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In this work an integral formula for a matriz polydisk is obtained. For a function from the Hardy class
it allows to recover its value at any interior point from its values on a part of the Shilov boundary.
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1. Statement of the problem and preliminaries

Consider a class of holomorphic functions in a domain D that behave reasonably well near
the boundary dD. Carleman’s formulas solve the problem of recovery of a function from such a
class from its values on a set of uniqueness M C 9D for this class, which does not contain the
Shilov boundary of D.

One-dimensional and multidimensional formulas were studied in the monograph [1]. In the
paper [2] a new method is proposed for finding Carleman’s formulas in homogeneous domains
using a domain’s automorphisms. In the present paper we use this method for a matrix polydisk.

Let Z = (Zl, Z2, ..., Z") € C"[m x m] be a vector of quadratic matrices of order m over the
field of complex numbers C. The unit matrix disk is defined as the set

T={ZeClmxm|:ZZ* <1},

where Z* = 7 is the conjugate transpose of the matrix Z, the notation ZZ* < I (I is the unit
[m x m]-matrix) means that the Hermitian matrix I — ZZ* is positive definite. The skeleton of
a matrix disk is the set

S(r)={ZeClmxm]:ZZ*=1I}.

The direct product of matrix disks
T=T,=1"={Z=(2",...,2"):Z7 er,j=1,...,n}

is called the matriz unit polydisk T = T,, in the space C" [m x m].

The set S(T) = S(7) x --- x S(7) is called the skeleton of T (see [3]).

To formulate the main result, we need the following Carleman formula for the unit matrix
disk obtained in [2]. Let the set M C S(7) have positive measure p; M > 0. Denote

Mo ={§:6€ M,§ = Au, [N =1}, u € SU(m), (1)

M'o={u:ue SU(m),m My, >0},
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where SU(m) is the group of special unitary matrices, i.e. det(u) = 1, m; is the normed Lebesgue
measure on the unit circle QU. Further on, let

1
¢o = expy, where () = /
Moo,

1 ntA dn
2w

n=XA n’
The Hardy class H'(D) is defined as follows: a holomorphic in D function f(z) belongs to
the class H(D) if

sup / o) dus < oo,
S(D)

og<r<1

where p1 is the Lebesgue measure on the skeleton S(D).

Lemma 1 ( [2]). Let f € H' (7). Then the formula

®0(§)

10 ©0(0)

i [ f16)] ydug )

N fM{) dﬂ,l l—oo J s

holds.

2. The main part

Let ®4(Z) be an automorphism of a unit matrix polydisk T, rearranging the points A € T},
and 0. Such an automorphism has the form (see [4, p. 84|)

a(Z) = (Pa(z")..... Ph("))

where
V(L) = Q2 NI~ () ) (@)

@’ and R’ are [m x m]-matrices satisfying the following conditions
9 (1 - ZjAj') o' =1, (I - AJ”Zj) R =1,
QAT + AVRI = 0.
In particular, for A =0
Do(Z) = (@5(2"),..., PG ("))
and o o
OY(27) = Q' 7/ (R7) .
Let E= (E',...,E") C S(T) and pE > 0; ‘¢ = (£2,..,¢") € S(Tp—1).
Define the sets

Boc={2:2 ¢ B,0}(2") = A, 0}(Z7) = 0{(¢),j = Tn, A € S(n)},

Eoy={Z € E:mEy¢ >0}.
Lemma 2. Let f € HY(T,). Then the following formula

f(0)

@0(5)}1@

i [0

a fEO d/u'm(n—l) l—oo Jg

1 N+ Adn
1?0(5)—27”/E 1/’7_)\7]’

holds. Here pg = exp iy and

1
0,¢

where Eé’gl is defined the same as in (1).
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Proof. Let ‘¢ = (€2,...,6") € S(T,,_1). Then by Lemma 1 we have

lim F(©lpo(€)/0(0)]) dpas.

fEO c d.‘“_”>O Eo¢

f(0) =

Integrating both parts of this equation over EO, we obtain formula (3) since

/| ) f<£)[i§§§ﬂldm <|[ (T)ﬂs){jﬁggi]ld / . f(f)[zzggg]ldm <
<IO1+ [ 15l

Here we use the facts that pg(Z) is the “quenching” function, and the Cauchy-Szegs formula
is applicable for the function f in 7 (see [4, p.93]). Therefore the transition to the limit under
the integral sing is possible by the Lebesgue theorem. O

1|+

Formula (3) recovers the value of the function f at the point 0 from its values on E. Now,
with the help of this formula, we shall prove a formula recovering the value of f at an arbitrary
point of the domain T,.

Denote

\5 = (€2a ’gn) € S(Tn—l)v
Bag={2:2 ¢ B,o4(Z') = X\ ®4(&) = X% (¢),j =Zn, A € S(r) }.

_ This set is measurable with respect to the measure j; for almost all A and ‘¢. Denote by
E4 the set {*¢:'¢ € S(T)—1),t1E4,¢ > 0}. The Fubini theorem implies that the (mn — m)-
dimensional Lebesgue measure of this set is positive. Denote

1 +Xd
pa=expa, Yall) =5 /El Z—i)\#’

where E1 1 = {gl e B¢ = (o))" (A(qﬁ‘)‘l(w)) LN = 1} . W e ®L(SU(m)).

Theorem 1. Let f € HY(T,), E C S(T,), n(E) > 0. Then for an arbitrary point A € T,, we
have the following formula

)= i [ 5] 2 ﬂlj (9.7)auz. @

Here

H(A, Z') =
(4%,2°) det(I0m) — AiZi)™

is the Cauchy-Szegd kernel for the (matriz) generalized disk.
Proof. For A = 0 the statement of Theorem 1 was proved in Lemma 2. Let f4(&) = f(®,"()).

Then f4(0) = f(A). It is known that f4 € HY(T,,) (see [2]). By applying Lemma 2 to f4 and
then performing the reverse transformation, we obtain

wa(§)
pa(A)

F(4) = ”E _ lm f(f)[ ]du(%(f))- (5)

IEA dmn—m (I)Zl(EA)) fmeo E
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Since
dp (P4 (§)) = |det J(&, A)| du(§),
where J(A, &) is the Jacobi matrix of the transformation ®4(Z), and (see [4])

[T H (A, E)H(E,A)
det | (&, 4)| = =

H(AI, A
j=1

the application of formula (5) to the function f(¢) [[ H~1(¢/,4") € H'(T},) gives (4). O

J=1
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®opmyna Kapaemana jis MATpUYIHOTO MOJIMIACKA

Baxoapip A. IllonmMKyJioB
2Kapobek T. Bo3opos

B pabome mnoayuena unmezpasvnai Gopmysa s mampuunozo nosuducka. Ias Pynryuld u3 xaacca
Xapou darno ymeepotcderue, no360AAIOULEE BOCCMAHOBUMD 3HAUEHUA GYHKUUL 80 BHYMPEHHUT MOUKAT
NOAUOUCKG NO €€ 3HAMEHUAM Ha wacmu eparuyse [Hunosa.

Knmoueswie caosa: gopmysa Kapaemarna, mampuunviti nosuduck.
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