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Understanding the coupling of different modal frequencies and their tuning mechanisms has

become essential to design multi-frequency MEMS devices. In this work, we fabricate a MEMS

beam with fixed boundaries separated from two side electrodes and a bottom electrode.

Subsequently, we perform experiments to obtain the frequency variation of in-plane and out-of-

plane mechanical modes of the microbeam with respect to both DC bias and laser heating. We

show that the frequencies of the two modes coincide at a certain DC bias, which in turn can also be

varied due to temperature. Subsequently, we develop a theoretical model to predict the variation of

the two modes and their coupling due to a variable gap between the microbeam and electrodes, ini-

tial tension, and fringing field coefficients. Finally, we discuss the influence of frequency tuning pa-

rameters in arrays of 3, 33, and 40 microbeams, respectively. It is also found that the frequency

bandwidth of a microbeam array can be increased to as high as 25 kHz for a 40 microbeam array

with a DC bias of 80 V. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4928536]

Sensitivity of resonant sensors and actuators based on a

single element of micro or nanobeam can be improved by

increasing the resonance frequency and quality factor of the

system.1–5 However, due to the process of increasing quality

factor, the frequency bandwidth of the device reduces as it is

inversely proportional to the quality factor. Consequently,

recent studies reveal that micro- or nanoelectromechanical

system (MEMS/NEMS) based array has been used to

increase the frequency bandwidth using various frequency

tuning mechanisms without any major shift in its sensitiv-

ity.6–10 Afterwards, there were several theoretical studies

concerning the coupled behavior of array dynamics.9,11

Krylov et al.9 discussed the coupling of out-of-plane modes

in a cantilever array under parametric excitation due to elec-

trostatic fringing forces. Thijssen et al.10 demonstrated the

driven parametric amplification of in-plane motion of an

array of nanobeams with varying width excited due to photo-

thermal effects. All the above studies are either limited to an

in-plane mode or an out-of-plane mode. In this letter, we dis-

cuss about the frequency tuning and coupling of in-plane and

out-of-plane modes of fixed-fixed beam arrays as shown in

Fig. 1 due to DC bias under the electrostatic direct as well as

fringing field effects. Additionally, we separate the frequen-

cies of beams by varying the initial tension of the beams due

to photothermal effects. Finally, we present a theoretical

model to analyse the effect of different frequency tuning pa-

rameters such as the air-gap thickness between the beams,

the fringing field effects, etc.

To demonstrate the frequency tuning of two mechanical

modes due to DC bias of a single beam and a multibeam

array, we fabricate a single clamped-clamped beam sepa-

rated by two side electrodes, and also an array of three

beams, 33 beams (not shown), and 40 beams, as shown in

Figs. 1(a)–1(c). All the beams are made of AuPd alloy on a

silicon substrate using the bulk micromachining process.3,7

The fabricated beams are of the same dimensions with length

L¼ 500 lm, width B¼ 4 lm, and height H¼ 200 nm. Each

beam is separated from its adjacent neighbors by different

gaps ranging from 1 lm to 7 lm and also from the bottom

substrate by a gap of d¼ 500 lm.

To experimentally characterize the system of single as

well as an array of multibeams, we use a laser based detec-

tion technique3 as shown in Fig. 1(d). To obtain the variation

of two mechanical modes (corresponding to in-plane and

out-of-plane) of a single beam in its linear range, we apply a

combined signal of DC and AC voltage to the beam and

ground the side electrodes and bottom electrode, respec-

tively. To measure the response, we use a laser power of

15.9 mW. On increasing the DC voltage from 0 to 90 V and

keeping low AC voltage (1–40 mV) to get the linear

response, we find that the frequency corresponding to an in-

plane mode decreases due to the well-known electrostatic

softening effect3,7 and that an out-of-plane frequency

increases due to the stretching of the beam in the in-plane

direction,3 as shown in Fig. 2(a). Consequently, we obtain a

crossing point of equal in-plane and out-of-plane frequencies

at a DC voltage of 81 V. To investigate the effect of laser

heating on the value of the frequency at crossing point Fs

corresponding to DC voltage Vs, and the frequencies of two

mechanical modes, F1 and F2, at zero DC voltage, we vary

laser power, Lp, from 0.06 to 20 mW. We found that as Lp

varies from 0.06 to 20 mW, the frequencies F1 and F2 reduce

individually. However, we noticed that the difference

DF¼F2 – F1 increases from 7.5 kHz to 7.8 kHz due to heat-

ing. We also found that the crossing point lowers from 90 V

to 80 V as laser power varies from 0.06 to 20 mW. Sucha)Electronic mail: ashok@iith.ac.in
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variation indicates to a high sensitivity of the beam with

respect to the temperature due to differential thermal expan-

sion of beam and the substrate.3

After showing the frequency variation of two mechani-

cal modes and the frequency crossing of a single beam, we

investigate the frequency tuning in a three beam array.

Figure 2(c) shows frequency variation of in-plane and out-

of-plane modes when the optical fiber with a fixed laser

power is moved across the width of the three beam array

due to localized heating of different beams. Figure 2(d)

shows the frequency and DC voltage relation of the three

beam array system with different DC voltages when the

optical fiber is fixed at around 22 lm from the side elec-

trode, as shown in the Fig. 2(c). Unlike the single beam,

we also observe frequency crossings between the modes of

adjacent beams and those of non-adjacent beams. Here, the

latter frequency crossing is defined as a point when the two

crossing modes do not show any coupling. Such points are

observed when the modal frequencies of non-adjacent

beams coincide with each other. We also noticed that the

coupling strength of the modes of side beams is very low

as compared to that of the middle beam, probably due to a

non-uniform gap between the middle beam and the two

side beams.

Finally, we perform experiments with arrays of 33

and 40 beams, respectively, by locating the optical fiber

with fixed laser power at the middle of each array.

Consequently, we find that the frequencies of two mechani-

cal modes of each beam corresponding to zero DC voltage

are distributed over 5 kHz due to non-uniform heating of

FIG. 2. (a) Experimental results showing the variation of out-of-plane and in-plane frequencies of a single beam separated by two side electrodes with DC

bias, where F1 and F2 are out-of-plane and in-plane frequencies at Vdc¼ 0, Fs and Vs are frequency and corresponding DC voltage at avoided crossing point

when the laser power is fixed at Lp¼ 15.9 mW. (b) Variation of F1, F2, Fs, and Vs with laser power Lp [mW]. (c) Variation of the frequencies of three beams

array due to change in the position of optical fiber with a fixed laser power and fixed excitation. (d) Frequency response of three beam arrays with DC bias

when the position of optical fiber is fixed at around X¼ 22 lm. Frequency response of an array of (e) 33 beams and (f) 40 beams vs. DC bias. (Color plots in

all the figures show logarithmic value of the network analyzer signal in arbitrary unit.)

FIG. 1. An arrangement of single and

multibeams arrays with side electrodes

and a bottom electrode are shown

with: (a) a single beam element, (b)

three beam elements, and (c) 40 beam

elements. (d) An outline of optical

based characterization setup to charac-

terize single as well as multibeams

arrays.
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the beams in arrays of 33 and 40 beam, as shown in Figs.

2(e) and 2(f), respectively. On increasing the DC voltage

from 0 to 70 V for the 33 beam array and 0 to 80 V for the

40 beam array, we obtain the similar variation of the in-

plane and out-of-plane modes as for the case of single and

three beam systems. However, unlike the single beam, the

modal frequencies of multibeam array are found to be uni-

form over a large range of frequencies when the DC bias is

increased beyond that of the equal frequency crossings.

Such a uniform distribution becomes closely spaced as the

number of elements in an array increases. For example, the

frequency bandwidth of the closely spaced response of a 40

beam array increases from 15 kHz to 25 kHz when the DC

voltage increases from 60 to 80 V. Since the quality factor

of each beam is around 104 and its modal frequency is in

the range of 150–160 kHz, the bandwidth of a single beam

system can be approximated in the range of 15–16 Hz. On

the other hand, by tuning the modal frequencies of a 40

beam array, a bandwidth of 25 kHz can be obtained at DC

voltage of 80 V. Further study is needed in order to investi-

gate the feasibility of exploiting the enhanced bandwidth

for improving performance of sensors based on coupled

arrays of mechanical resonators. In the following para-

graph, we present a brief theoretical analysis to show the

effect of the gap on the frequency crossing values of in-

plane and out-of-plane modes of a single beam as well as

beams in different array configurations.

To demonstrate the influence of side electrodes on the

coupling region, we develop a theoretical model for an array

of N clamped-clamped beams having length L, width B, and

thickness H, as shown in Fig. 3(a), where E1 and E2 are two

fixed side electrodes, and Eg is the fixed bottom electrode.

The beams are separated from their neighboring beams by

different gaps g0, g1, g2,…, gN and also from the bottom

electrode by a distance d. To develop a consistent dynamical

model, let us consider nth beam separated from (n� 1)th and

(nþ 1)th beams by the gaps gn�1 and gnþ1 and also from the

bottom electrode by a distance d as shown in Fig. 3(b), where

�yn and �zn are the deflections in the in-plane and out-of-plane

directions, respectively. It is also assumed that the in-plane

and transverse oscillations of the beam are achieved under

the influence of direct and fringing field forces12 which are

captured by Qny and Qnz, as shown in Fig. 3(c). Finally, the

governing equations of motion in the �y and �z directions of

nth beam, including the residual tension and mid-plane

stretching,5 can be written as

EI�z �y0000n þ qA€�yn � Nn0 þ
EA

2L

ðL

0

�z02n þ �y02n
� �

d�xn

" #
�y00n

¼ Qn�y �y; �z;�tð Þ;

EI�y�z0000n þ qA€�zn � Nn0 þ
EA

2L

ðL

0

�z02n þ �y02n
� �

d�xn

" #
�z00n

¼ Qn�z �y; �z;�tð Þ;

where 0 and _ represent differentiation w.r.t. �x and �t, respec-

tively, n¼ 1, 2,…, N. Nn0 is the initial tension induced due to

residual stresses5 and heating,3 etc., EI�y and EI�z are the flex-

ural rigidity components of �y and �z, respectively, and I�y

¼ BH3=12 and I�z ¼ HB3=12 are moments of inertia. E is the

Young’s modulus, and q is the material density. The expres-

sions for electrostatic forcing Qny and Qnz per unit length of

nth beam along �y and �z directions include the effect of direct

and fringing field9,12,13 based on numerical simulation in

COMSOL multiphysics software as described in the supple-

mentary information.14 In the forcing expression of Qny and

Qnz, we also define k1 to capture the net effect of fringing

and direct fields in �y-direction, k2 to capture the fringing field

effects due to extended bottom electrode,13 and k3 to capture

the effectiveness of parametric fringing field effect due to

side beams when the beam is subjected to a deflection of

�zðtÞ,12 Vi,j¼Vi�Vj is the difference in the DC voltage

applied between ith and jth elements.

To obtain the modal dynamic equations, we approximate

the displacements by the single mode shape, which satisfies

the undamped and unforced linear boundary-value problem

exactly. The total displacement along y and z-directions consist

of the static displacements due to DC voltage and dynamic dis-

placement due to AC voltage.15 After substituting the assumed

solution and then applying Galerkin’s method, the modal

dynamic equation corresponding to an in-plane mode, i, and an

FIG. 3. (a) Side view of N fixed-fixed

beams and the side electrodes, E1 and

E2, and the ground electrode Eg. (b)

Displacement of the beam in two dif-

ferent directions are represented by y
and z. (c) The corresponding forces are

represented by Qz and Qy. (Geometric

parameters are also mentioned at

appropriate location.)
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out-of-plane mode, o, of N beams can be written in the matrix

form, €P þ ½M�P ¼ 0,5 where P is the state variables given by

½P�¼ ½P11 P12 … Pk1 Pk2 … PN1 PN2 �T and M, respec-

tively. The matrix M contains terms for uncoupled modal

frequencies of N beams corresponding to i and o modes,

respectively. It also contains modal coupling of the frequencies

of adjacent beams. Finally, the frequencies corresponding to

the modes of each beam of an array can be found by taking the

square root of the eigenvalues of matrix [M]. Consequently,

for N beams, there are 2N modes. The frequencies of 2N
modes of an array of N beams can be tuned using different ini-

tial tension N0 and DC bias V. A detailed derivation of the

reduced-order form and definition of related terms are found in

the supplementary information.14

To demonstrate the importance of different frequency

tuning parameters, we first find the physical properties E, q,

and the initial tension N by comparing the analytical and ex-

perimental results for a single as well as multibeams arrays.

In the case of the single beam arrangement, the side beams

are fixed; therefore, there exists the coupling between i and o
modes of the single beam. Hence, the size of P and M
for N¼ 1 reduce to 2� 1 and 2� 2, where k11, k12, c1io, and

c1oi are the only non-zero terms in matrix M as defined in

Ref. 14. By comparing the outcome of the analytical model

with experimental results, we get E¼ 2.58� 1010 N/m2,

q¼ 3227.4 kg/m3, and N0¼ 38.3 lN/m corresponding to the

gaps of g0¼ 4.5 lm and g1¼ 7 lm and the forcing coeffi-

cients k1¼ 0.945, k2¼ 2.6, and k3¼ 1.3. Figure 4(a) shows

the comparison of analytical and experimental results with

the frequency crossing depicted in Fig. 2(a). We found that

when the gaps between the beam and the side electrodes/fixed

beams are the same, the frequency crossing disappears. We

also noticed that the frequency crossing can be tuned

by parametric fringing forces from the side electrodes in

z-direction. While the fringing forces from the bottom

electrode (located at around 500 lm) plays a little role in con-

trolling the out-of-plane response, the effect of direct forces

is found to be insignificant. Similarly, we compute the fre-

quency tuning in an array of three beams, 33 beams, and 40

beams, respectively. For the three beam array, we take N¼ 3

in which three in-plane and out-of-plane modes can be tuned

with initial tension, gap thickness, fringing forces, etc. On

comparing the results with experiments, we obtain the physi-

cal parameters as E¼ 3.183� 1010 N/m2, q¼ 3234.2 kg/m3,

and N0¼ 46.86 lN/m, as shown in Figure 4(b). The frequen-

cies of i and o modes of three different beams are obtained by

first tuning the initial tensions N1¼N0, N2¼ 1.06N0, and

N3¼ 1.13N0 corresponding to zero DC voltage, then the

fringing field parameters k1¼ 0.35, 0.40, 0.40, k2¼ 1, 1, 1,

and k3¼ 1.8, 2.7, 2.5 for the three beams having the air-gaps

of g0¼ 2 lm, g1¼ 2.7 lm, g2¼ 4.9 lm, and g3¼ 4.5 lm,

respectively. Similarly, we also obtain the analytical variation

of frequencies of arrays of 33 and 40 beams, as shown in

Figs. 4(c) and 4(d), respectively, which are similar to the

experimentally obtained curves, as shown in Figs. 2(e) and

2(f). For both arrays, we use the same physical properties as

that of the three beams array, but the initial tensions of the

beams vary from N0 to 1.065N0 for N¼ 33, and 1.0525N0 to

1.11N0 for N¼ 40 to fit the frequencies at a zero DC voltage.

To obtain the variation at a non-zero DC voltage in both

cases, the gaps, gi, i¼ 0, 1, …, N, are taken in the range of

1 lm–5 lm, and the fringing force coefficients k1 varies from

0 to 2.98, k2¼ 1, and k3¼ 2.5 for all beams. By varying the

gap and forcing coefficients, we found that the strength of

several frequency crossings of inter- and intramodal coupling

of same or different beams can be obtained. A future applica-

tion of the equal crossing frequencies may serve as necessary

conditions for internal resonances and as such may contribute

to multi-functional sensing.16,17 The nonlinear vibration prop-

erties of the arrays can also be explored to get the locked

FIG. 4. Comparison of experimental

and analytical results for (a) single

beam with gap ratios r0¼ 1 and

r1¼ 1.55 and (b) three beam arrays

with gap ratios r0¼ 1, r1¼ 1.35,

r2¼ 2.45, and r3¼ 2.25. Analytical

results showing the variation of fre-

quencies vs DC voltage for arrays of

(c) 33 beams and (d) 44 beams, respec-

tively. Here, rn ¼ gn

g0
; n ¼ 0;…;N.
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modes.18 Additionally, we found that by varying the initial

tensions of different beams, we can significantly increase the

bandwidth of a multibeam array system.

In conclusion, we have performed a combined experi-

mental and theoretical investigation to show that the fre-

quency tuning of DC biased single beam and arrays of

multiple beams due to various parameters such as initial ten-

sion, air-gap thickness, and fringing field effects. We have

also shown that the inter- and intramodal coupling can be

controlled by the air-gap thickness as well as fringing field

effects. Possible discrepancies between linear theory and the

array experiments can be explained by effects of nonlinear-

ities such as resonance frequency dependence on the response

amplitude 11 and nonlinear damping19 neglected in this study.

This research was supported in part by the Technion

Russell Berrie Nanotechnology Institute, the Israel Science

Foundation (1475/09), and the Council of Scientific and

Industrial Research, India.
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