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Abstract

In this paper, we are concerned with a doubly nonlinear anisotropic parabolic equation, in which the
diffusion coefficient and the variable exponent depend on the time variable ¢. Under certain conditions, the
- existence of weak solution is proved by applying the parabolically regularized method. Based on a partial
boundary value condition, the stability of weak solution is also investigated.
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Keywords: Anisotropic parabolic equation, Partial boundary value condition, Weak solution,
Characteristic function method
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1. Introduction

Since the significant disruption that is being caused by the coronavirus pandemic, we are aware that all
communities must resolutely work together to battle the pandemic amid globalization. A growing number
of mathematical models have been developed by health care systems, academic institutions and others to
help forecast coronavirus spread, deaths, and medical supply needs, including ventilators, hospital beds

J|jgnd Jalnss]

and intensive care units, timing of patient surges and more. Mathematically, a model of infectious disease
can be regarded as a special reaction-diffusion process. Motivated by this fact, in this study we consider a

UHeaH

kind of reaction-diffusion equation, namely, a doubly nonlinear parabolic anisotropic equation:
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N . (2,)—2 N
B 0 OB(u) | 0B(u) Z ; 0B(u)

(w7 t) € QT7

1=1

where Q; = Q x (0,T), @ c RY is a bounded domain with a C* boundary 6Q, 0 < g, (z,t) € C*(Q ) ,

1< p;(z,t) € C* Q7). g'(x,t) € C*(Qr), B'(u) = b(u) >0 and B(0) = 0. Equation (1) arises from

physics, fluid mechanics, as well as from the epidemic model of diseases in biology and ecology [24],

Compared with the isotropic-type equations, equation (1) is much closer to a diffusion process such as the
epidemic of coronavirus disease. If

a;(z,t) > 0, (x,t) € Q x[0,T] and a;(z,t) =0, (z,t) € 02 x [0,T], i =

2
]-a2a"'7Na =

we conjecture that it inevitably leads to

u(z,t) =0, (x,t) € 00 x [0,T),

which was partially proved in [22]

The biological explanation of condition (2) lies in the fact that if u(z) represents the velocity of spreading
progress of an infectious disease such as coronavirus disease, condition (2) implies that the virus (or
disease) can not transmit across 0€2, when the region remains under lockdown.

A special case of equation (1) is the so-called evolutionary p(z)-Laplacian equation, which takes the form:
— div(lV P(ﬂc,t)—2v ¢
Uy = 1V(| ’LL| u’)7 (113, ) S QT7

and has been extensively studied in the past decades 11, [2], (3] [6], [2], [14], [18], [23] etc Equation (1) can
also be regarded as a generalized version of the polytropic infiltration equation:

u = div(|Vu™ P 2Vu™), (z,t) € Qrp, 3)

where m > 0 and p > 1. For more details and recent results on equation (3), we refer the reader to (4], [L1],

[13], [19], [20], [29]

and the references therein.

Recently, a number of issues considered the anisotropic equation 7, [8].

N
0 _
U = Za—xl (|u$z |P: 2uxi> + f(z,t,u, Vu), (z,t) € Qr,

1=1
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with the initial-boundary value conditions

u(z,t) = u(z), z € Q, )

u(z,t) =0, (z,t) € 02 x [0,T).

(10], [17], [21], [25], [26], [27].

A more general anisotropic equation

pi(x)2umi) + f(z,t,u, Vu), (z,t) € Qr, ®)

N
0
Zla (az(w Uy,

was studied on the stability and the well-posedness. Here what interests us most is that if we take the
diffusion coefficient a; ()|, 45, = 0 and consider a partial boundary value condition

u(z,t) =0, (z,t) € £, C 00 x [0,T), (6)

can the stability of equation (1) be achieved too? From (23], [26], [ﬂ], we know that when &, = 3; x (0,7)
, where ¥; is a submanifold of 6Q (or £; = 0), the stability of weak solution of equation (5) can be true.
For equation (1), the diffusion coefficient q; (z,t), the variable exponent p,(z,t) and the convection
coefficient g¢(z,t) are all dependent on the time variable ¢. Distinguished from (23], [26]. [27] \ye will show
that &, is a submanifold of 0 x (0,T) and is generally not a cylinder as %; x (0,T).

Assume that B(u) is a strictly increasing function. For examples, B(u) can be chosen as u™, e* — 1,
In(1+ u) and

u™, if0 <wu <1,
um, ifu>1

B = {
with m; # m, . For convenience, we denote

b_ = mi11_{p1(x,t),p2($,t),---,pN,1 (x,t),pN(CIZ,t)}, p_ > 1,
(xvt)EQT

Py = ( Hl)&)é_{pl(w, t)apQ(wat)a PN (ZU,t),pN(LE,t)}.
z,t)eEQr

Definition 1

We say that u(z,t) is a weak solution of equation (1), if

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic

3/31



1/21/2021 Existence and stability of the doubly nonlinear anisotropic parabolic equation

a - 8B p; (mvt)
we I5Qn), 5 [ oo)ds € L2@p), ai(et) 22 e 1@y,
ot 833, (7
0 )
1= 172a"'7N’
and for any function ¢ € C(0,T; WO1 P+ (£2)) there holds
Bu il 8B(v) |2 9B(u) 8y
// ot P H;G(x )‘ oz, oz; om | °"
Qr B
(®)
N
: OB
= Z//gl(a:,t)ﬂcp(az,t)dazdt.
i1 Ox;
Qr
The initial value condition (4) is satisfied in the sense of
u(z,t) uo ()
11_r>% / A/b(s) — / 1/ b(s)ds|dz =0, )
Q 0 0

and the partial boundary value condition (6) is true in the sense of trace.

Let us summarize our main results as follows. For convenience, we use c to represent a constant that may

change from line to line throughout the whole paper,
Theorem 2

Suppose thatp_ > 2 and

api (,’l?, t)

S <0 i=12- N (10)

Suppose that a; (z,t) satisfies condition (2) and one of the following conditions:

< ca;(z,t), 1 =1,2,---,N. (11)

(4)-

Oa;(x,t) ‘
ot

<0,:=1,2,---,N. (12)

11).

.. BCLZ(.’L',t)
(). =
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Suppose that ug(z) > 0 satisfies
up € LOO(Q)a a; (CL‘,O)UO (:1?) < Wl,pi(w,())(g)’ 1= 1? 27 U aN- (13)

Then there is a nonnegative solution of equation (1) under condition (4)..
Theorem 3

Suppose that for i = 1,2,--- N , q;(x,t) = a(z,t) satisfies condition (2) and for the large n there holds

pi(z,t)
dx dt <c, (14)

=

S —
|

T
1
/ / ¢ (@, )4 a(z, ) 7T da < o, (15)

0

pi(,t)
pi(z,t)-1 "~

+

where g;(z,t) = p;, = maxp;(x,t) , q; = maqu(:c,t) and
zef? en

2., = {ac € 00 :a(z,t) > l}, te0,T).
n n

Suppose that u(z,t) and v(z,t) are two weak solutions of equation (1) with the initial values uy(x) and
vo(z) respectively, and with a partial homogeneous boundary value condition

u(z,t) = v(z,t) =0, (z,t) € X) =

N
, Oa(z,t) (16)
,t) € 002 x (0,T) : (z,t)———= #0
(@,1) € 00 (0,7): 3 g’ @ t) =5 7
Then we have
/|u(a: t) —v(z,t)|dx < c/]uo ) —vo(x)|dz, a.e. t € [0,T). (17)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic 5/31
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It is remarkable that 11corem 3

can be generalized to the case of a;(z,t) # a;j(z,t) as ¢ # j. The proof can
be processed in an analogous manner.

£ Theorem 2 Theorem 3

The rest of the paper is organized as follows. Proofs o are presented in Sections 2 and

3, respectively. The characteristic function method is introduced in Section 4. We show that this method
can also be applied to study the stability for other degenerate parabolic equations. A brief conclusion is
given in Section 5.

2. Proof of Theorem 2

For simplicity, we assume that B(u) is a C" strictly monotone increasing function. We prove Theorem 2 by

starting to consider a parabolically regularized system:

iV: O ((ariat) ) 8B(uw) |2 5B(u)
U = — | (a@;(x E)|——— _
i—1 8:1:1 A 8:131 8:1:1
N (18)
, 0B(u)
Zgz(xat) a ) (il?,t) € QT’
- XL
=1
u(z,0) = yo(x) +¢, z €, (19)
u(z,t) = ¢, (z,t) € 0 x (0,T). (20)
Proof of Theorem 2
Since ug (z) > 0 satisfies (13), similar to the evolutionary p-Laplacian equation [ﬁ], by using the
monotone convergence method, we can prove that there exists a constant M such that the solution
ue € L'(0,T : W) (Q)) of the initial-boundary value problem (18)-(20) satisfies
g L®(Q7) < M. (21)

refer to 121> (6],

Denote

r

/B(s)ds = B(r).

0

Multiplying both sides of (18) by B(u.) — B(e) yields

(22)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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ug (x, x Y a;(z, € 0B(u) ne
Q/B( (2,8))d +ZQ//( (,) + )| 22

_ / B(uo (z))dz + B(e) / [u(z, t) — o (z)]dz
a 0

=3 [[ a0 1B - BE)dads,
i=1 o ¢

where Q, = Q x (0,t) forany ¢t € [0,T).

Since

//gi(%t) OB(u.) [B(u,) — B(e)|dzdt

Oox;
Q:
// 598; t) u:) — B(e)]* dadt,

from (22) we have

N pz‘(mat)
B(u.

Z//ai(m,t)‘a (ue) dzdt

i—1 Or;

8B(u.) [+ @
<c//(az(a:t + )| (u) dzdt

Qr

<ec

Multiplying both sides of (18) by [B(u.) — B(¢)], and integrating it over Q, gives

/ / (ue) €)], urdadt

-y // (e, 0)+ £)| 25

i=1

24

p(z,t)—2
0 0
B(u.) —

B(u.),dzdt

+; // 022 0, — Bt

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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Note that

0B(u,) 0B(u.) 0
= B(u.
’ &I:Z 01131 8 i (U )t
2 Bw)| 2 Bu.)|

Il
| =
P|
—
s
R

oW

V)

|
N | —
O\
|
=

QU

V)

m 0
5 e Blue) 5o Blue)” o
‘— . 10 p;(,t)—2 1 pi(z,t)—2 ;
- T 9H / s 2 d8—4 / s 2 lnsatds -
0 0
B 2 B(u)|
o 190 / p;(z,t) | ) p;(z,t) | BB(UE) sz q
= — = S 2 S — n————— S
S ot z,t) | Oz; ox; ot
0
i %B(u
; + —= l / ds
P; (
0
w Then, we have
o (26)

U3
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0B(u,) pi(®t)= 83( u:) 0
— (x,t B(u,),dzdt
Q:
I EE ]
o " ()
1 p;(z,t)—2
__5//5 (a;(z,t) +¢€) / s~ 2 ds| dxdt
Q: 0
) BB(ug )
pi(zt 8az(ac t)
ds——— " dzdt
// / 3
‘M2
om;
pi(a:t)—2 .
+ i//[aZ (z,t) + €] / s~z lns%?; dsdxdt
Q: 0
_1
2
OB pi(z,t) OB pi(z,0)
[t )[(W 00 5| a0 o T s
Q
‘_B us)
zt) 2 i ,t
/ / / %dazdt
8B D; .’Bt) 8B E
// [a; (x,t) + €] L (ue) In (ue) dsdzxdt
p;(z,t)| O T;
)%2
8p 2 i (z,t)—2
B g (3. " dsdadt
// 5 4 )H]pi(w,t) / ’ -
Q: 0
<e.

2
ot

g ca; (:z;,t) , we get

aB(ue) 2

// / 8%5: ,t) dudt < c t)‘ (9B(uS

Qt

(z,t)
dzdt < c.

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic 9/31
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s e Ba(at
From condition (ii), i.e. a"g ) <0, we have

BB(ug

J] et

Let

OB (u.
Q, = {(:I:,t) cQ,: | aS.L )

1}7 Q2:Qt\Q1'

In view of % <0, we deduce

B . pi(mat) B .
// la; (z,t) + €] 1 |9B(u.) In 95(u.) dsdzdt
p;(x,t)| Oz z;
dp; 1 |8B(u) ™ | 8B(w.)
< , 1
_//&[ (a:,t)—i—e]pi(x,t)‘ o, n o, dsdzdt
Q1
pi(m’t)
// ag () + ¢] | OB | OB | e
p;(x,t)| O T
p; 1 |8B(w.) "™ |8B(u.)
< )
<et / ol a,0) 4ol (w,t)‘ i in| = dsded
<c
and
‘M2

Oz;

. pi(a:,t)72
—// ‘ZP; [ai(z,t) + €] pi(i,t) / s~ 2 dsdxdt
oF

0
< C//[ai(w’t) +5]| 6122:6)

t

< c.

b; (:L',t)
dxdt

10/31
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It follows from p,(z,t) > p_ > 2 that

//gi(a:,t) aggf) [B(ue) — B(e))],dzdt
Qt

0B(u.) |°
S// [C(5) g'(z,t 85:' ) +5B(u5)t2] dzdt
Q:
p;(z,t) )
; 2 |pen 2
gl ($7 t)az (m, t) pi(z,t) dxdt
(27)
) p;(2,t) =
i dxdt
//a ' ox; T

+ / 8| B' (ug ) uey|*dzdt

Q:
Sc+%//b(u5)\ugt|2dc¢dt,
Q:

where the small constant J satisfies 6b(M) < 1.

/ (B(u.)),uidadt — // b(ue) | uer P dedt < c -
Q:

Q:

and

&/\/‘dsé /\/>ds in L*(Qy). (29)

u. — u, weakly star in L>(Qr),

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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U — U, a.e.in Qrp,

and there exists an N-dimensional vector Z = ({y,---,Cy) satistying
p(z)
<] e Lt (0,13 L307 ()
such that

0B(u.) [ 9B (u.)

— ¢ in LYQp), i=1,2,---,N.
G:I:i

In order to prove u to be the solution of equation (1), we shall prove that

8B(u.) [P 5B (u,) ;
//aZ z,t) ‘ Bz, 3—331 P, drdt :/ ¢ - Vdzdt (30)
for any ¢ € Cy (Qr).
Note that
0B(u.) [ 8B(u
// ugtgo—l-z a;(z,t) +€) 8%1) ail )chm dxdt

€2))

// [8908; t) g'(z,t)B(u.) + %;ZQB(%) (m,t)] dedt — 0.

Due to a;(2,t)[ 5007y = 0 and a; (z,t) > 0 for (z,t) € @ x [0,T], in view of p(z,t) € Cy(Qy), we
s, (@)

obtain max >c¢>0,and

suppp & (z,t)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic 12/31
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ViE=N
s o Jf e (| %2

D; (m’t)
+ 1 | dxdt

dxdt

u:)

< ec sup

— 0, ase — 0.

This further leads to

ue) [0 0B(uc) ()
[fe-omt S [P )
. OB(uc) [M“"2 0B(uc) dp(ue)
_21_1%2//(113:@—#5 o, o, o, dzdt
P02 9B ue) dp(uc)
B ll—%gz//‘ 6:21 Ox; oz; dadt
_ 8B(ue) |2 0B(u.) dp(u.)
= lli%z_; //[ai (z,t) + €]| o, oo om dxdt.
T Qr
Since u. — u, we see B(u:) — B(u) and
/ / (ugp, + C - Vp)dadt
Qr
(32)
0 t) . 0 t
/ / [ 9";; g (z,8)Bu) + %ﬁ) (w)p(z,t)| dzdt = 0.
Let 0 < ¢ € Cy°(Qr) and ¢ =1 on suppy;. In view of v € L*(Q;) and b;(x,t) m;;(iv) P LY Q)
fori =1,2,---,N, we have
(33)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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N e
. <51253%) _ 3’;{5?) ) dzdt > 0.

Choosing ¢ = ¥ B(u,) in (31) yields

Bu. al 8B(u.) |"“Y "% 9B(u. )
B ) ) B € .
Il [ e VB + () o) 5 S (WB(u.)),
Qr (34)
N
. B
~Y gia,t) 9B(ue) 1) | duedt = 0.
i—1 Oz;
It follows from (33)-(34) that
N
/ U, B(u.)dxdt — Z
0 =1
8B(u.) "™ 2 0B (u, )
/ (ai(z,t) +¢) o, o, B(u. )dzdt
Qr

S OB(v) |" pi(@,t)= 283(1)) 0B(u.) 53( )

_;//(ai(m,t)+€) oz o, ( oz, o, )zbd dt
Qr

Y (ot 0B(u.) [V 9B(w.) 0B(v) -
_;//(GZ(x, ) +e) Ox; Or;  Oz; v

1= 1
_Zl//ag ue )dzdt > 0.
Letting ¢ — 0, we have

(36)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic 14/31
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//¢t dmdt_Z/ B(u)(;v,, dedt
X t>\3§£’ ()
- Zz;//aZ z,t)(,,
_ ;//gi(m,t)B(u) (3§£?)¢+B(u)%) .
_Z//ag u)dzdt > 0.

)

Taking ¢ = ¥B(u) in (32), we get

[ [ 2%

_Z//az"l’t)C )zﬁd dt
_ ;//gi(x,t)B(u) (3§$)¢+B(u)¢mi) .
Z// % (@ u)dzdt > 0.

;//B(ump dzdt

(37

By combining (36) and (37), we have

3 [ (6|

(=2 5B(v) <aB(u) 8B(v))
— dxdt
ox; ox; ox; (38)

= 0.

In particular, taking v = B~*(B(u) — Ap) and A > 0, we find

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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pi(@;t)—2 o
// 0 Gal@t| (B =) (B =) | g duds

=0

and so

pi(wvt)*Z
// oG- a0 B -2 - (Blu) - Ap) | Godads

= 0.

When / goes to zero, we have

ﬁ;//w ci—ai(w,t)‘ag—;”
Qr

Similarly, when X < 0, we get

; .”E, _2
PO 0B(w) | By dzdt > 0.
8%,’ 8901 - -

B p(:b,t)*2 B
52 [ (6t 25 <o
ox; ox; z;
Accordingly, we obtain
8B(w) |2 8B(u) \ Ay
//¢ ¢ —ai(x t)‘ o, o, o, dzdt = 0.

Since ¥ = 1 on suppg, we arrive at (30).

The initial value condition (4) in the sense of (9) can be derived from (29). We omit the details here.
Consequently, u(z) satisfies equation (1) in the sense of Definition |

3. Proof of 1heorem 3

To discuss the stability of solutions of equation (1), we need to introduce the following technical lemma.

Let p(z) € C*(Q), and denote p™ = maxp(z) and p~ = maxp(z).
zeQ zeQ

Lemma 4

[12], [16]

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic
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(I) The space (Lp(g”)(()), Il L,,@)(Q)) , (Wl’p(w) (£2), 1-1 Wl,p(z)(n)) and W(}’p(m) (2) are reflexive Banach

spaces.

(1) Let p,(x) and p,(z) be real functions with m - } ;= 1 and p,(z) > 1. Then the conjugate space
1 2(T

of L) () is LP®)(2) . And for any u € LP*®(Q) and v € LP*®)(2) , we have

n

(D) If Nl ey g =1, then [, Null?@de =1 ;
= [y [ulP@de < lull® , +and

: (@)
<o u|P@da < g -

if Wl gy g > 1, then ||u||1;(m)(

|
if Null o) <1, then ||u||1‘;p<z)m

For any large integer n, we define an odd function S, (s) by

and let
H,(5) = [ 8.(s)ds
0

Then

lim S,,(s) = sgn(s) and limsS) (s) =0, s € (—oo0,+00).
n—0 n—0

Meanwhile, since a;(z,t) = a(z,t) > 0, we define

1, if z€Q:,,
o, (z,t) = n(a(az,t)—%), ife e 1, \Qz,,
0, ifeec QN Q1

where Qy; = {z € Q: a(x,t) > A} forany A > 0.
Proof of Theorem 3
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Supposed that u(z,t) and v(z,t) are two weak solutions of equation (1). After a process of limit, we can
choose ¢,, S, (B(u) — B(v)) as a test function. In view of a; (z,t) = a(z,t), we have

O(u — v)

dxdt
ot

/ [ eulat15u(B@w - Bw)
0 Q

+f; / [ata ( o
o Q
)

0B(v)

P2 9B(u) | OB(v)
8213i

i (2,t)—2 8B(v) )

) S:(Bw) - B, (2 o

N BB(u) pi(x,t)—2 8B(u) aB(U) p; (z,t)—2 8B(’U)
—i-;o/g/a(w,t) ( Ox; Oz; _‘ Oz; Ox;
S, (B(u) — B(v))%j’t)dwdt (40)
==Y [ [enme - o) (et - o) i) -
=1 0 O 7 7
B(v))ep,, (z,t)dxdt

-3 [ [ 60080 - Bw)s, (B - ) P dsa
Q

2 / / % (Bu) - B(w))S.(Blu) — B@)p, () dadt.
=1 Q

Owi

P02 9B(u) | OB(v)

pi(z,t)—2 8B(v) )
(41)

To evaluate the third term on the left hand side of (40), we use
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0, ifxEQgt,
O, (z,t o(c . '
—(’O’éfj ) — naa(xi’t), 1fa:€Q%t\Q%t,

0, if € Q- Q.

In view of condition (14), by the straightforward calculations we can deduce that

- [ fater | 2202
=g g

(42)

P02 9B(u) ' 8B(v)

pi(z,t)—2 8B(u)
8£Ei

pi(z,t)—1 OB
NL.L

0
S fr [ (%

b; (:E,t)l)

Ox;
,L:l 0 Qi \ta v
0 t
“éx ) S, (B(u) — B(v))| dedt
z;
1
N ) i) i
< CZ/[ t)‘ 8?; dx
=1 0 Q lt\ta '
pi(w,t)
+ / ‘OB (u) d ]dt
azci
Q1 02,
1
pat) |
/ / 8a (x t) s gt
ox;
0 l Qz
N ¢ 8B( pi(xvt) qit
< CZ/ t)‘ B dx
o ey, las, '
pi(a,t) %
+ a(x,t)‘ 81;( o) [" dx ]dt
1)
Qit\ﬂzt
/ . 4
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FL da(z, t) [ §
/n Py ! dx dt
8332‘
0 Q_lt\ﬂzt
1
t qit+
N (z,t)
OB(u) |
<c a(x,t dr
<oy f|| ) et
0 Qlt\ta
6B Pi(f”:t) '
+ a(:c,t)' ) " 4 dt,
6$Z'
Qlt\ta

— 0, asn — 0.

It follows from Hélder's inequality and (15) that

-y / [0 - Be) (e - ) s - B,

(z,t)dxdt

B _Z//gi(w,t)(B(U)—B('v))SL(B(U)—B(”))
Q

a(z, 1) 7P alz, t) 7D (‘9?3(3:") — 82(:))) o, (z,t)dzdt
<
N ¢ (43)
x\/
1 1%(@) qz%
/ [gi(w,t)(B(U)—B(v))S;(B(U)—B(v))a(fc,t) W”] dzdt

Q

pi(z,t) OB
NL.L

D; (:Il,t) P
dxdt — 0, asn
633i

e o (1280
[ [0 (%
— 0,

where p,; = p;” or p; depends on whether
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¢ aB(u) pi(z,t) aB(v) p;i(z,t)
//a(w,t) ( —|—| ) dedt | <1
8:c,~
0

8$i

or

pi(z:t) . ‘ 8B(v)

p,»(:v,t)
dxdt | > 1.
Ba:i v

/ / a(a,t) ( a};g
0 Q

Recall the partial boundary value condition (16), i.e.

u(z,t) =v(z,t) =0, (x,t) € X, =

{(x,t) e o (0,1): ) g'(,1) a“éift) £ o} .

Then we have

[ [¢@0Bw@ - Bosisw - B2

0 Q

lim |—

N
n—00
=1

2

t

< lim /n / |(B(u) — B(v))Sa(B(u) — )l‘
0

n—oo
0 Q102
N
, Oa(zx,t
Zgz(w,t) a(z,t) dzdt
=1 Oz;
¢
< c//|B(u) — B(v)| dXdt
0 Xy
=0
and
(45)
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| / / %?(B(u) _ B(v))S,(B(u) — B))p. (z, t)dzdt| < c /
Q 0

L} 0
/ |u — v|dzdt.
0

& i=1
Since B(r) > 0 is monotone, it follows that

n—oo

; o oD
g lim / Q/ o, (,8)Sn(B(u) — Bo)) 2 gpas

( v) ———=dxdt

[ (B - By =
Q

(46)

sgn(u — v) dzdt

O(u — v)
ot

I
P O T~
D

u(z, ) — v(x, t)|dz — / g () — vo ) da
Q

0 Q

‘ /|u(a;t oo, )| ds < /|UOw)_vo(m)‘dx+c//\u—v|dmdt t € [0,T).

Using Gronwall's inequality, we obtain

/|u(ac,t) —v(z,t)|dx < /|u0(:v) —vo(z)|dz, t €0,T).

Q Q

]

4. Weak characteristic method
We can generalize the method described in the preceding section to prove the stability of weak solutions.

Let x(z,t) be a nonnegative C'*(Q,) function as
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x(z,t) > 0, if (z,t) € Qp = 2 x (0,T),
and

x(z,t) =0, if (z,t) € T'r = 00 x [0,T).
If we denote

Xt = X(xat)a T < Q)

(26]

fort € [0,T), then y, is the weak characteristic function of Q as defined in <. Likewise, we can simply

call x(z,t) a weak characteristic function of Q.

We define
1, if ze€ D:,,
C,On(a'},t): n(X(m7t)_%)7 if xeDlt \tha
0, if € QN Dy,.
Then
0, if zeD:,,
0, (z,t) onwt) . '
g—x;: n—ge— i £€D1, N Dy,

0, if xcQ~\ Dy,

where Dy, = {z € Q: x(z,t) > A} for A > 0.
Theorem 5

Suppose that there is a weak characteristic function x(z,t) of Q satisfying,

S
2l

p;i(z,t)
dx dt <c,1=1,2,--- N, (47)

[o| [ atof2e

(48)
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/gi(w,t)‘Ii($,t)ai (m,t)_m(m,t)*l dx < C(T), 7 = ]_,2, . ,N,
n

where g;(z,t) , p;, and q;; are the same as given in Theorem3 gynose that u(z, t) and v(z,t) are two

weak solutions of equation (1) with the initial values uy(z) and v (z) respectively, with a partial
homogeneous boundary value condition

-] N
__ , ox(z,t)
5 ,0) = ,t) =0, (z,t) € € 02 x (0,T) : Yz, t)———
RCORTCORNCORS ER GBI ID SRS S
(49)
£0
: Then we have
= /|u(:c,t) —v(z,t)|de < c/|u0(:1:) —vo(z)|dz, a.e. t €[0,T). (50)
IZI 0 2
Proof of Theorem 5
f Choose ¢,,S,,(B(u) — B(v)) as a test function. Then we have
(51

AEREIE

U3 yyes
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//cpn z,t)S,(B(u) — B(v))a(uaz v) dzdt

5 [ (Pﬁ;? o)
B Q

neO=2 9B(u) ‘ 8B(v)

(P - 220 51.(Btu) ~ B e o
N OB(w) "2 9B(w) | 8B(v) [F=D2 9B (v)
+ZX;O/Q/‘“(Z’“"”” (’ oz, oz, _‘ Oz, oz,
S, (B(u) — B(v)) a"ogf ) gt
=3 [ [o@nwu - oy (52 - ) 5150 -
0 Q
B(v))e,, (z,t)dzdt
Bson(:v t)

dzdt

7

/gi(w,t)(B(U) = B(v))5n(B(u) — B(v)) ———
Q

|
[M]=
. S —

+ > / / aggxxi, t) (B(u) — B(v))S,(B(u) — B(v))p, (z,t)dzdt.

As discussing in the proof of Theorem3 e have

5 [oten |22

0B(u)  0B(v)
( 8377, 6%1

P02 9B(u) | B(v)

pi(z,t)—2 8B(v) )
8%1'
(52)

> S'(B(u) — B(v))y,, (z,t)dzdt > 0.

In view of condition (47), we can deduce

(53)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic

25/31



Existence and stability of the doubly nonlinear anisotropic parabolic equation

1/21/2021
t
N 8B(u) p; (z,t)—2 8B(u) 8B(v) p;(m,t)—2 8B(u)
2| [ - 5
— ox; Ox; ox; Ox;
0 Q
t
9en(@,8) o By B(v))dmdt|
0x;
N t
-/
LD P72 9B(u) | 8B(v) [ ? 0B(u)
WAE Bz, Bz, Bz Bz,
Dlt\th
t
8‘0’;9(:”’ ) 5, (B(u) - B(v))da:dt|
L

pi(z,t)—1 8B(v)
82121'

p; (x7t)1>

$f [ o0

. ' ‘9X(§;”f Y . (Bu) — Bv))| ddt

t (ot %t
<02N:/[ / a(m,t)‘ag(u) nil »dw
=15 D1, ~\D>, i
ntw N
(x,t *
+ a(ac,t)‘ nggv) 4 )dm ]dt — 0, asn — 0.
D1Dz,

Similar to the derivation of (43), using Holder's inequality and (48), we obtain
(54)

26/31

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic



1/21/2021 Existence and stability of the doubly nonlinear anisotropic parabolic equation

> [ [ nm - sw) (G - 52 siBw - B,
i:10 Q 1 1
(z,t)dxdt

-y / / g'(z,t)(B(u) — B(v))S.(B(u) — B(v))
Q

< 0B(u)  0B(v)
82132 6581

a;(z,t) e a;(z,t) vl ) ©, (z,t)dzdt

IN

1
+

1 qi(x7t) %
/ [gi(w,t)(B(u) — B(v))S.(B(u) — B(v))a; (a:,t)m(nt)} dzdt

Q
(o (22

Note that the right hand side of (54) goes to 0 as n — 0. Here, p;; = p;” or p; depends on whether

/ /W,g (; 25(w)

pz T t) P14
) dxdt .

pl .’Ijt 8B( )
or;

pi(et) L |9B)
8%1'

pi(wat)
dedt | <1

or

p;(z,t) N 6B('U)
ox;

p;(z,t)
) dxdt | > 1.

//“’“(| o

In view of (49), we get

(55)

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7733552/?report=classic

27/31



1/21/2021 Existence and stability of the doubly nonlinear anisotropic parabolic equation

Op, (z,t)

/ 9" (2 1) (Bu) — B(©))Su(B(u) — B(v)) 2™ dudt
Q

I =

5B

|
O\v“

n—o0
D—lt\Dgt
N
Ox(z,t

> gi(z,t) X(@1) | ot
=1 8:131

¢

< c//|B(u) — B(v)| dXdt
0 Xy

= 0.

(50). o

We can see that by choosing different appropriate characteristic function of @), we can obtain the
corresponding stability results under various conditions. For example,

i) If we take x(z,t) = x5 (t) Hj-vzl aj(z,t) , where x, ;) (t) is the characteristic function of [s,¢] C (0,T),

then
ox(z,t)
—_— = t t
axi T,s]()}_[ Ly )Zaka:t
. pi(m’t)
8X(£E,t) p; (,t) 11_\1 w , i\f: O,
6.’1/'1: T, : =1 a’k z t) ,
where a;, = Bai (z) ,k=1,2,...,N.

ox;

By virtue of TheoremS e obtain

Corollary 6
Suppose that
1
ot
T 1 Py N pi(xft) *
- Ay, .
/n it / ai(a:,t)Z—m dx dt<e 1=1,2,---,N.
— ay(z,t)
0 D1 D>
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Suppose that u(z,t) and v(z,t) are two weak solutions of equation (1) with the initial values uy(z) and
vo(x) respectively, with a partial homogeneous boundary value condition

N N i
U(:U,t) = v(ac,t) = 07 (xat) € (x,t) € 8(2 X (O,T) : Haj(xat) Z 9 Ak,
j=1 =1 ak(z,t)

£0

Then we have the stability of weak solution in the sense of (17),.

ii) If we take x(z,t) = x|, (£)d* (z) , where d(z) = dist(z,00) is the distance function from the
boundary 6Q2 and a > 1 is a constant, then

Ox(x,1) _ ax(z,t) [P 1 @)
“op ~ s (t)d* (), A = |axq (£)d* ! (2) :
1 1
According to Theorem S o can also obtain
Corollary 7
Suppose that
1
T 1— (a-1)pz v
/n i / a;(z,t)dx dt<ec,1=1,2,---,N.
0

Suppose that u(z,t) and v(z,t) are two weak solutions of equation (1) with the initial values uy(z) and
vo(x) respectively, with a partial homogeneous boundary value condition

N
u(z,t) = v(z,t) =0, (z,t) € 4z € 0N % (0,T): Y g'(z,t)n; #0 ¢,

where n = {n;} is the outer normal vector of Q. Then we have the stability of weak solution in the sense of
17)..

5. Conclusion

In this study, we applied an analytical method to study the stability of weak solution for a doubly nonlinear
anisotropic parabolic equation, where the diffusion coefficient and the variable exponent depend on the
time variable ¢. Under certain parametric choices, it includes the heat equation, reaction-diffusion
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equations, non-Newtonian fluid equation and electrorheological fluid equation and the epidemic model of
diseases as particular cases.

When a;(z,t)|,. > 0 and B(u) is a strictly monotone increasing function, it excludes the strongly
degenerate hyperbolic-parabolic equation, for which only under the entropy conditions, the uniqueness of
weak solution can be guaranteed (3. [13]). [28] However, only under the condition B'(u) = b(u) > 0 or

a; (z,t) is degenerate in the interior of Q, how to prove the uniqueness of weak solution to equation (1) is
still an interesting and challenging problem. In addition, if there is an external forcing term f(u) > 0 in

equation (1), i.e.

N i(m’t)_z N
B OB(u) [ O0B(u) : O0B(u)

f(u), (z,t) € Qr,

(56)

we conjecture that weak solutions may blow-up in finite time. How to show such a blow-up behavior and
the long time behavior of solutions to equation (56) seems more interesting and helpful from the physical
and biological point of view. We will continue to work on this problem in a subsequent work.

Notes

Submitted by G. Chen
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