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Construction of Measure by Given Projections
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In the paper the general form of absolutely continuous with respect to the Lebesque measure charges with
given projections together with an algorithm for the construction of such charges have been obtained.

Keywords: measure, absolutely continuous, algorithm of the construction.

In the work "Some unsolved problems in analysis and probability theory" the following prob-
lem has been posed: To describe the class of all compatible finite-dimensional distributions with
given marginal distributions (see [1], problem 7). This problem was solved in [2-5] (see also
[6-8]). This subject is closely connected also with the main problem of tomography and the
theory of measure concerning construction of a measure by its given projections. In this paper
we give a method of construction of all absolutely continuous and discrete charges (measures)
by their given projections. To explain the obtained results we give a version of the theorem in
the two-dimensional case:

Theorem. Any absolutely continuous charge m (A; x Aa) given on the o—algebra of subsets
of R x R with projections mi1(A1), ma(Az) (my (R) =ma (R) =1) has the following form:

mrx ) = [ [ Giwydsdy+ [ [ Gl y)dm (@) dma (o)~

A Asg A As
o) ([ [ 6o+ [ f G ) (@) dma (1)) -

“ma () ([ o sy [ Gy don () d )+
oy (Ar) - (As) (1+ [ [ e nasay+ [ [ 6o gydm @yams <y>),

where Gy, Gy are integrable functions (with respect to the Lebesque measure and my - ms, respec-
tively.)

Thus, for a couple of functions G, G2 we give a rule for construction of a charge with given
projections. Conversely, any charge with projections mi, mo can be represented in the form as
above with some functions Gy, Gs.

This representation of charges can be used for construction and the description of the class
of all measures with given projections, to recover measures possessing certain properties, and in
problems of probability theory and tomography.

Assume that f; (z;), are Lebesgue measurable and integrable functions on sets X;, i =1, | n.
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On the Cartesian product X; x X5 X ... x X,, introduce the following classes of functions:

le{G:/ / G(xl,...,a:n)dml,...,dxn<oo},
Xl Xn

Ly (f1, ooy fn) —{ /X1 / x17...7fcn)kf[1fk(xk)

dxl,...,dxn<oo}.

For functions G; € Ly and Gs € Ly (f1, ..., fn), respectively, define the functions
Uy (1, ..., 2n) =Gy (21, ..., @ Z fr (zk) / /G1 xl,...,xn)Hdz;ﬂL

i=1 k=1 k=1

k#i k#i

n

—|—(n—1)]];[1fk(xk) /Xl/X Gl(Z‘l,,xn)Hdﬂfk, (1)
U2($1,...,xn):GQ(fE17...,xn)_Z/"'/GQ(.'L'17..., ka T d(Ek+
i=1 .
7l k;éz

+(n1)/}(1.../)“6'2(&,...,xn)ﬁfk(xk)dxk,

where [--- [ denotes the integration with respect to 1, ...2;—1, %41 ...2, (ie. the integral
#i
by x; is absent).

Theorem 1. Assume that on the o—algebra of subsets of X;, 1 = 1...,n n > 2, there are
given absolute continuous charges

mi (A;) :/fi (x;)dxi; m; (X;) = 1.

Then for any set functions G1 € L1, Go € L1 (f1, ..., fn) defined on the o—algebra of subsets
of X1 X Xo X ... x X, the following charge

m(Alx...xAn):/An-/A Uy (1, -y ) ] Fo (o) A+ Uz (2, o 20)) | ] dae (2)
1 n k=1

k=1

is an absolutely continuous charge with projections m;, i =1..., n. We denote the set of such
charges by M. Let T be the set of all absolutely continuous charges with projections m;, i =
1...,n. It is clear that M C T.

The following theorem gives the converse inclusion M D T.

Theorem 2. Let

m (A % ... xAn):/ / Fay, o mn) [] daw
A1 An k=1
be an arbitrary charge given on the o—algebra of subsets of X1 x Xo X ... x X,, with projections
Z/ fz(xz)dxz, mi(Xi) 21,i= 1, o,
A;
Then there are functions (explicitly given by f) G1 € L1, Go € L1 (f1, ..., fn) such that m has

the form (2). Thus, the set of all absolutely continuous charges with projections m;, i = 1, n
coincides with the class M.
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Summarizing Theorems 1 and 2, we get a general form of absolutely continuous charges,
which gives an improvement of the Radon—Nikodim theorem.

Theorem 3. Any absolutely continuous charge m, given on the o—algebra of subsets of Xy x
Xo x ... x X, with projections

ml(A»:/A fi(xi)da?i; mi(Xi):l, i:L...,n,

has the form (2), where G1 € L1, Ga € L1 (f1, .-, fn)-
For non-negative charges (measures) we obtain the following

Corollary 1. Any absolutely continuous measure given on the o—algebra of subsets of X1 x Xa X
. x X, with projections m; (4;) = / fi(zi)day; fi (x;) 2 0, m; (X;) = 1 has the following
A;

form
m(A1><...xAn):/Al---/An(l—&-Ug(xh...,xn))klillfk(xk) dzy,

if and only if Us > —1.

Proofs of theorems.
The proof of Theorem 1 follows from the following lemmas.

Lemma 1. Assume that on the o—algebra of subsets of X; there are given absolutely continuous
charges

mi (A;) = /A Fi (1) da

m; (X;)=1, i=1,...,n, n=2
Then for any g1 € L1, g2 € L1 (f1, ..., fn) satisfying the following conditionsi =1, ..., n:
/"./gl(xlv"'7xn)dek:07 (3)
#i i

/---/gg(xl,...,xn)ka(zk)dxk:O (4)
i k=1
g ki
the following set function on the o—algebra of subsets of X1 x Xo X ... X Xp;
m(Ar % ... x An) :/ / (91 @1, s w0) + ] F (o) (L 02 @, - )] T o
Aq A, k=1 k=1

is an absolutely continuous charge with projections m;, i =1..., n.

Proof of the Lemma 1. We note that any set function given in the form of the Lebesgue
integral with respect to some measure from a summable function is an absolutely continuous
charge in relation to the same measure. Therefore the set function m(A; x ... x A4,) is an
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absolutely continuous charge with respect to the Lebesgue measure. Let us prove now that the
projections of this charge coincide with the given charges m;. Indeed, for alli = 1..., n we have

m(Xy X xXjm1 X Ay x Xjp1 X - x Xp) =

1
/X1 / / [91 xl’"'vxn)"‘ﬁfk(mk)(l-l-gz(xl,...7xn))]kf[ldxk:

k=1

:/A /.../gl(xl,..., Hdéﬂk+fl :CZ/ /ka (wg)drp+
' #i # i

k;ﬁz

+fi(xi)/~--/g2(x1,..., ka x) dzy | dz; =

k;éz

:/Aq-, fi (xi)dwi/ /H fi (@r)dze = m; ( H mu; (Xi) = m; (4;).
74 k;éz k;éz

Lemma is proved. O

Lemma 2. For any G1 € L1, Gy € L1 (f1, ..., fn) the functions Uy and Uy satisfy the condi-
tions (3) and (4), respectively, for all i=1...,n

Proof of Lemma 2. We shall give the proof for ¢ = 1; the remaining cases i = 2, ..., n, can
be proved similarly. Integrating U; by x,, we obtain

/U1(x1,...,mn)dmn:/ Gy (z1, .y, Tp) —
X, X

n

> 1T f (e / /G1 (z1, -, I dae—
i=t k=1
k#1 k#i
—ka(wk)/"'/GH 1, Hda?k+
k=1 )
k#n 74 k;én
+(n—1)ka($k)/ / Gy (z1, dekl dr, =
k=1 X1 Xn
n—1n—1
— G (1, , Tp) dxy, — /.../G1 1, , dekx
Xn i=1 k=1 ; k=1
k#i #i k#i
n—1 n
X fn(xn)dxn_ an fEn / / Gl xl, ey ‘T’I’L)dek—"_
Xn k=1 X1 p—
n—1
+(n—1)ka xk/ / Gy (1, ..., dek/ I () dy, =
k=1 X1

— 247 —



Shaturgun Sharakhmetov Construction of Measure by Given Projections

= Gl(xl,...,xn)dxnfz / /G1 xl,...,xn)dekJr

Xn i=1 k=1 =
ki ki
n—1 n
+(n—2)ka a:k/ / G ( ml,...,xn)Hdwn.
k=1 k=1

Now integrating the last expression by z,_1, we get

/ / Ui (z1, ..., @) depy_1dz, =
‘n. 1

=1 k=1 k=1
k#1 k#i
n—2 n
L [+ [Grtn oo T do|+
k=1 #i k=1
k#n—1

n—1 n
+(n—2)ka(xk)/ / Gy (zq, ..., xn)dek} dt,_1 =
k=1 X1 Xn k=1
n—2 n—2 n
:/ / G1($1,'-~,$n)d$n—1d$n—zka € / /G1 xlv“’axn)dek"‘
Xno1 X0

i=1 k 1 =
k#i
n—2 n
—3)ka(ack/ / G ( xl,...,xn)den.
k=1 X1 k=1
Further, successively integrating by x,_s, ..., x3, we get the following

_f2(x2)/x2.../an1(x1, mn)]i[zdxk—fl(ml)/Xl/X3...X[Gl(x1,...,xn) T dovt

k=1
k#2

Ui (zy, ..., x, d:z:n:/ / Gi(x1, ..., Ty dxry—
/X /X L (@ I et Lo

+f1 (:El)fQ (1‘2)/ Gl C,Ul, ey Hdwk

X1 Xn

Finally, integrating by xo, we obtain

/ / U1 (El,..., dek—

X2

= Gi(z1, ..., dxy — fa(z dw/ / Gi(x1, ..., my dxy—
/X2 /anl H X222 2X2 1 (T1 )H

— k=2

—f1 (xl)L /X G1 (.]31, ey $n)Hdl'k+
1 n k=1
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+f1 (xl)/X fo (LUQ)dLUQ/X A Gy (xl, ey {En)Hd{l?k =0.
n 1 n k=1

Thus the equality (3) is proved. We are going to prove (4). Since this proof is similar to the
proof of (3), we omit some calculations.

/XnUzma-~7wn>fn<xn>dxn:/ (Ga (@1, .., a) -

X

n

2/;/02@1, xn)gfk(xk)dzk/..i./Gz(zh xn)]f[lfk(xk)dxk+

#i # k;:én

k
—&-(n—l)/Xl.../XnGg(xl, A J:n)k[[lfk(mk)dxk] fn(xp) dzy, =

:/ G2 (1'1, 7xn)fn (xn)dxn_
Xn
n—1 n
[ sy [ [ Gaton ) TT (o) de-
Xn i=1 £i ]’:;21

- Go(x1, ..., Ty fn () deg+
/Xl /X< L)

+(n—1)/ann(xn)dxn/.../ang(acl, xn)lillfk(mk)dxk:

X1
n—1 n
— [ Galorom) fuwn)don = 3 [ [ Gatar, s w) T] (o) davct
Xn i=1 ) k=1
#i ki

+(n2)/x1.../XnG2(x1, xn)l};[lfk(zk)dxk.

As above, integrating successively by x,_1, ..., 3, we obtain

n

/X3 /anUz(an, ,x )kl;[gfk(xk) o

n 2

:/ / Gg(xl,...,xn)ka(xk)dxk—Z/-~-/G2(x1,...,xn)ka(xk)dxk—
Xs Xn k=3 =17, b=t

—/ Gg(xh...,acn)ka(xk)dxk.
Xl Xn k=1

Finally, integrating the last equality by xo, we complete the proof of the equality (4). Lemma 2
is proved, consequently, Theorem 1 is proved as well. O
Proof of Theorem 2. Let

m(A1XXAn):/A/A f(l‘l,...,ﬂfn)HdIk
1 n k=1

- 249 —



Shaturgun Sharakhmetov Construction of Measure by Given Projections

be an absolutely continuous charge with projections
m; (A;) = / i (i) dzism; (X;) =
A;

Construct functions Uy, Us as explained above. Taking in Theorem 1 (in definition of Us)

GQ(.’I}]_, ,xn): L HI fk Tk 750) (5)
H fr (k) k=1
i.e.
/ B
v if T fr (@) #0

" k=1
Gy = kl;ll i
0, af IT fu(zr) =0,
k=1
where T (+) is the indicator function. Then

/.../GQ(xl,..., ka ry)dr), =
#i

k;ﬁz

_( f?fl«fU;Z#O )/ /f Ty vy 1;[ fk Tk #O)ddik—
ki
7&0/ /ka o) (fi (wr) # 0) day.
#i k;éz

I(fi #0)
fi

We note that the expression is correct by definition of G5 and

1:£0) [ Sif £t
/i 0,if f=0.

From conditions fe(xp)dary =1, k=1, ..., n, it follows that
Xk

fr (l‘k)l(fk #* O) dxy, = 1.

Xk

Hence

/-~-/G2(x1, ) ﬁfk(l“k)dxk:
#i

k=1
k#i

( fﬁéo)/ /f o "’x”>ﬁl(fi7é0)d$k—l(fi#0)-

k=1
ki
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Substituting these expressions in the definition of Us, we obtain

Us (v, o) = | 200 0) | T 1 (g () £ 0) -
ka(l“k) k=1
Y | PEED o [ ) TL ) # 0o — T (£ 0)| +
i=1 g i /}Z;

+(n—1) VX/Xf(xl o gf(fk(xk)yé())dxkq],
L+ Uz (1, -y z0)) [ S () =
H fe+ f ml,...,xn>HI<fk¢0>—ka1<fwé0)—

Z fi #£0) kaxk/ /fxl,...,xn I(fx (xx) # 0) dog+

k=1

ot ki
Z (fi #0) fZka (1) +
i=1 k;l
+(n—1)’£[1fk(xk)~/Xl.../an(xl,..., 1;[ (fi (21) # 0) dwk—(n—l)gfk
Now taking into account the equality f;I (f; (x;) #0) = fi(z;), i =1, ..., n, we get
(1+U2 L1y ooy T H ka+f 1'17"') H fk?éo
k=1 k=1 =1

S

k=1
k#i

+(n—1)]}:[1fk(xk)-/Xl.../an(xl, xn)gl(fk(xk);éo)dxk.

k

,Z[ fi #0) ka xk/ flxy, - oy xn) Hl(fk(zk)#O)dszr
k;ﬁz

=

Now we choose N
Gl 1 + U2 H

According to the equality

m (X ><X2><...><Ai><...xXn):m(Ai):/ fi (z;) da;
Aq

and Lemma 2, we have

/;i~/G1(x1,..., gdxk_/ /f xl,...,xn)lﬁdxk—

k#i

- 251 —



Shaturgun Sharakhmetov Construction of Measure by Given Projections

—/---/ﬁf(xk)dxk—/-n/Ug(xh..., ka;vkdxk—fz fi—0=0.
i k=1 #i

k;éz

Then by definition of U; we get
Uy =Gh. (8)

Consequently, by construction (see (7), (8))

U1+1+U2ﬁ < 1+U2ﬁ> 1+U2)ﬁf:f~ (9)

Thus, given the charge

m(Alx...xAn):/A---/A f@r, s an) [ dan
1 n k=1

we have constructed functions Go, Gy respectively, and Us, U (see (5)—(9)) such that

’:]:

f=Ur+0+0U2) || fx-

k

1

The proof of Theorem 2 is completed. O
The proof of Corollary in a simplified form (U; = 0) repeats the proofs of Theorems 1, 2 and

therefore we omit it.

Remark 1. Let G}, G € Ly, and G5, G§ € L1 (f1, ..., fn). Then each of the following set

functions is an absolute continuous charge

m’/Al.../An(U’1+kﬁ1fk(1+U2’)>dx1...dxn
:/Al.../An( ﬁr_[f,c )dxl .

Moreover, it is easy to see that

m' = m” PN (UI1 + Uv/2 H fk _ U//1 + U//2 H fk> )

k=1 k=1

and

Consequently, the same charge can correspond to distinct couples (Uy, Usa), but if in the vectors
(U'y, U’3) and (U"”q, U"5) at least one component is the same, for example, in the case U] =
Uy’ = 0 (see Corollary), then the charge is uniquely defined by the second components.
Remark 2 (Discrete case). If X;, i =1, ..., n, are finite or countable sets, then in the theorems
above replacing the integration by corresponding sums

A;) = Z filz); A;iCcXy, mi(Xy)=1, i=1,...,n

r1€A;L

we get the general form of discrete charges with given projections.
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IlocTpoenmne Mephl 110 3aJaHHBIM HPOEKIINSIM

IHTorypryn Illapaxmerosn

B cmamwve dan cnocob nocmpoenus 8cex abCOMOMHO HENPEPLIEHBIE U JUCKPEMHLL 3apAdos (mep) ¢

3a0GHHBLMU NPOEKUUAMU.

Karouesvie caosa: MEpa, abcorromma, HENPEPBLIBHOCTND, AA20PUIMM TOCTMPOEHUSA.
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