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The pressure-driven displacement of two immiscible fluids in an inclined channel
in the presence of viscosity and density gradients is investigated using a multi-
phase lattice Boltzmann approach. The effects of viscosity ratio, Atwood number,
Froude number, capillary number, and channel inclination are investigated through
flow structures, front velocities, and fluid displacement rates. Our results indicate
that increasing viscosity ratio between the fluids decreases the displacement rate.
We observe that increasing the viscosity ratio has a non-monotonic effect on the
velocity of the leading front; however, the velocity of the trailing edge decreases
with increasing the viscosity ratio. The displacement rate of the thin-layers formed
at the later times of the displacement process increases with increasing the angle of
inclination because of the increase in the intensity of the interfacial instabilities. Our
results also predict the front velocity of the lock-exchange flow of two immiscible
fluids in the exchange flow dominated regime. A linear stability analysis has also
been conducted in a three-layer system, and the results are consistent with those
obtained by our lattice Boltzmann simulations. C© 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4760257]

I. INTRODUCTION

The pressure-driven displacement flow of one fluid by another fluid is common in many industrial
processes, such as transportation of crude oil in pipelines,1 oil recovery, food-processing, coating,
etc. The cleaning of plants also involves the removal of viscous fluids by fast-flowing water streams.2

In enhanced oil recovery, hydrocarbon solvent or supercritical carbon dioxide is used to displace oil
from an oil reservoir.

When a less viscous fluid displaces a more viscous one, a two-layer/core-annular flow is obtained
in most part of the channel/pipe as the elongated “finger” of the less viscous fluid penetrates into the
bulk of the more viscous one.3 The interface between the two fluids becomes unstable forming Yih-
type instability for immiscible4 and Kelvin-Helmholtz (KH) type instabilities and “roll-up” structures
for miscible flows. A review of the phenomenon occurring in porous media (commonly known as
viscous fingering) can be found in Ref. 5. In pressure-driven two-layer/core-annular flows, several
authors have conducted linear stability analyses by considering the fluids to be immiscible4, 6–8

and miscible.3, 9–12 This problem was also studied by many researchers experimentally13, 14 and
numerically.15–18 In miscible core-annular flows, the thickness of the more viscous fluid layer left
on the pipe walls and the speed of the propagating “finger” were experimentally investigated by
many authors19–23 and the axisymmetric and “corkscrew” patterns were found.24–28 In neutrally-
buoyant core-annular pipe flows, d’Olce et al.29 observed axisymmetric “pearl” and “mushroom”
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patterns at high Schmidt number. By an asymptotic analysis, Yang and Yortsos30 studied miscible
displacement Stokes flow between parallel plates and in cylindrical capillary tube with large aspect
ratio. They found viscous fingering instability for large viscosity ratio and the displacement efficiency
decreases with increasing viscosity ratio. Goyal and Meiburg31 studied miscible displacement flows
in a vertical Hele-Shaw cell with less-viscous fluid displacing a more-viscous one. They found that
the flow develops as a result of linear instability, and the front velocity increases with increasing
unstable density stratification and decreasing diffusion. The flow fields obtained by their simulations
are qualitatively similar to those observed in the experiment of Petitjeans and Maxworthy21 in a
capillary tube and in the theoretical predictions of Lajeunesse et al.25 in Hele-Shaw cells.

Sahu et al.32 studied pressure-driven miscible displacement flow in an inclined channel via
numerical solution of the Navier-Stokes equations coupled to a convective-diffusion equation for
the concentration of the more viscous fluid. The viscosity and density are assumed to be a function
of the concentration of the more viscous fluid and the effects of density ratio, Froude number,
and channel inclination were investigated. Their results demonstrated that the rate of mixing and
displacement of the more viscous fluid are promoted by the development of KH-type instabilities,
and enhanced with increasing density ratio and Froude number. The mixing rates were also shown to
increase with increasing inclination angles when the displaced fluid is also the denser one. Recently,
Taghavi et al.33, 34 studied the effects of imposed mean flow on a buoyant exchange flow of two
miscible fluids in a near horizontal pipe/channel. For very low imposed velocity, they observed an
inertial gravity current and KH-like instabilities in the interfacial region separating the fluids. The
flow becomes stable for higher imposed flow with the absence of KH instabilities and consequent
decreased mixing. This behavior is counterintuitive since more energy is injected into the system
as the imposed flow is increased. Non-Newtonian effects on miscible displacement flows in vertical
narrow eccentric annuli were experimentally studied by Mohammadi et al.35 They demonstrated that
suitable choices of viscosity ratio, density ratio, and flow rate result in steady displacement flows.
In the case of steady flow, they observed that eccentricity drives a strong azimuthal counter-current
flow above/below the interface resulting in an advancing spike.

Most numerical studies of displacement flows solved the continuum Navier-Stokes equations
using a finite volume/element/spectral method. The lattice Boltzmann method (LBM) is an alternative
to solve the Navier-Stokes equations for the study of fluid flows. This is a mesoscopic model that
has its origins in the kinetic theory. The LBM solves discrete density distribution functions and
obtains the velocities and density as moments of this distribution function. In comparison with
a solution of the Navier-Stokes equations, LBM is a simple, efficient, and easily parallelizable
technique. It involves only three basic steps: (a) collision, (b) streaming, and (c) calculation of the
flow variables. It can include mesoscopic flow physics such as velocity slip, surface tension force,
and other inter-molecular forces. There are four distinctly different LBM approaches for multiphase
flows, namely, the color segregation method of Gunstensen et al.,36 method of Shan and Chen,37, 38

free energy approach of Swift et al.,39 method of He et al.40 A review of the work on the first
three approaches was provided by Chen et al.41 Using the multiphase LBM approach proposed by
He and co-workers,40, 42 recently, Sahu and Vanka43 studied the buoyancy-driven interpenetration
of two immiscible fluids in an inclined channel (commonly known as “lock-exchange” problem).
The effects of tilt angle, Atwood number, Reynolds number, and surface tension were investigated
in terms of flow structures and front velocity. Rakotomalala et al.44 also studied the miscible
displacement flow between two parallel plates using the Bhatnagar-Gross-Krook (BGK) lattice gas
method.

As the above brief review shows, in spite of the large volume of research on the miscible
displacement flows, very few studies have been conducted for the displacement flow in immiscible
systems. Also, the flow dynamics in immiscible flows are very different from those of the miscible
flows due to the presence of a sharp interface separating the fluids and are associated with interfacial
tension. On the other hand, miscible flows are associated with diffusion. Selvam et al.10 compared the
stability of immiscible flows (with zero surface tension) with miscible flows and found that miscible
flows are stable for any Reynolds number when the viscosity ratio is less than a critical value, unlike
the immiscible flows with zero surface tension, which can be unstable for any Reynolds number for
any arbitrarily small viscosity gradient. Also in miscible flows, the width of the interfacial region
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increases with time even when the diffusion coefficient is very small (this rate is proportional to the
inverse of Peclet number), which in turn stabilizes the flow (see Refs. 10 and 45).

Very high computational power is necessary to simulate such interfacial flows as fine grids
and long domains are required for the accurate simulation of the interfacial dynamics. The lattice
Boltzmann method could be ideal for studying the interfacial flows because of its low computational
cost and its ability to track the interface automatically. Some relevant studies of the displacement
flows are reviewed below. The displacement flows of two immiscible liquids were studied by Chin
et al.,46 Grosfils et al.,47 Kang et al.,48 and Dong et al.49 via the lattice Boltzmann method. The
effects of wettability, surface tension, viscosity ratio, and gravity have been included sequentially.
The recent study of Dong et al.49 considered all these parameters. However the formation of the
interfacial instabilities, which are the important characteristics of such flows, was not reported by
any of the previous studies. This may be due to the low Reynolds number and smaller computational
domain considered in the earlier studies.

In the present work, the displacement flow of two immiscible fluids is investigated using a
multiphase LBM approach proposed by He and co-workers.40, 42 We have conducted a systematic
parametric study to investigate the effects of viscosity ratio, Atwood number, Froude number, and
surface tension. As Selvam et al.10 found that in core-annular flows beyond a critical viscosity ratio,
the flow is unstable even when the less viscous fluid is at the wall, we investigated what will happen
when a high viscous fluid displaces a less viscous one (a classically stable system) at high viscosity
ratio. The effects of angle of inclination on the flow dynamics are also investigated, which have not
been studied earlier in the context of immiscible fluids. A linear stability analysis similar to the one
of Sahu et al.8 for a three-layer system is compared with the LBM simulations.

The rest of the paper is organized as follows. The problem is formulated in Sec. II, and the
results of the lattice Boltzmann simulations are presented in Sec. III. In Sec. IV, we discuss the
results of the linear stability analysis, and provide concluding remarks in Sec. V.

II. FORMULATION

Consider a two-dimensional channel initially filled with a stationary, Newtonian, incompressible
fluid of viscosity μ2 and density ρ2 (fluid “2”). Through an imposed pressure-gradient, this initially
filled liquid is displaced by another immiscible liquid of viscosity μ1 and density ρ1 (fluid “1”), as
shown in Fig. 1. We use a rectangular coordinate system (x, y) to model the flow dynamics, where x
and y denote the coordinates in axial and the wall normal directions, respectively. The channel inlet
and outlet are located at x = 0 and L, respectively. The prescribed boundary conditions are such
that fluid can only enter and leave the channel through the inlet and outlet, respectively. The rigid
and impermeable walls of the channel are located at y = 0 and H, respectively. The aspect ratio of
the channel, L/H, is 48. θ is the angle of inclination measured with the horizontal. g is acceleration
due to gravity; the two components of the gravity gsinθ and gcosθ act in the axial and transverse
directions, respectively.

A. Numerical method

The simulations are performed with a two-phase lattice Boltzmann method previously reported
by Sahu and Vanka,43 modified to account for unequal dynamic viscosities of the fluids. The
methodology is briefly described below. Two evolution equations for the index distribution function
(f) and the pressure distribution function (g) are given by

fα(x + eαδt, t + δt) − fα(x, t) = − fα(x, t) − feq
α (x, t)

τ
− 2τ − 1

2τ

(eα − u) · ∇ψ(φ)

c2
s

	α(u)δt, (1)

gα(x + eαδt, t + δt) − gα(x, t) = −gα(x, t) − geq
α (x, t)

τ
+

2τ − 1

2τ
(eα − u) ·

[
	α(u) (Fs + G) − (	α(u) − 	α(0)) ∇ψ(ρ)

]
δt, (2)
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FIG. 1. Schematic showing the geometry (not to scale) and initial flow configuration. The inlet and outlet are located at
x = 0 and x = L, respectively. The aspect ratio of the channel, L/H, is 48. Initially, the channel is filled with fluids “1” and
“2” from 0 ≤ x ≤ 5 and 5 ≤ x ≤ L of the channel, respectively.

where

	α(u) = tα

[
1 + eα · u

c2
s

+ (eα · u)2

2c4
s

− u2

2c2
s

]
. (3)

Here, u = (u, v) represents the two-dimensional velocity field; u and v denote velocity components
in the x and y directions, respectively; δt is the time step; τ is the single relaxation time using the
Bhatnagar-Gross-Krook (BGK) model.50 The kinematic viscosity, ν is related to the relaxation time
by the expression ν = (τ − 1/2)δtc2

s .
The evolution equations are simulated with a two-dimensional nine-velocity model (D2Q9),

where

eα =

⎧⎪⎪⎨
⎪⎪⎩

0, α = 0[
cos

( (α−1)π
2

)
, sin

( (α−1)π
2

)]
, α = 1, 2, 3, 4

√
2

[
cos

(
(α−5)π

2 + π
4

)
, sin

(
(α−5)π

2 + π
4

)]
, α = 5, 6, 7, 8.

(4)

The weighing coefficients, tα are given by

tα =

⎧⎪⎨
⎪⎩

4/9, α = 0

1/9, α = 1, 2, 3, 4

1/36, α = 5, 6, 7, 8.

(5)

Here, α is the component of the distribution function in the lattice. The equilibrium distribution
functions, feq

α and geq
α are given by

feq
α = tαφ

[
1 + eα · u

c2
s

+ (eα · u)2

2c4
s

− u2

2c2
s

]
and (6)

geq
α = tα

[
p + ρc2

s

(
eα · u

c2
s

+ (eα · u)2

2c4
s

− u2

2c2
s

)]
, (7)

where c2
s = 1/3. The index function (φ), pressure (p), and velocity field (u) are calculated using

φ =
∑

fα, (8)

p =
∑

gα − 1

2
u · ∇ψ(ρ)δt, (9)
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ρuc2
s =

∑
eαgα + c2

s

2
(Fs + G)δt. (10)

The fluid density and kinematic viscosity are calculated from the index function as

ρ(φ) = ρ2 + φ − φ2

φ1 − φ2
(ρ1 − ρ2), (11)

ν(φ) = ν2 + φ − φ2

φ1 − φ2
(ν1 − ν2), (12)

where ν1 and ν2 are the kinematic viscosities of fluid “1” and “2,” respectively. φ1 and φ2 are
minimum and maximum values of the index function; in the present study, φ1 and φ2 are given
values of 0.02381 and 0.2508, respectively.42

We use the following expression of ψ(φ) using the Carnahan-Starling fluid equation of state,
which describes the process of phase separation for non-ideal gases and fluids:51–55

ψ(φ) = c2
s φ

[
1 + φ + φ2 − φ3

(1 − φ)3
− 1

]
− aφ2, (13)

where a determines the strength of molecular interactions. The gradient of ψ(φ) described the
physical intermolecular interactions for non-ideal gases or dense fluids. This term plays a key role
in separating the phases. A fourth order compact scheme is used to discretize ∇ψ .56

The surface tension force (Fs) and gravity forces (G) are given by

Fs = κφ∇∇2φ and G = (ρ − ρm)g, (14)

where κ is the magnitude of surface tension and ρm ≡ (ρ1 + ρ2)/2. The surface tension, σ can be
related to κ as follows:57

σ = κ

∫ (
∂φ

∂ζ

)2

dζ = κ I (a), (15)

where ζ is the direction normal to the interface, and I(a) is given by42

I (a) = 0.1518(a − ac)1.5

1 + 3.385(a − ac)0.5
, (16)

wherein the critical value of Carnahan-Starling equation of state, ac = 3.53374. If a > ac, both the
fluids will remain immiscible. Thus, a is chosen to be 4 in the present study.

The hydrodynamic boundary conditions based on the ghost fluid approach are used to simulate
the boundaries and equilibrium distribution functions.43 A Neumann boundary condition for pres-
sure is used at the outlet, while a constant pressure-gradient obtained from the constant volumetric
flow rate condition is imposed at the inlet. In addition, the non-equilibrium distribution functions
are extrapolated and added to get the instantaneous distribution functions. The various dimension-
less parameters describing the flow characteristics are the Atwood number, At(≡ (ρ2 − ρ1)/(ρ2

+ ρ1)), the Reynolds number, Re(≡ Qρ1/μ1), the Froude number, Fr (≡ Q/H
√

AtgH ), the capil-
lary number, Ca(≡ Qμ1/σH), and the viscosity ratio, m = μ2/μ1. Here, Q is the volumetric flow
rate per unit length in the spanwise direction; in the present study, the characteristic velocity is
chosen such that the value of Q is 1.92. The dimensionless time is defined as t = H2/Q.

To accelerate the computational efficiency, the algorithm was implemented on a graphics pro-
cessing unit (GPU), which has recently become powerful and convenient to use. Our GPU based
multiphase lattice Boltzmann solver provides a speed-up factor of 25 as compared to a corresponding
central processing unit (CPU) based solver.58
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FIG. 2. (a) Variation of volume fraction of the displaced fluid (Mt/M0) with time obtained using different mesh densities,
and (b) the spatio-temporal diagram of

∫ H
0 φdy in time versus x plane for At = 0.2, m = 2, Fr = 2.236, Re = 100,

Ca = 0.263, and θ = 45◦. The dotted line in panel (a) represents the analytical solution of the plug-flow displacement, given
by Mt/M0 = 1 − tH/L.

III. RESULTS AND DISCUSSION

A. Grid independency test

We begin presenting our results in Fig. 2(a) by first plotting the temporal variation of the
dimensionless volume of fluid “2,” Mt/M0, for At = 0.2, m = 2, Fr = 2.236, Re = 100, Ca = 0.263,
and θ = 45◦. Here, Mt is defined as

∫ L
0

∫ H
0

φ−φ1

φ2−φ1
dxdy. Thus, M0 denotes the volume of fluid “2”

initially occupying the channel (M0 ≡ φ−φ1

φ2−φ1
L H ). The parameter values are chosen to correspond to

a situation where a heavier fluid is displaced by a fluid of lower density and viscosity. In this case,
one would expect the flow to be destabilized because of viscosity contrast and via a Rayleigh-Taylor
(RT) instability. Inspection of Fig. 2(a) reveals that Mt/M0 undergoes an almost linear decrease at
the earlier stages of the flow due to its displacement by fluid “1.” The slope of the curve during
this linear stage is close to that of the line represented by 1 − tH/L corresponding to a plug flow
displacement of fluid “2” with a sharp vertical interface separating the fluids. This is expected due
to the conservation of mass of the fluids entering and leaving the channel. Previously in a miscible
system, Sahu et al.32 observed that the slope of Mt/M0 versus time plot is steeper than that of the
plug flow line (1 − tH/L), i.e., the actual displacement rate is higher than that of the plug flow. This
is attributed to the miscibility effects. In miscible system along with the removal of fluid from the
outlet, the flow is associated with phase change of fluid “2” to fluid “1” (which does not occur in
immiscible flows). Thus, the displacement rate in the present study is slower than that of miscible
flows.32 At approximately t = 38 when the “front” of the displacing fluid “1” reaches the end of
simulation domain, as shown in Fig. 3, a transition to a different linear regime occurs; the slope
of the Mt/M0 variation in this regime is much smaller than in the first period, indicating slower
displacement process. Also shown in Fig. 2(a) are results with different grids, which demonstrate
convergence upon mesh refinement.

The spatio-temporal diagram of
∫ H

0 φdy in time versus x plane is plotted in Fig. 2(b) for the
4608 × 98 grid. The spatio-temporal diagrams generated using 3072 × 66 and 6144 × 130 grids look
the same as that shown in Fig. 2(b). It can be seen that the positions of the leading and the trailing
“fronts” separating the two fluids exhibit a linear dependence on time. The slopes of the bottom and
top white dashed lines represent the velocity of leading (Vl) and trailing (Vt ) fronts, respectively.
The front velocities obtained using different sets of lattice points are then compared in Table I. It
is evident upon the inspection of Table I that the results of the three grids are nearly the same. We
chose the 4608 × 98 grid for the rest of the calculations balancing accuracy and computational time.
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TABLE I. The velocity of the leading (Vl ) and trailing (Vt ) fronts for dif-
ferent grid densities. The rest of the parameter values are At = 0.2, m = 2,
Fr = 2.236, Re = 100, Ca = 0.263, and θ = 45◦.

Grid Vl Vt

3072 × 66 1.3141 0.2444
4608 × 98 1.3139 0.2441
6144 × 130 1.3132 0.2440

The flow dynamics is illustrated in Fig. 3, which shows the spatio-temporal evolution of the φ

contours for the parameters as in Fig. 2. The observed flow dynamics is a result of the competition
between the imposed pressure-gradient and the axial component of gravity. For the positive angle of
inclination considered in the present study, these two forces act in opposite directions. The pressure-
driven flow induces motion of fluid “1” into the channel, which is opposed by the acceleration
of fluid “2” by the gsinθ component of the gravity. On the other hand, the component of the
gravitational force in the transverse direction, proportional to gcosθ , acts to segregate the two fluids.
This force therefore counteracts the effects caused by the pressure-gradient and the component
of the gravitational force in the axial direction. For the set of parameter values considered in this
figure, the effects of the gravity component in the transverse direction (gcosθ ) is quite less as
compared to the imposed flow. In other words, as the Fr is relatively larger, the gravitational effects
are dominated by the inertial force. Thus, the remnants of fluid “2” left behind by the penetrating
finger form thin layers adjacent to the upper and lower walls. The lower layer is thicker than the upper
one since the denser, fluid “2” expectedly settles on the lower channel wall. However, for a smaller
value of Fr (i.e., for significant gravity effects), we show later that a two-layer flow develops, where
the top and bottom parts of the channel are filled with the lighter and heavier fluids, respectively. It
can be seen in Fig. 3 that the flow is accompanied by the development of the interfacial instabilities
of sawtooth-like shape for t > 10. We also observed that the top layer moves faster than the bottom
layer. The effects of viscosity contrasts (m), Atwood number (At), and the Froude number (Fr) in a
horizontal channel (setting θ = 0) are discussed in Sec. III B.

B. Horizontal channel

In this section, we first discuss the effects of viscosity contrast on the flow dynamics in the
case of a horizontal channel. In Figs. 4(a) and 4(b), the temporal evolutions of the dimensionless
measure of the volume of fluid “2,” Mt/M0 for different values of m, are plotted for At = 0, Fr = ∞
(i.e., in the absence of density contrast and gravity), and At = 0.3, Fr = 0.577, respectively. The
rest of the parameter values are Re = 100, Ca = 0.263, and θ = 0◦. It can be seen in Figs. 4(a)

t = 10

t = 30

t = 60

t = 100

FIG. 3. Spatio-temporal evolution of the contours of the index function, φ for At = 0.2, m = 2, Fr = 2.236, Re = 100,
Ca = 0.263, and θ = 45◦.
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FIG. 4. Variation of volume fraction of the displaced fluid (Mt/M0) with time for different values of viscosity ratio, m for
(a) At = 0 and Fr = ∞, and (b) At = 0.3, Fr = 0.577. The rest of the parameters are Re = 100, Ca = 0.263, and θ = 0◦. The
dotted lines in panels (a) and (b) represent the analytical solution of plug-flow displacement, given by Mt/M0 = 1 − tH/L.

and 4(b) that increasing the value of m decreases the displacement rate. The dotted lines in Figs. 4(a)
and 4(b) represent the analytical solution (given by Mt/M0 = 1 − tH/L), which is obtained when
fluid “1” displaces fluid “2” as a plug, without forming a finger-like structure. Inspection of Fig. 4
reveals that for low viscosity ratio, the slope of the curve in the linear region (for t < 35 for this set of
parameter values) is nearly the same as that of the plug-flow displacement. At approximately t = 35,
a transition to another linear regime occurs. The displacement rate for t ≥ 35 decreases significantly
as the thin layers of the remnants of fluid “2” at the top and bottom of the channel take longer time
to be displaced.

The variations of velocity of the leading (Vl) and trailing (Vt ) fronts with viscosity contrasts are
shown in Figs. 5(a) and 5(b), respectively. The rest of the parameter values are the same as those
used to generate Fig. 4. It can be seen in Figs. 5(a) and 5(b) that m has a non-monotonic effect on
the velocity of the leading front, i.e., increasing m increases Vl for m ≤ 5, a further increase in m
leads to a decrease in the value of Vl . This is in contrast to the miscible system, where the velocity
of the leading front increases with increasing m (see Sahu et al.3). It can be seen in Fig. 5(b) that the
velocity of the trailing front (Vt ) decreases with increasing the viscosity contrasts. This is similar to
the finding of Redapangu et al.58 who studied the buoyancy-driven flow of two immiscible fluids in
a confined inclined channel. Close inspection of Fig. 5 also reveals that the velocity of the leading
front in the presence of density contrasts and gravity is higher than that of the no gravity case.
However, the velocity of the trailing front (Vt ) is smaller in the presence of density contrasts and
gravity. This is expected as the gravity acting in the downward direction settles the remnants of fluid
“2” at the bottom part of the channel and opposes the motion in the positive axial direction.

5 10 15 20 25 30
m

1.3 (a) (b)

1.35

1.4

1.45

1.5

V
l

At=0, no gravity
At=0.3, Fr=0.577

5 10 15 20 25 30
m

0.08

0.16

0.24

0.32

V
t

At=0, no gravity
At=0.3, Fr=0.577

FIG. 5. Variations of velocities of (a) the leading (Vl ) and (b) the trailing (Vt ) fronts with viscosity ratio, m. The rest of the
parameter values are Re = 100, Ca = 0.263, and θ = 0◦.
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(a)
t = 15 t = 50

m = 0.9 m = 0.9

m = 20 m = 20
(b)

m = 0.9 m = 0.9

m = 20 m = 20

FIG. 6. The contours of the index function, φ at t = 15 and t = 50 in a horizontal channel (θ = 0◦) for two different values
of viscosity ratio, m for (a) At = 0 and Fr = ∞ and (b) At = 0.3 and Fr = 0.577. The rest of the parameter values are
Re = 100 and Ca = 0.263.

In Fig. 6, we plot the evolution of the φ contours for different values of m at t = 15 and
t = 50. These two instances of time are considered in order to understand the flow dynamics in the
two distinct linear regimes, as shown in Fig. 4. In the absence of density contrast, it can be seen in
Fig. 6(a) that for (m = 0.9), the flow is fairly stable as in this case a high viscous fluid displaces a
less viscous one (this is a stable configuration; see Refs. 1 and 59). For m = 20, which represents
a situation where less viscous fluid displaces a high viscous fluid, the flow becomes considerably
unstable accompanied by a wavy interface. This is purely due to the viscosity stratification. As
expected, it can also be seen that the “finger” of the displacing fluid is axially symmetrical in the
absence of gravity (see Fig. 6(a)). On the other hand, for Fr = 0.577, the “finger” of fluid “1”
penetrates into the region of fluid “2” with a blunt “nose” (see Fig. 6(b)). Unlike Fig. 6(a), it can be
seen in Fig. 6(b) that the flow becomes unstable due to the RT mechanism even for m = 0.9. This
“finger” becomes asymmetric: the thickness of the remnants of fluid “2” adjoining the lower wall
is larger than that near the upper wall. For m = 0.9, the remnants of fluid “2” completely move to
the bottom part of the channel at the later times destroying the finger-like structure. The observed
asymmetry is brought about by the density contrasts characterized by At = 0.3.

C. Inclined channel

Next, we study the effect of inclination angle (θ ) on the displacement process. In Fig. 7, the
φ field at t = 30 is plotted for different angles of inclinations. The rest of the parameter values are
m = 10, At = 0.2, Fr = 1, Re = 100, and Ca = 0.263. The gravity is acting in the vertical direction;
thus, the two components of the gravity gsinθ and gcosθ act in the negative axial and negative
transverse directions, respectively. It can be seen that the pressure-driven flow induces motion of a
“finger” of the less dense and less viscous fluid (fluid “1”) into the more dense and more viscous
fluid (fluid “2”). This is opposed by the flow due to gravitational force in axial direction, which
accelerates fluid “2” into fluid “1” in the downward direction. At the same time, the component of
the gravitational force in the transverse direction segregates the two fluids. As the “finger” of fluid
“1” penetrates into fluid “2,” the remnants of fluid “2” left behind form thin layers adjacent to the
upper and lower walls, and a two-layer structure is obtained. The interface separating the two fluids
becomes unstable forming Yih-type instabilities. The linear stability characteristics of this two-layer
flow will be examined in Sec. IV.

In a horizontal channel (θ = 0◦), the transverse component of gravity becomes maximum and
the axial penetration is only due to the imposed pressure-gradient. In this case, the high density
fluid (remnants of fluid “2”) tries to segregate from the less dense fluid (fluid “1”) by moving in the
transverse direction into the bottom part of the channel. As a result, the lower layer becomes thicker
than the upper layer, resulting in an asymmetric “finger” moving in the axial direction. Comparison
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θ = 0◦

θ = 5◦

θ = 60◦

θ = 85◦

FIG. 7. The contours of the index function, φ at t = 30 for different inclination angles. The rest of the parameter values are
m = 10, At = 0.2, Fr = 1, Re = 100, and Ca = 0.263.

with Fig. 6, which corresponds to a smaller value of Fr reveals that the thickness of the lower layer
increases with decreasing Fr. This is expected as decreasing Fr for a given inclination increases
the gravitational influence in the transverse direction, which increases the segregation of the fluids.
It can be seen in Fig. 7 that increasing θ for a given value of Fr also decreases fluid segregation
due to the diminishing role of the gravitational force. Therefore, the finger becomes increasingly
symmetrical with increasing the angle of inclination (see Fig. 7). This also increases the intensity of
the interfacial instabilities, which in turn increases the removal rate of fluid “2” in later times (for
t > 60 for this set of parameter values), as shown in Fig. 8.

The spatio-temporal diagrams of
∫ H

0 φdy in time versus x plane are plotted in Fig. 9 for different
angles of inclination, with the rest of the parameter values kept the same as Fig. 7. It can be seen
that the speed of the trailing front decreases with increasing the value of θ . This happens because
increasing θ increases the gravitational influence (gsinθ ) in the negative axial direction. We found
that a further increase in the gravitational force by decreasing the value of Fr leads the heavier fluid
in the lower layer to move in the opposite direction.60 It can also be seen that the variation of the
location of the leading front tip, xtip is nonlinear for larger angle of inclinations, and this nonlinearity
is predominant at later times. In contrast, Sahu et al.32 observed a constant slope in the xtip versus
time plot. However, their study was associated with miscible fluids, in which diffusion may have
played a role to reduce the nonlinearity observed in the present study.
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FIG. 8. The effects of angle of inclination on the variation of the volume fraction of the displaced fluid, (Mt/M0) with time.
The parameters used are m = 10, At = 0.2, Fr = 1, Re = 100, and Ca = 0.263. The dotted line represents the analytical
solutions of the variation of Mt/M0 for plug-flow displacement, given by Mt/M0 = 1 − tH/L.
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(a) (b) (c) (d)

FIG. 9. The spatio-temporal diagram of
∫ H

0 φdy in time versus x plane for (a) θ = 0◦, (b) θ = 5◦, (c) θ = 60◦, and
(d) θ = 85◦. The rest of the parameter values are the same as those in Fig. 7.

Figure 10 shows the vorticity (first panel) and velocity vectors (second panel) fields for the
parameter values the same as those used to generate Fig. 7. It can be seen that the central region
contains strong vortical activity. Inspection of Fig. 10 also reveals that the level of vortical structures
in the central region increases with increasing the angle of inclination as the flow accelerates due to
the combined action of the pressure-gradient and the components of the gravity.

The effect of viscosity contrast is investigated in Fig. 11, where we show contours of the index
function, φ at different times for different viscosity ratios. It can be seen in Fig. 11(a) that the flow
for m < 1 is associated with the formation of small scale structures. It is well known that flow for

θ = 0◦

θ = 5◦

θ = 60◦

θ = 85◦

FIG. 10. The vorticity (first panel) and velocity vectors (second panel) fields for the same parameter values as those used to
generate Fig. 7. The color-maps for the vorticity contours are shown as third panel.
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t = 20

t = 30

t = 50

t = 10

t = 20

t = 30

t = 50

FIG. 11. Spatio-temporal evolution of contours of the index function, φ for (a) m = 0.8, (b) m = 10, and (c) m = 30. The
rest of the parameters are At = 0.2, Fr = 1, Re = 100, θ = 45◦, and Ca = 0.263.

m < 1 is stable without density contrast and gravity1, 59 (also see Fig. 6). Thus, instabilities in this
case are due to the RT mechanism as the high dense fluid moves in the negative axial direction while
the finger of fluid “1” penetrates inside the channel due to the imposed pressure gradient. The back
flow of the denser fluid is clearly evident in Fig. 12(a), where the spatio-temporal diagram of

∫ H
0 φdy

is plotted in time versus x plane. It can be seen in Fig. 11 that the flow becomes more coherent with
increasing viscosity ratio. Inspection of Figs. 12(b) and 12(c) also reveals that there is no back flow
for higher viscosity ratio. Thus, the rate of displacement of fluid “2” also decreases with increase in
viscosity ratio, as shown in Fig. 13.

In Fig. 14, we investigate the effect of surface tension on the φ fields at t = 30 by considering
three values of capillary number, Ca. The rest of the parameter values used to generate this plot are
m = 5, At = 0.2, Fr = 1, Re = 100, and θ = 45◦. Inspection of Fig. 14 reveals that the surface tension
makes the flow dynamics coherent by stabilizing the short wavelength waves,4 and decreasing value
of Ca, which corresponds to increase in surface tension, increases the stabilizing influence of the
flow.

)c()b()a(

FIG. 12. The spatio-temporal diagram of
∫ H

0 φdy in time versus x plane for (a) m = 0.8, (b) m = 10, and (c) m = 30. The
rest of the parameter values are the same as those used to generate Fig. 11.
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FIG. 13. Effects of viscosity ratio, m on variation of the volume fraction of the displaced fluid, (Mt/M0) with time. The rest
of the parameter values are the same as those used to generate Fig. 11. The dotted line represents the analytical solution for
plug-flow displacement, given by Mt/M0 = 1 − tH/L.

We next study the effects of Froude number in a near horizontal channel (θ = 5◦).
Figures 15(a) and 15(b) show the variation of the normalized front velocity, Fr Vl with Froude
number, Fr for m = 1 and m = 10, respectively. Two values of Atwood number, At = 0.2 and 0.04
are considered. The rest of the parameter values are Re = 100 and Ca = 0.263. It can be seen in
Figs. 15(a) and 15(b) that the results for both the values of At collapse on a single curve; these are also
independent of viscosity ratio. This suggests that for the parameter values considered, the velocity
of the leading front can be obtained by balancing the buoyancy (proportional to (ρ2 − ρ1)g) and
imposed pressure force with the inertial force. The dashed lines in Figs. 15(a) and 15(b) represent
the best fitted polynomial, given by Fr Vl = 0.38 + 0.665Fr + 0.3534Fr2. The first and second
terms on the right hand side correspond to the buoyancy and imposed pressure forces, respectively.
The leading term in the best fit curve compares well with that of Sahu et al.,43 who studied the
buoyancy-driven “lock-exchange flow” of two immiscible fluids in an inclined channel and that of
Taghavi et al.61 for miscible displacement flow in a near horizontal channel. However, in a purely
buoyancy-driven flow of two miscible fluids in an inclined pipe, Séon et al.62 determined the leading
term (=0.7) by balancing the buoyancy with the inertial force. This difference in the value of the
leading term is attributed to the cylindrical geometry considered by Séon et al.62

Next, we considered the three points marked with points 1, 2, and 3 in Fig. 15(a), which
correspond to Fr = 0.604, Fr = 0.671, and Fr = 2.24, respectively. The spatio-temporal diagrams
of

∫ H
0 φdy in x-t plane are plotted for Fr = 0.604, Fr = 0.671, and Fr = 2.24 in Figs. 16(a)–16(c),

respectively. The rest of the parameter values are the same as Fig. 15. It can be seen in Fig. 16(a)
that the trailing front moves upstream for 0 ≤ t ≤ 60 and then moves in the downstream direction for
t > 60. This is termed as “temporary back flow” by Taghavi et al.34 For Fr = 2.24, it can be seen that

Ca = ∞

Ca = 0.263

Ca = 0.0526

FIG. 14. The contours of the index function, φ for different values of capillary number at t = 30. The rest of the parameter
values are m = 5, At = 0.2, Fr = 1, Re = 100, and θ = 45◦.
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FIG. 15. Variation of the normalized front velocity, Fr Vl with Froude number, Fr for (a) m = 1, (b) m = 10. The rest
of the parameter values are Re = 100, Ca = 0.263, and θ = 5◦. The dashed line is the best fitted polynomial, given by
Fr Vl = 0.38 + 0.665Fr + 0.3534Fr2. The points 1, 2, and 3 in panel (a) correspond to Fr = 0.604, Fr = 0.671, and
Fr = 2.24, respectively.

the trailing front moves in the downstream direction for any t > 0 (“instantaneous displacement”).
It can be observed that Fr = 0.671 is a marginal state, where the trailing front becomes stationary
for some time before moving in the downstream direction. This is termed as “stationary back flow”
by Taghavi et al.34 Thus, for Fr > 0.671, a temporary lock-exchange type of flow is observed for
this set of parameter values.

As suggested by Taghavi et al.,61 in the exchange flow dominated regime, it is possible to
derive a single dimensionless parameter, χ (≡ 2Resinθ/At Fr2) by balancing the buoyancy force
in the axial direction with the imposed pressure force. The normalized front velocity (2V f /χ )
is plotted against 2/χ in Figs. 17(a) and 17(b) for m = 1 and 10, respectively. The filled circle
in (a) corresponds to χ = 193.6, and the squares below and above this filled circle correspond to
χ = 293.1 and χ = 17.4, respectively. It can be seen that for χ > χ cr(= 193.6) the results are diverged
from the Vl = V0 line, which corresponds to pure displacement flow. For the set of parameter values
considered, the value of χ cr corresponds to Fr = 0.671 (see Fig. 16(b)). Thus, the trailing front has
a tendency to move in the downstream direction (back flow) for χ > χ cr, whereas it moves only in
the positive axial direction for χ < χ cr (no back flow). In the case of miscible displacement flows
in a near horizontal pipe, Taghavi et al.61 found the value of χ cr to be 116.32. This difference is also
due to the cylindrical geometry considered by these authors. The result seems to be invariant for
m = 10.

)c()b()a(

FIG. 16. The spatio-temporal diagram of
∫ H

0 φdy in time versus x plane for (a) Fr = 0.604, (b) Fr = 0.671, and
(c) Fr = 2.24 for the parameters At = 0.2, m = 1, Re = 100, θ = 5◦, and Ca = 0.263. The white dashed lines repre-
sent the initial location of the interface (x = 5).
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FIG. 17. Normalized front velocity as a function of normalized Fr, for (a) m = 1 and (b) m = 10 where χ = 2Resinθ/At Fr2.
The rest of the parameters are Re = 100, θ = 5◦, and Ca = 0.263. The solid line represents the line Vl = V0. The filled
circle in (a) corresponds to Fr = 0.671, the squares to the left and the right of this filled circle correspond to Fr = 0.604 and
Fr = 2.24, respectively.

IV. LINEAR STABILITY ANALYSIS

In this section, the linear stability analysis of the three-layer channel flow, which can be obtained
when the elongated “finger” of fluid “1” penetrates into the bulk of fluid “2” (as discussed in
Sec. III C), is considered. The base state whose linear stability characteristics will be analyzed
corresponds to a parallel, fully-developed flow in which the two fluids are separated by flat interfaces,
with fluid “1” located in the region −h0 ≤ y ≤ h0, as shown in Fig. 18. We assume P1 = P2 ≡ P and
the pressure distribution is linear in x.

By assuming symmetry in the wall-normal direction, the bottom part of the channel is considered
for the linear stability analysis. The velocity distribution is given by

U1 = 1

2

dP

dx
y2 + c1 y + c2, (17)

U2 = 1

2m

dP

dx
y2 + c3 y

m
+ c4, (18)

and
∫ h

0
U1dy +

∫ 1

h
U2dy = 1. (19)

The pressure gradient, dP/dx and the integration constants, c1, c2, c3, and c4 are obtained using the
no-slip condition at the lower wall, symmetric boundary conditions across the channel centerline,
and demanding continuity of velocity and stress at the interface. Equation (19) represents a condition

x

y

Fluid 1

Fluid 2

-1

1

h
0

Fluid 2

FIG. 18. Schematic showing the geometry and initial condition of the flow. Also shown here is profile of the steady,
streamwise velocity component generated with m = 10 and h0 = 0.5.
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of constant volumetric flow rate, Q, chosen to be one, and the half channel width has been used as a
length scale in this section. A typical velocity profile for m = 10 and h0 = 0.5 is shown in Fig. 18.

We investigate the stability of the base state characterized by U1 and U2 to infinitesimal, two-
dimensional (2D) disturbances using a normal mode analysis by expressing each flow variable as
the sum of a base state and a 2D perturbation

uk(x, y, t) = Uk(y) + ûk(x, y, t), (20)

vk(x, y, t) = v̂k(x, y, t), and (21)

pk(x, y, t) = P + p̂k(x, y, t) (22)

with (k = 1, 2). Similarly, h can be expanded as follows:

h(x, t) = h0 + ĥ(x, t), (23)

where the superscript “0” designates base state quantities. Substitution of Eqs. (20)–(23) into the
Navier-Stokes and continuity equations, subtraction of the base state equations, and subsequent
linearisation yield the linear stability equations in terms of primary variables. These equations are
then re-expressed in terms of the stream-function, (uk, vk) = (∂�k/∂y,−∂�k/∂x)(k = 1, 2) and the
decomposition �(x, y, t) = �(y)ei(βx−ωt) is imposed, whence,

ûk(x, y, t) = �′
k(y)ei(βx−ωt), (24)

v̂k(x, y, t) = −iβ�k(y)ei(βx−ωt), (25)

p̂k(x, y, t) = pk(y)ei(βx−ωt), and (26)

ĥ(x, t) = ηei(βx−ωt). (27)

Then eliminating the pressure perturbations from the resultant equations, yields the following coupled
Orr-Sommerfeld-type equations:

iβ Re
[(

�′′
1 − β2�1

)
(U1 − c) − �1U ′′

1

] = [�′′′′
1 − 2β2�′′

1 + β4�1], (28)

iβ Re

(
1 + At

1 − At

) [(
�′′

2 − β2�2
)

(U2 − c) − �2U ′′
2

] = m
[
�′′′′

2 − 2β2�′′
2 + β4�2

]
. (29)

Here, the prime represents differentiation with respect to y, and �k and η denote the amplitudes
of the streamfunction and interfacial perturbation, respectively; β is a axial real wavenumber,
ω(≡ βc) is a complex frequency, wherein c is a complex phase speed of the disturbance. Note that
(1 + At)/(1 − At) represents the density ratio, ρ1/ρ2. In the temporal stability analysis considered in
this section, ωi > 0 indicates the presence of a linear instability.

The eigenvalue c and the eigenfunctions �1 and �2 are obtained via solution of Eqs. (28) and (29)
subject to the following boundary conditions: the no-slip and no-penetration conditions at the upper
wall

�2 = �′
2 = 0 at y = −1; (30)

and either

�′
1 = �′′′

1 = 0, or �1 = �′′
1 = 0 at y = 0 (centerline), (31)

which are appropriate for symmetric and antisymmetric modes, respectively. Our results (not shown)
reveal that the symmetric mode is dominant for the range of parameters considered in the present
work. Consequently, all of the results presented below correspond to symmetric mode exclusively.
Using the continuity of the velocity and stress components for the disturbance in the axial and the
wall-normal directions at the interface, along with the kinematic boundary condition, we obtained

�1 = �2, (32)
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FIG. 19. Variation of (a) maximal growth rate, ωi,max, (b) axial wavenumber associated with the most dangerous mode, βmax

with viscosity ratio, m. The rest of the parameter values are Re = 100, At = 0.1, Fr = 1, θ = 0◦, and Ca = 0.263.
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where η is given by

η = �1/ (c − U1) |h = �2/ (c − U2) |h . (36)

Here, G ≡ 2ReAt2/Fr2(At − 1). The stability analysis conducted here is similar to the one given
in Sahu et al.7, 8, 63 We recover Eqs. (28)–(36) from the stability equations and boundary conditions
given in Sahu et al.8 for Newtonian fluids.

The effects of varying the viscosity ratio (m), Atwood number (At), Froude number
(Fr), and capillary number (Ca) on the linear stability characteristics are discussed next. In
Fig. 19(a), the variation of the maximal growth rate, ωi,max, and axial wavenumber associated
with the most dangerous mode, βmax are plotted against the viscosity ratio. It can be seen in
Fig. 19(a) that ωi,max increases and then decreases with increasing the value of viscosity ratio, m. It
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FIG. 20. Variation of (a) maximal growth rate, ωi,max, (b) axial wavenumber associated with the most dangerous mode, βmax

with Atwood number At. The rest of the parameter values are Re = 100, m = 10, Fr = 1, θ = 0◦, and Ca = 0.263.
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with Froude number, Fr. The rest of the parameter values are Re = 100, m = 10, At = 0.1, θ = 0◦, and Ca = 0.263.

can be seen in Fig. 19(b) that the axial wavenumber associated with the most dangerous mode, βmax

increases with increasing the viscosity ratio. This prediction from the linear stability analysis is in
agreement with our numerical simulation results plotted in Figs. 6 and 11. Similarly, the variation of
ωi,max and βmax with Atwood number, At are plotted in Figs. 20(a) and 20(b), respectively. Inspection
of this figure reveals that the disturbance growth rate is minimum when there is no density contrast,
and increasing or decreasing the ratio of the density of the annular to the core fluid increases the
growth rate. A similar behavior is also observed for the variation of axial wavenumber of the most
dangerous mode with At. It can be seen in Figs. 21 and 22 that ωi,max and βmax monotonically decrease
with increasing Froude number and inverse capillary number. The decrease in βmax with the inverse
capillary number suggests that the wavelength of the most dangerous mode increases with increasing
surface tension. A similar result was also obtained by several researchers (e.g., Selvam et al.10). This
behavior can be clearly evident in Fig. 14 where we can see that decreasing Ca (increasing surface
tension) reduces the shortwave length small scale structures. An energy budget analysis similar to
that given in Sahu et al.8 (not shown) predicts that the most dangerous modes are interfacial ones.
Thus, these instabilities are of Yih-type as we do not see any “roll-up” phenomenon in the present
study.

V. CONCLUDING REMARKS

In this paper, we have investigated the pressure-driven displacement flow of two immiscible
fluids in an inclined channel in the presence of viscosity and density gradients by using a multiphase
lattice Boltzmann method algorithm originally proposed by He et al.40, 42 The LBM is a simple,
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FIG. 22. Variation of (a) maximal growth rate, ωi, max, (b) axial wavenumber associated with the most dangerous mode, βmax

with capillary number, Ca. The rest of the parameter values are Re = 100, m = 10, At = 0.1, θ = 0◦, and Fr = 1.
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elegant, and easy to implement mesoscopic model of fluid flows, sharply in contrast to the nonlinear,
coupled Navier-Stokes equations. Although its origins are in simulating compressible flows, it can
also be applied for simulating nearly incompressible fluids using a non-ideal equation of state.
In the present study, the effects of viscosity ratio, density ratio characterized by Atwood number,
gravity characterized by Froude number, and surface tension characterized by capillary number
are examined. The effect of channel inclination is investigated in terms of flow structures, front
velocities, and displacement rates. Our results indicate that increasing viscosity ratio decreases the
displacement rate, and has a non-monotonic effect on the velocity of the leading front. However,
the velocity of the trailing edge decreases with increasing the viscosity ratio. We found that the
displacement rate of the thin-layers (after the leading front crossed the simulation domain) increases
with increasing the angle of inclination. This is due to the increase in the intensity of the interfacial
instabilities with increasing the inclination angle, which helps in cleaning the channel. Our results
predict the front velocity of the “lock-exchange flow” of two immiscible fluids in the exchange flow
dominated regime. This is also consistent with the finding of Taghavi et al.61, 62 for the exchange flow
of miscible fluids at high Peclet number. A linear stability analysis of a three-layer system predicts
the behavior of the numerical simulation qualitatively. We also observe that the instabilities are of
Yih-type because of the lack of vortex roll-up.
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60 S. M. Taghavi, T. Séon, D. M. Martinez, and I. A. Frigaard, “Buoyancy-dominated displacement flows in near-horizontal

channels: The viscous limit,” J. Fluid Mech. 639, 1 (2009).
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