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Localization of magnon modes
in a curved magnetic nanowire
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Spin waves in magnetic nanowires can be bound by a local bending of the wire. The eigenfrequency of a truly
local magnon mode is determined by the curvature: a general analytical expression is established for any infini-
tesimally weak localized curvature of the wire. The interaction of the local mode with spin waves, propagating

through the bend, results in scattering features, which is well confirmed by spin-lattice simulations.
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1. Introduction

Spin waves as collective excitations of magnetically or-
dered medium were introduced by Bloch [1] in 1930, where
he predicted that spin waves should behave as weakly inter-
acting quasiparticles obeying the Bose—Einstein statistics.
These quasiparticles, as quanta of spin waves, are called
magnons: the dynamic eigen-excitations of a magnetically
ordered body. A wide variety of linear and nonlinear spin-
wave phenomena boosted the interest into the fundamental
properties of the spin waves [2-4], whereas their transport
abilities were of great interest for applications in telecom-
munication systems [5]. Due to the possibility of building

low-power logical devices, spin waves are considered as
potential data carriers for computing devices [6-9]. Howev-
er, in order to exploit spin waves for data processing in real
devices, it requires a means to guide spin waves without
disturbance in structures with complicated geometry, which
in turn requires bent and curvilinear parts to save space on
the chips [10-12].

During the past few years, there has been a growing in-
terest in the curvature effects in the physics of nanomagnets.
A crucial aspect of the interest is caused by recent achieve-
ments in nanotechnologies of flexible [13], stretchable [14],
and printable magnetoelectronics [15]. The topic of mag-
netism in curved geometries brings about a series of fasci-
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nating geometry-induced effects in the magnetic properties
of materials [16]. A fully three-dimensional (3D) approach
was put forth recently to study dynamical and static proper-
ties of arbitrary curved magnetic shells and wires [17,18],
and also stripes [19]: the geometrically-broken symmetry in
curvilinear magnetic systems results in the emergence of a
curvature-induced anisotropy and a Dzyaloshinskii-Moriya
interaction (DMI) driven by exchange interaction. The latter
effect results in possible magnetochiral effects [20], for a
review see Ref.16. It is known that the curvilinear-
geometry-induced DMI is a source of pinning of domain
walls by a local bending of the wire [21], it causes a cou-
pling of chiralities in spin and physical spaces for the
Madbius ribbons [19,22], it results in a number of nonrecip-
rocal effects in helical wires [23-26], it can even stabilize a
skyrmion in a curved magnet [27,28].

The purpose of the current study is to derive conditions
when the bending of the wire results in localization of
magnon states. Using a recently developed approach for
the description of arbitrary curved wires [18] we study the
equilibrium magnetization state and spin waves on its
background for flat curved nanowires. It is shown that for a
smoothly curved flat nanowire the equilibrium state has an
almost tangential magnetization distribution with small
deviations which are proportional to the first derivative of
curvature over the arc length. A truly local mode is shown
to be always present for any infinitesimally weak localized
curvature of the wire. This internal mode results in certain
scattering features of the spin waves.
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The paper is organized as follows. In Sec. 2 the relevant
model is formulated. We present a general description of the
ground state and linear excitations in flat, curved ferromag-
netic wires in Sec. 3. We illustrate the proposed approach
using a wire with a box-car curvature, i.e., two straight seg-
ments connected by a circular arc in Sec. 4. The bound states
in the limiting case & — 0 of a sharp bend are considered in
Sec. 5. Numerical simulations are described in Sec. 6 and
concluding remarks are contained in Sec. 7. Appendices
contain the mathematical details of calculations, described in
the main text.

2. Model description

We base our study on the phenomenological Landau—
Lifshitz equation

mx—,

Mg dm

which describes the precession dynamics of the classical
magnetization unit vector m. Here E is the total energy,
Mg is the saturation magnetization, and yg = gug /7 is the
gyromagnetic ratio with g being Landé g-factor, pg being
Bohr magneton and # being Planck constant. The damping
is neglected.

Let us consider a curved ferromagnetic wire of a shape
given by an oriented plane curve y(s) with a fixed cross-
section of area S, parameterized by arc length s, see Fig. 1(a).
It defines a basis in terms of tangential, normal and binormal
directions et =d5y, ey =Zxer, and eg =2, respectively.
Here Z is a unit vector perpendicular to the plane contain-
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Fig. 1. (Color online) Curved flat ferromagnet wire: (a) Schematic of the bent ferromagnet wire. The spin wave is generated by an alter-
nating field inside the “Source” region and propagates through the bend to the detector. The phase of the transmitted wave is compared
with the phase expected for the straight wire. (b) Curve with a box-function curvature with R being the bending radius and o being
the angle of expansion. (c) Box-function curvature profile. (d) Phase shift of the transmitted spin wave according to equation (Blla)
compared with spin-lattice simulations, see (12) for the case of small curvatures.
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ing the wire. In accordance with the Frenet-Serret formu-
lae, the curvature «(s) of a planar wire is determined by the
relation oger =«xey. Introducing the parameterization
et =cosn(s)X +sinn(s)y one obtains k =0d4m. Note that the
curvature is positive (negative) for concave (convex) shapes,
determined with respect to the y-axis.

The total magnetic energy of a sufficiently thin ferro-
magnetic wire of circular (or square) cross section is well-
known [29], and can be described by reduced one-
dimensional (1D) energy given by a sum of exchange and
local anisotropy terms,

E= des[Alasm|2 ~Keff (m-er )2], @)

where A is the exchange constant and Keg = K + M2 is the
constant of the effective easy-tangential anisotropy, which
incorporates the intrinsic crystalline anisotropy K and the
shape-induced magnetostatic contribution [29], see al-
so [19]. The orientation of the easy-axis is determined by
the coordinate-dependent tangential direction et =er (s).
This is a juncture where a sample geometry appears in the
system: we assume that the anisotropy is strong enough to
dictate the geometry-dependent magnetization configura-
tion. By choosing the curvilinear reference frame adapted to
the geometry we get rid of the coordinate dependence of the
magnetic anisotropy term, hence it assumes its usual transla-
tion-invariant form. In the following we consider a magnet
where such an easy-tangential anisotropy significantly ex-
ceeds all other interactions. It is convenient to express the
magnetization in terms of the Frenet-Serret local reference
frame, m =sin6cos ¢ et +sinOsin ¢ ey +cos 6 eg, where the
angular variables 6 and ¢ depend on spatial and temporal
coordinates. In the curvilinear reference frame the total
energy (2) reads E = on'edg with the energy density [18]

2

5:6’2+sin29(¢’+z) —sin?0cos? §. (3)

Here and below prime ' denotes the derivative with respect
to the dimensionless coordinate &=s/¢ with ¢ =/ A/ Kg
being the characteristic magnetic length, the dimensionless
curvature s (&) = fx(£), and Eq = S/ AKef being the charac-
teristic energy of a domain wall in the rectilinear segment
of the wire.

3. General results: magnon eigenmodes
for a weakly curved wire

Let us start our analysis with a static solution, which
corresponds to the minimum of the energy functional (3).
The ground magnetization distribution for the planar
curved wire is also planar: the magnetization lies in the
wire plane (i.e., the osculating or TN-plane), hence the
equilibrium state has the form

©= g D = D). (43)

The corresponding azimuthal magnetization angle @ is
described by the equation of a nonlinear driven pendulum
(see Appendix A for details):

816

®" —sin®cosd = —5". (4b)
In the limiting case of a smoothly curved wire with local-
ized curvature, the asymptotic solution of (4b) is valid:

()= %'<a>+0['”, 'j. ©)
| ']
see Eqgs. (A2) for details.

In order to analyze magnon modes we linearize the Lan-
dau-L.ifshitz equations on the background of the static solu-
tion (4) by considering the small deviations y =6-© +i(¢—-®).
Then the linearized Landau-Lifshitz equations can be pre-
sented in the form of a generalized Schrédinger equation,
originally proposed for the description of magnons on the
magnetic vortex background in Ref. 30, and used later for
studying magnon modes (including local ones) over the pre-
cession soliton [31] and over the magnetic skyrmion [32] in
easy-axis magnets. Recently a similar approach was used
for the description of the magnon spectrum in a curved
helix wire [23]. For the case of the planar curved wire one
gets the following generalized Schrddinger equation, see
Appendix A for details:

iy = Hy+Wy*,  H=-0f 414V, (6a)
Here the overdot indicates the derivative with respect to
the dimensionless time t =tog With og = 2ygKes / Mg, the
star operator means the complex conjugation, and the “po-
tentials” have the following form:

V(€)= —%[3sin2 O+(D'+ %)2],
(6b)
W(E) = %[sinztb—(co’-r%)z}
One can see that the presence of these potentials is caused
by the deviation of magnetization from the tangential di-
rection; the functions vV and W are well localized in the
vicinity of the wire bend, i.e., in the place where the curva-
ture is present.
In order to analyze the generalized Schrédinger Eq. (6a)
we consider stationary states of the form

y(& D) = u(@e'® +o* (e, )

Here Q=w/wg >0 is the normalized frequency. Thus we
then finally obtain the following eigenvalue problem
(EVP) for the functions u and v:

—u"+(V +g)u=-Wo, (8a)
0" +(2+4V —¢g)v =-Wu. (8b)

Here & describes the deviation of the eigenfrequency from
the gap value, Q =1-¢. Note that the function v(&) has the
asymptotic exponential behavior, o(z) « e~V2-¢/ far from
the bend region, hence one can always choose v(g) as a
slave function in the EVP (8).
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Let us discuss the EVP (8) for Q>1, i.e., £<0. In this
case we get the scattering problem for the complex-valued
function u(&) with the asymptotic scattering conditions

©)

’Teiqé,

el®S 1 ReT% when & —> —oo,
u(€) =
when & — 0.

Here R = Re"r and 7 =Te' are the complex amplitudes
of reflected and transmitted magnons, respectively. The
corresponding scattering phases are 5, and &;.

Below in this section we analyze the EVP (8) for the in-
finitesimally weak curvature, |»|<1. In this limiting case
the effective potentials (6b) read

2 2
wa=W@r=”;®+0[} (10)

|

When the frequency Q >1, the solution for the straight wire
reads u(&) o /9, with v(z) =0 and Q=1+ q2, where q=k¢
is the dimensionless wave number. Due to the curvature,
the two equations for the magnon amplitudes, (8), become
coupled. Nevertheless, far from the bend region, the cou-
pling potential W is small. Neglecting all second order
terms due to curvature in (8), it gets the form of the usual
Schradinger equation, see (A9) for details. Then the scat-
tering problem of magnons by the bending becomes equiv-
alent to the scattering problem of a quantum particle by the
potential V(&) and the scattering boundary conditions (9).

In particular, in the case of a weak potential, |v|<1, the
Born approximation is valid,
tand, = ——— Of V(5)de, (11)
e
which results in the following phase shift
8t(q) = arctané, A= 1 _[ %2(§)d§. (12)
q 4

Note that &; ~n/2-q/A for g<1and § ~A/q for g>>1.

Now let us consider the local modes (bound states) inside
the gap with the frequency Q< (0,1), i.e., e<(0,1). In this
case both functions u and v become localized. One can al-
ways choose u(é) as a real-valued function. The function u
has the asymptotic behavior of the form u(&) «c e Vel

Under the same assumptions, the EVP is equivalent to
the quantum-mechanical problem about the energy eigen-
value of a quantum particle in a shallow well. It is known

that the Hamiltonian H, = —ag +V (&) always has a bound
state for all small positive A if the potential V (€) is nega-

tive on average, i.e., IV(g)d§< 0. The corresponding ei-

genvalue ¢ is determined as follows [33,34]

JE:% jV(a)dg+O(x2). (13)

—00
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The corresponding frequency of the local mode and the
eigenfunction are

QIoc zl—Az,
l0c 2y {0 inside the well, ~ (14a)
u ~
5 ugexp(—A|&l), outside the well,

where ug is a normalized constant and A is determined
by (12). In physical units

o0

2
loc _ 1
®° = @ 1—16{ | %z(g)dQ] .

—00

(14b)

According to the quantum scattering theory, the pres-
ence of bound states influences the scattering data. This
influence is given by the Levinson theorem [35]: the total
phase shift §;(0) —&; () is related to the number of bound
states (i.e., local modes) N'°¢ and half-bound states (i.e.,
half-local modes) NM™°C [36]. In the 1D case the total
phase shift reads [37]

loc . 1, hloc
Ng " +—=N -

3O -8(=) _) ¢ "2°°
b

l, even parity,
2 . (15)

NCI,OC +%NQ.|OC’

odd parity.
We will use the Levinson theorem in the form (15) in order
to check the number of local modes.

4. Magnon eigenmodes for a wire with a box curvature

Let us consider a simple model of the curve, which has
a constant curvature s« in the interval s e[-£g,£g] and van-
ishes outside (box—function curvature):

#(s) = »h(& +&p) — 20N(& ~ &p), (16)

where h(g) is the Heaviside step function, s =¢/R is the
curvature of the arc bending with R being the curvature
radius, and &g = (r—a)R/(2¢) with o being the expansion
angle, the angle between the non-bending part of the curve,
see Figs. 1(b), (d). If we consider the non-intersecting curve,
then o € (0, 7).

In the limiting case of weak curvature, |sq|<1, the
ground state has a form of two hooks in the points of curva-
ture step with exponential tails:

—%Oe_‘t’o sinh¢, when | &< &g,

EE 17)

7sgn(§)%0e‘|§| sinhgg, when|&|> &g,

see Figs. 2(a), (b). Then the effective potentials (10) are

2
V@AW=l WhenlEl<to, (18)
0, when |&|> &,

see Figs. 2(c)—(f) for comparison with the exact form (6b).
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Fig. 2. (Color online) Magnetization distribution for a wire with a
box curvature: (a), (b) Equilibrium magnetization states for the
wire with the box curvature for different curvature values .
Symbols correspond to simulations and solid lines to analytics (17).
(c)—(f) Effective potentials V and W for different curvatures (left
and right columns). Red curves correspond to the expressions (6b)
according to the magnetization equilibrium state (B2). Green
curves show the box approximation of the potentials for the ana-
Iytics (B10).

Let us consider the EVP (8) with box potentials (18).
For the shallow well (5« < 1), one can find

4.2
e~ J{OTao, when AR (19)
which is in agreement with (14a). In the particular case of
the wide well, namely for the limiting case of a half-
circumference arc (o = 0), one gets
2 2
g~2 20 when > < land QO:L>>]. (20)
16 219

Eigenfrequencies of local modes for different geomet-
rical parameters are shown in Fig. 3. While the asymptotics
work well only for narrow wells, the exact analytical solu-
tion for a box potential (18) shows a good agreement with
simulations for sy <0.4. The numerical solution for the
initial EVP (8) perfectly agrees with the simulations in the
whole range of the calculated data.

The scattering problem corresponds to the EVP (8) for
Q>1. We are mainly interested in the forward scattering of
the transmitted wave. The scattering phase &; =arg7, cal-
culated using (B11), is plotted in Fig. 1(d).

5. Bound states on a sharp bend

Here we consider a limiting case of a sharp bend when
o — 0 with the fixed opening angle o, see Figs. 1(b), (c). In
this case, taking into account the relation s«q = (r—a) / (2&g)
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Fig. 3. (Color online) Local mode for a wire with a box curvature: Dependencies of local mode’s frequency Q on the curvature s for
magnetic nanowires with different arc lengths, namely, (a) for &y =7/ (65¢q), (b) for &g =/ (33¢g) and (c) for g =/ (25¢g). Sym-
bols correspond to the simulation results, the red curves represent the numerical solutions of the eigenvalue problem (3) for different
curvatures, the green curves show the numerical solution of the dispersion Eq. (B10), and the blue curves correspond to the asymptotic

dependences, according to the limiting cases (19) and (20).
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one obtains
2 =B3(8), (21)

where B=n-a and §(€) is the Dirac delta-function. The
conditions of a smoothly curved wire (A2a) are not valid
here. Therefore we start with the initial Eq. (4b), which for
the sharp bend reads

@ —sin®cos® = —B&'(E). (22)
For the boundary conditions ®(+«0) =0 Eq. (22) has a solu-
tion

®(&) = -2 sgn (E) arctan e_|&|+i0, Ec =Intan % (23)

for details see Appendix C. Substituting (23) into (6b) one
obtains the potentials in the form

2
cosh?(- | +&)
Finally, the EVP is presented by two independent homoge-

neous Eqgs. (C4). Let us first consider the localized states
with Q <1. In this case Egs. (C4) have the bound solution

V= W =o. (24)

u=C€¢%mﬁ4mmqm—%ﬂ, (25a)

v=0 (25b)

and /e = f(B), see (C6). The corresponding eigenfrequency
Q=1-¢ reads

Q=;cosg{cosghh—%oszg}- (26)

For details see Appendix C. The dependence Q(B) is
shown in Fig. 4.

Note a perfect agreement of the analytical (solid line)
and numerical (dashed) results. The latter were obtained as
a numerical solution of the EVP (8), where the 5-function

1l T T T B
a
8075 7
3
S
&
= 0.5F 7
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8 ’
£ Th
2025 — o , T
~ === Numerical calculation
e Simulations
0 ! : :
0 /4 /2 3n/4 T

Bend sharpness

Fig. 4. (Color online) Local mode on a sharp bend: eigenfrequency
of the mode localized on a sharp bend depending on the bend angle
B =m—a. Solid line is determined by (26), dashed line shows the
numerical solution of the EVP (8) and markers correspond to spin-
lattice simulations. Inset shows geometry of the wire.

on the discrete lattice was modeled as

when &; =0,

1
8(&j) =1 Ag’ (27)

0, when &; #0,

where Az =1072 is the step of the discretization. The equi-
librium value of the function ®(&;) was found by means of
a numerical minimization of the energy (3) with 6=r/2.
For the case Q >1 one obtains a scattering problem. The
solution of Eq. (C4a) can be presented in the form of inci-
dent, transmitted and reflected waves, see (C7a). The cor-
responding coefficients of transmission and reflection read

9 (©Q-1)0?

= (28)
cos? %sin4 % +(Q —1)(22

and RZ2=1-T2, respectively. For details see Appendix C.
Note that the full transition takes place for the angles =0
(rectilinear wire) and B == (completely bent wire), while
the minimum transition corresponds to the angle B =
= 2arccos(1/+/3).

The total phase shift between the transmitted and incident
waves is 8ot (q) = 8¢(q) + 2 arctan (1/q), where q = Ja-1is
the dimensionless wave-vector and &;(q) is determined
in (C9a). Since §;(0)—&;(w)=n/2, the Levinson theorem
(15) results in a single bound state.

6. Spin-lattice simulations of the magnon dynamics

Our predictions about the localized mode statics and dy-
namics are verified by performing 3D spin-lattice simula-
tions using the in-house developed program SLaSi [38]. We
model the ferromagnetic nanowire with the local box curva-
ture [see Fig. 1(b)] as a classical chain of magnetic moments
mj, with i =1,N. Neighboring moments interact according
to the anisotropic Heisenberg model Hamiltonian as follows:

N-1 N
H:—afz z mimi+1—a32[(mieTi)ZJrhimi}. (29)
i=1 i=1

Here a is a lattice constant and hj = h(r,t) is a magnetic field
being a function of coordinate and time, measured in units of
the coercive field H; = Kgs / Mg. The dynamics of this sys-
tem is described by a set of N vector Landau-Lifshitz—
Gilbert ordinary differential equations, see Ref.39 for a
general description of the SLaSi simulator and Ref. 23 for

the details of the simulations of curved wires.
To study the equilibrium magnetization states we consider
a chain of N =3000 sites with the exchange length ¢=15a.
The box curvature part of the wire is placed in the center of
the chain with the arc length being &g = (r— )R/ (2¢), where
o is the angle between no-bending parts of the wire, which
take the following values (0, /6, n/3, n/2). The curvature
of the central part of the wire is varied in a wide range of
parameters g e (0,1.0), with a step As =0.1. In order to
verify our theoretical prediction, we perform our simulation

Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 7 819
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starting from the tangential magnetic distribution. We simu-
late numerically the set of N discrete Landau-Lifshitz—
Gilbert equations in the overdamped regime with the Gilbert
damping n = 0.5 during the long-time interval At > (nu)o)_l.
The final state with the lowest energy is considered to be the
equilibrium magnetization state. Simulation data are shown
in Figs. 2(a), (b) by filled symbols together with theoretical
results (solid lines) for small and high curvature.

Figures 2(c)—(f) show a comparison of the exact poten-
tials (6b) with their analytical approximation. The direct
numerical calculation of the eigenmodes of (8) precisely
agrees with results of spin-lattice simulations in a wide
range of curvatures, see Fig. 3(c) and Fig. 4. Frequencies of
local modes Q are calculated in the following way. After
obtaining the equilibrium magnetic state in the system, a
pulse of a homogeneous magnetic field along § axis is
applied to the system. Due to its inhomogeneity in the local
curvilinear frame of reference, this pulse generates a wide
spectrum of spin waves as well as local modes, which is
situated inside the gap of the spin-wave spectrum.

The numerical verification of the Levinson theo-
rem (15) is a way to check the number of bound states in-
side the bend. We perform simulations of the spin wave
scattering on a spin chain of 14000 magnetic moments
with a localized curvature =05 and ¢&p=n, See
Fig. 1(c). A spatially homogeneous, time alternating mag-
netic field is applied between the 1000th and the 6000th
chain sites to generate a spin wave propagating through the
bend. To determine the phase shift &, due to the bend, we
compare the spin wave propagation in two different wires
with the same material parameters: one is a curved wire
and another one is a straight wire of the same length. Spa-
tial magnetization distribution of a given time moment is
analyzed in a detector window [see schematics in
Fig. 1(a)]. The detector is placed on the same arc length
from the source in both wires. The resulting phase shift is
plotted in Fig. 1(d). It is clearly seen that there exists one
localized mode in the bend.

7. Conclusions

In conclusion, the general analysis of the ground state
magnetization and spin wave spectrum is performed in the
case of a very small curvature of the wire. The equilibrium
magnetization distribution deviates from the tangential
wire direction only in the region of the wire bend, the cor-
responding deviation angle is determined only by the spa-
tial derivative of the curvature, resulting in an effective
potential well for spin waves. We predict the existence of a
curvature induced truly local mode, localized on a bend,
with an eigenfrequency below the ferromagnetic reso-
nance. The interaction of the local mode with spin waves,
propagating through the bend, results in a shift of the wave
phase according to the Levinson theorem. In the limiting
case of a sharp bend (8-function curvature) the analytically
exact expressions for eigenfrequencies of the bound states,
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as well as for transmission and reflection coefficients of
the scattering process are found.
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Appendix A: Ground state and spin wave spectrum

The equilibrium magnetization states satisfy the energy
minimum:
0" —sin ®cos®[(®’ + x)z ~cos? @} =0,
(A1)
Q" +20' (D' + ) cot® —sindcosd + »' = 0.
For a plane curve, ® = /2 and the second equation of (Al)
takes the form (4b).

The limiting case of a smoothly curved wire with a lo-
calized curvature corresponds to the following conditions:

‘% , %" <1,

1] <[], nen, (A2a)

2 (F0) = »'(200) = 0.

In this case the linearization of (4b) with respect to @ gives
the solution

0@ =3 [ #Ermetlan= ¥ <), (A2b)
—0 n=0
In the main approach the asymptotic value (5) is valid un-
der the condition [5"| < |5/

In order to analyze magnon modes we linearize the
Landau-Lifshitz Eq. (1) on the background of the ground
state (4a) by considering the small deviations 3=0-rx/2
and ¢=¢-@. The energy of magnons in the harmonic
approximation reads

£MaY = 92 1 o2 1492 +V,p02, (A3)
with the “potentials"
Vi(8) = cos? (E) - [@'(®) + %@,
V(&) = cos20(&). (A4)

The linearized Landau-Lifshitz equations can be presented
in the following form

—¢"+Voop = -9,

—97 V9 = ¢, (A5)
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where an overdot indicates the derivative with respect to the
reduced time { = ogt. One can combine the set of Egs. (A5) in
a single equation for the complex-valued function y = 9 +iep,
which has the form of the generalized Schrddinger Eq. (6a)

-y = Hy+Wy",  H=-0%+U. (6a)

The corresponding “potentials” in Eq. (6a) read

:V1+V2’ W:V]_—Vz'
2 2

U (A6)
Since we are interested in the stationary states solution of the
form (7), we get an EVP (8). The boundary conditions es-
sentially depend on the type of the problem. For the scatter-
ing problem (Q >1) one gets traveling waves together with
localized modes with the following asymptotic behavior:

{ei(qé+gf) +Re i(AE-01) cle*/ﬁie_im, when & —o,

7el(96+0) | coe ™V 2-ebg—iQL when &— +oo,

(A7)

In the case of the local mode (Q < 1) the asymptotic behav-
ior corresponds to exponentially localized oscillations:

cle\/gée'Qt +0peV2 85T when £ —oo,

Y= . .
{cy&*&:e'm +0qe V28T yhen £ 400,
(A8)
Here ¢;, i =1,4 are some real amplitudes.

For further analysis it is convenient to shift the potential U
by its asymptotic value, U =1+V . Then both potentials V (€)
and w (&) are localized. Suppose that we are working under
smooth conditions (A2), then |v|, W|<1. One can conclude

from Eq. (8b) that vz—%Wu, therefore the function v be-

comes the slave variable in Egs. (8). Using the explicit asymp-
totic form (5) for ®(&) = »'(€), one gets Eq. (10). Now, by

neglecting the function voc 322U, We get from (8) the usual

Schrédinger equation of the following form

2
-u"+V(Eu=¢ecu, V()= _%T(é)' (A9)

Appendix B: Wire with a box curvature

The equilibrium magnetization state, according to (4b),
is described by the following ODE

@" —sindcosd = —»'(E),
(&) = »08(E +&g) — 203(& — &),

-5
€o .

(B1)

2 = Kol,

The solution of this model, which satisfies the boundary
conditions ®(+wx) = 0, has the form
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o - g—am(% K(k),k), when | €| <&,

— 2sgn(&)arctan e 51 when [E]>&p.

(B2)

Here am(x,k) is the Jacobi's amplitude and K(k) is the
complete elliptic integral of the first kind [44]. Parameters
¢, and k are determined by the matching conditions:

[@]., =0, (B3)

[(D']go = 70,
where ["']g =(-) |§0+0 —(-+) |§0_0. The modulus k of the
elliptic funtions and the parameter & can be calculated
from the following conditions

Eo | )_  2sgkk’
dn(?,k —724(,2,

2
sk (B4)
sech(&p +&1) = —k'sd [%0 k},

where k' =+1-k? is the complementary modulus.
In particular, if the reduced curvature > <1, then one
can use the expansion
G 2 2
In this case the static solution (B2) takes the simpler
form (17). The maximum value of | @ | is

»x0€p,  When &g <1,

B6
29 l2, whenégy>1. (86)

max|cl)|z{

Let us consider the EVP (8) with box potentials (18).

We start the problem of magnon states with the local

modes problem. In this case we look for the eigenfunctions
in the following form:

when [ &< &,

ugexp (—ka[| &1 -&o]), when|&|> &g,
~ {vl cosh ki€ + vo COS &,

vgexp (k[ &1 -&o]),

0(E) = {ul cosh ki€ + us cos g€,
(B7)

when| &< g,
when| > &.

Here parameters kq, ko, k3, and q; are defined as follows

ke :\/«/V02+(1—8)2 +1-Vp,
a :\/,/v02+(1—g)2—1+v0,

k2 :\/g, k3:\/2—8|

with Vg = s /2. Eigenfunctions should satisfy the match-

ing conditions:
|:7u,j| = 0’ |:72)’:| =0.
u ) vl

An explicit form of these conditions reads:

(B8)

(B9)
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Guusin G +kysinhkigo _
pcostyg — coshkég

- qf —VO + & < klsinh klgo + k2 cosh klio

- . (Bl10a)
qsindgo — ko cosrSo

k12 +V0 —&

The eigenvalue & =¢(Vp,&p) can be found as a solution of

One can make an asymptotic analysis for ¢ when vy < 1.
Then one can find
when ¢, £g < 1 (B10b)

The eigenfunctions for the scattering problem are found
in the following form:

Egs. (B10a).
eldS 4 e 108, when € <&,
u(&) = qugcoshki& +upsinh ki€ + ugcos & + ugsinqié, when|&|< &g,
7'eik25, when & > &q,
<> % (B11a)
00e*3(57%0), when & < -&p,
v(&) =4 vy cosh k& + vpsinh ki€ + vgcosyé + vgsingpE, when|g|< &g,
v5e_k3(€_€0), when & > &,
where g is the wave number of the travelling spin wave, PR
other parameters k; are the same as in Egs. (B8). The usual u=Ce [\/E+tanh (l‘i'_gc)}’ (C5)

matching conditions

Pl Bl
Uigo Uigo

allow us to solve the scattering problem. The resulting
scattering phase is plotted in Fig. 1(d).

(B11b)

Appendix C: Wire with a sharp bend
The homogeneous form of Eq. (22) has the first integral

o :sin2<I>+C1. (Cy)

Due to the boundary conditions ®(+x) =0 one has C; =0.
Then the solution of the model has the following form
58
tangz e , when&<0, (C2)

2 1752 when £>0.

Parameters & and &, are determined by the matching con-
ditions [45]

[@]y=0, [®],=-B, (C3)
which results in the solution of the form (23). Note that the
differentiation of (23) results in @'(g) =sech (| &|-&;) —BS(E)
and as a result the potentials vV and W in (6b) do not contain

the &-function and have the form (24). Since W =0 the
EVP (8) is split into two independent equations:

" 2
—u +[e—21u20,
cosh“(1€|-Ec)

cosh”(| §|-E¢)

Equation (C4a) has the general solution

(C4a)

(C4ab)

822

+Cy e*/Elél [\/E —tanh (| &| —gc)}.

For the case Q<1 one has £>0. In this case (C4a) with
C, =0 results in the bound solution (25a). It follows from
(C4a) that u'(-0) =u'(+0), on the other hand the solution
(25a) is an even function, consequently u’(0) = 0. Applying
this condition to (25a) one obtains & = f (B), where

f(B):;{—cos§+ /4—3c0522}. (Co)

Note that 0< f(B) <1 if 0<p <. In the same way one ob-
tains the condition ~/2—¢ = f(B) from (C4b), which cannot
be satisfied for ¢ <1 though. Thus only the trivial solution
v =0 of Eq. (C4b) is possible.

For the case 2 >1 one has £ < 0. In this case it is instruc-
tive to make a replacement /e = iq, where g=+/Q-1 has a
sense of the wave-vector. Thus, the solution of the scattering
problem for Egs. (C4) can be presented in the form

A [Cei<qa+6+) ey m} when & <0,

u= (C7a)

Ape'(05+0-) when &> 0,

v=0. (C7h)

Here A, =4 +tanh?(+&.), &, =arg [ig—tanh (E+&¢)]
and c is an arbitrary constant. Applying the conditions
u(-0) =u(+0) and u'(-0) =u'(+0) one obtains the relations
Ct = cTeiSt, Cr = cRe'r . Since A, (~0) = A_(+x), the coeffi-
cients T and R play the role of transmission and reflection
coefficients, respectively:

)

T=
2B 4B, 2(,. 2)2
\/cos 2sm 2+q (1+q )

(C8a)
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B 2P

€0s—sin“ =

R=
2B 4B 2(,, 2)?
\/cos 2sm 2+q (1+q )

(C8b)

The corresponding phase-shifts read

& = arg{q(q2 7cosB)ficos g(Zqz +sinzgﬂ, (C9)

8y = 8 +§- (C9b)

Note that for the case Q>1 (¢ <0) Eq. (C4b) has only lo-
calized bound solutions. In this case v=0 for the same
reasons as above.

HwDh R

10.

11.

12.

13.

14.

15.

16.

17.

18.

Low Temperature Physics/Fizika Nizkikh Temperatur, 2018, v. 44, No. 7

F. Bloch, Z. Phys. 61, 206 (1930).

T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940).
Freeman J. Dyson, Phys. Rev. 102, 1217 (1956).

A.l. Akhiezer, V.G. Bar'yakhtar, and S.V. Peletminskii, Spin
Waves, G. Hohler (ed.), North Holland, Amsterdam (1968).
A.G. Gurevich and G.A. Melkov, Magnetization Oscillations
and Waves, CRC Press, Boca Raton (1996).

V.V. Kruglyak, S.O. Demokritov, and D. Grundler, J. Phys.
D 43, 264001 (2010).

B. Lenk, H. Ulrichs, F. Garbs, and M. Miinzenberg, Phys. Rep.
507, 107 (2011).

AV. Chumak, AA. Serga, and B. Hillebrands, Nature
Commun. 5, 4700 (2014).

AV. Chumak, V.. Vasyuchka, A.A. Serga, and B.
Hillebrands, Nat. Phys. 11, 453 (2015).

K. Vogt, H. Schultheiss, S. Jain, J.E. Pearson, A. Hoffmann,
S.D. Bader, and B. Hillebrands, Appl. Phys. Lett. 101,
042410 (2012).

X. Xing, Y. Yu, S. Li, and X. Huang, Sci. Rep. 3, 2958 (2013).
A. Haldar, D. Kumar, and A.O. Adeyeye, Nat. Nanotech. 11,
437 (2016).

N. Pérez, M. Melzer, D. Makarov, O. Ueberschar, R. Ecke,
S.E. Schulz, and O.G. Schmidt, Appl. Phys. Lett. 106,
153501 (2015).

M. Melzer, D. Makarov, A. Calvimontes, D. Karnaushenko,
S. Baunack, R. Kaltofen, Y. Mei, and O.G. Schmidt, Nano
Lett. 11, 2522 (2011).

D. Makarov, D. Karnaushenko, and O.G. Schmidt, Chem.
Phys. Chem. 14, 1771 (2013).

R. Streubel, P. Fischer, F. Kronast, V.P. Kravchuk, D.D. Sheka,
Yu. Gaididei, O.G. Schmidt, and D. Makarov, J. Phys. D 49,
363001 (2016).

Yu. Gaididei, V.P. Kravchuk, and D.D. Sheka, Phys. Rev. Lett.
112, 257203 (2014).

D.D. Sheka, V.P. Kravchuk, and Yu. Gaididei, J. Phys. A 48,
125202 (2015).

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.
34.

35.
36.
37.
38.
39.
40.
41.
42.
43.

44,

45.

Yu. Gaididei, A. Goussev, V.P. Kravchuk, O.V. Pylypovskyi,
J.M. Robbins, D. Sheka, V. Slastikov, and S. Vasylkevych,
J. Phys. A 50, 385401 (2017).

R. Hertel, SPIN 03, 1340009 (2013).

K.V. Yershov, V.P. Kravchuk, D.D. Sheka, and Yu. Gaididei,
Phys. Rev. B 92, 104412 (2015).

O.V. Pylypovskyi, V.P. Kravchuk, D.D. Sheka, D. Makarov,
O.G. Schmidt, and Yu. Gaididei, Phys. Rev. Lett. 114, 197204
(2015).

D.D. Sheka, V.P. Kravchuk, K.V. Yershov, and Yu. Gaididei,
Phys. Rev. B 92, 054417 (2015).

K.V. Yershov, V.P. Kravchuk, D.D. Sheka, and Yu. Gaididei,
Phys. Rev. B 93, 094418 (2016).

O.V. Pylypovskyi, D.D. Sheka, V.P. Kravchuk, K.V. Yershov,
D. Makarov, and Yu. Gaididei, Sci. Rep. 6, 23316 (2016).

O.M. Volkov, D.D. Sheka, Yu. Gaididei, V.P. Kravchuk, U.K.
RoRler, J. Fassbender, and D. Makarov, Sci. Rep. 8, 866 (2018).
V.P. Kravchuk, U.K. RoRler, O.M. Volkov, D.D. Sheka,
Jeroen van den Brink, D. Makarov, H. Fuchs, H. Fangohr,
and Yu. Gaididei, Phys. Rev. B 94, 144402 (2016).

V.P. Kravchuk, D.D. Sheka, A. Kékay, O.M. Volkov, UK.
RoBler, Jeroen van den Brink, D. Makarov, and Yu. Gaididei,
Phys. Rev. Lett. 120, 067201 (2018).

V.V. Slastikov and C. Sonnenberg, IMA J. Appl. Math. 77,
220 (2012).

D.D. Sheka, I.A. Yastremsky, B.A. Ivanov, G.M. Wysin, and
F.G. Mertens, Phys. Rev. B 69, 054429 (2004).

B.A. Ivanov and D.D. Sheka, JETP Lett. 82, 436 (2005).
V.P. Kravchuk, D.D. Sheka, U.K. RoRler, Jeroen van den
Brink, and Yu. Gaididei, Phys. Rev. B 97, 064403 (2018).

B. Simon, Ann. Phys. 97, 279 (1976).

L.D. Landau and E.M. Lifshitz, Quantum Mechanics —
Non-relativistic Theory, Butterworth—-Heinemann, Linacre
House, Jordan Hill, Oxford (1999).

P. Swan, Nuclear Phys. 46, 669 (1963).

Zhong-Qi Ma, J. Phys. A 39, R625 (2006).

Shi-Hai Dong, Int. J. Theor. Phys. 39, 1529 (2000).

SLaSi Spin-lattice Simulations Package.

O.V. Pylypovskyi, D.D. Sheka, V.P. Kravchuk, and Yu.
Gaididei, J. Magn. Magn. Mater. 361, 201 (2014).

High Performance Computing Group at the IT-ServiceCenter
of the University of Bayreuth.

High Performance Computing Cluster of Taras Shevchenko
National University of Kyiv.

Computing Grid-cluster of the Bogolyubov Insitute for
Theoretical Physics of NAS of Ukraine.
High Performance Computing at
Dresden-Rossendorf.

F.W.J. Olver, D.W. Lozier, R.F. Boisvert, and C.W. Clark,

Helmholtz-Zentrum

(eds.), NIST Handbook of Mathematical Functions,
Cambridge University Press, NY (2010).
D.J. Griffiths, J. Phys. A 26, 2265 (1993).

823


https://doi.org/10.1007/BF01339661
https://doi.org/10.1103/PhysRev.58.1098
https://doi.org/10.1103/PhysRev.102.1217
https://www.ebook.de/de/product/4297668/alexander_g_gurevich_gennadii_a_melkov_magnetization_oscillations_and_waves.html
https://www.ebook.de/de/product/4297668/alexander_g_gurevich_gennadii_a_melkov_magnetization_oscillations_and_waves.html
https://doi.org/10.1088/0022-3727/43/26/264001
https://doi.org/10.1088/0022-3727/43/26/264001
https://doi.org/10.1016/j.physrep.2011.06.003
https://doi.org/10.1038/ncomms5700
https://doi.org/10.1038/ncomms5700
https://doi.org/10.1063/1.4738887
https://doi.org/10.1038/srep02958
https://doi.org/10.1038/nnano.2015.332
https://doi.org/10.1063/1.4918652
https://doi.org/10.1021/nl201108b
https://doi.org/10.1021/nl201108b
https://doi.org/10.1002/cphc.201300162
https://doi.org/10.1002/cphc.201300162
https://doi.org/10.1088/0022-3727/49/36/363001
https://doi.org/10.1103/PhysRevLett.112.257203
https://doi.org/10.1088/1751-8113/48/12/125202
https://doi.org/10.1088/1751-8121/aa8179
https://doi.org/10.1142/S2010324713400092
https://doi.org/10.1103/PhysRevB.92.104412
https://doi.org/10.1103/PhysRevLett.114.197204
https://doi.org/10.1103/PhysRevB.92.054417
https://doi.org/10.1103/PhysRevB.93.094418
https://doi.org/10.1038/srep23316
https://doi.org/10.1038/s41598-017-18835-4
https://doi.org/10.1103/PhysRevB.94.144402
https://doi.org/10.1103/PhysRevLett.120.067201
https://doi.org/10.1093/imamat/hxr019
https://doi.org/10.1103/PhysRevB.69.054429
https://doi.org/10.1134/1.2142872
https://doi.org/10.1103/PhysRevB.97.064403
https://doi.org/10.1016/0003-4916(76)90038-5
https://doi.org/10.1016/0029-5582(63)90637-0
https://doi.org/10.1088/0305-4470/39/48/R01
https://doi.org/10.1023/A:1003636110510
http://slasi.knu.ua/
https://doi.org/10.1016/j.jmmm.2014.02.094
http://www.hpc.uni-bayreuth.de/
http://www.hpc.uni-bayreuth.de/
http://cluster.univ.kiev.ua/eng/
http://cluster.univ.kiev.ua/eng/
http://horst-7.bitp.kiev.ua/
http://horst-7.bitp.kiev.ua/
http://www.hzdr.de/
http://www.hzdr.de/
http://www.cambridge.org/us/academic/subjects/mathematics/abstract-analysis/nist-handbook-mathematical-functions
https://doi.org/10.1088/0305-4470/26/9/021

	1. Introduction
	2. Model description
	3. General results: magnon eigenmodes  for a weakly curved wire
	4. Magnon eigenmodes for a wire with a box curvature
	5. Bound states on a sharp bend
	6. Spin-lattice simulations of the magnon dynamics
	7. Conclusions
	Acknowledgments
	Appendix A: Ground state and spin wave spectrum
	Appendix B: Wire with a box curvature
	Appendix C: Wire with a sharp bend



