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ABSTRACT

This thesis considers a real, massless, conformally coupled scalar field propa-
gating on the covering space of four-dimensional anti-de Sitter space (CadS)
and on four-dimensional Schwarzschild-anti de Sitter space (SadS).

Numerical results for the vacuum polarisation are obtained in CadS with
Robin conditions imposed at the boundary. A proof is given to demonstrate
that results approach the same finite limit at the boundary unless Dirichlet
conditions are imposed.

Numerical results for the vacuum polarisation are obtained in SadS with
Dirichlet conditions imposed at the boundary, using the extended coordi-
nates method of renormalisation. These results are then extended for Robin
boundary conditions, where we see qualitatively similar behaviour to that
observed in CadS.
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boundary conditions is first discussed in [6].
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ues in CadS with Robin conditions imposed (published in [7], discussed in this thesis
in chapter [3]), (ii) the calculation of thermal expectation values in CadS with Robin
conditions imposed (also published in [7] and discussed in chapter [3)), (iii) the calcula-
tion of vacuum polarisation in non-spherical SadS black hole spacetimes when Dirichlet
conditions are applied (published in [8], discussed in this thesis in chapter |5), and (iv)
the calculation of vacuum polarisation in topological SadS black hole spacetimes when
Robin conditions are applied (published in [9], discussed in this thesis in chapter @

The calculation of the vacuum polarisation on the spherical SadS black hole with Dirich-
let conditions imposed has previously been done in [10]. In chapter |5 the calculation
is repeated using the extended coordinates method. The extended coordinates method
is first discussed in [11,|12] in the Schwarzschild-Tangherlini spacetime, with the SadS
extension published by the author and collaborators in [8].

The work presented in section is taken from [13], whilst the work presented in
sections is original work of the author.

The author would like to acknowledge the help and support of his supervisor, Prof.
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Introduction



Chapter 1

Quantum field theory in flat and
curved spacetimes

This introductory chapter contains background material on quantum field theory (QFT)
necessary for the calculations of expectation values that we present in later chapters. We
begin in sectionwith a brief introduction to quantum field theory in flat (Minkowski)
spacetime, including an overview of the canonical commutation relations and Green’s
functions. In section we extend this to curved spacetimes, where we begin with a
brief discussion of the Einstein field equations, before looking at the properties of the
stress-energy tensor. In section we introduce the concept of a Cauchy surface and
explain why the existence of Cauchy surfaces is vital for a well-defined QFT. We look
at the Unruh effect and the existence of multiple vacuum states in curved spacetimes
in section considering Schwarzschild spacetime as an example in section
Finally, in section [1.3] we look at various renormalisation schemes that allow us to
calculate expectation values, and weigh the merits of the various methods against each
other.

We will always work in 4-dimensional spacetime with Lorentzian signature (— + ++)
unless otherwise stated (some examples in section are set in conformally flat 2-
dimensional spacetimes where calculations are much simpler). We set all constants
c=G=h=kp=1.

1.1 Quantum field theory in Minkowski spacetime

QFT is our best description of small scale physics. In quantum mechanics (QM) we take
measurable quantities, such as position, velocity or angular momentum, and promote
these to operators acting on a Hilbert space of states. In QFT, we promote classical
fields to operators. As a result, an operator is assigned to every point (¢, X) in spacetime,
giving us an infinite number of degrees of freedom. A set of such operators @(t,x) is
then referred to as a quantum field, and particles are defined by excited states of these

2
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underlying fields. The following discussion of quantum fields in Minkowski space is
taken from [14-19).

The dynamics of classical fields ¢ are governed by the Lagrangian L,

L(t) = /M £(6) dPx (1.1)

where L is the Lagrangian density, defined by

L(6) = —% (04606 + m*¢?) (1.2)

for m the field mass, and M is the entire space. For the purposes of this thesis, we
shall consider ¢ to be a real scalar field, which associates a real scalar value to every
point in space and is invariant under Lorentz transformations. Scalar fields describe
spin-0 particles, and real scalar fields describe particles that are uncharged.

The action S is defined by taking the integral of £ over all spacetime, that is

S(¢)=/Z /M L(p) d3x dt (1.3)

and then we can use the principle of least action to derive the equations of motion, i.e.
by insisting that
65 =0 (1.4)

for varying ¢. This gives us the Klein-Gordon equation
(0"0, —m?) ¢ = 0. (1.5)
A set of solutions to is given by plane waves
Pp(t,x) = goe WP (1.6)

for frequency w and 3-momentum p, where w? — |p|?> = m?, the field mass. We shall
only consider the case where w > 0, and thus refer to ¢p as positive frequency modes.
This step is taken to ensure the modes have positive norm, and thus allow us to define
an inner product. The negative frequency modes can then be obtained by taking the
complex conjugate, ¢r,. The constant ¢ is defined such that the modes are normalised
to 1. In order to determine this, we must define an inner product

. =
(0n.02) =i [ (610 on)ax (1.7)
M
where ¢1, ¢o satisfy (1.5)). In ((1.7)), we have used the notation

510 b2 = o018, — 501, (1.8)

If we define ' ‘ ' ‘
P1(t,x) = gore M ePIX | go(t,x) = ppoe W2 eP2X (1.9)



then the inner product is

(¢1, P2)

_i/ d*x ¢y poni(wi + wp)e (W2 mw)lmilP1mP2) X
M
= ¢ 02 (w1 4 wo)d3 (p1 — pa)(2m)de i W2mwr)t, (1.10)

Therefore, we must set
do = (2m) 732 (2w) /2 (1.11)

for modes to be normalised.

The quantised field operator gZ; must obey the equal time commutation relations

[B(t, %), (8, y)] = i0°(x = y), [B(t,%), $(t,y)] = 0 = [7(t, %), 7 (t,y)] (1.12)

where

#(t,x) = do(t, x) (1.13)

is the conjugate momentum. The quantised field can be expanded in terms of the

modes (|1.6)),

~

ot x) = / (app(t, %) + L0751, %))d*p (1.14)
where ap, dTp are annihilation and creation operators respectively. The integral in
(1.14) is taken over all momenta. The annihilation and creation operators must obey
the canonical commutation relations (CCR):

lap,al,] = 5(p— 1), lap,ap] = 0= [a],al . (1.15)

These can be derived from ([1.12)). We use the annihilation operators to define the
ground state |0):
ap|0) = 0. (1.16)

We shall refer to the ground state |0) as the “vacuum state” throughout. It carries zero
momentum, and, naively, one may expect it to also carry zero energy, as the state is
“empty”, i.e. there are no field quanta present. However, a brief calculation of energy
density in the vacuum state (see [14]) gives

(0|H|0) = %Zw (1.17)

which is not only non-zero, but also appears to be divergent. This comes from the fact
that, since there is no upper bound on w, the zero-point energy can become arbitrarily
large. Since this energy is not measurable in non-gravitational physics, we can renor-
malise this quantity by simply throwing away the %pr. Renormalisation is not so
simple in curved spacetime, where divergent parts of the energy density have a more
complicated form (see section [L.3).
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Vacuum expectation values of various products of field operators qg can be identified
with different Green’s functions that satisfy the inhomogeneous scalar field equation

(0", —m?) G(z,2") = —0*(z — ') (1.18)

where © = (t,x) are spacetime coordinates and G is used to represent a number of
Green’s functions, which we shall now introduce. The four-dimensional Dirac delta
function §*(x — z') is defined to be infinite at 2/ = z, and zero everywhere else. It
satisfies the identity

/Oo o4 (z) drz = 1. (1.19)

We define the Schwinger and Hadamard function respectively:

iG(z,2") = (0[[¢(=), $(z")] 0), (1.20)
GO (z,2') = (0{o(x), (")}|0). (1.21)
We can split these into positive and negative frequency parts
iG(r,2') = G (z,2') — G (z,2'), (1.22)
GW(z,2") = Gt (2, 2') + G (z, 1), (1.23)

where G*(xz,2') are the Wightman functions

~

G*(x,2") = (0ld(x)o(a")|0), (1.24)
G~ (x,2) = (0lé(")$()|0). (1.25)

The Wightman functions are not Green’s functions of the scalar field equation. The
Feynman propagator can be defined by introducing the time-ordering operator 7,

d(x)p(2') if x is in the future of 2’
2l

2 1.2
o(x')p(x) if 2’ is in the future of x. (1.26)

T (@)d(a)] = {

Then the Feynman propagator is
iGr(z,2') = (0| T[g(x)d(a")]|0) = Ot — )G (z,2') + Ot — )G~ (x,2')  (1.27)

for ©(t — ') the Heaviside step function. Finally, we can define the retarded and
advanced Green’s functions in the following way:

GRet(z,2") = —O(t — t)G(x,2") (1.28)
Ot — t)G(x,2). (1.29)

G adv(z,2")

We can then write the Feynman propagator as

Gr(z, o)) = —Gl,a') — %iG(l)(x,x’) (1.30)



where G(x,2") is the average of the retarded and advanced Green’s functions

Gla,a') = %[Gget(x,:c') Gz, 7). (1.31)

If we write G to represent any of the Green’s functions in the set
{iGF,GRet, GAdv}, then these can be written as

G . dik etk (x—x')+iko(t—t') L3
(x’x)_/(27r)4 K2+ k2 + m? (1.32)

where k% = k? + k2 + k:% The integral has poles at k:g = k? + m?2. The integral can be
evaluated as a contour integral. The choice of Green’s function depends on the choice
of contour that we use. These contours are shown in Figure [L.1

Equivalently, the Feynman Green’s function G (z,z’) can be found by employing the
ie-prescription, which involves writing the Green’s function in the following way:

d*k eik-(x—x’)—l-iko(t—t’)

iGp(z,2") = lim

. 1.33
e—0 ) (2m)* —k3 + k2 4+ m? + ic (1.33)

The addition of the 7e¢ term shifts the integral so that we do not pass directly through
the poles.

We can define thermal Green’s functions with inverse temperature g by simply replacing
the vacuum expectation values with thermal expectation values, i.e. for the Wightman
functions

Gi(x,2') = (Blo(x)p(2)|B), Gj(z,a") = (Bld(z')d(x)|B). (1.34)
These satisfy the periodicity condition
G%(t,x;t',x’) = G}F(t—I—iﬁ,x; ' x"). (1.35)
From (|1.23), we must also have
Gg)(t, x;t',x') = G(ﬁl)(t +iB,x;t',x). (1.36)

Now, the Schwinger function iG(z, 2’) is an expectation value of the commutator, which
is itself a c-number (a scalar multiple of the identity operator). Therefore, the vacuum
and thermal expectation values of the Schwinger function are equal |14], i.e.

iGg(z,2') = iG(z, ). (1.37)
We can write
. I —iwAt
iG(z,2') = 2/ dw c(w;x,x")e ™ (1.38)
T J -

where c(w;x,x’) is calculated by using the appropriate contour in ([1.32)), and then
taking the Fourier transform of the result. We have used At =t —¢t'. Similarly, we can
write the thermal Wightman functions as

[e.9]

1 A
G?;(x,x') = / dw g% (w;x, x)e WA (1.39)
2 J_ s
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Figure 1.1: Possible contours for the kg integral in 1} A different choice of contour
corresponds to a different choice of Green’s function. Figure taken from [14].



where gi(w; x,x’) is determined by again using the appropriate contour in ((1.33)) and
taking the Fourier transform. Using the relation (|1.35)), we find

g (wix,x) = Mg (wix, %) (1.40)
and from (1.22)), we can see that
c(w;x,X') = g (w;x, %) — g7 (w; x,%). (1.41)

Combining these two relations, we can show

/
c(w;x,x
g (wix,x') = il(—ew‘*’) (1.42)
and so
1 [ clwyx,x') _,
+ AN y Dy —twAt
GB (LU,.’IZ') —i% 7oodw me it . (143)
The thermal Hadamard function is then given by
(1) N i / 1 1 —iwAt
Gy'(z,2') = 27T/_Ooalw c(w,x,x){l_e_ﬂw T iw
1 [ }
= — dw c(w;x,x") coth P e WAL, (1.44)
2 J_ 2

By studying the contour for the Feynman Green’s function G, we notice that the con-
tour does not pass through any poles if we perform an anti-clockwise rotation through
m/2 to take it along the imaginary axis. Thus the Feynman Green’s function would
remain unchanged (modulo a factor of —i) after this rotation. This type of rotation is
called a Wick rotation, and involves replacing the time coordinate ¢ with an imaginary
time coordinate 7 i.e.

T =it (1.45)

Then the metric has signature (+ + + +) and this corresponds to considering the
field qg in the Euclidean background. The wave equation is a hyperbolic PDE in
the Lorentzian background, which leads to different possible Green’s functions. In the
Fuclidean background, the wave equation becomes elliptic, and so the Euclidean
Green’s function G g is unique (if it exists) once appropriate boundary conditions have
been specified. The Euclidean Green’s function G is related to the Feynman Green’s
function by

Gr(t,x;t',x') = —iGg(it,x; i, x). (1.46)

In the next section, we generalise the theory to a curved spacetime (CST) background.
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1.2 Quantum field theory in curved spacetime

QFT in CST is a semi-classical approximation to quantum gravity. We begin with the
Einstein Field Equations (EFEs),

Guv + Aguw = 87T, (1.47)

These equations relate the curvature of spacetime, described by the Einstein tensor
G v, to the matter within the spacetime, described by the stress-energy tensor (SET)
T

%

The Einstein tensor is constructed from the spacetime metric g, in the following way
1
Guu = R/J,I/ - ing/ (148)

where R, is the Ricci tensor, and R = R}, is the curvature scalar.

The SET describes the energy and momentum densities and fluxes on the spacetime.
The components of the SET can be thought of in the following way:

U Pz Dy Dz
Pz Prz Ozy Ozxz
T - 1.49
" Py Oyz By 0oy ( )
Dz Ozx Ozy P,

where u is the energy density, the p’s are momentum densities, the P’s are pressures
and the o’s are shear stresses [20]. The SET is symmetric, i.e.

Tw =Ty, (1.50)
and conserved
V#T,, =0. (1.51)

The SET of a Klein-Gordon field ¢ is given by [21]

Ty = V60— 50 Vo V76 + (m® +ER)G2). (152

The cosmological constant A is a measure of the vacuum energy density and has di-
mensions of length™2. It was originally introduced by Einstein to achieve a static
universe [22]. However, the idea was abandoned when the universe was found to be
expanding [23]. In 1998, observations of supernovae found that the expansion of the
universe was accelerating, and it is now widely accepted that there exists a small,
nonzero, positive cosmological constant [24}25].

The EFEs were first postulated by Einstein in 1915, and have been tested in the century
since by many different experiments [26], including measurements of the perihelion of
Mercury, the redshift of light from Sirius B, and more recently direct detections of
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gravitational waves by the LIGO collaboration [27,28] and of black holes by the Event
Horizon Telescope [29].

In order to use the EFEs at a quantum scale, we would need to quantise gravity, but,
to date, no full theory of quantum gravity has been developed. Instead, we can form a
semi-classical approximation by quantising the RHS of , that is, promoting T},
to an operator and taking its expectation value,

G + Mg = 87(T},). (1.53)

This semi-classical approach allows us to study the backreaction effect of particle cre-
ation close to a black hole [30], for example. The equation is only an approx-
imation of the true dynamics of spacetime, and can only be taken seriously if the
characteristic radii of curvature of the spacetime are much greater than the Planck
length [31].

1.2.1 General formalism

In CST, the Lagrangian density for a scalar field ¢, which we shall denote L, is defined
by

£4(0) = —5 (0" VbV + (m? + ER)G). (150
There are two notable differences between and the formula for the Lagrangian
density in Minkowski space . First, we have included the spacetime metric to allow
us to raise indices, and we have replaced partial derivatives with covariant derivatives
(although of course this reduces to a partial derivative in the case of a scalar field).
Second, we have an extra “6R” term which is included for a couple of reasons, the first
of which is simply because it has the correct dimensions. The second reason is due to
the fact that the special value £ = 1/6 allows the action to have conformal invariance
in the massless m = 0 case [32]. This means that the Lagrangian density remains the
same under the transformation

G = Vg, ¢— Q' (1.55)
for any smooth positive function 2.
The Klein-Gordon equation in curved spacetime takes the form
(O-m*—ER)p=0 (1.56)
where
0=g¢"V,V, (1.57)

is the D’Alembertian. Similarly, the Green’s functions G(z, ") satisfy the inhomoge-
neous form of the Klein-Gordon equation,
54 )
(0 —m? — €R) G(a,a!) = 7)), (1.58)

Vldl



CHAPTER 1. QUANTUM FIELD THEORY IN FLAT AND CURVED
SPACETIMES 11

We must define an inner product in order to normalise the field ¢. In flat spacetime,
the inner product is defined by . The definition of an inner product in curved
spacetime is a little more involved, because we must define this over a Cauchy surface
of the spacetime.

Cauchy surfaces exist in globally hyperbolic spacetimes. They allow initial data to
propagate uniquely into the future without the need for any additional boundary con-
ditions. For a more rigorous mathematical definition [21], we must first define the
future and past domains of dependence for a surface ¥ in a manifold M:

n Every past inextensible causal curve
DT(X)=<peM . (1.59)
through p intersects X
B Every future inextensible causal curve
D (X)=4peM ) (1.60)
through p intersects >
We can then define the full domain of dependence as being
D(X) =D (X)uD™(%). (1.61)
The surface X is a Cauchy surface when
D(¥) = M. (1.62)

For now, we shall assume that the spacetime we are working in ¢s globally hyperbolic,
i.e. assume that there exists some hypersurface ¥ for which (1.62)) holds, and define a
scalar product between two solutions ¢1, ¢2 of the Klein-Gordon equation ((1.56]) to be

(61, ) = i /2 (615 02) =g do™ (1.63)

where g = det(g,,) and do* = n*d3x for n* future-pointing unit normal to ¥. This
scalar product must be independent of the choice of Cauchy surface, i.e. for two Cauchy
surfaces X1, Y9 we must have (see Figure [1.2)):

i [ @i¥ev=g dot =i [ 6i¥0n)v=g ot (1.64)
1 2
In order to prove that the above statement ((1.64]) holds, we use Stokes’ theorem (taken

from [32, eq.E14)):
/d4x\/|g|V“Vu:/ dx\/|y|"V,. (1.65)
R OR

The volume integral is taken over a region R of the manifold M, where OR is the
boundary of R and #* is the outward-pointing unit normal to the boundary. The
induced volume element on the hypersurface OR is \/|y|d>x.
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|

Figure 1.2: A globally hyperbolic space with two Cauchy surfaces 1, 5. The future-
pointing unit normals n; and ny are shown, as are the outward-pointing unit normals
71,y to region R.

We let R be the region between the two Cauchy surfaces, so that OR = ¥1 U ¥s. We
define V), = qb’{ﬁqbg, where we assume ¢; and ¢ are solutions of 1) Then we can
say
VIV = VE(V i) d2 — ¢1(V )]

= (VIVu01) 92 + (V1) (Vid2) = ¢1(VFVua) — (VH1)(V,ud2)

= (O¢1) 2 — ¢1(D2)

= (m® + ER)¢1 62 — ¢1(m” + ER)d2 = 0 (1.66)
and thus

/ d*z+\/|g|V*V, = 0. (1.67)
R
The right hand side of (1.65|) can be written
|/l = [ xS v=ant+ [ ax(oiFiom)y=gn 0. (163
1 2
where 71} and 74 are the outward pointing unit normals to ¥; and Xy respectively.

With these Cauchy surfaces as in Figure we can see that 7} will point in the same
direction as n’ whereas n4 will point in the opposite direction to nf. Thus,

| axwvi/hl= [ axeiovat - [ @xeie)v=amt o 1)
OR 31 Yo

and so (1.64)) holds. This proof is taken from [33] pg.9].
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1.2.2 The Unruh effect

The Unruh effect [34-36] is the idea that the notion of a “particle” detected by an
observer will depend on the frame in which the observer is moving. This means that
an observer accelerating in the Minkowski vacuum will see a thermal bath of Rindler
particles where an inertial observer will see none. We refer to Rindler particles as
those associated with the positive energy modes as defined by accelerating (or Rindler)
observers, and Minkowski particles as those associated with positive energy modes as
defined by inertial observers.

To demonstrate this idea, we work in 1 + 1-dimensional Minkowski spacetime for sim-
plicity, as the wave equation is conformally invariant in two dimensions. Consider
two observers. One observer is in an inertial frame, defined by Minkowski coordinates
(t,z), and the other observer is in an accelerating frame, defined by Rindler coordi-
nates (£°,¢1). Firstly, it would be useful to define our Rindler coordinates in terms of
Minkowski coordinates [16]. To do this, we introduce null coordinates

upy =t—xz, vy =t+x, ugp =80 — & vp =&Y + ¢ (1.70)

A trajectory x® of an uniformly accelerated observer in the inertial frame is described
by Minkowski coordinates,

(1) = (un(7), v (7)) (1.71)
where 7 is the proper time. The trajectory xz®(7) satisfies the normalisation condition

Gapi® (1) (1) = —1, (1.72)

where gqg is the spacetime metric and & = ‘é—f. The trajectory z%(7) has constant

acceleration a, given by
9api®(1)E" (1) = a?, (1.73)

where & = g—g. In terms of Minkowski coordinates (uas, var), these conditions give
T

i (T)on (1) = 1, g (7)iar (1) = —a’. (1.74)
The equations (1.74) can be solved simultaneously to give
1 1
up(r) = ——€e ", om(r) = —e? (1.75)
a a

where the integration constants are made to vanish by shifting the origin of the inertial
frame. Now, since proper time is independent of coordinate system, this means that in
Rindler coordinates, the observer’s worldline is described by

fr)y=r, &(r)=0 (1.76)
and so the Rindler coordinates on the worldline are

UR = UR =T. (1.77)
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Substituting (1.77)) into (1.75) gives a relation between (ups,var) and (ug,vg), i.e.
1 1

upy = ——e YR vy = —eR, (1.78)
a

a

Using the definition of the null coordinates ([1.70), we can see
1 agl . 0 1 agl 0
t = —e% sinh(al”), x = —e* cosh(af"). (1.79)
a a
Since the wave equation is invariant in two dimensions, we can write it in both coordi-
nate systems in the same way:
0? 0?
— 6 =0, ———¢=0. 1.80
8uM8vM¢ 0u3803¢ ( )
Solving ([1.80]), we find two sets of modes
¢ = Ape UM | B eTWwUM g — AqeT MR 4 BT R (1.81)

for normalisation constants A, By, Aq, Bg. We fix w, 2 > 0 and consider only positive
frequency modes. Hence we can define the field operator in two different ways

o0
¢ = / dw {Awe_W"M&w + Be “Mp,, + AXeumgl 4 BYelwvm bL}
0
o0
:/ d0 {Aﬂe—zQuR&Q + BQG—szRbQ + AaezQuRd;r) + B;zeszRb;r)}, (1.82)
0

where a,, b, 4o, bq are annihilation operators, and &L, bI,, &}2, b;r) are creation operators.
The annihilation and creation operators are related by Bogoliubov transformations

o0
aq = / dwlog, by, — IBQUJ&I;] (1.83)
0
where aq,, Ba. are Bogoliubov coefficients satisfying the normalisation condition
oo
/ dw (aqwady, — BawBa,) = (2 — Q). (1.84)
0

The Bogoliubov coefficients are non-zero, and defined in [14, eq. 3.36]. The Bogoli-

ubov transform for the creation operator dg) is found simply by taking the Hermitian

conjugate of 1D Similar transformations to 1D exist for BQ, ZA);[)

The different annihilation operators define different vacuum states. The Minkowski
vacuum |M) is the zero eigenvector of the annihilation operators d,, b, i.e.

G| M) = by|M) = 0. (1.85)

The Rindler vacuum |R) is defined as the zero eigenvector of the annhilation operators
aqn, bq, i.e. X
aq|R) = bo|R) = 0. (1.86)
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The vacua |M) and |R) are different. We can see this by computing the number of
Rindler particles in the Minkowski vacuum and showing that this is nonzero. This is
done by calculating the expectation value of the number operator Ng = dg&g in the
Minkowski vacuum:

Thus, an accelerated observer will detect particles in |M) and, similarly, an inertial
observer will detect particles in |R).

This is the Unruh effect. When spacetime is curved, two observers will have different
notions of “time”. This choice of time leads to two different definitions of positive
frequency, and thus two different definitions of vacuum state. Therefore, different
choices of time lead to different vacua.

When we have a black hole, we can find three different types of vacuum state - the
Boulware vacuum |B) [37], the Hartle-Hawking vacuum |H) [38], and the Unruh vac-
uum |U) [35] (see the introduction of [39] for a brief comparison of the three states).
To explain these a little more, it is easiest to consider the example of 2-dimensional
Schwarzschild spacetime.

1.2.3 Vacuum states on two-dimensional Schwarzschild

Schwarzschild spacetime is one of the simplest solutions of Einstein’s equations to con-
tain a black hole. We consider it here to demonstrate the existence of multiple vacua,
and to allow us to elaborate on the properties of these vacua. In two-dimensions, the
metric is conformally flat:

2M 2M\
ds® = — (1 — T) dt* + (1 - T) dr?, (1.88)

where M is the black hole mass. The spacetime is globally hyperbolic and has an event
horizon at r, = 2M. A conformal diagram for the spacetime is shown in Figure [1.3]

We shall refer to the coordinates (¢,7) used in (1.88)) as the Schwarzschild coordinates.

We transform to null coordinates (u,v) by writing
u=t—r", v=t+r" (1.89)

where 7* is the tortoise coordinate defined by

dr* 1 . r
= > 7 —r+2Mln<m—1). (1.90)

r
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Figure 1.3: The conformal diagram for Schwarzschild spacetime. Region I corresponds
to the spacetime exterior, whilst region 11 corresponds to the black hole interior, region
111 the white hole interior, and region IV a parallel universe. The horizon r; and the
singularity » = 0 are labelled. The values of the Kruskal coordinates (U, V') are given
along the horizons and null infinities. The spacetime is globally hyperbolic - a Cauchy
surface Y is shown.

The metric is then given by

ds® = — <1 - 25%) du dv (1.91)

where r can now be treated as a function of u and v. These coordinates only cover the
black hole exterior (region I in Figure|l.3]). We can cover the whole spacetime with the
Kruskal coordinates (U, V'), defined by

U= —aMe /My = 4)ev/*M, (1.92)
The metric in the Kruskal coordinate system is then given by
ds? = —ge*/w dUudv (1.93)
and we can define temporal and spatial Kruskal coordinates by
T:U;V, X:V;U. (1.94)

The wave equation for a massless scalar field is conformally invariant in two dimensions,
which means in both coordinate systems we have

2 92
(aﬂ - W) ¢ =0, (1.95)

ok ok
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(a) “In”-Schwarzschild modes (b) “Up”-Schwarzschild modes

Figure 1.4: The “in”-Schwarzschild modes start at past null infinity .#;” and travel
inwards towards the future horizon H;r, whilst the “up”-Schwarzschild modes begin at
the past horizon H; and travel upwards towards the future null infinity /f. Note
that this is only true in two dimensions - in higher dimensions, modes get scattered,
and “in”- and “up”-modes can end on both HIJr and fﬁ.

Note that this is not true in four-dimensions; the wave equation can be solved in both
coordinate systems, but is not conformally invariant, so analysis of both is a little more
involved. The two-dimensional case is considered here to make our analysis as simple
as possible.

The Boulware state

We shall begin by solving (1.95) to find the following mode solutions (which we shall
call Schwarzschild modes),

o = AP expl—iwul, (1.97)
PP = A exp[—iwn], (1.98)

for w € Rsg and ALP, A" normalisation constants. We use the subscript S since
the modes are written in terms of Schwarzschild coordinates. We call gbgp the “up”-
Schwarzschild modes because these travel upwards from the past horizon H; and to-
wards future null infinity ﬂlf. Similarly, the g” are referred to as “in”-Schwarzschild
modes because they travel inwards towards the black hole (see Figure [1.4)).

Now, to calculate normalisation constants A.Y and A, we need to integrate over a
Cauchy surface for region 1. The actual values of these normalisation constants is not
so important for the discussion here, but the calculation of them provides a useful
example of evaluating scalar products. We can approximate our Cauchy surface by
integrating over ¥ = H,; U.#, - strictly speaking, the Cauchy surface will be spacelike
and arbitrarily close to Y. Each part of this surface has a different normal attached
to it. The normal to H; points in the V-direction and the normal to .#; points in
the U-direction. The scalar product (1.63|) requires unit normals, but H; and .#; are
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both null, implying that their normals must also be null. This means that we cannot
define a unit normal, because any normal n* to ¥ will have n#n, = 0.

So how do we integrate over a null surface? We follow the working in [40] and define a
hypersurface ¥ by putting a restriction on the coordinates

f(z®) =0. (1.99)

The unit normal n, is then defined by

__ ¢Ja
Ng = 7 Fuf o2 (1.100)
where € = —1 if X is spacelike, and € = +1 if X is timelike. The inclusion of € ensures

that n® points in the direction of increasing f [40]. When X is null, then ¢** f ,f, = 0,
and the unit normal is undefined, as expected.

For a non-null surface, the line element is then defined by

A3t = /—gel'dy (1.101)
where y are intrinsic coordinates on ¥ and

Oz

et = — 1.102
o (1102
is a vector tangent to curves contained in Y.
For a null surface, we define e, = —f to be the unit normal, where a negative sign is

used to ensure that e® is future pointing when f is increasing towards the future. The
choice of f does not affect our work here; whilst it is possible, for example, to rescale
f, it is the choice of orthonormal basis that defines the integrals in rather than
the choice of f 40].

It is useful to write our Schwarzschild modes in terms of Kruskal coordinates (U, V):

B — AP (—AM)In(-U/AM) g (_17), (1.103)
(JS? :Az'une—iw(4M) 1n(V/4M)@(V)’ (1104)

where we have used the Heaviside function to help specify the regions on which the
modes are non-trivial. To make the algebra a little easier to deal with, we let

U=U/AM, V =V/AM, & =4Mw (1.105)

so that
B = AP n(-0)g (7)) (1.106)
pn = Aine=i@ (V) g (7). (1.107)
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The integral is taken over ¥ = H; U .9, ,

(6% (@30), 2 () =i / (6" (30 T 617 () )i/ —g dy

I

i / (62" (2:0) D0 (el =g dy  (1.108)

I

where e} and e} are unit normals to .#; and H; respectively and coordinate y =
{U V} On #;, we have (bs = 0 so we can ignore the first integral in 1) The

unit normal (ns), = —f,, where, on H;, f(U, V)=V =0, so
(mhz—1} (n2)" =0
N ) (1.109)

The scalar product (1.108)) therefore becomes

G @), 62 w) =i [ G @B ) (e ™) v a0

~ (1.110)
After some rearranging, and making the replacement X = In(—U), we find
(6% (3:), 64 (a3) / AL AR (@ + &)o@ 0N ax
= 2mAP* AT (w4 W' )0 (W' — w). (1.111)
For modes to be normalised, we therefore need to set
1
AP — . (1.112)
4w

The norm of the “in”-Schwarzschild modes is calculated in a similar way. The Cauchy
surface can be chosen as before, but now ¢¢' = 0 on H; , and we have to consider the
unit normal (n1),, where

()" = —%er/w, (n1)" =o0. (1.113)

The integration over .#; proceeds in a very similar way to the previous case, and we

find
1

drw

A = (1.114)
We can use the “up”- and “in”-Schwarzschild modes (1.97H1.98]) to build field operators:

oo
Bs = / dwlatPour + ain gy + oW + o). (1.115)
0
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The annihilation operators a.’, @ define the Boulware vacuum state [37],
a'?|B) =0, a"|B) = 0. (1.116)

We can calculate Wightman function in the Boulware state by noting that

QZA35|B> :/0 dw {AuquSup* 4 ~mT¢m*} |B>, (1,117)
(Blos = | du() (a0 + o). (L1

and so
GB(l‘,ZL‘) <B|¢S
/ dw/ dw'(B| {aP ¢ (z;w) + all¢§ (z;w) }

{Aup%up*( W) + @ i (o ’)}|B>. (1.119)

We can use the CCR (1.15]) to commute the annihilation and creation operators and
thus obtain

Galw.a!) = [ dw [ dBIB)S(w—u!) {2 (a5 (') + 68 (030008 (@5}
’ ’ (1.120)

The Boulware state is normalised such that (B|B) = 1, and we obtain a mode expression
for the Boulware Wightman function Gp(z,z’):

Go(w.a) = [ dw{o @ @) + R @ @)} (a2)
Substituting in (1.97H1.98)) we obtain the Wightman function in the Boulware state
no_ > L —iw(u—u') —iw(v—")
GB(x,x)—/O du— {e te } (1.122)

From the point of view of a far away observer, the Boulware vacuum contains no
particles, and is as empty as possible at infinity [41]. As a result, (B|T,,|B) — 0 as
r — oo. This is not the case on the horizon. The expectation value of the SET in the
Boulware state diverges as » — 75, |[1]. The state is appropriate for the description of
vacuum polarisation around a cold star with radius larger than the event horizon [42].
The Boulware vacuum is invariant under time reversal.

The Hartle-Hawking state

We now solve the wave equation in Kruskal coordinates ((1.96)), to find a different set
of mode functions,

K = By exp[—iQU] (1.123)
n — B& exp[—iQV]. (1.124)
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(b) “Up”-Kruskal modes

Figure 1.5: The “in”-Kruskal modes and “up”-Kruskal modes cover the entire space-
time.

We refer to these mode solutions as the “up” and “in”-Kruskal modes, labelled with a
subscript K. We fix the frequency 2 > 0, and consider only positive frequency modes.
These modes are defined over the entire spacetime (see Figure [1.5)).

The normalisation constants B, Bé{” are determined by taking a scalar product over

a Cauchy surface in a similar way to the calculation performed in the previous section.
Since the modes are defined over the entire spacetime, the Cauchy surface is now
approximated by a null hypersurface ¥ = ;" U H; U .%}, U H},. The normalisation
constants are found to be

- 1 1
BY = ——, BY = . 1.125
@ VAT @ 472 ( )

We can write the Kruskal modes in terms of a linear combination of
“up”- and “in”-Schwarzschild modes qbgp , g”, as well as unphysical “down”- and “out”-
Schwarzschild modes gbgf’w”*, $%™* defined on region IV. These unphysical modes are
defined by taking the time reverse complex conjugates of (1.103H1.104)):

d)céoum _ (A’lép)*e—ﬁlMiQln(U/4M)9(U), (1126)
¢%ut _ (Agb)*eélMiQln(—V/4M)@(_V). (1127)




22

(a) “Out”-Schwarzschild modes (b) “Down”-Schwarzschild modes

Figure 1.6: The “out”-Schwarzschild modes start at future null infinity JI"F/ and travel
into the white hole horizon H;,, whilst the “down”-Schwarzschild modes begin at the
black hole horizon H}FV and travel towards the past null infinity %,

The “down”-Schwarzschild modes travel from the black hole horizon H;’V to past null
infinity #;,,, whilst the “out”-Schwarzschild modes travel from future null infinity ., IJ{/
into the white hole, passing through H;, (see Figure .

The Kruskal modes can then be defined via

qu :Dgp(d)gp + 6*4]\471'0(ﬁ%O’LU’rL*)7 (1128)
W =Di (0 + e Mgy (1129)

for some constants DY, D& where ¢, ¢ are defined as in (1.103} [1.104) but with
w — . These modes are positive frequency for all £ € R. This fact is evident
from [43, App. H], which proves the following:

/ AU e [T O (1) 4 o -De(-0)] =0, (1.130)

—00

for all p > 0,q € R, where ©(U) is the Heaviside step function. This means that
e 1MUQ(U) 4 e g(—p) (1.131)

has positive frequency with respect to U for all ¢ € R. Comparing (1.128] |1.129)) with
(1.130), we can see that this means both @37, ¢ are also both positive frequency with

respect to Kruskal time for all Q2 € R.

The normalisation constants D¢’ are determined by taking the scalar product of the
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positive frequency “up”-Kruskal modes, that is
(0% (7;9), 03 (2; Q"))
= D DG () + e Mg (2 Q), ¢ (w; Q) + e MY glovm (2 Q)
— DD { (64 (w3 2), 6 (w3 ) + e~ M G2 (3;.0), 6 (3.2
+e —4M7TQ'<¢gp(x Q) ¢doum*( ;Q,)> —4M7r(Q+Q’ <¢down*( ) ¢doum*( /)>}

= DYDY {5(9 — Q) — e MmO 5 Q’)} , (1.132)
where we have used the fact that the scalar product is linear, and also the fact that both
the “up”- and “down”-Schwarzschild modes are normalised (that is, gbgp are normalised

to +1, and ¢g"“’”* are normalised to —1). To normalise the “up”-Kruskal modes, we
set

p 8M7Q 1/2 e~ 2Mma
D = 1) = . 1.133
@ = ) (2sinh(4M ()12 (1.133)
A similar calculation for ¢ gives

' M7y —1/2 e

o= (1—e oM™ T2 = . 1.134

g =(1-e ) (2sinh (4M ()12 (1.134)
Using the Kruskal modes (1.128] [1.129)) to define a field operator, we find

o = / A (b O3 + B + b o + by o (1.135)

where the annihilation operators b o bm define the Hartle-Hawking vacuum state [38],

BUPIH) =0, biy|H) = 0. (1.136)

The construction of the Wightman function in the Hartle-Hawking state follows that

of the previous calculation (|1.119|-[1.121]), except this time we take the expectation of
the Kruskal modes ((1.128], [1.129)) rather than the Schwarzschild modes:

Gulz,2) = (H|¢g()px(2))|H) = /Oo dQ { ¢ (2)9R" (@) + R ()R () } -
(1.137)

We now substitute the representations for the Kruskal modes in terms of Schwarzschild
modes (|1.12811.129)). We are only interested in the Wightman function in region I,
where gzﬁfé"“’", d)g“t are zero. The Wightman function can therefore be written as

, o0 e~ 4Mm up wps eAMmQ . ,
GH($,$):/_OOdQ{QSirMM¢ (z )Cbs (x)+m¢ (z )¢S($)}
(1.138)
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which matches [1, eq.5] (see also (1.149))), although note that Candelas works in four-
dimensions, and so there are extra terms involving the angular coordinates.

In the coincidence limit, we can write
Gg(r,z) = / dQ coth(AM7Q) {|o&|* + | *}, (1.139)
0

where we recover the thermal factor coth(4M 7)), which corresponds to the coth factor
in the thermal Green’s function (1.44). This thermal factor shows that the Hartle-
Hawking state is not a vacuum state in the Lorentzian background.

The Hartle-Hawking vacuum state is defined across the entire spacetime, and has an
ingoing and outgoing thermal flux at null infinity |1]. Closer examination shows that
the ingoing flux is equal to the outgoing flux. This means that the Hartle-Hawking
state models a black hole in unstable thermal equilibrium. It is regular on the horizon
and is therefore the relevant state for black hole thermodynamics. Like the Boulware
vacuum, the Hartle-Hawking vacuum is also invariant under time reversal [44].

Thermality and regularity on the horizon is vital when it comes to performing calcu-
lations on Euclidean black holes. Once we Euclideanise, the only state that we can
perform calculations on is the Hartle-Hawking state. The Euclidean Schwarzschild
metric is found by performing a Wick rotation ,

-1
ds* = (1 — 2M) dr? + <1 - 2M> dr?. (1.140)
T r

To avoid a conical singularity on the horizon, we need to impose periodicity in imaginary
time 7. To see why this is, near the horizon we write (1 — 222) = f(r) = (r —rp,) f'(rp)
and the Euclidean metric becomes

o
(r—rn)f'(rn)

Setting x = 2(r — r)Y2(f'(rp)) "2, with dz = ((r — ) f'(r))~Y2dr, the Euclidean
metric is

ds® = (r —rp) f'(rp)dr? + dr?. (1.141)

1
ds* = Z(f’(rh))2x2d7'2 + da?. (1.142)
Now we let T' = L f'(ry)T = k7, where
1 !/
K= §f (rp) (1.143)
is the surface gravity, and so
ds® = 22dT? + da*. (1.144)

To avoid any conical singularities, we must have T periodic with period 27. This means
that we impose periodicity in imaginary time 7, so that 7 € (0, 2%), and therefore we
are in a thermal state with inverse temperature 7! = 2% This is the Hartle-Hawking
state.
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The Unruh state

In order to define the Unruh vacuum state |U) [35], we build a new field operator, ¢y
by taking a linear combination of the Schwarzschild and Kruskal field modes written in
Kruskal coordinates, given by (1.103] [1.104]) and (1.128] |1.129)) respectively. Our new
field operator is therefore defined by

o0 oo

ou = /O dw {d¢3 + dT 98"} + / dw {dP¢3F + dPTgyr* ) (1.145)
—0o0

which can now be written entirely in terms of Schwarzschild modes using ([1.128] [1.129)).

The associated annihilation operators define the Unruh vacuum state,

d™UY =0, dP|U) = 0. (1.146)
The Wightman function in the Unruh state is

Gote, ') = [ do {OWIE F () + 62 )

674M7rw

- [T ae{sror )+ oSt @er @ b

where the Heaviside function ©(w) is used because the “in”-Schwarzschild modes are
not defined for w < 0. The Wightman function (1.147) matches [1, eq.5] (see also
(1.150))), albeit in two-dimensions.

The Unruh state has no incoming flux in the past but exhibits Hawking radiation at
future infinity [3]. Due to this emission of radiation, we say that the black hole is
“evaporating”. We assume, however, that despite the radiation escaping, the black
hole remains the same size. This is a good approximation, especially for large black
holes where the hole decreases in size at such a slow rate that the change is virtually
insignificant. Unlike the Boulware and Hartle-Hawking vacua, the Unruh vacuum is
not invariant under time reversal.

One may notice that we could construct a fourth vacuum state using the gzﬁgip ,(ﬁ?g
modes. This state (sometimes referred to as the future Unruh state) assumes an influx
of radiation at past infinity. This means that the radiation is effectively coming from
“nowhere”, and can be thought of as the white hole analogue of Hawking radiation.
This is an unphysical process, and so we do not consider this state any further in this
thesis. The flux of radiation in the external region of Schwarzschild spacetime for all
types of vacuum state is shown in Figure

1.2.4 Results in four-dimensions

We now extend this analysis of Green’s functions to four-dimensions, quoting results
for the vacuum polarisation (see section |1.3.1)) taken from [1] and results for the SET
taken from [3].
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Figure 1.7: The external region of Schwarzschild. The Hartle-Hawking state has
ingoing and outgoing radiation at null infinity (red arrows). The Unruh state has
outgoing radiation at future infinity (blue arrow). The future Unruh state has ingoing
radiation at past infinity, and is therefore unphysical (green arrow).

In four-dimensional Schwarzschild spacetime, the Wightman functions for massless,
conformally coupled scalar fields are given by [1]

ED> | e i 0 00¥in @) [Ra () X0

Arw
+§gw(r)§zw(r')], (1.148)
249(7‘)}?9(7“')

1— 8—4M7TQ

X s (r) X i (')

O (0, 0) Vi (O, ) 2T ] - (1.149)

X 1 (r) X2, ()

* dw _
x a; = ZZ/ 47rw ’MAtYZm<97 90)}/2;71(9/7901) [ 1— 674M7rw

+0() X o (N X,
(1.150)

e Y (0, 0)Y (0 )

© dQ
(z,2' —’LZ/ yre)

where Yy, (0, @) are spherical harmonics and the radial functions cannot be calculated
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analytically but have the asymptotic forms

—1 iwr* —1,—iwr*
?zw(r) ~ { TB - z‘jr*zﬁwr ‘ T 2M, (1.151)
T e s r — oo,
Byorle r— 2M,
y -~ L& o 1.152
Ew(T) { r_le_zwr + A&dr—lezw'r , T N 00, ( )

for constants X@w, Z@w, By,. The tortoise coordinate r* is given in 1’ Candelas
calculates the renormalised vacuum polarisation by keeping temporal coordinates split
and subtracting the Hadamard parametrix (this renormalisation scheme is explained in
greater detail in section . After renormalisation, the vacuum polarisation in each
of the three cases is given by [1]:

R 1 * dw
2 _
(I Bl = 155 |

S (@04 1) U?m(r)f + (Ew(rﬂ

- 42 M?
11— 2M/r} 48724 (1 —2M/r)’
(1.153)
(HIP H) e =~ /Ooo %" [coth(QMmu) g(zm 1) U?Zw(r)f 4 (f@w(rﬂ
) 4 M?
11— 2M/r} A8n2ri (1 —2M/r)’
(1.154)
(UG U ren = 16% /0 h %‘” [;(% +1) {coth(QMmu) ‘?&J(r)f + (f@w(r)ﬂ
. 4? M?
1 2M/r}  A8m2ri(1—2M/r)’
(1.155)

Candelas claims [1] that, at infinity, the leading order behaviour of (1.153]) is determined
by the “finite” term, that is

M2
 48w2rd(1 — 2M/r)
This tells us that, far from the black hole, the Boulware vacuum behaves like the
Minkowski vacuum, where

(BI6?|B)ren —

as r — oo. (1.156)

(M|$?*| M) = 0. (1.157)
Similarly, for the Hartle-Hawking state [1],
- 1
2

2

X T
(H|¢* H) ren %1—12{ as 7 — 00 (1.159)
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which corresponds to a black hole in thermal equilibrium at Hawking temperature
Ty =1/87M.

Christensen and Fulling [3] calculate the renormalised SET on Schwarzschild space-
time. Rather than using Hadamard renormalisation (see section and subtracting
renormalisation terms, they solve the conservation equations , making assump-
tions about symmetry of the spacetime. From , it is clear that (Tm,> must satisfy
(1.51). This method allows Christensen and Fulling to find the SET without the need
to do a full computation. They write the SET as [3]

Ty =T + TP + TP + T (1.160)

The tensors Tlsi)'/ can be written, in coordinates (t,7*,6,¢), where r* is the tortoise

coordinate ([1.90)),

— (=20 () + 372 () 0 0 0
—1
T _ 0 L(A-20""H(r) 0 0
. 0 0 1T (r) 0
! 0 0 AT
(1.161)
(1 -too
K oM\ ' 1 =1 0 0
2y _ _ M
Ly M?r2 (1 r) 0 0 0O (1.162)
00 00
—% (120760 - 20(r) 0 0 0
—1
TEY _ 0 La-2)"Gr) o 0
. 0 0 o(r) 0
0 0 0 O
(1.163)
(1000
@v_ @ C2MN\T [ 0 100
Ty M?2r2 (1 r) 0 00 O (1.164)
0 000
with functions
O(r) = Tf(r) — ;T2(r) (1.165)
1 a
HWZ/ (r' = M)TZ (r")dr’ (1.166)
2 2M
G(r):2/ (r' = 3M)O(r")dr'. (1.167)
2M

The parameters Q and K are constants of integration. The results given in equations
(1.161]-[1.167)) are for a general field theory. The trace T.(r) is fixed when we specialise
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to a particular field theory. Whilst the trace of a classical SET for a conformally
invariant field theory should be zero, we obtain a trace anomaly through renormalisation
since we discard direction-dependent terms [3].

In four-dimensions, trace anomalies take the general form [45]
« 2 af 1 2 2
TS =kiC*+ k| R Raﬁ — gR + ksOR 4+ k4R (1.168)

where C? = C’aﬂ'y‘SC’am(s is the Weyl tensor, and constants k; are determined once the
type of field theory is fixed. For a massless, conformally coupled scalar field, we set [3]

1
ky=ko=ks=———, ks= 1.1
1=ky=ks=goors, k=0 (1.169)
and so, for a Schwarzschild black hole,
1 M?
T . (1.170)

® = Gom? 0

The Boulware vacuum |B) should represent essentially empty space for large radius,
so we therefore expect the components of 77 to vanish as r — oo, prompting us to set
K =0, ie. [3]

(BITY|B) = TV + T3 + TV (1.171)
The component Tlsg)y is identical to TF([%)V except we have replaced G(r) with G(r),

where
.

G(r) = 2/ (r' — 3M)O(r)dr'. (1.172)

[e.o]

This change in the limits of the integral amounts merely to a redefinition of the constant
@, but is necessary to ensure that the Boulware state vanishes as r — oo.

The Hartle-Hawking vacuum |H) is regular on the horizon and invariant under time
reversal, prompting us to set @ = K = 0 and thus [3]

(H|TY|H) =T + 73", (1.173)

Finally, in the Unruh vacuum |U), the expectation of the SET is of the form [3]

Ty =18 + TP + 7 (1.174)

since the state is regular at the future horizon, implying Q = 0. We need K # 0 for
outgoing Hawking flux.
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1.3 Renormalisation schemes

1.3.1 Expectation values

In this section, we look at various renormalisation schemes that can be used to calculate
the vacuum polarisation (VP) (¢?) and the SET <T;w>- The VP can be thought of as a
building block for the SET (it has been referred to in the literature as the “poor man’s
stress-energy tensor” [1]). It can be calculated as the limit

(6(2)?) = Tim (Gx)d (), (1.175)

The product of two operators at the same spacetime point is divergent, whereas if we
keep points separated (i.e. without taking the limit 2/ — x) we find that the quantity
is regular. In fact, we can see from (|1.27) that

(qb(x)2> =i lim Gp(z,2") (1.176)

T’ =z
where G (z, ') is the Feynman Green’s function of the Klein-Gordon equation.

The SET can be found by acting on the Feynman Green’s function by a second order
differential operator 7, (x, ') and then taking the coincidence limit [4], i.e.

(Tyw) = i lim T (2, 2)[Gr(2,2")]. (1.177)

In order to obtain a finite answer from the calculation of VP (or SET), we have to
renormalise. This involves performing some sort of subtraction scheme which allows us
to cancel out any divergences and leave us with something from which we can glean
physical information. There exist many different regularisation schemes, and it is often
difficult to know which schemes are consistent and give an identical answer. In 1977,
Wald [31,/46] gave a list of axioms which must be satisfied by the renormalised SET (the
original sources give five axioms, one of which was later dropped from the list [47]):

e Conservation. V#(T),,)en = 0.

N

e Casuality holds. For a fixed “in” state, (T,,)ren at a point p depends only on
the causal past of p. Similarly, for a fixed “out” state, (1},,)ren depends only on
the future of p.

e Consistency with the formalism. For a pair of orthogonal states (A|B) = 0,
the matrix element (A|T},,|B)yen agrees with the formal expression.

A~

e Normal ordering on Minkowski. The renormalised SET (7},,)en should
coincide the normal ordered vacuum expectation value of the SET on Minkowski,
ie. (Tuw)ren = (Tyw) -
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The first axiom is satisfied by the classical SET (1.5I). If this condition were not
satisfied, then (1.53) would not be consistent. The second axiom simply demands
that causality follows the usual rules expected in relativity (basically, an event occur-
ring in the past cannot depend on something that happens in the future). The third
of these axioms is important since it is necessary that the renormalised SET bears
some resemblance to the unrenormalised SET. The matrix element <A\TW\B> gives
a straightforward, unambiguous answer if (A|B) = 0, and so it is only reasonable to
assume that (A]TW]B)TW gives the same answer. The final axiom ensures that renor-
malisation carries over to Minkowski space, where normal ordering gives a sensible,
physically reasonable prescription for <TW>.

These axioms led to a uniqueness theorem [31]:

Wald’s Uniqueness Theorem Let TMV,TL(L,lj) be defined such that their expectation
values satisfy Wald’s axioms. Define

A~

S =Ty — T, (1.178)

Then
(i) é;w is a multiple of the identity operator.
(i1) V(=) = 0.

(iii) (éw,> depends only on the metric and its derivatives at the spacetime point x.

~

The above uniqueness theorem shows that any renormalisation scheme applied to (7},,)
will be unique only up to the addition of a locally conserved geometric tensor.

1.3.2 Hadamard renormalisation

Hadamard renormalisation [4,48-56] involves subtracting the singular part of the Hadamard
form of the Green’s function from the unrenormalised Green’s function. Hadamard
renormalisation can be applied to Green’s functions in both the Euclidean and Lorentzian
backgrounds. In this thesis, we shall apply Hadamard renormalisation to the Euclidean
Green’s function Gg(x,z') in four-dimensions. The Hadamard form for an arbi-
trary number of dimensions is explored in [4]. An object is said to satisfy the Hadamard
condition if it can be written in the form of a Hadamard parametrix Gg(z,z’) when
points x and 2’ are in a normal neighbourhood. Thus, Gg(z,z’) will capture all the
divergences of the original object in the limit 2’ — x. In order to fully appreciate the
Hadamard form, we first introduce two important geometrical quantities, Synge’s world
function o(z,2") and the van Vleck-Morette determinant A(x, ).

Synge’s world function o(x, z’) is half the square of geodesic length between two points
z and 2’. Here, we must assume that z and 2’ belong to a normal neighbourhood. Then,
there exists a unique geodesic z(\), where A is an affine parameter, that connects z to
a’. The geodesic z(\) must lie within the same normal neighbourhood as z and z’. We
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suppose z(A\g) =z and z(\1) = 2/ and define the world function as

A1

1
ol ') = 504 — o) /A G5 dN (1.179)
0

where Z* refers to differentiation with respect to affine parameter A\. The world function
o(x, ") satisfies [44|57]

20 =o'loy,. (1.180)
We also note that if  and 2’ are timelike separated, then o(z,2’) < 0, if z and 2
are null separated then o(x,2') = 0 and if z and 2’ are spacelike separated, then
o(z,2") > 0.

The van Vleck-Morette determinant A(x, ') was introduced by van Vleck in 1928 to aid
the evaluation of the classical limit of quantum mechanics [58]. This determinant was
then developed by Morette in [59] for use in the approximation of Feynman integrals.
It gives us a measure of the rate at which geodesics that start at =’ diverge away from,
or converge toward, each other [60]. It is defined by [60]

Az, 2) = g7 (2) det{VEVE o(x,2') }g~/*(2') (1.181)

where g(r) = det{g,.(z)} and V{ refers to the covariant derivative taken with respect
to x#. It satisfies the boundary condition

lim A(z,2') =1 (1.182)
' —x
and the differential equation
AN AGH),, = 4. (1.183)
From (|1.183]), we can derive
Do = 4 — 207 Y2(AY2) ot (1.184)

which will prove a useful defining equation for A.

The Hadamard form of the Feynman Green’s function is

Gr(z, ) = —# (M 4V (2, 2) In[o(x, ') + i€] + W(:c,m’)) (1.185)

where U(x,2'),V(z,2') and W(x,2') are symmetric biscalars. To determine these
biscalars, we must substitute ((1.185]) into (1.58)). This is done in Appendix We find

Ulz,2') = AY2(z,2'), (1.186)
Viz,a') =) Vp(z,a')o"(z,2), (1.187)
n=0

W(z,2') = Z Wy(z,2")o™(x, ") (1.188)
n=0
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where the V,, satisfy the recurrence relation

0=2(n+ DVai1u0* +2(n+ 1)(n + 2)Voa
—2(n+ D)V ATV2(AY2) o 1+ (O — m? — RV, (1.189)

with Vj given by

(@ —m? — ER)AY? + 2V .0t + 2V — 2V ATV2(AV?), ot = 0. (1.190)
g B

;
For the W,, we have the recurrence relation

(O —m? = ERW,, +2(n + D) Wg1,u0* +2(n + 1) (n + 2) W1
—2(n + V)W, 1 A™V2AY2) o 4 2V, 0

+(4n + 6)Vyi1 — 2V, 1 ATY2(AY2) ot =0 (1.191)
with Wy unrestrained by the recursion relations [4]. The freedom to choose Wy corre-
sponds to the freedom to add solutions of the homogeneous wave equation to G (by
changing the boundary conditions that prescribe Gr) [61].

It can be noted, therefore, that the V;,(x, ') can be determined uniquely and are purely
geometric objects whilst the W, (z, 2’) cannot be uniquely defined and are not purely
geometric. In particular, this means that the Hadamard expansion (|1.185)) is made up
of two parts, a purely geometric part that diverges in the coincidence limit, given by

1 ( AV2(z, 2

Gs(a,2) = —
s, @) 472 \ o(z,2') + i€

+V(z,2')In [E(%J(:E, x') + ze]) (1.192)
where the subscript S stands for “singular” and we have added an arbitrary length
scale £y to make the term inside the logarithm dimensionless, and a regular part given
by

1
Gr(z,2') = —W(x,2"). (1.193)
472
We call Gg the Hadamard parametrix; this encapsulates all of the divergences in

<<Z§2) The Hadamard parametrix can be divided into two parts, the direct part of
the Hadamard parametrix, given by

Al/2 /
Al ) (1.194)
o(x,x') +ie
and the tail of the Hadamard parametrix, given by
V(z, 2 ) In[l3o(x,2") + ie]. (1.195)

The renormalised VP can then be calculated by subtracting the Hadamard parametrix
from the Feynman Green’s function

<Qg2>ren = xlllingc {ZGF - GS} (1.196)
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or, equivalently, in the Euclidean background

<$2>ren = xl}glm{GE - GS} (1.197)

In the case of a massless, conformally coupled scalar field (m = 0,§ = %), perform-
ing a short-distance expansion reveals V ~ O(Az?), meaning that the log term in
does not contribute in the coincidence limit [4]. In chapter |5 when we employ
Hadamard renormalisation on an anti-de Sitter black hole spacetime, we only consider
massless, conformally coupled scalar fields, and so do not have to worry about calculat-
ing the tail of the Hadamard parametrix. This term must be considered when looking
at a scalar field of general coupling or trying to extend the VP to the calculation of the
renormalised SET.

When we use the Hadamard parametrix Gg to renormalise the SET, ambiguities
are introduced thanks to the arbitrary lengthscale ¢y [4]. Replacing iGp(x,2’) by

iGp(z,2") — Gg(z,2') in (1.177)), we obtain
(TYren = lim Top(z,2')[iGp(z, 2') — Gs(x,2)]. (1.198)
' —x

An ambiguity arises from the tail of the Hadamard parametrix, since this contains an
arbitrary lengthscale £y. To extract this ambiguity, we treat Gg(x,2’) as a function of
lp (and therefore write Gg(x,2') = Gg(z,2;4y)) and write

Gs(z,2';0y) = Gg(z,2';00) + 6Gs(z, 25 by, 01) (1.199)

where

§Gg(z, 25 o, 01) = LV(:c,x/) In [ (1.200)

Co(z,a) +ie
472 '

Bo(x,2') + ie

Then the renormalised SET is

(Tu)ren = lim T (x,2")[iGr(z,2') — Gs(x, 25 £1) — 6Gs(z,2'; Lo, 01)]

' —x

= gclliinw {Tuw(z, 2" )iGp(z,2") — Gg(z, 2" 01)] + Ly (2, 25 00, 61) } . (1.201)
where Y, (z,2'; 0o, €1) = —=Tw0Gs(x,x’; 4o, £1). In accordance with Wald’s uniqueness
theorem , T, is a local, conserved, geometric tensor, and hence the definition
of the renormalised SET is unique only up to the addition of such a tensor. It is
important to note that this ambiguity will still play a role in the four-dimensional,
massless, conformally coupled case since, although V' (z, ') vanishes at low orders and
we do not need to consider it in our calculations, it is not identically zero and so there
is still a need to introduce an arbitrary lengthscale.

In (pure) anti-de Sitter (adS) spacetime, it is found that [62] V(z,2") = 0 identically
for four-dimensional, massless, conformally coupled scalar fields. This means that there
is no renormalisation ambiguity in adS spacetime, which can be explained by the fact
that the spacetime is maximally symmetric. Note that this will not be the case for
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asymptotically adS black hole spacetimes, such as Schwarzschild-adS considered in
part [ITI]

The subtraction in ((1.196f) is by no means a trivial matter, and there have been various
methods devised to ease this computation. We present a few of these methods here
and compare their advantages and shortcomings.

1.3.3 The Candelas and Howard method

Candelas and Howard [1,2,/63,64] were among the first to implement Hadamard renor-
malisation in their calculation of the VP for the Schwarzschild black hole. They use
a special case of Hadamard renormalisation, referred to in the literature as DeWitt-
Schwinger renormalisation [65,/66], which writes the Hadamard parametrix and Feyn-
man Green’s function in a representation that allows for divergences to be captured by
“DeWitt-Schwinger” terms Gpg. These terms arise from a particular (non-zero) choice
of the biscalar W (x,2’) [67]. The Candelas-Howard method was extended to general
spherically symmetric black holes by Anderson, Hiscock and Samuel [68,69].

The Candelas-Howard method works in the Euclidean background and keeps coordi-
nates split, writing

o
Gr(rr 0,07 7 0,9) = o5 D ™G, (r,0,p50',0',) (1.202)
s
n=-—00

where AT = 7—17/, the parameter x is associated with the temperature T of the thermal
state via k = 27T and G, is given by

o0
G (1, 0,077,060 =Y ge(r, ") g (6,03 6"). (1.203)
/=0

The function he(f, ¢; €', ¢’) is an angular function that will be determined based on the
background geometry of the spacetime. In a spherically symmetric spacetime, this will
usually take the form of spherical harmonics. The form of hy(6, ¢; €', ¢') is unimportant
for this discussion, however.

The function G, is a three-dimensional Green’s function of the scalar field equation
with associated 3-dimensional metric of signature (+ 4+ +). This means that G,, can
be written in Hadamard form in three-dimensions (see [4] for more information on the
three-dimensional Hadamard form), i.e.

Gn(x,x') = % <(20_(€}(:(;;),))1/2 + W(X,X’)) (1.204)

where x = (1,6, ¢). In three-dimensions, the biscalar U(x,x’) is written

U(x,x) =) Un(x,x)o"(x,X) (1.205)
n=0
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where

Up(x,x') = AV?(x, %) (1.206)

and the U, (x,x’) satisfy the recurrence relation

(n+1)2n + DUps1 + (20 + 1)Ups1u0" — 20+ DUp 1 ATV2AY 200
+(O —m? - €R)U, =0, (1.207)

whilst the W, (x,x’) satisfies the recurrence relation

(n+1)(2n + 3)Wai1 + 2(n + 1) Wis1,,0% — 2(n + D)Wy A~ 2AL 260

+(O —m® — ER)W, = 0.
(1.208)

The freedom to choose Wy corresponds to the freedom to add solutions of the three-
dimensional homogeneous wave equation to G,.

The Hadamard parametrix is formed the same way as in four-dimensions - the non-
geometric W(x,x’) can be ignored. The limits ' — r,¢’ — ¢ are taken, and points
remain split in the angular coordinate #. Provided the metric is spherically symmetric,
we can set #/ = 0 without loss of generality, and write both G, and the Hadamard
parametrix Gg as a series in 0:

Galr,0,7,0,6) = 2 1 o), (1.209)

U(r,8,¢:7,0,9)  X(r,0)
2m(20(r, 0, 0;7,0,0))1/2 6

for some function X(r,¢). Both G, and Gg have the same coefficients at order 671,
and so, performing the subtraction

Gn(r,0,0;7,0,0) — Gs(r,0,¢;7,0,0) = O(1) (1.211)

Gs(r,0,p;7,0,¢) = +0(1), (1.210)

leaves us with a finite result in the coincidence limit § — 0. This cancels the divergences
in the ¢-sum, but Candelas and Howard are not quite finished yet, because they pick
up further divergences from the n-sum. To cancel these divergences out, they subtract
more terms,

oo
(%)ren = # Jim ( > AT (G, — Gs) — GDs> : (1.212)
n=—oo

These terms, Gpg, were found by Christensen [41] using the DeWitt-Schwinger expan-
sion for the Green’s function [65,66]. The difficulty arises in performing the subtraction
3, €MAT(G, — Gs) — Gps, since Y, €™A7(G, — Gg) and Gpg are both divergent
in the limit A7 — 0. We assume Gpg can be split into two parts (this decomposi-
tion is not a guarantee but can be shown to hold for spherically symmetric, black hole
spacetimes [1]):

Gps = Gar + G,. (1.213)
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The first part Ga, captures all the terms in Gpg that have a dependence on A7, and
so must be kept within the limit. The terms in G, do not depend on A7 and so can
be considered separately. Note that Ga, may also depend on r.

This means that the renormalised VP can be separated into two parts,

<¢;2>ren = <q§2>numeric + <¢A)2>analytic (1214)
where
52 . _i 3 = inkAT N .
(D7) numeric e AIHEO (nz_:ooe (Gn, — Gg) GAT> , (1.215)
/\2 R
<¢ >analytic = WGT‘ (1.216)

The <¢2>analytic has a fairly simple form and so can be computed relatively easily. The
<¢2>nummc can only be computed numerically, as the name suggests. We do this by
writing Ga, as a mode sum over n, i.e.

0
Gar = Z eim{ATGAT,Tw (1217)
n=—00
which leaves us with
. )
72 : inkAT

e = ——= 1 —Gg—Gar . 1.218
<¢ >numemc Q72 AflrIBO <nzzoo€ (gn S A ,n)) ( )

The sum in can be approximated using a WKB expansion which gives rapid
convergence in the large n limit [70]. Unfortunately, the WKB approximation suffers
near the event horizon due to nonuniformity in 7. In this case, more modes near the
horizon would be required to achieve a good level of accuracy, and this can be compu-
tationally expensive. If we are working in a black hole spacetime, this approximation
is useful when we are considering regions in the far field, but fails to capture correct
behaviour close to the horizon.

Breen and Ottewill [71] tried to rectify this by using Green-Liouville (G-L) asymptotics.
The G-L approximation allows us to write <(£2> as a sum of terms that are manifestly
finite on the horizon. This provides us with better accuracy close to the horizon,
although it is very complicated. Due to this complexity, Breen and Ottewill use the
G-L approximation for the n = 0 mode only, and the WKB expansion for all other
modes. This allows for the calculation of not only the renormalised VP, but also the
renormalised SET [72,73].

The Candelas-Howard method has been applied to asymptotically flat Schwarzschild
black hole spacetimes [2,/63]74-76], to a charged, rotating black hole [77], and to asymp-
totically adS black holes [10,78].
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1.3.4 The extended coordinates method

More recently, Breen and Taylor [11,/12] developed a mode-by-mode renormalisation
prescription for the VP on a spherically symmetric black hole spacetime. This prescrip-
tion allows for much quicker convergence, and is known as the “extended coordinates”
method. This method makes several significant departures from the Candelas-Howard
method. The method is developed for a general spherically symmetric spacetime, de-
scribed by the metric

ds? = —f(r)dt2 + f(r)"Ldr? + r2(d6? + sin2 0 dy?), (1.219)

for some function f(r). Breen and Taylor use the four-dimensional Hadamard form (see
section and renormalise by taking the Hadamard parametrix from the Euclidean
Green’s function whilst keeping points split in multiple directions. Even with this
point-splitting, the subtraction remains difficult. Breen and Taylor overcome this by
writing the world function o as |11,/12],

o= Z oijk(r)w' Ard sk (1.220)
ijk
where w and s are the “extended coordinates” defined by
2
w? = ?(1 —coskAT), %= f(r)w?+2r?(1 — cosv), (1.221)
where k is the surface gravity (1.143)) and f(r) appears in the metric (1.219)). The
parameter v is the geodesic distance on a sphere, defined by

cosy = cos f cos §’ + sin §sin &' cos Agp. (1.222)

The extended coordinates are treated as O(e) ~ O(Ax). The coefficients o;;;, can then

be determined by substituting (|1.220]) into (|1.180)) and equating powers of e.
The van Vleck-Morette determinant ((1.181f) can be expanded in the extended coordi-

nates in a similar way

AY2(z, 2y = Z wijp(r)w' Ard sk, (1.223)
ijk

The coefficients u;;, are found by substituting ((1.223) into (1.184)).

Bringing radial coordinates together i.e. Ar — 0, the direct part of the Hadamard
parametrix can then be expanded in the following way:

w22+2j

A1/2 m )

(o ; .
j=—i

where the coefficients D;;(r) are determined by expanding in terms of extended co-
ordinates (w,s) and comparing coefficients. We split the sum into coefficients with
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non-negative j, which we call DZ(;L) (r), and coefficients with negative j, which we call

) :
D;; ’(r), and so write

Al/2 m. i w2i+2i —2j

- ZZDg)( w2 T ZZD QM + O(e¥™). (1.225)

=0 j=0 =0 j=1

2

The coefficients of DZ(]-_)(?”) are polynomial in s%,w?, except for D( )(7“). Since these

terms will vanish at coincidence, when s?> — 0 and w? — 0, we can ignore these terms
and simply write

2z+23

PETTT R D (r) + O(e¥™). (1.226)

The reason for writing the Hadamard parametrix in this way is that we can assume the
terms “ 2J +2 have a mode-sum representation corresponding to Gg | , i.e.

w2i+2j A o
S2j+2 Z elnlﬂ Tzhf 2 7()0 né(zaﬂ"") (1227)

n=—0oo

where W, (i, j|r) are regularisation parameters that can be determined by inverting
using our definitions for (w, s) in (1.221]). The tail of the Hadamard parametrix,
given by V(z,2') In[f30(x,2')], can be rearranged in a similar way. Using our extended
coordinates (w, s), we can write

3
L

V(z,2')log(f3o(x,2')) = log(f3s?) iy) (r)s* 2w

j=0

™

11

i
m—1 1

+2

=1 j=0

m—1m—1—1

327,— 2j

<

)
o (r
i

(r)
(r) —2j—2_ 2i+2j+2 om
5 (r)s w4 O™ loge) - (1.228)

>

i=1 ;=0

where the coefficients 7;;(r) are divided into three types: 7;;1) (r) are terms in the
expansion of the tail that contain a logarithm, 7;5}7 ) are terms in the expansion of the
tail that are polynomial in s? and w? and ’7;?) (r) are terms in the expansion of the tail
that are rational in s? and w?. Note that there is a factor of log(f%)’ﬁgl)(r) related to

the renormalisation ambiguity that is absorbed into the 7;§-p ) (r) coefficients.

As before, terms polynomial in s?> and w? will vanish at coincidence, and so can be



40

ignored, leaving us with

m—1 1
V(z,2') log(ﬁ%a(z,x )) = log( g Z lgl i—2j,,2]
=0 j=
+ Ty (7“)8_2@0"L +O(# loge). (1.229)

We assume that logarithmic terms have a mode-sum representation corresponding to

(T.202, [T.203), i.e.
(o]

log(#3s%)s” 2w = 3 WATZ@ 30, Xl 17) (1.230)

n=—oo

where the regularisation parameters x,¢(i, j|r) are found by inverting (1.230). Putting
everything together, the Hadamard parametrix (1.192) can be written

[e.9]

1
Gs(w,2') = 5 | D] e’"”ATZhe 030, ¢) ZZ% YWye(i, j|7)
n=—00 i=0 j=0
m—1 1 .
+ D) Xneiy 1) ¢+ DS (1) + Tog) (1) We(2,07) | . (1.231)
i=0 j=0

Then the renormalised VP can be calculated by

o = L 1 ( > e zhz it )
m—1 1
X gnﬁ T, T ZZD nZ ? ]‘T Z l XnZ(Z j|7‘)

=0 7=0 =0 j=

1 (- 1
— 5D ) = T () Warl(2,01r). (1.232)
Divergences can now be subtracted mode-by-mode, where every term in the sum is man-
ifestly finite. This allows for much quicker convergence than in the Candelas/Howard
method, because there is no need to rely on high-order WKB expansions, and no diffi-
culties in adding numerical terms to analytical terms.

The extended coordinates method can be applied to arbitrary dimensions very nicely.
This method has been applied to higher-dimensional black holes, namely the Schwarzschild-
Tangherlini spacetime in [11,{12]. A similar method has been developed by Freitas and
Casals [79], which involves splitting in multiple directions and writing the Hadamard
parametrix as a mode-sum, although this method works in the Lorentzian background.
This method was applied to Bertotti-Robinson spacetime to calculate the vacuum po-
larisation in the Boulware vacuum state |79|.
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In chapter [5, we will use the extended coordinates method to renormalise VP on anti-de
Sitter topological black holes for massless, conformally coupled scalar fields. Since the
logarithmic terms in do not contribute in the coincidence limit for massless,
conformally coupled scalar fields, we therefore do not need to calculate the regulari-
sation parameters x,¢(Z,j|r) in order to arrive at the results presented in section
When we try to extend this to consider scalar fields with general coupling constant, we
run into problems with the calculation of the parameters x,¢(i, j|) - see section for
a description of these difficulties.

1.3.5 The Levi and Ori method

The Candelas-Howard and extended coordinates renormalisation schemes are only vi-
able on the Euclidean background. Levi, Ori and collaborators [80-85] developed a
renormalisation scheme on the Lorentzian background, since time-dependent back-
grounds do not always admit a Euclidean sector, and the Candelas-Howard method can-
not always be used. Attempts to use the Candelas-Howard method on the Lorentzian
background introduce some difficulties. For large n modes, there exists a turning point
at 7 = ryuen(n). Below this turning point, r < ry,m-m(n), the radial function grows expo-
nentially and above this turning point, r > ry,,(n), the radial function is essentially
oscillatory. Therefore, in these two different regions, i.e. r < ryn(n) and r > ryen(n),
we must use different WKB approximations. These WKB approximations break down
and diverge at r — ryyrn, and so we must use another intermediate approximation to
bridge between these [80]. This matching is manageable at low order, but becomes
increasingly difficult as we move to higher-order WKB.

Levi and Ori’s method does not encounter these problems as they do not use a WKB ap-
proximation. They renormalise by point-splitting and subtract the DeWitt-Schwinger
terms. They consider two different types of point-splitting methods: ¢-splitting, which
involves splitting in the time-direction and requires invariance under time translation,
and angular splitting, splitting in the 6-direction, which requires axial symmetry. Both
variants can be used to renormalise the VP, but t-splitting is insufficient in renormali-
sation of the SET [81].

We begin with the t-splitting method, where 7/ — 7, ¢ — 0, ¢/ — ¢ and the points
are split in the temporal direction only. In the Lorentzian background, the two-point
function looks like

(G(t,r,0,0),8(t',7,0,0)) = /OOO F(w,r)e™ dw (1.233)

where F'(w, r) is the result of computing the sum over £ and m modes. In the coincidence
limit A7 — 0, the integral of F'(w,r) over w diverges, but it is regularised in
by the e®A factor. To renormalise, Levi and Ori [80] subtract the DeWitt-Schwinger
terms G pg as in the Candelas-Howard method:

(%) ren = Allifglo [/0 F(w,r)e“?dw — Gps(At)] . (1.234)
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With this point-splitting, the DeWitt-Schwinger terms can be written in the form
Gps(At) = a(r)At™2 + b(r) In(At) + c(r) + O(At) (1.235)

for some functions a(r),b(r),c(r) that are not important for this brief description of
the method. The Laplace transform is used to write

At72=— / we By, (1.236)
0
In(At) = / ——— WA + const. + O(AtIn At). (1.237)
o l+w

The constant terms in the above equation can simply be absorbed into ¢(r), and we
can then write

72 T > twAt _
(07 )ren = Aliglo ; Freg(w,r)e“ > dw — c(r) (1.238)
where
b(r)
Freg(w,r) = F(w,r) —a(r)w — (1.239)

14w
Since the singular piece of F(w,r) has been removed, one can assume that the inte-
gral over Fcq(w,r) will converge (Levi and Ori show that this is exactly the case for
Schwarzschild, but are unable to prove this in a general sense [80]), and thus

(%) ren = /000 Freg(w,r)dw — c(r). (1.240)

It is important to note that throughout this ¢-splitting regime, spherical symmetry has
not been assumed, and if the spacetime were not spherically symmetric, everything
would carry over as before, with the added possibility that F'(w,r) (and thus a(r), b(r)
and ¢(r)) may also depend on 6, ¢.

The angular-splitting method is done in the limit ¢ — ¢, v’ — r, ¢’ — . Levi and
Ori [81] keep the angular coordinate 6 split by writing 8/ — 6 + ¢ for some € > 0.
Spherical symmetry is now assumed, and the two-point function is written as

00 0o l
(0(t,7,0,9), 6(t,,0+€, 0)) —Z/O dw Y Yo (8, 9) Yo (046, @) [t (r)[?, (1.241)
=0

m=—/{

where Yy, are spherical harmonics (obtained thanks to spherical symmetry) and 1,
are radial functions. The order of summation over ¢ and integration over w is not
important. They evaluate the sum over m first,

l
20 +1
Z Yo (0,0)Y, (0 + €,0) = LT Py(cose) (1.242)
m=—/
and hence
. R = 2l+1 > 2
(G(t,r,0,0),8(t,1,0 +€,0)) = o Plcose) | [ue(r) Pdw. (1.243)
u 0

=0
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Now, some care must be taken with the integral over w. This is not affected at all by
the splitting in 0, and so actually diverges. Levi and Ori [81] regularise by introducing a
further point-splitting in ¢, then adding and subtracting the £ = 0 modes, which results
in two integrals that turn out to be finite as ¢ — t. After this rather complicated
process, they are left with [81]

e—0 47

<<132>ren = lim {Z 26+ 1Pg(cos e)F(l,r) — GDs(G)} (1.244)

where F'(¢,7) is the result from the regularised integral over w and they have subtracted
the DeWitt-Schwinger counter-terms as before. They now use a Legendre decomposi-
tion to bring these terms inside the ¢-sum, writing

[e.9]

20 +1
Gos(e) =Y 4; Py(cos €) Fying(6,) + W(r) (1.245)
/=0

where W (r) is some function independent of ¢ (the actual form of W (r) is unimportant
for this brief discussion). The VP is then

. 20 +1
(0 ren = ll_rf(l) {z:: 4—; Py(cos€)Freqg(l, 1) — W(r)} (1.246)
where
Freg(l,1) = F(,1) — Fing(L,7). (1.247)

In order to perform the sum over /, they write F.. 4 as
Freg(l,r) = A(l,r) + B(l,r) (1.248)
where B({,r) is defined such that
Z(% + 1)B(¢,r)Py(cose) = 0 for small €, and Z(% + 1)B(¢,r) diverges. (1.249)
(=0 =0

Then the renormalised VP can be written

o0

Fhren =3 2 A - W) (1.250)
=0

where the summation over ¢ should now be finite. Levi and Ori show that ((1.240) and
(1.250]) are equivalent when applied to Schwarzschild spacetime [81].

The Levi-Ori method is very important, as it allows one to calculate VP for a variety
of different states (the Euclidean background automatically fixes the vacuum state to
be Hartle-Hawking). However, the integrals performed over w in are extremely
subtle - they diverge due to oscillatory behaviour at large w. This is dealt with by
multiplying by an exponentially-decaying prefactor, which damps the oscillations. We
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then take the prefactor to zero, leaving everything convergent. This method works well
for the calculations that Levi and Ori perform in Schwarzschild spacetime, and has
also been generalised for Reissner-Nordstrém spacetime, where the method allows for
calculations to be performed inside the horizon [84]. The method has also been applied
to Kerr spacetime [83], where calculations in the Euclidean background are often very
complicated.

1.4 Summary

In this chapter, we have introduced various concepts that are very important in building
a QFT in a non-flat spacetime. We began in section [I.1] with a discussion of QFT in
Minkowski, where scalar field modes satisfy the homogeneous wave equation . We
then defined various Green’s functions of the inhomogeneous wave equation on
the Lorentzian background - , associated with vacuum expectation values.
Thermal expectation values are associated with thermal Green’s functions , and
are periodic in time . By performing a Wick rotation , we are able to
also find a Green’s function in the Euclidean background . All of these concepts
carry over to curved spacetime, as we saw in section [1.2

In section [1.2], we considered field modes that satisfied the homogeneous Klein-Gordon
equation (|1.56f), and Green’s functions that satisfied the inhomogeneous Klein-Gordon
equation ([1.58]). We defined the notion of a Cauchy surface , and why the exis-
tence of a Cauchy surface is needed to allow us to calculate scalar products . It
therefore seems impossible to quantise in a spacetime that is not globally hyperbolic.
We shall see in chapter |3| that we can quantise in spacetimes that do not admit Cauchy
surfaces (such as anti-de Sitter space).

In section [1.2.2] we explored the Unruh effect, showing that there exist different types
of vacua in curved spacetime. In Schwarzschild spacetime, there exist three different
types of vacuum state, known as the Boulware vacuum, the Hartle-Hawking vacuum
and the Unruh vacuum. In two-dimensional Schwarzschild, we calculated the Green’s
functions in all three vacuum states, and used these calculations to discuss the quali-
tative differences between the vacua.

To calculate the VP and SET, we need to use renormalisation schemes to remove diver-
gent terms. In section [L.3] we discussed three of these schemes. The Candelas-Howard
scheme (section|1.3.3)) is applied on the Euclidean background using a WKB approxima-
tion for the radial parts of the field modes. The extended coordinates method of Breen
and Taylor (section uses a mode-by-mode regularisation scheme that allows for
much quicker convergence, since there is no reliance on high-order WKB expansions.
The Levi and Ori method (section is applied on the Lorentzian background,
which is beneficial when it comes to the study of multiple vacuum states. In chapter
we shall use the extended coordinates method to calculate vacuum expectation values
on anti-de Sitter black holes. This is because the extended coordinates method is well-
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adapted to exploit all of the symmetries of the spacetime, and overall, a more elegant
method than the renormalisation scheme of Levi and Ori.
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Chapter 2

Anti-de Sitter spacetime

Anti-de Sitter spacetime (see [86-90]) is characterised by negative cosmological constant
(A < 0). This means that the expansion of spacetime is decelerating, and null rays can
reach the boundary of the spacetime in a finite affine parameter. As a result, we must
impose conditions on the timelike boundary.

In this thesis, we shall refer to “pure” anti-de Sitter spacetime as “adS”, the covering
space as “CadS” and the Poincaré domain of adS as “PadS”. Black hole adS spacetimes
are discussed in chapter |5, and shall be referred to as “SadS” (Schwarzschild-adS, con-
taining an uncharged black hole) and “RNadS” (Reissner-Nordstrém-adS, containing
a black hole with electric charge). In this chapter we shall look at the geometry of
adS, CadS and PadS, and their conformal diagrams. We shall save any comments on
quantization until the following chapters.

2.1 (Pure) adS

AdS can be visualised as a 4-dimensional hyperboloid in a 5-dimensional flat spacetime
E(23), a Euclidean space with two timelike coordinates. The equation for the four-
dimensional hyperboloid is

(P H(EPHEP+(E) - () =-L7 (2.1)

where €0, ¢* are timelike coordinates, ¢!,£2, €3 are spacelike coordinates and L is the

adS lengthscale related to the cosmological constant by L? = —%. This spacetime is

shown in Figure with two space dimensions suppressed.

The metric for the embedding space is [586]:
ds® = —(d€°)? + (d€")? + (d€?)* + (d€?)? — (de™)?. (2.2)

47
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Figure 2.1: AdS space with two spatial dimensions suppressed. Worldlines around the
waist of the hyperboloid form closed timelike curves.

We can perform the following coordinate transformation:

&0 = L costsecp,
¢! = Ltan pcos¥,
¢? = Ltan psin 6 cos ¢, (2.3)
€3 = Ltan psin@sin ¢,
¢t = Lsintsecp
where 0 < p < %, 0<6<m 0<p<2m The time coordinate t € (—m, | is periodic
with period 27, which means that we have closed timelike curves. These are timelike
worldlines that run in a loop, with the future leading into the past. Differentiating each
of the above expressions, we obtain
de® = L(sintsec p dt + costsec ptan p dp),
det = L(sec® pcos® dp — tan psin 6 df),
de% = L(sec? psin 6 cos ¢ dp + tan pcos @ cos p df — tan psin O sin ¢ dy), (2.4)
de3 = L(sec? psin@sin ¢ dp + tan pcos@sin p df + tan psin  cos ¢ dyp),
de* = L(costsec p dt + sintsec ptan p dp).
Substituting these into the metric and using basic trigonometric identities, we

obtain
ds? = L*sec? p[—dt? + dp* + sin? p(d6? + sin? 6 dp?)). (2.5)
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The Penrose diagram for adS is shown in Figure A spacelike hypersurface ¥ is
shown. The full domain of dependence D(X) is not equal to the entire mani-
fold - in Figure 2.2h, D(X) is contained within the diamond-shaped wedges. In other
words, ¥ is not a Cauchy surface, and adsS is not globally hyperbolic [86]. Placing initial
conditions on ¥ is not enough to make sure everything is uniquely defined across space-
time; we must also impose boundary conditions on .#, .#’. We shall discuss boundary
conditions in more detail when we look at quantisation in adS in chapter

2.2 The covering space - CadS

The existence of closed timelike curves is very unappealing classically, but can also
cause us problems when attempting to quantise fields on adS (see chapter [3) as it can
be difficult to impose timelike periodicity on mode solutions. Therefore, it is often
useful to remove this periodicity. This amounts to “opening up” or “unwrapping” the
adS hyperboloid, which leaves us with the covering space, CadS (Figure .

Further problems arise from the fact that CadS remains non-globally hyperbolic. We
will see in the next chapter that we can bypass this problem by mapping to the Einstein
Static Universe (ESU).

The ESU can be visualised as a 4-dimensional cylinder embedded in a 5-dimensional
Minkowski space [86], written

")+ )+ )+ (n*)? =L? (2.6)

where L is the radius of the cylinder. The metric for the embedding space is the
standard 5-dimensional Minkowski metric,

ds® = —(dn°)* + (dn")* + (dn*)* + (dn®)* + (dn")*. (2.7)

Suppressing two spatial dimensions, ESU can be represented as the cylinder (n')? +
(n?*)?2 = L?. This visualisation is shown in Figure along with a Cauchy surface
>.. Now, initial data can be uniquely evolved throughout the spacetime - the ESU
is globally hyperbolic. This will make our quantisation procedure in chapter [3| much
simpler.

To see the connection with CadS, we perform the following coordinate transformation:

0’ = Lt,

n' = Lsin pcos,

n* = Lsin psin 6 cos ¢, (2.8)
n® = Lsin psin @ sin ¢,

7]4 = Lcosp,
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(b) Conformal diagram for CadS

Figure 2.2: The conformal diagrams for (pure) adS and CadS. In adS, the time coor-
dinate t is periodic, with the lines ¢ = m and ¢t = —7 being identified. The red curve
shows a possible closed timelike worldine. In CadS, periodicity is removed from the
time coordinate, and closed timelike curves no longer exist. Null rays are shown in blue.
A spacelike surface ¥ is shown in adS and the domain of dependence D(X) is
given by the surrounding diamond region. Boundary data must be specified at ., .#’
to allow initial data specified on ¥ to propagate uniquely into the future. The same
must also happen in CadS.
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Figure 2.3: ESU is a globally hyperbolic spacetime , with Cauchy surface . The
coordinate p is periodic with period 27w. The conformal diagram demonstrates the
mapping between ESU, CadS (red region) and adS (blue region). The arrows indicate
that p = —m is identified with p = 7.
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where ¢t € (—o00,0), p € (—m, 7|, 6 € [0,7], ¢ € (0,27]. The radial coordinate p is
periodic, as can be seen in Figure In this coordinate system, the line element
becomes

ds* = L*[—dt* 4 dp* + sin’ p (d6? + sin? 0 dp?)]. (2.9)

Comparing with the line element for adS (2.5]), we can see that there exists a conformal
transformation between the two metrics:

g’ = gV, Q=secp. (2.10)

This means that we can map from one spacetime to the other, provided that we also
alter the prescribed domains for each coordinate, i.e. we remove periodicity on the
radial coordinate p and alter the range of p such that p € (—m/2,7/2) to pass to CadS
(note that the boundary of CadS is not part of the spacetime), and further impose
periodicity on time coordinate t to pass to adS. This is illustrated in Figure [2.3b

The fact that ESU and CadS are conformally related will become very important once
we start to quantise. It is much more difficult to build a QFT in a spacetime that is
not globally hyperbolic, so in chapter [3|, we shall begin by defining our QFT in ESU,
and then use our conformal transformation to map our classical field modes into adS.

2.3 The Poincaré patch - PadS

The Poincaré domain of adS (PadS) covers half of the full adS spacetime [91] and is
used extensively in the adS/CFT correspondence (see section .

To transform the embedding space metric (2.2)) to suitable coordinates for the Poincaré
patch, we write [91]

1
50:7(Z2+L2+j2_t2)

2z

¢l = Lml/z

£2 = L2?/z (2.11)
1

53 — 5(2,2 —L2+a_02 —t2)

=1tz

where 72 = (21)? + (22)2. The metric for the Poincaré patch is then given by

L2
ds® = 2—2(—dt2 + (da')? + (dz?)? + d2?). (2.12)
The Poincaré patch is conformally related to Minkowski space with conformal factor
0? = L?/2% The coordinate z is a radial coordinate and effectively splits the adS
spacetime into two regions (see Figure . We can write
1 &-¢&

z L?

. (2.13)
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Figure 2.4: The conformal diagram for the Poincaré domain of adS, PadS. The space-
time is divided into two regions, where radial coordinate z > 0 (the inner wedge) and
z < 0 (the outer triangles). The plane at z = 0 is a conformal timelike boundary [6].

Then the two regions are characterised by z > 0, i.e. €% > ¢3, and 2z < 0, i.e. €0 < &3,
Each of these regions corresponds to half of the adS hyperboloid. The Poincaré patch
of adS refers to exactly one of these regions (usually the z > 0 patch is chosen).

There is a conformal, timelike boundary at z = 0. An obvious family of isometries
are those which transform {¢, z!, 22} by an isometry of Minkowski space, but leave the
coordinate z invariant. These isometries form the Poincaré group and exactly give the
Poincaré symmetry on the boundary conformal field theory. This makes it the desirable
setting for the adS/CFT correspondence.

The construction of a quantum field theory on PadS therefore also requires boundary
conditions to be imposed on solutions to the Klein-Gordon equation (see, for example,
[6]). Boundary conditions are discussed in more detail in section

2.4 Why is adS important? - The adS/CFT correspon-
dence

AdS spacetime has gained much interest in the literature in recent years, thanks to
its crucial role in the adS/CFT (conformal field theory) correspondence [92198]. The
adS/CFT correspondence claims that supersymmetric Yang-Mills theory (SYM) in 4-
dimensional Minkowski is equivalent to a Type IIB closed superstring theory on adS5 x
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S° 197]. This means that there should exist some dictionary allowing us to translate
objects from one theory into the other. This potentially has huge consequences for
gravitational theories, since it may be easier to formulate certain quantities in one
theory and then translate to the other, allowing us to perform calculations that would
be too difficult or maybe even impossible otherwise.

To try to understand this correspondence a little more, we must first look at Yang-
Mills theories and supersymmetric theories [99]. Yang-Mills theories are theories of
interacting gauge fields. A gauge field is simply one that is invariant under gauge
transformations. These theories are used in the description of the standard model of
particle physics. We label Yang-Mills theories by their symmetry groups. For example,
U(N) Yang-Mills theory has gauge parameters which are elements of the group U(N),
N x N matrices. SU(2) x U(1) Yang-Mills theory is equivalent to electroweak theory
which contains four gauge bosons: the photon v and the massive gauge bosons W+, W~
and Z° [98]. We can give three of these four bosons a mass by performing symmetry
breaking |100].

For a more realistic theory, we must include fermions as well. Fermions are matter
particles (electrons, protons, neutrons, etc.) with half-integer spin. Supersymmetry
is a symmetry that relates bosons to fermions. It offers us a way of unifying matter
and forces. It matches each particle with a superpartner whose spin differs by a half-
integer. For instance, an electron is matched with a selectron, which is a bosonic version
of the electron with the same mass. None of these superpartners have been observed in
experiments, and so it is believed that supersymmetry must be spontaneously broken
so that superpartners are allowed different masses.

It should be noted that these theories do not naturally include gravity. We instead
must put in gravity by hand, by assuming there exists a massless particle of spin-2,
called a graviton.

The fundamental objects of string theory are one-dimensional strings (see |101H104]
for overviews of string theory concepts). Vibrations of these strings at different res-
onant frequencies lead to different fundamental particles. Strings can be “open” or
“closed” [102]. An open string is a string with loose ends, whereas a closed string is
one where the loose ends are connected. A consistent open string theory must nec-
essarily include closed strings too, as it is possible for the two ends to join together
to form a closed string, and then separate again. On the other hand, a closed string
theory does not have to include open strings. Among excitations of closed strings,
there are massless states with spin two - gravitons |[104]. Thus, gravity arises naturally
in string theory. A string theory with quantum states representing both bosons and
fermions is called a “superstring theory” [101]. In superstring theories, it is possible
to obtain unphysical states with negative norm, called ghosts. These ghosts decouple
from the string spectrum when two conditions are satisfied: (i) the number of spacetime
dimensions is 10, and (ii) the theory is supersymmetric [101].

In order to understand the differences between different types of superstring theories,
we must first introduce the idea of orientation and handedness. A string is described
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(a) Superspace coordinates (6',6?) have the same handedness.
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(b) Superspace coordinates (01, 6?) have opposite handedness.

Figure 2.5: Superspace coordinates have the property of handedness [102].

as oriented if it is possible to tell which way around the string you are travelling [102].
A string is unoriented if it is impossible to tell. The notion of handedness is a bit more
difficult to grasp.

We can describe the path of a string using a two-dimensional surface called a world-
sheet. This worldsheet is parametrised by coordinates 7, the proper time, and o, a
lengthscale related to the length of the string. Coordinates (7, 0) on the worldsheet are
mapped onto spacetime by functions X*#(7, ). These functions (referred to as “string
coordinates”) are often not enough to describe the paths that our strings take. We
must also use “superspace coordinates” 64, where A runs from 1 to 2. The superspace
coordinates behave like spin—% particles and can spin one of two ways - either with the
spin axis in the same direction as the string momentum, or with the spin axis in the
opposite direction to the string momentum.

Coordinates #! and 6% have the property of handedness [102]. We say that they have
the same handedness if they spin in the same direction, and opposite handedness if
they spin in opposite directions (see Figure . When superspace coordinates have
opposite handedness, we can determine the direction of string momentum, and so the
string is oriented. When superspace coordinates have the same handedness, we cannot
use this to determine the direction of string momentum, and so the string can be either
oriented or unoriented. Due to boundary conditions, the only consistent open string
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theory has unoriented strings, meaning that superspace coordinates must have the same
handedness [102].

The types of string theories we find are |101},102]:

Name Open/Closed? | Oriented? | Handedness
Type I Open (+ closed) | No Same

Type ITA | Closed Yes Opposite
Type IIB | Closed Yes Same

We previously claimed that Type IIB superstring theory on adSs x S® was equivalent
to SYM on four-dimensional Minkowski spacetime. However, since all superstring the-
ories are 10-dimensional, for this equivalence to work, those 10-dimensions must take
a particular form: five dimensions form a sphere S°, whilst the other five dimensions
form a non-compact adS spacetime, adS;. The 4-d Minkowski space of the CFT can
be thought of as the boundary of adSs of the superstring theory [105].

The adS/CFT correspondence can be better understood from the perspective of the
holographic principle. This principle, conjectured by t’Hooft [106] and subsequently
developed by Susskind [105], claims that the total information content in a region of
spacetime is equivalent to a theory that lives on the surrounding surface. This principle
can be applied directly to adS since it is a spacetime with a boundary. Therefore a
theory of gravity in the bulk of adS is equivalent to a theory on the boundary.

The adS/CFT correspondence was proposed by Maldacena [92]. The theory is still un-
proven but has so far stood up to all theoretical work in this area. The correspondence
works both ways - the CFT in Minkowski tells us about gravity in adS, and vice versa.
It is very difficult to calculate thermal states in SYM, but black holes in the bulk of adS
have a temperature [107], and this is why analysis of black holes in adS (see chapter |5)
is particularly important.

2.5 Summary

In this chapter, we have introduced the concept of anti-de Sitter spacetimes - that
is, spacetimes with a negative cosmological constant A < 0. These spacetimes have
a timelike boundary, on which we must impose conditions to allow information to
propagate into the future.

In section we saw that adS possesses closed timelike curves. By removing the
periodicity in the time coordinate, we obtain the covering space of adS, CadS. Cads is
conformally related to the Einstein Static Universe (see section [2.2)), a fact which will
become important when we quantise in CadS.

We also discussed the Poincaré domain, PadS, which is the desired setting for the
adS/CFT correspondence. This is due to the fact that PadS is conformally related to
Minkowski space and therefore possesses many symmetries.



CHAPTER 2. ANTI-DE SITTER SPACETIME 57

We concluded with a brief discussion of the adS/CFT correspondence (section [2.4)),
which related a conformal field theory on the boundary of adS to a theory of gravity
in the bulk.

In the following chapters, we will look at quantum field theory in adS. In chapter |3 we
will focus on CadS, whilst in chapters[5]and [6] we will look at black hole adS spacetimes,
introduced in chapter



Chapter 3

Quantum field theory in adS

In this chapter, we look at quantization in adS. As discussed in section adS is a
non globally hyperbolic spacetime which makes quantization rather difficult. Instead,
we quantize in ESU and map our scalar field modes to adS using a conformal trans-
formation. Recall that boundary conditions must be imposed on field modes to ensure
that data propagates uniquely into the future. As we shall see, there are different types
of boundary condition we can impose. Whilst Dirichlet boundary conditions are the
most popular in the literature, we choose to impose more general Robin boundary con-
ditions. The main aim of this chapter will be to explore the effect of Robin boundary
conditions on both vacuum and thermal expectation values in CadS. The work done in
this chapter is based on [7].

3.1 Previous work

Quantization in adS was first explored in [5], where they introduced the concepts of
reflective and transparent boundary conditions (see Section . We can choose to
impose reflective conditions using Dirichlet, Neumann or Robin boundary conditions.
Certain restrictions must be placed on the mass of scalar fields to ensure that mode
solutions are stable. We find that, for mode solutions to be stable, we must have

m? > —d*/4, (3.1)

where d is the number of dimensions. Note that mode solutions can still be unstable
even when this bound is satisfied, depending on the conditions imposed at the boundary
i.e. this is a necessary but not sufficient condition for mode solutions to be stable. The
condition [3.1]is known as the Breitenlohner-Freedman bound [108,109]. It is important
to note that negative m? solutions are allowed in adS (provided is satisfied) since
adS includes a gravitational potential that gives negative m? eigenstates a positive
energy. The Breitenlohner-Freedman bound is automatically satisfied for massless,
conformally coupled scalar fields.

58
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Initial work following on from [5] focused on imposing Dirichlet conditions only (see
(3.12) for a definition of Dirichlet conditions). Vacuum expectation values are calcu-
lated in [110,111], where it is found that

1

- B
(@D ren = T (3.2)
for a massless, conformally coupled scalar field é p with Dirichlet conditions imposed at
the boundary. The quantity is found to be constant, which is to be expected since the
scalar field respects the maximal symmetry of adS. Similarly, for Neumann conditions

(again, see (3.12)) for a definition), the VP is given by [110]

5

S
(PN )ren = 15273 (3.3)

In this thesis, we would like to explore the effect of imposing Robin boundary conditions.
This breaks the maximal symmetry and so the calculation of vacuum expectation values
is more involved. Robin boundary conditions have been considered in the Poincaré
patch of adS (PadS) in [6,112,113]. PadsS is conformally related to Minkowski space with
a boundary (see section, so the behaviour of expectation values in PadS is expected
to be similar to the behaviour of expectation values in the Casimir effect. However,
whilst the two-point functions for a scalar field are shown to be of Hadamard form
for all boundary conditions in PadsS, it is found that, upon imposing Robin boundary
conditions, there exist bound state solutions to the Klein-Gordon equation; that is,
mode solutions that exponentially decay as we approach the boundary.

Robin conditions for the Casimir effect are considered in |[114}[115]. Suppose we impose
a boundary in Minkowski spacetime at some constant value of r given by r = ry. It is
then found [115] that bound state solutions of the Klein-Gordon equation exist, as in
PadS. The renormalised Green’s functions with Dirichlet and Robin conditions imposed
(denoted GE,, and GE, respectively) can be written in the form [114]

Ggas(x, x') = Gg(x, x) 4+ Or —rs), (3.4)
Ggas(x> X/) = GéVO(X, X,) =+ O(T - TOO)>

where GZ G are the Green’s functions evaluated on the boundary with Dirichlet
and Neumann conditions imposed respectively. As r — ro, the two-point functions
approach the Neumann solution for all boundary conditions that are not Dirichlet.
Later, in section we shall see that this is also the case in CadS.

Some work has already been carried out by imposing Robin boundary conditions in
adS and CadS. In [116], Dappiaggi, Ferreira and Marta show that CadS does not admit
bound state solutions, and so for massive scalar fields they are able to construct a 2-
point function for the vacuum state satisfying all Robin boundary conditions for which
the Hadamard condition is fulfilled. In adS, however, the presence of closed timelike
curves hinders the quantization scheme, and no two-point function exists, except for
one special value of mass, provided we use Neumann boundary conditions.
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Barroso and Pitelli [117] manage to avoid these difficulties by applying Robin boundary
conditions to just the £ = 0 mode. According to rules set out by Ishibashi and Wald
[118], this is allowed, but the physical relevance is not clear. Dirichlet conditions are
applied to all other modes, and then the VP and expectation values for the stress-
energy tensor are calculated. As we approach the boundary, these expectation values
tend towards the results obtained when Dirichlet conditions are imposed on all of the
field modes. This behaviour occurs for all Robin conditions except those equivalent to
Neumann.

Finally, in |119], the effect of Wick rotations on quantization in CadS is explored. This
is done for massive scalar fields only, with Dirichlet and Neumann boundary conditions
imposed. The results here seem to suggest that the long range behaviours (r — oo) of
Euclidean and Lorentzian theories differ drastically for sufficiently large mass. However,
it is not thought that the behaviours should be different for massless scalar fields, which
is all that is considered in this thesis.

3.2 Classical scalar field on CadS

In this section, we solve the wave equation in ESU and then perform a conformal
transformation to find mode solutions in CadS (section [3.2.1)). We must impose bound-
ary conditions on the mode solutions since CadS is not globally hyperbolic. These
boundary conditions can take the form of transparent or reflective conditions (section
3.2.2)). For reflective conditions, we can impose Dirichlet, Neumann or Robin condi-
tions. In section [3.2.3] we consider Robin conditions, where some choices of Robin

parameter « (see (3.21))) result in unstable modes (section [3.2.4]).

3.2.1 Mode solutions

We consider a massless, conformally coupled scalar field ) satisfying the Klein-Gordon
equation . We must apply boundary conditions to the field modes to ensure
unique evolution. It is difficult to do this in CadS, since the boundary is not physically
part of the spacetime. Instead, we solve the Klein-Gordon equation in ESU, and apply
boundary conditions to field modes qﬁffng , before using the conformal transformation

(210),

waém = COos p ¢EZ§£L] (36)

where p is a radial coordinate going around the circumference of the ESU cylinder (see
Figure [2.3a)). The field modes ¢y, are solutions in CadS. Boundary conditions are
imposed at p = 7/2. The ESU metric is given in (2.9). The Klein-Gordon equation in
ESU is

(50 = §rEst ) ot = (2550 - ;) okt 0 37
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which can be written

R )
otz " sin?p | Op ° p@p
1 0 0 1 02 ESU
—_ —_ 1 = 0. .
+sin080 <Sm089) T nZe sin?  O¢? ] ) wim =0 (38)

Solving by separation of variables (for more details, see Appendix , we find

¢§En§] = C, e “”t(smp) 1/ZQ (cosp)ng(H ©) (3.9)

where £ > |m|,w € R and C, is a normalisation constant. The Qf are Olver’s definition
of Legendre functions [120] (see equation [B.17) and the Yy, are spherical harmonics.

3.2.2 Transparent and reflective boundary conditions

We now must impose boundary conditions. Avis, Isham and Storey [5] distinguish
between transparent and reflective boundary conditions. A discussion of these different
boundary conditions in the context of adS/CFT is given in [121].

Transparent conditions allow modes to pass through the boundary p = 7/2 as though
it were not there. In ESU, this is acceptable provided the modes are finite at this point.
From an adS perspective, we must imagine the modes travelling “round the back” of
the ESU cylinder, and entering at the other side (see Figure .

We first note that, up to a multiplicative constant,
+3
Q, i(cosp) ~ ~ CH, (cosp) (3.10)
2

where C} are Gegenbauer functions (this can be derived from [120, eq. 14.9.9]). This
representation makes it easier for us to compare our solutions with [5]. These modes
are only finite at p = 7/2 when they are polynomial, i.e. w — ¢ — 1 is a non-negative
integer. Since ¢ is defined to be an integer, this means that w must also be an integer.
Hence, the mode solutions are periodic in ¢ with period 27, which is necessary for the
solutions to “wrap around” the ESU cylinder. Therefore, we write

oL ESU — ¢, et (sin p) CtL_ (cos p)Yim(0, ), w € Z, w>L0+1, (3.11)

wlm w——l—1
where we write the superscript “I” to stand for “transparent”.

Reflective boundary conditions require the field modes to be zero, or their derivatives
to be zero, on the boundary. This amounts to field modes being “reflected” back into
the spacetime (see Figure [3.1)). We refer to these two types of reflective boundary
conditions as Dirichlet and Neumann respectively, i.e.

0
Dirichlet : lim ¢5%E%SU =0, Neumann: lim —qﬁfeiSU 0. (3.12)

p—75 p—Z Op
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To impose reflective Dirichlet conditions, we must have

lim C°M,  (cosp) = 0. (3.13)

us
Py

This is only true if w — £ — 1 is a positive odd integer, i.e. w = ¢+ 2n + 2 for n some
non-negative integer. We can therefore write

IS = e 2D (gin pYECEFL (cos p)Yem (8, 9), 1= 0,1, ... (3.14)

ném

where the superscript “D” stands for “Dirichlet”. Reflective Neumann conditions can
only hold if

0

lim —[Cﬁtlgfl(cos p)] = lim [2(1 4 ¢)sinp C’fjd(cos p)] =0 (3.15)
p—3 Op p—3

where the derivative has been performed by using |120, eq. 18.9.19] along with the

chain rule. This implies that we require

lim [C5T2_, (cos p)] = 0. (3.16)

w
p—75

This can only happen if w—¢—2 is a positive odd integer, so we now write w = £/+2n+1
and the modes satisfying Neumann boundary conditions are

NESY — ¢ e 2D (i ) O Y (0, 0),  n=0,1,.... (3.17)

ném

Using the conformal transformation (3.6}, the positive frequency modes in CadS are

b = Cupe™ ™" cos p(sin p)ZC’eJQE_l(cos )Y (0,0), wEZ, w>l+1 (3.18)

w
G, = Crpe F2H2) cog p(sin p)KCg;f}rl(cos P) Y (0,0), n=0,1,... (3.19)
DN = Crge™ 2D o5 p(sin p) CEFL (cos p) Vi (0, ), 1 =0,1,.... (3.20)

It is important to note here that w € Z, and so solutions are periodic in time with
period 2.

The positive frequency modes with Dirichlet and Neumann reflective boundary con-
ditions appear as special cases of the positive frequency modes with transparent con-
ditions imposed. In the following section, we generalise reflective conditions to be
governed by Robin boundary conditions instead of simply Dirichlet and Neumann. In
this case, modes obeying Dirichlet and Neumann conditions still arise as special cases of
those obeying Robin boundary conditions, but modes obeying transparent conditions
do not. This is due to the fact that the frequency does not necessarily take integer values
when general Robin conditions are imposed (see, for example, and the discussion
that follows). For the remainder of this thesis, we will no longer consider imposing
transparent boundary conditions, instead focusing on reflective boundary conditions -
that is, Robin boundary conditions, with Dirichlet and Neumann boundary conditions
as special cases.
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Figure 3.1: The ESU cylinder, containing CadS (see Figure [2.3b]). The blue null lines
obey transparent boundary conditions, whereas the magenta null lines obey reflective
boundary conditions.

3.2.3 Robin boundary conditions

We define reflective modes using Robin boundary conditions by introducing a Robin
parameter « and writing

0
lim {cosa Y 4 gina 8¢°"ESU} =0. (3.21)
)

o % wlm wlm

We have a € [0,7) where Dirichlet conditions are recovered for &« = 0 and Neumann
conditions for o = 7/2.

From (3.9), using [120, Eq. 14.5.3, 14.5.4], we have

a,ESU
hm ¢wzm

P(L”l)r(wwﬂ)

' 25+ £ w042
hm Y L a,ESU _ Cnge_lwt ( 2772 cos ( +w ) ( 2 )) }/fm(e, 90) (323)

11 w
= Cpee ™! (‘ﬂ 2 Sln(5(5+W)W)F(+§+1)> Yon(0, ), (3.22)

1
2(
8'0 < D (45 Tlw+0+1
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Figure 3.2: The left-hand-side of (3.24)) plotted as a function of frequency w for £ = 0, 1.
The function crosses the z-axis when w+/ is an even integer, and diverges when w+ /£ is

an odd integer. For 0 < w < £+ 1, the function never crosses the x-axis. The maximum
in this interval occurs at w = 0, and is greater than or equal to —= for all /.

From substituting (3.22} [3.23)) in (3.21]), we obtain the following quantization condition
on the mode frequency w:

1 (2=t T (wttitl
— tan (2[€+w]7r> r(£+2+2)1“((w3§+2) = 2tana. (3.24)

This means we have a discrete set of w for each value of £. We shall label these as wy,,
where n = 1,2, .... It is impossible to give an explicit representation for these wy, for
general o, but in the Dirichlet and Neumann cases, reduces to wyy = 2n — £ and
wne = 2n + 1 — £ respectively. This is equivalent to the conditions that were imposed

on the Gegenbauer functions in (3.14] [3.17) previously.

In the general Robin case (« # 0,7/2), the frequencies w,, will not be integers. Indeed,
we can see that when w,,+ ¢ is an even integer, the left-hand-side of will be zero,
and when wy,y + ¢ is an odd integer, the left-hand-side of will diverge. Therefore,
solutions of for a # 0,7/2 must lie in the interval £ +2n — 1 < w < {+2n+1
(see Figure . Note that there will be no solutions in the region 0 < w < £+ 1 unless
tana < —7. This is because the maximum of the left-hand-side of (which occurs
at w = 0) is greater than or equal to —.

The mode solutions with general Robin conditions imposed are therefore

O = Care™ " cos p (sin p) /2QLT 12 (cos p) Vi (6, ) (3.25)

where wy, satisfies (3.24). It will be easier for us to consider ¢,  in general, and then
reduce to the Dirichlet and Neumann cases when necessary.
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3.2.4 Unstable modes

Despite the fact that a massless, conformally coupled scalar field satisfies the Breiten-
lohner-Freedman bound [108], we find that there will still exist unstable modes for
certain values of the Robin parameter a. Mode instability is equivalent to finding
solutions of the wave equation with imaginary frequency w.

One may question whether or not w could be set to be complex rather than purely
imaginary, and whether this situation would give rise to unstable modes as well. Fol-
lowing the work of Ishibashi and Wald [118], we write the Klein-Gordon equation (3.8)
in the form

0? P
w¢ES’U — —A¢ESU (326)

wlm wlm

for some spatial operator A. The operator A must have positive self-adjoint extensions.
For this to happen, one requires w? € R [118], and therefore only purely imaginary w
needs to be considered.

We set w = 2 with Q € R, and write the quantization condition (3.24)) as

e

== L = 2tan« (3.27)
2
‘F (29—5—234-2)‘

where |T'(z+iy)|? = T'(z+iy)[(z—iy) and we have used the following relations, derived

from [120, 5.5.3]
Q-1 —iQ+0+2
r(’ p(Zet ety 7 (3.28)
2 2 sin (5 (iQ — £))
<z’Q—€—|—l> (—z’Q—i—E—I—l) T
F F = P .
2 2 cos (5(iQ — 1))
Unstable modes will exist whenever (3.27)) can be satisfied with Q € R. In fact, we
require §2 € R~ . If this were not the case, then mode solutions would be exponentially
decaying rather than exponentially growing, and we would obtain instabilities in the
past rather than in the future. For Dirichlet (o = 0) and Neumann conditions (o = 7/2)
there are no solutions to (3.27) and so no unstable modes. In fact, it is clear that there
are no unstable modes provided 0 < a < 7.

Unstable modes exist for some « such that tana < 0. The left-hand-side of (3.27) is an
increasing function of ¢, with minimum for fixed ¢ occurring at {2 = 0. This is apparent

for £ =0, 1,2 from studying Figure [3.3] and can be seen for general ¢ by studying the
derivative of the left-hand-side of (3.27))

) (_\r(mg@“)ﬁ) _dr ()’ [w<1+£m>_w(2+zm>

o0 i 2 i 2
00\ |r (A2 2|0 (BH2))] 2 2

¥ (1 +£2+ zQ) Ly <2+€2+ z‘Q()BLO)

(3.29)
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Figure 3.3: The left-hand-side of (3.27) plotted as a function of frequency Q for
0=0,1,2.

The fact that there is a stationary point at {2 = 0 is immediately apparent. The fact
that is positive for all nonzero 2 can be seen by using [122, eq. 44:11:1] to
rearrange the digamma functions. Most importantly, the smallest possible value of the
left-hand-side of occurs at £ =0, = 0, and so

‘I‘ (z‘Q+£+1)‘2
_ 2 > 1 VI EZsg, € Ry, (3.31)

r ()

It is trivial to show that, for any fixed value of ¢, the left-hand-side of (3.27]) approaches
0 as €2 — oco. Therefore, we must obtain unstable modes if —7m < 2tana < 0, that is

Aepit < O < T (332)
where -
Qerit = — tan™! (5) ~ 0.687. (3.33)

If & € (erit, ™), then it makes no sense to attempt to calculate quantities such as the
VP or SET, since there exist unstable modes and solutions are unphysical. Therefore,
for the remainder of this chapter, we shall consider the Robin parameter to be in the
range « € [0, aerit)-

3.2.5 Normalisation constants

In this section, we calculate the constants C,,y by insisting that the modes are orthonor-
mal. In section [1.2] we showed that the scalar product of two scalar field modes was
independent of the choice of Cauchy surface, but this proof was only valid in a globally
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IT —

Figure 3.4: Diagram showing the volume R bounded by OR = # U I UE U 3.

hyperbolic spacetime. We now perform a similar proof to show that scalar products
are not just independent of the spacelike hypersurface on which they are defined, but
also independent of the value of Robin parameter @ when we impose general Robin
conditions on the field modes at the boundary.

As before, we use Stokes’ Theorem to prove this, where now we let R be the region
enclosed by OR = Sy U F o U UX, where % is the boundary at p = 0, S5 is
the boundary at p = 7/2 and ¥, % are spacelike hypersurfaces. See Figure for a

visualisation of this region.

Stokes’ Theorem now gives us

/ (61062 — 020,67)do" = / V(80 — 620, 81)dV. (3.34)
OR R

where ¢1, ¢o are adS field modes satisfying both the Klein-Gordon equation and Robin
boundary conditions and do* = n# \/dex for n* the relevant unit normal (see Figure
3.4). The equation is effectively the same as , except in this case the
boundary OR is made up of four parts rather than two (this can be seen by comparing
Figures and [3.4). The right-hand-side of vanishes due to the Klein-Gordon

equation.

The radial parts of ¢1, ¢2 can be written (see Appendix

41
_ C1/2y /2 _ (=)™
X(p) = cosp (sinp)/°Q,, "5 p(cos p) 26403/2T (0 + 3/2)T (wpe — £)

p'+0(pt?)

(3.35)
which vanishes on .#; unless £ = 0. However, the derivative of the £ = 0 mode will
vanish at p = 0, and so the integrand in (3.34)) on %, will be zero. Stokes’ theorem
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gives
/ﬂ (610,62 — $a20u ) rHd I s + /Z (610, — oD )AdS
S /2

- / (70,2 — P20,dT)n*dE = 0. (3.36)
b
Now, on % /5, we impose Robin boundary conditions (3-21)), and so we have

$10u62 = $20,61 = —(cot a + tan p) ¢t n. (3.37)

Note that the factor of tan p comes from imposing Robin boundary conditions (3.21))
in ESU and then applying the conformal transform (3.6). Hence the integral on the
boundary .# /5 also vanishes. Hence, we find

@100 = 0,000z = [ (10,00 Dy aE (339
and conclude that the scalar product is independent of choice of hypersurface ¥ and
the parameter .

Taking the scalar product over the hypersurface ¥g defined where t = 0, we have

(Drom (@), Doy () =i / (D (@) Ot () — Dy (2) Dby (%)) dB0 (3.39)

o
where d¥g = L?tan?p sin@ dp df dy. Applying the orthonormality of the spherical
harmonics, we find

/2
( g@m(l‘)v ¢z’€’m’(x)> = LQ(wnZ + Wn’é’)C;:ECnW /O tan® P Xne(p) X (p) dp

27 s
< [ V0 Yo 0. ) sin0 a0 dp
0 0

/2
= L25€Z’5mm’ (wnf + wn’Z)C:LZCn’E tanz p an(p)Xn’Z(p) dp
0

(3.40)
The integral here is evaluated in Appendix [C], where we show that

[ — sin(m(wpe + €){C(€ + wne + 1) + C(wpe — €)}]

w/2 T
tan? X, X dp = Oy
/0 an” p Xune(p) Xvelp)dp 8w (€ + wyp + 1IN (wpe — 1)

(3.41)
with . ,
z+ z
¢(z) =5 M 5 > - (2)] : (3.42)
By insisting that the modes are orthonormal, i.e.
(Drem (@); Oy () = G S Sy (3.43)
we must set
4T (¢ ne + D (wpe — ¢
Coe* = £+ wne & Dl eone = ) (3.44)

L27[m — sin(m(wne + £)) {C + wne + 1) + C(wne — 0)}]
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3.3 Quantum scalar field on adS

We quantize as usual by promoting the field to an operator ¢ — 45 and imposing
canonical quantization conditions (1.12). The field operator can be written as a sum
over the field modes in the following way:

oo 00 V4
=35 S bt + Wi - (3.45)

{=0 n=1m=—/

In this section, we work in the Lorentzian background, beginning with an analysis of
the Wightman function G with Robin boundary conditions imposed in section
In section we focus on the cases where Dirichlet and Neumann conditions are
imposed, where the mode-sums can be evaluated with relative ease due to the fact
that the frequency w € Z. Results for the renormalised VP are compared with results
given in [110]. In section we extend our analysis to Robin conditions, where the
mode-sums cannot be evaluated analytically, and discuss why numerical computation
of these modes is far from straightforward.

3.3.1 Wightman function and regularisation

The Wightman function G (z,2’) (1.24) is given by

G+ 1’ .73 ZZ Z ¢n£m ném( /) (346)

(=0 n=1m=—¢

where the superscript o reminds us that the field modes ¢%,, (), ¢%,,. (¢') satisfy Robin
boundary conditions (3.21)) with parameter a at p = 7/2. The Wightman function can
then be expressed as

4  cospcosp
L27 /sin psin o/
Z Z e DU wne+ D (e — Q. 5 (cos p) QLS 5 (cos )
X e "n
[ — sin(m(wpe + £)) {0+ wne + 1) + ((wne — ) }]

/=0 n=1

Gl(x,2') =

l
X Y Yiu(0,0)Y5, (0, ¢), (347)

for At =t —t/. The sum over frequencies (the n sum) must be performed before the
£ sum since w depends on £. We can use a standard addition theorem for spherical
harmonics to perform the sum over m, [120, eq. 14.30.9]:

4

S Yim(8,0) Vi (0, ¢), (3.48)

m=—

47
20+ 1

Pi(cosy) =
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where Py(x) is a Legendre polynomial and + is the geodesic distance on a sphere, given
in (1.222). The Wightman function is then

GT(z,2)

«

1 cospcosp ~—
Z(% + 1) Py(cos~y)
=0

T L2 V/sin psin p/

i g D+ g + DT (e - 0Q. M7 y(cos QLA (cos o)
X n.
2 [ — sin(m(@ne + 0) L€+ wnt + 1) + C(wne — )]

(3.49)

The anticommutator G4 (x,2') can be calculated from the Wightman function via
(1.23]), and we obtain

G (x, ")

07

2 cospcosp
= 20 4+ 1) Py(cos
L?72 \/sin psin p/ ZZ;( JPe(cos )

0 o e Ve = DQLL (e QUL (o)
= [ — sin(m(wne + €)) {C(€ + wne + 1) + ((wne — £)}]

(3.50)

The thermal Green’s function is then

2 cospcosp —
W (22! — 20+ 1)P,
,B,a(l',l‘) L2W2\/W;( + 1) Py(cosy)
¢ 4
</8Wn€> Tl + wpe + DT (wpe — E)th:g/Q(COS P)th:ﬁ/Q(COS ')
[ — sin(m(wne + 0)) {0+ wne + 1) + {(wne — O]
(3.51)

x
X g e~ WntAt (oth

n=1

where [ is the inverse temperature and the coth term is a result of using ((1.44)).

To calculate the VP, we must bring the points together 2’ — x. As described in Section
1.3| we need to renormalise. We do this by subtracting the Hadamard parametrix

Gs(z,2') (1.192)) from the Feynman Green’s function Gp(x,2’) (1.30), as in (1.196)).
The Wightman function G (3.49) can be related to the Feynman Green’s function G g

using the definitions (|1.23)) and (1-30).
For the Hadamard parametrix (1.192)), we note that, for timelike separation,

20 = —L*(cos ™' Z)%, Z = (cos At — sin? p) sec? p, (3.52)

where o is Synge’s world function ((1.179)) (see Appendix @ for further details). Evalu-
ating at p = 0, we have
Z =cos At = 20 = —L*At°. (3.53)

The van Vleck-Morette determinant (|1.181) is

A2 = (A1)*2 csc®? At (3.54)
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and hence

A1/2 1 1 1
2¢ L2

2
A2 + 4> + O(At?) as p — 0. (3.55)
Therefore, the Hadamard parametrix is

1 +1
Atz 4

Gs(p=p’=0;At)=Z(

ey ) + O(A). (3.56)

3.3.2 Dirichlet and Neumann boundary conditions

When Dirichlet and Neumann conditions are imposed at the boundary, we have sin(7(w+
¢)) =0, and so the Wightman function for vacuum states (3.49) simplifies to

G—E(:c, ')

S Vsin psin p/ <=

x Y e =OAD (90 4 1)T(2n — 20) g:i/f_m(cos p)QéZi/f_l/Q(COS ), (3.57)

1 cospcosp
2(26 + 1) Py(cos~y)
=0

n=1

and

1 cospcosp
Gl(z,2) = 20 +1)P,
N(@,@) L273 \/sin psin p/ ZZ;( )Pr(cos )

x 3 eTICnH=0AD (9 L o) P (20 + 1 - 20)QY 2 | (cos p)Q5H Y (cos p)  (3.58)
n=0

respectively. The main point to note here is that the frequencies are now integers,
each individual mode is periodic in ¢ with period 27, and so the Wightman functions
are periodic in ¢, despite the fact that we removed periodicity in ¢ in the
transition from adS to CadS. This implies that, when Dirichlet or Neumann conditions
are imposed, the vacuum states in CadS are the same as those in adS. This is not true
for general Robin conditions - whilst each individual mode is periodic in time for general
«, this periodicity is dependent on w,,, and after taking the sum over n, the result is not
periodic in time at all. This can be seen from looking at the anticommutators
, which are not periodic in time unless a = 0, w/2. Hence, the equivalence between
adS and CadS vacuum states only holds for Dirichlet and Neumann conditions.

The renormalised VP in CadS for vacuum states when Dirichlet and Neumann con-
ditions are imposed is well-known and given in , but it is useful to calculate
these results using in order to verify our representation of the Wightman
function. In the following calculation, we make use of the fact that the vacuum states
are maximally symmetric when Dirichlet or Neumann conditions are imposed [5], and
hence the choice of origin is irrelevant. Therefore, computing the VP at p = 0 will give
the correct answer throughout the spacetime.



72

Considering the Dirichlet case first, when p — 0, using [120} eq. 14.8.5] we have

0+1/2
anfefl/g (COS P) (—1)K+17T sin’ p

Vsinp " 9ER20(¢ + 3/2)T(2n — 20)

as p — 0. (3.59)

Therefore, near the origin, only the £ = 0 mode contributes, as observed in [123]. We
then have

Q;,/f_l/g (cos p) T 1

V/sin p oo 2T(2n)
At the origin, the Wightman function (3.57)) becomes

as p — 0. (3.60)

I & o
n=1

where we note that Py(cos~y) = 1 and, as expected, there is no dependence on the angles
6 and ¢. The Gamma functions cancel using standard definitions [120, eq. 5.4.1].

The sum in (3.61) is not convergent, so we use an ie-prescription, replacing At with
At — e, where the sum

Z n€—2n’i(At—i6) (362)
n=1

converges very rapidly provided € > 0. To evaluate the sum in (3.62)), we first note the
following relation using geometric series:

> (A0 o—2i(At—ie)

—zan —€) __
D TR (3.63)
n=1

We can differentiate both sides of (3.63|) with respect to At to obtain

) ) _226—22(At—ze)
—2in)e” 2MAITIO) = ol 3.64
nz:l( ZTL)@ (1 _ e—QZ(At—ze))Q ( )
The Wightman function (3.61)) is then
1 e—2i(At—ie) 1 1
+ A o . _ .
Gplp=p =0 A1) = w2 L2 lgr(l) (1 — e2i(At=i))2 — 4r2]2 !g]% sin?(At — ie)’

3.65)

The anticommutator G can be calculated from the Wightman function via (1.23),
and so we obtain )

AVp=p=0:A)= -~ 3.66

plp=r )= s Al (3.66)

To calculate the renormalised VP (|1.196)) we need to start with the Feynman Green’s
function Gp(x,z’), which can be obtained from the Wightman function via (1.30]). The

average of the advanced and retarded Green’s functions G(x,z’) can be ignored if we
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assume that z and 2’ are not connected by a null geodesic (which is the case since we
are considering temporal point-splitting). Then we have

1
Gp(z,z') = —iiG(l)(:c,x/). (3.67)
Writing this as a series in At, we find
Grp(p= /—O'At)—L i—i—l +O(At?) (3.68)
DWW =0 =580 = e \ar 7 3 ' '

The VP for a scalar field with Dirichlet conditions is then ((1.196))

. o 1
<O|¢2D‘0>7“en = Z;}Lnx[GF,D(JU, l‘/) - GS(fCaJU/)] = TS PR (3.69)
This is to be expected from ((3.2]).
For Neumann boundary conditions we find
041/2
Q,,~ (cosp) —1)* 17 sin’
2n—tt1/2 (=) msin’p as p— 0 (3.70)

J/sinp T 9EB20(0 + 3/2)T(2n — 20 + 1)

and, as before, only the ¢ = 0 mode contributes near the origin, so we only need to
concern ourselves with the term

Q;{lil/Q(COS :0) ™ 1
sinp \/;F(2n+1) as p =0 (3:71)

The Wightman function (3.58)) with Neumann boundary conditions imposed is therefore
1 < :
Gh(p=p =0;At) = SfeE D (2n 4 1)e 1B HIAL (3.72)
n=0

and, using the fact that,

o0 (ns1)int e—iAL | o—3iAt
—(zZn K2 —

n=0

we obtain N AL
(A —1
N e te B cos At
Onlp=p =0 A = s G A~ AL snP AL (38.74)
The anti-commutator is then
W, B cos At
Onlp = =0 Al = = AL (3.75)

We write the Feynman propagator as a series in At,

NN S e | 2
Grnlo = =0:80 = oy (5 — 5 ) + OAR) (3.76)
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and, subtracting the Hadamard parametrix (3.56)) and taking the limit At — 0, the

renormalised VP is 5

m. (3.77)

<0|¢3%V‘O>ren =
This matches (3.3]).

Anti-commutators for thermal states with Dirichlet and Neumann boundary conditions
applied are given in [110, eq 2.10],

(1) N 1 1 1 ,
Gpl(z,2') = T [1 — + Tz 4cospcosp
oo . .
k kn_ kAt
<3 (Ssl.n T g (q)R SRR ) | (378)
= \ sinny sinn_ ) e
where G(ﬁll_ = G(Bl)D is the Green’s function with Dirichlet conditions imposed, Gg)_ =
Ggg\, is the Green’s function with Neumann conditions imposed, and
N+ = cos™ (cos pcos p’ £ sin psin p’ cos ), (3.79)
5 _ cos At — sinpsin,p’ cosy. (3.80)
COS p COS p

The results (3.78|) are obtained by making use of the fact that both el )D and G(l)

are doubly periodic functions of imaginary time 7. That is, the functlons are peI‘IOdlC
with period 27 (as can be seen from ) and also periodic with period 3, which is
imposed when we perform a Wick rotation and demand that thermal states are held

at temperature 1/8. Hence, both G(gzj and G(ﬁz\f are meromorphic functions, which
allows one to use properties of elliptic functions to derive the appropriate closed form
expression [110]. This double-periodicity is broken when we impose Robin conditions
(as opposed to Dirichlet or Neumann conditions) and so the same method cannot be
used to derive Green’s functions or expectation values with Robin conditions imposed
on fields.

After taking the coincidence limit 2’ — x and using Hadamard renormalisation, Allen,
Folacci and Gibbons [110] obtain the following closed form expressions for the renor-
malised VP with Dirichlet (+) and Neumann (—) conditions imposed on fields at the
boundary:

B119)s0em = gz { |3+ 40050 O] = |5 + 20000 8050 | 350
where
W) =3 —ar— SolB.p) = Y (-1 5 (3.82)
n=1 n=1

It can be verified that at the boundary of the spacetime p — m/2, the results (3.81)
approach the vacuum expectation values (3.69) [3.77]).
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The formula (3.78) should be equivalent to (3.51) with a = 0 for G(Bl,)D and a = 7/2

for G(Blzv It has proven very difficult to show this equivalence algebraically, but it has
been verified numerically. In Figure we compare the results (3.78)) and (3.51)) in the
Neumann case. We find good agreement between both sets of results, which gives us
confidence that our results for « = 0, 7/2 are correct.

3.3.3 Robin boundary conditions

It now remains to consider scalar field modes with Robin boundary conditions imposed.
Maximal symmetry is broken when we impose Robin boundary conditions [6},113], so
we cannot simply calculate the VP at p = 0 as we did in the previous case. Instead, we
expect expectation values to be dependent on p. The calculation is further complicated
since it is impossible to express the anticommutator in closed form for general
«. Instead we must compute the VP by regularising mode-by-mode. Although several
methods have been developed to achieve this type of regularisation on the Lorentzian
background (see [30,[81] and section [1.3.5)), these cannot be employed in this case.
This is because the Hadamard parametrix Gg(x,z’) remains insensitive to boundary
conditions, and so the decomposition of frequencies will not be the same as that for the
Hadamard function G (z, ).

Barroso and Pitelli [117] avoid this problem by applying Robin conditions to the £ =0
modes only, with all other modes satisfying Dirichlet boundary conditions. Their results
suggest that expectation values with Robin conditions applied to the ¢ = 0 modes
approach the same limit at the boundary for all « € (0, acri¢). This limit is equivalent
to the expectation value when Dirichlet conditions are applied to all modes, given by

B2).

In this section, we seek to calculate the difference between the vacuum and thermal
expectation values when Robin boundary conditions are imposed, that is the difference
between (3.50]) and (3.51)) in the coincidence limit. Both and involve sums
over the same frequencies, meaning that we do not encounter the same problems faced
by Barroso and Pitelli [117]. Therefore, the mode-sums can be combined to give

(816*18)a = (018210)a = lim {GL (z,2') = G (. 2')}

o0

4 0082,000(%_’_1)2 1
~ L2712 sinp — ebwne — 1

DU+t + Dl (e — ) [QEF2 y(cos )]
T = sin(m(wnt + 0) L+ wne + 1) + Clwne — O

This is by no means a straightforward calculation, but it lacks the numerical complexity
of renormalising with the Hadamard parametrix where mode-sums cannot be combined.

(3.83)

We perform this calculation in the case L = 1 and k = 1, where temperature T' = k/27.
First, since we know that £ can only take integer values, we must solve the quantization
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(BI®*(X)|Bw
~(0|$*(x)|0)n
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0.15f

0.10¢
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0.

Thermal — Vacuum, Neumann conditions,

. L=1,k=10
— AFG results —— Mode sum results
0 02 04 06 08 10 12 14 P

(¢) k=10

Figure 3.5: Results for the difference in vacuum and thermal expectation values with
Neumann conditions applied, (8]¢(x)|8)n — (0|¢(2)]|0)x. This is a direct comparison
of differences calculated using the results from , and the mode sum .
The temperature T' = /27 is varied in each case, with the value of k given. In all

cases, the difference between the results is 1

0722 and therefore cannot be seen on the

scale of these plots. This verifies that the mode-sum (3.83) matches results in [110].
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condition to find the values of w,, that we are then to sum over. For k = 1, we
find all the values of wyy < 100 for £ € [0, 50]. We then calculate all summands in ((3.83))
to 20 digits. This is a rather time-consuming numerical calculation, since each mode
has to be calculated over a grid of values of p and each individual calculation requires
the evaluation of Legendre functions. We create a grid over the radial coordinate p by

writing
10—2+3i/100
p=tan ! (L (3.84)

and consider values of i ranging from 1 up to 100. Note that as p — 7/2, the sum
converges more slowly and we require more £ or n modes to obtain convergence.

These results are shown in Figure (a) as a three-dimensional plot over radius p and
Robin parameter a. The difference between thermal and vacuum expectation values
appears to be smooth in a and diverges as o — a¢r¢. This divergence indicates the
breakdown of the semiclassical approximation as a — a4, which is to be expected
due to the presence of unstable modes when ..y < a < 7.

As we increase the value of k, thus increasing the temperature of the thermal state, we
begin to see different behaviour in our results. Note that we do not vary the value of
the adS lengthscale L as this just amounts to a rescaling of the solutions. In Figures
(b), c), we present results for k = 27 and k = 10 respectively, both calculated
with the same number of modes and to the same number of digits of precision as in the
k =1 calculation. We see an apparent discontinuity as we pass through the Neumann
value o = /2, despite the fact that we expect there to be a smooth transition across
all a € [0, aerit). Since we know from Figure that numerical results when o = 7/2
are correct, this leads us to suspect that there is some error in the calculation of the
difference with Robin parameter a # 7/2 (and that results in Figure [3.6{a) are likely
to be incorrect too).

The errors can therefore be attributed to a fundamental issue with the representation of
the Green’s function. One of these issues is that Robin conditions can only be imposed
on CadS and not on adS. In CadS, null geodesics are reflected at the boundary. As
explained in [82] (see also [124,/125]), the Hadamard parametrix will diverge for any
pair of points connected by a null geodesic, even if they are far from each other. This
long-distance divergence leads to undamped oscillations in the mode contributions at
large frequency. Levi and Ori [82] use a generalised integral to ensure these oscillations
are properly damped. This divergence suggests that the ‘ie’ prescription employed in
this section is not correct.

These issues do not arise in the Euclidean background, which we consider in the next
section. The Euclidean Green’s function Gg(x,x’) is unique and gives us a well-defined
distribution without the need for an ‘i€’ prescription. Since our spacetime is static,
there exists a unique correspondence between the Euclidean Green’s function and the
Feynman Green’s function defined on the Lorentzian section.
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0.02 ¢
= 0.01
BIg~X)|B)a
—(0[¢*(x)[0)e
—0.01%Y
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/2

0
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BIFEXIB. 0.1\ S
—(OIZ2(x)[0)q
0.05

0 n/2 erit

(c) k=10

Figure 3.6: Plots of the difference in thermal and vacuum expectation values with Robin
boundary conditions imposed, (B|¢(2)|8)a — (0|¢(x)|0)a. The temperature T = /2m
is fixed in each case, with the value of k given. The results are functions of the radius
p and Robin parameter a. In all cases, the difference diverges as o — appir. For small
K, the results are smooth in «, but for larger k, there appears to be a discontinuity
at the Neumann value o« = 7/2. This discontinuity is due to the representation of the
Green’s function as discussed in the text.
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3.4 Quantization on Euclidean section

In this section, we perform a Wick rotation (1.45) and consider scalar fields on the
Euclidean background, where the Green’s function is unique. In section [3.4.1} we solve
the Klein-Gordon equation in Kuclidean ESU and then perform the conformal
transformation to find the Euclidean Green’s function in CadS. We apply Robin
boundary conditions to the Euclidean Green’s function. In section [3.4.2] we focus on
Dirichlet and Neumann boundary conditions in order to demonstrate that results for
the thermal Green’s function in the Euclidean background correspond to similar results
in the Lorentzian background. Finally, in section [3.4.3] we find thermal and vacuum
expectation values with Robin boundary conditions imposed on the fields, and renor-
malise using the Hadamard prescription.

3.4.1 The Euclidean Green’s function

Computing vacuum and thermal expectation values on the Euclidean background signif-
icantly simplifies our calculations. We perform a Wick rotation (1.45)) on the Lorentzian
CadS metric (2.5) and obtain the Euclidean CadS metric

ds® = L?sec® p (dr? + dp® + sin® p (d6” + sin® @ dy?)) . (3.85)
We can evaluate the VP by computing

(06210} ren = lim [GF (2, 2") — Gs(w,2")] (3.86)

where the Euclidean Green’s function can be found by solving the inhomogeneous wave
equation ([1.58) in ESU, applying appropriate boundary conditions and then performing
a conformal transformation 1} In ESU, the Euclidean Green’s function GgSU (x,2)
satisfies

1

—mﬁf —7N8(p—p)8(, ) (3.87)

~ 1
<D - L2> GE,ESU(Tv P 0, ¥3 Tlvplaelv QD/) =
where 0 is the d’Alembertian on Euclidean ESU and §(Q,Q) is the angular delta
function defined by
1

5(Q, Q)= —=6(0—0)5(p — ). :

(62, = —54( )8(p — ') (3.88)
Using the d’Alembertian in Euclidean ESU, (3.87) can be written

i P 9 (gn2 2 4 9 (Gno 2 P > -1)GE
or?  sin’p [Op Pop) " sin0 00 90) " sin?0 02 B8y
1

=~z )5(p — p)5(Q, ). (3.89)
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The delta function 6(7 — 7’) can be written as an integral representation

/ 1 < A
o(T — = — AT, 3.90
(r—1") 5 /Ooe w ( )
so it makes sense to search for a Green’s function of the form
1 o
GocEESU('rvx/) = / ZWATgw(pa 790»p 0/780 )d (391)
’ 2 J_ o

where G, (p, 0, ;0,0 ¢') is the three-dimensional Green’s function satisfying

—w? 4+ L |9 sin? 9 + L 0 sm&a —i—La—Q -1)¢G
sin?p | 9p p@p sin 6 00 00 sin? @ 0p? v

1
=——— S(p—pH)9(2, Q). (3.92
Doz, 00— P3(Q.Q). (3.92)

The equation for G, (3.92) can be found by substituting (3.91)) into the wave equation
(3.89). The angular delta function can be written as a series representation [1],

o0

1

no_

5(Q, Q) = 52(2“ 1) Py(cos ) (3.93)
=0

where v is the geodesic distance on the sphere (|1.222)). We write

[e.9]

1
Gulp 0, 030,0',¢") = = > (20 + 1) Pulcos )97 (o3 ') (3.94)
=0

where gEs U(p; p') is the radial Green’s function in Euclidean ESU. Substituting (3.94)
in gives the defining equation for the radial function

1 0 0 1 1
2 s 2 ESU __ /
— — — ——L(fl+1)—1 =——F0(p—p).
< wer sin? p Op (Sm p8p> sin? p (6+1) - >9we L2sin?p (p=7)
(3.95)

ESU(

The radial Green’s function g p; p') can be constructed as follows:

9E8Y (i p') = NowpEPY (0<)dB8Y (ps) (3.96)
ESU [ ESU

where p7", q. 7" are solutions of the homogeneous version of , p< =min{p, p'},
P> = max{p, p'} and N, is a normalisation constant obtained from taking the Wron-
skian of the two homogeneous solutions - see equation . The function pESU
has regularity imposed at the origin, whilst qESU has Robin conditions imposed at the
boundary p = /2.

The general solution of the homogeneous version of (3.95)) can be expressed in terms of
Mehler (conical) functions

1 1
pEY (pi ) = @mmlﬂkﬁ”Z@%m+@Pf2<mwﬂ, (3.97)

1 1
aZ2Y (p; p') = (sin p)~1/2 [C’gP - 2(COSp)+C4P - 2( cosp)], (3.98)
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where C1, Co, Cs3, Cy are constants of integration. To impose regularity at the origin in
(13.97)), we must set C = 0. The constant C can then be absorbed into the normalisa-
tion constant Ay, and therefore we have

1
pfégU (sinp)” 1/2P - 2(cosp) (3.99)

We impose Robin boundary conditions on g, ESU by using the Robin parameter o as
before, that is

cos o ¢ZU (2> + sin o ((qufgqU (5) = 0. (3.100)

Using [120, 14.5.1, 14.5.2], we find that we must have

Cs+Cy 2tana|F( (iw+€+2))

Cy—Cs IT(5(iw + £+ 1)) (3.101)
We can set Cy = 1 without loss of generality, and then we find
~ 2tana T (5(iw+£+2)) > — T (5w + £+ 1)) 12. (3.102)
© 2tana T (3(iw+0+2) 2+ [0 (3(iw+0+1)) 2
The constant Cj is therefore undefined when
2tana = |P( (i + 4+ 1) I (3.103)

|F( (iw++2))*

This is exactly the same as the quantization condition for unstable modes ([3.27)). Note
that when we impose Dirichlet boundary conditions (« = 0) then C5 = —1 and when
we impose Neumann boundary conditions (o = §) then C3 = 1.

Since we have imposed boundary conditions, we can now perform the conformal trans-
formation (3.6)) to arrive at the radial Green’s function in CadS, that is

9588 (3 p) = Nse(cos peos p )pErY (p<)alPY (p>) = NuepSi™ (p<)aSE™ (p>) (3.104)
where
Cos p —¢-1
P (p; p) = > (cos p), (3.105)

(Slnp>1/2 w— 2

CadS COs p

/— 1 = 1
S (i) = 20 {cgp F(cosp) + P (—cosp)| (3.106)
(sin p) w3

It now just remains to calculate the normalisation constant N_,. To determine this, we
multiply both sides of by sin? p and then integrate with respect to p between p' —§
and p’ + § for some small, positive ¢ [69]. We then take the limit 6 — 0. Integrating
the right-hand-side of is straightforward:

I 1
— lim / 5(p—pdp=——. (3.107)
o
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Integrating and taking 6 — 0 on the left-hand-side of (3.95)) gives us

p'+o 5 DSt
s { [~w?sin® p — (¢ + 1) — sin® p] g7 + ap {sin2 pgz] } dp
) EZSU P46
= lim |si “ 1
o [Sm P~ op L—a (3.108)

The radial Green’s function gfo is continuous, and hence bounded. Therefore, we
have

p'+d
/ [—w2 sin p — (¢ 4 1) — sin? Pl 9BV dp
p'=4

p'+0
< / |[~w?sin p— £(¢ +1) = sin® p] g7V | dp
p'=6
P+
< / max { [—w2 sin p — Ll+1) — sin? P] QEZSU} dp
p'=b
o'+
< M dp = 26M (3.109)
p'=4

where M is some positive constant. The first integral in (3.108)) therefore vanishes in
the limit 6 — 0. Thus, from (3.107] |3.108)), we obtain

1 o ESU o ESU
~ 5 =sin? plim 95’7‘5 - ggf . (3.110)
— P PAY 1% o' =8

Defining the radial Green’s function using (3.96]), this becomes

1 .
= 3 = sin’ p NoW{pi”, 4"} (3.111)
where W{pff v, quSU} is the Wronskian, defined by
aqESU BpESU
Wil aly = plY - ESU. (3.112)

The normalisation constant A,y in ESU is therefore given by

1
L2?sin? p W{pEPV, ¢EPUY

N = (3.113)

The normalisation constant in Cads is found by applying the conformal transformation

(3.6) to (3.113]) to obtain

cot? p
L2 V[/{pC’adS7 QSgadS} ’

wl

Nye = (3.114)
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The normalisation constant is found to be the same in both cases, as we would expect

from (|3.104)). The Wronskian is

W {pCads (Cadsy _ | Cads 0qgf ™ opGE® (Cods _ _ 2 cot? p (3.115)
we et “E o ap ID(iw + £+ 1) '
The normalisation constant is therefore
1 ,
N = ﬁ|r(m+€+1)|2. (3.116)

Putting everything together, the Euclidean Green’s function in Cads is

1 cospcosp [ A
GE (z,2') = —— dw e"™=T % (204 1)Py(cos)
o CadS 167w2L2 \/sin psinp’ J_ Zz;
1

BV o1 BV
X T (iw + £ + 1)\2]3iw€l2 (cos p<) [C;J,Pmel2 (cos ps) + Piwé 2(—=cosps)|. (3.117)
2

1
2 2

The integral over w in does not depend on «, unlike the sum over w in the
Lorentzian background where values of w depended on « implicitly via the quantization
condition . This makes the representation in the Euclidean background highly
preferable to the Lorentzian background, and implies that calculations of the VP for a
range of o can be computed more easily.

From now on, we shall work entirely in CadS, and so drop the subscript “CadS” on
the Euclidean Green’s function. In the Euclidean background, we can also compute
the Euclidean Green’s function for thermal states by assuming that the imaginary time
coordinate 7 is periodic with periodicity 27 /T, where T is some arbitrary temperature
- see (|1.35]). There exist thermal states on CadS satisfying the Hadamard condition at
any temperature (in black hole spacetimes, explored in chapters we shall see that
there is a natural temperature associated to states, defined by surface gravity x = 27T
(1.143)). We impose this periodicity in 7 by using a different representation of the delta

function in (3.89)), that is

_ i inkAT
= = einRAT, (3.118)
n=—o00

S(r—1")

which is valid for any x > 0. Then, the derivation of the thermal Green’s function is
very similar to that for the vacuum Green’s function, and we find

’ () 9)
GE A K COs pCos p INKAT 2%+ 1P
o0 = T e 2 22 DPleos)

X [T(ink + £+ )PP, 3 -

2 (cos pe) [Cgpf

v

1 _p—1
2% (cosps) + Pimf% (—cosps)| (3.119)

where (3 is given by (3.102)) and the frequency is given by w = nk.
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The Dirichlet Green’s functions for vacuum and thermal states are then given by

1 cospcosp’ [ AT
GE(x,2") = —— dw €27 % (204 1)Py(cos~y)
b 16w2L2 \/sin psinp’ J_o KZ%

. —0—1 _p_1
X |T(iw + £ + 1)\2Piw_f (cos p<) [—P, i’ (cosps) + P~ 1 (— cos p>)] , (3.120)
2 2

1w—§

’ 00 00
K COSpCoSp A
GE o (z,2) = et 20 + 1) Py(cos
5.0 ) 1672 L2 \/sin psin p/ n:z_:oo ;( JPu(cos)

. - - ——1
x |T(ink + £ + 1)|2P”m_21 (cos p<) [—Pm 2 (cosps) + P, ﬁ(—cosp>)] . (3.121)

K— 3 MmMK— 3

The Neumann Green’s functions are given by

1 cospcosp’ [ o
GR(z,2') = ——— dw 2Ty (20 + 1)Py(cos~y)
N 16m2L?% \/sin psinp’ J_ ;:%

. ——1 —0—1 —-1
X |T'(iw + £ + 1)‘2Pw_f (cos p<) [Piw *(cosps) + P~ *(—cos p>)] , (3.122)

_1 1
2 2 2

(o] o0
K cospcosp’ AT
GE y(z,2') = E e g 20 + 1) Py(cos
s ) 1672 L2 \/sin psin o/ = E:o( )Pulcos )

x [D(ink + £+ 1)*P

ink

iy _yp_1
feosp) | P Geos o) 4 1, (—eospn) | (3123)

3 Z’I’LK,—E

We can write the Robin Green’s functions as a linear combination of Dirichlet and
Neumann Green’s functions along with an additional regular part,

GE(z,2") = cos® a GE(z,2) + sin® a G¥ (z,2) + sin 20 G&(x, "), (3.124)

«

Gga(:c, z') = cos® GED(ZE, z') + sin® a GEN(x, 2') + sin 2« GE’R(ZE, 2'),  (3.125)
where

1 cospcosp [ AT _ 9

Gh(z,a') = dw 2T (20 + 1) P, r 0+1
R(x,CC) 16722 \/m - w e %( + ) e(COS7)| (Zw +L+ )‘
2cos a|T(5(iw + £+ 2)) > — sin | T'(
2sin a|D(2 (iw + £+ 2))|2 + cos a|[(

(iw 4+ £+ 1))
(iw+ £+ 1))|2

1
2
1
2

_1
“Z(cosp)), (3.126)

w

_y—1 _
X Piw_; (cos p)P

M
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/
GE p(x,2)) = N COSpeORp Z inwAT Z (20 + 1) Py(cos ) |T(ink + £ + 1)|?
f 1672L? \/sin psinp’ P

2cos a|T(3(ink + £ + 2))|? — sina|T'(3 (ink + £ + 1)) |?
2sin a|T(5(ink + £ + 2))|2 + cos a|T(5 (ink + £ + 1)) |2
1 1

xP - Ql(cosp)Pni 2 (cosp). (3.127)
2 2

It should be noted that Gg and GE r are not Green’s functions, but rather arise as
regular contributions to the Green’s function with general Robin conditions imposed.
These do not contribute when Dirichlet or Neumann conditions are imposed due to
the factor of sin2«a in . The fact that the contributions are regular is
apparent when we consider that the Dirichlet and Neumann’s Green’s functions both
satisfy the Hadamard condition, and so all singularities must be contained in the first

two terms in (3.124} [3.125]).

In order to evaluate , we must first consider the Dirichlet and Neumann
Green’s functions. In the next section, we show that give the same results
for the renormalised VP in the Euclidean background as they do in the Lorentzian back-
ground , and use these to calculate the thermal Green’s function in Euclidean
space.

3.4.2 Euclidean Green’s functions for Dirichlet and Neumann bound-
ary conditions

The representations allow us to employ known results for the Dirichlet
and Neumann Green’s functions in order to calculate the effect on the VP of imposing
Robin boundary conditions on both vacuum and thermal states. The thermal Green’s
functions for Dirichlet and Neumann conditions can be obtained as infinite image sums
over the vacuum Green’s function on the Lorentzian background [110]. In this section
we derive the results from [110] using our representations .

We can evaluate the sums in (3.121} [3.123]) to give us

~ cos pcos pf 1 B 1

Gﬁ plz,a’) = 8722 { cosh A1 4+ costy  cosh AT + cosy*

¥ cosh( kAT) sinkiy  sinky*
_4 — 12
Z erw/m _ ( sin sin y*  (3128)
and

. ,_ cospcosp’ 1 1

Gon(z,27) = {22 {cosh AT + cos w + cosh AT + cos ¢*

42 k¥ cosh( k:AT) (sin k1 N sin ki%b*)} (3.129)

62’“”/” - sin 1) sin 1*
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where

1) = cos (= cos pcos p’ — cosysin psin p') (3.130)
Y* =7+ cos (= cos pcos p’ + cos~ysin psin p'). (3.131)

For more details of this calculation, see Appendix [E] It is useful to compare this with
results on the Lorentzian background in [110, eq 2.10], given in (3.78]). We define
f = 27 /K to be the inverse temperature. We can note that 7y is related to 1, ¢* as
follows:

e =Y+ n- =y~ (3.132)
With some rearranging, (3.78]) becomes

571(3«"7 x') = A2 2 cos At + cos w + cos At + cos ¢*
k cos k:At) sinkvy _ sinky*
42 62"3”/"@ - (sinw i sin ¢ - (3139)

Making the replacement t — 47, we recover our representation on the Euclidean sec-
tion given by (3.128] [3.129). Thus, the results that we have found in the Euclidean
background match those found in the Lorentzian background in [110].

By taking the zero temperature limit k — 0 in we can derive closed-form
expressions for the vacuum Euclidean Green’s functions for Dirichlet and Neumann
boundary conditions imposed on the fields. The limit and summation can be inter-
changed, since the sums over k are uniformly convergent for 2w/k > Ar, and our
results are

a® cos pcos p’ { 1 1

! 1 1
GE(z,2') = 2PCOSP . 3.134
p(®,) 82 L2 cosh AT +costp  cosh A1 + cosp* |’ ( )

! 1 1
GE (2, a/) =SB LCOP . 3.135
(@) 8m2L2 cosh AT + cos v + cosh AT + cos* ( )

All divergences as ' — x are contained within the first term.

3.4.3 Renormalised vacuum polarisation with Robin conditions

Using the expression ([3.124]) together with (3.134l [3.135)) we obtain the following result
for the vacuum Green’s function with Robin boundary conditions imposed

! 1 2
GE (2 = COS p COS p { cos 2«

— in 2 E /
8212 cosh AT + costp  cosh AT + cos i)* } +sin2a Gg(,2)

(3.136)

where G£ is given by (3.126)).
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Using (3.125]) together with (3.128] [3.129)), we obtain the following result for the thermal
Green’s function with Robin conditions imposed

GE (,4') = cos pcos p’ 1 B cos 2«
O o cosh A7 +cost  cosh AT + cos)*
¥ cosh( kAT) sin k1) sin k™ ) E ,
_42 €2k7r/n — < Sny cos 2a e +sin2a Gg g(z, ) (3.137)

where G@R is given by (3.127).

To renormalise the expectation values, we must look at the Hadamard parametrix.
In Euclideanised CadS space, the van Vleck-Morette determinant and Synge world
function are given by [126]

NN 3/4 /
A1/2(:n,x’):(2”(£”;”)) cosech3/2< 2"(};”)> (3.138)

p 9 _, (cosh AT — cosysin psin p/\ ]?
20(z,2") = L* |cos ’ . (3.139)
COS P COS p

Here, we have used the results of Appendix[D]with ¢ — i7. We bring spatial coordinates
together and keep temporal coordinates split, to give us

1 3/2
A <sinh (cos~1 (AT, p)) ’ (3.140)
20 /L = [cos™ ¢(AT, p)]”, (3.141)
where A )
cosh AT — sin“ p
A = . 142
(AT, p) o p (3.142)
The Hadamard parametrix (1.192)) is then
1 _ —1/2 . -
Gs(A7;p) =75 [cos™ (AT p)] ? sinh (A, p) /2
2
8 L oo p) oA, (3.143)

Am2[2A7T2  4872L2
To bring spatial coordinates together in the Euclidean Green’s function ([3.136}|3.137)),
we first note that, in the limit p’ — p,cosy — 1, we obtain
costp = —1, cosy™ = cos2p, (3.144)

where 9, 9" are given by (3.130], [3.131)). Then we set ©» = w,9* = 2p in the coincidence

limit and write

Gl o(AT;p) =

cos? p 1 cos 2«
8m2L2 | coshAT —1  cosh AT + cos2p

o

¥ cosh kAT sin 2kp )
_42 62’”/” — <(_1)k+1]€ — cos 2« 02y > } + sin 2« GER(AT; p) (3.145)
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where we note that
(3.146)

lim sin k1) ~ lim kcos k¢ (1)
Y= sinYy  Y—m  cosyY

using L’Hopital’s rule. We now consider each part of (3.145|) separately, writing the

first part as

1 _ cos 2a _
coshAT —1 coshAT +cos2p A72

The second part of (3.145]) can be written as

= h kA
*cosh kAT <(—1)k+1k—c082a

o 42 621671'//{ _
R S G k1 sin 2kp )
- _4; o2km/r _ 1 (=1)"""k — cos2a sn2p + O(AT7) (3.148)

and the regular Robin function has the form

2 1 2
o (1 + 3COSO‘) +O(AT).  (3.147)

cos? p

sin 2kp
sin 2p

K COS2p = > . 1 2
GgR(AT;p) = 167212 sinp inrAT Z(2€+1)|F(€—|—1—|—m/~i)|2 iy [Pim_z(cos p)}
n=-—o0o =0
(3.149)

where

(L(ink 4+ £ 4 2))? —smoclf(% WH“U)R (3.150)
2

1
c%, = 2
nt 2sina|D (L (ink + £+ 2))[2 + cos a|T (5 (ink + € + 1))|?

Expanding GER(AT; p) as a series in A7, we find

2 [e.9] oo
E . K cosp
Ggr(AT;p) = Wmn:,oo (14 iknAT) ;—% (20 + )DL+ 1+ ink)?

2
-1
x C, [Pmi% (cos p)} +0(AT?)
2
cos® p
16W2L2 S Z Z 20+ 1T+ 1+ ink)|?
n=—00 (=0
_y—1 2
x C, [Pmﬁﬁ(cosp)} +0(AT?) (3.151)
2

where in the second line we have used the fact that terms linear in A7 sum to zero
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The Euclidean Green’s function for thermal states (3.145|) can then be written as

cos® p
GE@(AT;p) = 2[NS T 48e2L? (0052p+ 3 cos 2a) (3.152)
cos?p = (—1)F sin 2kp
— —1)*E — cos2 1
2m2L2 e e2hm/n — ] <( ) cos=a sin 2p ) (3:153)

K sin 2a cos? p
167212 sinp .

> @+ )T+ 1 +ink)?
=—00 {=0

1

2
x C%, [Pmi_z(cos p)] + O(AT?). (3.154)

Subtracting the Hadamard parametrix (3.143)) and taking the limit A7 — 0 gives us
the thermal expectation values with Robin conditions imposed,

1
48722

2 0 k :
_cosp (-1) Nkl sin 2kp
2722 — e2km/k _ 1 <( D7k — cosZa sin 2p

(Bl4218) =

(3cos2a — 2)

K sin 2a cos? p

S 2a cos” p o,
1672L2 sinp Y D DT+ 1 +ink)

n=—0o0 /=0

1

2
2 (cos p)} . (3.155)

i
e
X Uy |:P”m

When Dirichlet and Neumann conditions are imposed, the final term in (3.155)) vanishes
due to the sin 2 term and, with some rearranging and making the replacement 27 /k =
B/L, we can recover the results from [110], given in (3.81).

The vacuum expectation values are found in a similar way,

A 1
2 —
<0‘¢a’0> = — m(3C052a—2)

sin2a cos?p [ > 2

—_— d 20+ D)0+ 1+14

1672L2 sinp /w:_oo w;;( + DI+ 1+ iw)|

_p—1 2
x CSy [Piwf(cosp)] , (3.156)
2

where constants Cf, are given by replacing nkx — w in . For Dirichlet and
Neumann conditions, the second term in vanishes due to the sin 2a term, and
we recover the results that we found in Lorentzian CadS . Equations
are new results.
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3.5 Numerical results

In this section we present the numerical results for vacuum expectation values (|3.156))
and thermal expectation values (3.155)) in CadS with Robin conditions imposed on the
boundary.

To calculate numerically, we first swap the order of sum and integral. The
integral over w can be calculated relatively quickly by fixing @ and ¢ and using the
NIntegrate function in Mathematica between w = —oo and w = oco. The working
precision is set at 10, and we calculate the integral for £ = 0,...,20. The sum over
£ is then truncated at ¢ = 20, as contributions from larger ¢ values are found to be
negligible.

In Figure (a), we show the vacuum expectation value as a function of Robin param-
eter a and radial coordinate p, whilst in Figure (b) we consider a set of values of «
and show the vacuum expectation values as functions of p only.

For Dirichlet (¢« = 0) and Neumann (o = 7/2), the vacuum expectation values are
constant, as shown in . For a € [aerit, ), there exist unstable modes (see
section [3.2.4)). For this reason, we restrict our plot in Figure [3.7(a) to values of « for
which there are no unstable modes. For o € (0,7/2), the vacuum expectation value
is monotonically increasing from the origin (p = 0) to the boundary (p = 7/2), and
is monotonically decreasing for a € (7/2, aerit). We can see from Figure [3.7|(a) that
values at the origin increase monotonically as a increases. Expectation values diverge
as & — agpit, which is indicative of the breakdown of the semiclassical approximation
that we use (due to the presence of classical instabilities for o > cepit).

We also notice that, at the boundary, all results approach the Neumann constant value
5/4872 L%, apart from when Dirichlet conditions are used. This is most evident in

Figure [3.7[(b). This point is discussed further in section [3.6]

We now look at thermal expectation values, calculated for k = 1/2,2 and 27 from
3.155)). The temperature T is related to x via T' = k/27. Thermal expectation values
3.155|) are a little more straightforward to calculate, since we have a summation over
values of n rather than an integral. We truncate the sum over ¢ at ¢ = 100 and the
sum over n at n = 100, with each value calculated to 100 digits of precision.

To check that this number of terms is satisfactory, we can compare with the results given
in Allen, Folacci and Gibbons (AFG) [110], which are easier to calculate but do not
allow for the extension to Robin boundary conditions. The AFG thermal expectation
values with Dirichlet and Neumann boundary conditions imposed are given in ,
where we note that the sums over n in f1(3), So(8, p) can be performed to a high value
of n very quickly. We take one away from the other, and then take the coincidence
limit, that is X X

(B16%18) — (BI5D15). (3.157)

To compare, we plot the difference in Dirichlet and Neumann results using both our
mode-sum representation (3.155) and AFG’s representation (3.81)). Although both are



CHAPTER 3. QUANTUM FIELD THEORY IN ADS

93

(01¢°(x)[0)q

/2

.........
......

7
o o
f ) -

0.2

(013°()10)4 0.1

(%)
A2
. Ol¢ (x)|0)q
019" (¥)[0)a

—_ — I I
- a=0 +a—10 - 4

0.03}
0.02
0.01
P
2

-0.01"

(b)

Figure 3.7: Plots of vacuum expectation values (0|¢q|0) calculated from (3.156). The

upper plot shows these values as a function of the radial coordinate p and the Robin
parameter . The magenta line marks the VP for Neumann conditions (o = 7/2), for
which vacuum expectation values are constant. The lower plot considers a set of values
of o and presents the vacuum expectation values as functions of p only. We use units

in which the adS radius L = 1.
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Figure 3.8: We plot the difference between Dirichlet and Neumann results for thermal
expectation values using both our representation and AFG’s representation
. Our representation is a mode-sum which requires a lot more computation time
to calculate compared to AFG’s representation. We use 100 terms in both the n- and
f-sums. To increase the accuracy of our results for larger values of 7, we would need to
increase the number of terms in each sum.
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equivalent when we consider o = 0, /2, the AFG results provide better accuracy, since
the sums can be computed with better numerical precision. Plotting the difference
allows us to test the accuracy of our numerical computations.

Comparison plots between (3.155)) and (3.81f) are shown in Figure To plot, we use
the radial coordinate r, defined by

p=tan~! (%) , (3.158)

so that the boundary p = 7/2 is at r = oo, whilst the origin is still placed at r = 0.
This allows us to see more clearly where our numerical computations break down as
we approach the boundary (r — o0). In Figure (a), we see that our computation
breaks down for relatively small 7 when we have small temperature (k = 1/2). As the
temperature increases (k = 2 in Figure B.§(b) and x = 27 in Figure [3.§|c)) then we
find that our results do not break down until we reach larger values of r. In all cases,
we still capture the fact that results converge to the expected difference 6/487%L? as
we increase r. This is regardless of the value of r for which our numerical computations
break down. This implies that our results have been calculated to a satisfactory value
of r in order to obtain the correct behaviour close to the boundary.

In Figures 3.9)(a), (c), (e) we show the thermal expectation values for three different
temperatures as functions of the radial coordinate p and Robin parameter a. As we did
for the vacuum expectation values, in Figures [3.9(b), (d), (f) we show the results for
specific values of a. To generate the surface plots, we calculate the expectation values
for « = im /100, where i = 0,1, ...,n such that n > 50 and nx /100 ~ acpit.

When we have small temperature, £ = 1/2, the plot in Figure [3.9(b) looks very similar
to that in Figure 3.7(b) - the differences between the two are indistinguishable at
this scale. However, it is important to note that in the thermal case, the expectation
values with Neumann and Dirichlet boundary conditions are no longer constant. At
the boundary, both results approach the constant vacuum expectation values - that is,
—1/487%L? for Dirichlet conditions and 5/4872L? for Neumann conditions.

The surface plot in Figure [3.9)(a) uses a different scale to that in Figure [3.7(a). The
monotonically increasing behaviour at the origin can be clearly seen. When Dirichlet
boundary conditions are applied, the thermal expectation values have their maximum
at the origin, and monotonically decrease as we approach the boundary. For o €
(0,7/2), thermal expectation values are monotonically increasing as p increases, and
are monotonically decreasing for o € [7/2, aerit)-

As we increase the temperature from k = 1/2 to k = 2 and again to K = 2w, we see
that the thermal expectation value at the origin increases regardless of the boundary
condition imposed. In addition, the thermal expectation value at the origin is mono-
tonically increasing as « increases, and appears to be diverging as a — agrit. Away
from the origin, the behaviour is not so straightforward to describe, as it depends on
the value of o and k. For Dirichlet and Neumann conditions, the thermal expectation
value is always monotonically decreasing as we move towards the boundary, regardless
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Figure 3.9: Plots of thermal expectation values (5]dq|8) calculated from . Plots
(a), (c), (e) show these values as functions of the radial coordinate p and the Robin
parameter a.. Plots (b), (d), (f) show a selection of values of a and present the thermal
expectation values as functions of p only. We use units in which the adS radius L = 1.
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of the value of k. When &k is small, we find that the expectation values monotonically
increase for sufficiently small «, and monotonically decrease for sufficiently large «.
When k = 27, it appears that the results monotonically decrease for all «, although it
is possible that there exist some small values of « for which this is not true.

As we saw in the case of vacuum expectation values, thermal expectation values ap-
proach the limit 5/4872L? for all values of a except a = 0. This is discussed in further
detail in section (3.6l For all values of temperature 1" and parameter o, we can see that
thermal expectation values are larger than vacuum expectation values for all p. This
difference tends to zero as we approach the spacetime boundary. This property can be
interpreted as the thermal radiation “clumping” close to the origin due to the infinite
gravitational potential at the boundary [62].

3.6 Vacuum polarisation at the boundary

In the previous section, our numerical results showed that the expectation values at
the boundary approached 5/4872L? for all values of o € (0, aeri¢). This behaviour is
noticeably different from the behaviour observed in [117] where Robin conditions were
only applied to the £ = 0 terms. In the latter case, all vacuum expectation values
tended to the Dirichlet limit —1/4872L? as p approached the boundary.

In this section, we look at the values of on the boundary to try to derive
the fact that these expectation values approach 5/487T2L2 for all a € (0, erit). The
sum over k in converges uniformly for all p, and thanks to the factor of cos? p,
this will vanish on the boundary. Therefore, it is the final double sum (or sum and
integral combination in ) that we need to evaluate on the boundary. This is
a difficult task, however, since the sums are not uniformly convergent in p. We test
this convergence in Figure [3.10), where we swap the order of the sums, perform the
n-sum and plot the f~summand. For each fixed value of p, the f-sum is convergent, but
the rate of this convergence gets worse as p increases towards the spacetime boundary,
meaning that we cannot naively interchange sum and limit.

When deriving equations (3.155, [3.156)), we used the representations (3.124] (3.125|).

From studying our numerical results, we choose instead to write the Green’s functions
in the following way:

GE(z,2) = G&(z,2") + [GE(z,2') — GR(x,2")] cos® a + sin 2a GE(x,2"), (3.159)

Gg@(ac, 2') = GgN(x, 2') + [G%E(az, 2') — GEN(.%, )] cos® o + sin 2a GER(Z‘, 2).
(3.160)
Using equations (3.120]-(3.123] [3.126] [3.127]), we can write the vacuum and thermal
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Figure 3.10: Log-log plot of the ¢-summand in the final term in (3.155). We have
swapped the sums in this equation, fixed « = 7/4 and performed the n-sum, for various
values of p.

expectation values in the following alternative form

(0[$2]0) = (0]¢3/10)

sin2a cos?p [ > 2 e o1 2
— 1671’2_[/2811’1,0/“}:_00 dw ;(2£+ 1)’F<€+1+Zu})‘ Dwg Piw—l2 (COSp) s (3161)

N

and

(B#218) = (Bld%|8)

ksin 20 cos? p o= — o1 2
T Taisrs o 20+l +14+14 2pe | pT2 ' 162
1672L2 sinp nz_oo§( + DT+ 1+ ink)| né [ m,{f%(COS P)] (3.162)

Our new constants D, are defined by

|F(iw+€+2)|2csca
D% =cota—C% = , 2 : 3.163
wt wt 2\1“(7“”“‘2“2)]2 sin o + ]F(LEKH)P cos « ( )

where the constants Cf, are defined in (3.150). As before, the constants Di are

obtained by taking w — nk in ([3.163)). Using our expression for <5|QAS?V|6> from (3.155)),



102

we can write

2, X k i
9o 2 gy COSTp (-1) o\, Sin2kp
(Bl9a|B) = (0]ox|0) 2722 — e2km/r 1 <( DA sin 2p

K sin 2a cos? p

00 00 2
: 2 pHa =3

n=—o0 (=0
As ¢ — oo, we can use asymptotic properties of I' functions [120} 5.11.12] to show

2cosalr(%(m'i+g+2))‘2 sin o
T(L(inkte+1)2 fcosa — sin o
o _ gttt )F ~ G ~cotaasf— oo (3.165)
9¢in o IT(4 (ink+£+2))| T cosa fsin o 4 cos
|I‘(%(inn+£+1))\2
and so

Dy, — 0 as ¢ — oo. (3.166)

On the boundary, numerical investigations suggest that these sums in (3.161} |3.162))
diverge. This is complicated, however, by the presence of a factor of cos?p which
vanishes on the boundary. The question remains whether the additional contributions

in (3.161} [3.162)) vanish on the boundary.

Attempting to address this question on CadsS is complicated since p = 7/2 is not part
of the spacetime. Instead, we can consider the Euclidean background of ESU, discussed
in the early part of section Divergences close to a boundary are studied in [114],
and we follow their method here by applying Stokes’ Theorem to the vacuum Euclidean
Green’s functions GEg;; v (z,2') and GEg; (7, 2') on the region V' C ESU defined by
p€l0,7/2]. If S =0V, the boundary of the region V, then we find

/S [GZ%,ESU('%’ y)euGg,ESU(yﬂLj) - GE,ESU(Ian)%MGZ%,ESU(ya 96/)] ds*
= /V%“ [Gﬁ,ESU(Ly)ﬁuGaE,ESU(yvxl) - GE,ESU(%y)%uGﬁ,ESU(%ZEl)] av

= /v (G psu (%, 9)BGE psu(y, 2') — G peu(2,9)BGE psu(y,2)] AV (3.167)

where covariant derivatives V and the D’Alembertian 0 = %M%u are defined with
respect to the Euclidean ESU metric, and all integrals are taken over spacetime points

y. Using the wave equation on Euclidean ESU (3.87)), we can write the right-hand side
of (3.167)) as

/v (G gsu (@ )BGE psy(y.2') — GE psy (@, y)BGK gsy(y, )] dV

1 1
= /V {G%,ESU(Ly) [—\@5(4)(%95/) + LQGS,ESU(yax/):|

1 1
~GL psu(@,y) [_\/g(s(‘l) (y,2") + ﬁGﬁ,ESU(y, x/)] } av

= —Gf psu(r, @) + G gy (x,2'), (3.168)
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where 0%(z,2') is defined in . To evaluate the surface integral on the left-hand
side of (3.167)), we note that the boundary S consists of two surfaces % U % /5, where
S is the timelike hypersurface in ESU at p = 0 and . 5 is the timelike hypersurface in
ESU at p = w/2. The contribution from the integral over .% is zero. This is explained
in Cads in section[3.2.5]- we can write the Green’s functions as sums over modes
which were shown to vanish on .#,. The analysis from section [3.2.5| carries over to ESU

since the conformal factor cosp = 1 on #. Imposing Robin conditions on % /5, we
find

/S (G 50 (@, 0)VuGE sy (v, ') = GE s (@,9)V,uGR sy (. )] dS

= —L ' cota P G, psu(@,9)GE psy(y, @) dS. (3.169)
’7(/2

Combining (3.168) and (3.169) and rearranging, we have

GE,ESU(wv 33/) = Gz%,ESU(% 37/) — L cota /j Gz%,ESU(% y)Gg,ESU(% 3?/) ds.

/2

(3.170)
Since Gﬁ7 psy (@, @) satisfies the Hadamard condition, in general all singularities in
Gi psy (@, 2’) are contained within the first term of , and the integral will be
finite in the limit 2’ — x (except, possibly, if z lies on the boundary). Note that the
factor of cot a indicates that this expansion is valid for all 0 < a < 7, but not for
Dirichlet conditions when a = 0.

Following [|114], we can substitute the expression for G’Q sy (@, ') given in (3.170)
into the integral on the right-hand-side of (3.170f). This procedure forms the basis of an
iterative expression for the Euclidean Green’s function with Robin boundary conditions,
that is

GE,ESU(x7 a') = GE,ESU(% a')— L' cot v Gf,éls)U(xa a')+ L% cot’ a Gf,’gs)*U(x, ')+

(3.171)
where
E(1
Ga,gé)‘U(x’x/) = P GJEV,ESU(%Z/)GJ%,ESU(%CU/) ds, (3.172)
/2
E,(2
Ga,(ES)”U(x’w/) = /J Gh.esu(@,y) /] GN.psu(y, 2)GN gsu(z,2') dS| dS.
7 /2 I /2

(3.173)

In (3.172)), we take the integral over spacetime point y, whilst in (3.173|), we take the
scalar integral over z and the outer integral over y. Further terms in (3.171f) will contain

additional integrals over 7 .
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We now note that Gﬁ psu (@, ¢) can be written in closed form by applying the confor-

mal transformation (3.6) to (3.135):

1 1 1

E /

= . 174
GN.psu (%, ) 8m2L2 {cosh AT + cos + cosh AT + cos w*} (3.174)

If we take the partial coincidence limit and keep points split in the 7-direction, then

we have cos1) = —1 and cos¥* = cos 2p and thus
1 1 1
G% AT, p,0,0) =
n.psu (AT, p,6,¢) 8m2L2 {cosh Ar—1 " coshAr + cos Qp}

1 2 1 1 )
= a7 {m? + <1 -y 6> } +O(AT?).  (3.175)

We need to renormalise this by subtracting the Hadamard parametrix Gg gsv(z,2’).
With points split in the temporal direction, the world function is given by 20 = L?Ar?
and the van Vleck-Morette determinant is A2 =14+ O(A7?) (see Appendix , and

therefore
Al/2 1

8720 An2L[2A12

The renormalised VP on ESU with Neumann boundary conditions is therefore

(0|6%/10) st = dim {G.gsu(AT, p.0,0) — Gspsu(AT, p,0,0)}
- 5 — cos2p
© 4872L2(1 +cos2p)’

Gspsu(AT,p,0,0) = + O(AT). (3.176)

(3.177)

It should be noted that, whilst the vacuum expectation value with Neumann boundary
conditions on CadS is a constant, this is not the case on ESU. This is because, although
the Green’s functions on CadS and ESU are conformally related, the Hadamard para-
metrices Gs psy(z,2’') and Gg(x,2') are not. This can be seen by comparing

with (B.143).

The vacuum expectation value (3.177) is finite for all 0 < p < 7/2, but diverges as p
approaches 7/2. If we write p = /2 — €, then we can see that in the limit € — 0,

1

(0163%/10) st =
This divergence as O(e?) agrees with analysis performed in [114]. In [114], it is shown

that Gf’gs)U(m,x’) 3.172) is expected to diverge as O(e~!) on the boundary, whilst
all other terms are expected to be finite on the boundary. We can test this with an
explicit evaluation of the integral (3.172)) using the closed-form representation (3.174)).

To perform this integral, we fix p’ = 7/2 so that cosy) = cosy* = —cosysinp. Then

(3.174) becomes

1 1
4722 cosh AT — cosysinp’

Gﬁ,ESU(,npaea90;7—/777/279,730/) = (3179)
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Since Gf’ggU(:ﬂ, z') is finite in the limit 2’ — 2, we set 2’ = z and then

1

E() 1
G _ s 3.180
o550 (%, ) 16744 /fﬂ/2 (cosh AT — cos~y sin p)? ( )

where z is a general point in ESU with coordinates (7, p, 0, ¢) and we take the integral
over y = (1y,7/2,0y,¢y), where A7 = 7, — 7 and 7 is the geodesic distance
with §' = 0, and Ap = ¢, — ¢. Without loss of generality, we can set § = 0, ¢ =0
and then cos~y = cosf,. Noting that dS = L3sin 0, dAT df, dy,, the integral becomes

1 oo i 2m sin 0
GEW (z,2) = ——= / dA / do / d 4
50 (0 T) 1674L J_ g o 2 Jo Py (cosh AT — cos 6, sin p)?
1 & T sin 6
= dA db Y
8m3L /Oo T/O Y (cosh At — cos 6, sin p)?

1 1
= — dAT .
43 L /_Oo cosh? At —sin? p

(3.181)

The integral (3.181)) is regular for all A7 when 0 < p < 7/2, but if p = 7/2 then the
integral is singular at A7 = 0. We can perform the integral for 0 < p < 7/2 by making
the substitution z — coth A7. Then

dz = — cosech? AT = (1 — coth? A1) dAT = (1 — 2%) dAT. (3.182)

The integral becomes

o dAT o dz
/ _ - :2/ . ; - (3.183)
—oo cosh® AT —sin” p 1 (22 —1)(cosh” AT — sin” p)

where we have used the fact that the integrand is an even function to allow us to only
consider half the integration region. From standard hyperbolic identities, we can write

2

cosh? At = ZQZ_ . (3.184)
and therefore, after some rearranging,
°° dz 2 o dz
> / : S / . (3.185)
1 (22-1) (zQZ—l — sin? p) cos?p Ji 2%+ tan®p

Performing the integral,

2 o0 dz 2 [ =z >
2 2 2. ~ tan
cos“p J1 z“-+tan®p cospsinp tanp /|

2 1
S [77 ~ tan~! < )] . (3.186)
cospsinp |2 tan p
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Using the fact that tan™'(z) = § — cot ™! (z), we find

1 P
cPl) = 3.187
o150 (%, ) 273 L sin p cos p ( )

As we approach the boundary, we write p = 7/2 — €, and then

ijﬁ%y(% ) = +0(1) (3.188)

4m2Le
as € — 0. The divergence as O(e!) is as expected. Higher-order terms in (3.171)) will
be finite so we do not need to consider these terms in great detail. Using the conformal

transformation (3.6|) along with (3.171)), we find in CadS

GE(x,2") = G5 (x,2") — L™  cos pcos p/ cota/ G57ESU($,y)Gﬁ7ESU(y,:U/) as + ...
jﬂ'/Q

(3.189)
Renormalising and taking the limit 2’ — z, we have

(016210) = (0dR|0) — L~ cos? peot a L GE v (,9)GE o (y.) dS+... (3.190)
S /2

Subsequent terms in the expansion are finite on the boundary and are multiplied by
the conformal factor cos? p, which means that we do not need to consider these terms
when looking in the limit p — 7/2. The integral in will diverge as O(e~!) from
(3.188). In , we multiply this integral by the conformal factor cos? p. Writing
p = /2 — €, we obtain cos? p = €2 + O(€®), and so, on the boundary,

5

(0[¢210) = [}LI%<0|€5?V|O> = 18202 (3.191)

lim

=7
This completes the justification that, for all values of Robin parameter a € (0, aerit),
the vacuum expectation values approach those for Neumann boundary conditions as
p — /2. This is in agreement with our numerical results (see Figure [3.7)).

It remains to show that we obtain similar behaviour at the boundary for thermal
expectation values. We can use the method of [114] for thermal Euclidean Green’s
functions in ESU to write

Gg,a,ESU(xvx/) = GJEV,ESU(%#U,) — L' cotov P Gz%,ESU(%y)Gga,ESU(yax/) ds.

/2

/ (3.192)
This is obtained by using the same method as in equations (3.167}3.169)), this time
applied to G£Q7ESU(x,x’) instead of GQESU(QZ‘,I‘/). The similarities between (3.192
and can be noted. The main point to notice is that the first term on the left-
hand-side of is the vacuum Green’s function with Neumann boundary conditions
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imposed, rather than the thermal Green’s function. Substituting Gga gy (Y, @) in the
integral, we obtain

G o psu (v, 2') = GN psy(z,2") — L' cota /] GN gsv(,y)GN psy(y, ') dS
/11'/2

+L7? COtOé/j G, psu (@,9) [/j GN.psu(,2)GF o psu(z, ') dS| dS  (3.193)
/2

/2

and repeating this, we again form an iterative expression similar to that given for the
vacuum Green’s function (3.170). We obtain the thermal Green’s function in CadS by
again performing the conformal transform (3.6)), which gives us

Gga(x, 7)) = Gf,(x, x') — LY cos pcos p’ cot o /j G]%ESU(:B, y)GﬁjESU(y, ') dS+ ...
/2
(3.194)

Comparing the expression with , we see that both have equivalent leading
order terms. Other terms in the sum will vanish as p — 7/2 according to a similar argu-
ment as presented for the vacuum case, meaning that, as the boundary is approached,
thermal expectation values will approach the same limit as vacuum expectation values.
The first integral in will not contribute at the boundary due to the conformal
factor which vanishes when p — 7/2. This means that for thermal expectation values

in CadS
5

(Bl218) = l}gré(()lci?vm) = 5o (3.195)

lim
™
Py

This result again matches the behaviour we have observed in our numerical results (see

Figures [3.9(b), (d) and (f)).

3.7 Summary

In this chapter, we have explored the effect of imposing Robin boundary conditions on
the VP in the covering space of adS. The work covered in this chapter was based on [7].
We began by considering the classical field, with a brief look at transparent boundary
conditions , before focusing our efforts on reflective boundary conditions
3.20)).

When imposing Robin boundary conditions on these reflective modes , we found
that some modes were unstable, depending on the value of the Robin parameter a.
This can be seen by considering values of « in the quantization condition that
allow for imaginary frequency w. This prompted us to only consider values of o which
did not admit unstable modes, that is a € [0, aepit), where aerip = —tan™! (7/2).

In section we quantized our scalar field by promoting it to an operator (3.45)),
and then calculated the Wightman function G+ with Robin boundary conditions im-
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posed (3.49)). We attempted to regularise by taking differences (see section [3.3.3)), but
problems arose due to the fact that the correct ie prescription had not been employed.

The Wightman function simplified greatly for the cases of Dirichlet and Neumann
conditions (see section [3.3.2)), where results for the vacuum expectation values were
found to be (0|¢%|0)en, = —1/4872L? and (0|¢%|0)ren = 5/4872L2.

To evaluate the VP for Robin conditions, we moved to the Euclidean sector (see section
, which involved transforming to the imaginary time coordinate ¢t — i7 . We
began by looking at the Euclidean Green’s functions with Dirichlet and Neumann
boundary conditions imposed to verify that results in the Lorentzian and
Euclidean backgrounds are equivalent (see section .

We imposed Robin boundary conditions on the Euclidean Green’s function via .
To regularise our results, we subtracted the Euclidean Green’s function with Dirichlet
conditions imposed. Performing this subtraction in the Lorentzian background was
difficult since both mode-sums have different frequency decomposition, but in the Eu-
clidean section, the mode sums are the same (|3.156|).

The thermal Euclidean Green’s function is found by imposing periodicity on 7 (3.127)).
The thermal expectation values are renormalised by subtracting the Hadamard parametrix
from the thermal Green’s function and taking the coincidence limit, which leaves us

with a finite value (3.155]).

In section we presented numerical results for the vacuum (Figure and thermal
(Figure expectation values with Robin conditions imposed. From our numerical
results, it appeared that all results approached the so-called “Neumann limit” 5/4872L?2
at the boundary, apart from in the case when Dirichlet conditions were imposed.

In section we showed analytically that all expectation values with a # 0 did
indeed approach the Neumann limit at the boundary. This was done by evaluating the
vacuum expectation values on the boundary of CadS. To do this, we had to consider
expectation values on ESU , since the boundary is not part of CadS. We used
an iterative procedure to write the Euclidean vacuum Green’s function with Robin
boundary conditions imposed as a series of terms involving integrals over Euclidean
vacuum Green’s functions with Neumann boundary conditions imposed .
After a conformal transformation to find the equivalent representation for the Euclidean
Green’s function at the boundary in CadS, we performed Hadamard renormalisation
and took the coincidence limit to find vacuum expectation values . We were then
able to show that, as the boundary was approached, all terms in the expansion vanished
except the expectation values with Neumann conditions imposed. This allowed us to
draw the conclusion that vacuum expectation values with Robin conditions imposed
must approach the “Neumann limit” at the boundary . This conclusion agrees
with numerical results given in Figure 3.7

A similar calculation for thermal states resulted in us being able to write the ther-
mal Euclidean Green’s function with Robin boundary conditions imposed as a series of
integrals over the vacuum Euclidean Green’s function with Neumann boundary condi-
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tions imposed (3.192)). Performing Hadamard renormalisation, taking the coincidence
limit and looking close to the boundary, we were able to draw the same conclusions
- that thermal expectation values with Robin conditions imposed must also approach
the “Neumann limit” at the boundary . This matches numerical results given

in Figure [3.9]
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Chapter 4

Topological black holes

In the second half of this thesis, we turn our attention to adS spacetimes with black
holes. In this chapter, we introduce the concept of topological black holes along with
conformal diagrams for the various black hole spacetimes.

4.1 Topological black hole spacetimes

The Schwarzschild-adS (SadS) and Reissner-Nordstrom-adS (RNadS) spacetimes are
asymptotically adS spacetimes with black holes [107,[127136]. In this section, we shall
mainly discuss RNadS, but everything can be reduced to SadS by setting the charge
parameter () = 0. The metric in four dimensions is given by [127]

ds? = —f(r)dt® + f(r) " dr® + 12dQ} (4.1)

where 0’ )
2M r
k- = 4
1) r + r2 + L2
The parameter k is discrete and can take the values +1,—1 or 0, M is the black hole
mass, () is the charge parameter and L is the adS lengthscale. The metric in is the
two-dimensional metric given by

(4.2)

sinf, k=1
A = do? + F2(0)de?®, Fr(0) =1 0, k=0 (4.3)
sinh @, k= —1.

For all k, the azimuthal coordinate ¢ € [0,27), whilst # € [0,7] when k£ = 1 and
0 € [0,00) when k =0, —1.

Throughout the literature [107,/127-136], SadS (or RNadS) only refers to the k = 1
solution, with the £k = 0 and k = —1 solutions seen as extensions to this solution.
Throughout this thesis, however, we shall use the terminology “SadS” and “RNadS”
to mean the entire set of kK = 1,0, —1 solutions rather than just the latter.

111
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Figure 4.1: The quartic M plotted against r,. When we fix M at a value
M > My, (red line), we have two distinct real roots of f(r) (4.2). When we fix
M = M, (blue line), we have one repeated real root, and when M < M,,;, (green
line) we have no real roots.

For all positive (), L and all real M, we have a coordinate singularity at r = 0.

The black hole horizon is defined as the two-surface on which r = r,, where f(r;) =0
for 7, € R. Since the polynomial f(r) (4.2) is a quartic, we must have four roots. These
roots cannot all be real as there is no 7% term, but we can have two distinct real roots,
two repeated real roots, or no real roots.

Rearranging (4.2) allows us to write M as a function of ry, i.e.

_mk QT

. 4.4

2 * 2ry + 212 (44)
By looking at the first and second derivatives, that is
dM  k 2 32

k@ o (4.5)

a2 27 2L

d’M  3r, Q?
=4 4.6
dr,% L? + 7“% (4.6)

we can see that M must have a minimum value at

L? 2

where we choose the positive root since T}QL > 0. Then the minimum mass is

1/2

L Q\? Q\’
Mpin, = ——= k% +12 () + 2k kZ+12 () —k 4.8
36 L L (48)
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Figure 4.2: Conformal diagrams for RNadS black holes. All three cases have a cur-
vature singularity at » = 0. The non-extremal black hole has inner horizon r = r_
and outer horizon ry, allowing for observers to pass through to another universe. The
extremal black hole only has one horizon, and all observers that pass through it are
lost to the singularity. In the final case, there is no horizon, and the singularity is
naked. In (a) and (b), past and future timelike infinity are shown, denoted by ¢~ and
i™ respectively. The spacelike and null infinity coincide and is denoted by .#. In (c),
spacelike, timelike and null infinity coincide on .#.

which is positive for £ = 1,0 but can be negative for k£ = —1. Therefore, in the case
where k = —1, it is possible to have black holes of negative mass [135], whilst in &k = 1,0
we must have positive mass for all horizon radius values.

We now consider the following three cases: M > M, (see the red line in Figure ,
M = My, (blue line) and M < My, (green line). When M > M,,;,, we can find two
real distinct roots to equation (4.2), and hence two horizons, the inner horizon r_ and
outer horizon r,. The conformal diagram in this case is shown in Figure As in
adS and CadS, the spacetime is not globally hyperbolic.
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(a) Sketch of M against r, in the cases
k = 1,0. In these cases we must have
M > 0. The point r, = 0 is a stationary
point when £ = 0 but not when k£ = 1.

(b) Sketch of M against rp, in the case
k = —1. In this case, we can have nega-
tive mass. For M > 0, we find exactly
one root of f(r) = 0 (e.g. red line).

Eor.allM >dO1, we ?lways ﬁn(li exactly one When M,,;, < M < 0, where M,
orizon (red line, for example). is given in (4.12)), we find two distinct

roots (e.g. green line). For M = M,;n
(blue line), we have one repeated root,
and when M < M,,;, (magenta line),
then we have no roots.

Figure 4.3: Plots of M against 7.

For M = M,,;n, there is only one real repeated root to . In this case, the inner and
outer horizons coincide i.e. r— = r; = 7. This case describes an extremal black hole -
it is the smallest possible black hole that can exist for a given charge. A horizon does
not exist in the case where M < M,,;, and we have a naked singularity. The conformal
diagrams for these two cases are given in Figure and respectively.

We now consider the event horizons in SadS, that is, when @ = 0. Now f(r) is a cubic,
and, in similar fashion to before, we write M as a function of ry, i.e.

r3 kry,
M(rp) = ﬁ +5 (4.9)

Differentiating and setting equal to zero we find that stationary points are given by

e

; (4.10)

2=
Then, when k£ = 1, we do not have any stationary points, and when k£ = 0, we have a
point of inflection at r;, = 0. This means that, in these two cases, we have exactly one
solution to f(ry) = 0 for all M > 0, i.e. we have exactly one horizon (see Figure |4.3al).
The conformal diagram is then given by Figure [4.4]

Things are a little different for the case K = —1. Now we have a stationary point
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(minimum) at
L
Th min — 73, (411)

where we assume rp, > 0. This corresponds to
L
3v3

This gives us four different cases (see Figure [4.3b]). These are as follows:

Mpin = — (4.12)

e M < Myn. Here, f(r) = 0 has no roots, so we have a naked singularity. The
conformal diagram is given in Figure [4.2¢

o M = Myin. Now f(r) = 0 has one repeated root, so we have an extremal black
hole, with conformal diagram given by Figure [4.2D]

o Mpyin < M < 0. We have two distinct real roots to f(r) = 0, and hence the
conformal diagram is given by Figure

e M > 0. The equation f(r) = 0 has only one non-degenerate root, so we have the
same conformal diagram as for the £k = 0,1 SadS black holes, shown in Figure

44

In [135], it is shown that hyperbolic black holes of negative mass can still admit an event
horizon and have positive temperature, which means that regions of negative energy
can still undergo gravitational collapse to a black hole. From here on, we shall only
consider SadS black holes of positive mass, with conformal diagram shown in Figure

E4

One of the earliest discussions of asymptotically adS black holes was in [137], where
Hawking and Page considered thermodynamical properties of black holes with a neg-
ative cosmological constant. They showed that asymptotically adS black holes have a
natural temperature T associated with the surface gravity x, where

1 M kL? + 3r?
F = ) = ey T S BRI (4.13)

- A
27’ 2 r? L2 2ry, L?

where we have used (4.9)). The analysis of [137] is concerned only with the k = 1 case,
where they show that there exists a minimum temperature

et V3

when the event horizon r, = rg = 3~1/2L. For rp, > 109, the temperature increases with
mass.

We now turn our attention to the geometry of the event horizon in order to understand
exactly what happens to the black holes when we vary the parameter k. These black
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r = 0 Singularity

N

= 0

T

r = 0 Singularity

Figure 4.4: The conformal diagram for the SadS black hole with positive mass. There
exists an event horizon at r = rp, and a curvature singularity at » = 0. The regions
are labelled I-IV. Region I is the exterior spacetime, II the black hole interior, III the
white hole interior, and IV the parallel universe. Future and past timelike infinities
are denoted by it and i~ respectively. Null and spacelike infinities coincide and are
denoted by ..

holes are often referred to in the literature as “topological” black holes [107], and from
the following discussion, it is easy to understand why. The horizon geometry can be
determined by looking at the induced metric on the r = const.,t = const. hypersurface
(which we shall denote by ¥;.) In RNadS/SadS, this induced metric is given by d€2
([@.1). For each value of k, the metric d€2), leads to a different topology for X.

For the k = 1 case, ¥; has the local isometry group SO(3), i.e. spherical rotational
symmetry. The event horizon is the two-sphere S? with the round metric [127] and
bears close resemblance to the standard Schwarzschild black hole. For the k = 0 case,
Yo has local isometry group E2, i.e. flat translation and rotational symmetry. The
horizon in this case is R? with the flat metric. This is a flat plane. For the k = —1
case, 3_1 has local isometry group SO.(2,1). This is the connected space of hyperbolic
Lorentz transforms. The horizon topology is that of the hyperbolic plane, H?.

The correspondence between spherical adS black holes and CFT is discussed in [94],
where Witten uses adS/CFT to give a holographic explanation for the Bekenstein-
Hawking entropy of these black holes. This is extended to topological black holes
in [107], where the entropy scales holographically in the correct manner, again providing
holographic interpretations of the entropy formula.

We can compactify event horizons in the & = 0,—1 cases [13§]. Let us begin with
the k£ = 0 case, the flat black hole. We can form compact surfaces by tessellating the
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Euclidean plane, taking a region of the plane (which we call the fundamental domain)
and imposing periodic boundary conditions. This effectively “glues” the edges of the
fundamental domain together to create different surfaces. In the Euclidean plane,
geodesics are straight lines, and so the plane becomes a grid of quadrilaterals (see
Figure . We select two non-parallel shifts that generate the geodesics, and identify
all points connected by these discrete translations (this is our fundamental domain). We
can glue the opposite edges of this domain together to form our compact surface. In this
way, we can form a cylinder, torus, Klein bottle or M6bius strip [128[[1304[131}139,/140].
However, in order for our integrals in the scalar product to be defined, we must have
an orientable spacetime, so we cannot quantize over the Klein bottle or Mobius strip
using our usual conventions.

There are infinitely many different types of fundamental domain for the hyperbolic
plane. The periodic structure can be thought of as a crystal lattice, and the fundamen-
tal domains that we form will be polygons. In order for us to “glue” the sides together
suitably, our polygons must be 2n-gons. The simplest case is the octagon (see Figure
. By setting periodic boundary conditions so that opposite sides are “glued” to-
gether, we can form a two-hole torus, which is a compact, hyperbolic surface (see [136]
for a visual representation of this compactification). We can form higher genus surfaces
by looking at 2n-gons for higher n.

In chapter [5] we shall quantise on these topological black holes, to see how horizon
topology affects quantum modes throughout the spacetime, but we shall not consider
compactifications for k =0, —1.

4.2 Classical scalar field on topological black holes

A scalar field ¢ satisfies the homogeneous Klein-Gordon equation (1.56|). We consider
scalar fields of mass m = 0 and coupling & = 1/6.

Mode solutions of this equation take the form

(z)wém (t, T, 0; 90) = 6iwt wEXwZ(T)Zém(Ha 90) (415)

where w is the frequency, £ is a separation constant and m is an integer. The angular
function Zy,, (0, @) is

Yzm(Q’ 90.)7 k=1,
Zim(0,0) =4 Im(£0)e™?, k=0, (4.16)
pml (cosh@)e™? k= —1.
— 54l
The separation constant /¢ is a discrete variable when k = 1, taking any non-negative
integer value. When k = 1, the angular function Zy,, (6, ¢) is the spherical harmonics
Yim (0, ). For k = 0,—1, the separation constant ¢ is a continuous variable and takes
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Figure 4.5: Geodesics in the Euclidean plane are straight lines. Two discrete non-

parallel shifts are shown by the arrows, and these determine a fundamental domain,
shown in blue.

any value in the interval [0,00). We obtain Bessel functions J,,(¢¢) when k& = 0 and

conical functions P'_TH ,(cosh6) when k = —1.
2

The radial function X, (r) satisfies the equation

2,2 2
{CZ <r2f(r)jr> - (})(:) — M - TGR} Xoe(r,r") =0 (4.17)
for 2
P = [g + %k(/@ + 1)} - %k. (4.18)

The radial function X () must have boundary conditions imposed at r — oo in order
for the quantum field theory to be well-defined. In chapter [5, we impose Dirichlet
boundary conditions on X,¢(r) (5.29). In chapter [6] we extend this to general Robin
boundary conditions .

The constant N,y is determined by normalising the modes.

To quantise, we promote the scalar field ¢ to an operator qAS Quantization on SadS black
holes was first explored in [10]. Flachi and Tanaka focus on the calculation of the VP
<$2> in the spherical black hole case, performing renormalisation via the point-splitting
procedure of Christensen [3||41]. In their analysis, they impose Dirichlet boundary
conditions at the spacetime boundary. Their numerical results show that, for spherical
black holes, the VP is monotonically decreasing as radius r increases, and approaches
the CadS vacuum expectation value —1/4872L? at the boundary.

In chapter |5, we shall use the extended coordinates method [111|12] to renormalise the
VP with Dirichlet boundary conditions applied. This is then extended to include Robin
boundary conditions in chapter [6]
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Figure 4.6: A regular octagon formed in the Poincaré disc. When opposite sides are
identified as demonstrated, a two-hole torus is formed.



Chapter 5

Quantum field theory on
topological black holes

In this chapter we discuss quantum field theory on topological black holes , or Schwarzschild-
adS (SadS). These were discussed in chapter |4l where we described three different types

of solutions, spherical, flat and hyperbolic. These solutions were distinguished via the
parameter k, which can take the values k£ = 1,0 and —1, corresponding to the spherical,
flat and hyperbolic black holes respectively.

In this chapter, we calculate the renormalised VP for conformally coupled, massless
scalar fields on all three backgrounds. We begin in section by reparametrising
the metric. The reparametrisation will prove useful when we plot the results of the
renormalised VP. We also discuss (section the scaling symmetries present in the
k = 0 metric, which will make calculations on the flat black hole background much
simpler.

In section we solve the wave equation to find the Euclidean Green’s function in
SadS. This has a different form depending on the event horizon topology. We impose
Dirichlet boundary conditions on the scalar field modes. This is extended to general
Robin boundary conditions in chapter [6]

We calculate the renormalised VP (section on each of these backgrounds using the
extended coordinates method, first discussed in section This involves writing the
Hadamard parametrix in a mode-sum representation that is similar to the Euclidean
Green’s function, to allow us to perform the subtraction mode-by-mode. This means
that we must find three different representations for the Hadamard parametrix, each
corresponding to a different value of k.

Details of the numerical procedures carried out in Mathematica are given in section
In section we present numerical results for all three cases, with varying black
hole temperature and event horizon radius. The work in this chapter is based on [8].

This work was recently extended |13] to include scalar fields of varying mass and cou-

120
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pling on adS black holes with spherical horizon. This work is discussed in section
where we also discuss how one may extend this to include adS black holes with flat and
hyperbolic horizons.

5.1 Reparametrisation of the metric

Our analysis in this chapter will take place on the Euclideanised background of SadsS.
The vacuum state is therefore the Hartle-Hawking state. On the Fuclidean background,
the wave equation is elliptic, and so its solutions are unique once appropriate
boundary conditions have been imposed. The Euclideanised metric for SadS is

ds® = f(r)dr?® + f(r)"Ldr? + r2dQ3 (5.1)
where v )
2 r

f(?“) =k— 77. + ﬁ (5'2)

and sz is given by 1) The parameter k can take the value +1,0, —1, corresponding
to positive, zero or negative event horizon curvature, as discussed in chapter

It is helpful to reparametrise the metric using the dimensionless coordinate 7, where

4%+ k
- XM+ r—1 (5.3)
for x defined implicitly via
xL(4x* + k) = M. (5.4)

Note that, in the £ = —1 case, since L, M > 0, we must have x > 1/2. The metric
(5.1) now takes the form

ds®> = f(n)dr® + W + x2L2(n +1)%dQ3, (5.5)
where 1
Fn) = £r) = T==h(n), hn) =k+ 07 +4n+7). (5.6)

n+1
The event horizon radius r = r is then fixed at 7 = 1 regardless of the values of
k,M and L. The curvature singularity at » = 0 is located at n = —1. For k£ = 1,0
the function h(n) has no real roots. For k& = —1, the function h(n) has no real roots
provided x? > 1/4, so we restrict to x? € (1/4,0) in this case.

We can now parametrise our black holes by (k, x, M) rather than (k, L, M). In terms
of x, the surface gravity and Ricci scalar can be written

_1 / _ 1 2 2
12 122 (4x% + k)?

This reparametrisation will be useful when we calculate numerical results for the renor-
malised VP in section [5.6
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5.2 Scaling symmetries of the k£ = 0 metric

When k£ =1 or k = —1, the metric has two natural length scales. These are the radius
of curvature of adS and the curvature of the horizon. We can fix one and vary the other
to give different solutions.

This is not the case when k£ = 0 due to vanishing event horizon curvature. Here, we only
have one length scale - the cosmological constant. We cannot keep the horizon radius
fixed and vary the cosmological constant since changing one automatically affects the
other (this can be seen from (5.4), by fixing x and varying L).

We look at the following scaling symmetries of the £ = 0 metric. In the first case, we
fix x (5.4) and vary M using an arbitrary scaling constant g1, which is equivalent to

n—n L—pL, M—pM, x—x, T— p17. (5.9)
From this, we find
fm) = fn) (5.10)
and then the line element
ds® — prds® (5.11)

supposing 8 — 0, — ¢. We find that
K — p K, R— pr°R. (5.12)
The second scaling we look at involves fixing M and varying Y, again using an arbitrary
scaling constant pa, i.e.
n—mn, L—py°L, M — M, x— pax. (5.13)

In this case, we have
fn) = f(n) (5.14)

and the metric is invariant if we have
T = Py, 0= 5yl o — . (5.15)

With this rescaling, we find
K — pak, R — pSR. (5.16)

5.3 Quantum scalar fields on SadS

In this section we find the Euclidean Green’s function G¥ in SadS. The Euclidean
Green’s function for a massless, conformally coupled scalar field satisfies the inhomo-
genenous Klein-Gordon equation

1 1
<D - 6R> GE(r,r,0,0,7 1,0, ¢) = —T—25(T —7o(r — ") S (s, Q) (5.17)
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where
5O, Q) = f:@a(e — 0o — ) (5.18)

and Fi(0) is given by (4.3)). We incorporate periodicity in 7 by setting, for any x > 0,

= LN gineaT (5.19)
2m

n=—oo

S(r—1")
where A7 = 7 — 7/. It then makes sense to search for solutions of (5.17)) of the form

GE(r,r, 0,07 ,7,0, ) = = S TG (0,00, ). (5.20)
2

n=—oo

From the analysis performed in Appendix we find g,(f) to have the following form
in each case:

o0

1
Gy = A > @0+ 1)Py(cos ) X (r, 1), (5.21)
=0
1 o
G = o 0Io(tyr) X () e, (5.22)
G = 2 [T ptanh(en)P 1, (cosh ) X® (o) de (5.23)
R Y —3+it TH)Ape (T ’ '

where ng) (r,7") is the radial Green’s function satisfying

(& (o) -y A0 - SR =—se - e

where Vék) is defined in 1' The quantity {vs,vr, v} is the geodesic distance on
the sphere, flat plane and hyperbolic plane, defined by

cosys = cos f cos ' + sin O sin & cos(¢ — ¢'), (5.25)

1
vy = 3 (0% + 60" — 200 cos(p — ¢')) (5.26)
coshyy = cosh f cosh @’ — sinh 6 sinh &’ cos(¢ — ¢'). (5.27)

Note that we have already met g before, defined in ((1.222)). In order to numerically
solve this ODE (|5.24]), we can write the radial function in the same way as we did in
ESU (33.96), that is
k
X3 (1.7) = Nuepns (r<)ane(r>) (5.28)

for r- = min{r,7’}, r~ = max{r,7’}. The functions p,; and g, are both solutions
of the homogeneous version of , although p,, has regularity conditions imposed
on the horizon, and ¢,¢ has appropriate conditions imposed on the boundary. In this
chapter, we shall only consider Dirichlet conditions imposed on ¢,¢ as r — oo, but in
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the next chapter, we shall extend this to Neumann and Robin conditions. As r — oo,
we insist

Q qné(r7 74/) =0, (529)

where () is the conformal factor relating SadS to ESU. Note that this is not equivalent
to , which is the conformal factor relating CadS to ESU. The conformal factor
relating SadS to ESU is not known in closed form but is known in certain limits -
see equation . The inclusion of the conformal factor in is due to imposing
the boundary conditions in ESU and then performing a conformal transform to obtain
mode solutions in SadS, as we did in CadS in section

The normalisation constant N, is determined by the Wronskian relation,

1
B TQf(T)W{an(T)) an(r)} '

This can be seen by integrating the radial equation (5.24) over r for r € [/ — 6,7 + 4]
for some § > 0. We then take the limit 6 — 0. This is very similar to the method used
in section Performing this procedure on the right-hand-side of (5.24]) we obtain

an =

(5.30)

r'+6
— lim S(r—r")dr = —1. (5.31)
6—0 =5

Performing this procedure on the left-hand-side of (5.24]), we obtain

. 48 n22r2 ®) 2 *) d ) er(Liz)
Jimn, /M {[‘ OB _6R] X g \ I =g2= |

, dX(k) r'+8
= lim |2 f(r)=2 1, (5.32)
r'—6&

where the first terms in the integral vanish in the limit following a similar procedure

to (3.109). Putting (5.31} |5.32)) together, we find
— 1 =71 f(r)NoeW{pne(r)gne(r)} (5.33)

which gives us the desired definition of the normalisation constant ([5.30]).

Under the first scaling symmetry (5.9)), the radial equation ([5.24), and thus the radial
functions pyy, ¢pe remain unchanged. The normalisation constant ((5.30|) scales as

Nn@ — ﬁl_QNnZ- (534)

Under the second scaling symmetry (5.13|), the radial equation ([5.24)) again remains
unchanged, as does the normalisation constant (5.30)), that is

Nie = Nons. (5.35)
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5.4 Renormalisation of vacuum polarisation

We perform Hadamard renormalisation on the Euclidean Green’s function by subtract-
ing the Hadamard parametrix (1.192) and then taking the coincidence limit. This
method of renormalisation is described in section[I.3.2] In order to perform this renor-
malisation quickly and efficiently, we use the extended coordinates method (see section
as well as |11;[12]). Since we are working in the massless, conformally coupled
case, we can ignore the tail terms of the Hadamard parametrix (given by V(z,z) in
equation ([1.192))). In section we shall comment on the complexities involved with
finding the correct representation for V' (z,z’) on topological black hole backgrounds.

The extended coordinates method (section requires us to write the direct part of
the Hadamard parametrix as a series in “extended coordinates” (w,s). In order to do
this, we must write both the world function o(x,2’) and the van Vleck-Morette deter-
minant A(x,2’) as a series in (w, s), as in equations and respectively.
The definitions of (w, s), given in (L.221]), will be slightly different depending on the
curvature of the background.

Writing the direct part of the Hadamard parametrix in this way allows us to find a
mode-sum representation for the Hadamard parametrix that matches the mode-sum
representation for the Green’s function (5.2045.23|). Then the subtraction can
be carried out mode-by-mode, where each individual mode is manifestly finite, making
for much faster convergence of numerical results.

In this section, we first focus on writing the world function o(z,2’) and the van-Vleck
Morette determinant A(z, 2’) as a series in (w, s), before finding closed-form expressions
for the regularisation parameters W,,,(i, j|r) that allow us to write Gg as a mode-sum
of the same form as G¥.

We write the world function o(x,2’) (1.179) as a series in our “extended coordinates”

(w, s), i.e.
o0

o(z,2') = Z oijk(r)w' Ard sk (5.36)
1,J,k=0

where
frw? +2r2(1 —cosvs), k=1

2
w? = ?(1 —cosRAT), s =1 f(r)w? +2r2y3, k=0 (5.37)
f(r)w? + 2r%(coshyy — 1), k= —1.

The extended coordinates are formally treated as O(e) ~ O(Ax) quantities. To leading
order,

o(z,2) = %8(52 + (A2 ) + O (5.38)

This means we can set gggg = o100 = 0910 = 0go1 = 0. We can then substitute the
expansion ([5.36)) into the defining equation (1.180)) and equate coefficients of powers of
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€ in order to find the oy;,(r). We expand the van Vleck-Morette determinant A(z, z’)
in a similar way,
AY2(z, 2 Zuwk rw' Ard sk (5.39)
ijk
and substitute into ED to find the coefficients w;;;. To do this, we must calculate
Oo - see Appendix [Hl From calculations in Mathematica, we find that, for all cases of
k, to leading order,

! 2 wrAr(2f(r) —rf'(r)
Gs(z,a) = 82 <s2 + f(r)~1(Ar)? * r(s2 + f(r)~1(Ar)2)?
(ArP2f(r) +rf'(r) 24r

TR+ F) LR (s 1 f(r)l(Ar)2)> TOW). (540)

We now point-split in temporal and angular directions, taking Ar — 0. The direct
part of the Hadamard parametrix can now be expanded in the following way:

A1/2 m i w2i+2i .
- Z Z Dij(r T + O(e¥™) (5.41)
=0 j=—1

where the coefficients D;;(r) are listed in Table for ¢+ = 0,1,2. We require our
Hadamard parametrix to have a mode-sum representation corresponding to the appro-
priate representation for the Euclidean Green’s function. This will allow us to perform
our subtraction mode-by-mode when calculating <g[32>¢en.

In the direct part of the parametrix, when j < 0, all terms are polynomial in w and
s and so vanish when the coincidence limit is taken. It is not necessary to look for
mode-sum expansions for these terms. For j > 0, there exist some terms that are
distributionally subtle at coincidence. For example, w®/s* is O(€?) which tends to 0
when Ax — 0. However, we must include these terms to speed up the convergence
of the mode-sum. This is because these terms capture more of the high frequency
behaviour of the Green’s function. We now find a mode-sum representation for the
direct part of the Hadamard parametrix, considering each type of horizon one at a
time.

5.4.1 Spherical horizons

To find a mode-sum representatlon of the Hadamard parametrix in the spherical k£ =1
case, we assume the terms w% - have a mode-sum representation corresponding to

F21). ic.

21,+2]
= Z AT Z (20 + 1) Py(cosys)Wne(i, j|T) (5.42)

n=-—00 /=0

for some regularisation parameters W,,0(, j|r). We need to invert (| - to obtain an ex-
pression for these regularisation parameters. We multiply both sides by e~ #AT P, (cosvys)
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and integrate over cosvyg and A7. Using the orthogonality relation for the Legendre
functions [120, eq. 14.17.6] and standard completeness relations for exponentials, we
obtain

w2/l _— w22
Ui, jlr) = / / e "B T Py(cosvs) ——5—d(cosvs) dAT  (5.43)
AT Jar—o cosyg=—1 §212)

where it should be noted that

2 2 f(r)
s*=2r%(z —cosvyg), z=1+ 2.2 (1 — cos KAT). (5.44)

We calculate the integral over cos g first. Using Neumann’s integral [120} eq. 14.12.13]
we can write

1t Py(cosvs)
@ =y [ sy, (5.45)
2 cosyg=—1 # — CO87Yg
Differentiating with respect to z,
d 1 [t Py(cosys)
—Qu(2) = —/ ————=d(cosyg). 5.46
dz ( ) 2 cosyg=—1 (Z - COS'YS>2 ( ! ) ( )

We can repeat this step j times to obtain

gy O0uls) = (—1)4;! /1 Py(coss)

dzl 2 (z — cosyg)ti

d(cos~g). (5.47)

osys—1

Using (5.47) in (5.43]), and substituting in our expression for w (5.37)), we find

.. a 2i(_1)j 2 /x inkAT i+7 d 7
We set
f(r)
n1 = 1+ 272 (549)
so that
z = p3(1 — cos KAT) — cos KAT (5.50)
and therefore p ) L9
— = — . 5.51
dz  2(1 —cos KAT) <u1 8u1) (5:51)

The ordinary derivatives become partial derivatives since z depends on both p; and

Ar. Using (5.51)), the regularisation parameters (5.48) become

o ko 209(=1) 19
Woe(i, jr) = A K220 p2+2] §1 (,ul O

J 27 /K . i
> / efznliAT(l — cos KAT)'Qu(z) dAT
0

(5.52)
where we can differentiate with respect to u; after performing the integral, since g
and A7 are independent. The problem that we now have is that z depends on both 4
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and AT, so in order to integrate over AT, we need to separate out the dependence in
Q¢(z). We do this by using [120, eq. 14.18.5],

Qu(cosh &y cosh&y —sinh & sinh & cos @)

= P,(cosh&1)Qy(cosh &) + 2 i (=1)™P,;™(cosh &)@y (cosh &) cos(me)  (5.53)

m=1
where £1,& € Ryg and ¢, v € R. By replacing cosh &1, cosh & — p1, ¢ — KAT, v — £,
this allows us to write (5.52)) as

- ko217 (1 N\ [ A .
\I’nf(%]h‘) = E,‘Q2Z+2j’["2+2]]' (m a’u1> /(; (& v (1 — COS /{AT)l

X

Py(p1)Qelpa) +2 > (=)™ P ™ (1) QF (1) cos(mrA7) | dAT.  (5.54)
m=1

We now evaluate the integral over AT,

2w /K ] )
I= / e "MRAT (1 — cos KAT)! cos(mrAT) dAT
0

1 2 ) )
= / e " (1 — cosz)' cos(mx) dx
K Jo
1 27 ) TN\ %
= / e " (2 sin? —) cos(mzx) dz
K Jo 2
. . . 2 .
_ 271 2T e—inx em:/2 _ efzx/Q ’ eimz | p—ima "
K Jo 2 2
; 2 24 .
_ ;;11)1 / " e inx Z(eix/Q)P(_e—iw/2)2i—p (2Z) [eim:c + e—ima:] dr
kJo =0 p
1 i <2Z>( )z p[ 2 i[—i+p—n+m]z o i[—i+p—n—m]z
= — —1_/6_ - d:c+/ [ dx
9i+1 = P 0 0
2i .
us 23 i—p . .
= 5 <p>(—1) [0p,itn—mO( +n —m)O(i —n +m)
p:

+ 0pitn+mO(i + n+m)O(i —n —m)] (5.55)

where we have used the Binomial Theorem in the third line, and in the final line we
have introduced the Heaviside function © to ensure that we remain within the limits
of the summation. Performing the summation, we obtain

T 27

=_— |(-1)~"m i+ n—  —

i [( ) <i+n—m>6(z+n m)O(i —n +m)
27

t+n+m

+(_1)—”—m< )@(i+n+m)@(i—n—m) - (5.56)
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Using the definition of the binomial coefficients, and some standard relations for Gamma
functions 120, eq. 5.5.5], we arrive at

T .o o1 nem @ +n—m)O(i —n+m
IZ{ZMP(H?) [(_1) ((z—n+m))(z(+n— )')
@(z—l—n—i—m)@(z—n—m)]

(it —n—m)l(i+n+m)!

=

(5.57)

Note that the first integral in ((5.54)) is simply given by (5.57) with m — 0. Substituting
(5.57)) into (5.54), we have

N 22J=1IT (i 4+ 1) (=1)" /1 9 Py(p1)Qe(pi1)
Wi, jlr) = ﬁﬁ2i+2j7«g+2jj! <M1 3M1> [(le_ nl)!(zg+ 711).
L EmQm) R B () Q7 (1)

(i —n+m)!l(i+n—m)! (it —n—m)l(i+n+m)!

(5.58)

m=max{1l,n—i} m=max{1l,—i—n}

Rearranging the summations and using formulae for Gamma functions, we obtain

Wi jlr) = 2/4il(2i — 1)!)(= 1)n+j NS A P['m'(ul)Q‘g”‘( )
(5.59)
where the double factorial is defined by [120, eq. 5.4.2]
2721 (In 4 1), n even
Il = 2 )
z!! { 71/22(n+1)/2r(2n +1), nodd. (5.60)

We arrive at this result by taking m — —m in the second summation in (5.58).

5.4.2 Flat horizons

In the flat k = 0 case, we assume the following mode-sum representation, corresponding
to (5.20} [5.22):

22—1—2]
v Z e | wowm)wne(i,j\r) d (5.61)

n=—oo

where W,,(i,j|r) are again regularisation parameters for which we seek an analytic
representatlon We invert - to write W,,4(4, j|r) in closed form. We multiply both
sides by e~ ™ ”ATVRJO(K")/R) and integrate over yg and A7 using the completeness
relation [120, eq. 1.17.13]. We obtain

27 /K ) w2z+2j
Woe(i, jr) = / / yre AT I (K’VR) dyr dAT (5.62)
27T AT=0 Jyr=0
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where we note

), 2%= J(r )(1 — cos KAT). (5.63)

2 2/.2 2
s =2r°(z
(" + & 1202

The integral over v can be performed using [141, eq. 6.532(4)],

“yrJo(lVR) ,
f, Ty = o) .

where K is the modified Bessel function. Differentiating this statement j times with
respect to z, we have

* (=1)jvrJo(yR) &
- dyr = — Ky(£z). 5.65
/0 (22 + ’7}2%)]+1 7R dZJ 0( Z) ( )
With
f(r)
IU‘O - I<L27"27 (566)
we can write
22 = 2u3(1 — cos KAT). (5.67)
It is helpful to write z as z = lim (13 + i — 2po0p cos KAT], which then allows us
Bo—Ho

to use |142, eq. 11.3.8] to write

Ko(0y/ 3 + 12 — 2poph cos kAT) = i T (£10) Ko (€411) cos(mrAT).  (5.68)
Taking the limit pf, — p10, we obtain :
Ky(tz) = i Iy, (Cpo) Ko (Lrag) cos(mreAT). (5.69)
Finally, we can note p B . L g
dz ~ 2(1— coskAr) (uo 8u0> ' (5.70)

Using (5.65] [5.69} [5.70) in (5.62)), we obtain

. koO2UI(=1)Y (1 D LN :
V(i 4lr) = T RE2, 32 ] < 03M0> /0 e "MAT(1 — cos KAT)!

X Z m (p00) K (Cio) cos(mrAT)dAT.  (5.71)

m=—00

The integral over A7 is then exactly the same as in (5.55)). Evaluating this integral
and then using standard relations for Gamma functions as before, we obtain

(i ,m_2@'*3‘*1@'!(21'—1)!!(_1)%3‘ K1 8N (D) La(lo) Ko (Cpso)
ne\h, JIT) = k2i+2p2j+2 41 poOuo) (i—n+m)l(i+n—m)

(5.72)

m=n—1
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Under the first scaling symmetry (5.9)), it is important to note that the regularisation

parameters ([5.72]) scale as
Dij(r) = py " Dij(r), Wne(is jlr) = Ay~ Une(is jIr), (5.73)

whilst under the second scaling symmetry ((5.13)), the regularisation parameters ([5.72))
scale as o o
Dij(r) —= 53 D), Wiy jlr) — py 2 ¥ Wi, 4 |1). (5.74)

5.4.3 Hyperbolic horizons

We now consider the hyperbolic £k = —1 case, where we assume the extended coordinates
have the mode-sum representation

w2it2i o o0
= Z ¢IMRAT Ktanh(ﬁﬂ)P_%JrM(cosh'yH)\I/ng(i,j|r) de (5.75)

g2+2j5 =0

n=—o00
corresponding to ([5.20} |5.23). To invert the above equation, we multiply both sides by
e i'EATD Lyier (cosh~yp), and integrate over coshyy and At using the completeness
relation that we derived in (G.41). We obtain

& 2w /k oo A w227
.. _ —INKAT
Wre(d, jlr) = o /AT:O /COS]MH:1 e P_y ,i(cosh ) —5ror d(coshyy) dAT
(5.76)
where
”
s =2r%(z + coshyy), z=-1+ /J;Q(T;(l — cos KAT). (5.77)
The range of z is z € [—1, 3’;,(:2) — 1]. We integrate over cosh~yy first. From [120, eq.

14.20.13], we can write

oo P_1,,(coshyg)
Py (2) = cosh(&r)/1 1t

Liie(? > T coshon d(coshvyp) (5.78)

™

which is valid for z > —1. Differentiating (5.78) j times with respect to z, we find

& cosh(¢r) . oo P_1;,(coshyy)
dzi —%ﬂe(z) P (-1) /1 (= + coshyz 7+ (coshygr) (5.79)
We define
f(r)
H—1 = ]. — ,{27’27 (580)
so that

d 1 1 0
dz  2(1 —cos kAT) <,u1 8,u1> ‘ (5.81)
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The regularisation parameters ((5.76)) can then be written as

ooy E 2~ 10
nell, jlr) = 4 k242572425 j1 cosh(ml) \ pi—1 Op_y
2n/k )
« /0 e A1~ cosRATV Py (=) dAT. (5.82)

The parameter z depends on both A7 and p_1, so we need to factor out the time-
dependence in order to perform the integral. We can use the addition theorem [120, eq.
14.18.1] to write

o0
P,(—cost cost)’ — sintpsinyy’ cos KAT) = Z P, (—cos1p) P (cos ') cos(mrAT).
m=—00

(5.83)
To use this relation in , we need to set costy = cos1)’ = p. The addition theorem
above assumes 0 < ¢/ < ¢ < 7 and does not converge in the limit ¢y’ — 1. This
is different from the k = 1,0 cases where the addition theorems involved convergent
sums. The convergence properties turn out to be irrelevant, however, since the time
integral makes all terms in the infinite sum vanish except for the finite range where
m € {n—1,...,n+i}. If we were to approach this calculation rigorously, we would have
to keep ¢’ distinct from 1) and not take the limit until after the time integral has been
performed. However, the result is the same if we set 1)’ = 1) immediately after applying
the addition theorem. Following this method gives

o K 2i=7 1 0\ < . .
el Jlr) = o 325,203 cosh(nl) <u—1 au_1> 2 Pl 0P i)

m=—o00 2
2n/k .
X / e FAT (1 — cos KAT) cos(mrAT) dAT.  (5.84)
0

The time integral is then identical to (5.55), and so

e eyt B gy
Woe(i, jr) = 2i427 12425 51 cosh (¢ Z p-1d
K r2+27 j! cosh(m/) i \H=10H-1
(~1)™P7 (1) P™y (i)
" 5+l 31t . (5.85)

(t—n+m)l(i+n—m)!

5.4.4 General result

Here we summarise the results obtained in the previous subsections - For
each type of event horizon topology that we consider, the Hadamard parametrix can
be written as a mode-sum representation of the form

00 2 %
1 - o . "(r
Gs(arnr) =gz 30 @™ [T P S0 Y Dy (i) - 155 (5:56)
i=0 j=0

n=—oo
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where the coefficients D;;(r) are given in Table ~y is taken to be either {vs,vr, v}
depending on the case under consideration, and we have

(£ + %)Pg(cos%q), k=1,

Pe(v) = q £Jollyr), k=0, (5.87)
Etanh(wé)P_%He(cosh’yH), kE=—1.

In the £ = 1 case, the integral over the ¢ modes is understood to be a summation over
non-negative integer . The regularisation parameters are given by

oy 2=t 1 9y Rone(115)
Ui, ) = = o)7L — : : 5.88
Z(Z ]|7') 5214-2]7“2]4-2]! m;—i Wi Otk (Z—n—i—m)!(z—i—n—m)! ( )
with
(—17 B " () Q) (), k=1,
1 .
Rune(pr) = § 51" I (Cp10) Kon (£p10) k=0, (5.89)
(1P (—p )PMy (), k=1
2 cosh(nl) — 3+t —14ae ’ )
and, from (5.49} [5.66], [5.80)), ux is defined by
fr)
e = ‘k +iag) (5.90)

5.5 Numerical calculation

In this section, we discuss the process of numerically calculating both the radial func-
tions ppe, gne (5.28)) and the regularisation parameters W,,0(7, j|r) (5.88) in the Hadamard

parametrix.

The radial functions pye, ¢ne are found by solving the homogeneous version of
. These solutions cannot be found analytically, so we use Mathematica’s NDSolve
function to find them numerically. We approximate both p,, and ¢,, using Frobenius
series solutions to give us appropriate initial conditions for this numerical integration.

Beginning near the regular singular point r = r,, we can rewrite (5.24) as

d? d
ané(r) + uh(r)%pnﬁ(r) - Uh(r)pné(r) =0 (591)
where 1(r) R n?K? vp
up(r) = - + ) on(r) = ORI OO (5.92)
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We search for a Frobenius series solution of the form
Pre(r ~ 1) Z a;j(r —rmp) al'” (5.93)

where a1, a; are constants. From Appendix [I, we find

ar = ig. (5.94)

Since p,¢ must be regular on the horizon, we must have a; > 0, so we set

n
a = ’5‘ . (5.95)

Near the boundary, it is useful to write » = s~1, so that s € (O,r,:l) and s — 0 as
r — oo. The radial equation (5.24)) can now be written in the form

d? d
@qnﬂ(s) + uoo(s)£Qn€(5) - UOO(S)an(S) =0 (596)
where f ) o
1 d R n°K vy
= = - . 5.97
U (e FP A P (P (OF: 97
We now search for a Frobenius series solution in s, that is
0 .
Gne(s ~ 0) = Y " bys*2t (5.98)
7=0
where ap, b; are constants. From Appendix Il we find
3.1 e 2 p (5.99)
27979 3 '
In SadS, the Ricci curvature scalar is given by
12
=12 (5.100)
and so 3 1
=—-=4 - 5.101
2T 97 (5.101)

Therefore, both values of ay are positive, and hence both solutions will be regular at the
boundary. The + sign corresponds to imposing Dirichlet boundary conditions, whilst
the — sign corresponds to Neumann boundary conditions.

With the Frobenius solutions for p,e and g, as initial conditions, we use
the NDSolve function from Mathematica with the “Stiffness Switching” method to find
numerical solutions for both radial functions. It is useful to write p,e = (r — rh)”/ 2Bne
and then solve the ODE for p,,. This results in a faster calculation.
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The normalisation constant N, can be found from the Wronskian relation . We
calculate this using different values of p,¢ and g, for a range of r values. Regardless of
the value of r, the value of N, should remain constant. We can use this fact to check
the accuracy of our solutions. This check is performed by calculating the relative error

max{ Ny, (r)} — min{Ne(r)}
min{Nné(r)}

(5.102)

which, for each calculation performed in both this chapter and the next, for varying
A and event horizon topology, ranges from ~ 10747 to ~ 107, This gives us a great
deal of confidence in the numerical integration performed.

To calculate the radial modes numerically, we reintroduce the dimensionless parameter
7 (5.3)). This dimensionless parameter fixes the event horizon radius at 7 = 1 in all cases
of event horizon topology, making comparison between the cases easier. The Frobenius

series (5.93] [5.98)) can then be written

oo
Pre(n ~1) = aj(n—1)2H (5.103)
=0
341 .
1 > 1 SES+I
gne(=~0) = b () : (5.104)
n =7\

We then evaluate the modes over a grid in 7, by setting n = 1 4+ 10-2+31/100 for
i € [1,100], so that n — 1 € (0, 10]. However, calculating the modes in this way results
in some numerical errors near the horizon. This is because 1 depends on L, which in
turn depends on the cosmological constant A, and therefore in some cases it is difficult
to define which values of 1 are appropriately “close to” or “far from” the horizon. It is
actually more useful to calculate the modes using the coordinate r, and then to export
these results using the grid in n, which we choose to be

. M .
n=1+41072F3/100 o , — 4X2ﬁ(2 + 1072437100y for i € [1,100).  (5.105)

For the regularisation parameters W,,(i, j|r), we can straightforwardly substitute for r
in ([5.88]) and export over the same grid in 7. To perform these numerical calculations in
Mathematica, it is useful to perform the derivatives explicitly by hand. Mathematica
is able to perform these derivatives itself, but this increases computation time and can
introduce some numerical errors. Mathematica also does not recognise various relations
for Legendre, Bessel and conical functions that help to simplify these expressions. Since
we only calculate regularisation parameters up to ;7 = 2 (for j > 2, regularisation
parameters vanish in the coincidence limit), we only need to simplify expressions for the
first and second derivatives in py. These simplified expressions are found by using [120,
eq. 14.7.8, 14.7.9] in the k = +1 cases, and using |120} eq. 10.29.4] in the k = 0 cases.
We note that
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(55 ) Rons) = o 20 [0 ) P01 0

e+ ) P (@™ () = 261, ™ ()@ ()], (5.106)

19V __ =Y vt Y (e — e o

(55 ) Rt = 2y | (160 0= 3 ) [e0 = I 0@
(e ) P () Q™ ()] + 20— i)+ ) B () QU ()
A= 1B Q) )+ (€= ) (€ = Im] = )P (1)@, (1)

-+ ml) €+ Iml = )P () Qf (1) |
(5.107)

(-1

2% Clyp1 (Cp) Ko () + Ee_mlm(gﬂ)Kmfl(gﬂ)

Y
==
Tl

) Rine(p) =

——— I (Cp) K (L) | (5.108)

<;1Laa> Rme(p) = (_;E;m [ 1 (o) Ko (01) + L () Ko a(0p)

+2e7 ™ L1 (0p) K1 (€)= 4ml { L1 (0pt) K (€p2) + €™ L (£) K1 (£12) }
HE L 00| 6109

k=-1

() o) = g i |~ (30 ) PP

1 . — m 1 : —m m
# (g it ) PPy ) =2 (<5 4 ) P 0P )
(5.110)



T4+ m) P:T+ig(_“)P:ng+iZ(M)
) 1 . —m m
1 . 3 _ m

It is also useful to redefine the Legendre functions in terms of hypergeometric functions
to ensure more precise results, that is, [120, eq. 14.3.1, 14.3.2]

“x), (5.112)

1+2\*? 1 11
11—z I'(

p = F 1,—v;1 —
o) = T e

/2
Qi) = costm) (12 ) g Fl vt -y —

2sin(p) ( 1—x — )
Tv+p+1) (1—1‘

B/2
F'v—p+1) 1+x> L1+ p)

1 1
Flv+1,—v;1+ p; 3~ 235)) . (5.113)

To increase computation speed, we also ask Mathematica to focus on the real part only
in the Mehler functions (Mehler functions are, of course, real functions, but numerical
computation gives us an incredibly small, non-zero imaginary part).

5.6 Numerical results

In this section we present the numerical results for the VP in all three cases of topo-
logical black hole. The VP is calculated by subtracting the Hadamard parametrix
from the Euclidean Green’s function and then bringing points together.
Thanks to our mode-sum representation for the Hadamard parametrix, this can be
done mode-by-mode, leaving us with

(0% ren = xlfiinx{zm Z eZ”“AT/ dl Pe(7) [/QXSZ) (r,r")

—7221),] YW e, ) —587(72)7“ (5.114)

=0 j=0
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where Py(7y) is given in , K is the radial Green’s function satisfying @I},
the coefficients D;; are given in Table and the regularisation parameters U, (i, Jlr)
are given in . The integral over E is understood to be a sum over non-negative
integers in the k = 1 case. In the coincidence limit, the expansion variables s and w
both tend to 0. It makes sense to take w — 0 before s — 0, since s depends on w.
This means taking temporal coordinates to coincidence prior to angular coordinates,
which corresponds to performing the n-sum first, and then the (-integral |11]. In the
coincidence limit, we find

AR

R 1 1 '
(ren = 15 / 'y P ) | AX B ) 5 S D i) |~ L

n=—00 i=0 j=0

(5.115)

In the £ = 0 case, we can use our scaling symmetries to simplify numerical calculations.

Under the first scaling, using (5.945.12)) as well as (5.34) and (5.73)), the VP scales as

<¢2>ren - ﬁ;2<¢32>7“en~ (5.116)
Under the second scaling, using (5.13[[5.16]) as well as (5.35) and (5.74]), the VP scales

as

(%) ren — P50 )ren- (5.117)

Applying both scalings at the same time, the VP therefore scales as
<€Z)2>ren - ,51_258@52)%” (5.118)
The convergence of the sum over n in (5.115]) can be shown numerically to be [11}|]12],

kX (1) = Doo(r) ¥ 0, 0[r) ~ O(n?), (5.119)

ZZDW Wne(i, jlr) ~ O(n ™). (5.120)

1=0 j=0

kX0 () ZZDU Ui, j|r) ~ O~ 7). (5.121)

=0 5=0

These facts provide us with a good check for the convergence of the summations, as we
shall see later on.

We now present the results, alongside an analysis of convergence and accuracy, for each
case of topological event horizon, starting with k& = 1.
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5.6.1 Numerical results for spherical horizons

We calculate the renormalised VP on SadS black holes with spherical event horizon for
black hole mass M = 1, cosmological constant A = —3 and horizon radius rj, = 2. This
choice was made so that results matched [10], allowing us to compare results before
repeating the calculation for different values of A. We calculate the modes as described
in section with all calculations performed to 100 digits of precision.

In Figure we examine the convergence of sums over n by constructing the following
log plots:

Blue line : log (7| Nppne(r)gne(r) — Doo(r) ¥, (0,0]7)]) (5.122)

Orange line : log | n°|k NpueDne(r)qne(r Z ZD U,0(i, j|7)] (5.123)
=0 5=0

Green line : log [ n”|k Nyepne(r)gne(r Z ZD Ui, glr)| - (5.124)
=0 j=0

Each plot is constructed for a specific value of r and ¢. In all cases, we find that the
plot converges to a constant value, meaning that the summand has the appropriate

order in n predicted by (5.11945.121]).

The results take more time to converge to the expected order when £ is large. This is
simply because the individual modes get smaller, and in fact become negligible, as we
increase £. To improve convergence in these modes with larger ¢, we would need more
digits of precision, but this is not actually necessary, because the large ¢ terms are so
small that disregarding them will not affect our final answer (as can be seen in Figure

p.2).

In Figure we construct a three-dimensional plot to examine the convergence of the
sum over ¢{. We plot the summand

70

2 2
Po0) > | iNaebnedne — D> DijWne(i,jlr) | - (5.125)

n=—10 i=0 j=0

The summand converges sufficiently quickly to zero for each fixed n as we increase /,
but this convergence is not uniform in 7. Furthermore, the convergence depends on the
value of x. As we shall see in section [5.6.1] increasing y requires us to include more
terms in the /-sum and truncate at a higher value in order to see convergence to zero
n (5.125)). This convergence to zero implies a rapid convergence in the calculation of

the renormalised VP (|5.115]).

Convergence of the f~-summand also drops off as we get further from the event horizon.
This is to be expected, since individual terms in the n and ¢ sums are larger for larger
r, and so we require more terms in n and ¢ to obtain convergence further from the
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k=1,x=1,L=1] 60

Figure 5.2: The ¢-summand (5.125)) in the case of a SadS black hole with spherical
horizon, M = 5, A = —3. This converges quickly to zero as { increases, but this
convergence is not uniform in 7. The convergence is more rapid for small values of 7.

event horizon. We would find that, were we to attempt to increase the value of r (or,
equivalently, 1), we would lose convergence. For our purposes, we find that using 70
n-modes and 50 /-modes is enough to obtain good convergence up to n = 11.

Our results for the renormalised VP in SadS with a spherical event horizon and Dirich-
let conditions imposed on the fields at the boundary are shown in Figure [5.3] The
VP approaches the value —1/4872, the value found in CadS with Dirichlet conditions
imposed . This plot matches exactly the plot given in [10], although it is important
to note that here we have used a renormalisation method that allows for much quicker
computation and much faster convergence. The “extended coordinates” method also al-
lows for the extension to other black hole topologies. It is not clear how straightforward
the extension to other topologies would be when using the method of [10].

Accuracy tests for £ =1

In the case of a spherical black hole horizon, errors arise in the calculation of <d32>ren
from truncating both the n-sum and the /-sum. We can quantify the errors introduced
by these truncations by increasing/decreasing the number of terms in each sum and
then comparing with previous results. This gives us an idea of how many digits of
accuracy have been obtained.

We perform the same calculation but truncate the n-sum at n = +60. The relative error
between these two values of (¢2>mn is given in Table We can see that truncating



CHAPTER 5. QUANTUM FIELD THEORY ON TOPOLOGICAL

BLACK HOLES 143
<a’2>ren . s
n-1
2 4 6 8 10
-0.0018
k=1, x=1, L=1

A2
——A@ Yren —- —1/4877°
~0.0019 @ T

-0.0020

-0.0021

Figure 5.3: The behaviour of (¢?),c, with Dirichlet boundary conditions imposed for
an adS black hole with spherical horizon, M =5, A = —3, calcuated using 50 terms in
the f-sum and 70 terms in the n-sum. The VP was calculated over a grid of values in
n and then these points were interpolated over - each individual point is displayed on
the plot. The VP is a monotonically decreasing function of 1, approaching the CadS
value —1/4872. This value is shown with a dashed black line.

) Relative error ) Relative error
10 2.2071 x 10~12 10 2.4354 x 10~7
20 1.5212 x 1011 20 2.2430 x 10~7
30 9.1696 x 10~ 1! 30 1.9008 x 10~7
40 4.3125 x 10—10 40 1.3546 x 10~ 7
50 1.3169 x 10~9 50 6.4015 x 108
60 2.0321 x 10~° 60 —1.1402 x 109
70 1.1755 x 10~9 70 —3.0364 x 10~8
80 8.1475 x 10~ 11 80 —2.2630 x 108
90 —1.3759 x 1010 90 6.6137 x 10—6
100 | —7.1015 x 10—11 100 0.001859

Table 5.4 Table 5.5

Relative errors for k = 1, M = 5,A = —3. The radial coordinate is given by r =
rp 4 1072131/100  where the value of i is given in the left-hand column.

Table : The relative error W, where (¢?), is the VP calculated with the
60
n-sum truncated at +y. A A

Table : The relative error %, where <$2>y is the VP calculated with the
f-sum truncated at y.
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the n-sum at +60 instead of at +70 leaves us with a small relative error, suggesting that
this truncation does not contribute a huge error in the overall calculation. Similarly,
we truncate the f-sum at ¢ = 60 instead of 50 and again calculate the relative error.
The error here is greater, especially far from the horizon (see Table .

Far from the horizon, we can compare our results with analytical results found in CadsS,
given in (3.2). By comparing our numerical results with this analytical result, we see
that, far from the horizon, our results at n = 11 agrees with to 6 significant figures
when we truncate the ¢-sum at £ = 50, and to 7 significant figures when we truncate
the f-sum at ¢ = 70.

Varying A

In order to compare the results in Figure with different values of the cosmological
constant, we introduce the coordinate n (5.3) and the parameter x (5.4). By looking at
|D we see that we can consider a variety of values of A by fixing M = % and varying
X-

We look at three different values of x. The first of these is x = 0.5, which corresponds
to A = —12. The renormalised VP in this case is shown in Figure|5.6] This is calculated
with 50 terms in the ¢-sum and 70 terms in the n-sum. The behaviour is very similar
to the previous case (note that A is of the same order of magnitude in both cases, so
we do not expect to see a huge difference). We can then test accuracy in a similar
way to before, by increasing and decreasing the number of modes. The relative errors
are given in Tables (where we compare different truncations of the n-sum) and
(where we vary the number of terms in the /-sum). This suggests that truncating the
n-sum at n = 70 and truncating the ¢-sum at ¢ = 50 secures a satisfactory convergence
in the VP in the region n € [1,11]. We expect that, according to the results in CadS
, far from the horizon,

(%) =05 — — ~ —0.00844 as r — oo. (5.126)

1272
At n = 11, our results, calculated with 50 terms in the f-sum and 70 terms in the
n-sum, differ from this by 1075, which is the same as the previous case. The relative
difference will decrease if we increase the number of terms in either of the sums.

The second case we look at is y = 0.05, which corresponds to A = — 1383831 ~ —0.03054.
The VP in this case is shown in Figure[5.9] Now, A is much smaller, and we see that we
have to travel a little further from the horizon to see the VP converge to the expected

value,

- 10201
(970005 2 = 1500604872
We also notice that at the horizon, the VP has a positive value, before becoming
negative as we move towards the boundary. This is in contrast to other cases, where
the VP remains negative throughout the spacetime. This could be explained by the

~ —2x107% as r — oo. (5.127)
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<$2>|’€n . . . . .

k=1, x=05M=0.5
(@ Yron - ~1/48L22

-0.006;

-0.007;

-0.008;

Figure The behaviour of <d;2>7“en with Dirichlet boundary conditions imposed on
an adS black hole with spherical horizon, M = 0.5, x = 0.5, calculated with 50 ¢-
modes and 70 n-modes. The VP is a monotonically decreasing function, approaching
the CadS limit —1/4872L2. This limit is shown by a black dashed line. The VP is
always negative throughout the spacetime.

7 Relative error 1 Relative error
10 1.9196 x 10~ 11 10 —1.4710 x 107
20 1.2087 x 10~10 20 —1.3168 x 10~ 7
30 6.1249 x 1010 30 —1.0532 x 1077
40 2.0794 x 109 40 —6.6146 x 10~8
50 3.4255 x 1079 50 —2.1129 x 10~8
60 8.9518 x 1010 60 1.1427 x 1078
70 —2.4493 x 107? 70 1.9785 x 10~8
80 —2.1851 x 10~9 80 1.2985 x 1078
90 | —9.4595 x 1010 90 3.9253 x 109
100 | —3.0556 x 10—10 100 —0.00001659

Table 5.7 Table 5.8

Relative errors for y = 0.5. The radial coordinate is given by n = 1 + 10~2+3¢/100,

where the value of 7 is given in the left-hand column.

Table : The relative error W, where (¢?), is the VP calculated with the
60
n-sum truncated at +y. A A

Table |5.8: The relative error %, where <$2>y is the VP calculated with the
f-sum truncated at y.
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fact that this black hole is thermodynamically unstable, whilst other spherical black
holes are thermodynamically stable [137]. The black holes that we consider with flat or
hyperbolic horizon curvature are also thermodynamically stable [127]. It could be the
case that the sign of the VP on the horizon is governed by whether or not the black
hole is thermodynamically stable. If this is the case, it must only be true for Dirichlet
boundary conditions - we shall see in the next chapter that the same does not hold for
Neumann or Robin conditions.

At n = 11, our results agree with to three significant figures, whereas at n = 21,
we find agreement to four significant figures. In this case, however, truncating the n-
sum at n = 70 and the £-sum at £ = 50 results in a much higher accuracy, as can be seen
in Tables and respectively. This suggests that when A is small (i.e. A < 1),
we do not require as many terms in in the n- or /-sums to achieve good convergence,
but we do need a greater range of 7.

The final case we consider is xy = 5, which corresponds to A = —3060300. The results
for the renormalised VP in this case are shown in Figure Now we find that the
convergence to the expected value occurs much closer to the horizon, but that accuracy
breaks down much sooner as well. We can see that increasing the number of terms
in the n-sum makes no difference (see Table for relative errors), suggesting that,
in order to improve accuracy far from the horizon, we need to increase the number of
terms in the f-sum (the relative errors gained from the ¢-sum truncation are given in
Table - note that errors are large far from the horizon and in order to obtain any
sensible results past n ~ 5, we would require more terms in the ¢-sum). The expected
value far from the horizon is

. 255025
2
(9 )x=5 = T {on2

~ —2153 as r — oo. (5.128)
We get closest to this value around n = 4, and then lose accuracy as we increase 7).
More ¢-sum terms would have to be calculated to get closer to the expected value.

To conclude, in order to obtain accurate answers for <<]32)ren, we do not require as
many ¢-sum terms for small A, but we must travel a little further away from the

horizon. Conversely, for large A, we need more /-sum terms, and then find that (¢?),c,
converges pretty close to the horizon.

5.6.2 Numerical results for flat horizons

The calculation for the flat horizon was originally performed for black hole mass M = 4,
cosmological constant A = —3 and horizon radius r, = 2. These values were chosen
to allow us to compare easily with the spherical case where r, = 2, A = —3, as both
results are expected to approach the value —1/4872L?, with radius of curvature L the
same in both cases.

We examine convergence over the n-sum by constructing log plots given by ([5.122
5.124]). These convergence plots are given in Figure The log plots approach a
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A2
<¢ )ren

0.0015

k=1, x=0.05 M=05

(@ yen — ~1/48L272

0.0010¢

0.0005;

1630 30 40 50"

Figure The behaviour of <$2>ren with Dirichlet boundary conditions imposed on an
adS black hole with spherical horizon, M = 0.5, x = 0.05, calculated with 50 ¢-modes
and 70 n-modes. Unlike in the previous cases, the VP is positive rather than negative
at the event horizon, and then monotonically decreases to the CadS limit —1/4872L2.
This limit is shown by a black dashed line.

7 Relative error 1 Relative error
10 | —4.0217 x 10~ ¢ 10 2.0674 x 1010
20 | —1.7359 x 10~10 20 6.8776 x 1010
30 | —3.2805 x 1010 30 1.4848 x 1079
40 8.3909 x 1010 40 2.1253 x 10~
50 4.0553 x 10~9 50 2.1750 x 10~9
60 4.0424 x 1079 60 4.0823 x 1079
70 2.1122 x 109 70 5.5413 x 109
80 3.3803 x 10~? 80 2.6347 x 1079
90 4.6563 x 1079 90 | —1.1794 x 10~10
100 3.1707 x 10~? 100 | —5.2882 x 10~10

Table 5.10 Table 5.11

Relative errors for Y = 0.05. The radial coordinate is given by n = 1 + 10~2+3¢/100,

where the value of 7 is given in the left-hand column.

Table |5.10; The relative error W where (¢?),, is the VP calculated with the
60

n-sum truncated at +y.

Table [5.11} The relative error %, where <q§2>y is the VP calculated with the

f-sum truncated at y.
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A2
<¢ )ren
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~1950| k=1,x=5M=05

_2000! (@ Yon — —1/48L272

-2050;

-2100¢

—-2150s

Figure The behaviour of <¢§2)T6n with Dirichlet boundary conditions imposed on
an adS black hole with spherical horizon, M = 0.5, x = 5, calculated with 130 /-modes
and 70 n-modes. The VP is always negative and monotonically decreasing. The CadS
limit —1/4872L?% is shown as a black dashed line to demonstrate convergence near
n = 4. Accuracy is lost for n > 4 - in order to increase this accuracy, we would need to
calculate more terms in the ¢-sum.

1 Relative error
10 4.3154 x 10~13
20 3.0520 x 1012
30 1.9325 x 10~ 11
40 9.9498 x 10~ 11
50 3.5532 x 10710
60 7.0550 x 10710
70 6.2295 x 10~10
80 2.1759 x 1010

1 Relative error
10 1.5668 x 10~6
20 1.4525 x 1076
30 1.2476 x 10~6
40 9.1572 x 10~ 7
50 4.7103 x 10~7
60 8.6794 x 108
70 2.3266 x 106

90 | 2.6822x 1011 80 0.0001464
100 | —3.6506 x 10—12 90 0.004320
100 0.04398

Table 5.13 Table 514

243i/100

Relative errors for x = 5. The radial coordinate is given by n =14 10~ , where

the value of i is given in the left-hand column.
Table [5.13} The relative error W, where <gz32>y is the VP calculated with the
60

n-sum truncated at +y.

Table |5.14 The relative error %, where (¢?), is the VP calculated with the
50

f-sum truncated at y.
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constant value as n increases, suggesting good convergence in the n-sum for all values
of ¢ and r.

In order for us to obtain rapid convergence in <(£2>ren, we expect the f-integrand to
converge quickly to zero. In this case, we find that convergence becomes faster as we
move away from the event horizon (see Figure . This is in contrast to the k£ =1
case, where we saw faster convergence for small 7.

The convergence plots (Figure suggest that truncating the n-sum at n = 70,
with each individual term calculated to 100 digits of precision, is enough to obtain
good convergence. For the f-integral, we must calculate a grid over the /s and then
interpolate between these values to create an interpolation function in £ that we can
integrate over. We calculate the integrand for every half-integer ¢ € [4,50], and every
1/10-integer ¢ € (0,4]. This is due to the fact that behaviour in ¢ is more interesting
close to ¢ = 0, and we must use a finer grid to correctly capture all information.

The integral over £ is performed by interpolating between the f-modes using built-in
interpolation methods in Mathematica. We then execute a numerical integration, and
cut off the integral at £; = 50. The resulting plot of VP with Dirichlet conditions
imposed at the boundary is shown in Figure [5.17] in terms of the coordinate n. The
VP is a monotonically decreasing function of 7, approaching the value —1/4872, the
value of the VP found on CadS when Dirichlet conditions are imposed. Comparing
this result to the k = 1 case, we can see that the value of the VP is smaller, but still
negative, at the horizon. The approach to the CadS limit is slower in the k = 0 case,
with convergence not occurring until around = 10. For a comparison plot, see Figure
0.0

Accuracy tests for k=0

In the calculation of (q32>ren in the k£ = 0 case, we have made three different approxi-
mations which could lead to errors. These errors could arise from truncating the n-sum
at n = 50, from cutting off the /-integral at ¢ = /1, and from the density of the grid
used to perform the {-integration.

We can test accuracy in the n-sum by decreasing the number of terms in the n-sum
and calculating the relative error, similar to the way in which we tested accuracy in the
k = 1 case. The relative error between <<;A52)ren calculated with 70 terms in the n-sum
and 60 terms in the n-sum is given in Table [5.18

As the integration over ¢ cannot be performed analytically, we calculate the integrand
over a discrete number of /s and then form an interpolating function over which we then
integrate. The size of the steps between these fs can be varied to check our accuracy.
We can calculate the relative error between the VP when the step size close to £ = 0 is
1/20 and when the step size is 1/10. In both cases, we only use half-integer steps in ¢
for £ > 4. The relative errors for varying radius are given in Table

The interval of integration over £ is infinite, but we cut it off at ¢; = 50. To check that
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(e) i = 10,0 =25

(f) i =10, =50

(h) i = 50,¢ =25

u"u...._.._.._muu

(j)i=90,6=1

(k) i = 90,v = 25

(1) i = 90,4 = 50

Figure 5.15: Log plots showing convergence of the inner sum over n for the case of an adS black hole with flat horizon,
M =4, A = —3. The blue line represents ([5.122), the orange line represents (5.123) and the green line represents (5.124).
The value of n runs along the z-axis. The calculation was performed at each integer value of n for n € [0,70]. Each individual

point in the plot represents a different value of n. The radius is given by r = 7, + 10~

2+3i/100  where i is given below each

plot. The value of £ is also given. Each line approaches a constant as n increases, indicating good convergence for all values
of £ and r. Qualitatively similar behaviour is obtained for other values of £ and r.
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20
{
k=0,x=1,L=1| 0

Figure 5.16: The f-integrand (5.125]) in the case of an adS black hole with flat horizon,
M =4, A = —3. This converges quickly to zero as ¢ increases, but this convergence is
not uniform. The convergence is more rapid as 7 increases.

@ Yen | | | | .
-0.0014 2 4 6 8 10
~0.0016| k=0, x=1,L=1

(@ Yren — —1/4872

-0.0018;

-0.0020¢

Figure 5.17: The behaviour of <g§2>r6n with Dirichlet boundary conditions imposed
in the case of an adS black hole with flat horizon, M = 4, A = —3. The VP is
calculated by integrating over a grid of f-modes up to ¢; = 50 and then summing
over 70 n-modes. The resulting function is negative throughout the spacetime, and
monotonically decreasing, approaching the CadS limit —1/4872 at the boundary. This
limit is shown by the dashed black line.
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this does not affect our accuracy as much, we can approximate the tail of the integrand
by assuming it takes the form a x £~ for some constants a,e. We can find these
values by using the Mathematica function FindFit. The constant a will depend on the
value of 7 (or, equivalently, 7). The values of € are all found to be close to 4 (we lose
some accuracy far from the horizon), and so the integrand is ~ O(¢=?), which matches
the order of the /-summand in the £ = 1 case. The tail of the integrand can then be
approximated as
o0
/ al~ ) qe = Spre. (5.129)
141

€
The various values of the tail of the integral are given in Table

The largest error comes from the density of the grid over the f-integral. Comparing
numerical results far from the horizon with the CadS limit, we find that our result is
correct to 5 significant figures.

Varying A

In section [5.2} we saw that there were two scaling symmetries associated with the k =0
metric. This means that varying both M and x simply results in a rescaling of the VP

according to (5.118]), where M — p1 M and x — p2X.

In the k =1 case, we fixed M = 0.5 and varied x in order to see how the cosmological
constant affects the VP. We do the same in the k = 0 case, keeping M = 0.5 fixed
and varying y. We first look at y = 0.5, which corresponds to A = —3. To apply this
rescaling, we set p; = 1/8 and p2 = 1/2 in . We find that there is, in fact, no
change in the VP in this case, and we obtain exactly the same plot as given in Figure
Note that n is a dimensionless quantity and does not get scaled as we alter Y.
Instead of plotting in terms of Y, it is more beneficial to plot in terms of r, as this
allows us to see the difference between the cases more clearly. The plot of the VP when
x = 0.5 is given as a function of n in Figure [5.21al and as a function of r in Figure

5.22al

Next we look at y = 0.05, which corresponds to A = —3 x 1076, We apply the scaling
by setting p1 = 1/8 and p2 = 1/20. We find the VP in this case by multiplying
our original results in Figure by a factor 1076 (see Figure for the plot as a
function of n, and Figure for the plot as a function of r).

Finally we look at xy = 5, which corresponds to A = —3 x 10%. We apply the scaling
by setting p; = 1/8 and p2 = 5. We find the VP in this case by multiplying
our original results in Figure by a factor of 10% (see Figure for the plot as a
function of 1, and Figure for the plot as a function of 7).

When we plot as a function of n (Figure , it is much harder to compare the rate
of convergence, since the coordinate 7 is invariant under the rescaling, and so all cases
seem to converge to the CadS limit at the same rate as we move away from the horizon.
The only difference appears to be in the value of the VP on the horizon - for smaller
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7 Relative error ) Relative error
10 | —2.0206 x 10—12 10 —0.005981
20 | —1.3913x 1011 20 —0.005806
30 | —8.3753x 1011 30 —0.005489
40 | —3.9353 x 10~10 40 —0.004959
50 —1.2049 x 10~? 50 —0.004168
60 —1.8857 x 109 60 —0.003139
70 —1.1476 x 1079 70 —0.002011
80 | —1.3174x 10710 80 —0.001043
90 1.0697 x 10~10 90 —0.0004368
100 | 6.1048 x 1011 100 —0.0001541
Table 5.18 Table 5.19
Relative errors in the case M = 4, A = —3. The radial coordinate is given by r =

rp 4 1072131/100  where the value of i is given in the left-hand column.

Table

5.18: The relative error

n-sum truncated at +y.

Table
steps

5.19t The relative error

M, where (¢?), is the VP calculated with the

($2)60

(<132>1/20—<¢32>

2 120 where (q132>y is the VP calculated with ¥
(#?)1/10

between ¢-modes when ¢ < 4, and half-integer steps for £ > 4.

Approximate value of integral tail

10
20
30
40
50
60
70
80
90
100

—2.2717 x 10—8
—2.1166 x 1078
—1.8351 x 10—8
—1.3689 x 10~8
—7.2016 x 1079
—6.9139 x 10~10
2.7660 x 10~
—6.4986 x 10710
—2.2453 x 10~6
—0.0004390

Table The approximate value of
the tail of the f-integral in the case of a
black hole with flat event horizon, M =
4, A = —3. The radial coordinate is
given by r = 7}, + 10~2+3¢/100
the value of i is given in the left-hand
column.

, where
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Figure 5.21: The behaviour of (¢?),¢, with Dirichlet boundary conditions imposed on
an adS black hole with flat horizon, where we fix M = 0.5 and vary the value of x. All
plots are as functions of 1. The VP was calculated with 70 terms in the n-sum and a
grid of terms over £ up to £1 = 50. All plots are formed by rescaling the original data
used in Figure The resulting functions all approach the CadS limit —1/4872L2,
shown as a dashed black line in each plot.
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Figure 5.22: The behaviour of (¢?),¢, with Dirichlet boundary conditions imposed on
an adS black hole with flat horizon, this time plotted as functions of r. The difference
in behaviour as we vary x is now more noticeable, with the convergence to the CadS
limit (the black dashed line) slower for larger x.
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X, there is only a very small difference between the horizon value and the CadS limit
(around 10~ when y = 0.05), whilst for large values of , the difference is much greater
(around 600 for y = 5).

Varying x does of course alter the rate of convergence to the CadS limit, which can
be clearly seen when we look at the plots as functions of r in Figure Now we
can see that convergence is much slower for large values of y, with convergence to the
CadS limit not occurring until r ~ 500 for xy = 5. The convergence is much quicker for
smaller values of x (we can see convergence to the CadS limit occurring for  ~ 5 when
x = 0.5). It is important to remember that all of these results are calculated simply by
rescaling the original calculation, so there is no change in the number of terms in the
n-sum or the density of the grid in the /-integral required to obtain accurate results.

5.6.3 Numerical results for hyperbolic horizons

The VP is calculated in the case of black hole with hyperbolic horizon for mass M = 3,
cosmological constant A = —3 and horizon radius r;, = 2. These values are chosen to
allow us to compare with the cases in the k = 1,0 cases with r, = 2, A = —3, where,
since L = 1, all results are expected to converge to the CadS limit —1 /4872 .

We test convergence for the n-sum by constructing the log plots . These
plots are shown in Figure We truncate the n-sum at n = 70, and calculate each
term with 100 digits of precision. As we saw previously in the k£ = 1,0 cases, the log
plots approach a constant value for large n, suggesting good convergence in the n-sum.
This convergence is not as rapid for large ¢ and r. This is not necessarily a problem
for large ¢ since the individual terms in the sum become incredibly small as ¢ increases
and so should not affect the accuracy of our final result. For large r, we would need to
use more terms in the n-sum to accurately capture results this far from the horizon.

The convergence of the (-integrand is shown in Figure [5.24, Again, this converges
quickly to zero, with quicker convergence occurring close to the horizon. It is possible
that an increase in the number of terms in the n-sum would allow for faster convergence
far from the horizon. We integrate over a grid in ¢, by calculating a discrete number
of terms in the integral, and then creating an interpolation function over these terms.
As in the k = 0 case, we are forced to use a denser grid in ¢ close to £ = 0 in order
to properly capture the behaviour of the integrand in our interpolation function. We
calculate every half-integer ¢ for ¢ € [4,50] and every 1/20-integer ¢ for ¢ € (0,4]. We
cut off the integral at ¢; = 50.

The integral is performed as in the k& = 0 case, by calculating the n-sum and then
interpolating over ¢ to get a smooth function in ¢ across a grid in 7. The integral is
performed numerically. The resulting plot is shown in Figure[5.25|in terms of coordinate
1, where the horizon is located at n = 1. As in all previous cases, the VP approaches
the value —1/4872. In fact, this approach occurs at a much quicker rate than in the
k = 1,0 cases, with convergence occurring at n — 1 ~ 7 (see Figure for a direct
comparison between all three event horizon topologies). In fact, our results were found
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to quickly lose accuracy after this point, due to the truncation of the n-sum and ¢-
integral. In the next subsection, we shall look at various accuracy tests, and see how
we can improve these results close to the boundary.

Accuracy tests for k£ = —1

Errors arise in the calculation of the VP in the hyperbolic horizon case in a similar
way to the flat horizon case. We introduce errors by truncating the n-sum at n = 50,
by cutting off the f-integral at ¢; = 50 and by using a discrete grid of ¢ values for the
integrand.

Thus, accuracy tests are very similar to the previous k& = 0 case. To test for errors
arising from the truncation of the n-sum, we calculate the relative error between the
case where we truncate the sum at n = 60 and the case where we truncate the sum
at n = 70. These values can be seen in Table This introduces the smallest error
in the calculation, which matches results found in previous cases (see Tables
5.10} [5.13} [5.18]).

Errors also arise from the grid we use in the ¢-integrand. In our calculation, we evaluate
the integrand at every half-integer ¢ for £ > 4, and at every 1/20-integer for ¢ < 2. We
can compare this with the same calculation performed with the /-integrand evaluated

at every 1/10-integrand for ¢ < 4. Relative errors are given in Table We find that
these errors are larger close to the horizon, and smaller further away.

We approximate the tail of the integral as in the & = 0 case, by assuming it has
the form a x ¢~ for some values of a and e, where a will depend on the value of
r. Using FindFit in Mathematica, we find that the value of € is close to 4 near the
horizon (as we would expect) but far from the horizon, this value begins to increase.
This is because we lose accuracy far from the horizon. As mentioned in the previous
subsection, convergence to the CadS limit is lost above n — 1 ~ 8. This means that the
error from the cut-off of the integral gets bigger the further we get from the horizon
(see Table |5.28)). Therefore, to increase accuracy further from the horizon, and allow
us to accurately plot results for larger values of 1 we must shift the value of ¢; and not
cut off the integral so soon. However, when A = —3 and r;, = 2, we see convergence to
the CadS limit for the values of n that we have considered, so there is no need, in
this case, to increase /7.

For small values of n, we conclude, as in the £ = 0 case, that the largest errors are
introduced via the density of the grid in £ that is used.

Varying A

We look at different values of A by fixing M = 0.5 and then varying the value of x
(5.4). We choose to look at three different values of x, which each give us different
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Figure 5.23: Log plots showing convergence of the inner sum over n for the case of an adS black hole with hyperbolic horizon,
M =3, A = —3. The blue line represents ([5.122), the orange line represents ((5.123) and the green line represents ([5.124).
The value of n runs along the z-axis. The calculation was performed at each integer value of n € [0,70]. Each individual
point in the plot represents a different value of n. The radius is given by r = 7, + 107213/100 where i is given below each
plot. The value of ¢ is also given. Each line approaches a constant as n increases, indicating good convergence in the n-sum
for all values of £ and r. Qualitatively similar behaviour is obtained for other values of ¢ and r.
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Figure 5.24: The f-integrand (5.125) on an adS black hole with hyperbolic horizon,
M =3, A = —3. This converges quickly to zero as ¢ increases, but this convergence is
not uniform. The convergence is more rapid for small values of 7.

(@ Ve

~0.00200! k=-1, x =1, L=1
(@ yen - 114872

-0.00205¢

-0.00210¢

~

Figure 5.25: The behaviour of (¢?),., with Dirichlet boundary conditions imposed on
an adS black hole with hyperbolic horizon, M =5, A = —3. The VP is calculated by
truncating the n-sum at n = 70, and then integrating over a grid of £ up to £; = 50. The
resulting function is negative throughout the spacetime, and monotonically decreasing
as 7 increases, approaching the CadS limit —1/4872 at the boundary. This limit
is shown by the dashed black line.
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7 Relative error ) Relative error
10 | —3.7973 x 10~ 14 10 0.0002767
20 | —2.7260 x 1013 20 0.0002709
30 | —1.7764 x 1012 30 0.0002600
40 | —9.6470 x 10~12 40 0.0002403
50 | —3.7827 x 1011 50 0.0002076
60 | —8.7374x 10711 60 0.0001607
70 | —9.6884 x 10~11 70 0.0001060
80 | —4.8202x 1011 80 0.00005724
90 | —1.2847 x 10711 90 0.00002511
100 | —2.5689 x 10—12 100 9.2392 x 10—6
Table 5.26 Table 5.27
Relative errors in the case M = 3, A = —3. The radial coordinate is given by r =

rp 4 1072+31/100 where the value of 4 is given in the left-hand column.

Table

.26

The relative error

n-sum truncated at +y.

Table
steps

5.27

The relative error

M, where (¢?), is the VP calculated with the

($2)60

20 72 .
w, where (¢?), is the VP calculated with y

(#?)1/10

Approximate value of integral tail

10
20
30
40
50
60
70
80
90
100

—1.2831 x 1078
—1.1985 x 108
—1.0302 x 10~8
—6.5160 x 1079
—8.1413 x 10710
3.9646 x 1078
8.6364 x 10~8
9.2432 x 10~8
—2.1769 x 10~6
—0.0004357

Table

between /-modes when ¢ < 4, and half-integer steps for £ > 4.

The approximate value of
the tail of the /-integral in the case of a
black hole with hyperbolic event hori-
zon, M = 3, A = —3. The radial coor-
dinate is given by r = rj, + 10~ 2+3i/100_
where the value of i is given in the left-
hand column.
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k=-1, x=0.525,M = 0.5
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Figure 5.29: The behaviour of (¢?),., with Dirichlet boundary conditions imposed on
an adS black hole with hyperbolic horizon, where we fix M = 0.5 and vary the value
of x. All plots are as functions of . The VP was calculated by truncating the n-sum
at n = 70 and truncating the ¢-integral at ¢ = ¢1, where £; = 50 when x = 0.75, 0.525
and ¢1 = 130 when oo = 10. A denser grid in ¢ is required close to £ = 0 when x = 0.75.
All cases approach the CadS limit , shown by the dotted black line.
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magnitudes of A. It should be noted that we must have x > 0.5 for the black hole to
exist.

The first case we look at is x = 0.75 (see Figure for results of renormalised VP)
which corresponds to A = —66% ~ —10. This case is similar to the initial £ = —1 case
considered, as A is similar in size. We truncate the n-sum at n = 70, and truncate the
(-integral at ¢; = 50, using a half-integer grid in ¢ for ¢ € [2,50] and a 1/10-integral
grid in £ for £ < 2. As before, the results approach the CadS value —1/4872L? (3.2)). In
this case, the convergence to the CadS limit occurs at 7 — 1 ~ 7, similar to the initial
case, although here the accuracy far from the horizon is better, meaning that we do
not lose convergence until 7 —1 > 10. This can be seen by performing similar accuracy
tests to the previous case. The difference between the expected asymptotic value

and the results at = 11 differ by ~ 1076,

The second case we consider is y = 0.525 (see Figure for the results of renor-
malised VP), which corresponds to A ~ —3.4749 x 10~2. Due to the nature of the
integrand, we need to calculate a denser grid of /~-modes closer to 0 in order to properly
capture its behaviour. We use a half-integer grid in ¢ for ¢ € [4,50] and a 1/20-integer
grid in ¢ for ¢ < 4. This denser grid means that we obtain good convergence far from
the horizon. The results for the VP again converge to the expected CadS limit as
increases, and the VP remains negative throughout the spacetime.

The final case involves a large cosmological constant, where we choose y = 5 (see
Figure for results of renormalised VP), which corresponds to A ~ —2.94 x 106.
The convergence of the VP to the CadS value now occurs much closer to the event
horizon. Due to the nature of the integrand, we cut-off the ¢-integral at ¢; = 130, but
find that we do not require such a fine grid close to £ = 0. We use a 1/2-integer grid
for all values of . We can see that convergence to the CadS limit occurs at n — 1 ~ 3.
To obtain accurate results for larger values of 1, we would need to cut-off the integral
at a much larger value of /1.

To summarise, for small A, we can afford to cut off the integral at a smaller value of
{1, but we must use a denser grid over £. For a larger value of A, we must use a larger
£1, but the grid does not have to be as dense.

A comparison of VP results for all three types of event horizon topology is given in Fig-
ure for L = 1,x = 1. This allows us to directly compare the speed of convergence
across all three cases, as well as the value of VP on the event horizon n = 1.

5.7 Extension to general coupling

In this section, we discuss the extension of the theory presented in sections to
include scalar fields of nonzero mass or general coupling.

When m = 0 and £ = 1/6, the tail of the Hadamard parametrix (1.187), V(z,z’),
vanishes at leading order and so we do not need to calculate it in order to renormalise
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Figure 5.30: The behaviour of (¢?),., with Dirichlet boundary conditions imposed
on an adS black hole with varying black hole topology. In each case, L = 1,x = 1,
which means that the event horizon radius is the same in each case, as is the CadS
limit approached at the boundary. This case allows us to directly compare speed of
convergence across all three cases considered.

the VP.

For general coupling, the tail does not vanish at leading order, and in particular, we
have to write it in the form (1.229) in order to use the extended coordinates method.

The tail coefficients 7;; can be found by substituting (1.220}, |1.223]) into (1.189} [1.190)

and comparing coefficients at each order of €, where the extended coordinates (s, w) are
treated as O(e). This procedure can be carried out in Mathematica, and the results

are given in Table

The terms in the tail, that is, terms of the form log(¢3s%)s*~2/w?/ (1.230)), are then
written in the same mode-sum representation as the Euclidean Green’s function (5.20)

5.23) and the direct part of the Hadamard parametrix (5.42} [5.61} [5.75).

This is done in the k = 1 case in [13]. This work is presented in section We seek
to extend this work to the £ = 0 and k£ = —1 cases in sections respectively.

5.7.1 Spherical horizons

In the k£ = 1 case, we write the tail terms (|1.230)) in the same form as the Euclidean
Green’s function (5.20] |5.21)), that is,

[e.9]

(20 + 1) Py(cosvs) D €™ xpno(i, j|r) (5.130)

0 n=—oo

Nk

§27 2042 log(é(z)sz) =

~
Il



\,:Tsv + xmﬁwl wmx (r) + xA ) &f(r) + f(r) + K _ k_ + 3%

r2 r? 612

(3) r r (3) r 2 £ r 7
%m%&\mv?v — w*vo :m@\ﬁ VM V\% Ef(r < (r) i@m@. (r _ N&MMA ) 4 wwmam vwm%ﬁwm\wm\jﬂ stww%w\%wv
FeL) 4 L P + here -k £+ g £ (1) + -y
+ mmn r) + § iww "r) _ mimwm (r) + xﬁwi@ + 2y 3 mm%nmwv + xmﬁoﬁm + &Q@ (") f(r) — % (3) (r)f(r)
Ef'(r :SS _ &) ngg ) KEEf(r) | KEf(r)  mPEf(r) | Ef(r)?
+ m%mmrwm i v Hwoﬂ,\ammm wﬁw A_l\ﬂ FWM% . 472 + 47t
T T k m m
—a 1 107 + N:;\Bol + %b +

3

3) (p (3) 2 247y
%\.Ab?v\?vw TS M%ﬁi r)? % Ammwmn r)? »mSm%A v\ A%v _Ef( Wim (r) + f(r WEMM ) + %m.\wﬁ V\E\Aﬁvw _ &\.?&%:Q&w
+wmxm.vm&€ _ im,\w\w?v Ef(r v "(r) + f(r WM\A r) AMWMMS + imwm m »m@ﬁ A VF(r)f(r)
; ﬂﬁ "(r ) f(r :ﬁﬁ 2 ﬂs r \Mgw r m2f(r )3 r)3
I&Hw‘o ®) ?v\?ﬁz?v + e :ﬂmﬁ S V - & uﬁowx i fwmmv + %VV ﬁm V + mwmwv + mmaw o mm:w

CREF() | KRG | SO O KEF() | BP0 SO S0 kL)
+ + + +

2472 14472 \A\Aww? 2 4(r) TEM&A )2 mwnwv wWﬁw mﬁw 2 3673 67
m2f(r r
T36rt — 2ar2 T 20 T2t T 51 o Si + m%.w
KT RIS | SR | RIS ) RS0 | mR6) ) | S0 | S
1272 7212 1272 ﬂ:w%w 4r3 2473 24r ) m%& 9 2473 mﬁw
Prnre? EGerore’ smrmfil e, 2 ki | ke e w2 2w | 16l
3672 24r 144r 614 3674 1272 3rd 1874 1272 6r4 3674

K& (r) + kf(r)2f"(r) + EF(r)3f(r)  F@)Rf(r) FEMM%G&\QA q \,A V\J:A v B wmxmmmugi

M) RN ? | ROF e | w2 ) PP P
+ 7273 = - 32 + 2872 + 3 — ggm?f(r)['(r)? + mwﬁu 7273
_TEF(r)Af!(r)? + 7f(r)2f(r)?  KZES( lx r) + fr)f'(r) + )2 f) ()2 Ef()2f () " (r)
4872 288712 367 24r Tgﬁ 24r

r : r 2 r 2 w r 2 m r 2
el + g vw%w O OIS ) D mwn N
+ = Emi\ - zﬁ% - Sw%m + ﬁawsw\ (r) + msl - Ef E% +

_k&f(r

f(r)?
@L + wml

7212

164

Table 5.31: Tail coefficients 7;;. The index [, p and r denotes logarithm, polynomial and rational respectively.
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for some regularisation parameters y,¢. These can be determined by inverting (5.130)).
This is done by multiplying both sides by e, kAT (cosvyg) and integrating over cos~yg
and A7 using [120, eq. 14.17.6]. This inversion procedure is that same as that used in

section (in fact, much of the calculation here mirrors that in section [5.4.1). We
obtain

2 /K . .
Xne(i, 7|7) 4 / e~ AT Py(cos vg) 5P Hw? log(£2s?) d(cosys) dAT.
T JAT=0 Jcosyg=—1
(5.131)
We use expressions for s and z in ([5.44) to write
o 2m/e ol o
ol jlr) = (et [ e [ peosg) (e - cosas)
™ AT=0 cosyg=—1

x [log(263r?) + log(z — cosvs)] d(cosvs) dAT. (5.132)

The integral over cos~yg can be performed by using the identity [120, eq. 14.7.10]

1) ¢
Py(z) = (2;2 (;i) (1 —22)* (5.133)

so that the first integral that we want to evaluate is given by

1 14
[, = i— d
/ Z — COS"7Y 1= ( ) 1 — cos? 14 d(cos ' 5134

! cos yg= 1( S) dcosvg ( O ’YS) ( ’YS) ( )

Integrating by parts, we obtain

R S—

dcosyg

1

cosys=—1

1 d -1 o
— (- 1)Z J(z —j)/ 1 (dcos*yg) (1 — cos? *ys)g(z —cosvg)' ! 1 d(coss).
cosyg=—
(5.135)

The first term in (5.135]) vanishes, and we integrate the second term by parts again. In
total, we integrate ((5.134)) by parts £ times to obtain

1
L=@w—j7—0(+ 1)g/ (1 — cos? v5) (z — cosys) ¢ d(cosvg) (5.136)

cosys=—1

where (a); is the Pochhammer symbol defined by [120, eq. 5.2.4]
(a)o=1, (a)p=ala+1)(a+2)...(a+L—1). (5.137)

If £ > i — j, then (5.136) is zero.
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The integral over the logarithm is also calculated using (5.133]) and then integrating ¢
times by parts. We find

1 ¢
o d
I2:/ log(z — cosyg)(z — cosvs 7’_]< ) 1 — cos®yg)" d(cosvg
[ el ) 7 (g ) ¢ ) dfcos 7s)
1
= / Byij(2,c0875) (1 — cos® v5)¢ d(cosvs) (5.138)
cosys=—1
where

(=)= G — )l — i+ — 1)z —cosvyg) ™It for £ >i—j,
Buij(z,c08v5) = (2 — cosys) I (i — j — £+ 1) [log(z — cos ys)
(i —j+1)—Y(i—j+1-40)], forl<i-—j.
(5.139)
We consider the case where £ > i — j first. Substituting ([5.136} |5.138)) into (5.132)), we
obtain

o RED)TIN— C— i = D) —inkAT, 2]
Xn@(%]‘r) - 20+2 g1 /A‘r:l e w
1
X / (z — cosys) (1 — cos® v5)* d(cosys).  (5.140)
cosys=—1

The integral over cosyg can now be performed using [120} eq. 14.12.11], and so we find

i — (2 27 /K ) ) i
snt(i 1) = = >27(r r) /A e MRAT 2 (22 1) QT () dAr. (5.141)
7=0

Using the relation (12, eq. 36],

J
i/ _ 2v+2j—4k+1),
(=" =1)7*Q,7 2% 9j+1 ( ) v —k+ §)j+1 Quj—2k(2), (5.142)

the regularisation parameters for the tail can be written

Xne(i MZW = (_1)k<@—y+1> (C+i—j—2k+3)

Ar P k (—k+ %)i—j—&-Q
27 /K ) .
« / efmnATwZJQHFjJrlf%(z)dAT. (5.143)
0

The parameter z depends on Ar. We factor out this time dependence in the same way

as in section 1L by defining p; via and using the addition theorem (|5.53)).
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The regularisation parameters are therefore given by

X g(i _]|r) :M Z]_:'_ (_1)k<2]+1>(€+z—3_2k+3)

47 P k (E —k+ %)ifj+2

2n/k .
X / e IMRAT )2 [P€+i—j+1—2k‘(“1)Qé+i_j_1_2k(M)
0

dAT.

+2 Z <_1)mP€1T—j+1—2k(Ml)Q?}HquLlf%(ul) cos(mKAT)
m=1
(5.144)

The integral over A7, after substituting w with our definition in (5.37)), is then equiv-
alent to that evaluated in (5.55)). Evaluating this integral gives

—1)n
227

S <i—j+1>(€+i—j—2k+§)

N N1 2i—2]
Xne(i, j|r) = (= @ kzo(_l)k k (€ —k+3)imjro

" [PZ+i—j+1—2k(/~L1)Q€+i—j+1—2k(ﬂl)

(J +n)!l(j —n)!
n+j —-m
N Z Pg+i_j+1_2k(Nl)Qﬁifj+1—2k(”1)

(J+n—m)(j —n+m)!

m=max{1l,n—j5}

j—n pmo Qr .
N Z g+17]+172k(/‘1) £+Z*J+1*2k(’u1) (5.145)

T GAntml(—n—m)
m=max{1l,—n—j}

for £ >i—j.

We now look at the case where £ < ¢ — j. We begin by naively substituting (5.136
5.138|) into (5.132]) to obtain

N G O 1 -0 i el R e i Y/ KA N
Xne (5, Jlr) = 20427 ! AT=0 e
1
X / (z — cosvg) I (1 — cos? )¢ [log(z — cosvs)
cosys=—1

+(i—74+1)—v@i—j+1—4)+log (26(2)7"2)] d(cosvyg) dAT. (5.146)

The integral over cosyg in ((5.146) is not easily performed in terms of known functions.
It is easier to return to (5.132)) and look at the integral over cos~g, which is

1
I3 = / log (2537‘2(2 — cos7s)) (z — cosys)" ™/ Py(cosys) d(cosrys).  (5.147)

osys=—1

We can write

d [ (z—cosvys)
A
_ = .14
(2 = cosys) d\ <log(z — CoS7s) (5.148)
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and so
- —itj | d [203r% (2 — cosvg)] A
- == (2027 | = 0 : 5.149
(z — cos~ys) ( o” ) dx \ log (25%7“2(,2 _ COS’YS)) i ( )
The integral (5.147)) can then be written
d 1 it
I3 = / (26(2)7’2))\ I (z — cosys) Py(|cosys) d(cosys) . (5.150)
dX cosys=—1 A=i—j

The integral in ((5.150)) is the same as (.136)), and so the regularisation parameters
(5.132) can be written

Xt ) = (2>j(_1)€<2r> / T s (1 conmarr)!

ar \ K2 20! Ar—0

1
x [dd)\/ (263%)" 7 (A = €+ 1)elz — cos75) (1 = cos? 7s)” d(cos 7s) a7
- A=i—j

(5.151)

where we have now used the definition of w from (5.37). The integral over cosvyg can
be evaluated using [120} eq. 14.12.11],

1
/ (2= 00579) 7! (1 = cos®y)' d(cos ys) = 21z = FIEQATG)
CoS ys=—
(5.152)

where the functions Qf are Olver’s definition of Legendre functions [120] (see equation
B.17). Note that ((5.152)) only holds in the case ¢ # 0. The regularisation parameters
for £ <i—j, £ # 0 are therefore given by

BN e .
Xuelioglr) = () @y [ e cosmary?
27T AT=0
d i e
(222 (A= 04 1)g(z2 = 1)YXHD2Q A (z) dAT.
d\ Aeiej
(5.153)
When ¢ = 0, the integral over cos~yg is much more straightforward:
1 DA _ (5 — 1)1+A
/ (2 — cosvys)” d(cosys) = (z+1) (2= 1) . (5.154)
cosys=—1 1 + A

The regularisation parameters for £ = 0 are therefore given by

2 J o 2w /K ) '
Xno(i, j|r) = - <> (27"2)2_7/ e MRAT (1 — cos KATY
0

47r
[ d (%2 2)/\ g (z+ DA — (2 = 1)HA

AT. 1
Y T dAT (5.155)

A=i—j
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The regularisation parameters for the tail on an adS black hole with spherical event
horizon are therefore given by (5.145| [5.153] |5.155)). The integrals over A7 in the latter
two cases must be computed numerically. This numerical calculation is out of the
scope of this thesis, which primarily focuses on massless, conformally coupled scalar
fields. The numerical calculation of the renormalised VP on an adS black hole with
spherical horizon was carried out by Breen and Taylor in [13] for a variety of scalar
field mass, with both minimal (£ = 0) and conformal (£ = 1/6) coupling. They extend
the work presented in this section to arbitrary dimensions, with numerical results for
d=4,5,6,7,8,9.

5.7.2 Flat horizons

In the k£ = 0 case, we assume that the tail terms (|1.230) can be written in the same
form as the Euclidean Green’s function (5.205.22), that is,

2 log(Bs7) = 3 e [t i) dr (5.156)
=0

n=—oo

We invert ([5.156) as in section that is by multiplying both sides by e =™ 52T~z Jo (¢'~R),
integrating over v and A7, and employing the completeness relation [120} eq. 1.17.13].

We find

2w /K ) ) %) o
Xne(Z, J|7) = ﬁ/ e~ IRAT 2 / vrJo(lyR)s* % log(£2s%) dyr dAT. (5.157)
2m AT=0 Yr=0
We can write
y 9, O
22 1og(2s?) = lim £ 2" — [(£2s%)" 5.158
s* Y log({5s”) = lim £ 6u[(°5)]’ (5.158)

where p is an arbitrary complex parameter and the limit is understood in the sense of
analytic continuation. The integral over vy then looks like

/ 'YRJO(EVR)SZF% log(ﬁgs2) dvr
.

r=0
_9, O o
= lim (%= [(%%rz)” / RJ(ER)(Z* + 7R dyr|, (5.159)
H—1—7 8# ~ 0

R=

where we have written s and z as in (5.63). The integral over vz can be performed
using [141, eq. 6.565.4], which assumes Re(u) < —1. We obtain

/ R Jo(E1R) s log(£25%) dvp
Y

r=0
2.2
— tim 2 (265r2)rar st
n—i—j a,u f““f‘(—,u)

Ky (£2)] . (5.160)
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This step is a little questionable, since in the limit 1 — ¢—j we have Re(u) > —1, which
seems to invalidate the use of [141} eq. 6.565.4]. One can see that, should one take the
limit p — ¢ — j prior to taking the derivative with respect to p, the right-hand-side of
(5.160]) would be zero due to the 1/T'(—pu) term. After taking the derivative, we are, in
fact, left with a convergent, non-zero quantity. All terms in (5.160)) vanish in the limit
p — i — j except when the derivative acts on I'(—u). We note that
0 1 —¢(=p)
lim ——= lim ———= =G —j). 5.161

W B T s Ty ) (5161)
Assuming that the above steps are valid, the regularisation parameters can then be
written

25)2(i=34) Hi—i+1(; _ 7)1 2n/k )
Xne(i, j|r) = w(2r) — (i=J) / e MRATYA G i (L2) dAT.  (5.162)
mfi=i+ AT=0

The parameter z depends on both r and A7. We factor out the A7 dependence by
using [142, eq. 11.3.8] to write

Ki ji1(lz) = i Ki—jr14m(Cpo)Im (Lpo) cos(mrAT) sec <(i —i+l) (71-_2/{'AT>>

m=—o00
(5.163)
with po defined in ([5.66[). Substituting (5.163)) into (5.162), we obtain

k(2r)20—9) Zi=0+1( — ) ( 2

an(iaj‘T) = i—i+1 ?

)J Z Kijr11m(po) I (Lro)

m=—0oQ

21/ K ) ; — i
X / e_ZnHAT(l — COS HAT)] COS(mK,AT) sec ((7/ - .7 + 1) (71-2/“—)> dAT
AT=0
(5.164)

using the definition of w from (5.37)). To evaluate the integral over Ar, we split the
calculation into two cases. When ¢ — j + 1 is even, that is, if i — j +1 = 2a for a € N,

then » <(i e <7r—2/<;AT>> — (1) sec (’?) . (5.165)

The integral over A7 is then, after some rearranging using the binomial theorem,

2j . 2w i(—n+p—j+m)x i(—n+p+j—m)x
]_ . 2] e p—=J _|_ e pTJ
— ) (—1)eFp / : : d 5.166
zj”pz_:o( ) ( p ) 0 eio? 4 e/ ©  (5166)

where we have performed the substitution x = KAT.
When ¢ = j 4+ 1 is odd, that is, if i = j + 1 = 2a + 1 for a € N, then

sec <(i —j+1) <7r_2m7>> = (=1)" esc (’?) (5.167)
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and the integral over At is

2j . 2w i(—n+p—j+m)x i(—n+p+j—m)x
1 ) i P—J p+J
S (et ( 2] > / ¢ te de.  (5.168)
0

2k P eir/2 _ g—iz/2
p=0

This integral can then be performed numerically to allow us to determine regularisation
parameters for the tail in the case of a planar horizon. This calculation depends on
the fact that the integration performed in is valid. This step is yet to be
verified. Should the integration not be valid, the best course of action would be to
return to and perform the integration over yg numerically. This would be
computationally expensive, as one would then have to numerically integrate over At
as well.

5.7.3 Hyperbolic horizons

Finally, we consider the hyperbolic k = —1 case, where we assume the tail terms (|1.230))
can be written in the same form as the Euclidean Green’s function (5.20}5.23)), that is,

o0

o0
222 1og(252) = Z pinRAT E Détanh(ﬁﬂ)P_%HE(cosh Yi ) Xne(Z, J|7) de.
n=-—00 =
(5.169)
We invert this as we did in section [5.4.3] that is, by multiplying both sides by
e in'EATD Lyt (coshvy), and integrating over cosh~yy and A7t via the completeness

relation derived in (G.41). We obtain

K 27w /k A 00

o w 9 %—2i

Xarlisglr) = g [ AT [T Py cosh)s
T JAT=0 coshypg=1 2

x log(2s%) d(coshyy) dAT. (5.170)

If we write s%727 log(¢2s?) using ([5.158)), then the integral over cosh vy becomes

oo
/ P 1 ,,(coshyps* % log(£3s®) d(coshyy) =
coshyg=1 2

9, O °
lim (% — 2£2M/ P_1.,(cosh h~yg)* d(cosh
Jim % [( [ Poaleoshom)(z coshom) dicosh i)
(5.171)
where z is defined in (5.77)). The integral over coshyy cannot be performed in terms
of known functions. The best course of action would be to calculate this numerically,

but this would be computationally intensive, as one would then need to calculate the
integral over A7 numerically as well. This is left as an open problem.
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5.8 Summary

In this chapter, we have calculated the VP in SadS using the extended coordinates
method. This calculation was performed for three distinct topological black holes -
spherical, flat and hyperbolic. The extended coordinates method can only be applied
in the Euclidean background, forcing our calculation to be performed with respect to
the Hartle-Hawking vacuum state.

We began our calculation in section by finding a mode-sum representation for the
Euclidean Green’s function. This mode-sum representation has a different form depend-
ing on the event horizon topology. The radial equation cannot be solved analytically,
so we use a numerical method implemented in Mathematica.

In section we renormalise the vacuum expectation values by writing the Hadamard
parametrix in terms of extended coordinates (s,w). This allows us to subtract the
Hadamard parametrix from the Euclidean Green’s function mode-by-mode, giving us
a much quicker convergence compared to previous renormalisation methods.

From studying our numerical results in section we find that the qualitative be-
haviour of the VP is similar across all cases of event horizon topology. In all situations
considered, the VP was found to be a monotonically decreasing function, approach-
ing the CadS limit —1/4872L? at the boundary. This mirrors the results in CadS for
thermal states, which approach the same limit when Dirichlet conditions are imposed.

The rate of convergence differs across the different topological cases. The size of the
VP on the event horizon is also different in each case, with the majority of cases
considered always being negative on the horizon, except the case corresponding to k =
1,x = 0.05, M = 0.5. We noted that in this case, the black hole is thermodynamically
unstable (unlike in all the other cases considered), and conjectured that the sign of
the VP on the event horizon with Dirichlet conditions imposed may depend on the
thermodynamic stability.

In the case of a black hole with flat horizon topology, we could rescale the solution to
alter the value of A, whereas in the other cases, we have to repeat the calculation from
scratch. Through analysis of accuracy of solutions, we noted how the number of modes
used (or the grid of modes over the integral in the & = —1 case) must change as we
alter the value of A.



Chapter 6

Quantum field theory on
topological black holes with
Robin boundary conditions

In this chapter, we extend the calculation of VP in chapter [5| to include scalar fields
that satisfy Robin boundary conditions in SadS. The results in this chapter can be
compared with the results given in chapter (3] where the VP was calculated in CadS with
Robin conditions imposed. In section we find the values of the Robin parameter
o that allow for stable mode solutions. In section we give details of the numerical
calculations performed. The results are then given in section

6.1 Stability of classical scalar fields

In section we solved the homogeneous Klein-Gordon equation on SadsS for a
massless, conformally coupled classical scalar field mode ¢,,. The mode solution ¢y,
takes the form , where the radial function X,,(r) satisfies the radial equation
together with boundary conditions imposed at » — oo. In this chapter, we
impose Robin conditions, that is

[Q X o(r)] cosa + jp[Q Xoe(r)]sina =0 (6.1)
where (2 is the conformal factor relating ESU to SadS - this is not the same as the
conformal factor relating ESU to CadS. The coordinate p is the dimensionless
radial coordinate defined on ESU . There is no simple relationship between the
ESU radial coordinate p and the SadS radial coordinate r, but near to the boundary
r — 00, We can write

r dp 1ldr*

O~ W T ar

(6.2)
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where 7* is the tortoise coordinate defined by

dr* 1
= m (6.3)

The approximation can be found by comparing the ESU metric and the
SadS metric as 7 — 0o (p — 7/2). The Robin parameter « is analogous to the
Robin parameter introduced in chapter 3| and defined such that « € [0, 7). Dirichlet
boundary conditions are recovered when o = 0 and Neumann boundary conditions are
recovered when a = /2.

It is useful to rewrite the boundary condition (6.1)) in terms of the tortoise coordinate r*,
defined by (6.3). The tortoise coordinate r* takes values in (—oo,0), where r* — —o0
as we approach the event horizon r — 7, and r* — 0 as we approach the boundary
r — 00.

Using (6.2) and applying the chain rule, we obtain, as r* — 0,

d _ drdr d d

- ~ . 6.4
dp dp dr dr* dr* (6:4)
Therefore, the boundary conditions (6.1) as 7* — 0 can be written
~ dX,
Xoecosa+ L p je sina =0 (6.5)
r
where
Xoo(r) = 71X (r). (6.6)

When we imposed Robin boundary conditions in CadS, we found that there existed a
critical value o = aerit. For o > airir, there exist unstable modes; that is, modes which
grow exponentially in time (see section |3.2.4)).

In SadS, we see a similar picture. If we impose Dirichlet or Neumann boundary condi-
tions, a massless, conformally coupled scalar field ¢ does not have any unstable modes.
For Robin conditions, the situation is not as straightforward. In SadS with a spherical
horizon, it is shown in |143}[144] that unstable dynamics exist for a € (aerit, 7), despite
the initial value problem being well-defined for all values of o [118}|145]. The value of
Qerit 18 not the same as in chapter [3; indeed, the value of a..;+ in SadS depends on the
event horizon radius ry,.

We begin in section [6.1.1] by proving the existence of a.p;; in SadS using a variational
method [146]. This follows the method of [144], which we extend to cover the k =
0, —1 cases of topological black holes. In section [6.1.2] we determine the value of cpit
numerically, using the methods of [143].
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6.1.1 Existence of o,

We prove the existence of agp;; by using a variational method [146]. We consider the
Hamiltonian H with a discrete spectrum of eigenvalues F, that is

H|T) = E|T) (6.7)
for some eigenvector |¥). Then we have
(U|H|T) = E(U|D). (6.8)
Rearranging, we can write the eigenvalues E as

p- ST (6.9)

Equation holds for any eigenvector |¥). We now extend this for any test function
|¥), and the right-hand-side of becomes a functional. The variational principle
[146] states that the minimum of the right-hand-side of is equal to the minimum

eigenvalue, that is
min{¥F} =min< ——— 5. 6.10

This means that, if the right-hand-side of (6.10) is negative, for any test function |¥),
then there exists a negative eigenvalue.

We apply this method to the radial equation (4.17)). In terms of the tortoise coordinate

r* (6.3), the radial equation (4.17) is written

A X o0 . -
- dr*2 + W(T)Xwﬁ =w wa (6.11)
where X, is given by , the potential V(r) is given by
(k)
v 2M
Vi(r) = 1(r) <ﬁ2 o ) (6.12)

and Vék) is defined by 1' We note that Vy(r) > 0 for all r € [rj,00). Unstable
modes occur when w? < 0.

One may ask whether complex values of w need to be considered to obtain all regions
of instability, rather than just purely imaginary w. Holzegel and Warnick [143] show
that we require w? < 0 to allow us to obtain positive self-adjoint expectations of the
operator fl, where A is given by

Ap = VI(aIV;6) + Vo (6.13)

for V “twisted” derivatives and V the potential. These “twisted” derivatives are defined
by differentiating in ESU and then performing a conformal transform to SadS [143].
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This is only proven for spherical asymptotically-adS black holes. We assume here that
this holds for topological black holes (k = 0, —1) but this remains unproven.

We use the variational principle (6.10)) with E replaced by w? and the Hamiltonian H
replaced by the radial operator —# + Vi(r) to show that there exist certain cases
where w? < 0.

We multiply both sides of 1’ by )N(:;E and then integrate over r* to give

" Xt 5 v 12| g o [0 5 2
. — P Xwg+Ve(’I“)’Xwg’ dr* = w . ’Xwg‘ dr*. (6,14)

The integration on the left-hand-side can be performed using integration by parts,

- 90 0
Uk def
Sl g +
The first term on the left-hand-side disappears when Neumann and Dirichlet boundary
conditions are imposed on the radial function. The remaining integrals must both be

positive, so in this case, we must have w? > 0 and therefore all classical scalar field
modes must be stable. This is just as we expected.

2
~ 0 ~
+ V()| Xt ? | dr* = w2/ | X ?dr*.  (6.15)

—00

dX .,
dr*

When Robin boundary conditions are imposed on X,(r), the first term on the left-
hand-side of (6.15)) is not zero. We assume that cosa # 0 and, using (6.5)), we write,

~ 2
dX
Ltana | lim wt

r*—=0| dr*

0
+J = w2/ | X |?dr (6.16)

where
2

de@
dr*

0
7= / Vi(r)| Xoel? + dr* > 0. (6.17)

The derivative in the first term on the left-hand-side of (6.16|) is evaluated at the
boundary, that is 7* — 0. The first thing we notice is that, when « € [0,7/2], then
tana > 0 and, from (6.16)), we must have w? > 0. In these cases, all modes are stable.

However, when « € (7/2,7), the left-hand-side of is not necessarily positive. We
use Proposition 1 from [144] to show that this results in the existence of unstable modes.
We evaluate the left-hand-side of for a test function X (r*) = exp (—% tan ).
The left-hand-side of becomes

0

1 0 ¥ 1 -
T tan® o + / Vg(r)e_2T fanargp* 4 [ZL tanq e~ L tane . (6.18)
—0o0

—0o0

If this is negative, then the right-hand-side of (6.16)) must also be negative. Since
the integral on the right-hand-side of (6.16) must be positive, this means that there
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must exist a spectrum of negative eigenvalues w? < 0. These negative eigenvalues will
correspond to unstable scalar field modes.

Equation (6.18)) can be negative when tana < 0. In this case, (6.18)) becomes

1 1 0 o
— (tan?a — = ) tana + / Vg(r)e_QT fanagpx, (6.19)
L 2 .

The potential Vy(r) is continuous for r € [rp,, 00) and is therefore bounded on any closed
interval. We can also note that V;(r) — 0 as » — r;, and that the potential approaches
a finite limit as r — co. Then there must exist a maximum for V(r), that is

W(T) < Vinaz- (620)

Then we must have

l 2 1 0 —2r" tana g *
tan® « tan o + Ve(r)e L dr
L 2 .

1 5 1 0 2t
< 7 tan a—§ tana+/ | A L T

—00

— — (¢ i _ —mar 6.21
L ( ana 2) T S tana ( )
which is negative provided
% <i(2t 2a — 1) tan® (6.22)
maa < 75 (2tan” @ an” . .

This holds for a range of tan « regardless of the value of V},,4,. This can be seen from
the fact that the right-hand-side of (6.22)) is quadratic in tan? a and is unbounded as
a — 7/2, implying that there exists some values of « close to o = /2 for which (6.22)
holds.

Hence the Schrodinger operator on the left-hand-side of (6.11]) has a spectrum contain-
ing negative eigenvalues w?. These negative values correspond to unstable scalar field
modes, thus proving that for some values of a € (7/2,7), there exist unstable modes.

6.1.2 Numerical evaluation of o,

We now want to determine the critical value 7/2 < agpiy < 7 for which unstable field
modes exist when a € (agrit, 7). We can determine this critical value using the method
of [143]. In [143], this calculation is performed only for black holes of spherical event
horizon topology. Here, we extend this calculation to black holes of flat and hyperbolic
event horizon topology.

To determine a..;+, we seek solutions of 1) when w? crosses zero. For each event
horizon topology, the potential Vp(r) satisfies Vy(r) > Vu(r) for r € [rp,00). It is
therefore sufficient to consider modes for which ¢ = 0.
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Setting £ = 0 = w?, the radial equation (4.17)) has the form

— { [erz - (krh + rh) "+ T} = } + {—Vék) + LTQ} Xoo =0, (6.23)

dr L2 L?2| dr

where we have written the black hole mass M in terms of the horizon radius r;,. When
k = 1,0, we have Vék) = 0 and when k = —1, we have l/(g_l) = % Using dimensionless

variables R = r/L, Ry, = r,/ L, the radial equation becomes

d
i {[RQk — (kR + R})R + RY|

dXoo

T } + [P + 2R X0 = 0. (6.24)

This is greatly simplified in the k = 0 case, leaving us with

d dX
TR {[—R?LR + R4]d]go} +2R*X g9 = 0. (6.25)

We can reduce this to a single perturbation equation by defining R = R/Rj, and
obtaining

dR dR

The fact that the perturbation equation now appears to be independent of horizon
radius is due to the scaling symmetries of the £ = 0 metric (see section . In section
we discussed the two different scaling symmetries, the pi-scaling and the
pa-scaling . The ji-scaling leaves both R and Rj, invariant, and therefore R is
also unchanged. Under the js-scaling, we have R — poR and Rj, — po Ry, and so R is
again unchanged. This means that in the k = 0 case, the value of a,,; will not change
under these scalings. Note that this is not reflected in Figure since varying rp,/L
does affect the value of ;.

d [io1 o dX _
{ [R* - R] 90} +2R?Xg = 0. (6.26)

To find iz, we first solve by numerically integrating outwards from the horizon
towards the boundary. Appropriate initial conditions for the numerical integration can
be derived by defining a new independent variable x = R — R} and writing in
the approximate form

2 1d 2R -y .
— 44 h 0 X xnit. 6.27
{ a2 " xdr " (Rpk 1 3RDz [0 (6.27)

where higher order terms in = can be ignored close to the horizon. Solutions of ((6.27)
are Bessel functions,

Xt — ) .Jy(2V Ax) + CoYp(2V Ax) (6.28)
where C1,Csy are constants of integration and

_ 2R )

= Zh 0 6.29
kRj, + 3R} (6.29)
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26 —k=1 —k=0 — k=-1

5 rh/L

Figure 6.1: Plot of aeit as a function of r, /L for black holes with spherical (k = 1, blue
curve), flat (k = 0, red curve) and hyperbolic (k = —1, orange curve) event horizon.
When « > a.i, unstable classical scalar field modes exist.

Since Yp(2v/ Ax) is divergent at the horizon as x — 0, we set C; = 0 and, without
loss of generality, C; = 1. We then use (6.28)) as the initial condition in the numerical
integration of (6.24)), integrating from R = R}, + ¢, where € = 1075, to R = 1000.

We then use the boundary conditions (6.5)) to determine agpir. In terms of R and X,
these boundary conditions are written

d .
Xoo(R) COS Qerit + Rﬁ [RXO()(R)] SIN Uit = 0 (630)
as R — oo. We substitute in our numerical solution Xy and rearrange to find cot cep,
evaluating the numerical solution at R = 1000.

This procedure is performed over a grid in Ry, for R, = %, %, ...,5. We can then
interpolate over this grid in Rj. Our results are plotted in Figure The blue curve
for black holes with event horizon of positive curvature (k = 1) agrees with the results
given in [143, Fig. 2]. As rp — 0, the value of a.i; in the k = 1 case approaches the

value in CadS (3.33]).

In the & = 0 case, the graph of cot a..;+ as a function of Ry, is a straight line. This is to
be expected since the scaling symmetries (5.9} [5.13]) means that cot g+ scales linearly
with Ry,.

The orange curve for hyperbolic black holes in Figure begins at the minimum event
horizon radius (4.11]). Above this value, the line lies very close to the curve for planar
black holes (the red curve).

The curves for £k = 0, —1 are monotonically increasing as we increase Ry, whilst the k =
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1 curve decreases for small Rj,, reaches a minimum, and then monotonically increases as
R, — 00. As Ry, grows, the three curves merge, suggesting that a..;; is approximately
the same for all black hole solutions with large event horizon radius.

In the next section, we use the interpolation functions plotted in Figure[6.1]to determine
the values of a,; for the various values of black hole mass M, surface gravity « and
event horizon radius 7, for which we calculate the renormalised VP.

6.2 Numerical calculation of renormalised vacuum polar-
isation with Robin boundary conditions

The renormalised VP is calculated in the Euclidean background using the extended
coordinates method. This calculation is an extension of the calculation performed in
section The main difference is that we impose Robin boundary conditions (rather

than Dirichlet boundary conditions) on the radial Green’s function X fllz)’a(r, '), which
satisfies the radial equation (5.24)). The superscript a is now used to remind us that
Robin conditions have been imposed.

We write ng)’a(r, ') in the same form as in l) that is

XV(L]Z)’Q(T’ T,) = Ngépnf(r<)qn€ (T>) (631)

for r« = min{r,r’'}, r~ = max{r,’'}. The functions p,¢ and g, are both solutions of the
homogeneous version of . The function p,, has regularity conditions imposed on
the horizon, and ¢, has Robin conditions imposed on the boundary. The normalisation
constant A%, which is given by the Wronskian relation , must then also depend
on the Robin parameter a.
Since the radial functions satisfying Dirichlet and Neumann boundary conditions, that
is q?lg(r), qgg(r) respectively, are linearly independent, we may write, for any a €
[O’ acm’t), i

ano(r) = A%pdne(r) + Birya?y(r) (6.32)
where A%, B, are constants defined such that -’491@ = 1,825 = 0 when @ = 0 and

ne>

AZ?Q = O,Bzf =1 when o = 7/2.

To leading order, we can write

Relr) = 5+ 06, alr) = -+ 06, (6.3

n

This can be seen from the Frobenius approximation (5.98|) used in chapter [5| Substi-
tuting (6.3216.33)) into (6.5)), we obtain

s d by .
r (Aal(r) + Biga2y(r) ) cosa+ LE(r) o [ (Anale(r) + Bual, (1) | sina - (6:34)

AOL
= By,cosa — T”Z sina +O(r™') =0 asr — oo. (6.35)
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This implies
= Lcot a. (6.36)

Without loss of generality, we can set A, = L cos a, Bf), = sin@ and then

q%(r) = ¢%,(r)Lcos a + q% (r)sin a. (6.37)

The Wronskian relation (5.30) then fixes the normalisation constant as

NON2
fyp—— né” nk (6.38)
N2 L cos o + NT?K sin o

where ./\/;?g are the normalisation constants determined when Dirichlet conditions are

applied to the radial function, and Nfe are the normalisation constants determined
when Neumann conditions are applied to the radial function.

The VP is renormalised using the extended coordinates method, which involves writing
the Hadamard parametrix in a mode-sum representation matching that of the Euclidean
Green’s function. The Hadamard parametrix is unaffected by boundary conditions
imposed on the Euclidean Green’s function, and so we can use the results from the
previous chapter. The renormalised VP is then written as

/

(e = 4;2/ ¢ Z Pe(0 “an — = ZZDW Ui, 4lr) | — 1587(:27“
n=—00 1=0 5=0

(6.39)
where Py(7) is given by , the regularisation parameters W,,(i, j|r) are given by
and the regularisation coefficients D;;(r) are given in Table The integral
over £ is understood to be a sum when k& = 1. The equation can be compared
with the renormalised VP when Dirichlet conditions are imposed .

As in section we calculate each term in the ¢ and n sum in individually.
In the £ = 0, —1 cases, we have an integral over £ and must compute the terms over
a grid of values of ¢. This grid is usually chosen to be denser close to £ = 0 to
properly capture the behaviour of the integrand. The p,, terms are not affected by
Robin boundary conditions, so we can use results from the previous chapter. For the

qy, terms, we only need to calculate qge and qgﬁ. All other ¢, can be determined by

taking a linear combination of q?w and qgg using (6.37)). This greatly simplifies our

numerical calculations and reduces computation time. We calculate qEz using NDSolve
in Mathematica to numerically solve the radial equation , using the Frobenius
series as initial condition, this time with as = 1 to give us the radial function
satisfying Neumann boundary conditions.

The radial function is calculated over a grid in dimensionless coordinate 7, given in
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(5.3), where

[ [e n NO N% jus
X,,(JZ)’ (n) = lim ng)’ (r,r) = — Pt (NNt oy (1) cosa + ¢2,(r) Lsin a] .
e NZLcosa+ NP, sin o
(6.40)

We calculate over a grid of every m/10-integer « for o € [0, cverit)-

6.3 Numerical results

In section [5.6] we fixed x and L and varied the value of k, where the parameter y is
given by . This allowed us to easily compare between different cases, since the
event horizon radius and the asymptotic CadS value at the boundary were the
same for all k. In this section, we find it more useful to fix the surface gravity x and L
as this allows us to compare with our thermal results from CadS given in section [3.5

Since the £ = —1 case is the most expensive in terms of computation time, we choose
values of k and L that match those used in section[5.6.3] We must extend these results to
include Neumann conditions, which requires us to calculate another set of radial modes

qgg. The grid over £ is kept the same as in the Dirichlet case, as is the truncation of the
l-integrand and the n-sum. Both the n-sum and the {-integral converge rapidly, with
convergence tests giving qualitatively similar results to those found in section [5.6] The
Hadamard parametrix is unaffected by boundary conditions, so we can use the results
calculated previously. The major source of error in our final results with Neumann
conditions imposed is the grid over £ used to evaluate the integrand. This is the same
as the error obtained in section [5.6.3| with Dirichlet conditions imposed.

In the k = 0 case, scaling symmetries (section |5.2)) mean that we only need to calculate
for one value of k and L, and then rescale to give results for values of k and L that

match the K = —1 case. We still need to calculate an extra set of radial modes qEZ. This
is done to match the original set of radial modes qgg that were calculated in section
where kK = 3 and L = 1. The grid over /¢ is the same as the grid used for the
Dirichlet calculation, and the f-integral and n-sum are truncated at the same values.
The convergence in the n-sum and ¢-integral in the Neumann case are qualitatively the
same as in the Dirichlet case.

A linear combination of qu and qge is then taken to allow us to calculate results on
the planar background for a range of Robin boundary conditions. Again, we calculate
for every 1/10-integer « for o € [0, aerit). Once we have calculated all results for the
k =3,L =1 case, we can then use our scaling symmetries to give results for values of
k, L that allow for comparison with the £k = —1 case.

In the £k = 1 case, we must begin our calculation from scratch to allow us to match
values of k and L to those considered in the £k = —1,0 cases. This includes a complete

calculation of radial modes png,qgg and qgg as well as the regularisation parameters
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U,0(7, j|r) in each of the cases that we consider. This is not as computationally ex-
pensive as it would be to calculate a completely new set of results in the £k = —1 case,
since we have a sum over £ in the k = 1 case rather than an integral, meaning that we
have significantly fewer values of ¢ to consider.

The values of k (to four decimal places) and L that we consider are given in Table
We split these into three cases, that is (L = 8000/861,x = 0.1183),(L = 8/15,k =
3.5938) and (L = 1/990, x = 14800.5). There is a fourth case that we consider where
we fix L and 7, across all topological black holes, that is (L = 1,7, = 2). This matches
the results given in Figure We also find it convenient to define a parameter (3,
related to the Robin parameter a by

cot f = Lcot a. (6.41)

Dirichlet and Neumann conditions are still recovered for § = 0 and 3 = 7 respectively.
The value of B+ in each case is also given to four decimal places in Table

When (L = 8000/861,~ = 0.1183), there do not exist any black holes with spherical
horizon, whereas when (L = 8/15,x = 3.5938), there exist two possible black hole
solutions with spherical event horizon. We label these two solutions k£ = 1(+) and
k = 1(—), with & = 1(4) being the black hole with the larger event horizon radius rp,.
When L = 1,r;, = 2, there exists only one solution with spherical horizon topology.
The existence of these solutions can be seen by plotting the black hole temperature
against horizon radius, where

Kk kL?+3r;

T=_"

= 6.42
2w Admry, L2 ( )

The plot of the temperature can be seen in Figure [6.2

For k = 0, —1 the temperature is a monotonically increasing function of horizon radius.
Planar black holes exist for all temperatures due to the scaling symmetries (section
. Under p;-scaling , T — ,51_1T, whilst under po-scaling , T — poT.
Hyperbolic black holes have a minimum event horizon radius which corresponds
toT =0.

When k£ = 1, there exists a minimum temperature. This minimum temperature occurs

at 7, = 7h min (4.11)), and is given by

V3

Tmin = 2rL’

(6.43)
When 75, > r4 min, the black holes are thermodynamically stable, whereas when r; <
Th min, the black holes are thermodynamically unstable [137]. Thus, when T > Tyin,
we obtain two black holes with spherical horizon radius, whereas when T' < T, there
are no black hole solutions with spherical horizon radius.

The results for the renormalised VP are given in Figures [6.3] - We first consider
topological black holes with L = 1 and r, = 2. This corresponds to the case where
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M Th Kk Berit
L=1
k= 5 3.25 2.3166
k=0 4 3 2.2301
k=-1 3 2.75 2.2412
L = 3000
k= 1.8262 | 6.8064 | 0.1183 | 2.2300
k=-1 0.5 9.7561 | 0.1183 | 2.9018
L=
kE=1(-) 0.1104 | 0.1948 | 3.5938 | 1.8833
kE=1(+) 0.1104 | 0.4866 | 3.5938 | 1.8998
k=20 0.5563 | 0.6815 | 3.5938 | 2.2301
k=-1 0.5 0.8 3.5938 | 1.8829
L= gk
kE=1(— 0.00002 | 0.00003 | 14800.5 | 1.5714
k= 1(+) || 0.00002 | 0.0101 | 14800.5 | 1.5747
k=0 0.5000 | 0.0101 | 14800.5 | 2.2302
k=-1 0.5 0.0101 | 14800.5 | 1.5747

Table 6.1: The values of L, k, M and rp, for which we present numerical results for the
renormalised VP. We also give the critical value of the parameter §, related to i
by . For values of 8 greater than the critical value, there exist unstable classical
scalar field modes.
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003 ; ; 3 ; 5

(a) Temperature T as a function of horizon radius r;, when L = 1. The
dotted line represents r, = 2. The intersection of the dotted line with the
three curves corresponds to the three black holes considered in Figure
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(b) Temperature T as a function of horizon radius r, when L = 8000/861.
The dotted line represents T = 37843/6400007, that is k = 0.1183 (four
decimal places). The intersection of the dotted line with the k£ = 0,—1
curves corresponds to the two black holes considered in Figure[6.5] This line
does not intersect with the curve corresponding to k = 1, meaning there are
no black holes with spherical event horizon in this case.
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(¢) Temperature T as a function of horizon radius rp when L = 8/15. The
dotted line represents T' = 115/64m, that is k = 3.5938 (four decimal places).
The intersection of the dotted line with the three curves corresponds to the
black holes considered in Figure[6.7 This line intersects with the curve cor-
responding to k = 1 twice, meaning there are two black holes with spherical
event horizon in this case.

T
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—k=1 — k=0 — k=-1
L =1/990
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(d) Temperature T as a function of horizon radius r, when L =1/990. The
dotted line represents T' = 29601/27, that is k = 14800.5. The intersection
of the dotted line with the three curves corresponds to the black holes con-
sidered in Figure This line intersects with the curve corresponding to
k = 1 twice, meaning there are two black holes with spherical event horizon
in this case.

Figure 6.2: Black hole temperature T' as a function of event horizon radius rp,
for varying values of adS radius of curvature L. In each plot, blue lines represent black
holes with spherical horizon (k = 1), red lines represent black holes with planar horizon
(k = 0) and orange lines represent black holes with hyperbolic horizon (k = —1). The
dotted lines in each plot correspond to the value of r; or T considered in this section
(see Table . In all four plots, the curves are qualitatively the same.
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Figure 6.3: The behaviour of (¢?),¢, with Neumann boundary conditions imposed on
an adS black hole with varying black hole topology. We fix L = 1, x = 1, which means
that the event horizon radius is the same in each case, as is the CadS limit approached
at the boundary. This case allows us to directly compare rate of convergence across all
three cases considered. This can also be compared with results with Dirichlet boundary
conditions imposed, given in Figure
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x =1 . In Figure we present results for the VP when Neumann conditions
are imposed. These results can be directly compared with the results when Dirichlet
conditions are imposed (Figure . In both Dirichlet and Neumann cases, and for
all values of k, the VP is a monotonically decreasing function of radius 7. At the
boundary, the VP approaches the Neumann CadS limit 5/4872L? (3.3)) when Neumann
conditions are imposed on the scalar field. This is similar to the Dirichlet case, where
the VP approached the Dirichlet limit —1/4872L? . The order of the lines changes
depending on whether Dirichlet or Neumann conditions are imposed. For Dirichlet
boundary conditions (Figure , the VP for £ = —1 black holes is smaller than the
VP for k£ = 1 black holes, which is smaller than the VP for & = 0 black holes. For
Neumann conditions (Figure , the VP for £ = 0 black holes is again the smallest
of the three, but the result for £ = 1 is now the largest. This suggests that for some
intermediate value of 3, the ordering of the k£ = 0, kK = 1 results swaps positions.

In Figure we impose general Robin boundary conditions on scalar field modes with
L =1, x = 1. In Figures [6.4(a), (c), (e), we present surface plots of the VP as a
function of radial coordinate 7 and Robin parameter 3 (6.41). In Figures [6.4(b),
(d), (f), we give plots of the VP as a function of 7 for a variety of values of 3. Figures
6.4(a), (b), give results for black holes with spherical event horizon (k = 1), Figures
6.4(c), (d), give results for black holes with planar event horizon (k = 0) and Figures
6.4{(e), (f), give results for black holes with hyperbolic event horizon (k = —1).

In all cases in Figure the value of the VP on the event horizon (n = 1) increases
as 3 increases, and diverges as [ — Ber¢. Note that 8..;; changes as we vary the value
of k; the value of B.;+ in each case is given below each figure. Similar behaviour was
observed in CadS (see section , where the value of the VP at the origin increased
as we increased Robin parameter «, and diverged as o — ¢ This divergence as
8 — Berit is to be expected, since the black hole becomes classically unstable for

5 > Bcrit-

The line plots in Figures [6.4(b), (d), (f), clearly demonstrate that for all 3 # 0, the
VP approaches the Neumann CadS limit 5/4872L?2 at the boundary n — oo.
When 3 = 0, the VP approaches the Dirichlet CadS limit —1/4872L? (3.2)). This is
similar to the behaviour observed for both vacuum and thermal states in section [3.5)
and discussed in detail in section We therefore deduce that the VP on a topological
SadS black hole approaches its vacuum value on CadS spacetime as the adS boundary
is approached.

We can see from Figure that, although the VP is always a monotonically decreasing
function of 7 when Dirichlet and Neumann boundary conditions are imposed (although
these appear constant in Figure [6.4] this is simply due to the scale used - see Figures
[6.3), there is a range of values of 3 € (0,7/2) for which the VP is monotonically
increasing in 77 and has a maximum on the boundary. This is again similar to behaviour
observed in CadS in section [3.5

In Figure we look at the VP for temperature below T, (6.43)), for which there
exist no spherical black holes. In this case, we fix the adS radius of curvature L =
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8000/861 ~ 9.29 and the surface gravity x ~ 0.12. The VP takes very small values
since the temperature is very small, however the qualitative behaviour is very similar to
that in Figure On the event horizon, the value of the VP increases with 8, and on
the boundary, all results approach the Neumann CadS limit except when 8 = 0.
The VP is a monotonically decreasing function of 7 for all 5, except for those values of
£ within an interval contained in (0, 7/2).

In the final two cases that we consider, we increase the temperature so that we obtain
two black holes with spherical horizons, one which we denote k& = 1(+), with the
larger event horizon radius, and one which we denote k = 1(—), with the smaller
event horizon radius. In Figures [6.6] [6.7] the temperature is still fairly close to Thin,
and the difference between event horizon radius for £ = 1(+) and & = 1(—) is not
that great. Here we consider black holes with adS radius of curvature L = 0.53 and
surface gravity x = 3.59. Figure shows the results for the VP for Dirichlet (Figure
6.6(a)) and Neumann (Figure [6.6(b)) boundary conditions. In both cases, the VP is
a monotonically decreasing function of 7, approaching the CadS value at
the boundary. The VP for the thermodynamically unstable k¥ = 1(—) black hole (the
light blue curve in Figure is significantly larger than the results for the other three
black holes. The order of the curves does not change as we vary between Dirichlet and
Neumann boundary conditions, unlike in Figures This shows that the relative
order of the results for the VP must depend on the temperature of the black holes as
well as the Robin parameter .

Figure [6.7] shows the VP for general Robin boundary conditions for the same black
holes as in Figure The VP again converges to the CadS value of the spacetime
boundary (3.2 , but this convergence appears to be slower than for the black holes

in Figure

Finally, in Figure we give results for the renormalised VP for black holes with high
temperature, where the adS radius of curvature L = 0.001 is relatively small, and the
surface gravity x = 14801 is very large. In this case, the VP for thermodynamically
unstable black holes with £ = 1(—) is many times larger than the VP for the other
black holes (k = 1(+),0,—1). It is also much more difficult to calculate numerically,
as convergence to the CadS limit as 7 increases is a lot slower than in other cases,
requiring a grid in n to extend to much higher values. We would also need to truncate
the /- and n-sums at much higher values than in the £ = 1(+) case. For these reasons,
we do not show the results for k£ = 1(—), and instead focus on the other three cases.
The behaviour is qualitatively the same as in all the other cases. The VP approaches
the Neumann CadS limit for all 8 # 0, and the Dirichlet CadS limit for
B = 0. The value of the VP on the event horizon increases as we increase (3, diverging

as ﬁ — /Bcrit-
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Figure 6.4: Renormalised VP for topological black holes with adS radius of curvature
L =1 and event horizon radius r;, = 2. In figures (a), (c), (e), the results are given
as a function of the radial coordinate n and the Robin parameter /5 for 5 € [0, Berit)-
Figures (b), (d), (f), show line plots of the renormalised VP for a selection of values of

B.
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Figure 6.5: Renormalised VP for topological black holes with adS radius of curvature
L =8000/861 ~ 9.29 and surface gravity £ = 37843/320000 ~ 0.12. In figures (a), (c),
the results are given as a function of the radial coordinate 1 and the Robin parameter 3
for g € [0, Berit). Figures (b), (d), show line plots of the renormalised VP for a selection

of values of f3.
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(a) Renormalised VP with Dirichlet boundary conditions imposed.
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(b) Renormalised VP with Neumann boundary conditions imposed.

Figure 6.6: Renormalised VP for topological black holes with adS radius of curvature
L = 8/15 ~ 0.53 and surface gravity x = 115/32 ~ 3.59. In Figure (a), Dirichlet
conditions are applied to the scalar field, whilst in Figure (b), Neumann conditions are
applied to the scalar field.
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Figure 6.7: Renormalised VP for topological black holes with adS radius of curvature
L = 8/15 =~ 0.53 and surface gravity x = 115/32 ~ 3.59. In figures (a), (c), (e), (g),
the results are given as a function of the radial coordinate n and the Robin parameter
B for g € [0, Berit). Figures (b), (d), (f), (h), show line plots of the renormalised VP
for a selection of values of .
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Figure 6.8: Renormalised VP for topological black holes with adS radius of curvature
L =1/990 ~ 0.001 and surface gravity x = 29601/2 ~ 14801. In figures (a), (c), (e),
the results are given as a function of the radial coordinate 1 and the Robin parameter

B for g € [0, Berit). Figures (b), (d), (f), show line plots of the renormalised VP for a
selection of values of .
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6.4 Summary

In this chapter, we have explored the effects of imposing Robin boundary conditions
on scalar fields in topological black hole spacetimes.

In section we showed that there exists a critical value of Robin parameter o such
that 7/2 < aerit < m. For o > avepiy there exist unstable modes and the scalar fields are
classically unstable. This is similar to the behaviour in CadS. However, in SadS, the
value of a;; depends on the adS radius of curvature L and the event horizon radius
rp, whilst in CadS, the value of a.,;; is the same for all values of L.

We calculate the renormalised VP using the extended coordinates method, first dis-
cussed in section[1.3.4l The details of the numerical calculation are discussed in section
The numerical calculation builds on the calculation performed in chapter [5| rather
straightforwardly, as we find that all Robin conditions can be applied simply via a
linear combination of radial modes with Neumann and Dirichlet conditions imposed
. The Hadamard parametrix is not affected by boundary conditions, and results
from chapter [5] are used again.

The results for the renormalised VP, given in section demonstrates similar be-
haviour to the results found in CadS in chapter [3l The value of the VP on the event
horizon r = r}, increases as we increase the value of the Robin parameter . The
VP approaches the CadS Dirichlet limit when 8 = 0 and the CadS Neumann
limit for 8 # 0. The VP is a monotonically decreasing function of radius 7 for all
Robin parameter 3 except for when S lies in an interval contained in (0,7/2), where
the VP is a monotonically increasing function in 7.
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Chapter 7

Conclusions and outlook

This thesis covers recent research into scalar field theory on anti-de Sitter spacetime,
with a focus on the calculation of the renormalised vacuum polarisation on both the
covering space (CadS) and topological black hole spacetimes (SadS). The main goals
of this thesis were to

e Calculate the renormalised vacuum polarisation ($2>r6n on CadS for a range of
Robin boundary conditions imposed on scalar fields,

e Calculate the renormalised vacuum polarisation on SadS for black holes with
positive, negative and zero horizon curvature,

e Calculate the renormalised vacuum polarisation on SadS for a range of Robin
boundary conditions imposed on scalar fields.

Numerical results for all of these calculations have been obtained via computation in
Mathematica. See Figures [3.7 - for results in CadS, Figures [5.3] - for results
in SadS with Dirichlet boundary conditions imposed on scalar fields, and Figures -
for results in SadS with Robin conditions imposed on scalar fields.

The quantum state is global, and so the boundary conditions and the topology of the
event horizon affect the global properties of expectation values. The effects of Robin
conditions on the vacuum polarisation are qualitatively similar in both CadS and SadS.
For Robin parameter o € [0,7), there exists a critcal value oy € (7/2, ) such that
mode solutions are found to be unstable for a € [aeit, 7). For a € (0, epit), the

vacuum polarisation approaches the CadS Neumann limit <¢?V>Ten = W%LQ as r — oo,

and only approaches the CadS Dirichlet limit <<;A%>Ten = —m when o = 0.

In CadS, we derived ey = —tan=!(7/2). In SadS, the value of a..;; depends on the
event horizon radius ry;, and the curvature of the event horizon. The values of a4 in
SadS are given in Figure as a function of ry /L, where L is the adS lengthscale.
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We first considered CadS in the Lorentzian background, attempting to calculate differ-
ences between vacuum and thermal states, which would give rise to regularised results.
When Robin conditions were imposed, these results suffered from errors (see Figure
due to the representation of the Green’s function and the ‘e’ prescription employed in
section

We then looked at CadS in the Euclidean background, where an ‘i€’ prescription is
not required due to the uniqueness of the Euclidean Green’s function Gg. Here, we
calculated results with Robin conditions by taking a linear combination of Neumann
and Dirichlet results along with a regular contribution Gg (see equations -
B-127).

In SadS, we considered three different topological black hole solutions, namely the k£ = 1
case, where the event horizon has positive curvature, the kK = 0 case, where the event
horizon has zero curvature, and the £ = —1 case, where the event horizon has negative
curvature. In all cases, the vacuum polarisation was seen to be qualitatively the same.
The magnitude of the vacuum polarisation on the event horizon was different in each
case, but converges to the relevant limit as we approach the boundary. With Dirichlet
and Neumann conditions imposed, the vacuum polarisation was always found to be a
monotonically decreasing function, but this was not always the case when more general
Robin conditions are imposed.

We implemented Hadamard renormalisation in SadS by using the extended coordinates
method, which involves writing the Hadamard parametrix as a mode sum and perform-
ing the subtraction mode-by-mode. This method was found to converge very quickly.
For more analysis on rates of convergence and accuracy of results, see sections [5.6.1

and This calculation was performed separately for Neumann and Dirichlet
conditions. To consider Robin conditions, we were able to take a linear combination of
radial modes, using equation to save on computation time.

There are several ways to extend this work. The first is to employ results derived here in
the calculation of the stress-energy tensor (SET) in both CadS and SadS spacetimes.
This is more straightforward in CadS, where results already exist for the SET with
Neumann and Dirichlet boundary conditions imposed [110]. To calculate the SET, one
would simply need to apply the SET operator to G using a linear combination
of G§,GE . This amounts to a linear combination of <T;w>N, <T,uu>D> given
in [110], together with an additional regular part, which would need to be calculated.

The extension of the VP to the SET in SadS is more complicated since there do not
exist any known closed-form results for the SET with Dirichlet or Neumann results
imposed. In order to calculate the SET in SadS, we would require results for the VP to
be calculated to a high enough order in r that would allow us to take derivatives. We
would also need to calculate derivatives of the tail of the Hadamard parametrix, which
cannot be found in suitable mode-sum form in the £ = 0, —1 cases (see section [5.7)).

Results for the VP are yet to be found for topological black holes with compact event
horizons in the £ = 0, —1 cases. These black holes were discussed briefly in section
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The mode-sums in these cases are expected to be summations over £ rather than
the integrals found in , so numerical computation of these results should be less
intensive since a dense grid of modes is not required. The difficulty with this extension
is finding a useful coordinate system that allows for the compactification of the event
horizon.

All work presented in this thesis has been for a massless, conformally coupled scalar
field. This could be extended for general mass and coupling, a subject which was gently
touched on in section 5.7l The work could also be extended to Reissner-Nordstrom-adS
(RNadS), where @ # 0 in (4.2). The extension from SadS to RNadS is thought to be
fairly straightforward as many of the calculations are performed analytically without

specifying f(r).
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Appendix A

Hadamard form of Green’s
function

In this appendix, we determine the form of biscalars U(z, z’), V (z,2"), W(z,2’) in the
Hadamard form of the Green’s function (|1.185)), keeping points separated. These results
are rederived from [4]. We substitute ([1.185)) in the Klein-Gordon equation ((1.58)). This
gives us
§*(x — a")
—9(x)
where we have suppressed the ie terms for convenience. We can calculate

(0 —m? —€R) <Z+V1na+W>: (A1)

U U 1 1 1
Oo— =V*V,— = (V*V,U)= +2(V,U) | V*¥= U|V*V,—
’ Z o u>a+<u>( U)+ ( ug)

1 N _
= (DU)E +2U,,(—0 2o + UVH (-0 2V ,0)
1 2 . 2 1
=—gU — ;U;HO"M + U <0_3ququ — O_2D0'>

g

1

2 : 2U
= ;DU - EU;MO"” +

?A_IM(AI/Z);MUW (A2)

where we have used (|1.180} |1.184)) between the third and final lines to allow us to
rearrange, and we use the shorthand U,, = V,U. We also have

OV Ino] = VAV,[VIno| = (V*V,V)Ino +2(V,V)(VFIno) + V(V*V,1no)
=(@OV)lno + QVWEUW LAY <1VMO'>
o o
=(OV)lno + EV;#JW +V <—12> VFEaV o + KDO’
o o o

— (OV)Ino + %vwaw + % - %A‘W(Al/?) Lo (A3)

)
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using the same identities as before. Substituting into (A.1]) and rearranging, we find,
when 2’ # z,

1
(0 —m? ~ERW =~ ~(0—m? ~ ERU + ~ 2 Vot — 2UA V2AL) g
—(O0—-m? —§R)V1no——V 0’”—%
QZA LV2(AY2), o, (A.4)

Since logarithmic terms must vanish independently of other terms, we must have
(O —m?—€ER)V =0. (A.5)

Using the series expansion (1.187)) for V' (z,z’), (A.5]) gives us

(0 —m? —€R) Z Voo = Z [(OVy)o™ + 2Vpmo™ Lot
n=0 n=0

+n(n — 1)a" *Vyoto,, +nVyo™ too — (m? + (R)Vyo™]

oo
= Z [2Vn;una”_1a;“ + 2n(n 4+ 1)o™ 1V,

—2nV,o" TATV2(AY?) 4 (0 — m? — €R)Vio } 0
(A.6)
from which we can derive the recurrence relation .
Equation now takes the form
%0 —m? — ER)W = — o(0 — m? — ER)U + 2U,, 0" — 2UAY2(AY?), ot
— 20V, 0" =20V + ZUVA_I/Q(AI/Q)WJ’“. (A7)
Comparing coefficients of ¢°, we must have

2U., 0" — 2UATY2(AY?), 0 = 0. (A.8)

Solving this allows us to obtain ((1.186|). Substituting the series solution (1.187)) for V'
and (|1.188)) for W into (A.7]), we have

o(@—m®—ER)Y Wyo™ + (0 —m? — ER)AV? 42 (Z Vnan) ot
H1]

n=0 n=0

42> Voo™ =2 Vao"ATV2(AY?) ot =0, (A9)
n=0 n=0

We can note

(Vno™).pot = 0" Voot +nVyo" o0t = 6"V ot + 200"V, (A.10)
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using (T.180), and
o(0—m? — ER)(W,o™) =0T (0 — m? — ER)W,, + 2no" W, .0
+2n(n + 1)o"W,, — 20" W, A"V2(AV2) o#  (A11)

)

using (1.184)). Substitution of (A.10} [A.11]) into (A.9) and comparing coefficients of o”,
(1.190

we obtain (1.190)) as our defining equation for V;. Comparing coefficients of o™ we
obtain the recurrence relation ((1.191f) for the W,,.



Appendix B

Solving the wave equation in ESU

In this appendix, we solve the wave equation (3.8) using separation of variables. We
begin by writing
o7V (t,p,0,0) = A()B(p, 0, ¢). (B.1)

The equation can then be rearranged as follows:

ldQJ—l 1 g in2 % + 1 ﬁ 1119% + 1 6278 _B
Adz ~ B \sinZp Lop 7" Pop) Tsinooa \M" 90 ) T sinZ0 9,2
(B.2)

where the left-hand side now depends solely on ¢, and the right-hand side depends on
p, 0, p. This means we can set both sides equal to a constant. We have

A'(t) = —w? A (B.3)

for w € R, where we note that the separation constant must be negative in order to
give us time-periodic solutions. We find our solutions to be

A(t) = Cre™ ™! 4 Cge™* (B.4)

where for positive frequency modes we simply set Co = 0 and w > 0. Looking at
B(p,0,v), we have

Cme L [0 (e, OB LD (0B, 1 0B
(1 w)B—Sme p S p@p +sin980 sm@ag +sin298g02 - (BS)

We write
B(p,0,¢) = X(p)Y(0,¢) (B.6)

and hence find

11 o0 (. oY 1 0%y oy . 9 1d (., dX
v [sin@@@ <Sln080> +SH1208g02:| = (1 —w?)sin“p — a (Sln pdp) (B.7)
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The left-hand side of this PDE depends on 6, ¢ whilst the right-hand side depends only
on p, so we can set both sides equal to a constant. The left-hand side evaluated gives

the spherical harmonics, provided the separation constant has the form —¢(¢+ 1) [120,
eq. 14.30.11]. Then the radial equation has the form

d (.o d 2\ o2 _
[dp (sm 'Odp) (1-w)sin“p—¢(l+1)| X =0. (B.9)

We write

X(p) = (sinp)" H(p) (B.10)
for some constant A that we will determine. Substituting in the radial equation ,
we find

d*H dH
sin? p e + (2A 4 2)sin pcos p o

+ [A(A+1)cos® p— (A+1—w?)sin® p— (¢ +1)] H(p) = 0. (B.11)
Making the substitution x = cos p, we now find

d*H

(l—xQ)W—(zAﬁ)x‘fTHJr [w2 _(A+1)+ A(A+1) =00 +1)

1— 22

] H(z)=0. (B.12)
T

To make this look like the Legendre differential equation [120, eq. 14.2.2], we want
2A +3 =2, and so we set A = —%. The ODE (B.12)) now takes the form

2

1- QTQ)H”(QU) —2xH'(x) + [1/(1/ +1)— 1 ﬁxg] H(z)=0 (B.13)

where v = w — % and p? = (£ + %)2 The solutions can therefore be written

H(w) = BiP (@) + B:QL A (0 (B.14)

SN

for constants Bi, B2, where P)/(x) and Q},(z) are the Legendre functions of the first
and second kind respectively. Then the full radial function X (p) is

X(p) =(sin p) /2 (Blpﬁi% (cos p) + B2Q"", (cos p>> . (B.15)

1 _1
2

We need the solution to be regular at the origin p = 0. Using [120, eq. 14.8.1], we find

_(2441)

N (cosp) ~(1—cosp)” 4 asp—0. (B.16)

P

w—

N D=
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o+ . . . _
The Pwti terms in the radial function (B.15)) are therefore not regular at the origin,
2

o421 . .
so we must set By = 0. The thi terms are in general ill-defined whenever ¢ + w

2
is a negative integer (this can be seen by substituting pu — ¢ + % and v - w — %

in |120, eq. 14.3.2] and looking at where the arguments of the Gamma functions are
negative integers and hence undefined). We introduce Olver’s definition of the Legendre
function of the second kind 120, eq. 14.3.10],

e+
wr QU eosp) .
Q3 (00) = Fhar (B17)

1

which is valid for all £ and w. In fact, for w < ¢ we find fo_i (cos p) = 0 (this can be
2

seen from the expansion [120, eq. 14.3.2], which has a factor cos((¢ + 1)) in the first

term, which is zero for all integer ¢, and a factor ﬁ in the second term, which is

zero for w < £ and w € Z). To check that (B.15) is regular near the origin, we can note

that [120, eq. 14.8.5]

20+1

1
Q€+21 (cosp) ~ (1 —cosp) &+ asp—0. (B.18)
w—3

Then, expanding using Taylor series, we find that

2041 ¢

1 —cosp) 2 P 1
| (sinp)l)/2 e +0(p*"2), (B.19)
implying, for £ # 0
. (1 —cos p)%
lim P, = (B.20)
p—0  (sin p)l/2
and for £ =0 )
lim (L= COSP)T _ oo1a (B.21)

p—0  (sin p)l/2
The important thing here is that the solution (B.15)) is always regular as p — 0.

Absorbing other constants into the normalisation constant C,y, our positive frequency
modes are given by

‘ 1
PESU — WZe’“"t(sin,0)71/2ij;2 (cos p)Yem (0, ¢). (B.22)

wlm 1
2



Appendix C

Evaluation of (3.41)

In this appendix we give details of the evaluation of the integral in (3.41]):
/2
3= [t o Xolp) Xorlp) dp
0

/2
= /0 sin p Q" (cos p) QLI Y7, (cos p) dp

L (+1/2 04+1/2
Fl+w+ I+ +1) / Qu- 1/2( z) wf_l/g(iv) dx. (C.1)

From the ODE satisfied by the Legendre functions, we have

£+1/2 04+1/2
a (1-— 2) (+1/2 ( )de—1/2 _Q£+1/2( )de' 1/2
dz v w—1/2\0) w—1/2\F do

(+1/2 (+1/2
= (@2 = QY @Q (). (C2)
Integrating both sides from A to B, for B > A, gives

04+1/2 0+1/2
/ Qw+11//2 J {/2(95) dx

—(1_ B2 Q£+1/2 B Qitll//é B _Q£+1/2 B dQZTI{% B
= (1= B) |Q1,B)——2(B) - QB ——2(B)
dQ£+1/2 dQ€+1/2
12 w—1/2 14 1/2
—(1-4?) {@J%(A) 2 - QL —R )] ()

From standard properties of Legendre functions [120], we find that, in the limit B — 1,

dQlelﬂ
(- B B
T

w—1/2 (B) o< (1= B**2 0 (C.4)
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and so

/ ijr 11//22 eﬂ 5 () da

2 £+1/2 dQZTl{% 0+1/2 deJ+1l//22
= (1—4%) | Q) —2 () - QUL (H—E(4)| . (C)

Considering the case w # w’, on taking the limit A — 0 the right-hand-side of (C.5|)
is zero due to the boundary conditions (3.21)). When «’ — w, we use properties of
Legendre functions close to the origin [120} eq. 14.5.3, 14.5.4] to give

/ fo 11//22 Zfl 5 () da

1
=221 sin (2(w +w' + 26)7r>

. [r(;@ L+ 2))PGW +£+1) TEw+L+1)TGW +0+2)
P(5(w =00z = £+1)) P(5(w =L+ G = 0)

1
+ 2%~ 1rsin <2(w - w’)w)

y [F(;(w + 0+ 2))D (3w +€+1)) N F((w+ L+ 1) W +0+2))
I(5(w—0O)D(5(w —€+1)) I(5(w—L+1)0(5(w —0)

. (C.6)

We now divide both sides by (w’? —w?) and evaluate the limit w’ — w using L’Hopital’s
rule to obtain

/ QY2 ()0 V2 () da = 22T (3(U+ w4+ 1)D(5(L+w +2))
wm1/2(7) @tz a wl(5(w =L+ )T (5w — 1))
x [sin((w + O)m)(—C(w =L+ 1) = ((w —£)) + 7] b, (C.7)

where ((z) is defined in (3.42). Noting the dependence of w on n by writing w = wyy,
then, using relations for Gamma functions [120} eq. 5.5.5], we recover the result (3.41])
for the integral J:

7 [ = sin(m(wne + £)) (L + wne + 1) + ((wne — £) )] ‘

N — 5 ,
= Onn 8wne I'(€ 4 wye + 1) (wpe — £)

(C.8)



Appendix D

The Hadamard parametrix in

CadS

The singular part of the Green’s function Gg(z,z’), referred to as the Hadamard
parametrix, is formed from Synge’s world function o(z,z’) and the van Vleck-Morette
determinant A(z,z’) (see Section [L.3.2]). The Hadamard parametrix is then given by
. In four-dimensions, for massless, conformally coupled scalar fields, the lowest
order term in V(x,z’) vanishes [4], and so we can just consider the direct part of the
Hadamard parametrix for the purposes of our calculation. In adS, Kent and Win-
stanley [111] found that the tail of the Hadamard parametrix vanishes identically in
four-dimensions for massless, conformally coupled scalar fields.

In this appendix, we calculate the world function and the van Vleck-Morette determi-
nant in Cads to allow us to find the Hadamard parametrix. The world function o(z, 2’)
is given by

20(x,2') = s(x,2')? (D.1)
where s(z, ') is the geodesic distance between two points x,z’. Following work done
in [5123126] we consider two points &, & on E(23) and parametrise the geodesic between
these two points by a parameter p, such that £(0) =&, £(1) = &’. We will calculate the
world function on E(23) and then perform a transformation to find the world function

in the embedded space (which is adS space - see Section . The world function in
EZ3) is

08 (6, ) = Sru(et — E)(€ — ) (D.2)

where 7, is the metric over E23) given in 1) Restricting to the hyperboloid with
radius L and using the coordinate parametrisation given in (2.3) we can write

N’ = L? [7700 cos?t sec® p+ iy tan? p cos® 0 + naa tan? p sin® 6 cos? o

+n33tan? p sin? 0 sin® o + Ny sin®t sec? p] (D.3)
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and hence
77#!/5#51/ = muf’“fm =-I% (D.4)
We also find

NuwErE” = L? [7700 cost cost’ secp secp’ +mitanp tanp’ cos@ cosd’

+1mootan p tanp’ sind sin® cosy cos
+m33tan p tanp’ sind sin@ sing siny’ +nysintsint’ secp sec p’]

=17 [—(COS t cost’ +sint sin t’) secp secp +tanp tanp’ cosf cos®
+tanp tanp’ sinf sin®(sinp sing’ + cosp cosy’)]

=17 [— cos At secp secp' +tanp tanp’(cosf cosf +sinf sin@ cos Anp)]

(D.5)
and so we conclude

L?[— cos At + sin psin p’ cos 7]

Tluuglugy = nuuguflu = (Dﬁ)

cos p cos p’

where - is the geodesic distance on the sphere given in (|1.222f). Then the world function
on E3) restricted to the hyperboloid of radius L is given by

cos At — sin psin p’ cosy

opr(€,¢) =L [—1 + (D.7)

cos p cos p'

Now, of 1, is related to the world function o on adS via [126} eq. 2.73]
V2
cos <U> —14 ZBL (D.8)

which, when rearranged, leaves us with

. ) )
o(z,2') = 91,2 [cos_l <COS At — sin psin p/ cosry)}

D.9
cos p cos p’ (D-9)

We now turn our attention to the van Vleck-Morette determinant, which can be cal-
culated from the world function via . We shall begin by considering Os. To
calculate this, we fix ¢’ such that the geodesic distance is only measured in the direc-
tion of the polar coordinate, i.e s = 6. Then we obtain [111}/147]

Os = %cot (%) . (D.10)
We can also write
08 = gus™ = V29, (Vo) (D.11)

using (D.1]). Performing the derivatives,

1 i 1 . 1 .
Os = V2 <201/20W> =2 (—403/20’“UW + 201/20.’“> . (D.12)

S
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Using (|1.180)), we can write

Ds::v%a(mo——n. (D.13)

Substituting into ((1.184)), and using (D.11]) on the left-hand-side, we find

V2 V2 .
5 Ucot( U) =3 207 12A1 250, (D.14)

L L

Since adS is maximally symmetric, we can note the following:

A—I/Q(Al/Q)WO_;M — A~

7% _, (D.15)

where we have used (1.180]) between the first and second lines. Substituting into (D.14)
and rearranging, we obtain the straightforward ODE

dln A 1 1 V20
= :3<20‘Lm“’t< I )) (D-10)

Integrating both sides with respect to o, we have

InA = glna—?)ln (sin (?)) +c

=1In [03/2 csc? <L20>

where c is an integration constant. We can determine the integration constant using
the boundary condition ([1.182) and thus find

Az, ') = [\/I?Tf csc <\/%)

+c (D.17)

3

- (D.18)




Appendix E

9

Evaluating the sums in (3.121
3.123)

In this appendix, we focus on the evaluation of the sums in (3.121}[3.123), the Euclidean
thermal Green’s functions with Dirichlet and Neumann conditions imposed. We shall

begin by writing (3.121} [3.123) in the form

[e.e]
GE‘,D(X,X/) = HSTK;IP cos pcos p Z em“AT{S -5 (E.1)
n=-—00
E / Kk / - INKAT U
G&N(x,x)zmcospcosp Z e {5+ 5"} (E.2)
g n=-—00
where
= 9 —f— 1 _—1
S = (20 4+ 1) Py( T L+ D|*P. 3 P 3(-
\/SlnpSIHp’ ;:% +1)Py(cosy)[T(ink + £ +1)] ink— %(cosp<) m,.;_%( cos p>)
(E.3)
S = f: 20 4+ 1)Py(cosy)|T'(ink + £+ 1 )|2P_é_%1 (cosp)P._Z_% (cosp).
\/W = ink—1 ink—1
(E.4)

It is important to note that the order of p, p’ is not important when used in S’, but is
important in S. To evaluate these sums, we use the generalised addition theorem for
Gegenbauer functions [148],

D20 —1) = (D A4T\ — £+ 1L+ )?
L) = F'A+2a+7)

X (204 20 — 1)(1 — 22)2(1 — /)P0 ()OSt () e P (), (B.5)

CS(za — 2(1 — 2)YV2(1 — 2?)V/?) =

220
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which is valid for all complex A, o provided
2t (22 1/2‘ <@+ 1)@ +1)/(@—1) —1)]. (E.6)

Replacing o« — 1,\ — ink — 1,z — cosvy and {x,2'} — {cosp,—cosp'} if p/ < p or
{z,2'} = {—cosp,cosp'} if p > p', we obtain

= 445 [(ink — £)T(£ + 1)2 NN,
mn 1(cosy) = ZO (ink + £+ 1) (20 + 1)(sin p)“(sin p")

Cgﬁg'e 1<COSP<)C%gk (= COSP>)Ci/2(COSV) (E.7)

where v is defined by ([3.130f). Using the relationship between Gegenbauer and Legendre
functions 120, 14.3.21], we can write

1
_1 272772 + 20)T (ink — ¢
P 2 f(cos p) = 2 T(2+20T(ink = ) . Cf,;lfefl(cos ) (E.8)
AT Iink + 0+ 1)L+ %)(sinp)fﬁ*f
1
Py(cosy) = C} (cos7) (E.9)
and so (E.7|) becomes

Ol (eosy) = S A D) 2 VPN + 5)PT(ins + £+ 1)
2 Vompsmp [P+ 2T~ )

1 1

—1y 1y
X Pm’z_% (cos '0<)Pm:—% (—cos p=)Py(cosy). (E.10)
Using standard results for the Gamma function [120} eq. 5.5.3, 5.5.5], we obtain

U0+ )P[0+ 3)]*T (ink + €+ 1) isinh(nmk)
[['(20 4 2)]?T(ink — £) 2

T(ink +£+1)]2.  (E.11)

Then we can say
isinh(nmk)

1 —
Cinnfl(cos 1/}) - 2

Converting to Legendre functions on the left-hand-side of (E.12), we find

S = V2 P_% (cosp). (E.13)

sinh(nrk)y/sing  ins—3

Using 120} 14.5.12] allows us to write

S, (E.12)

_1
Pm;i—% (cos 9)) |2 sinh(nk)

smy V7w nksing

(E.14)
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and so
2sinh(nk)

~ sinh(nkm)sine’
To evaluate S, we use the addition theorem for Gegenbauer functions (E.5)) again, but
this time with {z, 2’} = {cos p, cos p'}, and a, A, z unchanged, so that

(E.15)

2 (=D)4'T (ink — 2
L (cosy) = S CDAT i — DI+ )

Ci T(ink+ €+ 1)

] (26 + 1)(sin p)!(sin /)’
/=0

Cf:nl o 1(cos,o)Cfr;1 . 1(COSp’)Cl}/2(COS"}/), (E.16)
with ¢* defined by (3.131). We restrict the inverse cosine function to [0, 7] so that

Y* € [m,2w]. Rearranging as before, we find

o _ 2 sinh(nky*)

. E.17
sinh(nkm) sin y* ( )
Substituting (E.15| [E.17) into (E.1} [E.2]), we arrive at
K
GH T = Jgn2pa C08 P eos P{X -Y} (E.18)
GNT = 16:2L2 cospcosp {X +Y} (E.19)
where
inkar Sinh(nke)
E.2
smw Z sinh(nkm) (E-20)
2 = INKAT SIHh(nH’¢ )
= —_—. E.21
sin ¢* nz_:oo ¢ sinh(nkm) ( )
Using [141, 1.445.4], we can write
4 0 k L ZTLHAT
X = — Eksin(k 55 E.22
7 sin ;( sin(ky) Z k2 + n2k? ( )

where we have swapped the order of summation since we have a uniformly convergent
double sum. Now, the sum over n can be rearranged as follows:

IMRAT 1 . cos(nrAT)

Z B rn2k? K2 + k2 +n2k2 "’ (E.23)
n=1

Substituting in (E.22)), we have
x= 2 i CD Gy + i(—l)k’lksin(kw)
T sin ¥

k=1 k=1 n=1

2. cos(nkAT)
k% +n2k?
(E.24)

T sin
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In the second sum, we use [141} 1.445.2] to evaluate the sum over n, which leaves us
with

B 4 e (_1)k—1 )
X = sin ¢ k:z k sin(ky)
)t meosh k(% — A7) 1
Wsmw Z k sin(kv) ( 2rck s (&) — 2k2> . (E.25)

Rearranging, we see that the final term in the sum cancels with the term at the front,
leaving us with

B . cosh k(L — A7)
= Hsmw Z Lsin(kep) sinh(l%r) ) (E.26)

The hyperbolic functions can be rearranged to give

1 _ 8 w 1. cosh(kAT)
X — _ — kAT 2 _1)k-1 —. (E.2
r—— ;smk(w e +— w;( )L sin (k) gy (B.27)

Using 141} 1.461.1], we can evaluate the first sum to arrive at

4sin(yp — ) 8 b1 cosh kAT
X =— -1 k) ———
K sin ¢ (cosh AT — cos(¢) — 7)) * K sin ;( )7 sin(ky) e2km/r — 1
2 cosh kAT
= — (k) ———. E.2
k(cosh AT + cos 1) RS]H@D Z sin(ky) e2kr/k 1 (E:28)
Similarly for Y, we find
2 8 > cosh kAT
Y = — —1)*sin(k¢p*) ———— E.2
k(cosh AT + cosy*)  ksiny* ;( )" sin(ky )e%ﬂ/’i -1 (E:29)

Substituting (E.28| [E.29) into (E.1§ , we arrive at our desired results (3.128
3.129).



Appendix F

The Hadamard parametrix in
ESU

In this appendix, we calculate the Hadamard parametrix in the Euclidean background
of ESU, following a very similar method to Appendix [D] Using the Euclidean ESU

metric and coordinates , we obtain
€€ = (€92 + (€17 + (€)° + (£)* + (€9)?
=2 [7'2 +sin? p cos? 0 +sin? p sin? 0 cos? ¢ 4 sin? p sin? 6 sin? p + cos? p]
=L? [ +1], (F.1)
and similarly
NuwEMe” = L* [1? +1]. (F.2)
We also find
Nu el = L* [77" +sinp sinp’ cosf cosd’
+sinp sinp’ sinf sinf cosy cosy’
+sinp sinp’ sinf sin® sinp sing’ + cosp cosp'], (F.3)
and, after rearranging,
N e = nu e = L? [TT/ +sinp sinp’ cosvy + cosp cos p/] (F.4)
where v is the geodesic distance on the sphere given in .
The world function in ESU is then given by

1 1
opsu(&,€) = L? 572 + 57'2 — 77"+ 1 —sinp sinp’ cosy—cosp cosp’|. (F.5)

In section we require the ESU world function in the partial limit p/ — p, 8" —
0, ¢’ — . In this case the world function (F.5)) becomes

1
lim opsy = §L2AT2 (F.6)

X' =X
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where AT =7 — 7'.

The van Vleck-Morette determinant A(z, ) is given in [4, eq. 53] as a series in o by
1 0y
AY2(z,2") =1+ Ty Rwoto + O(c%/?). (F.7)

In ESU, the Ricci tensor is

0 0 0 0
0 2 0 0

L 2sin? p 0 ’ (F.8)
0 0 0 2sin? psin? 6

and so we find

1 o LP
ERMVO"“O"V =5 [sin pcos p/ — cos psin p’ cosy
+sin® psin p(sin  cos @' — cos #sin @ cos Ay + sin® fsin @’ sin Agp)] .
(F.9)

Therefore, in the partial limit p’ — p, 8 — 6, ¢ — ¢, the term -5 R, 0*c" vanishes
p P ¥ ¥ 121t

and (F.7) becomes
lim AY2 =14+ 0(A7%). (F.10)

x/'—x



Appendix G

The Euclidean Green’s function

in SadS

In this appendix, we solve the Euclidean Klein-Gordon equation on SadS (5.17) by
writing the Green’s function G¥ in the form (5.20). The D’Alembertian of the Euclidean
Green’s function on SadS can be written

0GE = 0,(,/39" 9,G7)

V9

- & 2 o N~ inkAr (k)

_ K 2 T - inkAT ~(k) ) 2 ijq. - inkAT (k)
212 Fr(0) [87’ (T Fr(0)g""0- nzzooe 9n ) + 0i <7“ Fi(0)g”0; n:Zooe G, )]

2 z] INKAT 2,22 -1 _inkAT (k)
QWT% [Z 0 (r2Fr(0)g7 0,6 A7) — 022 Fi(60) f(r) e gn]

n=—oo

(G.1)

where Greek indices run over all four coordinates, whilst Roman indices run over the
spatial coordinates (r, 6, ¢). The wave equation (5.17]) becomes

& inkAT

ke 2.2 o Fk(0) (k) 2 ij 5. (k) _} 2 (k)
2y 2m2fk<e)( Ty I T O Fu0)g°0,6,7) = G R (0)di

Z’VLKZAT

=— Z 572 S(r—r"o(, Q). (G.2)

Taking everything over to the left-hand side, we obtain

Z €mHATM£Lk) -0 (G3)

n=—oo
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where
k) _ K 292 9Fk(0) ey L 42 ij e (k)
Mn 2FT2fk(9) < noReT f(?’) gn +a%(r fk(g)g a]gn )
—%Rﬂfk(e)gg’“) + Fr(0)6(r — 1)6(Q, ) ) . (G.4)

We multiply (G.3) by e~ "MRAT and then integrate over AT, i.e.

27 /K ] e .
/ efzmiA‘r Z eZnKATMgf)dAT = 0. (GE))

AT=0 n——o0

Swapping the sum and integral, and then performing the integral, we can see

[e.9]

> TP =0 = MP =0 (G.6)
In other words,
_7125@ (S, ) :@@(ﬂﬂ(f))gﬁaﬂ% - (éR + 7}()) G
:%[ar<r2fk<e>f<r>argw> + Da(Fi(0)h DG )]
_ (éR i ’;"f) G (@)

where hg;, is the two-metric over the topological horizon, that is

=0 50 ) (©8)

We must now consider each topological event horizon separately.

G.1 Spherical horizon

First, we look at the spherical case, where k = 1 and F;(f) = sin§. The eigenfunctions
of the Laplacian on the 2-sphere are Legendre polynomials [147],

ﬁ@a(sirﬁ het 9y Py(cos~ys)) = —L(£ + 1) Py(cosvs) (G.9)

for integer ¢, where g is the geodesic distance on the sphere defined in (5.25). We can
write 6(Q1,)) as a sum over Legendre polynomials via [1, eq. 10]

2+ 1
5, Q) = 1 Lelcoss). (G.10)

£=0
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We can then write G,, as

GO (0,07, 0, &) Z 22D b coss) X D7) (G.11)
/=

for some radial Green’s function X &) (r,7’). Substituting this into 1' we find

= Ly 2£ +1
-3 Lot =) Pieos )
=0
20 + (1) 41y 1 n2k2 (1)
— Z Pg (coss) [7’ (1 f( )0 X, ) — < 2 + 6R+ ) X/
(G.12)
Taking everything over to one side, we can write
i (cos 2 =
V)P =0 (G.13)

£=0

where

111 00 +1 1 n2k2 1
‘@’(Lz):[r Or(r” f(r), X)) - <( ) Lpy >X7(L?+r25(r—r').

2T 72 6 f(r)
(G.14)
We multiply m by P(cosvys) and integrate over cos~yg, i.e.
1 o
/ (cos fyg)t@r(é) d(cosvys) = 0. (G.15)
COS’YSzfl €:0

Swapping the summation and integral, and performing the integral using the orthogo-
nality relation for Legendre polynomials [120, eq. 14.17.6], we can see that

S 6u2) =0 = 2L =0 (G.16)
=0

This relation gives us the radial equation (5.24)) for & = 1.

G.2 Flat horizon
The eigenfunctions of the Laplacian on R? are Bessel functions [147],

1
éaa(ehabab,]o(em)) = — 02 Jo(tyR) (G.17)
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for all real, non-negative ¢, where vg is the geodesic distance in the Euclidean plane
(5.26). In this case, the spectrum of eigenvalues is continuous. From [120, eq. 1.17.13,
1.17.21], we can write

5(Q, %) = 1 / ¢ Z T (€0) T (00" exp(imA) dl

1 o0
— 1
=5 Uo(ﬁm) e (G.18)

where we have used |120} eq. 10.23.7]. We can then write G\ in the form

o0

GO (r, 0,00, 0, ¢) = o EJO(EVR) x )(7“ ') de. (G.19)
™
Substituting into (G.7]), we obtain
=Y o=y [ty ac
27"27[' =0 VYR
I 1, 5 21 n?E?\ ()
— — O b Xne) — | 5 + = X /| de. 2
=5 ZZOEJO(E')/R) [728 (ref(r)0r Xone) <7“2 + 6R—i— o hy; (G.20)
We bring everything over to one side to write
/ CIo(tyr) 29 de = 0 (G.21)
(=0
where
29 - L1145 02pmox®) - (£ e ) x0 4 L -] @2
nt o | 72 T T nl 72 6 f(’l") nl 72 ! '

We multiply (G.21) by vrJo(m~ygr) and integrate over g, i.e.
/ 'yRJo(m’yR)/ KJQ(K’YR)QZfL%)dE d")/R =0. (G23)
vYr=0 /=0
Interchanging the order of integration,
/ 12 (/ ’ijo(m’}/R)Jo(E”yR)d’yR> @7(3) dl = 0 (G.24)
£=0 Yr=0

where the integral over yr can now be performed using [120, eq. 1.17.13], and hence
s(t—m@Wiat=0 = 20 =o. (G.25)
=0

The relation gives us the radial equation ([5.24]) for & = 0.
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G.3 Hyperbolic horizon

From [147], the eigenfunctions of the Laplacian on the hyperbolic background are con-
ical (Mehler) functions,

1 1 )
ma (smh@ h9,P_ 1+w(cosh’yH)) = - (4 + £ > Pféw(cosh'm) (G.26)

where ¢ € R and g is the geodesic distance on the hyperbolic background .
As in the previous case, the spectrum of eigenvalues is again continuous. We therefore
require a representation of the delta function involving an integral over conical func-
tions. One of the main results for the conical functions is the generalised Mehler-Fock
transform [120, sec. 14.20(vi)] , which says that for some function .7 (¢), we can write

r (; o+t w) 2 /:o Pl (09 (@) do (G.27)

=1
G () = /0 h Pty (@) F (Dt (G.28)

for p > 0. Rearranging (G.27)), we can say

1
/ _7+w — 51nh(£7r) <2 —p+ if)
=0

#(0) = £ sinn(en)

™

where

2

o
X L 1P“lw( )Pf%+w(x’)%(x') dr’ dt  (G.29)
which, after interchanging the order of integration, implies that we can write the delta
function
h_ [T 1 i :
. . ’
Sz —2a") = /z:o ;smh(&r) r (2 —u+ z€> Pt L (@ )P’_%W(m) de. (G.30)

Substituting x = cosh § and using the exponential representation of the delta function
1120} eq. 1.17.21], we find

§(Q_1,9" ;) = 6(cosh @ — cosh §)5(p — ')

0o 2

L[~ . 1 , i
=352 gzoﬂsmh(&r) L:Z_OO ’F <2 —u+ zﬁ) P‘j%ﬂ,[(cosh H)P’j%ﬂ,z(cosh 0")e e | d.
(G.31)
From [120} eq. 14.18.4], we can write
P 1+Z£(cosh7H) = Z (—1)“P:§+M(coshG)Pféﬂ,e(cosh9')6“‘A‘P
pH=—00
- L(3—p+il :
= Z (—1)“M1’3M1 , (coshH)Pf%JrM(coshG')eZ“A“’

(3 +p+il) —ztil
(G.32)
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where we have used [120, eq. 14.9.13] between the first and second lines. Now, using
standard relations for Gamma functions [120, eq. 5.5.3], we can write

F(;—u—kz'é)

2

2

_ =D cosh(¢m)

(3 —p+il)
; T Rt (G.33)

I'(5+

and therefore

cosh(4m)
P_ 1+Z£(cosh7H) T Z ‘ (—,u—i—zé)

p=—00

x P",  (cosh@)P!

1 (cosh )2, (G.34)
2

—L+ie

Substituting into (G.31]), our delta function can be written

1 oo
51,9 )= — Ctanh(¢m)P_1;,(coshyg) de. (G.35)
21 Jo=o 2

We therefore let our Green’s function take the form

[e.o]

GV 0,007, 0, Q) = Ctanh(¢m)P_ 1y (costh)X(El)(r,r') de.  (G.36)

271' =0

Substituting into (G.7]), we obtain

1 /

- —0(r — h P h
2r27r5(r ') . Oﬁtan (4r) 1 so(coshyg)dl
1 oo

= 1 2 (1)
=5 #0Ktanh(ﬁﬂ)P_%+i€(cosh7H) [Tar(r Fro. x5y

2

1 2| n?k? (—1)
- <47"2 + = 6R—|— f(r)) X ] de. (G.37)

Bringing everything over to one side, we find

[e.9]

Ctanh(¢m)P_ 1 (cosh’yH)L@fw Yae=o0 (G.38)
£=0
where
-y 171 1 12 1 n*R?\ L 1 )
- xt 5 —1")] .
2, 5 [r (2 f ()0 X, ) — <4 5+ 5 +6R+ iy ) e +T25(r ')

(G.39)
Returning to (G.27HG.28)), we can rearrange in a different way to obtain

1

2/00 Pt (z)P" (x)dz F(m) dm

ﬁ(ﬂ):/ — sinh(4m) P "1 im
(G.40)

m=0 T
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and so derive

5l —m) = £ sinh(¢r)

s

2 roo
/ P“1+M(x)P“ (x) dx. (G.41)

1 .
-1 "2 —gtum

I‘(;—u—FiE)

Substituting (G.34) into (G.38)), we find

<y > 1
£ sinh T (=i
/é_oﬂsm (¢m) Z ‘ (2 ,LL—I—M)

p=—00

2
Py (cosh) PP, (cosh 0")er2e 21 de = o,
2

Lyt

(G.42)
We multiply both sides by P", Hm(cosh 6)P", +¢m(COSh ) and integrate over cosh 6
2 2

and cosh@ from 1 to oo. Interchanging the order of the integral and the sum, and

using (G.41)), we find

T > 1 : ~1)
— cosech/(¥ 0l —m e’“A‘p,@( d¢ = 0. G.43

p=—00

We can now multiply by e~"2% and then integrate over Ay,

o 3 L (=1)
‘ " o - = 0. 44
/éo g cosec (€m) Z e _M+i£)‘25(u v)o(l —m) P, , dl =0 (G.44)

p=—00
Finally, performing the integral over ¢ and the sum over u, we find
cosech(m)

T
m \F(% —v+1im)|?

2-D =0 = 21—, (G.45)

This final relation gives the relevant radial ODE (j5.24) for k = —1.



Appendix H

Calculating Oo

In this appendix, we calculate Oo in SadS spacetime, given by the metric (5.1). This
is required for the calculation of the van Vleck-Morette determinant from ([1.184)). By

definition, we have
Oo = g"(0,0,0 — Fﬁya)\). (H.1)

For the remainder of this appendix, we shall use the indices (i, j) to refer to coordinates
(7,7), whilst indices (a,b) will refer to angular coordinates. By writing o = o(¢,7,7)
where v = (0, ¢) is the geodesic distance, this means

Oa = 0nVa (H.2)
via the chain rule, and so the second derivatives of o are

O-vab = I:O-:'Y’yva]vb = 0'7777’(1’)/717 + O-’ry'-}/,ab. (H3)

We have the following results for the Christoffel symbols:

1
Il = §9ab[5z'9bj + ;g — Obgij] = 0 (H.4)
, 1 . ,
ab = —59" hGab = —79" Nap (H.5)
1 _ .
gb = 57“ 2h0d[7‘28ahdb + Tzabhda — 8dhab’r’2] = Ffj (H6)

where hgy, is the 2-metric that determines the geometry of the black hole event horizon

(G). Using (EHEE) we find

Oo = g0 — g”l“fja,k + 7”_2hab77a77b07w + T_Qhab%abaﬁ

+ T_QhangWUﬂ‘hab — r_2hangbfy7caﬁ

) ) ) 2 1 .
= g"0,5 — g0k + 172y 0 vp0 4y + ;QTTU,T T 3 (H.7)
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where .
By = by — Dipv.el- (H.8)

Our method for calculating 07 follows that in [147]. In S?, the D’Alembertian is given

by
2

0= (sin@)_ldile (sin&ja) + (sin&)_QCZOQ.

If we fix the point 2’ at the North pole (i.e. 8/ = 0), then the geodesic distance between
the points = = (0, ¢) and 2’ is given by vg = 6 and so

(H.9)

. . 1 d . . _
Ovs = (sinys) 1@(3111 7s) = (sinys) " cosys = cotys. (H.10)

In R?, the D’Alembertian is given by

1d (. d 1 d?
i O Tl . H.11
- 9d0<d9>+92dgp2 (H.11)
When we have coordinates centred about 2/, the geodesic distance between x = (6, ¢)
and 2’ is yg = 6 and so

OYr=———"7R =15 - (H.12)

Finally, in the hyperbolic plane, the D’Alembertian is

2

O = (sinh (9)_1i <sinh Hd) + (sinh §) 2 d (H.13)

do do do?

The geodesic distance between z and 2z’ is yg = 6 for coordinates centred about 2/,
and hence

Oy = (sinh'yH)_ld;iH(sinh'yH) = (sinhyg) ! coshyg = cothyy. (H.14)



Appendix 1

Frobenius series approximation
to radial function

In this appendix, we find the indices a1, s in the Frobenius series approximations
(593} |5.98) of solutions of the homogeneous version of ([5.24)). We shall begin near the
horizon. Substituting (5.93]) into (5.91) gives

2.2

S (e + e+ =1+ (n+) - 25| (= )2

J=0

S (2L AN v T e
JrJZ:O][(TijI(T))(1+‘7) 6f1(7“)R+r2f1(7“)]( W)W =0 (L)

where we have now defined f(r) = (r — rp,) fi(r) for some function fi(r) that is finite
and non-zero at v = r. At leading order, we find

2,2

ao [al(al -1+ a — ]:(7:)2] =0 (1.2)

where f1(ry) = 2k. Since ap must be non-zero for non-trivial solutions, we find

n

5 (1.3)

a1::|:

The coefficients a; for j > 0 are found via a recurrence relation that can easily be
computed in Mathematica.

We now turn our attention to the radial function g,¢, which satisfies boundary condi-
tions at infinity. We search for a Frobenius series of the form (5.98). Substituting this
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into (5.96)), we obtain

S0y (a4 daa 7= 1) = 2o ) — o] s
=0

6
6f2(5)

- fé(s) -\ ao+ji—1 - ) |:W _ n2l€2:| sty _
+jgob]f2(s)(a2 +.7)S J +J§Ob] fQ(S) fQ(S) S 7=0 (14)

where we have written f(s) = fa(s)/s?. At leading order, noting that f>(0) = L=2, we
find

L?R
Ozz(ag - 1) - 20&2 - T =0. (15)
Solving this quadratic, we find
3.1 212
=—+- —R. L.
a9 5 9 9 + 3 R ( 6)

As before, the coefficients b; can be found by using Mathematica to evaluate the recur-
rence relation.
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