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Abstract

This thesis analyses a general case of the vibration isolation (VI) problem, consid-

ering both a rigid and non-rigid supporting structures. The aim is to study changes

on the behaviour of both systems isolators and supporting structure when the in-

teraction phenomenon between them is considered. The influence of the VI task on

the base response is evaluated. In addition, the effect of the base dynamics on the

the VI and alignment problem is studied.

The novel contribution to the knowledge of this thesis is formulation of a novel

VI approach, which facilitates a holistic analysis of the problem considering all the

systems involved on it. This approach is valid for any number of isolators and

for any type of base structure. Moreover, different control objectives can be easily

defined; evaluation of the interaction phenomenon on both the platform and base

response for different VI techniques; demonstration of the importance of the isolator

damping ratio on the influence that the VI task has on the base response; evaluation

of the effects of the supporting structure dynamics on the VI and alignment problem

when multiple isolators are involved; analysis of the Multiple-Input-Multiple-Ouput

(MIMO) control strategy by comparison with the Single-Input-Single-Output (SISO)

control strategy. This comparative has been made for the VI and alignment problem

of multiple isolators on a non-rigid supporting structure and includes analysis of

the effectiveness of the Coral Reefs Optimization algorithms to find nearly-optimal

control gains in VI and alignment problems.

Through the investigation made for this thesis, a number of significant results

have been reached, which show the importance of the supporting structure dynam-

ics on the VI and alignment task. Moreover, the interaction phenomenon, and its

consequence on the base response, has been investigated experimentally. The results
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derived from this thesis conclude that, for most scenarios, the dynamics of the base

affects the VI task. Also, the active VI (AVI) technique shows a greater influence

on the base response than passive VI (PVI) technique, for most cases. It has been

observed that the use of AVI technique can additionally be oriented to control vi-

brations of the supporting structure, while the VI task is developed. Significant

differences have been found when multiple isolators are involved in the same task

for the alignment and VI problem, depending on whether or not the dynamics of the

base are considered. The best set of control gains for the rigid-support case (which

lead to maximum damping ratio) differ from those obtained when the supporting

structure is considered as a flexible system, for different cases analysed in this thesis.

The MIMO control strategy has shown great improvement with respect to the use of

the SISO control strategy. Also, the Coral Reefs Optimization algorithms have been

demonstrated to be a suitable tool to find nearly-optimal solutions for this type of

problems.
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fa(t) Active force of a generic isolator in time domain

faj(t) Active force of the jth isolator in time domain

f d(t) Disturbance force vector in time domain

fd(t) Disturbance force in time domain for a single degree of freedom supporting

structure
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fdk(t) kth disturbance force applied on the supporting structure in time domain

fsp(t) Spring force in time domain

fdp(t) Damper force in time domain

f I(t) Vector of isolator forces in time domain

fIj(t) Force of the jth isolator in time domain

j Imaginary unit

kb Generic control gain

kbjr Generic control gain applied to the platform of the jth isolator from the [j, r]

controller

kfvjr Control gain applied to the platform of the jth isolator from the [j, r] controller

for a flexible supporting structure type

k̂fvjr Optimal control gain applied to the platform of the jth isolator from the [j, r]

controller for a flexible supporting structure type

kvjr Control gain applied to the platform of the jth isolator from the [j, r] controller

for a rigid supporting structure type

k̂vjr Optimal control gain applied to the platform of the jth isolator from the [j, r]

controller for a rigid supporting structure type

kp Stiffness of a generic isolator

kpj Stiffness of the jth isolator

m Number of modes considered

mb Mass of the supporting structure

mp Payload mass of a generic isolator

mpj Payload mass of the jth isolator
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n Number of isolators

ns Number of substrate layers considered

rm Mass ratio

rω Frequency ratio

t Time variable

x′ Mutated larva

x∗ Best solution found in a specific iteration in Water Wave optimization algorithm

xBq(t) State-space variable of the supporting structure system for the qth mode

ẋBq(t) Derivative of the state-space variable of the supporting structure system for

the qth mode

xB(t) State-space vector of the supporting structure

ẋB(t) Derivative of the state-space vector of the supporting structure

xb(t) Base position in time domain of a generic isolator

xbj(t) Base position of the jth isolator in time domain

ẍb(t) Base acceleration vector in time domain

ẍb(t) Base acceleration of a generic isolator in time domain

ẍbj(t) Base acceleration of the jth isolator in time domain

xI(t) State-space vector of the vibration isolation system

ẋI(t) Derivative state-space vector of the vibration isolation system

xIj(t) State-space vector of the jth isolator

ẋIj(t) Derivative state-space vector of the jth isolator

xk Coral of the Coral Reefs with Substrate Layers algorithm
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xp(t) Platform displacement of a generic isolator in time domain

xpj(t) Platform displacement of the jth isolator in time domain

ẍp(t) Platform acceleration vector in time domain

ẍp(t) Platform acceleration of a generic isolator in time domain

ẍpj(t) Platform acceleration of the jth isolator in time domain

xrj Relative position between platform and base of the jth isolator

ẋrj Relative velocity between platform and base of the jth isolator

ẍrj Relative acceleration between platform and base of the jth isolator

yb(t) Output vector of the supporting structure system in time domain

yI(t) Output vector of the vibration isolation system in time domain

yIj(t) Output of the jth isolator in time domain

Greek letters

α Functional weight corresponding with the transmissibility

αc Maximum number of iterations of the Coral Reefs Optimization with Substrate

Layers algorithm

β Functional weight corresponding with the alignment

βf Breaking coefficient in Water Waver Optimization

βo Attractiveness at distance r = 0

γ Influence parameter on the supporting structure response

ωb Natural frequency of the supporting structure

ωc Cut-off frequency of the feedback controller
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ωp Natural frequency of a generic isolator

ωpj Natural frequency of the jth isolator

ζb Damping ratio of the supporting structure

ζp Damping ratio of a generic isolator

ζpj Damping ratio of the jth isolator

ζAV I
pj

Damping ratio of the jth isolator due to the effect of the AVI control

θj,r Angle between platforms of the jth and rth isolators

σ Standard deviation of the Gaussian probability density function

ρ Density of the material

ρo Fraction of reef capacity initially occupied

Ω Matrix of natural frequencies of the supporting structure

φbq Modal shape of the qth mode

ΦD Modal shape matrix of the supporting structure at disturbance forces locations

ΦI Modal shape matrix of the supporting structure at isolator locations

ΦT
I Tranpose of the modal shape matrix of the supporting structure at isolator

locations

ΛT Transmissibility functional

ΛA Alignment functional

Λ Domain of the rectangle shaped reef

Subscripts

B Generic type of supporting structure in control gain matrix, it can be either V

(rigid) or FV (flexible)
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FV Flexible supporting structure type in control gain matrix

fv Flexible supporting structure type in control gain element

j Isolator number

l Number of disturbance forces

lk Spring deflection at lock-up

m Number of modes considered

q Mode number

r Number of the isolator used to generate the control signal

V Rigid supporting structure type in control gain matrix

v Rigid supporting structure type in control gain element

Superscripts

C Generic control matrix strategy, it can be either S (Single-Input-Single-Output)

or M Multiple-Input-Multiple-Output

M Multiple-Input-Multiple-Output control strategy

S Single-Input-Single-Output control strategy

Math symbols

∗ Convolution operator

0m Zero m×m matrix

0n Zero n× n matrix

0m,l Zero m× l matrix
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‖•‖∞ H-infinity norm of •

∑b
a • Summation from a to b of the elements of •

(•)T Transpose of •

U(a, b) Uniformly distributed function beteween a and b
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Chapter 1

Introduction

1.1 Background

There is an ever increasing need to provide the highest quality vibration environ-

ments for extremely sensitive scientific and manufacturing processes. Application

areas as diverse as bioengineering and biotechnology, medical imaging, materials

science, nano- and quantum engineering, communications technology, deep space

observation and precision manufacturing rely on our ability to provide stable plat-

forms for this most sensitive instrumentation ever produced. A key technology for

delivering these stable platforms is vibration isolation (VI).

The VI task implies the use of an isolator, situated between the payload, and

the base on which is situated [Preumont, 2018a] (Figure 1.1). Vibration propagation

occurs in two main scenarios: scenario 1 - Equipment generates vibrations that are

transferred onto the supporting structure, and scenario 2 - Support structure prop-

agates vibration onto the sensitive equipment it supports, [Preumont, 2018a]. Re-

search aimed at AVI for Scenario 1 is significantly mature, [Gardonio et al., 1997a,

Gardonio et al., 1997b]. Owing to the current thrust towards precise, noise-free

measurements, micro- and nanoscale machining and high-density electronic device

manufacturing where sensitive equipment needs to be isolated from vibrations prop-

agating through the supporting structure, improved VI techniques aimed at Scenario

2 are needed. The contribution to scenario 2 is the aim of this thesis.
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Figure 1.1: Illustrative example of the VI problem.

1.1.1 Isolator-supporting structure interaction

The common hypothesis for scenario 2, in classic isolator system design, is to con-

sider the supporting structure as an infinitely rigid system compared with the iso-

lator. This assumption is reasonable when the control force (i.e., the force ap-

plied on both the payload and the supporting structure) exerted by the isolation

system does not affect significantly the base response, [Kaplow and Velman, 1980,

Wang et al., 2016a, Mikhailov and Bazinenkov, 2017]. However, this hypothesis

is false in a wide range of practical examples [Inman, 1990, Huang et al., 2003,

Liu et al., 2012, Farshidianfar et al., 2012, Venanzi et al., 2017, Jiang et al., 2018,

Alujević et al., 2019, Allaoua and Guenfaf, 2019]. This interaction phenomenon

may change the response of the supporting structure. Thus, vibration reduction

on the supporting structure can also improve the isolation performance, since the

absolute vibration isolation level may be reduced.

Scenario 2, with interaction between the isolator system and the supporting

structure, can be defined as a hybrid scenario. In this case, the supporting struc-

ture vibration may occur due to two disturbance inputs: i) the disturbance forces

and ii) the control force from the isolators. These vibrations affect the absolute

vibration measured on the payload. Thus, if the interaction between both system
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is significant, the isolator can contribute, positively or negatively, to mitigate the

supporting structure vibration. Then, isolator and supporting structure dynamics

might be considered together in order to achieve the payload vibration requirements.

It is necessary to know when the hypothesis of considering the base as an infinitely

rigid and heavy system is not valid. This information may be useful to select and

to design the isolation system. This thesis studies how the interaction also depends

on the VI technique, the control objective and the number and location of the isola-

tors. The consideration of this interaction can improve the performance of the VI.

Thus, this thesis shows that the rigid hypothesis is not valid in a significant and not

obvious number of practical cases.

1.1.2 Vibration isolation techniques

Depending on the way in which the isolator generates the force to control the payload

movement, the so called control force or controlled force, it is possible to distinguish

three different techniques: i) passive VI (PVI), ii) semi-active VI (SAVI), iii) active

VI (AVI).

For PVI, the controlled force is just a reaction to the relative movement between

the base and the platform (where the payload is situated) of the isolator. The

dynamic properties of the isolator are constant [Rivin, 2003, Sun et al., 2015a], as

they have to be specifically designed for the task. One of the main issues of this

technique is the narrow rejection bandwidth, since VI does not occur for disturbance

frequencies lower than
√
2ωp, where ωp is the natural frequency of the isolator.

This has motivated the development of non-linear techniques, which can lead to an

increase in the rejection bandwidth. A virtual reduction of the natural frequency

of the isolator can be reached by changing its stiffness. This technique is usually

combined with AVI [Kamesh et al., 2012, Alujević et al., 2018].

When the stiffness and/or viscous damping of the isolator can be changed during

operation, the technique is SAVI [Karnopp et al., 1974, Liu et al., 2008, Jiang et al., 2020].

This technique solves one of the main problems of PVI technique, since it is possi-

ble to adapt the dynamic properties of the isolator to the task requirements. For
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that purpose, the use of magneto-rheological dampers has been widely investigated

[Liao and Lai, 2002, Zhang et al., 2009, Ho et al., 2013], which can change the dy-

namic properties through the application of an electromagnetic field.

The use of PVI and SAVI techniques is suitable for many applications. However,

the AVI technique presents numerous advantages over them, such as [Ruzicka, 1968]:

i) the possibility to adapt the control strategy to the task requirements, ii) zero static

deflection and iii) the possibility to follow trajectories. The use of this technique

implies the application of an active force on the platform, and by consequence, on

the supporting structure.

1.1.3 Optimization problem involved in multiple isolators

In scenarios in which multiple isolators are involved in the same task, the con-

trol strategy must deal with this more complex problem. For example, in manu-

facturing industries or in research centres, such as Diamond Light Source (DLS),

in which multiple laser devices must be aligned between them. In these cases,

AVI strategies are required, as occurs multi-degree of freedom systems (e.g. Stew-

art platforms) or applications where the alignment between equipment is necessary

[Bastaits et al., 2009, Kong and Huang, 2018, Li et al., 2018]. Note that, if the hy-

pothesis of a rigid base is considered, the alignment problem may be considered

analogous to obtaining the best VI performance in terms of platform movement

with respect to the supporting structure. Thus, each isolator can be considered as

an individual system that does not interact with other isolators or with the sup-

porting structure. However, if the isolators are situated on a non-rigid supporting

structure, the problem must be analysed from a wider perspective, considering the

effect that the isolator makes on the supporting structure response. This effect may

involve improvements in the VI performance and in the alignment between these

multiple devices. Therefore, the model used to design AVI control must consider

the supporting structure model, which is excited by both external disturbances and

by each isolator system, in order to improve the performance of the isolation and

alignment control objectives.
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When the VI system is comprised of multiple isolators, their responses are cou-

pled by the supporting structure dynamics. Thus, the system is considered as a

Multiple-Input-Multiple-Output (MIMO) AVI system. However, the controller sys-

tem of each individual isolator can be either a Single-Input-Single-Output (SISO)

system or a MIMO one, depending on the strategy adopted. This thesis proves

that the use of MIMO control strategies leads to better solutions in AVI prob-

lems than SISO strategies, as occurs in other applications [Chanan et al., 2004,

Beijen et al., 2018, Song et al., 2018, Xie et al., 2018]. The implementation of the

MIMO controller may be difficult due to the following issues: i) there must be a

trade off between the objectives of VI and alignment, ii) the stability of the intrin-

sic feedback loop must be guaranteed and iii) the number of controller parameters

should be optimally tuned. Thus, the optimal control design of the MIMO AVI

controllers subjected to stability restrictions is a very complex problem, which may

not be solved by traditional optimization approaches. This thesis explores the use of

the recently proposed Coral Reefs Optimization (CRO) algorithms [Gao et al., 2019,

Tsai et al., 2019]. The optimization of MIMO AVI controllers shows that vibration

isolation under isolator-structure interaction is a complex and not obvious problem.

Thus, this thesis tries to be a reference work, which can be used to develop more

complex control laws and design criteria can be explored and implemented in the

future.

1.2 The research problem

As was mentioned in the background, the main objective of this thesis is to show

the effect of the interaction phenomenon between the isolator and the supporting

structure on the VI and alignment performance. The following novel approaches, to

the author’s best knowledge, are developed in this research work related with this

issue:

1. A formulation of the VI framework is developed. It allows defining control

objectives, which can be accomplished by the definition of the functional.
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2. The interaction phenomenon through the mathematical formulation is proved

by simulation and experimental results. A proof of concept, which is based

on a single isolator situated on a single degree of freedom (SDOF) supporting

structure, is included.

3. Generalisation of the problem. Instead of considering a single isolator and a

simplified supporting structure model, the problem of multiple isolators lo-

cated on a general supporting structure is studied.

4. Based on the knowledge of the VI response, which is coupled by the base

structure, the evaluation of SISO and MIMO control strategies is made.

5. Search of optimal control gain values, based on a functional definition, consid-

ering stability conditions of both systems: isolator and supporting structure

systems. The recently proposed CRO is used to optimally design this multi-

varible problem .

1.3 Organisation of the Thesis

The remainder of the thesis is as follows: Chapter 2 shows the formulation of the

vibration isolation problem. Also, a literature review, focused on the different vibra-

tion isolation techniques is included. This state of the art also includes works where

the interaction phenomenon theory is also developed. The proof of concept is shown

in Chapter 3, in which an isolator is situated on a SDOF supporting structure. The

influence of both techniques PVI and AVI on the base response are compared. Also,

an experimental test is carried out to validate the theory developed. Chapter 4 for-

mulates the VI and alignment problem considering the general framework presented

in Chapter 2. In addition, Chapter 4 particularises this framework to three isolators

situated on a flexible supporting structure. A SISO control strategy is followed,

and the results are compared with the case in which a rigid supporting structure

is considered. Chapter 5 analyses the same example as in Chapter 4, but instead

a MIMO control strategy is proposed. The control gains are tuned using the CRO
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algorithms. The conclusions derived from the research made for this thesis, and the

proposed future works, are shown in Chapter 6.
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Chapter 2

Related Work

2.1 Introduction

This chapter shows a literature review of the main VI techniques used in the afore-

mentioned scenario 2. The related works are divided into two groups. The first

group presents the most relevant works when the supporting structure is considered

as a rigid system. In this subsection, the works are classified as PVI, SAVI and

AVI techniques. In order to present these contributions in a clear way, this chapter

begins with an introduction of the classic VI approach. In addition, the transmis-

sibility Transfer Function (TF) between the acceleration measured at the payload

and at the supporting structure is defined when feedback and/or feedforward AVI

control strategies are used.

The second group presents the related works when the supporting structure is

considered as a non-rigid system. The chapter ends with the first contribution of

this thesis: a common framework for vibration isolation problems under isolator-

structure interaction, which is based on [Balas, 1978]. This new formulation allows

the generalization of the VI problem for any number of isolators and for any modal

model of flexible supporting structure. This novel approach is used to present the

rest of the thesis contributions, which have been accepted in international congress

and indexed journals or have been submitted to indexed journals.
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2.2 Modelling the vibration isolation problem

The transmissibility model of a generic isolator j1, such that {1 ≤ j ≤ n, j ∈ N},

is shown in Figure 2.1. The mass to be isolated is mpj , which is situated on the

isolator platform. As was mentioned above, the control force is the force applied to

the platform, which it is also applied to the supporting structure with opposite sign,

and its value is given by mpj ẍpj . The dynamic properties of the isolator are modelled

with its stiffness kpj and its viscous damping cpj . The active force faj(t) is obtained

either by a feedback and/or feedforward technique, which may consider any variable

of the isolator and/or the supporting structure. The variables ẍpj(t) and ẍbj(t) are

the accelerations of the payload mass, mpj , and of the base, respectively. If the

variable xrj(t) = xpj(t) − xbj(t) is defined, the differential equation that describes

the motion of mpj is expressed as:

faj(t)−mpj ẍbj(t) = mpj ẍrj(t) + cpj ẋrj(t) + kpjxrj(t). (2.1)
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Powered by TCPDF (www.tcpdf.org) Figure 2.1: Dynamic isolation system model with a rigid base structure.

It is desired to have a general representation of all isolators of the system to

formulate the design criteria. Thus, the state-space model of Equation (2.1) can be
1Note that the subscript j may be suppressed from the notation when the problem refus to a

single isolator.
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defined as:

ẋIj(t) = AIjxIj(t) +BIBj
ẍbj(t) +BIF j

faj(t)

yIj(t) = ẍpj(t) = CIjxIj(t) +DIFj
faj(t),

(2.2)

where the time derivative of the state vector is defined as ẋIj(t) = [ẋrj(t), ẍrj(t)]
T ,

and the matrices of the system are:

AIj =

 0 1

−ω2
pj

−2ζpjωpj

 , BIBj
=

0
1

 , BIF j
=

 0

1/mpj

 ,

CIj =

[
−ω2

pj
−2ζpjωpj

]
, DIFj

= 1/mpj ,

(2.3)

in which ωpj is the natural frequency of the jth isolator, obtained by ω2
pj

= kpj/mpj ,

and ζpj is its damping ratio, obtained by ζpj = cpj/(2mpjωpj). Each isolator system

then has two inputs: the base acceleration ẍbj(t) and the active force faj(t), which

depends on the AVI controller used.

If Equations (2.2) and (2.3) are generalised for n isolators, the state-space model

of the isolators system is:

ẋI(t) = AIxI(t) +BIBẍb(t) +BIFfa(t)

yI(t) = CIxI(t) +DIFfa(t),

(2.4)

in which the state variables of each isolator are defined in the vector xI(t) =

[xI1(t),xI2(t), . . . ,xIn(t)]
T ; the output vector is yI(t) = [yI1(t), yI2(t), . . . , yIn(t)]

T ;

the system matrix is a diagonal matrix of the system matrices of the n iso-

lators, such that AI = diag(AI1 ,AI2 , . . . ,AIn); the disturbance input matrix

is BIB = diag (BIB1 ,BIB2 , . . . ,BIBn); the controlled input matrix is BIF =

diag(BIF1 ,BIF2 , . . . ,BIFn); the output matrix is CI = diag(CI1 ,CI2 , . . . ,CIn); and

the feedthrough matrix is defined as DIF = diag(DIF1 ,DIF2 , . . . ,DIFn). The in-

puts of the system are defined by the vectors ẍb(t) = [ẍb1(t), ẍb2(t), . . . , ẍbn(t)]
T and

fa(t) = [fa1(t), fa2(t), . . . , fan(t)]
T .
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The model of Equation (2.4) can be expressed in the Laplace domain as follows:

Y I(s) = GIB(s)s
2Xb(s) +GIF (s)F a(s), (2.5)

in which the Laplace variable is denoted by s, and the variables Y I(s), Xb(s) and

F a(s) are the Laplace transforms of yI(t), xb(t) and fa(t), respectively, and the

matrices GIB(s) and GIF (s) are defined as the following TFs:

GIB(s) = CI [sI2n −AI ]
−1BIB, (2.6)

GIF (s) = CI [sI2n −AI ]
−1 (BIF +DIF ) , (2.7)

where I2n is a 2n× 2n identity matrix.

2.2.1 Feedback and feedforward control strategies

The active force applied by the isolator can be generated using feedback and/or

feedforward techniques. If a feedback control strategy is considered, the expression

of this force, in Laplace domain, is:

F a(s) = GAV I,F (s)Y I(s). (2.8)

If a feedforward control strategy is followed, the active force can be expressed as:

F a(s) = GAV I,Fw(s)Y b(s), (2.9)

in which Y b(s) is a vector comprised of the base accelerations measured at the

isolator locations, GAV I,F (s) is the control matrix for the feedback control strategy

and GAV I,Fw(s) is the control matrix for the feedforward control technique.

Thus, the TF between the base acceleration and the platform acceleration at the

same point, the called transmissibility, for the jth isolator can be expressed as:

Xpj(s)

Xbj(s)
=

GAV I,Fw [j, j]s
2 + 2ζpjωpjs+ ω2

pj

(1−GAV I,F [j, j]/mpj)s
2 + 2ζpjωpjs+ ω2

pj

. (2.10)
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where GAV I,F [j, j] and GAV I,Fw [j, j] represent the TFs of the feedback and feedfor-

ward AVI controllers, respectively.

Equation (2.10) can be used if the objective is to design the controller of AVI to

improve the transmissibility performance of a particular isolator. In addition, this

equation can be used to study the influence of each AVI on the base structure. In

other words, Equation (2.10) represents the jth SISO AVI.

2.3 Vibration isolation techniques

This section presents the most relevant works when the supporting structure is

considered as a rigid system. In this subsection, the works are classified in PVI,

SAVI and AVI techniques.

2.3.1 Passive vibration isolation

The PVI technique aims to reduce the movement transmission by interposing an

isolator, with constant dynamic properties, between the structure and/or device

to be isolated and the noisy base. In this technique, no controllers are used

GAV I,F (s) = 0n,GAV I,Fw(s) = 0n, and the dynamic properties of the isolator,

kpj , cpj , are constant. Then, Equation (2.10) is reduced to:

Xpj(s)

Xbj(s)
=

2ζpjωpjs+ ω2
pj

s2 + 2ζpjωpjs+ ω2
pj

. (2.11)

Effective VI occurs when |Xpj(jω)| < |Xbj(jω)|. Thus, for PVI system, it only

happens for disturbance frequencies such that ω >
√
2ωpj (Figure 2.2). However,

this does not make PVI an unsuitable technique, since in some applications, the

reduction of the peak magnitude by the addition of damping, is enough to accomplish

the task [Preumont, 2018b].

If Equation (2.11) is analysed, it can observed that the addition of damping

ζpj is not always the best solution from the VI perspective. As it is increased, the

peak of the TF reduces, but also does the decay ratio. For small damping ratio

values it is -40 dB / dec. However, it can be observed that the rejected bandwidth
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Figure 2.2: Representation of the transmibility TFs of a PVI system with different
damping ratios ζpj .

is considerably reduced for increased damping as shown in Figure 2.2 where the

transmissibility TFs for an isolator with different damping ratios ζpj are shown.

The two main problems of PVI can be then summarised as: i) VI occurs only for

disturbance frequencies greater than
√
2ωpj , and ii) an increase in the damping ratio

ζpj reduces the peak transmissibility, but it also reduces the beneficial attenuation

at higher frequencies. The solution of the first problem can be solved using non-

linear techniques. Their application leads to a virtual reduction of the natural

frequency of the isolator, hence increasing the rejection bandwidth. Different non-

linear applications are found in [Ibrahim, 2008]. The solution to the second problem

may be the AVI, which can increase the damping and yet keep -40 dB / dec reduction

in transmissibility. This technique is explained further in Section 2.3.3.

There is a wide variety of applications in which PVI has been used, especially

those which include non-linear elements. Some PVI applications will be mentioned

to show the importance that this technique has in some engineering applications.
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PVI applications

Some applications of the PVI technique can be found in civil structures, where the

VI technique is known as base isolation. The particular characteristic in this type of

structures is that the isolator acts mainly in the horizontal direction, since the verti-

cal component of response to earthquake excitation is not significant compared with

the horizontal. The PVI process consists of the introduction of a device between

the structure to be isolated and the ground, with the aim of creating a discon-

tinuity between them. Different techniques can be encountered for base isolation

purposes [Rosaria, 2008], although based on the type the isolator, they can be di-

vided in two: i) sliding-based isolators [Tsai et al., 2006], ii) rubber-based isolators

[Bhandari et al., 2018].

The sliding-based isolators are based on the friction pendulum system, an idea

applied a long time ago by the engineer David Stevenson [Carpani, 2017], who ap-

plied this concept to a lighthouse in Japan [Stevenson, 1868]. This technique consists

in an articular slider that moves on a spherical surface, which is usually coated by

a low-friction material (Figure 2.3a). When the base is excited, the slider is moved

between both top and bottom semicircular surfaces. A friction force is exerted to the

superstructure and it is displaced to the lateral (upper) position. When this occurs,

the restoring force resumes the superstructure to its initial position. It may occur

that the maximum displacement is too high which promoted the use of this technique

in combination with inerters [De Domenico and Ricciardi, 2018, Zhao et al., 2019],

hence reducing the maximum displacement at the isolator location, due to the shift-

ing.

The rubber-based isolation system used in civil structures uses PVI technique

interposing a rubber device between the structure and the ground. Three different

techniques can be encountered for this type of technique: i) low-damping rubber

bearing isolators, ii) lead-plug bearing isolators, and iii) high-damping rubber bear-

ing isolators [Naeim and Kelly, 1999].

In the first group, low-damping rubber bearing isolators, the device has two end

plates. The bottom one is attached to the ground, and the top one is fixed to the
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(b)

Figure 2.3: Friction pendulum scheme (a), and rubber bearing base isolation systems
(b).

structure. Also, intermediate thin steel shims are used. The device usually presents

a damping ratio of about 2 %. Although they are designed to correspond with a

linear viscous dynamic model, they usually need additional energy-absorbing devices

to reach effective damping ratios of 10-20 % [Fujita, 1991].

The second group of rubber-based isolation is the lead-plugs bearing. The de-

vices are very similar to those of the first group, but they contain holes in which

one or more lead plugs are collocated (Figure 2.3b). This element works as an in-

ternal hysterical damper [Fujita, 1991]. Tests and design procedures are shown in

[Robinson, 1982]. The influence of the lateral displacement on its vertical stiffness is

shown in [Warn et al., 2007], and a sensitivity analysis of the mechanical properties

has been made in [Ahmadipour and Alam, 2017].

For the third group, high-damping rubber isolators, the device is made in such

a way that it has enough damping to avoid the use of an extra device. This damp-

ing is reached by the inclusion of extrafine carbon block, oils, or resins, and other

proprietary fillers [Naeim and Kelly, 1999]. Thus, the response at the frequency

of the isolator device is reduced [Fuller et al., 1997]. One of the main issues of

this type of isolator is its numerical model. Different proposal have been made in

[Markou and Manolis, 2016, Oliveto et al., 2019].

In another applications, such as laser interferometer which are used to detect

gravity waves, one of the main problems is low-frequency disturbances, as occurs in

the VIRGO or LIGO research facilities [Bradaschia et al., 1990, Abbott et al., 2009].
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In these cases, the application of the concept of negative stiffness is made. This

technique was introduced by Platus in 1992 [Platus, 1992]. It consists in a virtual

reduction of the stiffness, with the aim of increasing the rejection bandwidth of the

isolator when PVI is being used. For that, a vertical spring is connected to two Eu-

ler columns, see Figure 2.4. The columns are loaded with their critical load, hence

producing a virtual reduction of the stiffness. This concept has been widely used in

numerous VI applications: isolation and positioning platform in LIGO observatory

[Matichard et al., 2015a, Matichard et al., 2015b]; construction of metastructures

composed by unit cells with quasi-zero stiffness [Fan et al., 2020]; in fluid-conveying

pipes [Ding et al., 2019]; in floating raft systems [Li and Xu, 2017]; its use has been

analysed to reduce dynamic loads on the foundation of machines [Anvar et al., 2017].

Figure 2.4: Negative stiffness scheme. [Platus, 1992].

Another field in which PVI has been used is in space applications. In particular

[Davis et al., 1995]:

• Microgravity experiments require low acceleration spectrum. Vibration isola-

tion is required to reduce accelerations produced by machinery and astronaut-

induced forces.
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• Disturbance source isolation is required in surveillance and communications

satellites. Devices as reaction wheels, cyrocoolers or tape drivers cause on-

orbit jitter. This problem can be solved by isolating the disturbance from the

spacecraft.

• Payload isolation and pointing is required in satellites demanding a stable

base for precision pointing. In addition, the spacecraft attitude control can be

relaxed.

The following works related with PVI applications in payload isolation are sig-

nificant contributions to the scenario 2 studied in this thesis. In space applications,

the payloads are connected through struts to the spacecraft, which act as isolators.

A common design is called D-strut, which is a passive isolator (see Figure 2.5). A

design with very low fundamental frequency was presented in [Davis et al., 1994].

In this work, the damper has a viscous fluid flowing through a controlled annulus

between two hermetically scaled chambers. In an alternative design, the fluid is

replaced with gas in the pneumatic the D-strut. The orifice which the gas flows is

longer with a smaller cross area [George W. Wilson and Patrick J. Wolke, 1997].

Another way of implementing the PVI technique is made by low frequency flex-

ible space platform, which consists of folded continuous beams (Figure 2.6), for

mounting of a reaction wheel assembly [Kamesh et al., 2012]. This can be used

to isolate the disturbances from the reaction wheel into high precision payloads.

This type of device provides good isolation performance below 30 Hz without using

additional energy dissipation devices [Liu et al., 2015].

The automotive industry requires the use of VI techniques to isolate passen-

gers and some parts of vehicles from vibrations. The application of PVI has

been made by using elastomeric (or rubber) materials [Schmitt and Leingang, 1976,

Yu et al., 2001]. They allow isolation in all directions. Also, they are compact,

cost-effective and maintenance free. Better performance is reached using hydraulic

mounts (Figure 2.7), patented in 1962 by Richard Rasmusssen [Marjoram, 1985],

where a spring with a hydraulic damper is combined. The use of hydraulic mounts

considering the non-linear behaviour due to the fluid they contain, was shown in
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Figure 2.5: Schematic of a D-strut. [Liu et al., 2015].

Figure 2.6: Folded beam. [Kamesh et al., 2012].

[Kim and Singh, 1993, Colgate et al., 1995, Golnaraghi and Nakhaie Jazar, 2001].

2.3.2 Semi-active vibration isolation

This VI strategy has generated enormous interest in a range of different areas. This

arises from the high VI performance that this technique is able to reach. In some

cases, it allows isolation of vibrations with similar performance to the AVI technique,

but with low-level power supply.

The SAVI technique is based on the same principle as PVI, in that the controlled

force is generated as a consequence of the relative movement between the platform

and the base. There is no active control, so GAV I,F = 0n, GAV I,Fw = 0n. However,

the dynamic properties of the isolator ζpj and ωpj can be changed in real time during
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Figure 2.7: Schematic of a hydraulic mount.

the task development.

Firstly it is necessary to introduce how this technique is developed. One of

the most important works related with the SAVI technique was made by Karnopp

[Karnopp et al., 1974]. An isolator was proposed which used feedback signals to

change its dynamic properties, but only low level external power supplied was nec-

essary. The aim was to emulate the behaviour of the sky-hook damper. This is a

damper which uses the platform velocity, ẋpj(t), to control its movement, instead of

the relative velocity, ẋpj(t)− ẋbj(t), as a classic damper does. Figure 2.8 shows the

schematic of an ideal sky-hook damper.

For that purpose, Karnopp proposed the isolator of Figure 2.9. The device has

the capability of changing its damping coefficient, by modulating the fluid-flow, then

the damping coefficient, cpj . The power associated with the force fdpj(t) must always

be positive, so that:

fdpj(t)(ẋpj(t)− ẋbj(t)) ≥ 0. (2.12)

In this case, the coefficient cpj changes as the fluid fills the damper. Only full

(max(cpj)) and empty (cpj = 0) cases were considered in that work. The ideal force

then would be fdpj(t) = max(cpj)ẋpj(t). However, to ensure the isolator does not
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Figure 2.8: Schematic of the ideal sky-hook damper.

supply power to the system, the sign of (ẋpj(t)− ẋbj(t)) must be proper. Then, the

next cases were considered:

fdpj(t) =


max(cpj)ẋpj(t) if ẋpj(t)(ẋpj(t)− ẋbj(t)) > 0

0 if ẋpj(t)(ẋpj(t)− ẋbj(t)) < 0.

(2.13)

If the sign of (ẋpj(t)− ẋbj(t)) is the same that the sign of ẋpj(t), then the damping of

the isolator must reach its maximum value. However, if (ẋpj(t)− ẋbj(t)) and ẋpj(t)

have opposite signs, it would be necessary to apply an opposite force to the desired

one: fdpj(t) = max(cpj)ẋpj(t). Then, the best the isolator can do is not apply force

at all, fdpj(t) = 0. It is possible that ẋpj(t)(ẋpj(t) − ẋbj(t)) = 0, either because

ẋpj(t) = 0 or because the velocity of the platform is the same that the velocity of

the base, (ẋpj(t)− ẋbj(t)) = 0. For the first case, the best value for the damper force

would be 0, then fdpj(t) = 0. For the second case, the isolator attempts to apply

the maximum damping force. It depends on the time history of xbj(t) during the

subsequent instants, that will make either the damper force changes to one of the

cases shown in Equation (2.13), or the damper force can be large enough to lock-up
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Figure 2.9: Semi-active isolator proposed by Karnopp. [Karnopp et al., 1974].

the system, it is ẍpj = ẍbj , the damper force is:

fdpj(t) = −mpj ẍpj − kpj(xpj(t)− xbj(t))lk (2.14)

in which (xpj(t)− xbj(t))lk is the spring deflection at lock-up.

Further works have been developed based on the idea of modulating the fluid-

flow in dampers to control the damping coefficient in the isolator, such as the work

of Rakheja in 1985, [Rakheja and Sankar, 1985], who introduced the concept of

on-off damper. The concept was motivated by the idea of measuring the relative

displacement and velocity between the platform and the base, instead of the velocity

of the platform, since they are directly measurable signals. Through the analysis

of the spring and damper forces, it is possible to observe the values for which the

mass acceleration is increased during the vibration cycle. These forces are defined
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as follows:

fspj(t) = kpj
(
xpj(t)− xbj(t)

)
(2.15)

fdpj(t) = max(cpj)
(
ẋpj(t)− ẋbj(t)

)
, (2.16)

and the acceleration of the mass to be isolated is defined as ẍpj = −(fspj(t)) +

fdpj(t))/mpj . If the three forces are represented (Figure 2.10), it is possible to

observe that there is an increase in the inertial force, hence in the mass acceleration,

when the spring and damper forces bear the same sign. Also, it is observed that

the mass acceleration is decreased when the damper force is opposite to the spring

force. Considering that the spring force is proportional to the relative displacement,

and the damper force is proportional to the relative velocity, the proposed control

scheme was as follows:

fdpj(t) =


max(cpj)(ẋpj(t)− ẋbj(t)) if (ẋpj(t)− ẋbj(t))(xpj(t)− xbj(t)) < 0

min(cpj)(ẋpj(t)− ẋbj(t)) if (ẋpj(t)− ẋbj(t))(xpj(t)− xbj(t)) > 0,

(2.17)

the term min(cpj) makes reference to the minimum damping coefficients, con-

trolled by the orifice of the isolator device, since it was set that it is not possible to

set zero damping. Based on this concept, further works were made with the aim of

using a variable damping coefficient [Alanoly and Sankar, 1987]. When the spring

and damper forces are in opposite directions, the damper force must be adjusted,

with the aim of producing the same force that the spring one, but with opposite

sign, thus the net force applied on the mass would be zero. Also, as occurs in the

on-off control scheme, the lower damping coefficient is reached when the spring and

damper forces have the same sign.

It was proved in [Wu et al., 1994] that using this control scheme, the damper

force may exceed its limit. Hence proposing a new control strategy, in which in-

stead of modulating the damping force, a maximum value of damping is set when

a threshold damping coefficient is exceeded. This value was proposed to be 30 % of
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Figure 2.10: Spring, damper and inertia forces of a PVI isolator with a harmonic
disturbance input.

the critical damping of the isolator. The use of on-off dampers carries the problem

of the jerk by the mass, due to discontinuities in the movement. The problem was

analysed, and a solution based on a continuously variable semi-active suspension

was proposed [Miller and Nobles, 1990].

The use of SAVI tehcnique has also been applied by controlling the rhe-

ological properties of the fluid of the damper, also its internal structure

[Parthasarathy and Klingenberg, 1996]. Depending on the nature of the input con-

trol, two different types are considered: i) magneto-rheological (MR) dampers , ii)

electro-rheological (ER) dampers. In the first one, a magnet field is applied to the

fluid (Figure 2.11), whilst for the second one, a electric field is applied to change its

properties

Another way to implement the SAVI technique is by using piezoelectric materials.

They have coupled mechanical-electrical characteristics. A piezoelectric material

reacts to a mechanical force by generating an electric field and vice versa. Some

examples of semi-active vibration control using piezoelectric materials can be found

in [Qiu et al., 2009].

56



Chapter 2. Related Work 57

Figure 2.11: Schematic of a MR damper. [Dyke et al., 1996].

Although most SAVI applications are oriented to change the damping of the

isolator, there are numerous works which have investigated a change in stiffness.

The aim is to change the natural frequency of the isolator ωpj . For example, in

[Liu et al., 2008] the use of a Voight element is combined with a spring in series,

thus the stiffness of the system can be controlled. The work [Pu et al., 2019] shows

the use of the aforementioned negative stiffness concept, with the aim of changing

the stiffness of the isolator using an electromagnetic spring. MR dampers with

the capability of changing stiffness and damping are shown in [Sun et al., 2015b,

Zhou et al., 2009].

SAVI applications

The SAVI technique has been used in an extensive number of applications. For

example, in civil engineering structures, base isolation is improved by modulat-

ing the damping coefficient in [Symans and Kelly, 1999]. A benchmark model for

seismically excited base-isolated buildings for evaluating different control strate-

gies was presented in [Narasimhan et al., 2006, Nagarajaiah and Narasimhan, 2006,

Jung et al., 2006]. The effectiveness of the MR dampers for seismic isolation was

evaluated in [Jung et al., 2006]. The work proposed control algorithms, such as

clipped-optimal control [Tseng and Hedrick, 1994], the maximum energy dissipa-
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tion, of the fuzzy logic-based control. Semi-active damping is also achieved by

combining PVI with MR dampers, as shown in [Shook et al., 2008]. It combines

elastomeric bearings, friction pendulums , shape memory alloys and MR dampers.

A review of seismic control strategies, for both VI and vibration control is made in

[Symans and Constantinou, 1999].

The SAVI technique is also applied in space applications, through the use of ER

and MR dampers. [Oh et al., 2004] presented an isolator filled with liquid-crystal

type ER-fluid, previously analyzed in [Oh et al., 2000], with the aim of improv-

ing pointing performance under disturbance by a momentum-wheel. The results

were compared with PVI techniquesand much better performance was observed for

the SAVI case with aforementioned on-off control laws . To improve the point-

ing performance of observation satellites, the use of SAVI isolators is presented in

[Makihara et al., 2006]. The isolators are compounded by piezoelectric materials

and a switch-controlled passive circuit. A detailed review of the SAVI techniques in

micro-vibration isolation in space applications is made in [Liu et al., 2015].

Most of the SAVI developments aforementioned in the introduction of this

technique were primarily developed for the automotive industry. An experiment

of SAVI technique in car suspensions has been shown in [Yao et al., 2002], us-

ing MR dampers. Time and frequency control methodologies for SAVI technique

MR dampers are investigated in [Zapateiro et al., 2012]. In [Zhang et al., 2014],

extended state observer techniques are used for car suspension, using MR dampers.

2.3.3 Active vibration isolation

The main difference that AVI has with respect to PVI and SAVI is the addition of

the active force. Its use leads to numerous advantages over PVI and SAVI techniques

[Ruzicka, 1968], such as:

• Zero static deflection

• Very stiff system for applied loads of constant magnitude

• Return of the payload to the initial position during a constant load
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• The VI performance is independent of the payload

• Capability of changing the controller during the task development

The acceleration of the platform ẍpj(t), when AVI technique is used, can be

expressed using Equation (2.5). From the TFs of Equations (2.6) and (2.7), the

platform displacement can be expressed, for the jth isolator, as:

Xpj(s) =
2ζpjωpjs+ ω2

pj

s2 + 2ζpjωpjs+ ω2
pj

Xbj(s) +
1/mpjs

2

s2 + 2ζpjωpjs+ ω2
pj

Faj(s) (2.18)

As can be observed, the main difference with respect to PVI and SAVI is the

addition of an extra force, which is the active force Faj(s). To generate it, it is

necessary to use an external power supply, sensors, signal processors and actuator

of some kind. Although the use of this technique has been typically oriented to very

demanding applications, its us can be widely extended in numerous applications.

The AVI problem has been approached considering different control strategies

and techniques. Depending on the position of the sensor, two different techniques

can be distinguished: i) feedback control, Equation (2.8), ii) feedforward control

Equation (2.9).

AVI using feedback control

For the feedback technique, the platform movement is used by the controller to

generate the active force signal. Thus, the movement of the mass to be isolated is

used to generate the active force.

As was mentioned previously, one of the main purposes of SAVI technique is

to use the velocity of the platform to generate the control force, as the ideal sky-

hook damper does. The use of the AVI allows implementation of this technique,

since the velocity of the platform can be measured. Its application is usually called

direct velocity feedback (DVF) [Preumont, 2018a]. It is widely extended in numer-

ous applications, since it is easy to implement it also guarantees stability of the

system. Some applications can be encountered in the following works. For ex-
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ample [Balas, 1979] in which the AVI with DVF was used to reduce vibration in

a large space structure. A decentralised control strategy using DVF was used in

[Kim et al., 2001, Huang et al., 2003]. In those cases, the VI system is formed by

parallel actuators, which uses the velocity of equipment to be isolated, at the end

of the actuator. An extensive analysis of the VI using velocity feedback is made in

[Yan et al., 2006].

Alternatively, instead of measuring the velocity to emulate the sky-hook damper

behaviour, the acceleration or the force received by the platform can be used. When

the acceleration of the platform is used, the technique is called acceleration feedback

(AF), whilst force feedback (FF) is used to refer that the force received by the plat-

form is used by the controller. It was proven by Preumont [Preumont et al., 2002]

that the use of both strategies is equivalent when the isolator connects to rigid bod-

ies. However, the FF technique presents an advantage respect to the use of AF

when the payload is a flexible body, since it always presents pole-zero pattern in

the open-loop, hence leading to a stable closed-loop system. However, if AF is used,

this pattern is not exhibited when the modes of the flexible payload interfere with

the isolation system.

The position of the platform can also be fed back, and the technique is called

position feedback (PF). The use of this technique leads to a sky-hook spring

[Collette et al., 2011]. The principle is the same that the sky-hook damper, but in-

stead of a damper attached to the inertial frame (the ”sky”), a spring is attached. It

arises from the idea that the displacement of the platform is used to generate the con-

trol force, as the spring does. In practical cases, the relative displacement between an

inertial mass and the mass to be isolated can be measured using different techniques:

collocating the inertial mass on the platform, and using a sensor to measure the rel-

ative displacement [Saulson, 1984, Nelson, 1991]; collocating the inertial mass on

the ground and measuring the relative displacement [Vervoordeldonk et al., 2004];

using a strain gauge is shown in [Benassi and Elliott, 2004]. The neutral position of

the sensor corresponds with the desired operating height of the actuator mass. The

signal supplied by this sensor is proportional to the relative displacement. Then, the
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controller generates a continuously increasing signal as the relative displacement is

not zero.

Figure 2.12 shows a comparison of the effect that each technique has in the trans-

missibility function. As can be observed, the use of PF and AF virtually moves the

natural frequency of the isolator, whereas for DVF the natural frequency is main-

tained, but a reduction of the peak response is obtained. One of the main drawbacks

of the aforementioned PVI technique is that, as the damping ratio ζpj increases ,

the absolute value of the decay rate is also reduced. With the use of AVI-DVF, high

decay rates can be achieved, whilst simultaneous the peak is reduced, hence solving

one of the main problems of PVI. A study of the different patented developments in

AVI, considering the different strategies, is made in [Collette et al., 2011].
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Figure 2.12: Comparison of different VI techniques: PVI, PF, DVF, AF.

AVI using feedforward control

Although the use of feedback technique is widely practised in VI applications, the

feedforward strategy has also generated interest among researchers. Instead of using

the platform movement to generate the control signal, the feedforward technique uses

the base movement, thus the transmissibility can be reduced to zero. According to
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Equation (2.10), and considering just feedforward strategy (i.e. GAV I,F (s) = 0n),

the transmissibility TF is expressed as:

Xpj(s)

Xbj(s)
=

GAV I,Fw [j, j]s
2 + 2ζpjωpjs+ ω2

pj

s2 + 2ζpjωpjs+ ω2
pj

(2.19)

The aim of the control strategy is to reach Xpj(s) = 0. This can be achieved

if the numerator of Equation (2.19) is 0. Thus, the transfer function GAV I,Fw [j, j]

must be as follows [Beijen, 2018]:

GAV I,Fw [j, j] =
−2ζpjωpjs− ω2

pj

s2
(2.20)

However, the implementation of this controller in real scenarios does not guaran-

tee good performance. The following practical issues must be considered: i) the

need for a very precise isolator model, ii) sensor noise, and iii) causality, since

feedforward controllers are usually implemented in discrete-time. The disturbance

has to be measured before compensation is applied, otherwise the cancellation of

the isolator may come too late. Recent contributions have been made in this field

[Beijen et al., 2017], including MIMO controllers [Beijen et al., 2018] and combining

feedback and feedforward techniques [Beijen et al., 2019].

AVI applications

The use of AVI is made in those applications in which stringiest vibration criteria are

demanded, or when the performance of PVI and/or SAVI techniques is insufficient.

In civil structures, active control techniques have been combined with PVI to

improve isolation performance. An example is shown in [Nagarajaiah et al., 1993],

in which a hybrid control case is presented with application to a sliding-isolated

bridge. The sliding isolators, situated at the abutments and pier of the bridge, act

as passive isolators. An active actuator is interposed between the vibration source

and the structure to be isolated (Figure 2.13). A significant reduction of peak deck

acceleration can be achieved compared with the use of PVI only.

Experimental and numerical results for an isolated building, using a
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Figure 2.13: Hybrid VI in a sliding-isolated bridge. [Nagarajaiah et al., 1993].

low-friction pendulum bearing system combined with AVI, were shown in

[Chang and Spencer, 2010]. In addition, the interaction between the controller and

the structure was considered. The results derived from this work show the potential

effectiveness of an active base isolation system, reducing both floor accelerations and

base shear.

The addition of the active force in AVI allows reduction of the vibration of a plat-

form whilst simultaneously accomplishing other control objectives, such as position-

ing or tracking position. The demanding requirements of many applications have led

to the development of devices able to both reduce the vibration transmitted to the

payload and also to change its position and orientation. This is usually accomplished

using Stewart platforms [Stewart, 1965], which comprise parallel manipulators with

six actuators with prismatic joints [Fichter, 1986] (Figure 2.14). Every strut of the

platform is an isolator, which can be driven by voice coil motors [Cobb et al., 1999,

Xu and Weng, 2013, Kong and Huang, 2018, Tang et al., 2019] or piezoelectric ac-

tuators [Loix et al., 2002, Xu and Weng, 2013, Wang et al., 2016b].

Stewart platforms have been widely used in space applications

[Geng and Haynes, 1992, Rahman et al., 1998, Thayer et al., 2002]. Since strut

responses are coupled, multiple control strategies are oriented to decentralise them.

In [Preumont et al., 2007], a FF control strategy was used. The isolator was

equipped with six force sensors, measuring axial forces in the legs. Another example

is shown in [Yang et al., 2017], in which the FF technique is used to reach stability
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Figure 2.14: Schematic of a Stewart Platform. [Kong and Huang, 2018]
.

at nanoscale level. MIMO control strategies have also been utilised, as shown in

[Beijen et al., 2018], which proposed a MIMO disturbance feedforward controller

for high-precision machinery.

Some applications combine both objectives: vibration isolation and posi-

tion/pointing control. A control method for optical payloads is proposed in

[Li et al., 2018]. This is called Positive Force Feedback (PFF) and it is used in

combination with AF to reject payload disturbances. This technique has the po-

tential to improve the performance of the system if the subtraction of the external

disturbances from the payload inputs is made. It is shown that, if the disturbances

are measurable, the use of PFF can improve performance. However, it is very sus-

ceptible to measurement errors.

The automotive industry has also applied AVI techniques, which are usu-

ally called active suspension. The AVI must accomplish two objectives: passen-

ger comfort and good road handling. The main disturbance input is a result

of the irregularities of the terrain [Aly and Salem, 2013]. Different control tech-

niques have been utilised to develop AVI in car suspensions, for example: classic

control techniques are shown in [Thompson, 1970, Smith and Walker, 2000]; opti-

mal control techniques are applied in [Wilson et al., 1986, Shirahatti et al., 2008,

Rutledge et al., 1996]; nonlinear control is investigated in [Chen et al., 2005,
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(a) (b)

Figure 2.15: Prototype of the vibration isolation system used in LIGO (a), Support
structure and two stages level (b) Top view of the first stage. [Hua et al., 2004].

Alleyne and Hedrick, 1995]; the application of robust control is shown in

[Gaspar et al., 2003, A. Chamseddine et al., 2006]; intelligent control techniques are

shown in [Foda, 2000, Klement et al., 1999, Kuo et al., 2005].

Research centres, as LIGO observatory, have also used the AVI technique against

seismic excitations. It is necessary to isolate the interferometer mirrors from ground

motion below 0.1 Hz. The main problem to be addressed is the tilt-horizontal

coupling, since inertial horizontal sensors cannot distinguish between horizontal ac-

celeration from tilt motion [Hua et al., 2004]. The isolator system designed for this

application is shown in Figure 2.15. It has two stages. There are three cantilever

springs to link Stage 1 from the support structure and three more to join Stages

1 and 2. These cantilevers are also used to support the static load of the system.

Only the Stage 2 has damping controllers. There are six actuators commanded by

a SISO control strategy. The results meet with vibration isolation requirements of

the task.
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2.4 Vibration isolation on a flexible supporting

structure

2.4.1 Previous works

There are numerous works which have studied the effect of the supporting structure

dynamics on the VI performance. In [Plunkett, 1958, Blackwood, 1994], it was

noted that failure to take into account the interaction phenomenon between the

machine (i.e. the payload) and its base would lead to incorrect results, except at

low frequencies. Also, a further two effects were considered as a consequence of the

interaction phenomenon: i) the possibility of shifting resonant frequencies, which

implies dangerous consequences in terms of machine health, and ii) the interaction

may affect the vibration amplitude of either the machine or the foundation. The

derivation of an equation governing the responses of a non-rigid machine, which is

situated on a non-rigid supporting structure and excited by any number of forces,

is presented in [Soliman and Hallam, 1968]. When the machine is situated on an

undamped set of springs, it is possible to extract useful information, such as the

optimal damping value of the isolators.

A high-bandwidth positioning and pointing of a payload situated on a flexible

supporting structure was analysed in [Garcia et al., 1992], with application to the

positioning of mirrors, which are connected to the base via piezoelectric actuators, in

a space-based interferometer. The importance of the base flexibility in the control

of positioning of the payload, with respect to an external or internal part of the

flexible structure, was governed by mp/(Mmζb), in which Mm is the effective modal

mass at the isolator location and ζb is the modal damping of the base. It was

defined that the interaction can be neglected when its value is much lower than

one, i.e. if the payload mass is low. A multi-layer control approach of a baseline

space interferometer was developed in [Spanos et al., 1992]. The control structure

interaction was noted to be a key technology requirement, especially in optical class

space missions. A three layer control approach was proposed, which involved: i)

disturbance isolation, ii) base structural quieting, and iii) optical control.

66



Chapter 2. Related Work 67

[Scribner et al., 1993] considers instability issues when machines are mounted on

flexible supporting structures. They concluded that the performance is limited by

three factors:

• Passive damping of the system machine (payload) and base support

• Pole-zero pattern of the TF from actuators to sensors. It was observed that,

for rigid machines, the most important parameter is the relation between the

mass of the machine and the effective modal mass of the base.

• Spectral bandwidth of the disturbance. Hence resulting that VI is easy to

reach for slowly time-varying quasi-periodic disturbances.

The effect of the supporting structure on the VI performance was considered in

[Sciulli and Inman, 1998]. The results show that if the isolator frequency is designed

such that the frequency is between two modes of the supporting structure, a coupling

condition will exist between the affected modes. Also, if damping is added, three

modes will damped, instead of one. Different controllers are also proposed to reduce

the effect of flexible base modes. Moreover [Sciulli and Inman, 2000] considers the

payload as a flexible system too. To analyse the problem, Yang’s method was used

[Yang, 1994] to solve complex distributed parameter systems.

Electromagnetic actuators for VI purposes considering non-rigid bases have been

studied in [Huang et al., 2003], in which a flexible equipment is isolated from either

a vibrating rigid or non-rigid supporting base (Figures 2.16, 2.17). The VI con-

trol law used is velocity feedback. The actuators are mounted in parallel with

four passive mounts. With a rigid base, the theoretical stability of the system is

guaranteed, regardless the flexibility of the equipment. The system may be non-

collocated (i.e. sensor and actuator are not attached to the same degree of freedom

[Preumont, 2018b]), due to the flexibility of the equipment and the base. However,

robust stability is found when the base is a flexible base. Successful VI is achieved

for a wide frequency range.

The use of inertial actuators for VI has been shown in multiple works:

[Benassi et al., 2004], in which inner local FF and outer velocity feedback control
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Figure 2.16: Four-mount AVI system for a rigid base [Huang et al., 2003].

Figure 2.17: Four-mount AVI system for a flexible base [Huang et al., 2003].

strategy is used to isolate a rigid equipment from a vibrating flexible base. The

results are compared with those obtained from a full state feedback optimized with

a Linear Quadratic Gaussian (LQG), and very similar results are found.

A flexible base is also considered in [Brennan et al., 2006]. It shows the imple-

mentation of a local displacement feedback control in an inertial actuator. It is

important to note that this technique is not the same as PF shown above, since in

this case the relative displacement between the base and the platform is measured.

Stability margins are guaranteed for low natural frequency of the isolator, however

it may lead to static deflection. To solve this problem, a displacement sensor and

a local Proportional Integral Derivative (PID) controller is used. It is shown that
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natural frequency and damping of the isolator can be virtually changed virtually,

hence showing the possibility of adapting the device to different applications.

It is shown in [Elliott et al., 2004] that, if the actuator and sensor dynamics are

not considered, the use of FF is unconditionally stable. If the equipment and the

base to be isolated are rigid, both techniques DVF and FF show similar effectiveness

in isolation performance. However, if the base is rigid, but the equipment is flexible,

DVF shows better results than FF. For a flexible equipment and a flexible base, the

use of DVF shows again better performance.

A distributed parameter isolator using DVF is analysed in [Yan et al., 2010]. In

this case, the isolator frequencies must be considered and the use of DVF is not

valid to suppress them. The paper proposes a stability criterion based on the mode

shapes of the system. The results compare both cases: rigid and flexible base. It is

shown that the isolator resonances can cause the control system to become unstable

if the isolated equipment is supported on a flexible base.

2.4.2 Novel vibration isolation approach

Although previous works have considered the interaction between the isolators and

the supporting structure, most of them are particularised to specific devices, or

present difficult governing equations. With the aim to easily consider the effect that

the supporting structure has on the VI performance, and also to show how the VI

task affects its response, a novel VI approach is proposed.

Figure 2.18 shows a block diagram of the supporting structure and isolator sys-

tem. The model of the isolator is described in Equation (2.4). The supporting

structure is modelled by considering n control forces, F I , exerted by the n isolators

and l disturbance forces, F d, which can be applied at the isolation locations and/or

at other base locations, where l ≥ 1. The outputs of the supporting structure are

the accelerations measured at the n locations of the isolators. The forces exerted by

the n isolators are obtained by multiplying the vector Y I by the diagonal matrix

M p = diag (mp1 ,mp2 , . . . ,mpn).

The state-space equations of the base structure considering the first m vibration
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Figure 2.18: Schematic block diagram of the coupled isolator-structure system.

modes can be expressed as follows:

ẋB(t) = ABxB(t) +BBDf d(t) +BBIf I(t)

yb(t) = CBxB(t) +DBDf d(t) +DBIf I(t),

(2.21)

where the matrices AB, BBD, BBI , CB, DBD and DBI are defined as:

AB =

 0m Im

−Ω2 −2ZΩ

 ; BBD =

0m,l

ΦD

 ; BBI =

0m,n

ΦI

 ;

CB = ΦT
I

[
−Ω2 −2ZΩ

]
; DBD =

[
ΦT

I ΦD,

]
; DBI =

[
ΦT

I ΦI ,

]
;

with vectors xB(t) = [xB1(t), ẋB1(t), . . . , xBm(t), ẋBm(t)]
T , f d(t) =

[fd1(t), . . . , fdl(t)]
T and f I(t) = [fI1(t), . . . , fIn(t)]

T = M pyI(t) the state-

space vector, the disturbance force and the forces exerted by the n isolators,

respectively. The output vector is yb(t) = ẍb(t) = [ẍb1(t), . . . , ẍbn(t)]
T . Note that

ẍbj(t) is the acceleration measured at the jth isolation location and xBq(t) is modal

variable of the qth mode, which is used to define the state vector xB(t) of the

supporting structure. The terms Ω =diag(ωb1 , . . . , ωbm) and Z =diag(ζb1 , . . . , ζbm)

are m×m diagonal matrices formed by the natural frequencies of the structure and
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the damping ratios, respectively. The matrices 0m and Im are zero and identity

matrices of dimension m×m, while 0m,l and 0m,n represent m× l and m× n zero

matrices, respectively. ΦD is an m× l matrix whose columns are the mode shapes

at the disturbance locations, while ΦI is a m× n matrix whose columns are formed

by the mode shapes of the supporting structure at the isolator locations. Note that

Equations (2.21) can be used to model any F I ,F d and Ẍb. In addition, system

identification between Ẍb and F I can be represented. This is the key to study the

interaction between an isolator and a non-rigid base. Hence, it is not necessary to

consider more complex models.

The model of Equation (2.21) can also be expressed in the Laplace domain as

follows:

Y b(s) = s2Xb(s) = GBD(s)F d(s) +GBI(s)Y I(s), (2.22)

in which the variables Y b(s) and F d(s) are the Laplace transforms of yb(t) and

f d(t), respectively, and the matrices GBD(s) and GBI(s) are obtained as follows:

GBD(s) = CB [sI2m −AB]
−1BBD +DBD, (2.23)

GBI(s) = (CB [sI2m −AB]
−1BBI +DBI)M p, (2.24)

where I2m is a 2m× 2m identity matrix of the same dimensions as AB.

If Equation (2.22) is substituted into Equation (2.5), the accelerations of the

isolator masses are given by:

Y I(s) = [In −GIB(s)GBI(s)]
−1GIB(s)GBD(s)F d(s)+

[In −GIB(s)GBI(s)]
−1GIF (s)F a(s),

(2.25)

which depend on the disturbance forces (F d) and the active forces (F a). This

equation is needed to study the influence of the platform acceleration when a non-

rigid supporting structure, an AVI and disturbance forces are considered together.
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2.4.3 Feedback control strategy for AVI

This thesis studies the influence of the interaction between the isolator system and

supporting structure when a feedback AVI is considered. Firstly, the transmissibility

of the isolator is obtained by substituting Equation (2.8) into Equation (2.5). Thus,

the platform acceleration can be expressed as:

Y I(s) = [In −GIF (s)GAV I,F (s)]
−1GIB(s)Y b(s), (2.26)

in which In the n× n identity matrix. Note that this equation does not depend on

the base frame. However, if a non-rigid base frame is considered, the vector Y b(s)

depends on F I(s) = Y I(s)M p and F d(s). Then, the isolator response Y I(s) can

be obtained by substituting Equation (2.22) into Equation (2.26), resulting in:

Y I(s) =
[
In − [In −GIB(s)GBI(s)]

−1GIF (s)GAV I,F (s)
]−1 (2.27)

· [In −GIB(s)GBI(s)]
−1GIB(s)GBD(s)F d(s)

The feedback control strategy is illustrated in Figure 2.19. Considering Equation

(2.8), the matrix GAV I,F (s) is defined, in this thesis, as:

GAV I,F (s) = Cf (s)K
C
B =


Cf11(s) . . . Cf1n(s)

... . . . ...

Cfn1(s) . . . Cfnn(s)



kb11 . . . kb1n

... . . . ...

kbn1 . . . kbnn

 , (2.28)

in which Cf (s) is the controller matrix and KC
B is the control gain matrix. This

thesis shows the influence of considering a non-rigid supporting structure by consid-

ering a particular controller Cf (s) and optimally designing the control gains KC
B.

In order to denote the matrix KC
B in each case, the sub-index B can be V or FV ,

which means rigid or non-rigid supporting structure. The super-index C denotes if

the controller is a SISO (S) or a MIMO (M) controller. Finally, any matrix denoted

with K̂
C

B is used when the optimal control gains have been found, for any case

mentioned above. Then, this thesis studies the influence of considering K̂
S

V , K̂S

FV
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Powered by TCPDF (www.tcpdf.org)Figure 2.19: Dynamic model of a single isolator on a rigid supporting base with a
feedback controller.

and K̂
M

FV when the isolation and alignment performance of the isolator system is

considered.

If a rigid base frame is considered, the vector Y b(s) is independent of Y I(s).

Then, the AVI controller GAV I,F (s) is tuned to improve the response with respect to

the passive configuration. In this case, the matrix GAV I,F (s) is considered diagonal

and the transmissibility can be expressed as:

s2Xpj(s)

s2Xbj(s)
=

2ζpjωpjs+ ω2
pj

s2 + 2ζpjωpjs+ ω2
pj
− (Cfjj(s)kbjj/mpj)s

2
. (2.29)

The optimal value for the gain matrix (K̂S

V ) is obtained considering the best isolation

performance in terms of the transmissibility defined in Equation (2.29).

If a non-rigid base frame is considered, the vector Y b(s) depends on F I(s) =

Y I(s)M p and F d(s). Then, the isolator response Y I(s) is obtained by substituting

Equation (2.28) into (2.27). In this case, the variable Y I(s) is used to define the

alignment between isolator platforms. Thus, the matrix KC
B can be optimally de-

signed in terms of transmissibility, supporting structure vibration and/or the align-

ment between isolator platforms. The main objective of this thesis (Chapters 4 and

5) is to show how the response (Y I(s)) can be improved in terms of transmissibility

and alignment when the dynamics of the non-rigid base are considered in Equations

(2.27) and (2.29) (K̂S

FV and K̂
M

FV ) with respect to the optimal design of Equation

(2.29) for the assumption of a rigid base frame assumption (K̂S

V ).
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Chapter 3

Active vibration isolation under

isolator-structure interaction

This chapter is based on two conference papers published in 2019 and 2021 as well

as a journal manuscript submitted for review, as listed below:

• Pérez-Aracil, J., Pereira-González, E., Muñoz-Díaz, I., and Reynolds, P.

(2019). “Study of active vibration isolation systems considering isolator–struc-

ture interaction”. In CMMoST 2019: 5th International Conference on Me-

chanical Models in Structural Engineering, pages 645–654, Alicante, Spain.

Editorial Club Universitario.

• Pérez-Aracil, J., Pereira, E., Díaz, I. M. and Reynolds, P. (2021). Study on

the “Isolator-Structure Interaction. Influence on the Supporting Structure”.

In Gonçalves, J. A., In CONTROLO 2020, pages 394–403, Cham. Springer

International Publishing.

• Pérez-Aracil, J., Pereira, E., Díaz, I. M. and Reynolds, P. “Active vibration

isolation under isolator-structure interaction”. It has been accepted for publi-

cation in Meccanica.
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3.1 Introduction

This chapter is used as a proof of concept of the theory developed in Chapter 2. It

shows, with a simplified example, the importance of the interaction phenomenon,

specially on the base response.

To show the effect that the VI task has on the supporting structure response, a

single isolator is situated on a SDOF supporting structure. Different scenarios are

analysed, such that an extensive set of dynamic properties relations between the

isolator and the base are considered. Two techniques are analysed: PVI and AVI.

In terms of changing the PVI performance, different damping ratios are considered,

whilst for the AVI technique, the controller is designed to achieve the same H-infinity

norm in all the transmissibility TFs, for every case, using Equation (2.29). It will

be shown how, in terms of the transmissibilty, the use of AVI technique always

improves the performance, as expected. However, the response of the base response

may not follow this behaviour. Depending on the relation between the dynamic

properties of the isolator and the supporting structure, and also on the isolator

damping ratio, the use of AVI instead of PVI may produce different base response

changes: i) reduction of the base response, ii) increment of the base response, or

iii) it can produce no changes on the base response. If these changes appear on the

base response behaviour, it affects the platform acceleration, hence modifying the

task performance, i.e., the absolute acceleration of the payload.

With the aim of validating the theory developed in Chapter 2, particularized

here for a single isolator situated on a SDOF base, an experimental test has been

carried out. The test is valid not only to check the theory, but also to find issues

in a real VI implementation. The experimental results fit with the theoretical ones.

Then, they can be can be extrapolated to analogous systems.

The remainder of the chapter is as follows. The following Section 3.2 shows the

theory developed in Chapter 2 but for a particular case in which a single isolator is

situated on a SDOF structure. In Section 3.3, the influence on the base structure

response of including an AVI strategy is formulated, also showing the effect, in

simulations, for the particular case of a DVF. To validate the simulation carried
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out, laboratory experimental measurements are conducted and presented in Section

3.4. Finally, conclusions are presented in Section 3.5.

3.2 Particularization of the vibration isolation

framework

This section particularizes the model of a non-rigid frame when only one isolator is

placed on it and when its dynamics can be modelled by only one vibration mode.

In addition, a feedback AVI technique is considered.

First of all, if only a single isolator is considered, the transmissibility TF can be

expressed as:
s2Xp(s)

s2Xb(s)
=

2ζpωps+ ω2
p

s2 + 2ζpωps+ ω2
p − (Cf (s)kb/mp)s2

. (3.1)

The TFs GIB(s) and GIF (s), defined in Equations (2.6) and (2.7) for n isolators,

result for a single isolator as follows:

GIB(s) =
2ζpωps+ ω2

p

s2 + 2ζpωps+ ω2
p

(3.2)

GIF (s) =
1

mp

s2

s2 + 2ζpωps+ ω2
p

. (3.3)

where the subscript j has been suppressed since only one isolator is being considered.

Secondly, Equation (2.22), which models the supporting structure, is particular-

ized for one vibration mode as follows:

s2Xb(s) =
s2/mb

s2 + 2ζbωbs+ ω2
b

(Fd(s)−mps
2Xp(s)), (3.4)

where the TF between the base structure acceleration and the external perturbation

force without the isolator, GBD(s), can be expressed using Equation (2.23) for a

single isolator. Thus, GBD(s) is now as follows:

GBD(s) =
s2/mb

s2 + 2ζbωbs+ ω2
b

. (3.5)
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Note also that GBI(s) = mpGBD(s). Thus, considering the subsystems GIB(s),

GIF (s), GAV I,F (s), GBI(s) and GBD(s), the Figure 2.19 can be particularized, as

Figure 3.1 shows. The subsystem GI(s) in Figure 3.1 can be obtained as follows:

GI(s) =
2ζpωps+ ω2

p

s2 + 2ζpωps+ ω2
p − 1

mp
GAV I,F (s)s2

. (3.6)

Note that in this case, GAV I,F (s) = Cf (s)kb, since only one isolator is involved in

the task. In addition, Equation (3.6) is the isolator dynamic defined in Equation

(2.2) particularized to a feedback AVI.

+ ( )G sBD

+pm

( )f tI

( )f td

px ( )t..

bx ( )t..

GAVI,F( )s
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Figure 3.1: General scheme of the VI problem particularized for a non-rigid frame
when only one isolator is placed on it.

This chapter studies the influence of including GAV I,F (s) when a non-rigid sup-

porting structure is considered. Thus, the two following TFs are compared:

GPV I
B (s) =

GBD(s)

1 +mpGBD(s)GIB(s)
, (3.7)

GAV I
B (s) =

GBD(s)

1 +mpGBD(s)GI(s)
, (3.8)
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where GPV I
B (s) and GAV I

B (s) are the TFs between the base acceleration s2Xb(s), and

the perturbation force Fd(s) when the isolation force, fI(t), is generated passively

(PVI) and actively (AVI), respectively.

The effect on the base response of using an AVI control system compared with

PVI control is studied using following variable:

γ =
‖GAV I

B (s)‖∞
‖GPV I

B (s)‖∞
, (3.9)

in which γ is the ratio between H-infinity norm of GAV I
B (s) and GPV I

B (s). On one

hand, if the value of γ is greater than one, the maximum value of the Frequency

Response Function (FRF) of GAV I
B (s) is higher than that of GPV I

B (s), which means

that the vibration level due to a disturbance force is higher when AVI is used. On

the other hand, if the value of γ is less than one, the vibration level is reduced when

AVI is applied. If the value of γ is close to one (or one) , it means that there is not

a significant difference in the response of the base when the PVI or AVI are used,

‖GAV I
B (s)‖∞ ≈ ‖GPV I

B (s)‖∞.

In order to generalise the studies derived from this framework, the following

ratios can be defined: mass ratio rm = mp/mb and frequency ratio rω = ωp/ωb. The

influence of the isolation system on the response of the base structure also depends

on the damping ratios ζp and ζb. The value of ζp is one of the main reasons of

including AVI. Note that the objective of including an AVI strategy is to obtain

a GI(s) with no resonance peak and a rejected band similar to a PVI with low

damping ratio (ζp). Thus, if ζp is increased, an attenuation of -40 dB/dec cannot be

obtained because the zero placed at −ωp/ζp is close to the poles −ζpωp±ωp

√
1− 2ζp,

which means that only a -20 dB/dec can be achieved. Therefore, a set of values of

ζp must be considered to show that significant differences exist in the base response

for values 0 ≤ ζp ≤ 1. Finally, small changes in the damping values of GPV I
B (s) and

GAV I
B (s), which are due to GI(s), are more significant when ζb is smaller. Thus, a

low damped base structures is of particular interest for this study.
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3.3 Influence of AVI technique on the supporting

structure. Direct velocity feedback

This study considers the base and isolator parameters defined in Table 3.1 and a DVF

as the AVI control law. Ideal DVF has the form GAV I,F (s) = kb/s, which introduces

a pure integrator to the system. This DVF damps the system GI(s) by increasing

the parameter kb, being the damping ratio of the AVI kb/(2
√

kpmp), Equation (3.6).

In the literature, it is said that this DVF is equivalent to a virtual sky-hook damper

[Preumont, 2018b], introducing a damping force that does not depend on its relative

movement with respect to the base in the bandwidth of interest. However, this

pure integrator has an infinite magnitude response at zero frequency, making this

controller very sensitive to low-frequency noise. Therefore, it cannot be used in

practice because this ideal integrator may saturate the actuator used for imparting

the force due to offsets in the acceleration signal [Díaz and Reynolds, 2010]. Thus,

the following lossy integrator is considered in this case study:

GAV I,F (s) =
kb

s/ωc + 1
, (3.10)

in which ωc represents the low frequency cut-off frequency of the lossy-integrator

and kb its control gain. If the value of ωc is defined as 0.1ωp, the ideal and real DVF

has a similar behaviour in the bandwidth of interest.

High order controllers may be implemented to improve the performance of the of

the VI task. This type of controller can virtually change the stiffness and mass of the

isolator, hence modifying its natural frequency. However, as stated before, the main

purpose of the thesis is to analyse the influence of the interaction phenomenon on

both the VI and alignment performance also on the base response. For that, the use

of DVF controller allows approaching the problem just modifying the damping of

the isolator system and improving the rejected band of the isolator. Thus, through

the set of different mass and frequency ratios, rm, rω, that refer to the physical

parameters, the interaction problem can be studied simplifying the implementation

issues, which may be derived of using more complex controllers.
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rm rω ζp ζb
[10−6, 2] [10−3, 2] {0.001, 0.1, 0.3, 0.5, 1/

√
2, 0.9} 0.005

Table 3.1: Mass, frequency and damping ratio values of rm, rω, ζp, ζb,

The numerical results are organised into two subsections. The first one shows a

comparative of the FRFs for two cases: i) when the a PVI is implemented GPV I
I (s),

ii) when AVI is used GAV I
I (s), which is expressed as:

GAV I
I (s) =

2ζpωps+ ω2
p

s2 + 2ζpωps+ ω2
p − kb

mp(s/ωc+1)
s2
, (3.11)

The controller gain kb is adapted so that TF GI(s) reaches -3 dB at the damped

frequency of the isolator, defined by ωpd = ωp

√
1− ζ2p . The second subsection

shows some illustrative examples where the FRFs of GBD(s), GPV I
B (s) and GAV I

B (s)

are compared. Three examples are proposed to show when AVI reduces or increases

the vibration level of the base structure.

3.3.1 Isolation performance and influence of AVI on the base

structure response

Figure 3.2 shows the comparison between GPV I
I (s) and GAV I

I (s) (top) and the value

of γ (bottom) in different analysed cases, for ζp equal to 0.001 and 0.1. As can be

observed, for these values of ζp the platform response in PVI mode exhibits high

amplitude response, which is reduced using the active force fa(t). In addition, the

rejected band is the same for the AVI even though the damping is increased. This

is the case when the beneficial effect of including AVI is better justified from an

isolation point of view. If the influence into the base structure is analysed (i.e. the

value of γ), AVI affects positively the base response when ζp = 0.001 and high values

of rm are considered. In other words, AVI introducing damping to the base structure

more than PVI. For remaining values of rm and rω, the differences between AVI and

PVI are not significant. However, when ζp = 0.1 the response of the base structure

for AVI can be up to three times higher than the response with PVI. The critical

region is observed for similar frequency values (rω → 1) and mass ratios between
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[10−4, 0.20], approximately. The base response is reduced for AVI control for the

region [rm > 10−3, rω > 1], compared with the PVI control.
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Figure 3.2: (a) and (b) isolator FRFs. (c) and (d) influence ratio γ for ζp = 0.001
and ζp = 0.1.

Figure 3.3 represents the FRFs of GPV I
I (s) and GAV I

I (s), and γ values, but for

values of ζp equal to 0.3 and 0.5. The platform response is better for AVI control

technique. However, it should be noted that this improvement is not so significant

as compared with low values ζp (Figure 3.2). In addition, an increment of almost

two times the base response with AVI control, GAV I
B (s) is observed compared that

with PVI control, GPV I
B (s). In case of ζp = 0.3, the region for which the base

response is critically increased is observed for base frequency values slightly higher

82



Chapter 3. Active vibration isolation under isolator-structure interaction 83

than the isolator frequency (rω → 0.9 and 0.9 < rm < 10−4). However, for high

frequency and mass ratios, the use of AVI control provides a huge reduction in the

base response compared with PVI control. The same behaviour is presented in the

case of ζp = 0.5, but this region is softer and the critical region is situated at lower

frequency ratios.
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Figure 3.3: (a) and (b) isolator FRFs. (c) and (d) influence ratio γ for ζp = 0.3 and
ζp = 0.5.

Finally, in Figure 3.4, the isolation performance is quite similar when PVI and

AVI are compared. In addition, the rejected band is -20 dB/dec since the poles and

zeros are quite close. In these cases an AVI to increase the damping value is not well

justified. Moreover, for ζp = 1/
√
2, γ reaches its maximum value when the frequency
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of the base structures tends to be the double the isolator frequency, rω → 0.5

(approximately two times). In terms of mass ratio, its influence is important for high

frequency ratios, for which the base response is reduced. However, if the damping

of the isolator is almost critical ζp = 0.9, the response is only slightly different. The

maximum values of γ are located in a lower frequency ratio region than for the rest

of the cases. Also, the value increases respect to the case of ζp = 1/
√
2. Therefore,

for high mass ratios and high values of ζp, the use of AVI depends on the ratio

between the natural frequencies of the base and the isolator (rω).
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Figure 3.4: (a) and (b) isolator FRFs. (c) and (d) influence ratio γ for ζp = 1/sqrt(2)
and ζp = 0.9.
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3.3.2 Influence of PVI and AVI on the base structure

To show the effect that PVI and AVI have on the base response, three different cases

of rm and rω are studied for damping values ζp = {0.1, 0.5, 0.9}. This phenomenon

is not well shown in the above figures, since GBD(s) was not plotted and the pa-

rameter γ considers only the difference between PVI and AVI. It is important to

note that these cases are extracted from the data shown above, so the same isolation

performance is achieved in all the cases studied here. The figures show the effect of

using both techniques, PVI and AVI, on the supporting structure. The FRFs are

normalised with respect the peak base response when no isolator device is situated

on it, which can be expressed as ‖GBD(s)‖∞.

Case rm = 0.0889 and rω = 0.8

This case shows an example for which the collocation of the isolator implies a re-

duction of the base response, but the use of AVI control in the isolator increases the

response in the supporting structure compared with the passive mode. Figure 3.5

shows that the maximum reduction in PVI mode is achieved for ζp = 0.5. When

the AVI control is activated in the isolator, there is an increase in the base response

for all three cases compared with the PVI case. Also, the resonance frequency of

supporting structure is moved sightly.

In this scenario, the accomplishment of the VI requirement affects negatively the

dynamic response of the base structure. This may be very important in different

scenarios, such as in civil structures, in which the vibration serviceability can be

affected. Moreover, in applications in which multiple isolators are situated in the

same supporting structure, since their response is coupled. This case is analysed in

Chapters 4 and 5.

Case rm = 0.048 and rω = 1.6

In this scenario, the use of AVI control induces a reduction in the base response

compared with PVI control. Figure 3.6 shows that the supporting structure is more

damped with AVI than with PVI. Thus, the use of PVI implies basically the same
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Figure 3.5: Case rm = 0.0889 and rω. = 0.8. Normalised FRFs of the base with no
isolator situated on the structure (dashed line), with an isolator collocated but no
control activated (black line), with the isolator collocated and DVF working (grey
line).

base response for ζp = 0.1. However, the damping imparted by the AVI control is

greater. This effect, although less significant in terms of γ reduction, can be seen

for ζp equal to 0.5 and 0.9. For this combination of dynamic parameters, the use

of AVI does not compromise the base structure response. However, it is important

to note that only a SDOF system is considered for the base, and only one isolator

is studied. This effect may be different when multiple modes and multiple isolators

are considered.

Case rm = 0.0794 and rω = 1.3

This case presents a scenario in which the damping ratio of the isolator determines if

the base response for AVI control increases or not with respect to PVI control. The

following mass and frequency ratio values considered here are rm = 0.0794 and rω =

1.3 (Figure 3.7). If AVI control is used, ‖GAV I
B (s)‖∞ > ‖GPV I

B (s)‖∞ for ζp = 0.1.

A different phenomenon occurs for ζp = 0.5, for which ‖GAV I
B (s)‖∞ ≈ ‖GPV I

B (s)‖∞.

If the damping of the isolator is 0.9, ‖GAV I
B (s)‖∞ < ‖GPV I

B (s)‖∞. This shows the

importance of the isolator damping in terms of its influence in the base. According

to this fact, different control strategies must be considered to accomplish possible
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Figure 3.6: Case rm = 0.048 and rω = 1.6. Normalised FRFs of the base with no
isolator situated on the structure (dashed line), with an isolator collocated but no
control activated (black line), with the isolator collocated and DVF working (grey
line).

base acceleration requirements.
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Figure 3.7: Case rm = 0.0794 and rω = 1.3. Normalised FRFs of the base with no
isolator situated on the structure (dashed line), with an isolator collocated but no
control activated (black line), with the isolator collocated and DVF working (grey
line).
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3.4 Experimental test

In this section, the application of VI on a full-scale beam structure is described.

The experimental results are compared with numerical simulations to illustrate the

theoretical framework presented in the chapter. The application example presented

here shows a case in which the use of AVI control implies the improvement of both

the VI performance and the response of the base structure.

3.4.1 Experimental set-up and system dynamics

An isolator was situated at mid-span of a simply supported beam (knife edge sup-

ports at both ends) of length 5.0 m (Figure 3.8). The beam was excited by a

perturbation force fd(t), generated by an exciter situated on the ground and linked

to the supporting structure by a stinger. An accelerometer was attached to the

platform to measure the payload acceleration, ẍp(t), and another one to the beam,

close to the isolator, to measure the base acceleration, ẍb(t).

A
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A-A'

Sensor

p

pk pc
( )af t

m

( )df t

( )bx t

( )px t

Beam

( )fc t

Figure 3.8: Illustration of the experimental set-up.

A general view of the experimental setup is shown in Figure 3.9. The device used

for isolation was an APS Dynamics Model 400 electrodynamic actuator. A platform
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was attached to the top of the armature. The acceleration of both platform and

base were measured with PCB® model 393A03 accelerometers. The isolator device

has mass 82 kg when mp is unattached. The mass of the beam without the isolator

is approximately 126 kg. The total mass of the isolation platform mp is 31 kg. The

perturbation force was generated by another electrodynamic actuator of the same

model. This was driven in current mode, so the applied force may be considered

proportional to the supplied current [Preumont, 2018b]. The experimental setup

is completed by a data acquisition device National Instruments compactRIO 9066

equipped with an IEPE acquisition module for accelerometers and an output module

to generate both the excitation signals and the control law for the AVI.

Figure 3.9: General view of the experimental setup.

The FRF of the TF, GBD(s), between the acceleration of the base ẍb(t) and the

perturbation force fp(t) is shown in Figure 3.10. It shows only the first flexural

mode of the beam, which was used for analysis of the results. To identify this TF,

the isolator device was collocated on the beam without the moving mass mp. Thus,

the weight of the device was included in the identification but not the effect of the

89



90 Jorge Pérez-Aracil

force fI(t) due to platform movement. The identified TF from the experimental

FRF is as follows:

GBD(s) =
0.0078s2

s2 + 0.25s+ 738.46
(3.12)
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Figure 3.10: Experimental and theoretical FRFs of the TF GBD(s).

Thus, from the identified TF, according to the form of Equation (3.5), the natural

frequency of the first mode of the beam was therefore identified at ωb = 27.64 rads−1

(4.4 Hz). The damping ratio, extracted by the half power bandwidth method

[Bendat and Piersol, 1993] was ζb = 0.0046.

To obtain the dynamic parameters of the isolator, it was situated at mid-span

of the beam, which was excited by a random perturbation. The TF GIB(s) was

obtained from the beam and platform accelerations, which allows identification of

the dynamic parameters (ωp, ζp). This was given by:

GIB(s) =
1.32s+ 77.37

s2 + 1.32s+ 77.37
, (3.13)

where the identified natural frequency and damping ratio are ωp = 8.79 rads−1

(1.4 Hz) and ζp = 0.075, respectively (Equation 3.2). Using these parameters it is

possible to obtain the TF that relates the force applied in mp and its acceleration
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ẍp(t) (Equation 3.3) which was identified to be:

GIF (s) =
0.032s2

s2 + 1.32s+ 77.37
. (3.14)

3.4.2 Vibration isolation effect on the supporting structure

The control strategy chosen for this experiment is DVF as defined in Equation

(3.10). According to that, and using the natural frequency of the isolator (1.4 Hz),

the following controller, for unitary static gain, results:

Cf (s) =
0.8796

s+ 0.8796
. (3.15)

It should be highlighted that the imparted damping with GAV I,F (s) would be

improved theoretically if the TF GIF (s) is considered (i.e. the mechanical dynamic

part of the isolator). However, there are further dynamics (e.g. the amplifier driving

the shaker, the accelerometers, the signal conditioning electronics) that have not

been considered in Equation (3.14). Therefore, the isolation reduction around the

resonant frequency is worse in practice since these non-considered dynamics tend to

make the AVI unstable at high gains. It should also be highlighted that the damping

achieved with the active force is enough to demonstrate the influence that AVI has

in the supporting structure compared with PVI.

The influence that an isolator with various dynamic properties has on different

structures is shown in Figure 3.11. As can be observed, the surface shape is very

similar to those showed in Figure 3.2 for ζp = 0.1. According to Equation 3.5, the

equivalent mass of the first mode of the base structure mb can be extracted from the

identified TF of the beam (Figure 3.10). Thus, if the beam is simplified to a SDOF

system, the equivalent mass is 128 kg. The resulting mass and frequency ratios are

rm = 0.24 and rω = 0.31, respectively. The value of γ for the numerical simulations

is 0.80. This implies that the use of an AVI system provides an improvement with

respect to the PVI system.

The identified transmissibility for both PVI and AVI systems and their influence

on the beam TFs are shown in Figure 3.12. At the top, the passive (black line) and
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Figure 3.11: Influence map for the isolator used in the experimental test on different
supporting structures.
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Figure 3.12: Experimental (left) and theoretical (right) results for the transmissibil-
ity functions (top row) and the FRFs of the beam TFs (bottom row) for PVI GPV I

BD

and AVI GAV I
BD .

active (grey line) transmissibility functions (GPV I
I (s), GAV I

I (s)) are shown for both

experimental (left) and numerical (right) cases. The response of the base for both

strategies is shown at the bottom of the figure. For AVI control, the response in the

base is reduced with respect to PVI control. This implies that, for these dynamic
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parameters, the use of AVI provides improvement in terms of VI and also reduces

the base acceleration. For the experimental test, the value of γ is 0.78, whereas for

the numerical simulation it is 0.80.

3.5 Conclusions

The problem of VI has been studied extensively in the past without considering its

effect on the supporting structure. When it has been considered, the previous studies

have only dealt with the effect in the VI performance. In this work, a theoretical

development of the complete interaction problem has been developed.

The transmitted vibration from the isolator to light-weight, and usually lively,

base structures might not always be negligible and should be carefully considered

in some cases. This study has provided understanding of how the VI system might

affect the base response for an active controller. This perspective grants to the

problem the possibility to analyse the effect of an isolator for a range of different

supporting structures. The controller used for this study is DVF. Its implementation

on a generic isolator has been studied and its influence on different base structures

has been illustrated using influence contour plots. Different particular cases have

been analysed to show the effect in the supporting structure. Thus, the parameter

γ, which shows how the base response changes with AVI control with respect to

PVI control, has been chosen to determine whether the base response improves

or worsens for AVI respect the PVI and by how much. The formulation has been

validated against an experimental test, which was developed on a full-scale structure

with appropriate sensor, controller and actuator hardware.
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Chapter 4

Vibration isolation and alignment

of multiple platforms on a

non-rigid supporting structure

This chapter is based on the following published journal paper:

• Pérez-Aracil, J., Pereira, E., Aphale, S. A. and Reynolds, P. “Vibration Isola-

tion and Alignment of Multiple Platforms on a Non-Rigid Supporting Struc-

ture”. Actuators 9, no. 4, 2020.

4.1 Introduction

Many industrial and research applications require the use of multiple devices for

the same task. The control objective is not just the vibration reduction of every

platform, but also to maintain the alignment between the different devices. The

hypothesis of a rigid base in the alignment problem of multiple isolators leads to

consider the best solution, in terms of the control gains, the same as that obtained

for the best vibration isolation performance: decrease of the platform movement

with respect to the supporting structure. This implies that no isolator interacts

with the supporting structure. As was aforementioned, this hypothesis is not valid

when the supporting structure is a non-rigid system. The design of the controller
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must deal with the base dynamic, in order to consider the interaction phenomenon

effect on both systems: isolators and base structure.

This chapter studies how the control forces exerted by the isolation system may

improve performance according to the isolation and alignment control objectives.

Thus, under the hypothesis of perturbation forces exerted at the supporting struc-

ture, which lead to the mentioned above scenario 2, two designs are compared. The

first one considers a rigid supporting structure with no dynamic interaction with

the isolator system. In this case, the best transmissibility between the accelerations

of supporting structure and sensitive equipment is always the best overall solution.

The second case considers a flexible supporting structure with dynamic interaction

with the isolator systems. The objective of this chapter is to highlight when the

best AVI design does not correspond with the best transmissibility, showing the

importance of considering this interaction.

The remainder of the chapter is as follows: it continues with the definition of the

functional value used to evaluate the performance of the of the controller proposed.

Section 4.3 includes illustrative results obtained with a large set of optimal AVI mul-

tiple SISO controllers designed for a large set of supporting structures and isolator

systems. This large set of examples are normalised in terms of mass and frequency

ratios of both systems. Finally, the main conclusions derived are presented.

4.2 Formulation of the vibration isolation and

alignment problem

The VI framework was formulated in Chapter 2. The scenario studied here considers

n isolators situated on a flexible supporting structure. Thus, the acceleration of the

jth isolator is the output of the system formulated in Equation (2.2), expressed

as YIj(s) in Laplace domain. The base acceleration at the jth isolator location is

expressed as Ybj(s). The supporting structure is modelled using Equation (2.21).

To evaluate the reduction of the platform vibration and the alignment be-

tween different devices, when multiple isolators are situated on a flexible sup-
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porting structure, the H-infinity norm of the FRFs, defined by YIj(s)/Ybj(s) and

(YIj(s)− YIj+1
(s))/Fdk(s) are considered. Thus, the following variables are defined:

i) the transmissibility between the platform and supporting structure acceleration,

defined in this work as:

ΛT =
1

n

n∑
j=1

∥∥∥∥YIj(s)

Ybj(s)

∥∥∥∥
∞
, (4.1)

and ii) the alignment of the isolators located on the supporting structure, which is

illustrated in Figure 4.1 and defined as follows:

ΛA =
1

l(n− 1)

n−1∑
j=1

∑l
k=1

∥∥∥YIj
(s)−YIj+1

(s)

Fdk
(s)

∥∥∥
∞

Lj,j+1

. (4.2)

The expression of Equation (4.2) is based on the tangent of the angle between

adjacent platforms, tan θj,j+1. The angle has been considered to be small enough

such that tan(θj,j+1) ≈ θj,j+1.

Reference

...12q 23q
n-1nq

( )tpx 1

( )tpx 2

( )tpx 3

( )tpx n-1

( )tpx n

Figure 4.1: Illustration of the alignment problem.

As can be observed, both expressions are divided by the number of addends, thus

the functional values can be compared independently of the number of isolators and

disturbance forces applied on the supporting structure.

The design criterion based on a rigid supporting structure hypothesis consid-

ers the AVI that minimises ΛT defined by Equation (4.1). The design criterion

based on a flexible supporting structure considers the AVI objectives defined by the

combination of ΛT and ΛA.

4.2.1 AVI control law for a SISO control system

The matrix control matrix GAV I,F (s), defined for a general case in Equation (2.28),

is particularised here for the SISO control system in which multiple isolators are
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involved in the same task. It results:

GAV I,F (s) =


Cf11(s) . . . 0

... . . . ...

0 . . . Cfnn(s)



kb11 . . . 0

... . . . ...

0 . . . kbnn

 =
1

s
KS

B, (4.3)

where Cfjj(s) is considered in this work as a pure integrator, with the aim to emulate

the behaviour of a sky-hook damper [Preumont, 2018b], in which each force faj(t)

only depends on the movement of the platform. The active damping added to

the isolator by the DVF increases with the absolute value of the gain kbjj . As

was aforementioned, the matrix KS
B is the control gains matrix for a SISO control

technique, for either a rigid (KS
V ) or a flexible (KS

FV ) supporting structure. The

DVF controller of the jth isolator can be expressed as:

GAV I,F (s)[j, j] = kbjj/s. (4.4)

The matrix of the isolator system of Equation (4.3) is given by KS
B =

diag(kb11 , . . . , kbnn). This matrix is diagonal since a SISO control technique is used.

The TF between the platform acceleration (ẍpj) and the base acceleration (ẍbj) for

the jth isolator, and the DVF of Equation (4.4) is as follows:

s2Xpj(s)

s2Xbj(s)
=

2ζpjωpjs+ ω2
pj

s2 + 2ζpjωpjs+ ω2
pj
− (kbjj/mpj)s

. (4.5)

Note that the value of ζpj should be small enough to guarantee a -40 dB/dec atten-

uation in first part of the rejected band. For example, if the value of ζpj is equal

to 0.01, there is a -40 dB/dec attenuation between ωpj and 50ωpj (i.e., the zero is

placed at −50ωpj). The objective of Equation (4.5) is to increase the damping of the

poles, reducing the peak response. The value of this closed-loop damping, denoted

in this work as ζAV I
pj

, is obtained with following equation:

ζAV I
pj

= ζpj −
kbjj

2mpjωpj

. (4.6)
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4.3 Application example

In this section, the analysis of the VI and the alignment problem is particularised

to the case of three isolators placed on a simply supported beam. The numerical

results illustrate when the dynamics of the supporting structure must be considered

in the alignment problem (i.e. the combination of ΛT and ΛA). This section is

divided into: i) system dynamics, ii) design criterion and iii) numerical examples for

symmetrical and non-symmetrical configurations of the three isolators.

4.3.1 System dynamics

The system can be divided into two parts: the supporting structure and the three

isolators (Figure 4.2). The first is chosen to be a pinned-pinned supported beam.

The material of the beam is defined by its Young’s modulus (Ex) and its density

(ρ). The geometrical properties of the beam are defined such that the inertia of the

cross-section with respect to the horizontal axis is Ix, and the length between the

supports is Lb.

pk
1 pc

1

pm
1

af1
( )t

pk
2 pc

2

af 2
( )t

px
2
( )t

pm
2

fc 1
( )tpx ( )t

1
Sensor

fc 2
( )tSensor

fc 3
( )tSensor

pk
3 pc

3

af 3
( )t

px
3
( )t

pm
3

fc ( )t

Flexible structuresL
l sL

r

bL  / 2

Figure 4.2: Illustration of three isolators situated on a flexible beam support.

The qth mode shape of the beam can be expressed as [Chopra, 2011]:

φbq(x) = C1 sin qπx

Lb

(4.7)

in which C1 is a constant that has been chosen to be unity. The frequency of the
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qth mode can be expressed as:

ωbq =

(
qπ

Lb

)2√
ExIx
Ml

(4.8)

in which Ml is the mass per unit length of the beam. The relationship between

the vibration modal frequencies can be defined by considering Equation (4.8) as:

ωbq = ωb1 · q2, in which 1 ≤ q ≤ m.

The variables Lsl and Lsr are the distances from the end isolators with respect

to the left and right supports, respectively, and they correspond with the location of

the isolators j = 1 and j = 3, respectively. The isolator j = 2 has been considered to

be at the mid-span of the beam structure for the symmetrical and non-symmetrical

cases. The distances used for the functional are L12 = Lb/2 − Lsl and L23 =

Lb/2− Lsr .

The state-space representation proposed in Equation (2.21) is used to model the

supporting structure, in which: i) the number of modes considered is m = 3, ii) the

number of inputs of the isolator system (i.e. the number of outputs of the supporting

structure) is n = 3, iii) the disturbance forces are considered to be at the isolator

locations (l = 3) or one force located at Lb/4 from the left support, which can excite

all the considered vibration modes (l = 1) and iv) the damping is assumed to be

constant for all modes, with a value of ζbq = 0.005, in which 1 ≤ q ≤ 3.

The three isolators are considered to have the same dynamic properties (i.e. the

values of mpj , ωpj and ζpj are the same for j = 1, 2, 3). The values of the masses

and natural frequencies are defined with respect to the supporting structure model

as follows:

mpj = rmMm, (4.9)

ωpj = rωωb1 , (4.10)

where rm is the ratio between the isolator mass and the beam modal mass, which is

defined as Mm = MlLb/2, and rω is the ratio between natural frequency of the isola-

tor and the first vibration mode of the beam. The simulations have been developed
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considering ζp1 = ζp2 = ζp3 = 0.01.

4.3.2 Design criterion

The design criterion is based on finding the optimal gains values kv11 , kv22 and kv33

for each pair of values rm and rω in order to minimise the following functional:

ffv(K
C
B, rm, rω) = αΛT (K

C
B, rm, rω) + βMmLbΛA(K

C
B, rm, rω), (4.11)

In this case, KC
B = KS

B. The parameters α and β balance the importance of

vibration level reduction for every platform, which is defined by ΛT , and the relative

alignment between the isolators, which is defined by ΛA. In this particular example,

these parameters are considered as α = β = 0.5. Note that: i) the function ΛT

depends on KS
B, rm, and rω and ii) the function ΛA is scaled by MmLb in order

to make ffv independent of the flexible beam, depending only on KS
B, rm and

rω. Thus, the conclusions can be generalised to any simply supported beam where

such configurations of isolator systems are used, simplifying a future experimental

validation.

Firstly, if the rigid case is considered, the minimisation of the functional value

ffv is simplified to the minimisation of ΛT . Thus, the optimal value of KS
V must

be as large as possible. In order to limit this value, this work considers that the

maximum damping in this numerical example is one. Thus, the gain kbjj obtained

for this damping value, which is denoted as k̂vjj , is calculated as follows:

k̂vjj = −2(1− ζpj)mpjωpj , (4.12)

where the optimal matrix for the rigid case is defined as K̂
S

V . Secondly, the flexible

supporting structure is also considered in order to minimise Equation (4.11). The op-

timal value of KS
B is denoted as K̂

S

FV . Thus, the differences in ffv(K̂
S

V )/ffv(K̂
S

FV ),

which must be greater or equal to one, and K̂
S

V /K̂
S

FV , where each component must

be also be greater than or equal to one, are useful to illustrate and quantify the in-
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teraction between the supporting structure and isolator system in terms of isolation

and alignment objectives. Note that the damping of the transmissibility for K̂
S

FV

will be always less than or equal to that obtained with K̂
S

V , showing that a worse

transmissibility may improve the alignment objective.

4.3.3 Numerical results

Since the functional ffv(KS
B, rm, rω) does not depend on Mm and Lb, the values of

Mm and Lb can be assumed as unity for the pinned-pinned supported beam. The

interval ratios for rm and rω are defined in the Table 3.1. The value of each kvjj (i.e.,

the control gain considering a rigid supporting structure) must be between zero and

k̂vjj .

rm rω
[1 · 10−4, 1.5] [0.1, 1.5]

Table 4.1: Mass ratios rm and frequency ratios rω used in the numerical experiment.

Two examples are presented: i) a symmetrical case with Lsl = Lsr = Lb/4

(L12 = L23 = Lb/4) and ii) a non-symmetrical case with Lsl = Lb/4 and Lsr = Lb/6

(L12 = Lb/4 and L23 = Lb/3). In addition, two scenarios are independently studied

in order to compare the effect of disturbance force location. The first one considers

a single disturbance force applied at Lb/4. The second considers three disturbances

forces applied at the isolator locations. The optimal control gains for each case have

been obtained using the Nelder-Mead simplex algorithm [Lagarias et al., 1998] with

boundary conditions [D’Errico, 2020]. The maximum number of iterations has been

chosen to be 2000, and a tolerance on convergence of 10−6. Additionally, the stability

of the overall system defined in Equations (2.5), (2.22) and (2.25) is verified. Thus,

if there are positive real poles, the functional defined in Equation (4.11) is penalised

and all unstable solutions are discarded.

With the aim of showcasing the effect of uncertainty in isolator dynamics on

the VI and alignment performance, a robustness analysis has been conducted. The

single force disturbance input case is analysed for symmetrical and non-symmetrical
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scenarios, considering variations of 5% and 10% in the dynamic properties ζp2 , ωp2 ,

of the mid-span isolator.

Symmetrical case: L12 = L23 = Lb/4

A comparison of the functional ffv(KS
B) for both optimal control gains K̂

S

V , K̂
S

FV is

shown in Figure 4.3. Figure 4.3a shows the case of a single disturbance force, which

is applied at Lb/4 from the left support, and Figure 4.3b show the three disturbance

forces applied at the isolator locations.
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Figure 4.3: Ratio ffv(K̂
S

V )/ffv(K̂
S

FV ) for (a) a single disturbance force and (b) three
disturbance forces for the symmetrical case.

The influence of the frequency ratio rω is much higher than the influence of the

mass ratio rm for the scenario of a single disturbance force. The highest influence

region is located in the are defined by rω → 0.8 and low mass ratios. The use of

K̂
S

V may imply an increment of two times the value of ffv(K̂
S

V ) with respect to the

use of K̂
S

FV . It is important to note that, for most of the domain analysed here,

the influence of the dynamics of the supporting structure on the functional value is

high. This influence starts to be significant from rm ≤ 0.1. In addition, the interval

for rω is between 0.3 and 1.5, when rm = 10−4, where the functional varies from 9 %

to 200 %

Before analysing the case of three disturbance forces applied at the isolator
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locations, it should be noted that the total effect of the force applied at isolators 1

and 3 is null and the force applied at isolator 2 does not excite the second mode.

Thus, the second mode of the flexible support does not affect to Equation (4.11).

Therefore, the three gains of the isolators must be tuned to find a trade-off between

the transmissibility and the cancellation of the first and third mode. Thus, the

improvement must be more important than for a single disturbance force, which

excites the three vibration modes. This is evidenced in Figure 4.3b, where the ratio

ffv(K̂
S

V )/ffv(K̂
S

FV ) is shown. For most of the region, the use of K̂
S

V implies an

increment of the functional value two times higher than the use of K̂
S

FV . Also,

if the frequency of the isolators are similar to the first natural frequency of the

supporting structure, the influence of the base dynamic on the functional value is

higher, reaching an increment of nineteen times higher if K̂
S

V is used. Note that this

increment shows that the isolators are working as tuned mass dampers tuned to the

resonant frequency of the first vibration mode of the base supporting structure. The

difference between an isolator system optimally tuned to damp the first vibration

mode respect to other tuned to minimise ΛT , with ζAV I
pj

= 1, is more significant for

low values of rm. This justifies that the maximum difference occurs for rm = 10−4.

The functional value ffv(K
S
B) is determined by the control gains. It must be

highlighted that, for most of the domain analysed in this work, the optimal control

gain found is not the one that implies maximum damping (ζAV I
pj

= 1). Figure

4.4a shows the ratio k̂v11/k̂fv11 when a single disturbance force is applied, while

Figure 4.4b shows the same ratio when three disturbance forces are applied. In both

scenarios, the highest gain reduction region is almost coincident with the highest

influence region of ffv(K̂
S

V )/ffv(K̂
S

FV ). Hence, the compromise between alignment

and VI is shown, since considerable reductions in ΛA are achieved with values of

ζAV I
pj

less than one.

Next, the impulse responses of (yI1(t) − yI2(t)) are compared for three particu-

lar cases of rω and rm, to illustrate the importance of considering the supporting

structure dynamics in the control design problem.

For the cases rm = 0.01, rω = 0.3, which are shown in Figures 4.5a and 4.5d,
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Figure 4.4: Ratio k̂v11/k̂fv11 for (a) a single disturbance force and (b) three distur-
bance forces for the symmetrical case.

the ratios ffv(K̂
S

V )/ffv(K̂
S

FV ) are 1.08 and 1.09 for a single and three disturbance

inputs, respectively. A small improvement in the temporal responses can be seen in

these figures.

For the cases rm = 0.001, rω = 0.5, which are shown in Figures 4.5b and 4.5e

(middle), the ratios ffv(K̂
S

V )/ffv(K̂
S

FV ) are 1.34 and 1.37 for a single and three

disturbance inputs, respectively. An appreciable change in the time response can be

observed in these temporal responses.

For the cases rm = 0.0001, rω = 0.9, which are shown in Figures 4.5c and 4.5f

(right), the ratios ffv(K̂
S

V )/ffv(K̂
S

FV ) are 1.78 and 6.34 for a single and three dis-

turbance inputs, respectively. A high influence of the supporting structure dynamic

into the time response can be seen. Note the considerable reduction for the scenario

with three disturbance inputs.

Finally, it should be noted that there are two effects. The first one is associated

with the level of vibration, which depends mainly on the synchronisation of isolators

1 and 2 and their transmissibility. In this case, the response of (yI1(t) − yI2(t))

is reduced in amplitude but its settling time is not significantly changed (i.e. the

damping imparted to the vibration modes is not significant). For example, in Figure

4.5 (mid-column) the setting time is slightly increased but the amplitude is reduced.
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For a single disturbance force
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Figure 4.5: Impulse responses for three particular cases: (a) and (d) (rm = 0.01, rω =
0.3) (b) and (e) (rm = 0.001, rω = 0.5) (middle) (c) and (f) (rm = 0.0001, rω = 0.9)
(right), for (top row) a single disturbance input and (bottom row) three disturbance
inputs for the symmetrical case.

The second one is associated with the damping imparted to the supporting structure,

which reduces the settling time of the response (yI1(t)− yI2(t)). This can be clearly

seen in 4.5 (right-column), as was explained in Figure 4.3b comments. Therefore,

these behaviours, which depend on the interaction between the isolator system and

the supporting structure, are not obvious and must be considered when a dual VI

and alignment problem is being examined.
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Non-symmetrical case: L12 = Lb/4 and L23 = Lb/3

In this subsection, the case in which the end isolators are located asymmetrically

with respect to the mid-span isolator is studied. The distances have been defined

to be at the maximum amplitude location for the three first vibration modes, i.e.

Lsl = Lb/4, Lsr = Lb/6. The objective of including this case is to show how

the position of the isolators in the supporting structure can also affect the task

performance. Note that the contribution of the disturbance forces and the isolators

to the vibration modes of the base supporting structure are different respect to the

symmetrical case.

The influence of the supporting structure dynamics on the functional ffv(KS
B)

is analysed for a single disturbance force applied at Lb/4 (Figure 4.6a). In this case,

the first difference observed with respect to the symmetric all case is the change in

the highest influence region, which is observed for rω → 0.9. The influence of mass

ratios seems to be slightly higher than for the symmetrical case. Also, the maximum

value of the functional ratio ffv(K̂
S

V )/ffv(K̂
S

FV ) is greater than in the symmetrical

case.
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Figure 4.6: Ratio ffv(K̂
S

V )/ffv(K̂
S

FV ) for (a) a single disturbance force and (b) three
disturbance forces for the non-symmetrical case.

In this case, the three disturbance forces can excite the three vibration modes.

However, the forces applied to Lsl and Lsr do not excite the second vibration mode
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significantly in comparison with the first and the third vibration modes. Thus, its

contribution is not significant in Equation (4.11). In addition the contribution to

the third vibration mode is more significant in Equation (4.11), with respect to the

symmetrical case. Thus, the improvement in the ratio ffv(K̂
S

V )/ffv(K̂
S

FV ) is less

important in this example, as shown in Figure 4.6b. Note also that the maximum

influence region is similar to that of the symmetrical case. The highest ratio values

of ffv(K̂
S

V )/ffv(K̂
S

FV ) are lower than for the symmetrical case.

Another difference with respect to symmetrical case is that both end isolators

(j = 1 and j = 3) have different optimal control gains, since their locations with

respect to the mid-span isolator are different. The comparisons between k̂fv11 and

k̂v11 and between k̂fv33 and k̂v33 are shown in Figures 4.7a and 4.7b for one disturbance

force scenario. For the left isolator, (j = 1), the optimal gain value k̂fv11 can be

reduced more than 1.40 times the gain value k̂v11 . For the right isolator, the optimal

control gain considering the supporting structure dynamic k̂fv33 may be reduced

more than 1.90 times the gain value k̂v33 . In both cases, a considerably reduction

of the damping ratio is achieved. The same comparisons for the three disturbance

forces scenario is shown in Figures 4.7c and 4.7d. It is observed that the influence

of the mass ratio is much higher than for a single disturbance force. For the left

isolator, the optimal control gain k̂fv11 can be even 1.60 lower than k̂v11 . For the

right isolator, the ratio k̂fv33/k̂v33 can be higher than 2.

The same strategy of examining impulse response functions of the tangent is fol-

lowed here to demonstrate the beneficial effect of using the optimal control gain K̂
S

FV

for the alignment problem. The same pairs (rm, rω) were used in the symmetrical

case are analysed here.

For the case rm = 0.01, rω = 0.3, the relative alignment between left and mid-

span isolators is observed in an impulse response in Figure 4.8. For this case, the in-

fluence of the supporting structure is not very high, with ffv(K̂V )/ffv(K̂
S

FV ) = 1.06

for one disturbance input and ffv(K̂
S

V )/ffv(K̂FV ) = 1.07 when three disturbances

inputs are applied. However, it is observed in both temporal responses (Figures 4.8a

and 4.8d ) that the use of K̂
S

FV slightly improves the alignment.
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For a single disturbance force
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For a three disturbance forces
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Figure 4.7: Impulse responses for three particular cases: (a) and (d) (rm = 0.01, rω =
0.3) (b) and (e) (rm = 0.001, rω = 0.5) (middle) (c) and (f) (rm = 0.0001, rω = 0.9)
(right), for (top row) a single disturbance input and (bottom row) three disturbance
inputs for the symmetrical case.

For the pair rm = 0.001, rω = 0.5, the difference of considering K̂
S

V or K̂
S

FV

is clearly highlighted in Figure 4.8b for a single disturbance force, in which the

functional ratio ffv(K̂
S

V )/ffv(K̂
S

FV ) is equal to 1.27. If three disturbance forces are

considered, this ratio is equal to 1.29, and the effect in the alignment problem is
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For a single disturbance force
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Figure 4.8: Impulse responses for three particular cases: (a) and (d) (rm = 0.01, rω =
0.3) (b) and (e) (rm = 0.001, rω = 0.5) (middle) (c) and (f) (rm = 0.0001, rω = 0.9)
(right), for (top row) a single disturbance input and (bottom row) three disturbance
inputs for the non-symmetrical case.

shown in Figure 4.8e. Note that the settling time for the three disturbances forces

is higher than for the single disturbance force case.

For the pair rm = 0.0001, rω = 0.9, the value of ffv(K̂
S

V )/ffv(K̂
S

FV ) is equal to

2.38 for a single disturbance force and 5.28 for three disturbance forces. In Figure

4.8c, the alignment problem is improved for K̂
S

FV . In Figure 4.8f, the settling time

is also reduced, and the consideration of the supporting structure dynamics clearly

improves the functional value.
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4.4 Conclusions

This chapter has considered the particular problem of isolation and alignment of

multiple devices placed on a single flexible supporting structure. The objective is to

show when the dynamic interaction between the isolators and the supporting struc-

ture is significant, with respect to this particular problem. A general formulation

of the alignment and VI problem of multiple isolators has been made, where the

transmissibility (i.e., VI) and the alignment are integrated in a design functional.

A particularisation of this problem, which consists of three isolators placed on

a pinned-pinned supported beam, has been analysed in depth. Symmetrical and a

non-symmetrical configurations of the isolators have been considered. These simple

examples have highlighted the importance of considering the dynamics of the sup-

porting structure in the control design. The main conclusions of these numerical

examples are: i) the best isolator in terms of transmissibility is not the optimum

when the alignment is considered, ii) the influence of the designs when the support-

ing structure is considered or not is more important for low mass ratios, iii) there

is a trade-off between the transmissibility and the vibration cancellation of the sup-

porting structure, iv) this trade-off also depends on how the vibration modes are

excited (by the disturbance forces) and are cancelled (by the isolators), and v) the

contribution of the vibration modes may produce large differences between the rigid

and non-rigid hypotheses, as illustrated in the three disturbance forces cases.

Therefore, this chapter has shown that the interaction between isolators and

supporting structure must be considered when the problems of transmissibility and

alignment need to be solved. This interaction depends on the frequency and mass

ratios and location of the isolators and disturbance forces.
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Chapter 5

Optimal vibration isolation and

alignment over non-rigid bases

with the CRO-SL ensemble

This chapter is based on the following journal manuscript, which was submitted for

review in December 2020:

• Pérez-Aracil, J., Camacho-Gómez, C., Reynolds, P., Pereira, E. and Salcedo-

Sanz, S. “Optimal vibration isolation and alignment over non-rigid bases with

the CRO-SL ensemble”. Engineering Applications and Artificial Intelligence.

5.1 Introduction

This chapter discusses a similar scenario to Chapter 4. However, in this case, a

MIMO control strategy is proposed. This arises from the fact that the use of MIMO

control strategies leads to better solutions in AVI problems than SISO strategies

[Chanan et al., 2004, Beijen et al., 2018, Song et al., 2018, Xie et al., 2018]. It is

important to note that the implementation of the MIMO controller may be difficult,

mainly due to the following issues: i) there must be a trade off between the objec-

tives of VI and alignment, ii) the stability of the intrinsic feedback loop must be

guaranteed and iii) the number of controller parameters should be optimally tuned.
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In this chapter, the optimal control design of the MIMO active vibration con-

trollers subjected to stability restrictions is analysed. It results in a very complex

problem, which may not be solved by traditional optimization approaches. Instead

of using the Nelder-Mead simplex algorithm [Lagarias et al., 1998] as in Chapter

4, in this chapter the control design parameters are obtained with the recently

proposed multi-method ensemble meta-heuristic algorithm, the Coral Reefs Op-

timization algorithm with Substrate Layer (CRO-SL) [Salcedo-Sanz et al., 2017b,

Salcedo-Sanz et al., 2016]. This has been motivated not only by the good results

CRO-SL has obtained in different problems but also the difficulty in finding good

solutions in the MIMO case by using Nelder-Mead simplex algorithm. The use of

CRO-SL allows AVI to obtain considerable and not obvious improvements when

the interaction between the isolator system and the base frame is considered. This

motivates the use of this type of algorithm in this control problem. This algo-

rithm may combine different traditional optimization algorithms. Its potential lies

in that combination, which leads to better results than the individual algorithms

when the work separately. This has been demonstrated in different works, such

as in the design of optimal submerged arch structures [Perez-Aracil et al., 2020] or

in vibration control problems. For example, in the optimal design and location of

tuned mass dampers (TMDs) in structures of subjected to earthquakes excitations

[Salcedo-Sanz et al., 2017a]. Another example in which CRO-SL has been satisfac-

torily implemented is in the design of a MIMO active vibration control (AVC) system

oriented to reduce vibrations in floor structures. [Camacho-Gómez et al., 2018].

The rest of the chapter has been structured as follows: Section 5.2 shows the

AVI for a MIMO controller. Section 5.3 presents an application example in which

the controllers, both SISO and MIMO, and the functionals are particularized for

the case of three isolators situated on pinned-pinned supported beam. Section 5.4

presents the CRO-SL algorithm, its most important characteristics and a descrip-

tion of the search procedures implemented in the algorithm. Section 5.5 shows an

illustrative set of experiments, in which the effect of the dynamic of the support-

ing structure on the task performance is shown for a set of scenarios. In addition,
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the improvements of considering MIMO controllers optimally tuned by CRO-SL are

explained in detail. Section 5.6 shows a real experimental application. A set of

verified practical guidelines, based on the experimental test shown in Chapter 4 are

proposed. It is shown that considering real data, the use of the MIMO controller

improves the performance of the VI and alignment problem. Finally, in Section 5.7,

the conclusions derived in this chapter are presented.

5.2 Active vibration isolation for MIMO control

The general control matrix defined in Equation (2.28), can be expressed for this

particular case as follows:

GAV I,F (s) =
1

s


kb11 kb12 kb13

kb21 kb22 kb23

kb31 kb32 kb33

 =
1

s
KM

B , (5.1)

since Cfjj(s) = 1/s. The control gain kbjr relates the active force of the jth actuator

with the acceleration measured on rth isolation platform.

Three different designs are studied, which are shown in Table 5.1.

Supporting structure type Control technique type Control gain matrix (Optimal)
Rigid SISO KS

V (K̂
S

V )

Flexible SISO KS
FV (K̂

S

FV )

Flexible MIMO KM
FV (K̂

M

FV )

Table 5.1: Relation of supporting structure and controller types, with their control
gain matrices.

As it occurred in the case analysed in Chapter 4, for the rigid case, the control

gains will be coincident with those which lead to the maximum damping ratio. When

the dynamic of the supporting structure is considered in the analysis, it is observed

how optimal control gains do not reach this value.
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5.3 Case Study

To analyse how the MIMO control strategy can improve the response for the VI and

alignment problem respect to SISO control strategy, the example of Section 4.3 is

studied. The same system is considered, in which three isolators are situated on a

flexible pined-pined supported beam, Figure 5.1.

The design criteria is those proposed in Equation (4.11). The functional values

that will be analysed are then: i) rigid base with SISO control, ffv(KS
V , rm, rω), ii)

flexible blase with SISO control, ffv(KS
FV , rm, rω) and iii) flexible base with MIMO

control ffv(KM
FV , rm, rω). The weights α and β have been chosen as the example of

Section 4.3.3, (α = β = 0.5).

The VI framework and the alignment problem have been presented in Sections

2.3 and 4.2. The case of three isolators situated on pinned-pinned supported beam

is studied in detail.
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Figure 5.1: Schematic illustration of three isolators situated on a flexible supporting
structure, with a MIMO controller.
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5.4 The CRO-SL: an ensemble multi-method evo-

lutionary algorithm

In optimization, an ensemble method refers to an algorithm which combines differ-

ent types of other algorithms, search strategies or operators, in order to obtain high

quality solutions in optimization problems [Wu et al., 2019]. In the last years, the

application of ensemble approaches has increased, due to the good results obtained

by these combinations of techniques, mainly in hard optimization problems. Follow-

ing [Wu et al., 2019], there are different types of ensemble algorithms, but basically

the literature distinguishes two main class of combinations: High-level ensembles,

which are focused on selecting the best optimization algorithm for a given problem,

and low-level ensembles, which refers to the optimal combination of different types

of search strategies or operators within a single approach.

The Coral Reefs Optimization Algorithm with Substrate Layers (CRO-SL) is a

low-level ensemble for optimization, based on evolutionary computation. The CRO-

SL has been recently proposed as an advanced version of a basic original version of

the CRO [Salcedo-Sanz et al., 2014a]. The CRO-SL, in turn, was first introduced in

[Salcedo-Sanz et al., 2017b] to tackle a problem of total energy demand estimation.

It was further developed in [Camacho-Gómez et al., 2019] for large-scale optimiza-

tion problems. Since then, the CRO-SL has been successfully applied to a large num-

ber of optimization problems, including problems related to structural design and

vibration cancellation [Salcedo-Sanz et al., 2017a, Camacho-Gómez et al., 2018].

In order to fully describe the CRO-SL algorithm, the basic CRO approach is first

detailed. Then, the concept of substrate, which in this case is related to different

search procedures defined within a single evolutionary population, will be described.

5.4.1 Basic CRO

The Coral Reef Optimization Algorithm [Salcedo-Sanz et al., 2014a,

Salcedo-Sanz, 2017] is an evolutionary-type meta-heuristic, which was proposed

as a kind of hybrid between Evolutionary Algorithms [Eiben and Smith, 2003]
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and Simulated Annealing [Kirpatrick et al., 1983]. The CRO uses a model of a

rectangular-shaped reef of size MΛ × NΛ, (Λ), where the possible solutions to the

problem at hand (corals) are set. Each space Λ(i, j), where i and j are the space’s

coordinates, can be empty or contain a coral xk. The algorithm carries out a reef

evolution, as follows:

1. Initialization: A fraction ρ0 of the total reef capacity is occupied with ran-

domly generated corals. The reef position that each coral occupies is also

randomly selected.

2. Evolution: Once the reef has been populated the evolution process begins.

This process is divided in five phases per generation:

(a) Sexual reproduction: In this phase new solutions (larvae set) are cre-

ated from the ones belonging to the reef in order to compete for a place

in the reef. Sexual reproduction can be performed in two ways: external

and internal. A percentage Fb of the corals settled in the reef performs

external reproduction (Broadcast spawning) and the rest of them (1−Fb)

reproduce themselves through internal sexual reproduction (Brooding).

Both reproduction processes are performed as follows:

i. Broadcast spawning: from the set of corals selected for external

sexual reproduction (Fb), couples are set randomly so a coral can

become a parent only one time per generation. Each couple generates

a child (larva) which is released to the water to be placed in future

stages.

ii. Brooding: each one of the remaining corals (1−Fb) produce a larva

by means of a small perturbation and release it.

(b) Larvae setting: In this step, all the larvae produced try to find a spot

in the reef to grow up. A reef position is randomly chosen, and the larva

will settle in that spot only in one of the following scenarios:

i. The spot is empty.
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ii. The larva has a better health function value (fitness) than the coral

currently occupying that spot.

Each larva can try to settle in the reef a maximum of three times. If the

larva has not been able to settle down in the reef after that number of

attempts, it is discarded.

(c) Asexual reproduction: In this phase (also called budding) a fraction

Fad of the corals with better fitness present in the reef duplicate them-

selves and, after a small mutation, are released. They will try to settle

in the reef as in the previously described step.

(d) Depredation: Finally, each coral belonging to the Fdep worst fraction

can be predated (erased from the reef) with a low probability Pd.

Note that evolution process is a kind of hybrid between evolutionary algorithms

and Simulated Annealing, where the empty places in the reef introduce a probability

that worse solutions still count on the search. This way the algorithm secures an

increasing selective pressure per generation, which makes for a more extensive search

in the first generations and gradually intensifies the exploitation of certain regions of

the search space. The CRO has been applied to different optimization problems with

very good results [Salcedo-Sanz et al., 2014b, Yang et al., 2016, Yang et al., 2018,

Yan et al., 2019].

5.4.2 CRO with Substrate Layers (CRO-SL)

The CRO-SL algorithm [Salcedo-Sanz et al., 2017b, Salcedo-Sanz et al., 2016] is a

further evolution of the CRO approach. It proceeds basically as the basic CRO,

but with a significant difference: it considers several substrate layers (ns) of the

approximately same size in the reef Figure 5.2. Each substrate, in turn, represents a

particular evolution strategy or searching procedure. Thus, the CRO-SL is a multi-

method ensemble algorithm [Wu et al., 2019], where several searching strategies are

carried out within a single population.

According to what has been previously stated, this new approach adds a dimen-

sion to the reef Λ, so a reef position is now given by three coordinates Λ(t, i, j),
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where t is the substrate index, and i and j have the same meaning as in basic CRO.

The evolutionary process is the same as in basic CRO at a general level, but there

are some substantial differences produced by the new layered reef disposition in both

sexual reproduction processes and larvae placement change. The reproduction phase

is performed at substrate level, although all produced larvae are released to a com-

mon reservoir. From there, at larvae placement time, each larva searches for a space

to settle down in the whole reef, regardless of its original substrate, enhancing diver-

sity in the reef and in the search process. The CRO-SL has been successfully applied

to a large number of very hard optimization problems [Camacho-Gómez et al., 2019,

Tsai et al., 2019, Sánchez-Montero et al., 2018, Salcedo-Sanz et al., 2019].

HSDEGM Mpx2Px

Figure 5.2: Reef in the CRO-SL example. An example where 5 different substrates
stand for different search procedures applied to the problem: Gaussian Mutation
(GM) (yellow); Differential Evolution (DE) (red); Two-points crossover (light blue);
Multi-point crossover (green) and Harmony Search (HS) (dark blue).

5.4.3 Substrate layers defined in the CRO-SL

Note that very different search strategies can be defined in the CRO-SL as part of the

multi-method approach. They are usually defined at the practitioner’s discretion.

Some of the most used traditional operators in previous applications of the CRO-

SL are HS, DE, classical two-points crossover (2Px), classical multi-points crossover

(MPx) and Gaussian-based mutation (GM). There have been previous works in

which specific operators have been applied, such as operators based on chaotic

or strange attractors [Salcedo-Sanz, 2016], or tailor-made operators for the specific

problem at hand [Garcia-Hernandez et al., 2020, Bermejo et al., 2018]. In this chap-

ter, the combination of the traditional search strategies with two operators for search
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and optimization are combined. These new operators are the Firefly algorithm (FA)

and the Water Wave Optimization (WWo) approach, which have been implemented

satisfactorily in other optimization problems [Perez-Aracil et al., 2020]. This novel

approach improves the results of the optimization in terms of the best solution can

be achieved.

Then, a short definition of all the substrates considered in this chapter in the

CRO-SL ensemble is provided.

1. HS: Mutation from the HS algorithm. HS [Geem et al., 2001] is a population

based meta-heuristic that mimics the improvisation of a music orchestra while

its composing a melody. HS controls how new larvae are generated in one of

the following ways: i) with a probability HMCR∈ [0, 1] (Harmony Memory

Considering Rate), the value of a component of the new larva is drawn uni-

formly from the same values of the component in the other corals. ii) with

a probability PAR∈ [0, 1] (Pitch Adjusting Rate), subtle adjustments are ap-

plied to the values of the current larva, replaced by any of its neighbouring

values (upper or lower, with equal probability).

2. DE: Mutation from DE algorithm. This operator is based on the evolutionary

algorithm with the same name [Storn and Price, 1997], a method with pow-

erful global search capabilities. DE introduces a differential mechanism for

exploring the search space. Hence, new larvae are generated by perturbing

the population members using vector differences of individuals. Perturbations

are introduced by applying x′
i = x1

i + F (x2
i − x3

i ) (where F = 0.6 determines

the evolution factor weighting the perturbation amplitude) for each encoded

parameter on a random basis. After this perturbation, final perturbed vec-

tor x′ is combined with an alternative coral in the reef following a classical

2-points crossover, as defined next.

3. 2Px: Classical 2-points crossover. The crossover operator is the most

classical exploration mechanism in genetic and evolutionary algorithms

[Eiben and Smith, 2003]. It consists of coupling to individuals at random,
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choosing two points for the crossover, and interchanging the genetic material

in-between both points. In the CRO-SL, one individual to be crossed is from

the 2Px substrate, whereas the couple can be chosen from any part of the reef.

4. MPx: Multi-points crossover. Similar to the 2-points crossover, but in this

case a number k of crossover points are selected, and a binary template decides

whether parts of the individuals are interchanged.

5. GM: with a σ value linearly decreasing during the run, from 0.2 ·(AGM−BGM)

to 0.02 · (AGM −BGM), where [BGM , AGM ] is the domain search. Specifically,

the Gaussian probability density function is:

fG(0,σ2)(x) =
1

σ
√
2π

e−
x2

2σ2 .

The reason of adapting the value of σ along the generations is to provide a

stronger mutation in the beginning of the optimization, while fine tuning with

smaller displacements nearing the end. The mutated larva is thus calculated

as: x′
i = xi + δNi(0, 1), where Ni(0, 1) is a random number following the

Gaussian distribution.

6. FA: The FA is a kind of swarm intelligence algorithm, first introduced by Yang

in [Yang, 2008]. The FA is based on the flashing patterns and behaviour of

fireflies in nature. The pattern movement of a firefly i attracted to another

(brighter) firefly j is calculated as follows:

xt+1
i = xt

i + β0e
−γr2ij(xt

j − xt
i) + αcε

t
i (5.2)

where β0 stands for the attractiveness at distance r = 0. The specific FA muta-

tion implemented in the CRO-SL is a modified version of the algorithm known

as Neighbourhood Attraction Firefly Algorithm (NaFa) [Wang et al., 2017]. It

has been implemented as follows: when a coral (solution) in the reef belongs to

the NaFa substrate, it is updated by following Equation (5.2). All the parame-

ters of the equation are tuned during the CRO-SL evolution. The corals in the
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NaFa substrate consider as swarm a neighbourhood among all the other corals

in the reef (not only the NaFa substrate). Thus, the corals in the NaFa sub-

strate are updated taking into account some solutions from other substrates,

since all the corals in the reef share the same objective function (brightness

for the NaFa substrate).

7. WWo: The WWo [Zheng, 2015] is a recently proposed meta-heuristic based on

the phenomena of water waves, such as propagation, refraction, and breaking.

Three different procedures are then defined in this algorithm: Wave propaga-

tion: at each generation of the algorithm, each wave x in the population is

propagated, to generate another wave x′ in the following way:

x′(d) = x(d) + U(−1, 1) · ΛL(d) (5.3)

where U(−1, 1) is a uniformly distributed random number within the range

[−1, 1], Λ stands for a wavelength associated to each wave, which will be

updated in each iteration of the algorithm and L(d) is the length of the dth

dimension of the search space [Zheng, 2015] for details on these parameters.

Then, wave refraction is simulated as

x′(d) = N

(
x∗(d) + x(d)

2
,
|x∗(d)− x(d)|

2

)
(5.4)

where x∗(d) is the best solution found so far, and N(·) is a Gaussian random

number with mean µ and standard deviation σ. Finally, a wave breaking

process is also simulated as

x′(d) = x(d) +N(0, 1) · βwL(d) (5.5)

where βw is the breaking coefficient.

The implementation of the WWo algorithm as CRO-SL is straightforward, as

any solution within the substrate is just applied the set of operators described

above, with the algorithm’s parameters described in [Zheng, 2015].
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5.5 Application examples

In this section, the search of nearly-optimal control gains in a particular problem is

made by using the CRO-SL.

5.5.1 General description

Two different scenarios are analyzed in this subsection. In the first one, the end

isolators are situated at the same distance respect to the mid-span isolator, while

in the second one, the distances are different. Both scenarios are analyzed using

both SISO and MIMO control strategies. The functional values for the two cases

are compared for the VI and alignment problem. The disturbance forces Fdk(s) are

considered to be applied at the isolator locations.

The control gain matrix K̂
C

B is found for every scenario using the CRO-SL algo-

rithm. The parameters used in the experiments are shown in Table 5.2. These pa-

rameters have been chosen by trial and error methodology. They are based on many

different experiments, which arise from vibration control and different field problems

[Salcedo-Sanz et al., 2017a, Camacho-Gómez et al., 2018, Perez-Aracil et al., 2020].

In addition, the stability of the overall system defined into Equations (2.27) is

checked in every step. Thus, if there are positive real poles, the functional defined

into Equation (4.11) is penalised, then the result is discarded. Thus, that solution

cannot be considered if the stability is not achieved. The linear time-invariant

system presented in this thesis is absolutely stable if all the poles of the state matrix

are in the stability region [Ogata, 2010].

The computational time to calculate the optimal control gains for each pair

(rm, rω) is about 8 minutes in the symmetrical and non-symmetrical cases (note that

vector operations do not imply a high computational effort) considering 30 iterations.

This time may differ for different value pairs (rm, rω). It has been calculated using

a HP® desktop computer: Intel® Core™ i3-9100 CPU, 3.60 GHz with 8.00 GB of

RAM. This time can be reduced to 6 minutes for the same computer by using parallel

fitness calculation. The computer has four workers (processors).

To analyse the effect that the supporting structure dynamic has on the VI and
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Table 5.2: Parameters values used in the CRO-SL.

Parameter Description value
Reef Reef size 100
ρ0 Fraction of reef capacity initially occupied 80%
Fb Frequency of broadcast spawning 97%
Substrates HS, DE, 2Px, GM, MPx, NaFa, WWo 7
Fad Percentage of asexual reproduction 5%
Fdep Fraction of corals for depredation 5%
Pd Probability of depredation 10%
αc Maximum number of iterations 30

alignment problem, different scenarios have been studied. The different mass and

frequency ratios analysed in this work are shown in Table 4.1. The process followed

to calculate the optimal control gain for every scenario is shown in Figure 5.3.

Definition of the isolators  dynamicparameters, and the maximum controlgain:
pω

for mr ω, r

end
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Figure 5.3: Illustrative example of the fitness calculation.

It is important to note that, for the SISO problem, the CRO-SL changes three

variables in both cases, symmetrical and non-symmetrical. However, for the MIMO

control strategy, the variables to be changed are five if the symmetrical case is

analysed, since the gain matrix of Equation (5.1) is considered symmetrical, and for
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non-symmetrical case, the number of variables is nine.

5.5.2 Symmetrical case

In this scenario, the end isolators are situated from the same distance respect to the

mid-span isolator. This implies that L12 = L23. The symmetrical conditions allows

applying the next equivalences in the problem: k̂v11 = k̂v33 , k̂v12 = k̂v32 , k̂v13 = k̂v31

and k̂v21 = k̂v23 . Thus, only five variables are changed.

It was aforementioned that, if the base is considered as a infinitely rigid system,

the best control gain for the VI and alignment problem is the higher one, for the

chosen controller in this work, since it leads to the higher damping ratio. However,

if the base is not a rigid system, the dynamic of the platforms are coupled, and the

best control gain matrix solution is not a trivial, especially if a MIMO controller

is used. It can observed in Figure 5.4 a comparison of the functional values are

shown. The comparison between the best solution for a rigid case (K̂S

V ) and the

best MIMO solution for the non-rigid base (K̂M

FV ) is shown in Figure 5.4(a). In

this figure can be observed the improvements obtained by considering the dynamic

of the supporting structure, which can be close to 19 times around when rω is

around one. This solution could be obvious since the isolator system can imparted

damping to the base structure working as a TMD. When the value of rω is not close

to one, the improvement is also significant. Figure 5.4(b) shows the comparison

between SISO and MIMO for the non-rigid base. Note that in this figure the largest

improvements are achieved when rω is not close to one, which means that the MIMO

can considerably improves the alignment objective. This is a not obvious solution,

which is the main conclusion of this numerical experiment.

In order to better illustrate the above results, system time responses are also

included. The alignment objective is analyzed for three individual cases. The first

one considers a high mass ratio rm = 0.01, and low frequency ratio rω = 0.3. The

second scenario considers a medium mass ratio rm = 0.001, and medium frequency

ratio rω = 0.5. While in the third scenario, a low mass ration and high frequency

ratio are considered: rm = 0.0001, rω = 0.8. Figure 5.5 shows the three impulse
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Figure 5.4: Functional ratio (a) ffv(K̂
S

V )/ffv(K̂
M

FV ), (b) ffv(K̂
S

FV )/ffv(K̂
M

FV ) in
the symmetrical case.

responses, for the difference (yI1(t)−yI2(t)), when the disturbance forces are applied

at the isolator locations.

For the first case, Figure 5.5a, the use of the diagonal control gain matrix K̂
S

V ,

which leads to the maximum damping ratio in every isolator, implies the worst align-

ment response. It can be observed that the use of the SISO control gain matrix ob-

tained considering the supporting structure dynamics K̂
S

FV , considerably improves

the response, also reducing the settle time. This improvement is even higher if the

MIMO control strategy is considered, which implies to use K̂
M

FV . As was shown in

Figure 5.4, the improvement of considering the dynamic of the supporting structure

in the control design is even higher as the mass ration is reduced. This is shown for

the second case, Figure 5.5b. In this case, the improvement of the MIMO control

strategy is clearly shown. For the third case Figure 5.5c, as it occurs in the above

cases, to choose the control gain matrix which leads to the highest damping ratio in

every isolator K̂
S

V is clearly the worst solution. However, the improvement reached

for this case when K̂
S

FV is particularly high, but even more if the MIMO control

strategy is used.

Regarding the computational performance of the CRO-SL in the problem, Figure

5.6 shows the fitness evolution for the three specific scenarios considered (rm =
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Figure 5.5: Impulse responses for the acceleration difference between platforms for
three cases: (a) rm = 0.01, rω = 0.3 , (b) rm = 0.001, rω = 0.5 (middle) (c)
rm = 0.0001, rω = 0.8 (right).

0.01, rω = 0.3 (continuous line), rm = 0.001, rω = 0.5 (dashed line) and rm =

0.0001, rω = 0.8 (dotted line)) for MIMO, which is the most complex problem

from the computational point of view. As can be seen, the CRO-SL has a similar

convergence for the three scenarios, around 10 to 15 generations, with the best

values of objective function (Equation (4.11)) obtained for the first one, close to the

solution for the third scenario, and far way from the second scenario, which seems

to be more difficult to optimize.

Figure 5.7 illustrates the importance of combining different strategies or opera-

tors (i.e., substrates). Figures 5.7 (a), (c) and (e) show the ratio of times that each

substrate generates the best larva. Note that, in each iteration, only one substrate

can increase this ratio and the sum of all ration must be 100%. It is interesting that

the algorithm’s behaviour is quite similar in all the scenarios, with slight variations

on the substrate that contributes the most to the search. In the first scenario, it

seem that the best substrate is the DE, but the contribution of other substrates

seems significant until the end of the CRO-SL evolution, specially the FA substrate,

which seems to dominate the search in the first stages of the algorithm, and the

WWo which also seems to contribute in an important manner to the algorithm’s

evolution. In the second and third scenarios, the contribution of the DE and FA

substrates is also clear, but the contribution to the search of the rest of substrates

128



5 10 15 20 25 30
2

3

4

5

6

7

Figure 5.6: Fitness evolution in the CRO-SL for three cases: rm = 0.01, rω = 0.3
(continuous line), rm = 0.001, rω = 0.5 (dashed line) and rm = 0.0001, rω = 0.8
(dotted line), in the symmetrical case.

seems to be smaller, at least in terms of best larvae production (best solutions),

though it seems that all the substrates put larvae into the reef until the end of the

evolution.

Figures 5.7 (b), (d) and (f) show the number of larvae settling in the reef per

substrate for the different scenarios considered. These Figures complement the in-

formation given by Figures 5.7 (a), (c) and (e). Note that when a larvae settling

occurs means that the solution in this substrate is improved. Thus, the substrates

with large number of larvae settling usually achieve the best larva (i.e. solution) in

each iteration.

In general, this analysis shows that DE and FA substrates are the predominant

ones in the CRO-SL evolution for this problem, with important contributions of

other substrates which depend on the scenario considered.
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Figure 5.7: Ratio of times that each substrate generates the best larva and number
of larvae settling in the reef per substrate for the different scenarios considered, in
the symmetrical case; (a) Ratio of times for the best larva, Scenario 1; (b) Number
of larvae into the reef, Scenario 1; (c) Ratio of times for the best larva, Scenario 2;
(d) Number of larvae into the reef, Scenario 2; (e) Ratio of times for the best larva,
Scenario 3; (f) Number of larvae into the reef, Scenario 3.

130



5.5.3 Non-symmetrical case

In this case, the distances between the end isolators and the mid-span isolator are

different. The distances have been chosen to be L12 = Lb/2−Lb/4, and L23 = Lb/2−

Lb/6. Hence, it is pretended to show the importance of the relative distance between

the isolators, also the importance of their locations on the beam. It is important

to note that the locations are coincident with the maximum modal displacement of

the first, second and third modes of the beam.

As was made for the last scenario, a comparative of the functional value

ffv(KV ) for different control gains matrices is made. Figure 5.8a shows the ra-

tio ffv(K
S
V )/ffv(K̂

M

FV ), and the ratio ffv(K
S
FV )/ffv(K̂

M

FV ) is shown in Figure 5.8b.

An improvement of the response in the VI and relative alignment problem is reached

for the whole domain compared in this work, when the MIMO control gain matrix

K̂
M

FV is used instead the matrix which leads to the maximum damping ratio for

every isolator K̂
S

V . It can be observed, that the maximum improvement is reached

for low mass ratios rm and rω to 1, where the use of the MIMO control strategy leads

to functional values more than fourteen times lower than for the use of K̂S

V . If the

dynamic of the supporting structure is considered in the control design, but a MIMO

control strategy is used instead of the SISO control strategy, an improvement of the

response is reached for the whole domain considered in this work. Thus, although

the use of a MIMO controller may imply a more difficult implementation, its use

leads to better task performance. It should be highlighted that the influence of using

MIMO compared with SISO in this non-symmetrical case if more significant than in

the symmetrical one. Note that the maximum improvement in the non-symmetrical

case is higher (close to 3.5) and the region is not uniform. This denotes that this

problem is more complex from the computational point of view and the solution is

less obvious.

In order to better illustrate the influence of using SISO and MIMO, considering

the interaction between the base and the isolators, the same three cases that in above

scenario are studied here: i) rm = 0.01, rω = 0.3, ii) rm = 0.001, rω = 0.5 and iii)

rm = 0.0001, rω = 0.8. The impulse responses of the differences (yI1(t) − yI2(t))
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Figure 5.8: Functional ratios (a) ffv(K̂
S

V )/ffv(K̂
M

FV ), (b) ffv(K̂
S

FV )/ffv(K̂
M

FV ) in
the non-symmetrical case.

(top row) and (yI2(t) − yI3(t)) (bottom row) are shown in Figure 5.9. For the first

case Figures 5.9a and 5.9d it can be observed that the settle time is considerably

reduced. The response for the mid-span and right-end isolators is clearly improved

when the MIMO control strategy is used. w

For the second scenario Figures 5.9b and 5.9e, The alignment between the mid-

span and right-end isolators is also improved for the MIMO control strategy. The

same occurs for the third case Figures 5.9c and 5.9f, in which the relative alignment

improved for the MIMO control strategy respect to the other solutions.

Note that a better alignment between the left and mid-span isolators are

achieved. This is particularly significant when MIMO is used. This shows the im-

portance of the isolator location in this complex problem, which must be considered

when the base and the isolator are holistically designed.

As in the previous case, the discussion of results with an analysis of the compu-

tational performance of the CRO-SL in this problem is included. Figure 5.10 shows

the fitness evolution for the three specific scenarios considered (rm = 0.01, rω = 0.3

(continuous line), rm = 0.001, rω = 0.5 (dashed line) and rm = 0.0001, rω = 0.8

(dotted line)) in this Non-symmetrical case. Note that in this case the best evo-

lution in terms of objective function is obtained in the third scenario, though the
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Figure 5.9: Impulse responses in the non-symmetrical case for the acceleration
difference between platforms for (a), (b) and (c) the left and mid-span isolators
(d), (e) and (f) right and mid-span isolators. The three different cases are: rm =
0.01, rω = 0.3 (left), rm = 0.001, rω = 0.5 (middle) and rm = 0.0001, rω = 0.8
(right).

first scenario is close, and again, the objective function of the second scenario is

the worst among the three considered. The evolution of the curves shows that the

improvement in the second and third scenarios is larger than for the first scenario,

in which the CRO-SL obtains a small improvement over the starting solution. As in

the previous experiment, in this case the most difficult problem to optimize seems

to be the non-symmetrical case. The convergence of the algorithm is again obtained

at around generation 15 of the CRO-SL in all the cases.

Figure 5.11 shows the analysis of the performance of each substrate in this case.

In this examples, the DE and FA substrates seem to be key for the search capability

of the CRO-SL, but in this case the WWo substrate seems to have less important
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Figure 5.10: Fitness evolution in the CRO-SL for three cases: rm = 0.01, rω = 0.3
(continuous line), rm = 0.001, rω = 0.5 (dashed line) and rm = 0.0001, rω = 0.8
(dotted line), in the non-symmetrical case.

than, for example the 2Px or the MPx operators in the first and second scenarios,

and only 2Px in the third scenario. In terms of solutions seeded into the reef in the

evolution, it is clear that the DE and FA substrates are the most important for the

search, and the contribution of other substrates also help the algorithm to search,

but depending on the scenario, this contribution is small for example for HS or GM

operators, whereas WWo, 2Px or MPx seem to have a relative importance in the

search cabilities of the CRO-SL.

5.6 Practical implementation guidelines

The application examples illustrated in Section 5.5 show that the interaction between

the isolator system and the non-rigid base must be considered for a large and not

obvious range of parameters. However, these examples consider ideal models, which

may hinder the practical application of the theory presented.

This section proposes detailed practical guidelines, which ccan be ap-

plied to a real experimental setup. These guidelines have been verified in
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Figure 5.11: Ratio of times that each substrate generates the best larva and number
of larvae settled in the reef per substrate for the different scenarios considered, in the
Non-symmetrical case; (a) Ratio of times for the best larva, Scenario 1; (b) Number
of larvae set into the reef, Scenario 1; (c) Ratio of times for the best larva, Scenario
2; (d) Number of larvae set into the reef, Scenario 2; (e) Ratio of times for the best
larva, Scenario 3; (f) Number of larvae set into the reef, Scenario 3.

[Pérez-Aracil et al., 2021], from which the data is based on. In that work, the sup-

porting structure was a standard UPN200 profile of 5 m length and mass 126 kg.
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The isolator device was an APS Dynamics Model 400 electrodynamic actuator (see

Figure 5.12a). The mass of the isolator device is 82 kg when mp is unattached and

the total mass of the isolation platform mp is 31 kg.

This work considers the same supporting structure, and the isolator model

extracted from the experimental verification shown in [Pérez-Aracil et al., 2021],

but instead of studying a single isolator situated at the mid-span of the beam,

three isolators are considered, which are assumed to be symmetrically placed at

Lsl = Lsr = Lb/4. The next verified practical guidelines are proposed:

i The model of the beam with three lumped masses is obtained.

ii This model can be experimentally validated as was done in

[Pérez-Aracil et al., 2021].

iii Each isolator is placed on a rigid ground and is excited by a random pertur-

bation in order to obtain transmissibility of each isolator.

iv The transmissibility is used to identify the natural frequency and damping

ratio which are ωp = 8.79 rads−1 (1.4 Hz) and ζp = 0.075 (see Figure 5.12b).

The value of mp is equal to the moving mass (32 kg).

v The controller GAV I,F (s) is optimally designed by CRO-SL (SISO and MIMO).

vi Simulation results are obtained.

vii Experimental results to be acquired.

5.6.1 Results

Following the above practical guidelines, a finite element model of the beam is

obtained Figure 5.13. The natural frequencies and mode shapes of the non-rigid

base are obtained by considering the effect of the added masses. The software

used for the model is Autodesk Robot Structural Analysis Professional software
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Figure 5.12: (a) Real isolator device used for the experiment. (b) Comparison of
the experimental and theoretical transmissibility TFs.

[Autodesk, 2020]. Thus, the model of Equation (2.21) can be developed as follows:

ΦI = ΦD =


0.046 0.066 −0.046

0.066 0 0.066

−0.046 0.066 −0.046

 , (5.6)

which represents the mode shapes at the isolator locations. The damping ratio

ζb = 0.0047 is the same for all modes, which was determined from measurements

[Pérez-Aracil et al., 2021]. The natural frequencies are ωb1 = 22.80 rad · s−1;ωb2 =

90.60 rad · s−1;ωb3 = 192.32 rad · s−1.

The controller of Equation (5.1) has a pure integration with infinite magnitude

response at zero frequency, making this controller very sensitive to low-frequency

noise. Therefore, it is not suitable for being used in practice because it may saturate

the actuator used for imparting the force due to offsets in the acceleration signal

[Díaz and Reynolds, 2010]. Thus, the following lossy integrator is considered in this

case study:

GAV I,F (s) = KM
B

ωc

s+ ωc

, (5.7)

in which ωc represents the low frequency cut-off frequency of the lossy-integrator

and KM
B is the control gain. If the value of ωc is defined as 0.1ωp, the ideal and real
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Figure 5.13: Schematic of the beam supporting structure with three isolators sym-
metrically situated with unattached payloads.

DVF has a similar behaviour in the bandwidth of interest. The value of ωc is then

0.8796 rad/s. Then, the KM
B is obtained by minimizing ffv. The optimal value in

the rigid base design is not obtained by Equation (4.12). In this case, the gain k̂vjj

achieves a value of -3 dB in the FRF of the transmissibility TF at the oscillating

frequency, given by ωpdj
= ωpj

√
1− ζ2pj . Thus, the best control gain for the SISO

control strategy considering a rigid base is k̂vjj = −399.89.

The values of the optimization are shown in Table 5.3. Note that the best

solution is achieved with MIMO. In addition, it should be highlighted that SISO

can improve the alignment respect to the rigid hypothesis. Analogous to the case

study of Section 5.5, the time response of (y1(t) − y2(t)) is plotted. Figure 5.14

shows the comparison of Impulse responses for the acceleration difference between

left-end and mid-span platforms. Note that the amplitude of the signal is reduced

when the non-rigid base is considered. In addition, the settling time is also reduced

for the MIMO case.

Table 5.3: Comparison between classic algorithm and CRO-SL.

Algorithm ΛT ΛA Functional
SISO with Rigid base 1.13 3.54 2.34

SISO with Non-rigid base 1.16 3.21 2.18
MIMO with Non-rigid base 1.12 2.00 1.56
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Then, the KM
B is obtained by minimizing ffv. The values of the optimization

are shown in Table 5.3. Note that the best solution is achieved with MIMO. In

addition, it should be highlighted that SISO can improve the alignment respect to

the rigid hypothesis. Analogous to the case study of Section 5.5, the time response

of (y1(t)− y2(t)) is plotted. Figure 5.14 shows the comparison of Impulse responses

for the acceleration difference between left-end and mid-span platforms. Note that

the amplitude of the signal is reduced when the non-rigid base is considered. In

addition, the settling time is also reduced for the MIMO case.
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Figure 5.14: Comparison of Impulse responses for the acceleration difference be-
tween left-end and mid-span platforms for different control strategies.

5.7 Conclusions

A case in which three isolators situated on pinned-pinned supported beam and ac-

tively controlled by a MIMO control strategy using DVF has been studied in detail.

For that, an ideal integrator has been chosen as controller. A set of numerical exper-

iments was undertaken to show the influence of non-rigid bases into the performance

of SISO and MIMO controllers. These controllers have been optimally tuned by a

recently proposed ensemble multi-method meta-heuristic algorithm, the CRO-SL.

The main conclusions of these numerical results are: i) the best DVF control, when

a rigid base is considered, is not the best solution for a large (and not obvious) range

of frequency and mass ratios when the base is flexible, ii) significant improvements
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in alignment are achieved with SISO if the base structure dynamics are considered,

iii) the problem of tuning the nine control parameters of the MIMO subjected to

stability conditions is a hard optimisation problem, iv) the recently proposed Coral

Reefs Optimisation with Substrate Layer algorithm has been successfully applied to

this problem, v) the use of CRO-SL has indicated that the use of MIMO significantly

extends the range of frequency and mass ratios whose alignment is considerably im-

proved respect to the rigid assumption and vi) if MIMO control is used, the effects

of the flexible base must be considered when the design criteria combines vibration

level reduction and alignment objectives. Practical guidelines are also defined in

this work. In addition, a final numerical example, which considers practical imple-

mentation issues, is included in order to better illustrate the these conclusions.

Finally, since the use of MIMO optimally design by CRO-SL is the best option,

more complex control laws and design criteria can be explored and implemented in

the future. This chapter can be used as a reference for these futures approaches.
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Chapter 6

Conclusions and recommendations

for further works

The main aim of this thesis has been to analyse the effects of the dynamics of the

supporting structure on the vibration isolation (VI) and alignment problem. Also,

to study how the VI task affects the response of the supporting structure. A number

of conclusions can be derived from the works that have been presented, and it will

be summarised in the next section. Moreover, areas of recommended future work

are outlined.

6.1 Conclusions

In this thesis, the effect of the interaction phenomenon between the isolator and its

supporting structure on the VI and alignment performance has been analysed. In

addition, the effect that this phenomenon has on the supporting structure response

for different VI techniques has been evaluated. Although past works have analysed

some particular cases in which the VI is affected by the dynamics of the support-

ing structure, this work has presented a novel VI approach that allows analysing a

general case, in which any number of isolators are situated on any type of flexible

supporting structure. The VI approach proposed in this work also allows the defi-

nition of the control objectives, which can vary according to the task requirements.

A proof of concept has been developed considering a single axis isolator situated
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on a single degree of freedom (SDOF) supporting structure. The necessary formu-

lation to analyse the effect of the VI task on the supporting structure response has

been developed. Also, it has been shown how the interaction phenomenon affects the

platform response. The analysis has been made for different scenarios, in which dif-

ferent mass and frequency ratios between the isolator and the supporting structure

have been set. In addition, the effect of the passive damping ratio of the isolator,

ζp, on the base response, when passive VI (PVI) and active VI (AVI) techniques

are used, has been shown. The same design criteria has been set for all the cases,

which must be accomplished by the AVI control strategy. Different damping ratios

have been studied, and the effect that every case has on the base response has been

analysed for different scenarios. This effect is studied through the H-infinity norm of

the TF from the disturbance force, fd to the base response ẍb. Also, to compare the

effect that PVI and AVI have on the base response, the parameter γ has been used,

which relates relates both H-infinity norms of the base structure when PVI and AVI

are used. γ > 1 implies that the use of AVI technique increases the base response

with respect to the use of PVI, whereas for γ < 1, the use of AVI reduces the base

response with respect to PVI. It can observed that for low damping ratios ζp < 0.1,

the influence on the supporting structure response, when considering AVI control

strategy instead of PVI control is very high. The peak magnitude for AVI can be

increased as much as four times compared with PVI. Also, for most of the damp-

ing ratios considered, it can be observed that for most of the domain considered

(defined by mass and frequency ratios), the AVI control strategy increases the base

response. However, there are some regions, which are different for each scenario,

for which AVI control reduces the base response. Some particular cases of damping

ratio have been analysed, showing three scenarios: i) the base response is worsened

(its response increases) when AVI is used instead PVI control, ii) the base response

is improved for AVI compared with PVI and iii) the response of the base depends

on the damping ratio. The importance of the damping ratio of the isolator on the

base response is shown, independently of the control criteria.

To validate the theory developed, an experimental test was carried out. It was
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done on a pinned-pinned beam, with an isolator at the mid-span of the structure.

The beam was excited by another actuator, and the effects of PVI and AVI has

on beam were analysed. The experimental results fit very well with the theoretical

results, hence validating the approach to the problem.

A general case was analysed, in which n isolators were involved in the same task.

This represents a more complex case, in which the objective is not only focused on

reducing the vibration of the platform, but also to maintain the alignment between

the different platforms. It was shown that the solution of this problem is trivial

when the supporting structure is considered as an infinitely rigid system. It leads to

find the solution for which the peak response of the transmissibility transfer function

(TF) is reduced. In this case, there is not difference between the VI and alignment

problem. However, it was shown that, if the dynamics of the supporting structure

are considered, the solution is not trivial. A functional value to evaluate the VI

and the alignment performance was proposed, which was particularised for a case in

which the isolators are situated on a pinned-pinned supported beam. The dynamic

properties of all isolators were considered to be the same, but different scenarios were

analysed, to examine different mass and frequency ratios between the isolators and

the beam structure. Three isolators were assumed to be located on the beam and

the VI and alignment performance were compared under two assumptions: i) the

base is rigid, ii) the dynamics of the supporting structure are considered. The results

of both cases were compared, deriving very interesting results. It was shown that,

for both scenarios (symmetrical and non-symmetrical), the functional values are

lower (which implies better for the set criteria) if the base dynamics are considered

compared with if they are not considered. For most of the cases analysed in this

work, the control gains of the end isolators, for best VI and alignment performance,

do not coincide with those which lead to the maximum damping ratio. Also, the

effect of the supporting structure dynamics on the alignment was examined via

temporal responses, hence showing that considering the base dynamics never worsen

the alignment performance, improving it in most of the cases.

As the platform responses are coupled by the supporting structure dynamics,
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a Multi-Inut-Multi-Output (MIMO) control strategy was studied instead of Single-

Input-Single-Output (SISO). The problem used to analyse this control strategy was

the same, namely three isolators located on a pinned-pinned supported beam. Also,

the same functional was considered. Similar to the above scenario, the stability

of both systems; isolators and base structure, have been checked. The analysis of

this case allows understanding of the effect that the MIMO controller has on the

functional value. It represents a very complicated optimisation problem, since it

considers five variables (control gains) for the symmetrical case, and nine variables

for the non-symmetrical case. To solve that, the use of the Coral Reefs Optimization

algorithm with Substrate Layer (CRO-SL) was implemented, which facilitated better

solution estimates than traditional algorithms with low numbers of iterations. It

was demonstrated to be a very useful algorithm for this type of application. The

results of the MIMO controller shows a great improvement with respect to the SISO

control strategy in which the dynamics of the supporting structure are considered.

In addition, the improvement is even higher compared to the case in which the

base is considered as a rigid system. The analysis of temporal responses shows the

effect of the MIMO controller on the alignment problem. It can be observed that

for mainly the whole domain analysed in this thesis, the performance is improved

when the MIMO controller is utilised. It has been observed that when verified

experimental data is used for the simulations, the MIMO controller also improves

the response with respect to the SISO control strategy. The implementation of the

proposed practical guidelines would allow develop a real application.

6.2 Recommendations for further works

One of the key areas in which further research is required is the implementation of

the developed VI controllers in real isolator devices. It is important to note that

there are multiple isolator hardware types that can be used to develop vibration

isolation task. The isolator device must be chosen according to the specific task

conditions. The inherent dynamics of each device must be individually analysed.

In some cases, as occurs with electrodynamic actuators, the VI task can be very
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challenging. Non-linear behaviour inherent to the devices has to be considered in

the controller design. The implementation of inner controllers to compensate for

the dynamics of the isolators may be required. Additional research should be made

in experimental implementation of VI strategies in different devices.

Additionally, future research should focus on the alignment task between isola-

tors. Relative position sensors could be implemented at the isolator platforms. The

alignment then can be approached not only by considering the original position, but

also the platforms can follow trajectories, which must be followed by adjacent iso-

lator(s). Moreover, the alignment problem should be studied with respect to fixed

references independent of the supporting structure. Indeed, in some applications

the relative alignment between isolators is not the unique task to be accomplished,

but also some of the platforms must point to external references, as can occur in

research centres or space applications. It is also important to consider the a multi-

dimensional problem, instead of a single-dimension alignment. In many applications,

the isolators can be distributed in the same plane, but also with different heights.

Further research is also needed in the use of more sophisticated isolator devices,

such as Stewart platforms, that allow to accomplish VI, alignment and pointing

tasks. Although extensive literature can be found in this field, there is a need

of studying the task performance of these devices when the base is non-rigid. In

addition, the implementation of popular control schemes combining damping and

tracking actions considering the interaction phenomenon must be accomplished.

The payloads considered in this work are rigid. In some applications, it would

be necessary to consider the flexible modes of the payload in order to better isolate

it and also for alignment purposes. The interaction phenomenon between a flexible

payload and supporting structure may be a very challenging problem, which has

generally not been approached. A general formulation which allows to consider the

whole system should be developed.
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