-

View metadata, citation and similar papers at core.ac.uk brought to you byf’f CORE

provided by Siberian Federal University Digital Repository

Journal of Siberian Federal University. Mathematics & Physics 2013, 6(3), 298-307

VIIK 517.518.87

On Error Estimates for Weighted Quadrature Formulas
Exact for Haar Polynomials

Kirill A. Kirillov*

Institute of Space and Information Technologies,
Siberian Federal University,
Kirenskogo, 26, Krasnoyarsk, 660074

Russia

Received 04.01.2013, received in revised form 14.03.2013, accepted 20.04.2013

On the spaces Sp, estimates are found for the norm of the error functional of weighted quadrature
formulas. For quadrature formulas exact for constants a lower estimate of ||0n||g. is proved, and for

quadrature formulas possessing the Haar d-property upper estimates of the ||0n|| . are obtained.
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Introduction

The problem of constructing and analyzing cubature formulas that integrate a given collection
of functions exactly has been earlier considered mainly in the cases when these functions are
algebraic or trigonometric polynomials. The approximate integration formulas exact for finite
Haar sums can be found in the monograph [1], the accuracy of approximate integration formulas
for finite Haar sums was used there for deriving the error of these formulas.

A description of all minimal weighted quadrature formulas possessing the Haar d—property,
i.e., formulas exact for Haar polynomials of degree at most d, was given in [2]. In [3] the
estimates of the norm of the error functional for quadrature formulas exact for Haar polynomials
were proved on the spaces S, and H, in the case of the weight function g(z) = 1. In [4] the
estimates of the norm of the error functional for minimal quadrature formulas exact for Haar
polynomials were obtained on the spaces S, in the case of the weight function g € L[0, 1].

In the two-dimensional case, the problem of constructing cubature formulas possessing the
Haar d-property was considered in [5-9]. Estimates of the norm of the error functional for
cubature formulas on the spaces S, and H, were obtained in [10,11].

The results obtained in [3] are extended in this paper to the case of weighted quadrature
formulas on the spaces S,. In the case of the weight function g € L]0, 1], a lower estimate of
the norm of the error functional d is derived for quadrature formulas exact for any constant. In
the cases of the weight function g € L[0,1] and g € Ly[0,1] (p~ + ¢~ ! = 1), upper estimates
of the norm of the error functional dy are proved for quadrature formulas possessing the Haar
d-property. It is shown that in the case of N =< 2¢ with d — oo, the value ||dy|

g for the formulas
P

under study has the best convergence rate to zero, which is equal to N ~% with N — oc.
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1. Basic definitions

In this paper, we use the original definition of the functions x, ;(z) introduced by A. Haar
[12], which differs from the definition of these functions used in [1].

Dyadic intervals l,, ; are the intervals with their endpoints at (j — 1)/2™71, j/2m~1 m =
1,2,..., 7 = 1,2,...,2m7 1 If the left endpoint of a dyadic interval coincides with 0, then
we consider this interval to be closed on the left. If the right endpoint of a dyadic interval
coincides with 1, then we consider this interval as closed on the right. The remaining intervals
are considered open. The left (right) half of [, ; (without its midpoint) we denote by [, ; (l;ﬁ'1 )

It is convenient to construct the Haar system of functions in groups: the mth group contains

2m=1 functions xm ;(z), where m = 1,2,...,j =1,2,...,2™~ 1. The Haar functions y,, ;j(x) are
defined as:
2m;17 ifzel,
_gmet if xely
Xm,j (1') = 0, ifz e [07 1] \E,
1
§[Xm,j(37 —0) + Xm,j(z+0)], ifz is an interior point of discontinuity of the
function xpm;

-1

T e 2m—1  The Haar system of functions
gm—17 9m—1

with I, = m=12..,7=12,..

includes the function y1(z) = 1 too, which is outside of any group.
The Haar polynomials of degree d are by definition the functions

d 2771—1
Py(x) = apxa(x) + Y Y aldxm (),
m=1 j=1
where d = 1,2,..., ag,a¥) €R, m=1,2,....d, j=1,2,...,2m ! and
2(171
N2
Z (ag)) # 0.
j=1

By the 0-degree Haar polynomials we understand real constants.
We consider the following quadrature formula

1 N )
1= / o(@) f@)de = 3 Cif (29) = Qulf). (1)
=1

where (V) € [0,1] are the nodes, the coefficients C; at the nodes are real and satisfy the inequal-
ities
C; >0, (2)

i=1,2,...,N, the functions g(z), f(x) are defined and summable on [0, 1].
We denote the error functional of the quadrature formula (1) by dx[f] so that

il = 3ot @) = [ atwrs(e) de )

The quadrature formula (1) is said to possess the Haar d—property (or just the d-property) if
it is exact for any Haar polynomial Py(z) of degree at most d, i.e., Qn[Py] = I[P4].
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2. Estimates for the norm of the error functional for weighted
quadrature formulas
We recall the definition of the classes S, introduced by I.M. Sobol’ [1].

Let p be a fixed number with 1 < p < +oo. For an arbitrary positive A one can define the
class S,(A) as the set of functions f(z) on [0, 1] that can be represented by a Fourier-Haar series

oo 2m~!
fa) ="+ 37 37 cxms(@) (4)
m=1 j=1
with real coefficients cél), ) (m=1,2,...,5=1,2,...,2m7 1) satisfying the condition
00 . om—1 ) 1
Apf) =2 [ D 1P| < A (5)
m=1 J=1
It is proved in [1] that > S,(A) with the norm
A>0
1 flls, = Ap(f), (6)

forms a linear normed space, which is denoted by S,. All the functions f(z) that differ by
constant terms are regarded as a single function.

To establish an estimate for the norm of the error functional of the quadrature formula (1)
we need to recall the definition of the space L[0,1] [13]. It consists of all measurable almost
everywhere finite functions g(z), and for each function there exists a number Cy such that
lg(z)| < C4 almost everywhere. We call such functions essentially bounded on [0,1]. For a
function g € L[0,1] one defines the proper (essential) supremum of its absolute value

ess sup |g(x)]
z€l0,1]

as the infimum of the set of numbers o € R such that the measure of the set
{z €[0,1] : |g(2)] > a}

is zero. Loo[0,1] is a linear subset in the set of measurable almost everywhere finite functions.
The norm on L [0, 1] can be introduced as

91l o) = ess sup[g(z)]. (7)
z€[0,1]

Lemma 1( [2]). Let m be a fized positive integer. The functions

2m, ifx € lm+1’j,
Fmg(@) = q 277 i € Loy \lns,g, (8)
0, ifz €[0,1] \lm+17j7
j=1,2,...,2™, are Haar polynomials of degree m and they form a basis in the linear space of

Haar polynomials of degree at most m.
Lemma 2. Forallm=2,3,..., j=1,2,...,2m" 1,

m+1

mej(.’ﬂ) =27z [Iim@j*l(x) - Hm-?j(x)] ,m = 112a cee aj = 112a .. .’2m—1

, (9)

Hm’gjfl(l') + Km,2;5 (.T) = 2"'€m717j (37) (10)

- 300 —



Kirill A. Kirillov On Error Estimates for Weighted Quadrature Formul Exact for Haar Polynomials

The definition of the Haar functions and relation (8) imply (9), (10).
1 1
Fix p > 1, then let ¢ be such that — + - = 1.

p
Lemma 3. For all nonnegative integer k <m (m € N),

q
Z / |d$+2 KmJ Z / ‘d1‘+2 mk Q[Km k‘,]}) . (11)
lim+41,5 lm—k+1,5

Proof. Inequality (11) is proved by induction on k.
For k = 0 it becomes an equality.
Based on the induction hypothesis that

2'm. k+1
q
Z / |d$ +27 mQ Km,j ) ( |g((L‘)| dr + 2_m+k_1Q[l€mfk+l,jD )
lm41,j j=1 Im—k+t2,j
(12)
we prove (11). For a,b > 0 and ¢ > 1, it is easy to see that
a? + b7 < (a+b)4. (13)

In view of (13) and (10), it follows from (12) that

gm—k+1

Q[ﬁm k+1, Q[’%mfk 1,2’] e
> (/ l9(2)] do + == k—tlj g(@)| da + =TT )+
l j= 1 m k+22J

j=1 m—k+42,j
Ql 5 Qlom 1]\’
m—k+1,25—1 m—k,j
+ (/ |g(x)|dx+2m_:+1j) ] (/ |g(x)|dx+2m_k]) )
lm—k+42,2j—1 j=1 [
(14)
Inequalities (12) and (14) imply (11). O

Let

\Pq<m>=rm2\—/l oaydot [ gla)de+2 Q[xmqury (15)

Jj=1 m,j m,j
where m =1,2,3,...

Lemma 4. If f € S,, g € L1]0,1], then for the quadrature formula (1) all ¥,(m) are bounded,

and )
[Z/ o)) dz ] , (16)
ld+1]
where m=d+1,d+ 2,...

Proof. In view of (9) and (10), it follows from (15) that

2771.71
wom)? < 3 [ [ lo@lda+ [ lota)lde +27Qlmas1) = Qlimal]” <
=1 Ylm; y
2mt q
Z /m]|g z)|dz + 27" QlFm,2j— 1+K/m2]”:| = ; [/lmdlg(x)|dx—|—2—m+1€2[f€m1,;” .

(17)
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By Lemma 1 and relations (2), we have

1
/ g(x)d:c:27d/ g(x)kq j(x)de =27 dZOHd,] >0, j=1,2,...,2%

ld+1».7 0

Therefore
/ g(x)dx > 0. (18)
lat1,j

Using Lemma 3, Lemma 1 and inequality (18), for m =d+ 1,d 4+ 2,... we obtain

om—1t q 2¢ q
Z [ / lg(x)| dzx + 2_m+1Q[Hm1,j]1 < Z l / lg(z)| dz + 2_dQ["€d,ﬂ] <
=1 lm,j j=1 lat1,j
2d q 2d q (19)
<Z[/ o+ [ g(z)dx] <Z[2 [ lot@lda
=1 lat1,j lat1,j j=1 lains
Inequalities (17) and (19) imply (16).
It follows from inequalities
a
W, (m)| < max { ¥ (1), ¥,(2),.. lz / z)| da ] . om=1,2,...
lay1,;
that all ¥, (m) are bounded. O

Lemma 5. If g € L1[0,1], then for the norm of the error functional of the quadrature formula
(1) exact for any constant we have

[onlls; = sup  Wq(m). (20)

I1<m<oo

If, in addition, the quadrature formula (1) possesses the Haar d—property, then

[0nlls; = sup W4(m). (21)

d<m<oo

Proof. The series (4) is substituted into (3). Since the quadrature formula (1) is exact for
any constant, it follows that

oo 2m~!t

=3 3 D [ZCX i (@) / 9(2)Xm 4 (@) dx]. (22)

m=1 j=1

By virtue of the definition of Haar functions, it follows from (22) that

sl = 3 2% z{w[ | stwass [ g(x)dfv+2m?1Q[Xm,j]]}~ (23)

m=1 j=1

m,j m,j

Since the series (23) converges uniformly, it is true that

|on(f] ZQM?l i{ et ’—/l (x)dw+/l;;g(w)d$+ ~5 Qlxim ] } (24)
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Applying the Holder inequality to the expression in (24), we obtain

S om—1 zl;
on[f] < 2{2'"21 [Z e [P ‘I’q(m)}~ (25)
m=1 j=1
Then, in view of (5) and (6), it follows from (25) that
ONLAI< [Iflls, sup Wo(m). (26)
1<m<oco

In order to establish that inequality (26) can not be improved, we use the technique applied
in [1]. Let m = mg € N be a fixed number. We consider the function

qg—1
X

gmo—1
fno (@)= 3 {"/I saydo+ [ gla)do+ 27 Q)

mq

le[xmo,j]}xm,xx)}.

XSign[_/r g(x)dx+/l+ g(x)de + 2~

mo,J mo,J

The Fourier-Haar coefficients of this function are

) _mg—1 q—1

=l [ st [ g e+ Qo] x
lmfo,j lm()vj

XSign[_/ g(l’) dx‘f' N g(x)d$+2_’"L0271Q[XWL0J‘]:|7 .7 = 152,"'727”0_17
[ l ]
mq,j mq,J

c(()o) =0, ) = 0, me N\ {mo}, j=1,2,...,2m L. Therefore, (23) implies

gmo—1 q
mg—1 _mg-—1
onlnll =257 3 | g@ o+ [ a@rde +27 5 Qo] = ol Valmo).
Jj=1 mo i mo,J

(27)
Since the function fp,,(z) exists for any mg € N, relation (27) implies (20). It follows from
Lemma 4 that the norm of the error functional d is finite.

Let the quadrature formula (1) possess the Haar d—property. Since it is exact for Haar
polynomials of degree at most d, in the relations (22), (23) and (25) the lower index in the sum
over m is equal to d+ 1. Therefore, inequality (26) turns into |[on[f]| < ||flls, sup W,(m).For

d<m<oo

any mg € N there exists a function f,,(x) satisfying (27), this implies (21). O
Let

G:/o g(x)dz. (28)

Theorem 1. If g € L0, 1], then for the norm of the error functional of the quadrature formula
(1) we have the lower estimate

1]
where the constant G is defined by (28).

—1 —1
Sy 22 rGN P, (29)

Proof. Let € be a number satisfying the condition

0 <e< min {CZ} (30)

1N | 2
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There exists a number my € N such that for any m > mg the following inequalities hold:

/ o) da
lmt1,5

Let m be the minimal number among all numbers m satisfying the following condition:

Do ™

each of the segments l;,411,...,lmt1,2m contains at most one node of formula (1).

1
If every node of the quadrature formula (1) differs from the points ,i=1,2,...,2m—1

J —
) 2m
we set mg = my. Otherwise, we set

25, —1
mo = 1+ max{m : there exists z, = j;T“jT €{1,2,...,2m 1}

Let m' = max{mg, ma}. Then for all m > m’ the following three conditions are satisfied:

—forall j=1,2,...,2m°!
/ g(z)dx — / g(z) dx
b, L s

m,J

<e, (31)

— each of the segments [,,;1,; contains at most one node of the quadrature formula (1),
j=12,...,2m

)

2j — 1
S i=1,2

) 7 yr

— every node of the quadrature formula (1) differs from the points 2m—1,

In view of (9), it follows from (15) that

{22‘ /r , dx+/ ( )daz + 2™ ZO (mm, 2 1(96())_,%,72].(93@))) q}é_

(32)
It follows from the definition of the number m’ that the nodes of the quadrature formula (1) differ
from the points

2j — 1
{ j2m, } = Supp {Am’,2j-1} N SUPP {Km’ 25},

and each of the segments [,,,,;1 ; contains at most one node of formula (1). Then relation (32)

can be rewritten as
N

U, (m') = {Z o™ ZCmmJ (1) (/l g(ac)dgc—/lJr g(a:)dx) } ) (33)
l+

Jj=1
m

In this formula we choose the plus sign if (9 € l;s 5 and the minus sign if z@ e
Taking into account (30) and (31), it follows from (33) that

i</zm/,j o(z) do — /l+ g(@) dx)]

m/,j

e

)
1

ay g
b

QmZC/s:mJ )y —
M
ZmZCnmJ }

Let N7 be the number of nodes of the quadrature formula (1) that coincide with the points

{an,} (J = 1,...,2m — 1). To be specific, we denote them by (M) ... =N Since every

W) {z
{z

Jj=1

(34)
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segment [,,,/41,; contains at most one node of the formula (1), it follows from (34) that

{ > C‘I+2Z( )}1 (35)

1=N1+1

Since the quadrature formula (1) is exact for any constant, we have
Ci+Cy+...+Cn =G, (36)

where the constant G is defined by (28). Because of (2), it follows from (36) that G > 0.
If the quadrature formula (1) satisfies the conditions (36) and (2), it is easy to show that the

function
N1 N
¢(01,02,...,CN)=22(2> +_Z (!
=1 i=Ni+1

attains its infimum, which is equal to G¢(N + N;)! =9, when
Ci=Cy=...=Cpn, =2G(N+N)™, Cnyy1=Cny2=...=Cn =GN+ N;) L.
It follows from (35) that
U, (m') > G(N +N,)"7 22 5GN». (37)

The relations (20) and (37) imply (29). a
Let

Go — / l9(2)] da (38)

Theorem 2. If g € L[0,1], then the norm of the error functional of the quadrature formula
(1) possessing the Haar d-property satisfies the estimate

Ca\P oy Ly gk
lonlls; <2(27%)" Go¥llgllE_ 0. (39)

where the constant Gy is defined by (58).

Proof. In view of (7) and (38),

Z (. lowiar) =i[(/ldmg<x>|dx)“ /ld+l,j'9("’”)'d””]<

T (40)
g
< (27d||9||L00[01 Z/l r)|dr < (27d||9||Lw[0,1]> Go.
d+1,5
The relations (21), (16) and (40) imply (39). O

Theorem 3. If g € Ly[0, 1], then the norm of the error functional of the quadrature formula (1)
possessing the Haar d-property satisfies the estimate

1
2(27") " llgllz, 0.1 (41)
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Proof. Using the Holder integral inequality, we obtain

/ |g(:c)|dx<(zd)’l’(/ |g(x)|qdz)%,j:1,2,...,2d. (42)

lat1,j lat,j

It follows from (16) and (42) that

[y (m)| < 2 rz(ﬂ) | g(znqu]

j=1 latr,

1
q

- 2(2“1)% l/ol lg()|? da:] E: 2(2—d) ’ 191l L, (0.1)-

(43)
The relations (43) and (21) imply (41). o
Conclusions

In [14] I.M.Sobol’ establishes a quadrature formula with the weight function g(z) > 0 and
positive coefficients at the nodes that satisfy the following condition

N 1
ZCi = / g(x)dz = G.
i=1 0
The error functional §x of that formula can be estimated as follows [14]:
GN77 < |lon]ls. <2GNT7,
P

and, therefore, ||dx]

It follows from Theorems 1, 2 and 3 that for g € Ly[0,1] and g € L,[0,1] in the case of

N =< 2¢ with d — oo the quadrature formula (1) possessing the Haar d-property has the best
1

_1
g« X N77» when N — oo.
.

rate of convergence ||dx||ss to zero, which is equal to N™» when N — oo.
In particular, the minimal weight quadrature formulas constructed in [7] satisfy the condi-
tion N =< 2¢ when d — oco. At the same time these formulas, being the minimal formulas of

approximate integration, provide the best pointwise convergence of dx[f] to zero as N — oo.
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OO0 omeHKax MOTPENTHOCTH BECOBBLIX KBaJPATYPHBIX (popMy.I,
TOYHBIX JIJIsI TIOJIMHOMOB Xaapa

Kupnan A. Kupusiion

Jlaa secosvixr k6adpamyproir BOPpMyYA NOAYUEHb, OUEHKU HOPMBL PYHKUUOHAAL NOZPEWHOCTIU HG NPO-

cmpancmeax Sp — NUIICHAAL 0UenKa 6eauunst |[ON || g« 048 POPMYA, MOUHVIT Ha KOHCMANMAT, U 6ePL-
P

nue ouenku ||On||gx 0an dopmya, obradmouwux d-ceoticmeom Xaapa.
D

Karoueswie caosa: d-ceoticmeo Xaapa, gynryuonar noepewsnocmu kK6adpamyprot Gopmyavs, npocmpar-

cmea pynkyul Sp.
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