands. Throughout the remainder of this section, we use the notation 1 ® ¢ and
1 ® Hy with the understanding that the maps are defined with respect to the fixed bases
above. Also, we note that (1® 7)(F ® K;) =0 for all i > 1.

We will see that, in order to give a basis for the Koszul homology, it is enough to find
a k-linear map which agrees with the @Q-linear isomorphism in (2.3), and apply this map to

our fixed bases above. We use the k-linear maps 1 ® ¢ and 1 ® Hy to produce such a map.
Now we state the lemma.

Lemma 2.3.2. The following is a special deformation retract datum

1®m
(# 9Q/10) = (FEK.(0.0). 18 Hy).

19



Proof. We note that we have the equalities

(1® Hy)(1®o)=0
(1®7m)(1® Hy) =0

(1® Hy)*=0

since the deformation retract datum from Theorem 2.1.7 is special. It is also clear that
(1®7)o(1®o)=Idpggs. Thus we need only check that 1 ® Hy is a homotopy between
(l1®o)o(l®m) and Idpgk, and the fact that 1 ® o and 1 ® 7 are quasi-isomorphisms will
follow. But the fact that 1 ® Hy is a homotopy follows directly from the definitions given in

Remark 2.3.1 and from Theorem 2.1.7. O
We will need the following lemmas in the proof of Theorem 2.4.1 and its corollaries.

2 2
Lemma 2.3.3. - & = _2
€ a23.3 09g;0g; 0g;0g;

Proof. Writing ¢ = Y v 0(qn)g" as in Lemma 2.1.4, we have the equalities

5o(0) = > Nl = ot

M

where 73y = N;gqy and M = N — ¢;, and where the second equality follows from the fact that

o is k-linear. Thus we get that

0 — —e;j — —e;—e;
(@) =>_ Mo(a)g™ ™~ =Y NiN;o(gn)g" =,
9909 v N

again by k-linearity. A similar argument for #;gj(q), gives the desired equality. O

0

The next lemma is a version of the Leibniz rule for g
J

In the lemma, we write elements

¢,r€Qasq=> yo(qn)g" and r =>",, 0(Tar)g™, respectively.

Lemma 2.3.4. The map 8ig~ satisfies the rule
J

aigj(qr) = %(Q)T + aigj(?“)q + A;V (%(U(Q_N>U(m))>9M+N'
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Proof. We begin by noting that ¢r = 3,/ v o(qn)o(Tar)g" ™ and writing o(qy)o(7ar) =

> po(sp)g”. Now we compute

i(qr):i< Z U(§)QM+N+P> _ Z (M +N +P) ( )gM+N+P ej

0, 09; M,N,P M,N,P

_ Z (M +N) ( )gM+N+P ¢ 4 Z PO’ >M+N+Pfej

S (S 3 (et )

= Z (M; + Nj)o(@w)o(Far)g™ ™ + ) (%(U(Q_N)U(W))>9M+N

(ZMwM)(; )(Dv W)(%a ’)

which completes the proof. O

Remark 2.3.5. We see from Lemma 2.3.4 that % satisfies the usual Leibniz rule,
J

9= ZLigrrel
Jg; 0y, dg;

whenever for each pair (M, N), either o(qy) € k or o(7a) € k. Indeed, in this case

(),

%(U(Q_N)O'(m)) = 0. In particular, we have that

0 a(@gx+a =k
J9. —(qgk) = :
g a%(@)gk JF#k

However, examples which do not satisfy the usual product rule are plentiful. Consider the
regular sequence g; = 22, go = y3, g3 = 2° in k[z,y, z]. We have that

0
) = S () =



but

Gigl(xy )22° + ——(22°)zy® = 0.

Note however that

which illustrates Lemma 2.3.4.

Recall that the map 6V + V¢ is invertible in nonzero degrees by [19, 8.1]. The next
lemma gives an explicit description of the map (6V + V4§)~!. This fact is known to experts,

but to our knowledge, is not directly stated in the literature, so we state and prove it here.

Lemma 2.3.6. The map (0V +V§)™': K — K is given by

6V + V0" (q@dgi - dgi,) = D 1 (o(@w)

gN ®dg;, . .. dgiT)
where ¢ = > n o(qn) g™ with N = (n1,...,ns) and |N| =nq + - + n,.
Proof. We begin by computing

(0V + Vo) (q ® dg;, ... dg;,) =

k
=9 (Z 9g. ) ® dg;dg;, - .dgz;.) +V (q ® (Z( g, dgi, ... dgi, .. .dgir)>

(=1
k
_ Zé (aa (9) ® dg;dgi, - - .dgi,-) #2200V (agi, @ (dgi - doi - dg )
=1
. k
_ (a ) ® (g]dgil o dgi, + > (=1)"gi,.dg;dgi, - - g, '-d9i7->)
g m=1
k S
n Z z+1 (Z 8i (q9i,) <dgpdgz~1 .. ch,\[ . dgi,,>> )
=1 =1

Simplifying the first sum and applying Remark 2.3.5 to the second, we have

(6V +Vé)(qg®dg;, ...dg;) =
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s

k
Z (9)g; ® dgs, - dgzr+zz glm®dgjdg“...@;...dgir
7j=1 m=1

k s

k
Z ”1 q)gi, @ dgpdgi, . ..dg;, . ..dg;. + Z(—l)”lq ® dg;,dgi, - .. dgi, . . . dgi,.

We note that the middle two sums cancel with each other and we are left with the equality
.0

(6V + Vo) (q @ dgi, ... dg;,) =Y a—g(q)gj ®dgi, ...dg;, +rqQdg;, ...dg; . (2.5)
; J

But we have that

S S

]
||

=[]
=
q
2

S@

and thus, writing ¢ = >_  o(qy)g" in (2.5), we get

6V + VO o@m)g" @dgs, ... dg,) =Y (IN|+7) (c(@n)g" @ dgi, ... dgi,). (2.6)

N N

Therefore, since o is k-linear, we have

(6V + Vo)) _olan)g" @ dgi, ... dg,) =

N
_ N|i+r
= (6V + V9) 1(2 ;N;+ (o(an)g" @ dg;, dg%)>
N
— 5)! N IN_) gV ®dg, ... dg,
(55 + v9) (XNN ) (o (1 ) 0¥ o .. da,
qn N
= dg;, ...dg;
1 _
= Z |N| s (U(qN>gN ® dgh e dglr) )
N
where the third equality follows from (2.6), and this completes the proof. n

We establish some notation which we use throughout the rest of the chapter.
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Definition 2.3.7. Let ¢ = ZN g(q_N)gN be an element of (). We define g—g*_ by

Z|N‘0_CIN N “.

In the next section, we give our main result of the chapter; namely, we provide explicit

agj

formulas for the generators of Koszul homology.

2.4 The Main Result: Explicit Generators

Throughout this section, we assume that () is a Noetherian k-algebra where k is a field
of characteristic zero. We fix a regular sequence g in ) and the ideal J generated by it such
that @Q/J is a finite dimensional k-vector space. For f € @, we denote by fthe image of f

in @ . Under these assumptions, we have the following result.

Theorem 2.4.1. Let M be a finitely generated J-closed module over Q) with free resolution
(F,0r) satisfying (2.2) in Definition 2.2.1. Then a Q/J-basis of H,(g; M) is given by the
homology classes of the elements

be—1
— 9 [— 9 —
_ J4
Zj = E : E : E : m]é+1 (le+1jeag <j2£7j21“'agk (j%jl)"'))dgkl'“dgkf
1

1<k, ke<s j2=1  jey1=1

for j1=1,...,by, where hi, ... h is a basis for F;, where Op(h}) = Sbi hi=L where

—mpm7

m; 1is the image of hg-) under the augmentation map F' — M, and where we identify z; €

H(g; W) with its image under the isomorphism H(g; ﬁ) = H(g; M).

Proof. We first reduce to the case where @) is complete with respect to the J-adic topology.

—_—

Suppose that we can find such a basis for H(g; W} over the completion @Q/J 7. Thus we

have such a basis for
Hy(g; M)7 = Hy(g; M) ® Q7 = Hy(g; M ® Q) = Hy(g; M7)

by flatness. But



where the last equality follows from the fact that J C anngH,(g; M). Thus, it suffices to
find such a basis in the complete case.

Applying Lemma 2.3.2, we get a special deformation retract datum

1®m
<(F®Q/J,0) = (F& K,d), 1®Hv>.
Q 1®o Q

For ease of notation we write dr ® 1 as Or and 1 ® § as §, and we note that O is a
perturbation of the special deformation retract datum above. Indeed, the degree of O is —1
and (O + §)? = 0 since it is the differential on the total complex F ® K. By Proposition
2.2.6(1), FQ/J is a finite complex, say F;®Q/J = 0 for all i > r, so we have the following

equalities
(1 (1@ HV)) (1 +0p(1® He) + (0p(1 @ Hy)) 4+ + (0p(1 @ Hv))*)
— 1+ 0p(1® Hy) + (0p(1® Hy))* + -+ + (0r(1 ® Hy))"
N (aF(1 ® Hy) + (0r(1® Hy)) + -+ (9p(1® Hv))”l)

—1- (9p(1® Hy))" = 1.
Hence, we have that the map 1 — 0r(1 ® Hy) is invertible, with inverse
(1-0r(l® HV))‘1 =1+ 0p(1® Hy) + (0r(1® Hv))2 +-+ (0r(l® Hy))';

thus O is small. By the perturbation lemma, the perturbed datum is a deformation retract

datum. In particular, we have the homotopy equivalence

L 1®w
(F©Q/1,0) S (F K5+ 0r)

—~—

1®c

We note that § + Or is the usual differential on the total complex F' ® K and that the
perturbed map 0 is given by
0=0+(1emA(l®o)
—(1®n) (1 +0r(1® Hy) + (0p(1® Hy)) + -+ + (0p(1® Hv))T) Op(1® o)
= (1®m)or(l®o)
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where the last equality follows from the fact that 1 ® 7 composed with (9p(1 ® Hy))" for
i > 0 is zero. Now since Im0p C JF, we get that 7 composed with dp is zero, thus 0 = 0,

which gives the homotopy equivalence

FoQ/l 223 FoK
Q Q

where

—_~—

1®o

(1®0)+ (1® Hy)A(l ®0)

(1®o)+(1®Hy) (1+0p(1® Hy) + -+ (0r(1® Hy))") 0r(1 ® 0)

(1+(1® Hy)0r + (1 ® Hy)0r)* + -+ (1 ® Hy)or)") (1 ® o).

We also note that 1 ® 7 is just the @-linear map 1 ® 7 since it sends all elements to zero
except ones lying in the first row of the double complex, ' ®g K. Thus, the induced map

on homology

o

Fy ® Q/J = Torg (M,Q/J) = Hg(M%K(Q; Q)) = Hy(g; M)
is an isomorphism whose inverse is induced by the Q-linear map 1® 7, and hence agrees with
the Q-linear isomorphism (2.3). As a result, a basis for H,(g; M) is given by first applying
1 ® o to the basis elements of F, ® Q/J and then applying the augmentation map Fy — M

and taking homology classes of the results.

To this end, we compute

be—1
(1® Hy)op) (b, ®1®1) = (1® Hy)0p) (1 ® Hy) (Z ]2]1h§21®1®1)
J2=1
be—1

=) ((1® Hy)op) (1@ Hy) (h,' @ f}

J2:01

®1)

ja=1

b1
=) ((1® Hy)op)" (hg 1®Za ot ®d9k1)

Jjo=1 ki1=1

s b
_ _ "
- Z Z((l ® HV)aF)E ' (hgz ' ® agkl ( J2 31) ® dgkl)

k1=1 jQ:l
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Applying the procedure above ¢ — 1 more times, we get that

b[—l bo

.....

1<k, , ke <s j2=1 Jer1=1

J1seende+1 1 2 l
Zk’l ----- keH - agkz (fj€+1:j2 agkl ) <sz,jz1 tee O, (fjwd) o )> :
Applying the augmentation map Fy ®¢g K; — M ®¢ K,, we obtain the desired formula. [

We make the following remark regarding Theorem 2.4.1.

Remark 2.4.2. (1) We see that in the case that M = /I and I is a J-closed ideal, the

formulas in Theorem 2.4.1 are given by

zj, = ) Z ZZ@ (fll’j‘fagkz_ ( 2 1( fml)...))dgkl...dgke

where the bar denotes the image in the quotient.

(2) The proof of Theorem 2.4.1 actually yields the following more general result. Let F' be
any complex such that Im9; C JF;_; for all i. Define K(g; F) = K(g;Q) ®¢q F' and let
H(g; F) be its homology. Then the homology classes of the elements given in Theorem 2.4.1
are a basis for H(g; F').

2.5 The Generators in Some Special Cases

We now give versions of these formulas for some special cases of interest. In the following
corollaries, we consider the case where M is a cyclic module, but similar formulas can be
given in the non-cyclic case as in Theorem 2.4.1. First we establish some notation. We

denote

Ofr,-ofi) (i )
a(gklu"'vgki> det agk] (fe) j,Z.
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Definition 2.5.1. We call f homogeneous in g of degree n if there is an integer n such that

f=Y olfn)g"
N
for N = (ny,...,ns) € N° satisfying > ,_, n, = n. We call the o (f_N) the coefficients of f.

In the following corollary, we provide more explicit versions of the formulas from Theorem
2.4.1. These formulas have new terms which vanish in the classical case, where g = zy, ..., z,

are minimal generators of the maximal ideal.

Corollary 2.5.2. Let I be a J-closed ideal in Q with R = Q/I and (F,0r) a Q-free resolution
of R such that the entries in the matrices Op are homogeneous in g with coefficients in Q.

Then a Q/J-basis of Hy(g; R) is given by the homology classes of the elements

{4

b
i ZD Z (fl,]z’ Jeje—10" "0 j27j1) +eld d
J1s-- 7][ a(gk1’ . gkl cee gk[

Jo=1 Je=1 1<k < <ke<s ”’gkz)

for g1 =1,...,by, where

- Y Y H ~(£05) Zag (o (i) o @) ) g+

1<k ,...,kp<s m=2 n= m+1

and the elements ym-1),, are defined inductively by

bm—2 b1
G0y = D D 2 D Vom0, 9 - A,y

1<ky,....km—1<s jo=1 Jm—1=1

and where
1 1 1
Djy..ge = K W] N TR o dd 41
gt Chgge T GGy — 1.je Jeje—1 J2.01
with dk the degree of fF
Proof. We first note that for a g-homogeneous polynomial, f;; we have that

a* kN k
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Thus, since Big- reduces the g-degree of its argument by one whenever it is nonzero, the
; g

formulas from Theorem 2.4.1 become

be—1
0 0 0
2y = Z Z ZDJl """ “8 (fllJ@ 8914:/5— ( ].2571271"'%( f27jl)"'>)dgk1"'dgkl’

1<k, ..,ke<s jo=1  j,=1

(2.7)

where we omit the bar for ease of exposition. It is now clear that we have the desired formula
for 21, . To obtain the desired formula for z, , we apply the Leibniz rule from Lemma 2.3.4

o (2.7), to get

bl—l bl
0 0 0
P D 310 SLI C AV PO G U

1<ky,....,ke<s jo=1  j,=1

0 0 0
1 2 Y4
+ fl,jz 89@ (agkel < je:jefl"'agkl ( j2,j1)"'>>
0 0
+ Z a ( fl ]ZM) <agkz1 ( ]227]‘2—1'"@( fZ,jl)"') N)>9M+N> dgkl"'dgkl'

However, by Lemma 2.3.3, we have that

o( o (., o
c = f ) ). dgy,...dgk, = 0,
1§k§k£§5 agkl (agkg_l (f]mz1 69191 ( J2731>) )) gk Gk,

which gives the following formula

SR DD 9 oY 0 T U

¢
ag (fj27j1)”'>
1<ki,....k<s jo=1  j,=1 k1

—_— 0 0
> (o—<ff,w>a(agk (ag<>) >>9M+N>d9kwd9ke'
—1 1 N

Now we apply the Leibniz rule from Lemma 2.3.4 repeatedly, simplifying at each step as

2
sz,jsz”

0
39k,

above, to obtain

be—1 b1 a 8 a K
= S D o= () e ()i (f
iy 1<k§:k[<sjzz=:1 Mzzjl J1se5Je (3% (fl,]z) agkeil (fgmeq) 89k1 ( sz)
¢ ¢ ) mnt1 0 Y —— VAN
+ Z H a_(fjn+17jn) Z Dan_ (0-<fjm+1,ij>0—(y(mfl)hN)>g dgy, ---dgg,
m=2n=m+1 Gkn M,N Gk,
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where

0 {—m—+2 0 74
y(m—l)h - 891%,1 (fjmdmf"agkl( szl)"' :

We observe that the first part of the above formula can be written as a determinant, thus

giving the desired formulas. O

We now give formulas in the case that the entries in the matrices given by Op are

homogeneous in g with coefficients in £k rather than ). This happens for example when

M = Q ®xy M, where M is a k[g]-module.

Corollary 2.5.3. Let I be a J-closed ideal in Q with R = Q/I and (F,0r) a Q-free resolution
of R such that the entries in the matrices O are homogeneous in g with coefficients in k.

Then a Q/J-basis of Hy(g; R) is given by the homology classes of the elements

be—1 b1 8(f1 2 1
_ 1.ge0 djesje—10 "0 j27j1)
Rl = Z Y Z Dijy,...ge Z dgx, - .. dgy,

0
o=l el 1<k <<k <s (Ghar - 9ne)

for g1 =1,...,by.

Proof. This follows immediately from Corollary 2.5.2 and the fact that % satisfies the usual
J
Leibniz rule in the case that the coefficients involved in the product are elements of k, as

discussed in Remark 2.3.5. OJ

Remark 2.5.4. Taking g = 1,..., 2, to be the minimal generators of the maximal ideal,

the corollary recovers the formulas given by Herzog in [24].

2.6 An Example

We finish this chapter with an example which illustrates our results. We note that for
this example, the new terms in the formulas given in Corollary 2.5.2, which vanish in the

case where g = x4, ..., x, are minimal generators of the maximal ideal, do not vanish.
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Example 2.6.1. Let Q = k[x,y, z] be a polynomial ring with k a field of characteristic zero
and let J be a complete intersection ideal generated by the regular sequence g; = 2% + yz,
go = 1%, g3 = 2°. Consider the ideal I = (z%y* + vz + 220, 5, 2%y? + 2%32). Let us
compute the generators of Hy(g; R), where R = Q/I. We begin by fixing a k-linear splitting
of m: @Q — @/J. One can find the following basis for )/J as a k-vector space either by

hand or using Macaulay2 [21]

1, T, Ty, xy?, vy?z, xy?2?, vy?23, xy?t, 7Yz, ay2?, vyd, ayt, 7, w22,

3 4 7 22 .2 2,2 22,3 ,2.4 7% 2 3 4 5 .2 .3 A4
xz7zz7y7y’yz7yz7yz7yz7yzﬂyz7yz7yZ?Z’Z7Z7Z‘

We choose the splitting o(a) = a for every basis element a. According to Macaulay2, a free

resolution of R over () is given by
O3 3 02 3 01
0-Q —>Q —Q°—Q—>R—0

where the differentials are given by the following matrices:

Zlo ‘I— $y4 _y4 _210 - xy4 0
Jy = —y* Oy = | 2t +aPyz —atyz —ay?? —a2!0 -2yt -yt |
T3+ zyz 0 3y + wy’z y°

O = a%? + 2Py S a2yt +yPr + al

We now write the entries in the differentials as in Lemma 2.1.4. Note for example that the

first entry in 0; can be written as
292 4 2t = 222,
but that 22y? is not in the image of our splitting map o, so we write

x4y2 + :E2y3z — $2y291
= (g1 — y2)¥’q
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=y’ — v’z
= y°91 — 2G192

and we can see that the coefficients are now in the image of o. Using a similar procedure on

the other entries, we obtain the following matrices

zYygs + g —yga  —TYga — g3 0
03 = —Ygo , 0= | g} —yzg1  —myzg1  —Ygiga — G5 | -
T 0 Yy g1 9

=1 v’F — 20192 93 YG1g2 + x93

Applying Theorem 2.4.1, we get the following set of elements whose homology classes gen-

erate H,(g; R),

P —— 1 S 1
hi = y?g1 — zg2dgy — §Z_gldg2 = 22ydg, — 5:7622 + y22dgs

h% = Gadgs = ﬁdgz

1 1 1 —
hy = SUGdgs + 5YGidgs + Thsdgs = 5y'dgs — say +y*zdgs + w2°dgs

where hg is the generator which corresponds to the basis element h{ of F;. We get the
following generators for Hy(g; R)

1—
hi = _§y42d91d92

- — 1— 1 P
h3= (- §:cy4z — gz”)dg1d92 - §y326dg1dg3 + 51‘226 +yzTdgadgs
~ 1—

and for H3(g; R)

1 2 1 1 —
B3 — (2220325 + “1226 & “ 225 — — 156\ dardaoda-.
H (nyz+3yz+9$2 18y2)919293
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Chapter 3

Weak Complete Intersections

In this chapter, we discuss an application of the explicit generators of Koszul homology
given in the previous chapter. The generators become useful in studying the connections
between J-closed ideals and weak complete intersection ideals. In particular, we study the
ideal J/I in the quotient ()/I, where I is a J-closed ideal, and in Proposition 3.1.4 we give a
general sufficient condition under which J/I is a weak complete intersection. The condition
we give involves the partials with respect to a regular sequence that generates J, discussed
in the previous chapter. This result provides a new family of examples of weak complete
intersections. We show that the condition in Proposition 3.1.4 is not a necessary one in

Example 3.2.2.

3.1 A Sufficient Condition for WClI’s

In this section we use the formulas for generators of Koszul homology given in the pre-
vious chapter to study the ideal J = J/I of the quotient R = Q/I, where Q is local and I
is a J-closed ideal of Q.

In Proposition 3.1.4, we provide a general condition under which .J is a weak complete
intersection ideal in R, which expands the class of known examples of weak complete in-

tersection ideals given in [36]. However, there are examples of ideals J which are not weak
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complete intersection ideals in quotients by J-closed ideals. We discuss one example in the

following remark.

Remark 3.1.1. Taking g = 2?,¢*, 2° in Example 2.2.5, the ideal J of R = Q/I is not a weak
complete intersection ideal. One can verify this by looking at the beginning of the minimal
free resolution of R/.J over R on Macaulay?2 [21]. There are entries in the differentials which

are not elements of J, for example, 3 is one such entry.

We need the following definition in the proof of Proposition 3.1.4; see for example [36,

Definition 2.7] or [2, Remark 5.2.1].

Definition 3.1.2. Let R be a local ring and assume H,(g; R) is a free R/(g)-module for all
. We say that K(g; R) admits a trivial Massey operation if for some basis B = {hx}aen of
H>1(g; R), there is a function
p:| |B"— K(g;R)
n=1
such that p(hy) = z, is a cycle with cls(z,) = hy and

p—1

O plhay, - b)) = gl ol ) (3.1)

=1

where @ = (—1)l**q,

In [36, Theorem 2.9], the authors prove that if J/J? and H;(g; R) are free R/J-modules for
all i, and if K(g; R) admits a trivial Massey operation, then J is a weak complete intersection
ideal. We will use this fact in the proof of Proposition 3.1.4, but first we establish some

notation.

Definition 3.1.3. Let [ be an ideal in (). We define 8%(1) to be the ideal of @ generated

by the elements {%(fﬂf el,j=1,...,s}.

The following result gives a condition under which .J is a weak complete intersection ideal

in R.
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2 —_ —
Proposition 3.1.4. If I is a J-closed ideal of Q and (%(I)) C 17, then J = J/I is a

weak complete intersection ideal in R = Q/1.

Proof. First we note that the weak complete intersection property descends along the J-adic
completion, so we may assume that () is complete in the J-adic topology.

Since J/.J? is a free Q/J-module and Hy(g; R) is a free Q/J-module for every ¢, it suffices
to show that K(g; R) admits a trivial Massey operation by [36, Theorem 2.9].

We take the z), to be the elements given in Theorem 2.4.1 and lift them to form a basis
B of H(g; R). We define pu(hy,, ..., hy,) =0 for all p > 2 and hy, € B. By Theorem 2.4.1,
we see that every z) has coefficients in a%(] ), since the elements fll,jz are the entries in the
first differential in the minimal free resolution of R, and hence are elements of I. Thus, the

2
coefficients of ju(hy,)u(hy,) are elements of (%(I)) C I for all i and j, so the products are

zero in K(g; R). It is now easy to see that our definition of u satisfies

p—1
0" plhay, - o) = g, o)y ).
j=1
Thus, y is a trivial Massey operation on K(g; R), as desired. ]
We note that taking g = x,..., 2, to be minimal generators of the maximal ideal in the

proof above, we get that R is Golod, and this is precisely the result [25, Theorem 1.1] of
Herzog and Huneke; see also [22, Theorem 3.5] for a similar result regarding Golod modules.
The proof of Proposition 3.1.4 shows that the condition on a%([ ) cannot hold in the case that
I C J is an embedded complete intersection ideal, as H(g; R) cannot have trivial products
in this case.

We see in the next section that Proposition 3.1.4 provides new examples of weak complete

intersection ideals. We also see that the sufficient condition given in the proposition is not

a necessary condition for weak complete intersections.
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3.2 Examples

In this section, we give several examples which highlight the main ideas of this chapter.
The following example illustrates Proposition 3.1.4 and shows that it produces new examples

of weak complete intersection ideals.

Example 3.2.1. Let Q = k[z,y] with chark = 0 and let J be the complete intersection
ideal in @Q generated by the regular sequence g; = 2% + 4%, g = 3. We consider the ideal

I = (929, g, g3) C Q. A free resolution of Q/I is
0> 20 205 R—0

with differentials

-7 —95
=1 g 0 »5’12[9%92 gt g%]a
0 g

so I is a J-closed ideal. The ideal (%(I ) is generated by the elements g; g2, g%, g5. Indeed,

elements of I are of the form f = ag?g, + by} + cg3 for a,b,c € Q, and

0 0
—(f) =2 + 4bg; + —(c)gs
391 (f) agi92 g1 891 (6)92
0 0
8—92(f) = ag; + 6—92(5)91l + 3cg;

2
which are both elements of the ideal (g9, g7, g3). It is easy to check that (%(I)) C I

Thus, by Proposition 3.1.4, J is a weak complete intersection ideal in R = Q/I.

The converse of Proposition 3.1.4 is not true in general, as shown by the following exam-

ple.

Example 3.2.2. Let QQ = k[x,y, z] with char k=0 and let J be a complete intersection
ideal in @ generated by the regular sequence ¢; = 22, go = v>, g5 = z°. The ideal I =

(228, 1820, 2321 + 2%9%) C Q is a J-closed ideal; a free resolution of R = Q/I being
05> 20 %05 R—0
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with differentials

_9 —:133y5
Oy = 22 —p35 |, O = x2y8 yszg a:3214—|—xy
0 y®

By Theorem 2.4.1, the homology classes of the elements {h}, hg, h%, h?, ﬂ%}, where

~ 1— 2—

hi = §y8d91 + §x2y5d92

o 25 =

h2:§y 2 d92+§y z4dgs

L1 1 2

hi = g(a:zl“ + 223y5)dgy + §x5y2dgg + §$3z9dg3

-9 9.
hi = §y529d91d92 — §x2y5z4dggdgz

~ 11— 1——— 1l———
hi = Gaty'dgidgs — ca?yPztdgidgs + Sty dgadgs
is a basis for H>(g; ). To obtain a trivial Massey operation on K(g; R), we first multiply

the cycles

hy - @ = %dedg:a
hi - h% = 3555 °29dgadgs
hy - h = nggldgz
and we observe that all multiplications involving f;% and flg are zero. So we define p as follows
([, 12) = — 50/ dgy s
(IR 1) = 5= g dgsds
([ 1R8] = o= dgndgads
where [-] denotes the homology class, and otherwise we define p to be zero. It is straightfor-
ward to check that p satisfies (3.1); thus it is a trivial Massey operation. Therefore, by [36,

Theorem 2.9], J is a weak complete intersection ideal in R. However, y® € 8%([ ), so y'©

2 ) 2 _
in (aﬁ(l)) , but not in /. This shows that <§(I)> C I is not a necessary condition for J
9 9

to be a weak complete intersection ideal in R.
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Chapter 4

Quotients by Edge Ideals

Let k be a field and let R = @izo R; be a standard graded k-algebra; that is, R is
Noetherian and finitely generated by elements of R; as an Ry = k algebra. Let K(R) be the
Koszul complex on a minimal set of generators of R;. It is well-known that the differential
graded algebra structure on K (R) induces a k-algebra structure on its homology, H(R); see
for example [2, 1.3]. This algebra structure on Koszul homology holds important information
about the ring R. For example, R is a complete intersection if and only if H(R) is generated
by Hi(R) as a k-algebra [1, Thm 2.7], R is Gorenstein if and only if H(R) satisfies Poincare
duality [6], and R is Golod if and only if K(R) admits a trivial Massey operation [2, Thm
5.2.2].

Another property of R that has strong connections to the structure of H(R) is the Koszul
property. R is said to be Koszul if k has a linear resolution over R, and a classical example
of a Koszul algebra is the quotient by a quadratic monomial ideal (e.g. an edge ideal).
To discuss the connections between R and H(R) when R is Koszul, one views the Koszul

homology algebra H(R) = €, . H;(R), as a bigraded algebra, where 7 is the homological

1,J
degree and j is the internal degree given by the grading on R. If R is Koszul, then it is
known that H;(R); = 0 for all j > 2i [4, Thm 3.1], that H;(R)2; = (H1(R)2)" [5, Thm 5.1],

and that H;(R)y 1 = (Hi(R)2)"2Hs(R)3 [9, Thm 3.1]. These results show that when R
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is Koszul certain parts of H(R) are generated by what we will call the lowest linear strand

throughout this chapter. Avramov asked the following question regarding this behavior.

Question 4.0.1. If R is Koszul, is the Koszul homology algebra of R generated as a k-algebra

by the lowest linear strand? That is, is H(R) generated by @, H;(R);+1?

The answer to this question is negative in general. The authors of [9] show that the
Koszul homology algebra of the quotient by the edge ideal of an n-cycle where n = 1(mod 3)
is not generated by the lowest linear strand. However, interest remains in determining for
which Koszul algebras this question has a positive answer. The answer is positive for the
Koszul homology algebra of the quotient by the edge ideal of an n-path [9, Thm 3.15] and for
the Koszul homology algebra of the second Veronese algebra [14, Cor 2.4]. Still the question
remains open for many classes of algebras known to be Koszul.

In this chapter, we give a positive answer to this question for a large class of edge ideals.
Let @ = k[z1,...,x,] be a standard graded polynomial ring over any field k£ and let I be an
edge ideal associated to a tree. We show that the Koszul homology algebra of the quotient
R = @Q/I is generated by the lowest linear strand. This result extends easily to edge ideals
of forests, and our result recovers [9, Thm 3.15]. To obtain this result, we use the so-called
iterated mapping cone construction to produce the minimal graded free resolution of R and
apply the explicit k-bases of each H;(R) given by Herzog and Maleki in [26, Thm 1.3].

We now outline the contents of this chapter. In Section 4.1, we recall some important
terminology which we use throughout the chapter and we discuss the main tools we use in
our results. In Section 4.2, we construct the minimal graded free resolution of Q/I over @
which we use in the proof of our main result. We also recover a result of Roth and Van Tuyl
in [37] on the Betti numbers of such quotients /1. In Section 4.3, we state and prove the

main result.

39



4.1 Preliminaries

In this section, we set up the basic terminology which we use throughout the chapter
and discuss the main tools we use to obtain our results. Let @ = k[xy, ..., z,] be a standard
graded polynomial ring over a field k.

We begin by recalling the notion of graded Betti numbers. We consider the minimal

graded free resolution F'
- — PR(=1) — PR(=j) 1 — - — PR(=j) — M — 0
J J J

of a finitely generated -module M. The i-th graded Betti number of internal degree j is
Bi ;. The graded Betti numbers 3; ; are commonly presented in what is called the Betti table

of M, which is given by

j—1
0 Boo P11 B2z P33
1 Box Prz P23z DBsa
2 Boz Pisz B2a Pas
3 Bosz Bira Bos B

Now we recall the following basic isomorphism, which we use throughout this chapter. Let
I be a homogeneous ideal in @ and let R = @/I. Throughout this chapter, we denote the
homology of the Koszul complex K(xy,...,x,; R) by H(R). If F' is the minimal graded free

resolution of R over (), then there is an isomorphism of bigraded k-algebras
b:Fk— H(R). (4.1)

Thus, given a basis €}, ..., e, of F;, we have that the elements ®(e} ® 1) for j = 1,...,0b;,
form a basis for H;(R). Furthermore, if dege} = k, then ®(e} ® 1) € H;(R);. Given this
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isomorphism we can present the bigraded pieces H;; of the Koszul homology algebra of R

in the table

j—
0 Hoo Hiy Hsp Hsg
1 Hoy Hio Hy3 Hsy
2 Hop Hiz Hss Hjgs
3 Hos Hyy Hys Hsg

where H;; = H;(R);. In this chapter we often discuss the lowest linear strand of H(R),

which is the second row (i.e. row 1) in the table above.

4.1.1 Edge Ideals

Let @ = k[x1,...,z,] be a standard graded polynomial ring over a field k. We begin

this subsection by recalling the notion of an edge ideal.

Definition 4.1.1. Let G be a simple graph (that is, with no loops nor multiple edges) on

vertices xq,...,x,. The edge ideal associated to G is the ideal
Iq = (z;xj | z;x;is an edge in G).

If G is a graph on the variables of ) and G’ is a subgraph of GG, we write I for the edge
ideal associated to G’ in (). The class of edge ideals we focus on in this chapter is that of

trees.

Definition 4.1.2. Let G be a simple graph. The graph G is a tree if G is connected and
contains no cycle. Equivalently, G is a tree if every pair of vertices in G is connected by
exactly one path. A leaf is a vertex in G of degree 1. A forest is a disjoint union of trees.

We illustrate the above definitions with the following example.
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Example 4.1.3. Let Q = klxy, x9, 3, T4, T5, X6, 7] be a polynomial ring. The edge ideal

associated to the tree G shown in Figure 4.1 is I = (2122, 223, T2T4, ToXs5, T3Tg, T4T7).

X6

Figure 4.1: A tree G on 7 vertices

We make the following easy remarks about trees that will be useful throughout this

chapter.

Remark 4.1.4.
(i) By definition, a tree G must have a leaf, otherwise G would contain a cycle.
(ii) It is easy to see that any subgraph of a tree is a forest.

In the following subsection, we discuss a method by which one can obtain the minimal

graded free resolution of a quotient by the edge ideal of a tree.

4.1.2 TIterated Mapping Cones

In this subsection, we discuss one of the main tools we use to obtain the results in this
chapter, namely, the iterated mapping cone construction. We begin by recalling the notion

of a mapping cone.

Definition 4.1.5. Let (F,0") and (G, 9%) be two complexes of finitely generated @Q-modules
and let ¢ : F' — G be a map of complexes. The mapping cone of ¢, denoted cone (¢), is the

complex (cone (¢),d) with
(cone (¢)); = G; & Fis
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of  ¢ia

)

01' —
0 -0f,

It is easy to see the following fact.

Remark 4.1.6. If ¢ : F' — G, then there is a short exact sequence of complexes
0 — G — cone(¢) — F[—1] — 0.

Thus, G is a subcomplex of cone (¢).

Mapping cones can be used to build free resolutions of quotients by monomial ideals in

the following way; see for example [35, Constr 27.3].

Construction 4.1.7. Let @) be a graded polynomial ring, and let I be the ideal minimally

generated by monomials my, ..., m,. Denote by d; the degree of the monomial m; and by I;
the ideal generated by my,...,m;. For each i > 1, we have the following graded short exact
sequence

00— Q/(IZ : mi+1)(—di+1) ml—Jr; Q/[z — Q/Ii+1 — 0.

Note that we have shifted the first term by the degree of the monomial m;;; to make
multiplication by m;;; a degree zero map. Thus, given graded Q-free resolutions G* of Q/I;
and F* of Q/(I; : m;;1), there is a map of complexes ¢; : F* — G induced by multiplication
by m;,1, which we call the comparison map. The mapping cone of the comparison map
cone (¢;) = F' is a graded free resolution of Q/I;;. Applying this construction for each
i = 1,...,7 — 1 to obtain a graded free resolution of Q/I = Q/I, is called the iterated

mapping cone construction.
We make the following important remarks about the iterated mapping cone construction.

Remark 4.1.8. Using the notation from Construction 4.1.7, we note the following.
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(i) The resolution of @}/I produced by the mapping cone construction depends on the
given order of the monomial generators myq,...,m, of I. We illustrate this remark in

Example 4.1.12 below.

(i) For any i > 1, cone (¢;) need not be minimal, even if the given free resolutions F* and
G are minimal. Thus, the resolution of Q/I produced by the iterated mapping cone

construction need not be minimal. We illustrate this remark in Example 4.1.10 below.

We now recall the following theorem that follows from results of Ha and Van Tuyl in [23]
and was proved independently by Bouchat in [10, Thm 3.0.16]. It will be useful in the proofs

of our results.

Theorem 4.1.9. Let Q = klz1,...,x,] and let G be a simple graph on vertices xy, ..., T,
such that x,, is a vertex of degree 1 and is connected by an edge to the vertex x,_1. Then the

mapping cone construction applied to the map

Q/(IG\acn : xn—lxn)<_2) 171—_17;” Q/IG\a:n
is a minimal graded free resolution of Q/1g.

The following example shows that the conclusion of Theorem 4.1.9 need not hold if the

graph G has no vertex of degree 1.

Example 4.1.10. Let G be the 5-cycle shown in Figure 4.2 and consider its associated edge

ideal I = (129, Tows, T3y, T4T5, T1T5).

X5

X4 X3

Figure 4.2: The 5-cycle
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Applying the iterated mapping cone construction to resolve Q/Ig, we get the following

comparison map in the last iteration.

—x4

0 ——— Q(—4) : Q(-3)* — Q(-2)
0 Ts5 0
0 0 0
T1T5
0 0 0
-1 0 =z
Q(=5) —— Q(-3)* ® Q(—4) - Q(-2)* Q
T4Ts T3 0 0 TaTs T1T2 T2T3 XT3T4 T4X5
T1x5 —x1 T4 0 0
T1T2 0 —x9 x5 0
—x3 0 0 —x3 —T1T2

We see that the cone of this comparison map will produce a non-minimal resolution.

By Remark 4.1.4, Theorem 4.1.9 provides an inductive method for finding the minimal

graded free resolution of )/Ig, where G is any tree. We state this as a corollary.

Corollary 4.1.11. If G is a tree, then, in some order, the iterated mapping cone construction

gives the minimal graded free resolution of Q/Ig over Q.

The following example illustrates the importance of the order in which the iterated map-

ping cone construction is applied.

Example 4.1.12. Let GG be the tree shown in Figure 4.3 and consider its associated edge
ideal I = (x1x3, xaxs, x3xy, T4s5). Applying the iterated mapping cone construction to

resolve /1, we get the following comparison map in the last iteration.
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0
0 T4T5
T5
0 —— Q(—4) — Q(-3)* » Q(-2)° >
—xy4 T2 T4 0 T1T3 T2T3  T3T4

However, if we instead order the minimal generators of the edge ideal as
Ig = (r123, Tow3, T475, T374) and apply the iterated mapping cone construction, we get the

following comparison map in the last iteration.

Ts5 —To —X5 0
—T2 1 0 —x5
1 0 1 9 . |:£E1 2 1'5:|
00— Q(-5) ———— Q(-4)° Q(-3)* » Q(-2)
—xI4 0 0 T4 0 0
-1 0 -1 0 0 z4 O T3T4
0 0 —1 0 0 x3
0 —— Q(-5) Q(-3) © Q(—4)? Q(-2)° » Q
T4Ts T2 4Ty 0 xr1xs3 xr2x3 4Ty
—x9 —x1 0 T4T5
1 0 —x1X3 —T2T3

It is clear that applying the mapping cone construction in these two orders produce different
resolutions. We note that the second resolution is not minimal. If it was, it would have to

be isomorphic to the first one.
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Figure 4.3: A tree G on 5 vertices

We use the iterated mapping cone construction in Section 4.2 to explicitly build the
minimal graded free resolution of )/I, where G is a tree. This resolution is an important

ingredient in our proof of the main result in Section 4.3.

4.1.3 Multiplicative Structures on Resolutions

Let @Q = k[zq,...,x,] be a standard graded polynomial ring over any field k and let I
be a monomial ideal of Q. Let F' be the minimal graded free resolution of /I over Q. In

this section we recall the notion of a multiplicative structure on F'; see for example [30].

Definition 4.1.13. A @-linear map F' ®q F' — F sending a ® b to a - b is a multiplication

if it satisfies the following conditions for a,b € F'
(i) it extends the usual multiplication on Fy = @
(ii) it satisfies the Leibniz rule: d(ab) = d(a)b + (—1)!"ad(b)
(iii) it is homogeneous with respect to the homological grading: |a - b| = |a| + |b]
(iv) it is graded commutative: a - b= (—1)lPlp. ¢

Notice we do not require that a multiplication is associative. The following fact is a result

due to Buchsbaum and Eisenbud in [12, Prop 1.1].
Proposition 4.1.14. The resolution F' admits a multiplication.

This fact will be useful in the proofs of our results.
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4.1.4 Explicit Bases for Koszul Homology

Let Q = k[z1,...,x,] be a standard graded polynomial ring over any field k, let I be
a homogeneous ideal of @), and let R = @)/I. In this section, we discuss explicit bases of the
Koszul homology modules H;(R) given by Herzog and Maleki in [26]. In order to describe
these bases explicitly, we first set up some notation.
Herzog and Maleki define operators on @ as follows. For f € (z1,...,x,) and for r =
1,...,n, let

f@O,...,0, 2 ... ;xn) — f(O,. .0, 2001, ., Tp)

Ly

d’(f) =

It is clear that the operators d” : () — @) are k-linear maps and that they depend on the
order of the variables. In this chapter, we apply these operators to monomials. The following

basic lemma describes how d" behaves in this context.

Lemma 4.1.15. Let f be the monomial xy, ...k, with ky <--- <k;. Then

d'(f) =
0 otherwise
Proof. 1f r = ky, then by definition d"(f) = %T%_O ~ gp. . zp. TEr <k, then d7(f) —
1
fm;j:(). If r > Ky, then dT(f)zow:O:()_ -

This simple fact will be useful in the proof of our main result. The following theorem due
to Herzog and Maleki in [26, Thm 1.3] describes explicit bases for Koszul homology modules.
To set notation for the theorem, let ' be the minimal graded free resolution of /I over @
and let b; be the rank of F} for each i. For each i, fix a homogeneous basis €, ..., ezi of F;

and let 8(6;'-) = Z;f f,f;vjeifl. Let dxy,...,dz, be the standard generators of K (z; Q).

Theorem 4.1.16. Foreachi =1,...,n, a k-basis of H;(R) is given by [Z; ;] forj =1,...,b;,

where

by bi—1
Gg= 0y Y o dh () () R ) A (fL ) da, - da
1

1§k1<~-~<ki§nj1:1 jiflz
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In the proof of Theorem 4.1.16, Herzog and Maleki show that the isomorphism (4.1) is

given explicitly by

®:F®k— H(R)
Q

We conclude this section with the following remark.

Remark 4.1.17. We note that in [24], Herzog gives a different description of bases for
H;(R) under the assumption that & is a field of characteristic zero. In Chapter 2, we give
explicit bases in a more general case, namely, the case of the Koszul complex on any full
regular sequence, which recover Herzog’s bases in characteristic zero. In this chapter, we use
the description of bases given by Herzog and Maleki as they hold in any characteristic, and
also because, by Lemma 4.1.15, many terms vanish in the case of a monomial ideal. This

vanishing plays an important role in the proof of our main result in this chapter.

4.2 Construction of the Resolution

Let G be a tree and let Q be a standard graded polynomial ring over any field k with
variables given by the vertices in . In this section we construct the minimal graded free
resolution of @Q/Ig over (. We begin by setting the notation to be used throughout the
section.

We name the vertices in G as follows. Since G is a tree, it has at least one vertex of
degree 1; call it x; and call the vertex it is connected to by an edge xs. Call the other
vertices to which x5 is connected to by an edge, z21,...,22,. For each ¢ = 1,...,7, call
the other vertices to which 3, is connected to by an edge, x21,...,%Z2¢m,. Note that
G~ A{x1,29,221,...,22,} is a forest. In particular, it is the disjoint union of M :=>",_, my
trees, call them T, ..., Ty,. With this notation in mind, we view G as the diagram in Figure

4.4.
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We aim to resolve )/Ig minimally. By Theorem 4.1.9, this can be done by applying the
iterated mapping cone construction as long as at each iteration we add a vertex of degree
one. We choose the following order to apply the iterated mapping cone construction:

Ic = (xomay, ..., XoTa,, {xQ,gajqu}pgzzl%.,.,.,,,;ze, e(Th),...,e(Th), x19) (4.2)
where, abusing notation, we write e(7;) to mean the set of relations coming from the edges
of the tree T;, taking the edge connecting T; to the corresponding xs ., to be the first one.
By Corollary 4.1.11 there is an ordering for each T; which will preserve minimality in the
iterated mapping cone construction; we choose such an ordering for each one. In this way,
we obtain the minimal graded free resolution of @Q/Ig. Throughout the remainder of this
section, we will write this resolution more explicitly in order to obtain our main result in the

next section.

Figure 4.4: The tree G with ¢ =M —r,, — 1

Denote by Gy the graph G ~\ x; and by C' the colon ideal (Ig, : x1z5). It is easy to see

that

C= (.%'271, - Loy, 6(T1), e ,S(TM))
M

= (21,...,72,) + ZITi-

i=1
For the remainder of this chapter we denote by F® and F¢, the minimal graded Q-free
resolutions of Q/Ig, and Q/C, respectively. The following fact is a key ingredient in our

results.
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Lemma 4.2.1. The minimal graded free resolution of Q/C over Q is

FC=K(za1,...,72;Q) @ F'®...@ FM
Q Q Q

where F' is the minimal graded free resolution of Q/Ir, for each i.

Proof. Let A denote the subring k[za 1, ..., x2,] of @ and let B denote the polynomial subring
on all other variables in @ so that Q = A®; B. Let K be the minimal graded free resolution
of A/J over A, where J = (xa1,...,%a,), and let F be the minimal graded free resolution
of B/L over B, where L = 3> I;.. Then we have that K = K ®;, B and F = A®,, F are
minimal graded free resolutions of )/J and @/L, respectively, over (). We note that K is
precisely the Koszul complex K (x4, ...,22,; Q).

Now we have that

=K®(A®B) @ F=K®F.
A B

=

Thus, taking homology, we see that

Hy (K& F)=H,(K®F)= <i_ f)

(K F) = H(K & F) = @ (H(K)® H(F)
1+j=n

where the last equality follows from the Kiinneth Formula over k; see for example [38, Cor

10.84]. Thus K ®¢ F' is exact in all positive degrees and Ho(K ®¢ F) = A/J @ B/L =
Q/(J+ L) = Q/C. Minimality is clear, so we have that

K(wo1,...,72,;Q) % F

is the minimal graded free resolution of ()/C. Noticing that 77, ..., Ty, involve disjoint sets of
variables, we can apply a similar argument repeatedly to conclude that F' = F'®q- - -®@q FM,

thus giving the desired result. O

Now we have that the minimal graded free resolution F of )/l over @ is the cone of ¢,

where ¢ is a comparison map given by
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FO(=2) — Q/C(-2)

l¢> lmz (4.3)

F& ——— Qg

Thus, we have that F is the complex with modules F; = F' @ FC (—2) and differentials

a;‘Gl ¢z—1
0; = (4.4)
0 -0,
We make the following remark about the resolutions F',..., F™ from Lemma 4.2.1.
Remark 4.2.2. The resolutions F'!, ..., FM are isomorphic to subcomplexes of F'¢'. Indeed,

a minimal resolution of @)/Ig, can be obtained from each F'? by the iterated mapping cone
construction; thus by Remark 4.1.6, each F? is a isomorphic to a subcomplex of F®'. We

denote these isomorphisms by ¢’ : F' — S¢ < FC1,

We now aim to give an explicit description of the map ¢. To obtain such a description,

we first observe that it is enough to define ¢ on elements of the foorm a ® 1 ® --- ® 1.

Lemma 4.2.3. ]fa 1S a comparison map

K(xz,b sy L2 Q)(—Q) B Q/(f’cZ,la S ,$27r)(—2>

l(; lm

F& ’ Q/IGl
then G(a®fr©- - ®fh) = 3(a) (W(B) - (- (H(Baur) - ¥(Bun) -..)) defines o comparison
map in (4.3).

Before giving a proof, we note that the multiplication appearing in the definition of ¢ in

the lemma is a multiplication on the resolution F'®!; it has one by Proposition 4.1.14.
Proof. We must check that ¢ is a chain map. Thus we compute

PO (a@ /i@ ® b)) =
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M
) (aK(a) B @ B + Z(_l)\a|+~~+|ﬁi|a RBRD® 8F"(6i) Q- ®5M)
=1

S0% (@) (¥(B1) - (- W (Basr) - (Ban) ) )
(

£ 3D G a) - (0 (- (907 (8) - (o @) 0B ) )

)

On the other hand, we have that

O (0 ® B @+ ® Bur)) = 0% (B(a) - (H(B) - (- (W(Bar) - ¥(Bun)) )
= 0% (3(a)) - (W) - (- (W(Bu—1) - ¥(Bar)) ) )
(=) Ga) - 0% ($(B1) - (- ((Bar1) - ¥(Bar)) ) ).

Applying the Leibniz rule repeatedly, and by the fact that gg and 1 are chain maps, we see

that ¢(0°(a®@ B @+ @ Buy)) = 0% (p(a® B @ -+ ® Bar)), which completes the proof. [

Now we work towards defining a comparison map (Z To accomplish this, we need to
examine F® more closely. We apply the iterated mapping cone construction in the order
given in (4.2), and we observe that the resolution of Q/(z2x2y1, ..., z2%2,) produced by the
iterated mapping cone procedure is precisely the Taylor resolution; see for example [35,
Constr 26.5], which we write as follows. Let E be the exterior algebra over k on basis
elements ey, ...,e,. Then the minimal graded free resolution of Q/(xex21,...,22xs,) over

Q is F, where F; = () ® E; and the differentials are given by

7

lem (2o i)y . ., T2Za ), -
aF(ejl s eji) = Z<_1)£711 ( 2 27]17/\7 = 27]1) €ji - - Cjg -+ - E
— Cm(ZEQl‘Q’jl, vy 2T Gyy - ,x2x27ji)

Eézl(—l)z_lxg,jeejl Ce gJ\Z e 6]'1, /) 2 2

T2 j, 1=1

Recall that, by Remark 4.1.6, F is a subcomplex of F©1.
We are now ready to define ¢. To set up notation, we write the Koszul complex

K(zoy,...,72,;Q) as Qlay,...,a.|0%(a;) = mo;). We note that if FC is a DG algebra,

53



the result below follows from standard DG algebra results; see [2, Prop 2.1.9]. Otherwise, a

different proof is needed.

Proposition 4.2.4. Define ¢ : F¢(—2) — F® by

Plaj, ...a; @B @@ Py) = T1€), ... €, - <¢(51) : (""(w(ﬁM—l)'w(ﬁM))'“))

Then ¢ is a comparison map for

FO(=2) — Q/C(-2)

b e

F& — 5 Q/Ig,

Proof. We define gg(ajl ...aj,) = T1€4, ...€; so that

¢(aj1"'aji®ﬁl®'“®ﬁM> :(b(ajl"'@ji)' (w(ﬁl) ((w(BMfl)w<ﬂM)))>

Then by Lemma 4.2.3, it suffices to check that 6(}15 = {b’@K. For i > 2, we compute
$(0%(aj, .. 0, ®1®-- 1)) =¢ (Z(—l)z_lxz,jﬂjl---@---aa‘i ®1®--8 1>

(=D wyzg 65, . 6 €5

(3

/=1
= aGl (mlejl c. eji)
=% (¢laj,...a;; 1@ @1)).

And, for any j, we have

30" () = B@a) = 2122725 = 0% (z16;) = 0°(¢(ay))
which completes the proof. n

To summarize the discussions in this section, we decompose F(—2) and F®! as

Fic(—Q) = Ki(xa1,...,02,;,Q)(—2) @ FZ-C

FGl:Fi@ﬁi
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and think of the minimal graded free resolution F of /I as the cone of the diagram,

Q- (r+2) B FC — ... — Q4D @ F — Q(=3) @ FC — Q(-2)

T * X1 * T *
122
0 = 0 = 0 =

— Q(—(r+1)) ®F — .. — Q(—B)(g) @Z;;G/l — Q(=2)" @F{Gl — Q
(4.5)

The following corollary is an immediate consequence of the construction and diagram above.

Corollary 4.2.5. For o € K(xa1,...,%2,; Q) with { = |a|+1, the elements (a®1®---®1)

are elements of Hy(R) of internal degree ¢ + 1; thus they lie on the lowest linear strand. [

We conclude this section by noting that the constructions above provide a way of counting
the Betti numbers on the lowest linear strand of F, and equivalently the generators on the
lowest linear strand of H(R). In particular, we recover the following result of Roth and Van

Tuyl [37, Cor 2.6].

Corollary 4.2.6. Let G be a tree. Then 512(Q/Ic) = |e(G)| and

B (Q/Ie) =Y (des(v)>

1
veG

for all i > 2.

Proof. We use induction on the number of edges in G. For the base case we consider the
tree with one edge. In this case, Iz = (125) and the minimal graded free resolution F' of R

is
0— Q(-2) 28 Q —0.

Thus we see that 812(Q/Ig) =1 = |e(G)].

Now take G to be any tree and assume that the result is true for every tree with strictly
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fewer edges. We obtain the minimal graded free resolution F of (/I as the cone of the
diagram (4.5) constructed in this section. We count the Betti numbers on the lowest linear
strand as follows. From (4.5) and Corollary 4.2.5, we see that for ¢ > 2 we have

Bii1(Q/1g) > Bii1(Q/1g,) + (2 ﬁ 1) = Z (degil (U)) + (@ i 1)

veEG]

where the equality follows from induction. Separating the summand corresponding to xs

from the rest of the sum, we get that

ben(@/I) > m;dh <degi(v)) N (:) N (Z ’ 1> _ W;E(Gl (degi(v)> " (7“ Jlr 1>

where the equality follows from the identity called Pascal’s Rule. We note that r + 1 is
precisely the degree of x5 in G. Thus we have the inequality

un(@/te) = X (A1),

veG

To show equality, it suffices to take e to be any basis element of ];E/l and show that it
cannot be on the lowest linear strand. By Lemma 4.2.1, we have that e = a® ; ® - - - ® By,
for some basis elements « of Ky(z31,...,%2,) and 3, of (FP);,, where £ +iy+---+ip =i —1
and at least one (3, # 1. In the following computations, we denote by | - | the homological

degree and by deg(-) the internal degree in F. We denote by deg.(-) the internal degree in
F¢. We have that

deg(e) = degq(e) + 2
—degp(@®1®-@1)+dege(19 @ @)+ +dege(1®1® -+ ® Bar) + 2

=degla®1®---®1)+deg(¥(B1)) + -+ deg(¢(Bu))

where the first equality follows from the fact that F = cone(F°(—2) — F®!), and the last
equality follows from this same fact and also from Remark 4.2.2. Now by minimality we

have that

deg(e) > |a@1®@ - @1+ [V(B)| + - + [W(Bu)| + M + 1

56



=iy i+ M+2
=i+ M+1

>14 1.

Therefore, since |e| = i, e cannot possibly be on the lowest linear strand, and we have the

desired equality. It is clear that the desired formula holds for 8, 2(Q/Ig). O

4.3 The Main Result

In this section, we show that Question 4.0.1 has a positive answer for quotients by edge
ideals of trees, and thus also of forests. Throughout this section we let G be a tree and let )
be a standard graded polynomial ring over any field k£ with variables given by the vertices in
G. Denote by N the set of indices for the vertices, so that @ = k[{z,}nen]. Following the
notation established in the previous section, let ®g, and ®z: be the isomorphisms F®' ®@gk —
H(Q/Ig,) and F'®gk — H(Q/Ir,) asin (4.1), where F" is the minimal graded free resolution
of Q/Ir, as in Lemma 4.2.1. Before proving the main result of this chapter, we need the

following lemma.

Lemma 4.3.1. The canonical map of k-algebras

961 : H(Q/I@u) — H(R)

induced by the surjection Q/Ig, — Q/Ig = R satisfies the equality 0, (Pg, (e®1)) = ®(e®1)
for any e € FC1.

Proof. First recall that the quotient map

Q/lg, — Q/I =R
induces the map of DG algebras

K(Q/lg,) — K(R)
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that sends dz; to dx; for all 7, and the induced map
Oc, : H(Q/Ig,) — H(R)

on homology is a map of k-algebras. Since, by Remark 4.1.6, F®! is a subcomplex of I, it is

clear by Theorem 4.1.16 that the equality g, (g, (e ® 1)) = ®(e ® 1) holds. O

Now we show that the Koszul homology algebra of the quotient by Ig is generated by

the lowest linear strand.
Theorem 4.3.2. If R = Q/Ig, then H(R) is generated by ; H;(R);+1 as a k-algebra.

Proof. We use induction on the number of edges in G. For the base case, we consider the
tree with one edge. In this case, Ig = (z122) and the minimal graded free resolution F' of R

is
0— Q(-2) 28 Q —0.

Thus applying the isomorphism ® from (4.1) to F' ® k, we see that the only basis element
of Hi(R) lies in Hy(R),. Hence H(R) is trivially generated by the lowest linear strand.
Now take G to be any tree and assume that the result is true for every tree with strictly
fewer edges. Let IF be the minimal graded resolution of R over () constructed in Section 3
and fix the basis of each H;(R) given in Theorem 4.1.16. It is enough to show that each
basis element of H;(R) is in the subalgebra generated by €D; H;(R);+1. As such, we take h
to be any basis element of H;(R). Then h = ®(e ® 1), for some basis element e of F;. We

have that [F is the cone of the map
FO 2y F

defined in Proposition 4.2.4. Thus F; = F°' @ FC, and e must either be a basis element of
EF' or of FE,.

We first consider the case where e is a basis element of F,°'. By Lemma 4.3.1,
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h = 0g,(Pg, (e ® 1)), but by the induction hypothesis, H(Q/Ig,) is generated by the lowest
linear strand. So we have that

(I)Gl( Z C H (I)Gl m m—+1 1))\é,m

AEA Lm
m,m-+1

where A is a finite set of tuples A = (A,,,) and for £ =1, ..., by, m+1 the elements e are

basis elements of FC! of internal degree m + 1, and where ¢y € k. Now we have that

h = ‘9@1 (Z Ex H (I)G1 mm+1 1)>\Lm> Z e H QGI (I)Gl( o ® I))M’m

AEA lm AEA lm
= E C H(I) m,mt1 )/\Zm
AEA lm

by Lemma 4.3.1. The elements ®(e;*"*" ® 1) are basis elements of H,,(R) that are in
H,,(R),11; thus A is in the subalgebra generated by the lowest linear strand.

Now we assume that e is a basis element of F.¢,. Then, by Lemma 4.2.1,
e=a®pB®---® By, for some basis elements o of Ky(w21,...,%2,) and 3, of (F?);,, where

{+iy+---+iy =1i— 1. By Theorem 4.1.16, h = [g], where

by
g= >, > - Z do(fi ) d ()R (fL )y, - day, (4.6)

{k1<-<k;}CN j1=1
and each f. is the (7, j)-th entry in the kth differential of F when viewing the differentials
as matrices with respect some fixed bases.
Recall that, the operators d* depend on the order of the variables, so we fix an ordering

on the variables in () as follows
T < Ty < w90 <v(Th) < -+ <v(Ty)

for all ¢, where by v(7,) we mean the variables given by the vertices in the tree T} listed in
some fixed order.

Now we analyze the terms in (4.6) more carefully in order to remove the initial sum. We
note that since the differentials of F are given by (4.4), we have that for each set {j1,...,Ji—1},
is an entry of ¢,,_1,

there is some m such that L, ™ are entries of 9¢, f __

7
Ji—1,Ji7 " " JmsJm+1 1,Jm
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m—1

and Jm—2,Jm—17"

..,fll,j1 are entries of 9%'; that is, for each p = 1,...,m — 1, we have that
1 <j, < B,(Q/Ig,), for p =m,... i, we have 8,(Q/Ig,) + 1 < j, < b,, and we have that

fr € (z1) by Proposition 4.2.4. Thus, by Lemma 4.1.15, we have that d*= (f™ )=0

Jm—1Jm Jm—1Jm

unless k,, = 1. Also since k1 < --- < k,, < --+ < k;, our fixed ordering on the variables
implies that m = 1. So, every term in the sum with k,, # 1 or m # 1 vanishes, giving the

equality

by bi—1
g= > S N dif ) dE () (L ) deda, g, (A7)

{1<ke<--<k;}CN j1=a1 Ji—1=a;_1

where a, = (,(Q/Ig,) + 1, and with fi .. ... f? . entries of °, hence monomials, and

fllyj1 an entry of ¢p. We note that since F{® = @, we have that b; = a;. Thus there is only one
possible index j;, and the sum over j; can be removed. Also, ¢q is given by multiplication
by z125, so fij1 = T1%s.

By Lemma 4.1.15, for each fifl with p > 1, there is only one value of k, such that

Jp
d ( }; 71,jp) is nonzero. Thus, we see that for each set {ji,...,j;i—1}, there exist unique

k, = ky(j1,...,Ji-1), for p = 2,... i, such that the terms in the sum (4.7) do not vanish.

Therefore, we can indeed remove the initial sum, and the equality in (4.7) simplifies to

ba bi—1
g= 0 Y dF ) AR ) ) dayday, - day, (4.8)
J2=az Ji—1=ai—1
with ;i—l,ji’ cee j21,jz entries of O¢. For ease of exposition in the rest of the proof, we drop

the bounds on the sums in (4.8), and we denote by ij the sum from j, = a, to j, = b, for
each p.

Now we aim to factor g. We note that since
M .
a@p @ - @By)=0")@he @B+ (-)a@p @207 (B)®- - ® Bu,
i=1

where s = |a| + |f1] + - - - + 5|, our chosen order of variables and Lemma 4.1.15 imply that

the only nonzero terms in (4.8) are the ones such that

) fi—iM—‘rl

. F]W
G Jg G, ., are entries of 0
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fi—iM fi—iM—iM_ﬁ-l
ey

. M-—1
: oMt are entries of 0%
]171M77‘1\/171’]171M77‘1\/171+1

Jimipp—1Ji—ipg ) °

O+i1+1 042 : Fl
fj€+i17j€+i1+1’ oo fi) ) Gen, are entries of 0

0+1 2 : K

Fivjesas -+ f5,;, ave entries of o".

where here we identify each 9" with a matrix with respect to our fixed bases. Notice that

(4.8) can be written as

g= Y di(fi_ ) der () Y dR () d () dan g, (49)

Jet1s-5Ji—1 J2ye-e500

Next note that the sum over jo41 can be removed. Indeed f¢+2

. Fl
Jeraress 18 an entry of i and

since F!' is the minimal graded free resolution of a cyclic module only one index j,.; is
possible. The last group of sums in (4.9) can be pulled out to yield g = gy - g2, where

g1 = Z dk“l(fﬁjtﬂ) d (zme)day . dxy,,,

J2ye-5Je

and

92 = Z dki( ;i—lyji> T dkHQ(fJeeiijuz)dxkeH - da.

Jo425-Ji—1
We observe that the homology class of g; is precisely ®(a ® 1). Repeating the procedure

above with the sums in ¢, and then taking homology classes, we find that

h=2(@®1) 0 (P (61 ®@1)) - - O, (P1,, (By @ 1)),

where

is the canonical map of k-algebras induced by the surjection Q/Ir, — R as in Lemma 4.3.1.
By our induction hypothesis, H(Q/Ir,) is generated by the lowest linear strand; thus

similarly to the first case we have

h=o(a®1) T,
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where I is given by the product

<Z C) H (9T1 ((I)T1((61)7’m+1 ® i))Ae,m> . <Z N H GTM (q)TM<(ﬁM)Z”L,m+1 ® i)))\e,m>

AEA lm AEA Lm

and where each (3,);"""" is a basis element of F4 of internal degree m + 1. By Corollary
4.2.5 ®(a ® 1) is a generator of Hyyq(R) that is in Hyy1(R)sy o, and therefore, since the
maps 0y, and @, preserve bidegree for j = 1,..., M, h is in the subalgebra generated by

the lowest linear strand. O

Since paths are trees, this recovers [9, Thm 3.15]. Now let G be a forest, which by
definition is a disjoint union of trees, T7,...,T},. Thus, the quotient of the edge ideal of G is

of the form

Q/le = Q1/Ir, ®...® Qm/ I,

where @)1, ..., Q,, are polynomial rings on disjoint sets of variables such that

Q=0Q1 - Q Q. This induces an isomorphism on the Koszul homology algebras

H(Q/Ig) = H(Q1/Ir,) 9...& H(Qm/Ir,,),
thus yielding the following corollary as a direct consequence of Theorem 4.3.2.

Corollary 4.3.3. If R = Q/Ic and G is a forest, then H(R) is generated by @, H;(R)i11

as a k-algebra. [
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Chapter 5

Embedded Complete Intersections

In this chapter, we construct a self-dual complete resolution of a module defined by a
pair of embedded complete intersection ideals in a local ring. We find that the existence of
such a complete resolution has nice (co)homological consequences for the module.

The motivation for studying self-duality of complete resolutions is the following clas-
sical result of Buchsbaum and Eisenbud in [12, Theorem 1.5] on self-duality of finite free

resolutions.

Theorem 5.0.1. If R is a local ring and I C R is a Gorenstein ideal, then the minimal free

resolution of R/I over R is self-dual.

When one moves from finite free resolutions to infinite complete resolutions, the idea of
self-duality is not so well understood. However, a related, but weaker notion of symmetric
growth in complete resolutions has been a topic of interest in recent years. In 2000, Avramov
and Buchweitz proved that over a complete intersection ring, the growth of the Betti sequence
of a finitely generated module is the same as the growth of its Bass sequence [3, Theorem 5.6].
In particular every minimal complete resolution over a complete intersection has symmetric
growth. Jorgensen and Sega constructed an example in 2005 that showed this is not at all
the case over an arbitrary Gorenstein ring [29, Theorem 3.2]. However in the same paper

they show that minimal complete resolutions over a Gorenstein ring of minimal multiplicity
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or low codimension have symmetric growth. In 2014, Bergh and Jorgensen studied minimal
totally acyclic complexes and gave a criterion under which these complexes have symmetric
growth. In particular, they proved that in a local ring, the minimal complete resolution of a
module of finite complete intersection dimension has symmetric growth [8, Corollary 4.3].

Given these results, it seems natural to ask which modules have complete resolutions
that not only exhibit symmetric growth, but are actually self-dual. In this chapter, we give
a class of modules over a local ring which have self-dual complete resolutions. In particular,
we construct a self-dual complete resolution of a module defined by a pair of embedded
complete intersection ideals over a local ring. As a consequence of the existence of such a
resolution we establish an isomorphism between certain stable homology and cohomology
modules. We note that such a resolution was simultaneously and independently given in [31].
Although the resolutions are isomorphic, the constructions are rather different. A similar
resolution, from a different perspective, also appeared in the Oberwolfach report [13], but
we were not aware of this report during our work on this project.

We now outline the contents of this chapter. In Section 5.1 we recall some basic notions
that we use throughout the chapter. We also introduce a precise notion of self-duality
of complete resolutions and give a result that describes the (co)homological consequences
when such a resolutions exists. In Section 5.2, we develop a key ingredient we will need in
our main construction of the resolution; namely, we provide explicit generators of Koszul
homology modules in the embedded complete intersection case. In Section 5.3, we construct

the self-dual complete resolution.

5.1 Preliminaries

Throughout this chapter, we let ) be a commutative, Noetherian, local ring, and we
use the notation (__)* := Homg(__,Q). We begin this section by recalling some basic

definitions and facts that we use throughout the chapter. They can also be found in [3].
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Definition 5.1.1. A complete resolution of a finitely generated ()-module M is a complex
T: =Ty —>T >Ty—>T 1 —>T 9g—---
of finitely generated free ()-modules which satisfies the following conditions:
(1) both T and T* are exact

(2) for some r > 0, the truncation 7%, is isomorphic to F-,, where F' is a free resolution

of M over Q).
Next we discuss stable (co)homology.

Definition 5.1.2. The stable (co)homology modules of M and N are defined as

Tore (M, N) := Hy(T ® N)
Q

Extg (M, N) := H"(Homg(T, N))
where T is a complete resolution of M.
The following fact is well-known.

Fact 5.1.3. If a module M has complete resolutions, then any two complete resolutions of
M are homotopy equivalent. Thus, for all integers n, the stable (co)homology modules are

well-defined.

On the other hand, modules do not always have complete resolutions. The following
well-known fact gives a necessary and sufficient condition for a module to have a complete

resolution.

Fact 5.1.4. A module has a complete resolution if and only if the module has finite Goren-

stein dimension. Thus in a Gorenstein ring, every module has a complete resolution.

We now introduce a precise definition for self-duality of complete resolutions, which we

use throughout this chapter.
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Definition 5.1.5. A complete resolution T is self-dual if T* is isomorphic to T'[i] for some

integer 1.

In other words, we consider a complete resolution that is isomorphic to its dual, up to
some shift, to be self-dual. Modules that have self-dual complete resolutions satisfy nice

(co)homological properties, as shown in the next proposition.

Proposition 5.1.6. If a Q-module M has a self-dual complete resolution then for any Q-
module N there is an isomorphism

+i(

Toro (M, N) = Exty (M, N)

for some integer i and for all integers n.

Proof. 1f T is a self-dual resolution of M and T* = T[], then we have the following isomor-

phisms

Tor- (M, N) = H,(T 9 N) = H, (Homg(T", N))  H, (Homo(T[i], N)

~ H,;(Homg(T, N)) = Exty (M, N)

where the first isomorphism follows from the standard isomorphism T'®qg N = Homg (7™, N).
O

5.2 Generators of Koszul Homology

We begin this section by establishing some notation that is used throughout the remainder
of this chapter. Let () be a commutative Noetherian Cohen-Macaulay local ring and fix
regular sequences f = fi,..., f, and g = g1,...,gs in Q, such that I := (f) C (g). In this
case, we call I an embedded complete intersection ideal in (g). Let R = Q/I and J be the
ideal (g)/I in R, with g the grade of J, that is, the length of the longest R-regular sequence

contained in J. Denote by

K(g;Q) = Q(dgy, .. .,dgs|0k (dg;) = gi)
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and

K(f;Q) = Q{dfy, ..., df|0k(dfi) = fi)

the Koszul complexes on the sequences g and [, respectively, and let H; (g; R) be the Koszul
homology module H;(R ®q K(g;Q)).

Since (f) C (g), for each j =1,...,r, we can write

fi= Z i Gi
i=1
where a;; € Q. Denote by A the s x r matrix of coefficients (a;;) and by A;IIZJ’Z the k x k
minor of A corresponding to the rows j,..., j, and the columns i, ..., .

In this section we give explicit generators of each Koszul homology module H;(g; R),
which we use in the next section to construct a self-dual complete resolution of R/J over
R. We first note that in the case of embedded complete intersection ideals, the structure
of H (g; R) is well-understood in the following sense. We have that J is a quasi-complete
intersection ideal of R. Indeed, (g) is a quasi-complete intersection ideal of (), and thus .J is a
quasi-complete intersection ideal of R by [7, Lemma 1.4]. Therefore, Hy(g; R) = A" H, (g; R)
is an exterior power of the first Koszul homology. We use this structure to describe the
generators of Koszul homology. The generators we provide in Lemma 5.2.1 are given in
terms of the minors of the matrix A defined above, and this plays a crucial role in our
constructions in the next section.

We also note that one could instead find formulas for the generators of Koszul homology
in the embedded complete intersection case using Corollary 2.5.3. However, due to the extra
structure on Koszul homology in this case, the general formulas obtained in Chapter 2 are
not necessary. See Appendix A for an alternative proof of Lemma 5.2.1 which follows the

spirit of Chapter 2.

Lemma 5.2.1. An R/J-basis for Hy(g; R) is given by homology classes of the elements

> ARrdg, . dg,

1<i1 <<y <s
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for1 < gy <---<jy <r, where ( - ) denotes the image in R.

Proof. By the discussion above, it suffices to find a basis for H;(g; R) and show that the
product of each set of ¢ such basis elements yields the desired formulas.

Consider the following isomorphisms

Hi(g: R) = H(R & K(g: Q) = Torf (R, R/J) = H/(K(f;Q) ©R/J)= Kdf:Q) @ R/

where the second and third isomorphisms follow from the fact that f and g are regular

sequences and the last follows from the fact that I C (g). The isomorphism above is defined

by sending an element b ® 1 in K,(f; Q) ®q R/J to [Z] where z = (2, ..., 2) is a cycle in

K(f;Q) ®q K(g; Q) such that z is sent to b ® 1 in the surjection

Ki(f:Q) ®q Ko(g: Q) - Ki(f:Q) ®q R/ J,

zp is sent to Z; in the surjection

Ko(f;Q) ®q Ki(g; Q) - R®q Ki(g; Q),

and [__| denotes the homology class.

Take zo = df; ® 1 and z; = >, a;; ® dg;. Then we see that
(1®0k)(z1) = f; @1 = (0 ©1)(20)

for each i = 1,...,7. Thus, (zo,21) is a cycle, and since the elements df; ® 1 for j =1,...,r

form a basis of K1(f;Q) ®q R/J, the homology classes of the elements

Za_jidgi
i=1
for j =1,...,r form a basis of H;(g; R).

Multiplying any distinct two of these generators together yields

< i md%) ) ( i md9w> - i i ajl,hajz,izdgh dgi, = Z mdghdgm'

i1=1 io=1 i1=110=1 1<i1<i2<s

Inductively, we obtain the desired formulas. O
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We end this section by giving a formula for the generator of the first nonvanishing Koszul

cohomology module, which we use in the next section.

Corollary 5.2.2. The homology class of the element
Y (Fyyrethiteth ARt dgn L dgy
1<iy <<y <s ‘
where {ky,...,ky} is the complement of the set {iy,...,4,} in{1,..., s}, generates the Koszul

cohomology module HY(g; R).

Proof. We first note that since @) is Cohen-Macaulay, we have equalities
g =htJ = dimR — dimR/J = dim@Q — r — (dimQ — s) = s — 1.

Now the result follows directly from Lemma 5.2.1 and the self-duality isomorphism of the

Koszul complex,

Kj(g: R) — K*7(g; R)

dgi, - .. dg;; — (=1)Pdgy, ... dgzsij

where {k1,...,ks_;} is the complement of {4;,...,4;} in {1,...,s} and p is the sign of the
permutation dg;, . ..dg;,dgy, . .. dgk,_,; see for example [20, Proposition 17.15]. It is easy to

see that p = j(s —j) + k1 + -+ + ks_j. O

5.3 The Self-Dual Complete Resolution

In this section we construct a self-dual complete resolution of R/J over R under the
assumptions introduced at the beginning of the previous section.

We begin our construction by considering the Tate resolution of R/J over R, which is
known to be a DG-algebra resolution. By [39, Theorem 4], since f and g are both regular

sequences on (), this resolution is precisely
F = R(dg,...,dgs,T,...,T,| O(dg;) = g, 3(Tg) = Z ajidgi>-
i=1
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We view this resolution as the total complex of the double complex

where G is the free R-module with basis dgi, . ..,dgs, /\ G denotes the exterior algebra on
that basis, F' is the free R-module with basis T7,...,T,, and D denotes the divided power
algebra on that basis. Thus we see that the vertical maps are given by the differentials of
the Koszul complex K(g; R), and the horizontal maps send Tj to D7, ajdg;. For ease of
notation we set \'®D; := \'G ® D,F.

We now dualize the double complex F, and we note that

F.) = (NGenF) =(NG) omF) =N\ cesF

where S denotes the symmetric algebra on the dual basis of /. We denote by /\’ ®9; =
/\i G*® S;F*, and we note that in F* the vertical maps ji, are given by right multiplication

by z =377, gidg; and the horizontal maps d send dg; to 7,

ajiTj*.
We also see that by [7, Theorem 2.5], since J is a quasi-complete intersection ideal, it is
a quasi-Gorenstein ideal; that is, there are isomorphisms

. R/J i=yg
Exth(R/J, R) =

0 i#yg

Following work of Herzog and Martsinkovsky in [27, Section 3] — see also [7] for another
gluing construction — we seek to glue the double complex F to its dual. That is, we aim to
define a map v : F — F*[—g] as shown in diagram (5.3) below that identifies the homologies

Hy(F) = R/J and
HY(F*) = H9(Hompg(F, R)) = Ext4(R/J, R) = R/J, (5.2)

where the isomorphism follows from (5.1).
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! ! ! ! I ¢
N /\1®D2 dT /\ 1 dT /\3®D0 ﬁ} /\9_3®SO i> /\9 4

ud \L/’Lac duf L L W
0— A'@Ds &5 A'@Dy 95 A2®@Dy > N2@S0 -5 AT eS8 L AT S, — ..
l \Luz Luf L L W
0—— A'@D1 &5 Al@Dy 5 A @Sy -5 AT2es L ATEeS, — ...
l b i Lo Lo
0 —— A'®@Dy 2% AY®S) —4 A @S S AT2@S, — ...
l { { {
0 . . .

(5.3)

The diagram shows the resolution F on the left, its dual on the right, and a gluing map v
between the two. Apriori, the gluing map v need not land in the first column as the diagram
shows; however the gluing map we define in this section does indeed satisfy this property.

We note that since * is a module over F, to define the gluing map v, it suffices to define
vo and take v to be multiplication by the element vg(1). We will define v, carefully in order
to construct a complete resolution of R/.J over R which is self-dual.

To this end, we denote by 3 the image of 1 4+ J under the isomorphism
R/J — Ext%(R/J, R). (5.4)
from (5.1). Given the equality Ext%(R/J, R) = H(F*) from (5.2) we have that
f=a+Im0d

where a = (ay, . .. ,a[%kl) € Ker0 \ Im0, and where 0 denotes the differential on F*.
With this notation and the diagram (5.3) in mind, we get the following technical lemma,

which says that the element «y is not a boundary in the dual Koszul complex.

Lemma 5.3.1. The element oy satisfies the property that ag # 115(80) for any 8y € N7 @S
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Proof. Suppose that ag = p(dg) for some 6y € A1 ® Sy. Since diagram (5.3) commutes,
we have that d(ag) = p.(d(do)). On the other hand, since a € Kerd, we have that p,(a;) =
d(cv). Thus d(dg) — a1 € Kerp,.

We note that each column on the right half of the diagram (5.3) is the dual Koszul
complex on ¢i,...,9s. By self-duality of the Koszul complex, since the last nonvanishing
Koszul homology module is H,_4(g; ), the first nonvanishing Koszul cohomology module
is H9(g; R). Thus the columns on the right are exact in degrees lower than g, and we have
that d(dy) — a1 = p,(d1), for some §; € N3 ® 9.

Inductively, we have elements 0;, for i = 0,.. ., f%} — 1, such that each d(6;) — a1 =

iz (8i41). Thus we have

which is a contradiction. ]

Continuing our construction, we note that since « is a cycle, we must have that g is a
cycle in the dual Koszul complex; however, it is not a boundary by Lemma 5.3.1. Thus by
Corollary 5.2.2, we see that

ag = t( DD G DAt F -~dgzg) + p12(7), (5.5)
1<i1<-<ip<s
for some nonzero t € R and some v € A9 @ Sj.

Now we define the gluing map v as follows. Define the map vy : Fo — F, such that

vo(1) = €, where
€= (t( > (mnhrthe At gy .dg,jg),o, . ,O), (5.6)
1<iy<-<ip<s

and extend this to the chain map

v:F — F*[—¢] (5.7)

7N —> €n.
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Thus the gluing map does indeed land in the first column on the right side of the diagram
(5.3).
We aim to show that the map v is a quasi-isomorphism. To accomplish this, we need

some technical lemmas.

Lemma 5.3.2. The element
Z (— 1)k1+ +kgAn, ,zrdgkl dgltg
1<iy < <ip<s

15 in the kernel of the map d.

Proof. For ease of notation, we set K = k; + --- + k,, and we denote by >, the sum over
1<iy <---<i. <s. Applying d to the given element, we see that it suffices to show that

the coefficient of T,,, in the sum

T

> (=D)AL d(dgy, - dgy) =Y (—DFAR ’“ngkl i - dgi) > ag, T

I I =1
is zero for all m = 1,...,r. We observe that its coefficient is precisely
S (=DFAR Y (=) gy, . dgg, - gy g,
L n=1

so it suffices to show that the coefficient of any dg; ... dg,, _, in this sum is zero.
Thus the terms of the sum we are interested in are the ones where we sum over all
sets {i1,...,4,} whose complement in {1,..,s} contains the set {pi,...,p,—1}. There are

s — (g — 1) = r + 1 such sets, namely,

{q27"'aQT’-‘rl})"'7{q17"'7@7"'7Q7‘+1}7"'a{q17"'7q7”}a

and their complements are

{ph s Jpg—17QI}7 ey {pla s 7pg—IJQT+1}

respectively, where {q1,...,¢y41} is the complement of {p;,...,p,—1} in {1,...,s}.

Let s; denote the spot in which ¢; sits when {pi,...,ps-1,¢;} is ordered. Thus the
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coeflicient of interest is

r—+1
pr+eApg_14+qitsi+1 AQ1sTiseqr+1
E (_1) ’ o Al ' " Um,g; -

7"'77"
i=1
We note that if the signs in the sum above are alternating, then this coefficient is zero.

q1;--59r+1 : : :
md. ... which is zero as a row is repeated.

Indeed, it would equal the determinant A

Thus it suffices to show that (—1)%7* is the opposite of (—1)%+1T%i+1 for any 1 < i < r+1.
We assume that ¢; and ¢;,1 have the same parity, as the argument for the case in which they
have different parity is essentially the same. Note that in this case, there is an odd number
of indices p; between ¢; and ¢;41 in the set {1,...,s}. Thus s;;; is the sum of s; and an

odd number. Hence s; and s;;; have different parity, and (—1)%"% and (—1)%+"%+! are

opposites. Therefore the signs in the sum are alternating as desired. O
We also need the following lemma of Miller from [34] in the proof of our next proposition.

Lemma 5.3.3. If v = (v, . .. 77[%11_1) € Kerd and d(y9) = 0, then there is an element

v = (7,0,...,0) € Kerd such that [y] = [].

Given our construction above, we obtain the following result.
Proposition 5.3.4. The map v : F — F*|—g| defined in (5.7) is a quasi-isomorphism.

Proof. Since Ext’(R/J, R) = 0 for all i # g, it suffices to show that vy: Fo — [y induces an
isomorphism on homology. However, we observe that the map induced by vy on homology
is precisely the isomorphism R/J — Ext%(R/J, R) in (5.4). Indeed, since § = a +Im 0, we

have the following equalities

f= (t D (FDFAL gy, -
1

= <t > _(=DFAL g,
1

= (t D (1)K AR gy,
1

'ezg> +:um<7)70417"'
dgl:g> y 1 — d(V)v s

.dg;;,> ar—d(),...

74

, Qs 1]1) +9(7,0,...,0) + Im 0



where K = ky +---+k, and ), denotes the sum over 1 <4; < --- <4, <s, and where the

first equality follows from (5.5), the second equality follows from the fact that

9(7,0,...,0) = (4z(7),d(7),0,...,0),

the fourth equality follows from Lemma 5.3.2 and Lemma 5.3.3, and the last follows from
(5.6). Therefore = vy(1) +Im 9, and v is a quasi-isomorphism as desired.

[]

Now we aim to show that the cone of the map constructed in (5.7), is self-dual. The next

proposition gives conditions on any gluing map w : F — F*[—g], which force its cone to be

self-dual.

Proposition 5.3.5. Let w : F — F*[—g| be the map such that

_ z : 0yecilm 7 % * * *
wo(l) —_— Ckl 77777 knd'gkl “ .. dgkﬂTel “ .. sz
1<k < <kp<s

1<l <<l <r
n+2m=g

.....

for alln =2,3mod 4 , then cone(w) is self-dual.

Proof. We first show that ij = Fw,_; for all j, where we view each w; as a matrix and

(__)T denotes the transpose. Note that for ¢ + 2u = j, we have

w; (dgp, ... dgp, Ty, ... Ty,) =

_ U1yelm 7 % * * *
= (dgp, ... dgp, Ty, ... T,) - Z o pdgy, e Ty T
1<k1 < <kn<s

1<l <<y <r
n+2m=g
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01 peeslm . P
= Z Cryind gy, - dgp Ty, - Ty, dgy, - dgy T, .

1<k < <kn<s
1<l <<l <1
n+2m=g

*
Ay

and we observe that dg,, ...dgy, Ty, ... Ty, dgy, ---dgy Ty ... T} is given by

(=1)*dgy, ...dg; T ... Ty dgy, ...dgyTy ... T4, |dgk, -

0 otherwise

for some z € Z, where {vy,...,v,;} is the complement of {py,...

{z1,..., 234} is the complement of {q,...,q,} in {¢1,...,¢,}.

Similarly we have that

Wg—j (dgv1 co.dgy, [Ty, .. .Txmfu) =

l1,..., b *
= Z Cryd gy, - dgy, Ty - Ty, dgy, -

1<k < <kp<s
1<l <<y <r
n+2m=g

From (5.8), in the case that dg,, ...dgy, 1y, - .. Ty, |dgk, - - - dgk, Te, -

dgy, ---dgy, Ty, ... T, = (=1)*T; ... Ty dg, ...dg, dg, ...dg,

Thus we have the following equalities

dgy, - .- dge, Ty, .. Ty, dgy, -..dgp T ... T, =

. dgkanl c. Tg

i) in {ky, ..o,

Un

= (=1)*dgy, -..dgy, ,Ts, .. .Tmm_uT T* dgpt ) .dg;dg; ..

= (=1)%*dgy, - .- dgvn_tdg;t dgp1 T* dg,, ... dg,
= (1)1

5 (n— t)(n t—1) t(t 1) " " %
= (—1)*(—1)tn=D+ Tedgy L. dgs Ty T

qu

dgpt codgy Ty Ty

qu

n(n 1)

= (=1)*(-1) dg,, --.dg, T ... T,

(—=1)*dg;, ...dgs Ty ... Ty, n=0,1mod4

(=1)*tdgy ...dg:, Ty ... TF n=23mod4

qu
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T*

—t=T1 "

.dg,

dgy, Ty, ..

Un

T*

T*

-t x1 "t

m

(5.8)

k,} and

*
Ay

.1y,,, we see that

Tm—u’

T*

Tm—u



and by our assumption on ¢, we see that either w,_; = w for all j or w,_; = —w! for
1 J

.....

all j.

Now T :=cone(w) is the complex

Dyt Dy * D1 s Do
= Fy —>Fg—>IFO@IFg_1—>---—>F972@F1—>FQ71@F0—>F9—>

(5.9)

with differentials given by the block matrices

We define ¢: T'— T*[g — 1], shown in the diagram below, as follows.

o Py S, S Fre P, S B e R B eR B —

Gg+1 l‘by l%fl lﬁbl l l¢ 1
DT DT D} D}

DT
-—>Fg+1—>F —>F91@F* -~-—>F1@F —>F0@F*1—>F*

In the case that wy_; = ij for all 7, we define ¢ by

- -
0| —Id
for j even
Id| 0
;=9 - _ ;
0 |Id
for 7 odd
—Id| 0
\ L .
and in the case that w,_; = —ij for all j, we define ¢ by
-
0 |Id
for j even
Id| 0
;=9 -
for j odd
\

In either case, it is easy to see that the diagram commutes, and that ¢ is an isomorphism

between the cone(w) and its shifted dual. O
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To complete our construction, we let
T := cone(v), (5.10)

where v : F — F*[—g] is the map defined in (5.7). We note that by Proposition 5.3.4, T is
exact, and its dual is also exact. Indeed, by Proposition 5.3.5, it is self-dual. The fact that
its truncation T, is the tail of a free resolution of R/.J is clear from (5.9). Thus we have

proved the following result.
Theorem 5.3.6. T is a self-dual complete resolution of R/J over R. 0

In fact, the resolution we have constructed is the minimal complete resolution of R/.J,

as we see in the following remark.

Remark 5.3.7. We note that the generators of I and J can be chosen so that the aj; are
in the maximal ideal. Indeed, if
fi= Z uigi + Zajigi
iere il
where I' C {1,..., s}, each u; is a unit, and each aj; € m, then
fi+mlg) = Z uigi + m(g);
ieTe
thus by Nakayama’s Lemma, we can replace a generator g, for some k € I'°, by f; in our

minimal generating set for (g). However,

R/(gly---afjv"-vgs):R/(glv--w};""ags)a

so we may remove the generator f; from the ideal (g). Repeating this argument as necessary,
we see that we may remove all of the generators ¢g; with ¢« € ', and thus we may assume
that all of the aj; are in the maximal ideal in our construction.

By the discussion above, we see from (5.6) that the map v defined in (5.7) is minimal,

and thus its cone T is also minimal.
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Applying Proposition 5.1.6 and Theorem 5.3.6, we arrive at the following Corollary.

Corollary 5.3.8. Let @ be a Noetherian local ring and let I = (f) C (g) be embedded
complete intersection ideals in Q. If R = Q/I and J = (g9)/1 C R, then for any R-module

N, there are isomorphisms

971(

Tor. (R/J,N) = Ext " (R/J,N)

for alln € Z. O
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Appendix A

Koszul Homology: Another Approach

In this appendix, we give an alternative proof of Lemma 5.2.1. We recall that Koszul
homology in the embedded complete intersection case is well-understood; see the discussion
preceding Lemma 5.2.1, and this fact is reflected in the proof of the lemma given in Chapter
5. However, we include a different proof here which does not utilize the known structure
of Koszul homology over an embedded complete intersection, as this proof was a stepping
stone to the formulas given in Chapter 2 for the generators of Koszul homology in a much

more general case. We state the lemma again here for the convenience of the reader.

Lemma. Let @ be a Noetherian local ring and let I = (f) € (g) be embedded complete
intersection ideals in Q. If R = Q/I and J = (g)/I C R, then an R/J-basis for H(g; R) is
given by homology classes of the elements

Ulyeesl g )
Z Ajh--,jz dgi, .. .dg;,
1<i1 << <s

for 1 <j; <--- < j, <r, where (- ) denotes the image in R.

We break the lemma into two separate statements; the first is that the proposed can-
didates for Koszul homology generators are cycles, and the second is that they are indeed

generators.
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Proposition A.0.1. The elements

Z A“’ o g, ... dgi,,

1<i1 <+ <1p<s

for 1 < j; <--- < j; <r and where ( - ) denotes the image in R, are cycles in the Koszul

compler K(g; R).

Proof. Applying the Koszul differential Jx to the given elements, we have
¢
(X M) = A0 e,
1< <<y <s 1< << <s k=1
It suffices to show that the coefficient of each dg,, ...dgnm,_, is zero.
Thus, the terms of the sum we are interested in are the ones where we sum over the sets

{i1,...,4s} containing the set {mq,...,my_1}. There are s — ¢ + 1 such sets, namely,

{mh S 7mf—17p1}7 ER) {mh S 7mf—17ps—€+1}7

where {p1,...,ps—¢y1} is the complement of the set {m,...,m,_1} in {1,...,s}. Denote by
Sk, the spot in which py, sits when the set {my, ..., m;_1,px} is ordered.

Then the coefficient of interest is

l
sk—i—l M1,y 5Pk Mg —1
Z J1, Je Ipr- (Al)

k=1

Expanding each determinant in (A.1) along the si-th column, we get

l l V4 V4
1 Sp+n mi,...,My—1 n+1l pAMmi,...,mMyp—1
g —1)skt g -1 g, AT :5 -1 ATl g a;
(=" gp 2_(=1) AR P R 7 (=1) T yeeesrseessdie gn:pi Ip
k=1 n=1 n=1 k=1
l s
. n+1Am1, 5My—1
= E i — E a; .
( ) VARED »]n: 7]( f]n ]n7pkgpk
n=1 k=¢+1
However,

(AT,

JlseeosInse-sJe

81



ML ey M5y T — 1

P expanded along the first column, which is

is precisely the determinant A

zero since a column is repeated. Thus, we have that the coefficient in (A.1) is given by

¢ ¢
S+l AM15--1, Pks--+s my—1 _ n+1l M-, my—1
Z(_l) ' Ajl """ Je o = Z<_1) Ajl ----- Jrreees jefj"
k=1 n=1
which is zero in R = )/, and thus the given elements are cycles as desired. O

These cycles generate Hy(g; ) as an R/J-module, as shown in the following proposition.

Proposition A.0.2. An R/J-basis of Hy(g; R) is given by the homology classes of the ele-

ments

DL Aulidg,..dg,
1<y <<y <s
for1<ji<---<jy<r.
Proof. We begin by considering the following isomorphisms

Hy(g; R) = H(R & K(g: Q) = Torf (R, R/J) = Hi(K(f:Q) © B|.T) = Ki(f: Q) € B/

where the second and third isomorphisms follow from the fact that f and g are regular
sequences and the last follows from the fact that I C (g).

As we stated in Chapter 5, the isomorphism above is defined by sending an element b ® 1
in K¢(f; Q) ®q R/J to [z] where z = (20, ..., 2) is a cycle in K(f; Q) ®q K(g; Q) such that

2o is sent to b ® 1 in the surjection

Ki(f;Q) ®q Ko(g; Q) — Ki(f; Q) ®q R/ J,

zp is sent to Z; in the surjection

Ko(f; Q) ®q Ki(g; Q) - R®q Ki(g; Q),

and [__| denotes the homology class.
Thus for each set 1 < j; < --- < j, < r it suffices to find a cycle z = (2, ..., 2,) such
that

1<i1 < <1p<s
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and z is sent to the basis element df;, ... df;, ® 1 of K,(f;Q) ® R/J.

We define z = (zo, ..., 2z), where
= (—1) [dfjnl o df, (Z Azl’,”f’j 491, - .dgip)] :
N
where {n},...,n,} is the complement of the set {ny,...,ny,} in {1,..., ¢}, and where for

ease of notation, we denote by by, the exponent n; +---+mn,_, +£—p, by >\ the sum over
1<ny <---<mngp, <l and by >, the sum over 1 <i; <--- <1, <s.
To show that z is a cycle, we must show that (1 ® Jk)(2,) = (Ox ® 1)(%,—1) for all

p=1,...,¢. Asin the proof of Proposition A.0.1, we have that (1 ® 0x)(2,) is given by

p
b P . . — 1 g . .
%:(—1) e\ df,, - dfy,  ® (21: 2;( 1)t AJLM ]/:7 i f% dgi, - - dg,p1> , (A2)
—
and on the other hand (0 ® 1)(2,-1) is given by
{—p+1 -
> (=) [ ( >V df, -, - .dfjwpﬂ>
N t=1
(Z A] B z,:j 1/ dgzl N dgipl) (Ag)

We consider in each sum (A.2) and (A.3), the term which is tensored with df;,, ... Afjn,
and show that they are equal. We first consider this term in (A.2) by looking at the terms
where we sum over the sets {n,...,n/_,41} containing the set {m,...,my_,}. There are p

such sets, namely,

{my,...,mepur}, oo {ma, oo My, upt
where {uy,...,u,} is the complement of the set {ms,...,my_,} in {j1,...,Jj¢}. Note that
once the set {uy,...,u,} is ordered, it is the same set as {m/,...,m;} according to our
earlier notation. Let s; denote the spot in which w; sits in the set {mq,... , u; ..., me_p}

when it is ordered.

Picking out the appropriate terms from this part of the sum, we get

p

beptup+1 _1\Sk+1 £, ) ) (ST ) )
Z(—l) 0p Ukt [(( 1)+ f]ukdf]ml --'dfamg,p) (Z A]ul’ T ,Ju,,dg“ . ..dglp_1>]

k=1
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p

:dfjm1 "'dfjm[,p ® (Z( 1)be ptug+sp+2 ZAM, ~ip—1 f]% dg“ .. .dgip_1> )

]u17 7]uk7 7Ju
k=1

where, abusing notation, by, = my + -+ +my_, + € — p.

Now we look at the corresponding terms in (A.3), namely,

P
by, +1 U1yeenyl —1
dfjm1 e dfij—p X ((—1) ¢p kz_;( Sk ZA o Ju}« iy f]uk dgu . dg,p 1> )
where s} denotes the spot in which w; sits in the set {u1,...,u,} once the set is ordered.

It suffices to verify that (—1)“+s = (—1)%*! for all k = 1,...,p. We verify this fact in
the case that s}, is even; the other case is similar. Thus we must show that u; and s; have

different parity. Since s} is even, there is an odd number of elements preceding uy in the

set {uy,...,u,}. If uy is even, then there is an odd number of elements preceding uy in the
set {1,...,¢}, and an odd number of those elements are contained in the set {uy,...,u,},
hence an even number of them must be contained in the set {my,...,my_,}. Therefore, s

is odd as desired. The argument is similar if u; is odd. Thus z is a cycle, and the result

follows. O

The method we use here becomes more complicated in settings as general as in Chapter

2, so we streamline the proof with the Perturbation Lemma.
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