-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Queen Mary Research Online

TIME-DEPENDENT WAVE EQUATIONS ON GRADED GROUPS
MICHAEL RUZHANSKY AND CHIARA TARANTO

ABSTRACT. In this paper we consider the wave equations for hypoelliptic homo-
geneous left-invariant operators on graded Lie groups with time-dependent Holder
(or more regular) non-negative propagation speeds. The examples are the time-
dependent wave equation for the sub-Laplacian on the Heisenberg group or on
general stratified Lie groups, or p-evolution equations for higher order operators
on R™ or on groups, already in all these cases our results being new. We establish
sharp well-posedness results in the spirit of the classical result by Colombini, De
Giorgi and Spagnolo. In particular, we describe an interesting local loss of regular-
ity phenomenon depending on the step of the group (for stratified groups) and on
the order of the considered operator.

1. INTRODUCTION

In this paper we are interested in the well-posedness of the following Cauchy prob-
lem:

Pu(t,z) + a(t)Ru(t,z) =0, (t,z) €[0,T] x G,
uw(0,z) = up(x), =€ G, (1.1)
Ou(0,2) = wy(z), = €QG,

for the time-dependent propagation speed a = a(t) > 0, where R is a Rockland
operator (that is, a hypoelliptic homogeneous differential operator on a graded group
G).

In the case of G = R" and R = —A, the equation (1.1) is the usual wave equation
with the time-dependent propagation speed and its well-posedness results for Holder
regular functions a have been obtained by Colombini, De Giorgi and Spagnolo in
their seminal paper [7]. Moreover, it has been shown by Colombini and Spagnolo in
[13] and by Colombini, Jannelli and Spagnolo in [3] that even in the case of G = R
and R = —% the Cauchy problem (1.1) does not have to be well-posed in C* if
a € C™ is not strictly positive or if it is in the Holder class a € C* for 0 < a < 1.

In this paper we obtain new results for the following situations:

(i) G = H" is the Heisenberg group and R is the positive Kohn-Laplacian on G.
(ii) G is a stratified Lie group and R is a (positive) sub-Laplacian on G.
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(i) G is a graded Lie group in the sense of Folland and Stein [21] and R is any
positive Rockland operator on G, i.e. any positive left-invariant homogeneous
hypoelliptic differential operator on G.

In fact, our results are for the latter case (iii), the former two cases (i) and (ii) being
its special cases. In particular, already in the cases of G being the Euclidean space
R™, the Heisenberg group H", or any stratified Lie group, the case (iii) above allows
one to consider R to be an operator of any order, as long as it is a positive left-
(or right-) invariant homogeneous hypoelliptic differential operator. In the case of
R™ these cases of so-called p-evolution equations have been studied in e.g. [1, 5, (],
however, for more restrictive conditions on a(t) than those considered in this paper.

For a(t) = 1 and G being the Heisenberg group H™ with R being the positive sub-
Laplacian, the wave equation (1.1) was studied by Miiller and Stein [36] and Nachman
[37]. Other noncommutative settings with a(¢) = 1 have been analysed as well, see
e.g. Helgason [30]. For G being a compact Lie group and —R any Hormander’s sum
of squares on G the problem (1.1) was studied in [27], and so the results of the present
paper provide a nilpotent counterpart of the results there.

Apart from an independent interest of the subelliptic setting of stratified or graded
Lie groups, these settings are the model cases for many corresponding problems for
general partial differential operators on manifolds in view of the celebrated lifting
theorem of Rothschild and Stein [11].

From the point of view of the time-dependent coefficient a(t), we aim at carrying
out the comprehensive analysis, thus distinguishing between the following four cases:

Case 1: a € Lip(]0,TY), with a(t) > ag > 0;

Case 2: a € C*([0,T)), with 0 < a < 1, a(t) > ag > 0;
Case 3: a € C!([0,T]), with [ > 2, a(t) > 0;

Case 4: a € C*([0,T]), with 0 < a < 2, a(t) > 0.

The first case is the simplest situation while in the forth case we have an irregular
coefficient that is allowed to be zero at some points. The second and third situations
are ‘intermediate’ cases, in the sense that we have either the regularity or the strict
positivity. We distinguish between these cases because the results and methods of
proofs are rather different.

We note that if the operator R is not elliptic, the local approach to the Cauchy
problem (1.1) is problematic since the equation is only weakly hyperbolic already in
Case 1 above. Consequently, since the equation (1.1) in local coordinates is the
space-dependent variable multiplicities problem, very little is known about its well-
posedness. In this direction, only very special results for some second order operators
are available, see e.g. Nishitani [38] or Melrose [34]. Non-Lipschitz coefficients have
been also much analysed, see e.g. Colombini and Métivier [I1] or Colombini and
Lerner [10]. In addition to already mentioned restrictions for the well-posedness, see
also Colombini and Métivier [12] for a recent overview from the point of view of
systems.

In the case of R™ and —R being the Laplacian, the regularity of a less than Holder
such as discontinuous or measure-valued a have been considered in [28]. However,
such low regularity requires very different methods, and this problem for the general
Cauchy problem (1.1) will be considered elsewhere.
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Wave equations with time dependent coefficients for general densely defined oper-
ators with discrete spectrum acting in Hilbert spaces have been considered in [12].
However, that setting is different from the present one since the spectrum in our
situation is continuous.

To formulate our results, let us briefly introduce some necessary notations fol-
lowing, for example, Folland and Stein [21]. Let G be a graded Lie group, i.e. a
connected simply connected Lie group such that its Lie algebra g has a vector space
decomposition

g= @?.;1‘/}7 (1‘2)

such that all but finitely many of the V}’s are {0} and [V}, V;] C Vi4,. A special case
analysed in detail by Folland [21] is of stratified Lie groups when the first stratum
V1 generates g as an algebra, see also Folland and Stein [23]. A typical example of
such Lie group is the Heisenberg group. In general, graded Lie groups are necessarily
homogeneous and nilpotent. Moreover, any graded Lie group can be viewed as some
R™ with a polynomial group law. We can also refer to [19, Section 3.1] for a detailed
discussion of graded Lie groups and their properties.

Let R be a positive Rockland operator on G, that is, a positive (in the operator
sense) left-invariant differential operator which is homogeneous of degree v > 0 and
which Satisﬁfs the so-called Rockland condition. This means that for each represen-
tation m € G, except for the trivial one, the operator m(R) is injective on the space
of smooth vectors H>°, i.e.

YoeH?Y nm(R)v=0 = v=0. (1.3)

Alternative characterisations of such operators have been considered by Rockland
[10] and Beals [1], until the definitive result of Helffer and Nourrigat [29] saying that
Rockland operators are precisely the left-invariant homogeneous hypoelliptic differen-
tial operators on G. The existence of Rockland operators on general nilpotent Lie
groups characterises precisely the class of graded Lie groups [35, 16]. An example of
a positive Rockland operator is the positive sub-Laplacian on a stratified Lie group:
if G is a stratified Lie group and {Xj,..., X} is a basis for the first stratum of its
Lie algebra, then the positive sub-Laplacian

k

Lz—ZXf

Jj=1

is a positive Rockland operator. Moreover, for any m € N, the operator
k
R= ()Y X
j=1

is a positive Rockland operator on the stratified Lie group GG. More generally, for any
graded Lie group G ~ R", if X1,..., X, is the basis of its Lie algebra g with dilation
weights vy, ..., v,, i.e. with

D, X;=rX; j=1,...,n, >0, (1.4)
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where D, are dilations on g, then the operator

2 220

R = Z(—l)jjanjTj, a; >0,
=1

is a Rockland operator of homogeneous degree 2vy, if 1 is any common multiple
of v1,...,v,. We refer to [19, Section 4.1.2] for other examples and a detailed dis-
cussion of Rockland operators and graded Lie groups. In the case of R", all elliptic
homogeneous differential operators with constant coefficients are Rockland operators.

To formulate our results we will need two scales of spaces, namely, Sobolev and
Gevrey spaces, adapted to the setting of graded Lie groups. Thus, let G be a graded
Lie group and let R be a positive Rockland operator of homogeneous degree v. For
any real number s € R, the Sobolev space H%(G) is the subspace of S'(G) obtained
as the completion of the Schwartz space S(G) with respect to the Sobolev norm

I f 1m0y = I+ R)? fllz2c)- (1.5)

For stratified Lie groups such spaces and their properties have been extensively anal-
ysed by Folland in [21] and on general graded Lie groups they have been investigated
in [18, 19]. In particular, these spaces do not depend on a particular choice of the
Rockland operartor R used in the definition (1.5), see [19, Theorem 4.4.20]). These
spaces perfectly suit Case 1 described above but already in the Euclidian case, with
the elliptic Laplace operator instead of the hypoelliptic Rockland operator in the
wave equation (1.1), if the coefficient a(t) is not Lipschitz regular or may become
zero, the Gevrey spaces appear naturally (see e.g. Bronshtein [3]) since we can not
expect anymore the well-posedness in C*°(G) or D'(G). Indeed, Colombini and Spag-
nolo exhibited a concrete example in [13] of a Cauchy problem for the time-dependent
wave equation on R with smooth @ > 0 which is not well-posed in C*°(R) or D'(R).
Thus, given s > 1, we define the Gevrey type space

(G) = {f € Co(G)[3A > 0 : [|e"R™ fll 2 < o). (1.6)

These spaces provide a subelliptic version of the usual Gevrey spaces. For example,
for G = H" being the Heisenberg group with the basis Xy, ..., Xy, of the first stratum,
it was shown in [20] that f € v (H") if and only if there exist two constants B, C' > 0
such that for every o € N2" the following inequality holds

10° || L2y < CBI(al)?, (1.7)

where 0% =Y ... Y, withY; € {X;,..., Xy, } forevery j = 1,...,|a| and ZYJ-:Xk 1=
ay for every k=1,...,2n.
Gevrey spaces (1.6) and the corresponding spaces of ultradistributions have been

considered on compact Lie groups and on compact manifolds in [16] and in [17],
respectively.
By an argument similar to that in [20] for the sub-Laplacian or in [16, Theorem

2.4] for elliptic operators, it can be shown that if R is a positive Rockland operator of
homogeneous degree v, then f € v%(G) if and only if there exist constants B,C' > 0
such that for every k € NU {0} we have

IR” fllr2q) < CB"*((vk)!)®. (1.8)
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Since Sobolev spaces do not depend on a particular choice of the Rockland operator
used in their definition, the characterisation (1.8) of the Gevrey spaces implies that
the same is true for v (G).

Thus, we may drop the subscript R in H3, and 75 but we may also keep using it
to refer to the norms that we may be using.

Let us now formulate the main theorem of our paper, where we consider the fol-
lowing four cases:

Case 1: a € Lip([0,77]), a(t) > ag > 0;
Case 2: a € C*([0,T]), 0 < a < 1, a(t) > ag > 0;
Case 3: a € C/([0,7)), 1 > 2, a()ZO,
Case 4: a € CO‘([O,T]) with 0 < a < 2, a(t) > 0.

These are the four cases to which we refer repeatedly throughout this paper.
Theorem 1.1. Let G be a graded Lie group and let R be a positive Rockland operator

of homogeneous degree v. Let T' > 0. Then the following holds, referring respectively
to Cases 1-4 above:

Case 1: Given s € R, if the initial Cauchy data (ug,u1) are in Hs+%(G) x H%(G),

then there exists a unique solution of (1.1) in the space C([0,T], Hs+2 (G))N
CH([0,T), H%(Q)), satisfying the following inequality for all values of t €
[0,7):

lu(t, )1

Case 2: If the initial Cauchy data (ug,uy) are in v (G) X v (G), then there exists a
unique solution of (1.1) in C*([0,T],v%(G)), provided that

s T 10t Iz, < C(lluol ;s;% + [lua

?{R)7 (1.9)

1<s<1+ a ;
-«
Case 3: If the initial Cauchy data (ug,uy) are in v (G) X v (G), then there exists a
unique solution of (1.1) in C*([0,T],v%(Q)), provided that

l
1<s< 14 -
< s +27

Case 4: If the initial Cauchy data (ug,uy) are in ¥ (G) X v (G) then there exists a
unique solution of (1.1) in C*([0,T],v%(Q)), provided that

o}
1<s<1+ —.
<s +2

As it will follow from the proof, in Cases 2 and 4, one can take the equalities
s =1+ % and s = 1 + g, respectively, provided that 7" > 0 is small enough. We
refer to [25, 20] concerning the sharpness of the above Gevrey indices in the case of
G =R" and R = —A, and for further relevant references for that case.

Let us formulate a corollary from Theorem 1.1 showing the local loss of regularity
for the Cauchy problem (1.1). We recall that any graded Lie group G can be identified,
for example through the exponential mapping, with the Euclidean space R™ where n
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is the topological dimension of G. Then, if v4,..., v, are the dilation weights on G
as in (1.4), for any s € R we have the local Sobolev embedding theorems:

loc loc

H"(R™) € Hi,o(G) © HY(R™), (1.10)

see [19, Theorem 4.4.24]. If G is a stratified Lie group, we have v; = 1 and v, is the
step of G, i.e. the number of steps in the stratification of its Lie algebra. In other
words, if G is a stratified Lie group of step r and H*(G) is the Sobolev space defined
using (any) sub-Laplacian on G, then the embeddings (1.10) are reduced to

Hio(R") C Hiy(G) C Hyp! (RY). (1.11)
These embeddings are sharp, see Folland [21]. Consequently, using the characterisa-
tion (1.8) of v%(G), we also obtain the embeddings

Yoo (R") C % 10e(G) C Ve (R™), (1.12)

where the space 77 .(R") is the usual Euclidean Gevrey space, namely, the space of
all smooth functions f € C*(R") such that for every compact set K C R™ there exist
two constants B, C' > 0 such that for every a we have

0°f(z)] < CB(al)?  forallz € K. (1.13)

Hence, if GG is a stratified Lie group of step r we have the embeddings

Vioe(R") C YR ,10c(G) C Vige(R"). (1.14)

Consequently, using these embeddings, we obtain the following local in space well-
posedness result using the usual Euclidean Gevrey spaces. Here we may also assume
that the Cauchy data are compactly supported due to the finite propagation speed
of singularities. To emphasise the appearing phenomenon of local loss of Euclidean
regularity we formulate it in the simplified setting of stratified Lie groups, with topo-
logical identification G ~ R"™. The spaces v*(R") below denote the usual Gevrey
spaces on R".

Corollary 1.2. Let G ~ R" be a stratified Lie group of step r and let R be a positive
Rockland operator of homogeneous degree v (for example, R can be a positive sub-
Laplacian in which case we have v = 2). Assume that the Cauchy data (ug,u1) are
compactly supported. Then the following holds, referring respectively to Cases 1-4
above:

Case 1: Given s € R, if (ug,u1) are in H**2 (R™) x H*(R™), then there exists a unique
solution of (1.1) in C([0,T], HET2)/"(R)) N CY([0,T], H*'"(R™)), satisfying
the following inequality for all values of t € [0,T]:

lut, Mo + 100t Mg < Cllluol i)} (1.15)

Case 2: If (ug,uy) are in v*(R™) x v*(R™), then there exists a unique solution of (1.1)
in C*([0, T],y*"(R™)), provided that

2
HT%

+ [lua

les<l4 -2
1 —«

I
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Case 3: If (ug, uy) are in v*(R™) x v*(R™), then there exists a unique solution of (1.1)
in C*([0, T],y*"(R™)), provided that

{
l<s<14 =
S —1—2,

Case 4: If (ug,uq) are in v*(R™) x v*(R™) then there exists a unique solution of (1.1)
in C*([0, T],y*"(R™)), provided that

o
l<s< 14 —.
S +2

The statements in Cases 2-4 for s = 1 are not so interesting, with the analytic
well-posedness known in these case anyway, see Bony and Shapira [2].

For G = R™ and R being the Laplacian, we have » = 1 and there is no loss of
regularity in any of the Cases 1-4, when the results are known from [7, 9, 25, 26, 33].

We remark that in the meantime, also models with more singular coefficients have
been treated in the context of very weak solutions, see [11].

However, already on the Heisenberg group with step r = 2, we observe the local
loss of regularity in Euclidean Sobolev and Gevrey spaces in all statements of Cases
1-4 in Corollary 1.2.

We also note that using local Sobolev and Gevrey embeddings (1.10) and (1.12),
it is easy to formulate an extension of Corollary 1.2 to general graded Lie groups.

2. PRELIMINARIES ON GRADED LIE GROUPS AND ROCKLAND OPERATORS

In this section we recall some preliminaries and fix the notation concerning the
Fourier analysis on graded Lie groups. We refer to [241] and to [19, Chapter 5| for
further details.

Thus, a connected and simply connected Lie group G is called graded when its Lie
algebra is graded in the sense of the decomposition (1.2).

A Lie algebra g is stratified if it is graded and if its first stratum V; generates g as
an algebra. Thus, in this case every element of the Lie algebra can be written as a
linear combination of elements in Vi and their iterated commutators. A Lie group is
stratified when it is connected, simply connected and its Lie algebra is stratified.

Furthermore, if there are r non zero V;’s in the vector space decomposition (1.2),
then the group (respectively the algebra) is said to be stratified of step r.

From the definition of a stratified Lie algebra, it follows that, assuming that V; has
dimension k, any basis { X7, ..., X3} for V; forms a Hérmander system, see [31], and
we can consider its associated sub-Laplacian operator that is also a positive Rockland
operator:

L:=—(X;{+ - +X}). (2.1)

Example 2.1 (The Heisenberg group). A classical example of a graded (stratified)
Lie group is the Heisenberg group H" that might be seen as the manifold R?**!
endowed with the group law
1
(‘ra y7t)(xl7y/7t/> = (.’L‘ + xlvy + y/7t+ t + 5(1‘ ’ y/ - y))u
where (z,y,t), (¢/,y,t') € R" x R" x R ~ H". The Heisenberq Lie algebra h™
associated with the Heisenberg group is the space of all the left-invariant vector fields
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of H" and it admits the following canonical basis:
y .
Xj - al‘j - Ejah

Y =0, + 20,
T = 0.
The former vector fields satisfy the canonical commutation relations
X;,Y;] =T, Vj=1,...,n,

and all the other possible commutators are zero. Therefore, the Heisenberg group is
a graded (stratified) Lie group of step 2, whose Lie algebra admits the vector space
decomposition

h' =Vi & Vs,

where

Vi=) RX;®RY; and V;=RT.

j=1

Hypoellipticity and other questions on the Heisenberg group have a long history, see
e.g. Taylor [15], Folland [22], or Thangavelu [17], and many references therein.

From now on, we consider GG to be a graded Lie group, even if some of the following
definitions and remarks hold in a more general setting.

Let 7 be a representation of GG on the separable Hilbert space H,. A vector v € H,
is said to be smooth or of type C* if the function

Gozw—7(x)v € Hy

is of class C*. The space of all smooth vectors of a representation 7 is denoted by
Ho. Let g be the Lie algebra of G and let 7 be a strongly continuous representation
of G on a Hilbert space H,. For every X € g and v € HS° we define

1
dm(X)v = 151(1) n <7r(eXpG(tX))v - v).
Then dr is a representation of g on H2° (see e.g. [19, Proposition 1.7.3]) called the
infinitesimal representation associated to . By abuse of notation, we will often still
denote it by 7, therefore, for any X € g, we write 7(X) meaning dmr(X).

Any left-invariant differential operator 7" on G, according to the Poincaré-Birkhoff-
Witt theorem, can be written in a unique way as a finite sum

T = Z CaX?, (2.2)

la]<M

where all but finitely many of the coefficients ¢, € C are zero and X* = X; ... Xy,
with X; € g. This allows one to look at any left-invariant differential operator T°
on G as an element of the universal enveloping algebra l(g) of the Lie algebra of G.
Therefore, the family of infinitesimal representations { w(T), ™ € G } yields a field of
operators that turns to be the symbol associated with the operator T'.
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Let 7 € G and let R be a positive Rockland operator of homogeneous degree v > 0,
then using formula (2.2), the infinitesimal representation of R associated to 7 is

T(R) =) cam(X)®,

[a]=v

where 7(X)* = 7(X®) = n(X{" - - X2") and o] = v10q + - - - + vy, is the homoge-
neous degree of the multiindex «, with X; being homogeneous of degree v;.

The operator R and its infinitesimal representations 7(R) are densely defined on
D(G) C L*(G) and H® C H,, respectively, see e.g. [19, Proposition 4.1.15]. We
denote by R, the self-adjoint extension of R on L*(G) and we keep the same nota-
tion m(R) for the self-adjoint extensions on H, of the infinitesimal representations.
Recalling the spectral theorem for unbounded operators [39, Theorem VIIL.6], we can
consider the spectral measures £ and FE, corresponding to R and m(R), so that we
have

Ro = / AME(A) and 7w(R)= / AE(N).
R R
Furthermore, for any f € L?(G) we have

F(6(R)f)(m) = 6(x(R) F(m). (2.3)

for any measurable bounded function ¢ on R, see e.g. [19, Corollary 4.1.16]. The
infinitesimal representations m(R) of a positive Rockland operator are also positive,
due to the relations between their spectral measures. In particular, Hulanicki, Jenkins
and Ludwig showed in [32] that the spectrum of 7(R), with 7 € G \ {1}, is discrete
and lies in (0, 00). This implies that we can choose an orthonormal basis for H, such
that the infinite matrix associated to the self-adjoint operator 7(R) has the form

7 0 ...
0 7 0 ...
R=. 0 .| (2.0

where 7; are strictly positive real numbers and 7 € G\ {1}.

3. PARAMETER DEPENDENT ENERGY ESTIMATES

In this section we prove certain energy estimates for second order ordinary differ-
ential equations with explicit dependence on parameters. This will be crucial in the
proof of Theorem 1.1 where the parameters will correspond to the spectral decompo-
sition (2.4) of the infinitesimal representations of the Rockland operators.

Results of the following type have been of use in different estimates related to
weakly hyperbolic partial differential equations, such as [9] and [27]. However, in those
papers the conclusions rely on more general results, see [25]. We partly follow the
argument in [27] based on a standard reduction to a first order system. Consequently,
we carry out different types of arguments depending on assumptions in each of the
cases, altogether allowing us to formulate the precise dependence on parameters for
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ordinary differential equations corresponding to the propagation coefficient a(t) as in
Cases 1-4 of Theorem 1.1, to which we refer in the following statement.

Proposition 3.1. Let 8 > 0 be a positive constant and let a(t) be a function that
behaves according to Cases 1,2,3 and 4 in Theorem 1.1. Let T > 0. Consider the
following Cauchy problem:
v"(t) + B2a(t)v(t) =0 with t € (0,T],
o(0) = € C. (3.1)
1)/(0) =V € C.
Then the following holds:
Case 1: There exists a positive constant C' > 0 such that for all t € [0,T] we have

Blo@F + 'O < C(B2[vol” + [0 ).

Case 2: There exist two positive constants C;, K > 0 such that for all t € [0,T] we
have

1
Blo()? + [V (1) < Ce™P (82|uo]® + [0a]?), (32)
or any 1 < s <1+ —=2-. Moreover, there exists a constant k > 0 such that
-«
—a_l
for any By > 1 the estimate (3.2) holds for K = kﬁé * for all > fy.
Case 3: There exist two positive constants C;, K > 0 such that for all t € [0,T] we
have
1
Fl@P + [ (0P < C1L+ 57)e (8uol” + ur ),
with o =1+ L.
Case 4: There exist two positive constants C, K > 0 such that
a/2 1
BPlo)? + [o' () < C(1+ Barn) et (82w * + |ui|?), (3.3)
orany 1l < s <1+35. Moreover, there exists a constant k > 0 such that jor
1< 1+5. M h ' k > 0 such th

1 1

any By > 1 the estimate (3.3) holds for K = kB, " * for all > B,.
The constants C' in the above inequalities may depend on T but not on .

Proof. First we reduce the problem (3.1) to a first order system. In order to do this
we rewrite it in a standard way as a matrix-valued equation. Thus we define the

column vectors Bo(t) p
10v(t 100V
V(t) = <atv(t)) ’ ‘/0 = ( 'U10> )

A0=(,0) o)

that allow us to reformulate the second order system (3.1) as the first order system

{w(t) = iBAMV () (3.4)

and the matrix

V(0) = Vj.

We will now treat each case separately.
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3.1. Case 1: a € Lip(]0,T]), a(t) > ap > 0. This is the simplest case that can be
treated by a classical argument. We observe that the eigenvalues of our matrix A(t)
are given by £4/a(t). The symmetriser S of A, i.e. the matrix such that

SA—-A*S =0,

2a(t) 0O
S(t) = ( (2 2) |
Thus we define the energy as

E(t) = (SV@©), V(D).
and we want to estimate its variations in time. A straightforward calculation yields

the following inequality that will help us to get such estimate:

2 mi < < 2 . )
2|V| tg[lg’r%}{a(t), 1} < B(t) < 2|V tgg§]{a(t)7 1} (3.5)

is given by

In particular, in this case the continuity of a(t) ensures the existence of two strictly
positive constants ag and a; such that

et e m = g el

Thus setting ¢y := 2min{ag, 1} and ¢; := 2max{ay, 1}, the inequality (3.5) becomes
oV < E) <alVH)P. (3.6)
A straightforward calculation, together with (3.6), gives the following estimate:

Ei(t) = (Sit)V (1), V(D)) + (SE)Vi(1), V(1) + (SOV (), Va(t)) =

= (S{(t)V (), V(1)) +iB(SE)AR)V (¢), V(1)) —iB(SOV (t), A(t)V (1)) =
= (S )V (1), V(1)) +iﬁ<(5<t)f1(t) - A*(t)S(t))V(t),V(t)> =
= SOV (), V() < ISV )P (3.7)

thus setting ¢ = ¢, SUPsepo,7] [15:(t)[|, we get from (3.7) using (3.6) that
Ei(t) < JE(t). (3.8)

Applying the Gronwall lemma to (3.8), we deduce that there exists a constant ¢ > 0
independent of ¢ € [0, 7] such that

E(t) < cE(0). (3.9)
Therefore, putting together (3.9) and (3.6) we obtain
colV(1)]? < E(t) < cE(0) < cer[V(0)[2.

We can then rephrase this, asserting that there exists a constant C' > 0 independent
of t such that |V (¢)|> < C|V(0)]?. Then we write this inequality going back to the
definition of V(t), yielding

BElo()* +[d(®)]* < C(Bvol* + |vil?),

as required.
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3.2. Case 2: a€(C%([0,T]), with 0 <a <1, a(t) > ag > 0. Here we follow the
method developed by Colombini and Kinoshita [9] for n = 1 and subsequently ex-
tended [25] for any n € N. We look for solutions of the form

1
V(t) = e PWB% (det H(t)) " H ()W (1), (3.10)
where
e 5 € R depends on « as will be determined in the argument;
e the function p = p(t) € C*([0, T]) is real-valued and will be chosen later;
e W (t) is the energy;
e H(t) is the matrix defined by

Hb) = (A@>A19

where for all € > 0, A{(¢) and \5(t) are regularisations of the eigenvalues of
the matrix A(t) of the form

AL(t) = (=Va*¢)(t),
Ay(t) = (+Vax o) (1),

with {p(t)}cso being a family of cut-off functions defined starting from a
non-negative function ¢ € C°(R), with [, ¢ = 1, by setting ¢.(t) := Lp(L).
By construction, it follows that A{, A5 € C*([0, 7).

Furthermore, we can easily check, using the Holder regularity of a(t) of order o and,
therefore, of y/a(t) of the same order «, the following inequalities:

det H(t) = A5(t) — A{(t) > 2+/aq, (3.11)
and for all £ € [0,7] and € > 0 there exist two constants ¢y, c; > 0 such that
[AL() + Va(t)] < cre?,
[A5(t) = Va(t)| < cae?, (3.12)

uniformly in ¢ and €. Now we substitute our suggested solution (3.10) in (3.4) yielding

ot et HOWE) ot BOW) |, HOWD

—e e Sy T e T dea
s HOWE o ot HOWE)
ot B =ianert L

Multiplying both sides of this equality by e"(t)ﬂs det H(t)H'(t) we get

Wi(t) = o' (t)B=W (t) — H™'(t) Hy (t)W (£) + (det H),(t) (det H(£)) " W (t)+

+iBH ) AR)H ()W (t). (3.13)
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This leads to the estimate
SIWOP = (Wilt), W) + (W), Wilt) = 2Re(Wy(1), W (1)) =
= 2(/)’(75)65
+ (det H(1)) ™" (det H),(0]W (D) + Blm (H () A HOW (1), W (1)) )
We observe that
oAAm(H P AHW, W) = (H-AHW, W) — (H "AHW, W) =
= (H"AHW,W) — (W, H'AHW) = (H"AHW,W) — (H ' AH)*W,W) =
_ <(H*1AH — (H™ AH)")W, W) < |HYAH — (H*AH)*||W2.

W(t)]* = Re(H ™ (t) Hi()W (t), W (1)) +

Thus we obtain
%\W(tw < (20/(0)8* + 2~ () (1) + 2| (et H(1)) ™ (det H), (1) -+
+B||H—1AH—(H—IAH)*||)|W<t)|2. (3.14)

To proceed we need to estimate the following quantities:

) [[H= () He(#)]];

1) |(det H(t)) ™ (det H),(t)];
1) ||[H*AH — (HYAH)*|.
In [25] and [9], the authors determined estimates for similar functions in a more
general setting, i.e. starting from an equation of arbitrary order m. In this particular
case, we can proceed by straightforward calculations without relying on the mentioned

works.
We deal with these three terms as follows:

I) Since H(t) = = ( A2 _11) and Hy(t) = ( 0 0 >, it follows that

)\67)\6 _)\E at)\e (9,5)\6

>\
the entries of the matrix H~!H, are given by the functions . We have, for

AE
example for A,

1 , t
ONS(1) = Va* Oppc(t) = SVax* @ -) = / a(t — pe)¢'(p)dp =

_ %/(\/a(t_pe)_ ValD) @ ()dp+ ++/ali / p)dp < kel (3.15)

where we are using the Holder continuity of y/a for the first term and the fact
that the second term is zero, since [ ¢’ = 0. Combining the inequalities (3.11)
and (3.15), we get for a suitable positive constant k; that

I () Ho(t)|] < Fre ™

II) First we can estimate
atAg - at)\(ij - 2@)@ < Qkﬁail
XA NN 2@

|(det H(t)) ™ (det H),(t)| =
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therefore,
|(det H(t)) ™" (det H)y(t)| < ko™,

for a constant ky > O.
IIT) Also in this case, we write explicitly the matrix we are interested in, that is

0 ~2a(t)+ (A +(A9)*
AS—AS

0

-1 -1 *
H7AH — (HTAH) = | 0 (0024057)
X

Observing that, by definition, (A{)? = (\5)?, and recalling inequality (3.11), to
get the desired norm estimate, it is enough to consider the function |a(t)—(\)?|.
A straightforward calculation, using inequality (3.12), shows that

a(t) — ()] = |(V/al®) — X5) (v/a(t) + X5)] <
< cxe” (Vald) + [ Valt=s)eu(s)ds) =

= cgea/ (Valt) + Va(t — se))p(s)ds < 2¢sVal <€

It follows that
HH”AH — (H”AH)*H < kse®.

Going back to (3.14), combining it with estimates I), II) and III), we get an estimate
for the derivative of the energy, that is

d 1
WP < (2,/@)5; 4 2hkpe L 4 kgt 4 kgﬁe"‘) W@HP  (3.16)

At this point we choose € = %, observing that we can always consider 3 large enough,
say # > 1, in order to have a small € € (0,1]. Indeed, for § < fy for some fixed
Bo > 0, a modification of the argument below gives estimate (3.2) with constants
depending only on 3y and T'. So we may assume that 8 > [y for 5y to be specified.
We define also p(t) := p(0) — Kt for some K > 0 to be specified. Substituting this in
(3.16) we get for a suitable constant k£ > 0 that

WP < (205} +2868) WO = (- 2K + k6" ) BHIV (D)

If we have
§>1—a = S<1+1—a’
and then also
K= kBT > it (3.17)
then for all ¢ € [0, 7] we have
TP <o

dt



TIME-DEPENDENT WAVE EQUATIONS ON GRADED GROUPS 15

This monotonicity of the energy W (t) yields the following boundedness for the solu-
tion vector V():

W=

V()] = e 7" (det H(1) " |H ()|[W(2)] <

o=

< e WP (det H(1)) [ H@®)[W(0)| = e

KtBs detH(O) ”H((t)” |V(0)| (3.18)

det H(t) ||H(0)]|

Note that, according to property (3.11), the function (det H )_l(t) is bounded. Fur-
thermore, the behaviour of the convolution and the definition of H(t) guarantee the
existence of suitable constants ¢, > 0 such that ||H(t)|] < ¢ and [|[H1(0)]| < .
Therefore, there exists a constant C' > 0 such that

1
V()] < Ce™T [V (0)],
that means, by definition of V(¢), that
1
Blo) | + v ()] < O™ (B%[vo]* + |va]?),

proving the statement of Case 2.

3.3. Case 3: a € C!([0,T]), with 1 > 2, a(t) > 0. In this case we extend the tech-
nique developed for Case 1. First we perturb the symmetriser of the matrix A(t).
This is done considering the so-called quasi-symmetriser of A(t), the idea introduced
for such problems by D’Ancona and Spagnolo in [15].

Consider the quasi-symmetriser of A(t), that is, a family of coercive, Hermitian
matrices of the form

Q)= s+2¢ (5 o) = (47 5) w22 (5 )

for all € € (0, 1], and such that (QEQ)A — A*QEQ)) goes to zero as € goes to zero. The
associated perturbed energy is given by

E(t) = (QQW(z),V@)).

We proceed estimating the energy, calculating its derivatives in time, so that

%Em = (%QE”(t)V(t), V(t)) F(QDV(1), V() + (QPV (1), Vi(t)) =
— (%Qﬁz)(t)v(t),v(t)> +iﬁ<(Q£2)A(t) _ A*(t)@@)&/(t),vu)). (3.19)

To estimate the second term in the right hand side, we set

_ (iBu(t)\ _. (w
V(t) = ( o ) - (v)
Algebraic calculations give

QA0 - (020 =2 (') ).
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therefore

(@200 - X OQPO)V (. V() <26 [ 2o < 26 [ 2evs|uslit <
<2 [ (@il + e < 26 [ (&4 a) o] + st = (QPOV(2). V(D)

Using this estimate in (3.19), we get

CE(1) = (LD 0V, V() +is((Q2 A - ARV, V(1) <
< (SQPOV(). V) + seEl()
Ec(t). (3.20)

[(%@9<t>v<t>,v<t>)
= 3 —+
(QPOV (), V(1)

In order to apply the Gronwall lemma, we first estimate the integral

/T (%Qg)(t)l/(zﬁ),‘/(t)) di. (3.21)
o (QTOV), V(1))

Let us recall that from the definition of the quasi-symmetriser, it follows that

<Q£2)‘/, V) = 2/ ((a(t) +62)52|v|2+ |5tv|2)dt.

Thus, setting ¢; := max (1, 2(||a|| = + €?)), we obtain a bound from above for (3.22)

(3.22)

that is
(QEV.V) < alv]?

Observing that €2c;' < 1 and €?c;! < ¢; for small enough ¢, we can also deduce an
inequality from below of the form

eV < ( V,v).
Hence, there exists a constant ¢; > 1 such that for ¢ € [0,T] we have

CEVOPR < (QPV), V() < alvVE).
, Lemma 2] for a detailed

(3.23)

The lower bound, together with [26, Lemma 2] (see |
proof), allows us to estimate the integral (3.21) as follows

[ (HQ2OVE.VE) [ (#QY OV (1), V(1) e
o (QPOVELVMH) T o (QPuve), V) TQPWVE), VL)

~l

€

~In

< 036_

»—u\.\»-‘

_2
lCT”Q ||cl [0,T1)

N\M

»—AN\,_.

<c

/T (GQIOVE.VE)
o PV, ve) velE

Thus, by the Gronwall lemma and the estimates for the quasi-symmetriser just de-

rived, we obtain
_2
E.(t) < E(0)ese THhL,
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Combining the latter inequality with (3.23) we obtain
61_152|V(t)|2 < Ee(t) < Eg(O)ecT((T—F&) < Cl|V(O)|26cT(5*T+5e)'

We choose € such that €1 = [e, thus € = 6_2%1 and e = @2%1. We can assume f is
large enough with a remark for small 5 similar to Case 2. Setting o = 1 + é, for a
suitable constant K € C it follows that

V(1) < CB7eR%7 [V (0)]2.
This means that
1
B2o(t)? + |0/ (1)[2 < CB=e07 (82 |uo|? + [ua]?),
as required.

3.4. Case 4: a € C*([0,T]), with 0 < o < 2, a(t) > 0. In this last case we extend
the proof of Case 2. However, under these assumptions the roots of the matrix A(t),
that are, ++/a(t) might coincide, and hence they are Hélder of order § instead of a.
We can refer for the background discussions of this to [25]. In order to adapt this proof
to the one for Case 2 we will assume without loss of generality that a € C**([0,T])
with 0 < @ < 1, so that v/a € C*([0,T]). At the end, to formulate the final result,
we will change a into 3.

Following the argument developed for Case 2, we look again for solutions of the
form

0=

V(t) = e V8" (det H(t)) " H(t)W (1),

with the real-valued function p(t), the exponent s and the energy W (t) to be chosen
later, while H(¢) is the matrix given by

H@:(M;®A£®»

where the regularised eigenvalues of A(t), A{,(f) and A5 () differ from the ones
defined in the previous case in the following way

ALa(t) = (=Vax e )(t) + €,
A5o(t) = (+Va * ) (t) + 2¢.

Arguing as in Case 2, we can easily see that the smooth functions A{(¢) and A§(t)
satisfy, uniformly in ¢ and e (and trivially in z), the following inequalities

i detH(t) = )\5704(75) o Ai,a(t) > 1€
o Ao (t) + Va(t)] < cpe;
0 X5ult) — V/alD)] < cge

We now look for the energy estimates. In order to do this, recalling the calculations
done before (3.13) and (3.14), we obtain

d 1

%‘W(t)f = 2Re(W, (1), W (1)) < (2,;’@)5; +2|[H () Hy(t) ]|+

+ 2| ( det H(t))_1 det Ht(t)‘ + B HTAH — (H_lAH)*H) W (). (3.24)

The same arguments as in Case 2 allow us to get the following bounds
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D H O H )] < ke

1) |(det H(t)) " det Hy(t)] < kae™;
1) |HYAH — (H ' AH)*|| < kse®.
Combining (3.24) with I), II) and III) we obtain

d
W@ < (zp’(t)ﬁi + 2pet o+ 2pe ! 4 k356a> W ().

We choose €71 = 8¢® which yields € = ﬁ_a%l. Thus, setting v := we obtain for

a constant ¢ > 0 the estimate
d
WO < (27/(1)8% + 208" ) WD)
We take p(t) := p(0) — Kt with K > 0 to be chosen later. Considering

1
a+1?

1
->v <= s<l+4a,
S

we get

d 1 1

ZWOF < (22K +2c5775)8-[W@)]* <0,
provided that § is large enough. Similarly to Case 2, we then get

V(1)] < e (det F (1) ™ det HOH @ ([HO]) IV (0)] (3.25)

Since ) )
(det H(2)) ~ det HO)H O (IHO)]) < ce™ = e,
the inequality (3.25) becomes

o 1
V() < cfat1ftss

V(0)l,
which means
N 1
B o) + [0/ ()P < vt (B2 |vg]* + [o1]).

Combining this with a remark for small g similar to Case 2 yields the result. Thus
Proposition 3.1 is proved. 0

4. PROOF OF THEOREM 1.1

In this section we combine the things from Section 2 and Section 3 to prove Theorem
1.1. However, we will need one more ingredient, the Fourier transform on G, that we
now briefly describe. R

Let f € L'(G) and let 7 € G. By a usual abuse of notation we will identify
irreducible unitary representations with their equivalence classes. The group Fourier
transform of f at m is defined by

Faf(m) = f(m) = n(f) = /G f(@)n(xyda,

with integration against the biinvariant Haar measure on . This gives a linear

mapping f(m) : H, — H, that can be represented by an infinite matrix once we
choose a basis for the Hilbert space H,. Consequently, we can write

Fo(Rf)(m) = n(R) f(n).
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By Kirillov’s orbit method (see e.g. [14]), one can explicitly construct the Plancherel

measure p on the dual G. Therefore we can have the Fourier inversion formula. In
addition, the operator 7(f) = f(m) is Hilbert-Schmidt:

l7()llzs = Te(7(f)m(f)7) < oo,

and the function G > 7 — |7(f)|l5s in integrable with respect to p. Furthermore,
the Plancherel formula holds:

/G ()P = /G ()| sda(). (4.1)

see e.g. [11] or [19].

Proof of Theorem 1.1. Our aim is to reduce the Cauchy problem (1.1) to a form
allowing us to apply Proposition 3.1. In order to do this, we take the group Fourier
transform of (1.1) with respect to z € G for all 7 € G, that is,

0%a(t, 7) + a(t)m(R)a(t, ©) = 0. (4.2)

Keeping in mind the form (2.4) of the infinitesimal representation 7(R) the equation
(4.2) can be seen componentwise as an infinite system of equations of the form

O2T(t, )y + ()T Tt ) = O, (4.3)

where we are considering any m € @, and any m,k € N. The key point of the
following argument is to decouple the system given by the matrix equation (4.2). In
order to do this, we fix an arbitrary representation 7, and a general entry (m, k) and
we treat each equation given by (4.3) individually. Note that eventually w(t, 7)., x
is a function only of . Formally, recalling the notation used in Proposition 3.1, we
write
v(t) = U, T g, B =T,
and
Vo = a()(ﬂ')m’k, v = al(ﬂ')mk.
Therefore, equation (4.3) becomes
V" (t) + a(t)B*v(t) = 0.
We proceed discussing implications of Proposition 3.1 separately in each case.
Case 1: a € Lip([0,T]), a(t) > ap > 0.

Applying Proposition 3.1, we get that there exists a positive constant C' > 0 such
that

B @) + W' ()] < C(B%vol* + [urf),
which is equivalent to

[Tt 7)o i + [0, T < C ([Tl (W) + [ (T)mil*). (44)

This holds uniformly in 7 € G and m,k € N. We multiply the inequality (4.4) by
sl yielding

1+2 2 2, 2 1+2 2 2 2
|Tm ¥ (t, ) k| + |70 W (8, ) g §0(|7Tm Uo(T) k)™ + |70 W1 (T0) i ) (4.5)
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Thus, recalling that for any Hilbert-Schmidt operator A we have
1AEs = D 1(Apm, 1)
m,k

for any orthonormal basis {¢1, 2, ...}, we can consider the infinite sum over m, k of
the inequalities provided by (4.5), to get

7 (R)ZF (¢, m) |2 + ||m(R) % daa(t, m)||% < (4.6)
< C(|[m(R)2HvT(m) || + Im(R) ¥t (m)]|%) -

We can now integrate both sides of (4.6) against the Plancherel measure p on @, SO
that the Plancherel identity yields estimate (1.9).

Case 2: a € (C*(]0,T]), with 0 <a <1, a(t)>ag > 0.
The application of Proposition 3.1 implies the existence of two positive constants
C, K > 0 such that for all m, k € N and for every representation = € G we have

1
| Tt 7))+ [0 (7)o < CeT (|70 (7)) [0 (7)), (4.7)

where
s<1+

1—a
If the Cauchy data (ug,u1) are in v5%(G) X ¥%(G) then there exist two positive con-
stants Ay and A; such that

AO'R,?LS ”eAlRQ%

H@ U()HL2 < oo and ulHL2 < 0.

We note that we can restrict to consider m,, large enough since the cut-off to bounded
T produces functions in any Gevrey spaces. Indeed, if a cut-off y : R — C has a
compact support, then by the same energy estimate, since x(R) and R commute,
the problem is reduced to the solution x(R)u(t, x) to the Cauchy problem

0 (x(R)u(t, ) + a()R(x(R)u(t,z)) = 0, (t,x) € [0,T] x G,
X(R)u(0,z) = x(R)uo(x), =€ G, (4.8)
O (x(R)u(0,x)) = x(R)us(z), =z €G,
with data x(R)up and x(R)uq, so it is in any Gevrey class.
Take now A = min{Ay, A;}, then we can always assume K in Case 2 of Proposition
3.1 is small enough, so that we have some B > 0 such that KT = A — B. Therefore,
we can rewrite inequality (4.7) as

1 1

BT (1700t T 2+ 1T (T ]2) < CeA™ (170700 ()i + [T (O mp?). (4.9)

Summing over m, k, integrating against the Plancherel measure of G and applying
the Plancherel identity, inequality (4.9) becomes

4 A . 4
||GBR2 u||L2(G’) + ||€B,R2 atu||L2(G) S ||€BR2 RQU”LQ(G) + ||€B,R2 atu||L2(G) S
%ol 25
S ||€AR2‘ R2UOHL2(G) + H@AR2 Ul”LQ(G). (410)

If a function f belongs to 43 (G), then also Rz f is in 74 (G). Therefore, from (4.10)
we get the desired well-posedness result.
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Case3:ac Cl[0,T]), with1> 2, a(t) > 0.
Similarly to the previous cases, the application of Proposition 3.1 yields the exis-
tence of two positive constants C, K > 0 such that

L I L i
|t 7r)m,k|2 + [a'(, 7T)m7k|2 < C’m‘{fzeKT’rm |u0(7r)m7k|2 + O efTmm ]ul(ﬂ)m,k|2 <

-

1 1
< Cel ™ g () i) ? + Cel™n

al (W)m,k|27

withl <s<o=1+ %, for some K’ > 0 small enough. Proceeding as in Case 2, we
obtain the desired inequality, and hence also the well-posedness result.

Case 4: a € C*(]0,T)), with 0 < a < 2, a(t) > 0.
In this last case, applying Proposition 3.1 we have that there exist two positive
constants C, K > 0 such that
a/2 1
Tl Ut )il + [0 (8 7)o < Cl > T (7 [ () + [0 (1)),

with 1 <s <1+ 5. Arguing as above, the result follows. U
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