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ABSTRACT

This dissertation's focus is control systems controlled by multiple controllers, each having
its own objective function. The control of such systemsisimportantin many practical applications
such as economic systems, the smart grid, military systems, robotic systems, and others. To reap
the benefits of feedback, we consider and discuss the advantages of implementing both the Nash
and the Leader-Follower Stackelberg controls in a closed-loop form. However, closed-loop
controls require continuous measurements of the system’s state vector, which may be expensive
or even impossible in many cases. As an alternative, we consider a sampled closed -loop
implementation. Such an implementation requires only the state vector measurements at pre-
specified instants of time and hence is much more practical and cost-effective compared to the
continuous closed-loop implementation. The necessary conditions for existence of such controls
are derived for the general linear-quadratic system, and the solutions developed for the Nash and
Stackelberg controls in detail for the scalar case.

To illustrate the results, an example of a control system with two controllers and state
measurementsavailable atinteger multiples of 10% of the total control interval is presented. While
both Nash and Stackelberg are important approaches to develop the controls, we then considered
the advantages of the Leader-Follower Stackelbergstrategy. This strategy is appropriate for control
systems controlled by two independent controllers whose roles and objectives in terms of the
system's performance and implementation of the controls are generally different. In such systems,
one controller has an advantage over the other in that it has the capability of designing and
implementing its control first, before the other controller. With such a control hierarchy, this

controller is designated as the leader while the other is the follower. To take advantage of its



primary role, the leader's controlis designed by anticipatingand considering the follower’s control.
The follower becomes the sole controller in the system after the leader’s control has been
implemented. In this study, we describe such systems and derive in detail the controls of both the
leaderand follower. In systemswhere the roles of leader and follower are negotiated, itisimportant
to consider each controller's leadership property. This property considers the question for each
controller as to whether it is preferable to be a leader and let the other controller be a follower or
be a follower and let the other controller be the leader. In this dissertation, we try to answer this
question by considering two models, one static and the other dynamic, and illustrating the results
with an example in each case. The final chapter of the dissertation considers an application in
microeconomics. We consider a dynamic duopoly problem, and we derive the necessary

conditions for the Stackelbergsolutionwith one firm asa leader controllingthe price in the market.
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CHAPTER ONE
INTRODUCTION

This dissertation considers the important properties and applications of multi-controller
multi-objective systems. These systems fall in the general framework of differential non-
cooperative non-zero-sum systems. In this chapter, we review these systems' general background,
which will be important for the remaining chapters of this dissertation.

Many control engineering, economic, biological, and social science applications can be
represented and modeled by simple ordinary differential equations. These control systems have
been extensively studied for the past several decades [1-10]. In these systems, state variables are
represented by functions of time and affected by the input parameters and if any external signals,
such as disturbance signals. One of the main demands of such systems is to be stable because the
output changes are bounded as the inputs are bounded. From another view, for stable or stabilized
systems, some systems need to have better behaviors in the time domain. Examples of such
enhancing systems characteristics include fast-reaching to steady-state and decreasing or
eliminating the overshooting. The classical control theory tries to solve such a problem for single-
input-single-output. However, for more general systems with higher-order, the problem is more
complex. The use of the optimization theory to solve such systems with constructing the desired
characteristics with efficient control signal by mathematically represent what is known as
performance index or objective function. This construct problem is called the optimal control

problem.



Arising from the systems discussed above are have a single input, and single output and
system are controlled by only one controller. Classical and advanced control approaches can
design this controller; the controller is designed by applying optimal control theory tools.
However, the systems with single input are well defined for such the principle of optimality, and
it is clear and straight forward for many applications. For example, tools are applied for designing
a closed-loop controller for linear systems and single quadratic objective function, which is well-
known as LQ systems. On the other hand, many applications cannot be controlled by one
controller. Thus, no one of the controllers can govern the system's behavior by itself, and neither
can be the only minimizer for its objective. In other words, the controller must consider the other
controllers’ syntheses over the time horizon, finite or infinite. The latter makes the problem more
complex for such systems, i.e., the multiple controllers with multiple objectives, even for the
simple open-loop systems. The application of the principle of optimality is not clear in these
systems. However, such systems' design is strategic and based on the method in which all
controllers have committed. From focusing on the work done in this research dissertation, these
strategies (or solutions) could be done simultaneously or in a hierarchical approach. The next
sections will consider the optimal control problem framework and the multiple-controller

framework as well.

1.1 Single-Controller with Single objective problems (Optimal control problems):

This problem is based on the fact that there is one controller that governs the system’s dynamics,
and thus this controller will be the optimizer (usually the minimizer) for its objective function.

Thus, choosing a controller should result in the best value for its objective, in the sense its value



is the lowestvalue amongall the other possible controller choices. In mathematical representation,
the optimal control problems for the ordinary differential equation, such as the system’s states ,

evolving over time-horizon, t, can be finite or infinite.

The state differential equation is

(1) = f (G x@).uE)  x(0)=x,teft,t,] (1.1)

If the controller is chosen from the admissible control strategy, i.e. u(t) ev. In the open-loop
design, the controller synthesis provided the initial state values x . For a closed-loop design
approach, continuous information x(t) hastobe available ateach instance of time. Forboth open/

closed-loop approaches, the designed controller role as the minimizer for its objective functions:

J=S(t,, x(t,)) + j:‘ L(z, x(z),u(z))dz (1.2)

Where the S(t,,x(t,)) is the terminal cost and the L R is the local ( or called running) cost

Many approaches have been invested in finding solutions, control designs, and optimal control
problems. The next section includes a background introduction for the multi-controller multi-
objective systems framework based on the two main approaches: Nash and leader-follower

Stackelberg approaches.
1.2 Control Systems with Multi-Controller with Multi-Objectives

Control systems whose state variables are controlled by two or more independent
controllers, each trying to optimize the system performance based on its own criterion, occur in

many applications such as in transportation systems [11-17], robotics [18-26], biomedical systems



[27-36], economic systems [37-47], power systems [48-59], smart energy buildings [60-65],
military systems [66-71], and many other applications for in networks. The applications example
of such network systems is unmanned underwater vehicles and satellites[72-76] in different
context. In work in [72] focuses on team cooperation, namely consensus, for both leaderless (LL)
and modified leader-follower (MLF) architectures. The recent papers are application of multiple-
controller on cyber-physical systems [77-82], to mention a few.

Unlike the classical one controller control systems where the sequence of control
implementation is not an issue, control systems with more than one controller have the additional
complexity of designatingwhether the control actions are implemented simultaneously atthe same
time or whether there is a sequence by which the controls are implemented. The Nash approach
[83], first introduced to the control literature in [84, 85], describes a situation where the control
actions are implemented simultaneously and exactly at the same time. Thus, no one controller has
an advantage over the other in knowing ahead of time how the other controller reacts to its control
actions. Such an approach may result in an equilibrium that prohibits each controller from
deviating from its control actions; simply because if such a deviation is taken, the outcome will be
unfavorable to the controller exercising such an action. Another approach, known as the
Stackelberg approach [86], first introduced into the control literature in [87, 88], describes a
situation where one controller is more powerful than the other resulting in the control actions
implemented according to a specific hierarchical sequence. The more powerful controller
implements its control firstand is assigned as the leader, and the other controller is then set as the
follower. Such a hierarchy of decision making was first introduced in the 1950’s by Von

Stackelberg[86] in the context of two firms making decisions about supplyinga productinto a



common market. The more powerful firm, which was labeled as the “leader”, decided on its
production level first and the less powerful firm, which was labeled as the “follower”, followed by
making its decision after knowing the production level of the leader firm. Since then, there has
been considerable interest in the control literature in this hierarchical control structure for control
systems with two controllers. [89, 90] Assumingthateach controller has its own objective function
that it wants to optimize, the question is how would the leader controller design its control so that
when the follower controller follows, the final outcome will be favorable to the leader? This

question is very important to address whenever such a hierarchy in control design exists.

1.3 Nash Control Solution

The Nash rational in control has been studied by many researchers over the past fifty years
or so [84, 85]. This type of multiple controller strategy has the property that no one controller will
benefit by deviating from its agreed Nash control. The optimality is defined by assuming that both
controllers know each other objective functionsduringtheir control design determination, and they

are designed and implemented simultaneously.

Suppose the objective function of controller 1 is J, (ul, uz) , and the objective function of
controller2is J, (u,,u, ) whereuland u2 are the respective control functions of the two controllers

and U, U, are the domains of these controls. The symbolical representation for deriving the Nash

controls are as follows:

u; =minJ, (u,,u;) (1.1)

ueUy
u, ZLT]GU:JZ(U“UZ) (1.2)

Thus, both above equations yield to the Nash strategy inequality



Jl(uf,u;)s Jl(ul,u;) (1.3)

JZ(UI!U;)S‘]2(U::!U2) (14)
These inequalities assure each controller that the other controller hasno incentiveto deviate

from its Nah control because if itdoes, it will only be hurting its own objective function. In this
sense, the Nash controls provide an equilibrium situation for both controllers.

The necessary condition for the Nash open-loop solutions for both controllers is illustrated
in the following

1.3.1 Nash Open-Loop Solution in Dynamic Systems

Consider two controllers C, and C,, responsible for finding the controls u, and u,,

respectively, inwhich these control variables are continuous functions on the interval [to 1 ] .The

two-controller differential system with state equation

x=f(xu,u,t), X(t) =X, (1.5)
and controller 1 has its own objective function

3 (u,u,)= Kl(x(tf))+.[:f L, (XU, u,,t)dt (1.6)

and for controller 2 the objective function is

J,(u,u,)= Kz(x(tf ))+I:f L, (X,uy,u,,t)dt (1.7)

Where x, is the initial state known by both controllers, and, u, €U, and u, U, Vte[t,t, |,

where [to,tf } is the fixed time-horizon.

Depending on the structure of the information for both controllers, such as open-loop structure.

Hence, the controls depend on the time and initial state x,, u, =u,(t,%,) and u, =u, (t,X;)



To derive the necessary condition for such systems implementing their controls using the Nash

strategy, both act simultaneously. In other words, C, picks u, and C, picks u, , at the same time.
Where the pair (uj,u,)eU, xU,.
The Hamiltonian function for C, and C, are as follow:
H, (X,Up,Up, A, 1) = L (X, g, Uy, t) + 4, F (X, Uy, U, ) (1.8)
H, (X, U, Uy, Ay, 1) = Ly (X,Ug, Uy, t) + 4, (X, U, U,) (1.9)
Where 4, =4 (t)and 4, =4, (t) are costate variables for C, and .Thus, the necessary conditions

for C, and C, are addressed below:

X%ﬂj :56_;'22: F(xU,,U ), X(t,)=%, (1.10)
o Rl A B0y,
R e U DT
uf=miur11 Hl(x,ul,ljz,t):aa:l =0 (1.13)
02 = min H, (x,0,,u,,t) = 232 = (1.14)

u,eu, auz

These are the necessary conditions for the open-loop Nash strategy nonzero-sum differential
system. Notice that these equations have mixed boundary where the state equation has a known
initial state, while the costate equations have the terminal costate values with solving these three

7



differential equations with two algebraic equations (stationary conditions 4 and 5) yield to
determine the open-loop Nash equilibrium. However, solving such an equation in general not easy
to solve. Though for some application of linear state variable and quadratic objective function can

be solved analytically, most of them must are solved numerically.

1.4 Stackelberg Control Startegy

The Stackelberg control option is based on one controller having the capability to design
its controller first, due to its size or faster means of information processing and refers to it as a
“leader” [87, 88]. Thus, the Stackelberg solution of the two-controller nonzero-sum solution is
based on assuming these two-controller systems are different in their roles in such the control
systems are designed hierarchically. Therefore, a controller is called a leader, and the other
controlleris referred to asa follower. The follower follows the leader's strategy in which the leader
announces his strategy first, and the follower determines his controller according to the leader’s
announced strategy. The leader foresees and effectively dominate the entire controls determination
process

Let U, and U, bethe controller 1and controller 2admissible sets, respectively, and in tum,
if their corresponding objective functions are J,(u,,u,)and J,(u,,u,), where the u, eU,. and
u, €U, Now if controller 2 is assigned to be the leader and supposed there is exist a mapping such
that T :U, - U, such that

J;(Tu,,u,) <3, (uy,u,) vu, eU, (1.15)
For every u, eU, , then as a rational reaction from controller 1, the follower, the following set

Dl:{(ul’UZ)EUIXUZ:ulzTUZ’vuzeuz} (1.16)

8



is called the rational reaction set for controller 1 when controller 2 is the leader. Moreover, if there

is @ pair (Uy,,U,s, ) € D, such that!

35 (Ugsp,Uys, ) < 3, (Uy,U,) V(uy,u,)e D, (1.17)

Where (u,,U,s, ) is called a Stackelberg strategy pair when the controller is the leader. Hence,

the same process is done when controller 1 is the leader with a change of the indices. The rational

reaction is set for controller 2, which is now the follower, denoted by D, and the pair
(Uys;,U,s; ) € D,. For the above approach, it is clear that the intersection for both the rational
reaction sets D, N D, , then the common pair (u,,u,, ) is the Nash solution of the two-controller
system. Inthis case: if controller2is the leader, J, (Uy,,U,s, ) < J, (U, U,y ) Similarly if controller

Listhe leader J, (Uyg;,Uys; ) < 3y (Uyy,Uyy ).

1.4.1 Stackelberg Open-Loop Solution in Dynamic Systems

The necessary conditions for the existence of the Stackelberg open-loop control can be
obtained based on the Stackelberg solution is obtained in the hierarchical scheme. For instance,

assumethe leader C, andannounce hisstrategy first, which leaves controller 1, the follower, with

no choice justto solve his problem by considering the leader’s announcement.

1.4.2 For the Following controller

The Hamiltonian function for the follower, Controller, C,

1 where the subscription beside the controls index;S, , the letter S=Stackelberg and number 2 is when the leader is controller



H, (X, Uy, Uy, A, 1) = L (X, g, Uy, 1) + 4, F (XU, U, )

The necessary condition for the follower is as follow:

oH
. oH, oL (xu,u,t) o of (xup,u,,t) oK, (x(T))
__ 0 _ _ , T)=—221 1.19
4 OX OX & OX (M) x(T) (1.19)
aa:l =0=>u, = Eplurll H, (x,uy,U,,t) (1.20)

And from the latter condition, there is a reaction for the follower, and for each possible

action from the leader, there is a reaction from the follower then u; =u, (02 (t)) :

1.4.3 For the Leading controller

Now, the leader must face two constrains to optimize his objective function, the state

dynamic equation and the co-state dynamic condition for the follower

The constructed Hamiltonian function for the leader C, becomes as shown in equation (1.21):

Hz(x,u;(uz),uz,ﬂ?,g,t):

oL, (xu; (u,),u,t)  of (x,u; (u,),u,,t) (1.21)
OX OX

Lz(x,u:(uz),uz,t)+/12f(x,uf(uz),u2)+§[— -2

Where 4,,¢ are the costate variables of the leading controller. Thus, the necessary conditions for

the leading controller are

X:E?HZ

Y f(xu; (u,),u,.t), X(t,) =%, (1.22)

10



/1_1:5(;,2 =—ah(x’u;a(;2)’uz,t)—ﬂ18f(X’UI;;JZ)’UZ’t)' (T)=8Kg£z(.g)) (1.22

And the costate differential equations are derived as follow:

oH, 6Lz(x,ul*(u2),u2,t) 6f(x,ul*(uz),uz)+§(52|_1(x,u1*(u2),u2,t)+/116f(x,ul*(uz),uz,t)

2= T ox % ox P X
. . K, (x(T)) O°K, (x(T))

With terminal value @(T)_W—g(T){a}(Z—(T) (1.23)
. oH, [ (xu(u,).u,t) ~

4——(% C[ e : ¢(0)=0 (1.24)

And the stationary condition for controller 2, the leader, is as follow:

oH . . x
auzz zojuzzg]e{EHz(x,ul (uz),uz,t) (1.25)

Again, the resulting conditions consider as a two-boundary point problem, and solving such a
problem, in general, is not easy in general. In this dissertation, the solution is obtained for some
illustrative examples, depending on the system's type, numerically, and analytically.

The optimal control of systems governed by multiple controllers rather than one controller
leads to many questions that need to be addressed. This dissertation addresses the Nash and
Stackelberg strategies to construct solutions for such problems. More specifically, the
implementation of the feedback controls in sample data form is addressed.

In the open-loop control design for multiple controller systems, the design control needs
only for the state vector's initial state and will be a function of time as well. The other option is the

closed-loop control option, in which the measurements of the state vector in each instance of time

11

|



must be available. This requirement for designing a closed-loop may be expensive, and in some
cases, not possible. The dissertation's proposed method is that the sampled closed loop and the
samples are pre-specified and equally distributed. In each sample of this proposed approach, the
control is designed in its open-loop scheme, and thus the whole interval is represented by these
open-loop controls. This type of control is sampled closed-loop, whichiis a trade-off between the
simplicity of designing a single open-loop and reap the advantage of the feedback closed-loop.
Remarkably, the more samples, the sampled closed loop is approaching to continuous closed loop
on the Nash control design. For the Stackelberg, increasing the samples leads to the sampled
closed-loop approaching the continuous Nash closed loop.

The Stackelberg option is a Leader-Follower approach in which there is a leader controller
who announces his strategy first, and the other controller is a follower. However, if these roles are
predetermined, this option can be in mutual agreement: when both realize that they are better off
with the agreed leader’s selection, the other is selected as a leader. The other possible situation is
when both prefer to be leaders or both followers. In this dissertation, we suggest when the
parameter uncertainty, the role selection option availability is dependent on the parameters space
over which the system is defined. In this dissertation, we define the partitioning of the parameter
spaceto classify the ability and availability of the design of the Stackelbergimplementation or not.
The resulting region of the parameter space is used to determine the probability of leadership

determination.
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1.5 Organization of the Dissertation

This dissertation is organized into four main chapters. Chapter one is an introductory
chapter with a general review of the optimal control problem and its natural extension to the
multiple controllers' problem, each with its designated own objective functions. Chapter two
proposes a new method to reap the advantage of the closed-loop properties by designing a less-
costly and straightforward controller for multi-controller systems, which needs fewer amounts of
state vector measurements. In chapter three, we discuss a significant property for Leader-Follower
Stackelberg systems, which is so little explored, and we try to give attention to the importance of
the leadership role with possible changing of the system parameters. Chapter four applies multi-
controller multi-objective systems in dynamic microeconomic systems where two firms are
maximizing profits by controlling their production outputs. Finally, we conclude this dissertation

and suggest new paths for future research in chapter five.
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CHAPTER TWO
SAMPLED CLOSED-LOOP

2.1 Introduction

In this chapter, we consider control systems controlled by multiple controllers, each having
its own objective function. The Nash and leader-follower Stackelberg options for designing the
controls are considered. These control options are heavily used as decision options in the non-
zero-sum differential solution theory. To reap many of the benefits of feedback, the resulting
designs are best implemented as closed-loop controls. However, closed-loop controls require
continuous measurements of the system’s state vector, whichmay be expensive or even impossible
in many cases. As an alternative, in this chapter, we consider a sampled closed-loop
implementation. Such an implementation requires the state-vector measurements only at pre-
specified instants of time and hence is much more practical and cost-effective compared to the
continuous closed-loop implementation. We derive the necessary conditions for the general linear-
quadratic problem, develop the Nash's solutions, and Stackelberg controls in detail for the scalar
case. An example of a control system with two controllers and state measurements available at

integer multiples of 10% of the total control interval is presented to illustrate the results.

2.2 Motivation

The multi-controller multi-objective control systems theory deals with control systems
whose state variables are controlled by two or more independent controllers, each trying to
minimize its own objective function. Systems of this type occur in many applications in smart

energy buildings [60], load frequency control, and automatic voltage regulation in power systems
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[48, 91], biomedical systems [27], to mention a few. Unlike single controller problems where
optimality is easily defined in minimizing one objective function, defining what optimality means
in multi-controller multi-objective problems is much more complicated. Since the state variables,
and consequently the objective functions, depending on all controllers' control action, defining
optimality must be done in terms of the choice of controls as implemented by all controllers
simultaneously and collectively. The principle of optimality in these systems is defined in terms
of the rationale assumed by each controller in determining its control variables. Several different
rationales, leading to differentdefinitions of optimality, have been explored in the past several
decades, mainly within differential solution theory.

The Nash rationale [83], first introduced to the control literature in [84], describes a non-
cooperative situation in which each controller’s control rationale is to safeguard itself against
attempts by any other controller from further improving its objective by deviating from its agreed
Nash control. This concept of optimality assumes that all controllers know each other’s objective
functions and that when the controls have been determined, they are all determined and
implemented simultaneously at the same time. Another concept, which has proven to be very
useful in two-controller systems, is the Stackelberg rationale [86]. This concept, first introduced
to the control literature in [27], also describes a non-cooperative situation except that due to size,
importance, or faster means of information processing, one controller can arrive and implement its
control actions before the other. The controller that can implement its control first is referred to
as the “leader” and the other as the “follower.” Thus, the Stackelberg solution is based on a
hierarchy of control decision-making and is very powerful in deriving optimal controls for the

leader controller that would benefit it due to the timing advantage over the follower controller.
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Whether the controllers in a multi-control system are applying Nash or Stackelberg
controls, they always must make an additional decision on how their controls are to be
implemented in practice. As is well known in single controller problems, control variables can be
implemented in either open-loop or closed-loop form. The open-loop form issimplerto implement
in that it only requires knowledge by all controllers of the state variables' initial conditions. It
represents control functions of time that do not depend on the evolution of the state of the system
and hence cannot be adjusted if system parameters drift from their nominal values or unknown
nonlinear distortions occur at any time during the implementation of the control. On the other
hand, the closed-loop form ismore complex to implementin thatit requires knowledge of the state
vector at every instant of time during implementation, thus necessitating the placement of sensors
or filters at critical locations of the system to provide measurements of the state variables. This
form has a clear advantage [92] over the open-loop form in that should any small perturbations
occur is the system’s parameters, or should any unknown distortions occur, the state variables
would change accordingly, causing an adjustment in the control variables to keep the state
variables as close as possible to their prescribed optimal trajectories. Such an adjustment would
notoccur in the open-loop implementation because the control variables are completely unaware
of the system's state once the system is past its initial state.

An added complication in multi-controller systems, which does not exist in single
controller systems, is that the open-loop and closed-loop controls are different and produce
different state trajectories even under ideal conditions [27, 48]. Because the state variable may or
may not be available to the other controllers for implementation, making the design of the control

variables for each controller completely different and dependent on the information structure
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available to the controllers; thus, the controllers must decide whether they would be implementing
open-loop or closed-loop controls prior to determining their control variables. This decision is
very important and must be communicated or known to all the controllers in the system.
Furthermore, the controllers must accept and implement the same control structure used in the
controls' design process. Some controllers' option using open-loop and others using closed-loop
is also possible; however, simplicity will not be considered in this chapter.

One of the main issues that may deter the controllers from implementing closed -loop
controls is cost. Clearly, the placement of sensors, or measurement devices, to measure the state
variables continuously over time and transmitting that information to the controllers at every
instant of time is a very costly process and in some cases may even be impossible due to the
environment in which the state variables are measured. For example, in a metal forming process,
the high temperatures of the environment around the state variables (could be greater than 800° F)
may prevent the possibility of permanently placing sensors in that environment. Instead, a less
costly and more practical option could be to measure the state variables at pre-specified instants
of time [93], which may or may not necessarily be uniformly distributed over the interval of
optimization. The controllerswouldthen implementclosed-loop controls only atthe instants when
measurements are obtained and implement open-loop controls following those instants until the
next instant when measurement becomes available again. The design of such controllers would
be an intermediate option between the open-loop and continuous closed-loop options. The fewer
the measurement sampleswould produce controls that are closer to the open-loop option, and the
larger the number of measurement samples would produce controls that are closer to the

continuous closed-loop option. We will refer to this control structure as a sampled-closed-loop. In
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this chapter, we will investigate the implementation of this new control structure in the case of
linear quadratic multi-controller systems. Without loss of generality and for simplicity of notation,
we will consider only the case of two controllers. Almost all the results derived in this chapter can
be easily extended to the case of M-controller systems where M > 2. Furthermore, in the case of
the Stackelbergcontrols, withoutloss of generality, we will only consider the case where controller
2 is the leader controller. The results can be easily duplicated for the case where controller 1 is

the leader.
2.3 Linear Quadratic Multi-Controller Systems.

Linear quadratic systems are a very important class of control systems for which optimal
controllers can be easily derived analytically [1]. A linear-quadratic two-controller system is a
control system described by the linear differential equation:

X=AX+Bu, +B,u,, x(t;)=X, (2.1)
where X is the state vector, u, is the control vector of controller 1, and u, is the control

vector of controller 2. The objective functions for the two controllers are quadratic in the form:

t
l ! 1 ! !
J,(ug,u,) :Exfcle +§ J. (X'Qx+u,Ru,)dt (2.2)
b

t;

1 1
and J,(u,u,) = Ex’f C,X, +E I (X'Q,x+Uu;R,u, )dt (2.3)
)

respectively, where all matrices are symmetric and of proper dimensions andR, and R, are
positive definite matrices. Controller 1 wantsto minimize J,, while controller 2 wantsto minimize
J,. Definingthe following matricesE, = B,R ‘B and E, = B,R,'B, , itisknown [84] thatthe open-

loop Nash controls for this problem are of the form:
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U (t) = -R'B/K,p(t,t,)x, (2.4)

and uy (t) =-R,'B/K,(t,t,)X, (2.5)

where ¢(t,t,) , K, (t), and K, (t) satisfy the coupled differential equations:

o(t.t,) =(A-EK, —EK,)o(t, 1)), oty t,) =1 (2.6)
K,=—AK, -KA-Q +KEK, +KEK, K(t)=C (2.7)
K, =-AK,-K,A-Q, +K,E,K, +K,EK,, K,(t,)=C, (2.8)

It is also known [88] that the open-loop Stackelberg controls with controller 2 as the leader

is of the form:

U7 (1) = —R"B{S (1., )X, (2.9)
and uS?(t) =-R,'B;S,4(t,t,)X, (2.10)

Where ¢(t,t,), S,(t), and S, (t) satisfy the coupled differential equations:
¢(t7to) =(A_E181_E282)¢(t!to) ¢(to’to) = I (211)
S,=-A'S -S,A-Q,+SES, +SES,  S(t)=C, (2.12)
S,=-A'S,-S,A-Q,+QP+S,E,S, +S,ES,, S,(t;)=C,—C,P(t,) (2.13)
P=AP-PA+PES, +PE,S, +ES, P(t,))=0 (2.14)
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Note that equations (2.9)-(2.11) are very similar to equations (2.5)-(2.7) except that

equation (3.11) has the extra term QP in it that depends on the solution of the linear equation in

(2.12).
In both cases, the values of the objective functions when either the Nash or Stackelberg

controls are used are given by:

3 =XM%, (2.15)

3= XM (), (2.16)
where M, (t) and M, (t) satisfy the linear differential equations:
Ml:_(A_ElLl_EZLZ),Ml_Ml(A_ElLl_EZLZ)_Ql_LllElLl’ Ml(tf)zcl (2-17)

M, =—(A-EL —E,L)M,-M,(A-EL -E,L)-Q,-LE,L, M,({)=C, (2.18)

Where L, and L, are replaced by K, and K, from equations (2.6) and (2.7) in the case of
the Nash controls and are replaced by S, and S, fromequations (2.10) and (2.11) in the case of the

Stackelberg controls.

2.4 Implementation of the Sampled Closed-Loop Controls

To simplify the notation, we will now illustrate these controls’ implementation on
a scalar linear-quadratic system. The extension to higher dimensionality systems can be easily

done in a very similar way. Consider the two-controller scalar system:

X=ax+bu, +bu,, telt,t;), X(t,) is given (2.19)
1 1
3(t)) ==X () + = [ (x* +ruf )t (2.20)
2 27
1 1
3,(t,) zzczxz(tf)+ij(q2x2 +r,u?)dt (2.21)
b
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Let us now assume that measurements of the state vector can be obtained at discrete pre-

specified instants of time t ,t,...,t ,such t <t <...<t , <t,and which may or may not be
uniformly distributed over the interval [t ,t,). Starting at the interval [t, ,,t,) and proceeding
backward intime until the firstinterval [t ,t,) isreached, we will solve for the controls successively

as described below. Assume that at instant t; the state vector x(t,) can is available for

measurement by both controllers who will then design and implement sampled closed -loop

controls of the formu, (t, x(t;)) and u, (t, x(t,)) over the intervalt €[t;,t, ;) . The system equation

over this interval [t.,t.,) is:

X=ax+bu, +bu,, te[t,t,,), X(t;) available (2.22)
ti+1
a3, (6) =6, )X () + 2 | (06 + Rt 2.29
b
1 1 ti+l
B(6) =5 My ()X (t,0) +5 [ (@x° +pup)dt (2.24)
G

The Nash controls over the interval t €[t,,t..,) are obtained from (2.4) and (2.5) -(2.7) and

are of the form:

W (X)) =~ 2gx(t)
bl (2.25)
UzN (tx()) = _I’_2 koo (t;)
2
. b b;
Where, assuming that e, = T and e, = e we have
1 2
p=(a—ek —ek,)p, o(t) =1 (2.26)
k.1 = _2ak1 —Q + e1k12 + e2k1k21 k1 (ti+1) =m (ti+1) (2.27)
k.2 = _Zakz -0+ ezkz2 + elklkZ’ kz (ti+1) =m, (ti+l) (2.28)
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Once k (t) andk,(t) are determined from the above equations, the values of the objective

functions are obtained as:

ORELYGIO (2.29)

3,0 = 3m )X ) (2.30)

Where m,(t) and m, (t) satisfy the linear differential equations obtained (2.17) and(2.18):

ml = _2(3- - elkl - e2k2)m1 -0 - elklz’ mli (ti+1) = mlm(ti) (2'31)
m, = _Z(a_elkl _ezkz)mz -0, —e2k22, miz (ti+1) = mi2+1(ti) (2.32)

We can follow a similar procedure for the Stackelberg controls. For the interval t €[t.,t. )

the controls are obtained from (2.4) and (2.9)-(2.10) and are of the form:

U3 (LX) = — L gx(t)

h

) (2.33)
uzs (t, X(ti)) = _r_232¢x(ti)
2
Where: d=(a-es,—es,)p  $(0)=1 (2.34)
§,=-2as,—q, + e1512 +€,5,S;, 8, (tg) =my(t,,) (2.35a)
sz = —2a52 - qz + q1 p+ e2322 + elslsZ’ SZ (ti+1) = m2 (ti+l) o ml(ti+1) p(ti+1) (235b)
p:(6151+6282)p+6152, p(ti):() (2.36)

Onces,(t) and s, (t) are determined fromthe above equations, the values of the objective

functions are obtained as:
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30) =5 mEXR)
(2.37)

1
Jz(ti) = Emz(ti)xz(ti)
where m,(t) and m, (t) satisfy the linear differential equations obtained from (2.17) and
(2.8):

m, = —2(a— &S, — eZSZ)ml -0 - elslz’ mli (ti+l) = mlM(ti)
(2.38)

m, = —2(a- €S — ezsz)mz -0 - 82522, miz (ti+1) = m;l(ti) (2.39)

As mentioned earlier, for both the Nash and Stackelberg controls, the process starts at the

last interval of time [t _,,t;) where the boundary conditionsat t=t, are given as ¢, andc,
proceeds backward intime until the interval [t ,t,) is reached. We will now illustrate the derivation

of the Nash and Stackelberg controls for the following two-controller control system.

2.5 An lllustrative Example

Consider the following two-controller system:
X=x+U,—-U,, te[0,1), x(0)=1 (2.40)

Let the objective function of controller 1 be:
11
J, = X2(1)+E [ @x* @) +u? @©)dt (2.41)
0

And the objective function of controller 2 be:

1
3, =—2¢(1) +% [ (~ax®+az o)t (2.42)
0
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With the coefficients multiplying x*being positive in J,and negative in J,, clearly

minimizing these objective functions represents a situation where controller 1 is trying to drive the
state variable x towards the origin (i.e., regulate the system) while controller 2 is trying to drive it

away from the origin (i.e., destabilize the system). The interval of control is [0,1]. We will

consider the case of sampled-closed-loop control, where only ten state vector measurements are

available t, =0.1(n—-1),forn=1,...,10. Comparing (2.40)-(2.42) with (2.19)-(2.21) the system
parametersarea=1,b =1and b, =—1 , the parameters for controller 1 are ¢, =q, =2and r, =1,
the parameters for controller 2 are ¢, =q, =—4, and r, =3. Following (2.25), the Nash controls
for this system areu," (t, x(t,)) = —k@x(t,)and u,' (t,x(t,)) =1/3k,@x(t,) . Similarly, following
(2.33) the Stackelberg controls with controller 2 as a leader are u(t, x(t)) = —s,#x(t,) and
ud (t, x(t,)) =1/3s,4x(t,) . Plots of all solution variables for this problem are shown in Figures

(2.1) through (2.8). Figures (2.1) and (2.2) show plots of the feedback gains for both the Nash and
Stackelberg controls. These are plotted as a pair on the same graph to illustrate the difference

between the two solutions. While k; and s, havingthe same boundaryconditionatt=1, k, ands,

have different boundary conditions due to the p(t) variable in (3.33), which is plotted versus time

in figure (2.3).
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Figure (2.3): Plot of p(t) for the Stackelberg control vs. time

Plots of the parameters m,(t) and m,(t) which characterize the objective functions are

shown in Figures (2.4) and (2.5), and plots of the controls and state trajectories are shown in
Figures (2.6)-(2.8), respectively. Clearly, the state variable's trajectory is approaching the origin,
which means it has been regulated. This result indicates that controllerl has been able to

accomplish itsobjective in spite of the factthatcontroller 2 was trying to drive the state away from

the origin. Plots of the objective functions' values J,and J,for both the Nash and Stackelberg
controlsare shown in Figures (2.9)and (2.10). It is clearfrom Figure (2.10)that J; < J)' atevery

t €[0, ]which means, as expected, that the leader in the Stackelberg solution (controller 2 in this

case) achieves better performance using a Stackelberg control rather than a Nash control.
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Figure (2.5): Plots of m, (t) vs. time
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Figure (2.10): Plots of controller 2 cost-to-go (Nash and the Stackelberg) vs. time.

2.6 Conclusion

In this chapter, we have consideredsystemsthatare controlled by more than one controller,
each having its own objective function. The optimal control of such systems does not simply
involve minimizingthe objective functions, but italso involves how the various controllers interact
with each otherand howthey take the controls of the other controllersinto account. Inthischapter,
we have considered the Nash and Stackelberg control rationales. These solution concepts are very
popular in the context of dynamic solutions. We have considered the special case of linear
quadratic systems with two controllers and derived and solved in detail all the accompanying
necessary differential equations for the scalar case. We then considered the implementation of

sampled closed-loop controls. These controls are closed-loop types expect that the feedback loops
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are closed only atspecific instants of time when the state-vector isavailable for measurement. We

have included a two-controller example to illustrate the results.
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CHAPTER THREE
LEADERSHIP SELECTION WITH PARAMETERUNCERTAINTY

In leader-follower Stackelberg games, the leader determines andannounces its strategy first
by anticipating the follower’s reaction function, and the follower determines its strategy as the best
response to the leader’s strategy. Thus, there is a perceived advantage in assuming the role of a
leader in a Stackelberg game. When the controllers’ roles are not determined a propri, both
controllers must mutually agree on the selection of the leader. Such an agreement is possible only
if the controllers realize that they are both better off with the agreed selection of leader than when
the other controller is selected as leader. In games with parameter uncertainty, this option's
availability dependson the parameter spaceover whichthe gameisdefined. Thischapter describes
the partitioning of the parameter space to characterize when a Stackelberg solution based on an
agreed leader selection exists and when it does not. The resulting partition can then be used to
determine the probability of all possible games where agreement can and cannot be reached. We

illustrate the results using two examples.

3.1 Introduction

The Stackelberg solution [86-88] in two-player nonzero-sum static and dynamic games
provides an alternative to the Nash solution [83-85] when the two players' roles can be defined as
leader and follower. The leader in a Stackelberg game decides on its strategy first, and the follower
determines its strategy as the best response to the leader’s strategy. The Nash and Stackelberg

solutions have received considerable attention in both the multiple controller's literature over the
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past 50 years or so. The recentbooks [94] by Basar and Olsder, [95] Yong, [90]Ungureanu, and
[96] Lambertini provide a very good summary and include most of the relevant references related
to these two solutions. Oneof the main advantages of the Stackelbergsolution, as was demonstrated
in [88] and [97], is that the Stackelbergsolution is advantageous over the Nash solution for the
leader. A controller is always better off being a leader in a Stackelberg game than an equal
controller in the Nash game. Hence, as expected, both controllers will compete for the leadership
role either by acquiring faster means of decision-making or by trying to become dominant in size.
In doing so, however, each controller has ignored considering the possibility that being a follower
might be a more beneficial option to it than being a leader. While this would not be possible ina
duopoly with two profit-maximizing firms, Hou et al [98], it is a highly probable outcome in two-
player games in general. To illustrate this point let us first consider the simple 2- controller matrix

game is shown in Figure (3.1), where each controller has three decision choices. controller C,

decides on the x variables and wants to minimize its payoff consisting of the first entries in the

matrix and controller C, decides onthe y variables and wants to minimize its payoff consisting of
the second entries in the matrix. The Stackelberg Solution with C, as leader is {x,, y,}yielding
payoffs of (3, 4) and the Stackelberg Solution with P2 as leader is {x,, y,}yielding payoffs of

(4,7).Clearly, in this case, both controllers will do better when P1 is the leader and would therefore

would readily agree that P1 should be the leader.
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Y1 Y, Y3
X 4,7 6,16 7,5
X, 9,14 11,13 3,4
X3 10,15 510 2,11

Figure (3.1): A Matrix Example

In games where the leader's selection is negotiable, each of the two controllers will need to
compare the outcome of the games when it plays the role of leader and when it agrees for the other
controller to play the role of leader. Thus, there are four possible options for the controllers to
consider. Two options occur wheneach controller determines thatitis preferableforitto be a leader
while simultaneously, the other determines that it is preferable for it to be a follower. These two
latter options are implementable since, in each case, the controllers can reach a mutual agreement
on the selection of the leader. A third option occurs when each controller determines that it is
preferable for it to be a leader and for the other controller to be a follower, and a fourth option
occurs when each controller determines that it is preferable for the other controller to be a leader
and for it to be a follower. Clearly, neither of these last two options is implementable since the
controllers cannot mutually agree on the leader's selection, and a stalemate will prevail. The
deadlock can be resolved either by the controllers adopting a Nash approach or by one controller
considering making side payments to the other controller as an incentive to agree to be a follower.
The possibility of distributing the roles in a Stackelberg game was first mentioned in [99] Basar in

the contextof a scalar differential game example. Itwasalso considered in [100] Boyer & Moreaux,
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and [101] Dowrick in the context of static duopoly problemswhere it is agreed that even in the
competitive framework between two firms in a duopoly, itis not unreasonable to expect that they
may end up coordinating the distribution of their roles as leader and follower in a mutually
advantageous way. Later on, [102]VVan Damme and Hurkens argued that committing to the role of
leadership is less risky for the low-cost firm so that such a firm will emerge as a leader is a
Stackelberg duopoly. In a more recent paper, [103] Liu questioned whether a leader firm in a
duopoly really has a strategic advantage in practice under demand uncertainty. The paper cites
several examples of market leaders in the dotcom era that ended up not sustaining the business due
to uncertainty in demand. Another recent paper [104] Nie, Wand, and Cui argue that in repeated
games, controllers acting as leaders, in turn, improves cooperation and consequently enhances
social welfare.

While most of the early applications of the Stackelberg strategy were in duopoly type
economic problems, in recent years, there has been an emergence of interest in the Stackelberg
solution as an effective mechanism for analyzing many of today’s complex engineering systems.
These include the smart electric grids [105-108], wireless communication systems [109, 110],
cyber-physical systems [111, 112], and others. The Stackelberg solution has also been of interest in
problemsrelated to security resource allocation [113], artificial intelligence [114, 115], economics,
management, and marketing systems [116-118], and others. Many of these complex systems do
not have a naturally designated leader leaving the leadership position open for negotiation. The
selection of aleader becomesavery importantissuethatwill affectthe entire system's performance.
Selecting or negotiating who should be the leader in these systems becomes very important,

especially when it is not obvious that being a leader is always advantageous.
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In this chapter, we explore the partitioning of the parameter space to characterize the
various regions when the controllers can mutually agree, and when they do not, on the selection of
the game leader. If the parameters probability distribution is known, the resulting partition of the
parameter space can then be used to determine the probability of all possible options of leader
selection. We illustrate the results with two examples where the parameters are uniformly
distributed over a bounded space and show how the probabilities of the existence of either

controller's mutually acceptable selection as a leader can be determined.

3.2 Stackelberg Solutions with Uncertain Parameters:

In Stackelberg games defined over a space of uncertain parameters where the leader is to
be selected by mutual agreement, the challenge is to determine probabilities of occurrence of a
game where it is advantageous for each of the two controllers to be select as the leader. To
accomplish this, the regions in the parameter space that delineate when it is advantageous for each
controller to be selected as a leader need to be determined. Let Q be the space of uncertain game

parameters, and letQ- — Q, i=1,2 bethesetof parameterssuch thatthe controller i prefers? [119]
to be the leader and QF = Q- QF be the set of parameters such that the Controller i prefers to be

a follower. Then Q can be divided into two regions: (1) A region of Agreement, Qa, representing
parameters that characterize Stackelberg solutions where both controllers agree on the leader
selection, and a region of disagreement, Qp, representing parameters that characterize Stackelberg

solutions where both controllers cannot agree on the leader selection. The region of agreement Qa

2 The preference can be either based on a cardinal ranking of the choices available to each playeraccordingto an
objective function or on an ordinalraking of the choices based oneachplayers’ subjective preference
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consists of two feasible sub-regions Q, =Qr ~Qf representing the region where both

controllers agree that controller 1 should be selected as the leaderand Q,, = QF ~ Q! represent
the region where both controllers agree that controller 2 should be selected. Similarly, Qp can be
divided into two sub-regions: Q_ =Qr nQlrepresenting solutions where both controllers
disagree in that both want to be selected as leaders and Q__ = Qf ~Qf where both controllers

disagree in that both wantthe other controller to be selected as leader. Characterizing these regions
in the parameter space will not only provide information about solutions where the leader
selections by mutual agreement are possible but also will allow for a determination of the
probabilities of occurrence of each of these solutions. Such probabilities will help the controllers
decide a priori on the most advantageous selection of the leader between them.

To clarify these concepts, letus firstconsider the simple 2-controller matrix solution shown

in Figure (3.1), where each controller has three decision choices. The controller C, controls the x
variables and wants to minimize the first entry in the matrix, and the controller C, controls they

variables and wants to minimize the second entry in the matrix. The solution has two uncertain

parameters « and £ in the matrix entries that are uniformly distributed over the bounded region
Q={(a,p)suchthat 0<a <8and 0< £ <12}. Following [99], it can be easily shown that the

Stackelberg solution with controller 1,C, as a leader, always occurs at the location{x,, y,}, and
the Stackelberg solution with controller 2, C,, as a leader, always occurs at the location{x, y,}

forall (a, ) € Q. Furthermore, it can be easily shown, as illustrated in Figure (3.2), that:

1) Q, ={(a,f)eQsuchthat3<a<4and0< <7}
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2) Q,, ={(a, p)eQsuchthat 0< o <3and7 < £ <12}
3) Qp ={(a, f)eQsuchthat3<a<8and7< <12}
4) Q., ={(a, f)eQsuchthat0<a<3and 0< < 7}
The four regions and their probabilities of occurrence of corresponding solutions are

indicated in Figure (3.2). Clearly, the largest region in the parameter space is the region of
agreementQ), implying that there is a 36% probability that a solution will occur where both
controllers agree that should be selected as leader and 16% probability thata solution will occur
where both agree that C, be selected as to be the leader. These are both feasible Stackelberg
solutions by mutual agreement. Figure (3.2) also indicates that there is a 48% probability thata
solution will occur where an agreement is not possible with a 26% probability due to both
controllers wantto be selected as leaders and 22% probability due to neither controller wants to
be selected as leader. This simple example illustrates the importance of determining the regions in

the parameter space where agreement can be reached on selecting the solution leader.

Vi Y Y3
X a,7 6,16 7,5
X, 9,14 11,13 3.8
X3 10,15 5,10 2,11

Figure (3.2): Matrix example with variables of a, 5
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Qi Qpi

(16%) (26%)

1

Cn2 L0}

22%) (36%)

>
0 3 8 oL

Figure (3.3): Characterization of the Parameter Space L2 for the solution in figure (3.2)

3.3 Differential Solution example

Consider the first-order linear-quadratic differential game example described by
the linear differential equation:
X=u,—u,,te[0,1], and x(0) = X, (3.1)

and quadratic cost functions

1 1 2
3, u) = 20X @)+ — [ uf (Ot (3.2)
p

1 1
ngygzz%%m+sz@amt (3.3)

where X is the state variable, u, and u, are the control variables of Controllers C, and C,

respectively and J, J,are their respective cost functions. This classic simple example was first

considered in [120] Ho, Bryson, and Baron (1965) and has been used since then as a benchmark

39



example to illustrate numeroussolution concepts in differential game theory. Note thatJ, andJ,

include the scalars parametersc , c,, ¢, and c,, which for the problem to be well defined, must

o1 Ces
satisfy the conditions:
{c,>0,¢,>0,¢,#0,c, =0} (3.4)
If the value of these parameters were known a priori, then it will be possible to determine
whether or not both controllers can agree on who should be selected as leader. Using the notation

ugand J; (U, U,g) , or simply J/, to denote the Stackelberg strategy and corresponding cost for

controlleriwhen controller jis leader, then both controller swillagree for controller1 to be selected

leader if J} <J7 and J; < J2 bothwill agree for controller 2 to be selected leader if J7 < J; and

JZ < J3. In this chapter, we will assume that the parametersc , c,, ¢, and c, are uncertain, and as

p! Ve?
aresult, it is not possible to determine a priori whether a leader selection is feasible or not. To the
simplicity of notation, let us define the parameters

c,,C,, C,andc, (3.5)
To determine the regions of agreement Q and disagreement Qp we first need to determine
the set of parameters {a,, a,} € R* over which the two Stackelberg solutions with either controller

as leader exist. It follows (from Eqs. (48)-(53) in [88] ) that the open-loop Stackelberg solution

with P1 as leader exists provided {a,, a,} € R* satisfy:

(l+a,)>0 } (3.6)

(l+a,)*+a, >0

The control variables for this solution are
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& __a(+a)

u,=——————x and u,, = 3.7
1s1 (1+a2)2 +a1 0 2s1 (1+a2)2 +a1 (] ( )
and the corresponding cost functions for the two controllersare:
3
l:l#zxg and \]221%&? (38)
2(1+a,) +a 2[1+a) +a]

Similarly, the open-loop Stackelberg solution with P2 as the leader exists provide

{a,, a,} e R*satisfy:

1+a >0
(3.9)

(l+a)*+a,>0

The control variables for this solution are:
a
Uy, = _al(l—-i_fl) X, and Uy, = —22 X (3.10)
(L+a) +a, (1+a) +a,
and the corresponding cost functions for the two controllers are:
3 1 C
RERE T Cl.) MY P S S (3.11)

S 2[@+a)+a 2(1+a)* +a, °

Thus, the parameter space Q) € R*over which both Stackelberg solutions exist is:
Q:{{ai, a}eR’3a, #0,a,#0, 1+a)>0,(+a,)>0,(1+a)*+a,>0,and (1+a,)* +4a, >O}

Figure (3.3) shows the region Q in R2. Note that the reason the coordinate axes correspond

to a, =0 and a, =0 are shown as dotted lines is that these lines are not included as a part of Q.
Next, we need to determine the region of agreementQ, < Q. As mentioned earlier, Qa
consists of two sub-regions Q,, = Q ~ QF where bothcontrollersagree that C, should be selected

as the leader and Q,, = Q] ~Q; where both controllers agree that C,, it should be selected as
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leader. The region Q! is determined by the set of parameters that yield J} < J?2. Using (3.8) and

(3.11), this means that:

Feasible region
[0}

a9 = — (a1 + 1)2

a; = —((L2+1)2

Figure (3.4): Feasible Region Q (shown in color)

G __G@+a)
[A+a,)*+a] [AL+a)’ +a]
After numerous algebraic manipulations, the above inequality reduces to:

¢ {(+a)" +2a,(1+a)’ +a; - ((1+a)°[(1+3) +2a, +a}]} <O
and after additional manipulations, it reduces further to:

cl{2a2(1+ a) +a-a,(2+a,)l+ al)?’} <0
and finally, after more manipulations, it simplifiesto

—2ca,a,(1+a)* —caa ((2+a)+(@1+a)*) <0
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Dividing the above inequality by the expressionc,a,aZ (1+a,)* Which is >0 since c,a, = c’c, Yyields

the condition:

2 ,9.8273) (3.16)
a,  (+a)
Now, if a, >0 (i.e., ifc, > 0) then the above inequality (4.16) will always be satisfied when

{a,a,}eQ.If a, <0then (4.16) must also be satisfied to characterize - . Thus, in summary, the

set of parameters for which C, prefers to be the leader is:

2 (2+a)
QF=4{a,a,}cQ >(a,>0)or|a, <0and —+1+ >0 3.17
1 {{ai 2} € 3( 2 ) ( 2 a, (1+a1)2 J } ( )
and the set of parameters for which C1 prefersto be a follower is Qf = Q- Qr. Figure (3.4)

illustrates the division of Q into Q- and QF .

Now following a similar derivation, the set O} suchthatJ2 < J; can be determined as:

Q; = {{ai, a,}eQ>(a,>0) or [§+1+ ((12::212))2 >0ifa < Oj } (3.18)

and Qf =Q-Q}. Figure (3.5) illustrates the division of Q intoQ}and Qf. The
superposition of Figures (3.4) and (3.5) when Q itis boundedby a <A anda, <A and A=2is
shown in Figure (3.6). This figure shows the two regions of agreement (€2,,and(2,, ) and the
two regions of disagreement (€2,,andQ, ). Itis interesting to note that the feasible region is now

divided into eight separate regions (labeled I through V111 for ease of referencing) that are related

to the allocation of roles between the two controllers as follows:
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1)

2)

3)

4)

A%

—2((11 + 1)2
(al +1)2+a1+2

Figure (3.5): Regions Q! and Q in Q

Q,, Itconsistsof sub-regions land Il, where both agree that C, should be selected as a leader.
Q,, It consists of sub-regions 11l and IV, where both agree that C, should be selected as a

leader.

Q) It consists of sub-regions V, VI, and VI, where both disagree, each preferring itself to be

selected as a leader.

Q,, It consists of sub-region V111, where both disagree, each preferring the other controller to

be elected as leader.
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Note that ©2,,and Q,, each consists of a large and a small region that is disconnected,
while Q, consists of three disconnected regions with VII being dominant in size, indicating that

most solutions would result in each controller wanting itself to be selected as leader.

—>» a

Figure (3.6): Regions Q) and Q) in Q

When the upper bound A of the parameters a and a, changes, some of the above

observations will change accordingly. For example, when A=0 (i.e., when Q is bounded by

a, <0 and a, <0), it will follow that Q_, will no longer exist, leaving only three possible options
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with Q_,being the most dominant indicating a strong preference for solutions where both

controllers prefer the other controller be selected as leader.
Finally, solutions that correspond to parameters in the small regions (e.g., Il and IV) are

very sensitive to small perturbations in the parameters causing a wrong potential distribution of

roles for the controllers.

AG2

> a1

Figure (3.7): Characterization of Q,,, Q,,,Qy,and Q, in Q
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3.4 Probabilities of Occurrence

Assuming that the parameters a and a, are uniformly distributed over, Q as shown in
Figure (3.3) with Aas upper bounds a, and a,, we can calculate the probabilities of occurrence of

solutions where both agreement and disagreement occur. The total area of the region Q in Figure
(3.4) can be determined analytically as a function of A by direct integration to be equal to

5J5-7

6

(A+1)° - A? +2A+0.30328. Tables (3.1) and (3.2) list the areas calculated by direct

integration for each of the various regions in figure (3.6) for three different values of A. These
tables also show the probability of occurrence of solutions corresponding to all sub-regions

individually as well as to the cumulative regions representing agreement and disagreement.

Table (3.1): Probabilities of Occurrence of all individual Sub-regions within

-Srglzetigl; Region Area of Region Probability of Occurrence
A=0- | A= @ A=1 A=2 A=0- | A= @ A=1 A=2
2 2
O I 0.0 0.5227 | 0.9047 | 1.9047 | 0.0% 27.20% 27.39%% | 22.94%
Al
[ 0.0526 [ 0.0526 | 0.0526| 0.0526 | 17.34% 2.74% 1.59% | 0.63%
Q. i 0.0 0.5227 | 0.9047| 1.9047 | 0.0% 27.20% 27.39%% | 22.94%
v 0.0526 | 0.0526 0.0526 | 0.0526 | 17.34% 2.74% 1.59% [ 0.63%
\Y 0.0 0.3820 1.0000 | 4.00000 | 0.0% 19.88% 30.27% | 48.17%
Qp, VI 0.0 0.0953 | 0.0953 | 0.0953 | 0.0% 4.96% 2.89% | 1.15%
VI 0.0 0.0953 | 0.0953| 0.0953 | 0.0% 4.96% 2.89% | 1.15%
Qp, VI 0.1981| 0.1981 | 0.1981| 0.1981 | 65.32% 10.32% 5.99% | 2.39%
Total Area 0.3033| 1.9213 | 3.3033| 8.3033
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Table (3.2): Cumulative Probabilities of Occurrence of Agreement/Disagreement Regions

Region Area of Region Probability of Occurrence
A=0- A= E A=1 A=2 A=0- A= @ A=1 A=2
2 2

Q, |0.0526| 0.5753 |0.9573|1.9573|17.34% | 29.94% |28.98% |23.57%
Q,, |0.0526 | 0.5753 |0.9573|1.9573|17.34% | 29.94% |28.98% |23.57%
Q
Q

D1 0.0 0.5726 | 1.1906 | 4.1906 | 0.0% 29.80% | 36.05% | 50.47%
oz |0.1981| 0.1981 |[0.1981|0.1981 | 65.32% | 10.32% | 5.99% | 2.39%
Area | 0.3033| 1.9213 |3.3033 | 8.3033

Clearly, for a large parameters space (A=2), the dominant region with the highest overall

probability of occurrence is Q. This means that there is a 50.47% probability that both

controllers will end up disagreeing that C, should be selected as a leader. This probability,

however, decreases rapidly to 36.05% as the parameter space becomes smaller (A=1) and to 0%

as space becomes even smaller (A=0"). The probability of occurrence of an agreement-solution

Q,,0rQ,,is 0% when A=0", becomes equal to the probability of disagreement Q_, atabout 30%

5-1
for each Q,,, Q,, and QQ,, when A:T then increases to 28.98% when A=1 and then

dropping substantially to 23.57% when A=2. Clearly, the highest probability of agreement (at

59.88%) occurs when A= and the highest probability of disagreement (at 65.32%) occurs

when A=0". The size of the parameter space is clearly the determining factor of whether a mutual
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agreement can be reached Q,, — oo between the two controllers. Note thatif A — oothen and the

probability of disagreement with each controller wanting to be the leader will approach 100%.

3.5 Conclusions

In this chapter, we have explored the problem of selecting the leader in Stackelberg
games with uncertain parameters. We have shown that the parameter space can be divided into
four regions, two of which representing games in which mutual agreement can be reached on the
selection of leader and the other two representing games in which disagreement between the
controllers takes place with both controllers either wanting to be leaders or both preferring to be
followers. A leader's selection can be easily accomplished if the game parameters fall within the
region of agreement. However, if they do not, then a stalemate condition may prevail, and the
selection of a leader becomes more complicated. The Nash solution or the possibility of side
payments may become options to break the stalemate. The probabilities of occurrence of
agreement and disagreement games are very useful information for the controllers to use in the
process of negotiations. We have illustrated these concepts with two examples and showed how
the probabilities of occurrence of all games are determined when the parameters are uniformly
distributed over a bounded space. This chapter providesan illustration of the type of analysis that
needs to be performed on all Stackelberg games defined over uncertain parameters where the

leader is to be selected by mutual agreement or negotiation and between the two controllers.
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CHAPTER FOUR:
ECONOMIC APPLICATION: DUOPOLIST CASE

This chapter is devoted to the important application of multiple controllers with multiple
objective systems in economics. We consider the real case when there are two-firm that control
the dynamics of a demand function. We derive the necessary condition for Leader-Follower-Firm
economic Stackelberg control systems. The general results are not easy to solve. In this work we
proposed the novel demand linear differential state function with quadratic cost functions.
However, the presence of cross term in the integrating profits function. The derivation of the
necessary conditions for such systems are presented in this chapter. To demonstrate the important

of the proposed model, the results, simulation results are presented for the numerical example.
4.1 Problem Description

A control system with two controllers, one labeled as a leader whose control is u, (t), and

the other labeled as follower whose controlis u. (t), which is typically described by the differential

equation over an interval of time [0,T] of the form:

%: x = f(x(t),u, (t),u (t)) (4.1)

where X(t) is the state variable. For simplicity of notation and without loss of generality,

we will consider only scalar systems, although most of the derivations can easily be extended to
higher dimensions. We will assume that the two controllers have two different discounted

objective functions (profits) that they wish to maximize:

]
3, (U, ug) = [e L (% U, ug )t (4.2)
0
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]
Je (U ug) = &L (xu ug )t (4.3)
0

Where e "is the discounted factor, and I is the discounted rate for both firms.

To best describe the Stackelberg Leader-Follower control design process, we will consider
a specific model of a dynamic economic system of two controlling firms. This model describes
two firms controlling a common dynamically evolving market through their product supply
functions. The model that we will consider assumes that the product price x(t) (i.e., state variable)

depends on the total product supply u(t) =u, (t)+u, (t) where u, (t) is the leader supply control

and u_ (t) is the follower supply control according to the differential equation:

ox()

o= X= T O+ (1) (4.4)

This relationship essentially implies that at any instant of time, the product price depends

on the total supply according to:

t
X(t) =X, + [ F(X(2),u, (r) + e ())dz (4.5)
0
Where x, is the initial price at some arbitrary initial time t, =0. Furthermore, we shall

assume thatthe objective of each firm is to maximize its profits over the time horizon [0, T] , which

are now described as:
;
3. (U up) = [e "D, —C (u)]dt (4.6)
0

and

‘]F(uLqu):].en[XuF —Cp (ug)dt (4.7)
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where the term xu, —C, (u,) represents the difference between the revenues xu, and
production costs C, (u,)for firms 1 ={L and F}. In this dynamic control model, the supply

control functions are determined continuously as a function of time to maximize the profits over
the specified time horizon.

The Stackelberg control of the leader is first determined as a function of the control of the
follower. To do this, the leader controller must anticipate the follower's maximization problem
(4.7) for every possible leader control to arrive at its control function. This is accomplished by the
follower controller using a standard optimal control methodology[1, 121-124]. The Hamiltonian
for the follower is defined (consider the discount factor for both firmsis r =0 ) as:

H: =xu: —C.(uz)+ A f(x,u_ +u;) (4.8)

and the necessary conditions for the follower’s control function are [27]:

: of (x,u,_ +ug)

A :—uF—/”LFT, A-(T)=0 (4.9
O:X—aC(UF)+}tF oy, +ue) (4.10)
Ou, Ou.

Where A isthe follower’s Lagrange-multiplier. Thus, forevery possible control u, thatthe
leader can implement, the follower will determine its control u_ by solving (4.9) and (4.10) where
x and H. satisfy (4.4) and (4.8). These expressions, therefore, define how the follower reacts to

every possible control choice by the leader. Now the problem faced by the leader is a little more

complex. The leader must determine its controlu, that maximizes (4.6) subject to the constraint
that u. satisfies the differential equation (4.9), and the algebraic equation (4.10) can be solved

implicitly for the follower’s control as a function of x and the leader’s controlu, ; that is,
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U =U-(u,Xx). Then, the leader’s control can be determined using a different leader’s

Hamiltonian defined as:

H =xu —C_ (u)+ A f(xu +ug(u X))+, (—up (U, x)— A Of (U +Ue (Uy, X))j (4.11)

Ou.

And the necessary conditions for the leader’s control function become:

2
/,-LL__/1L((3f(x,uL+uF)+af(X,uL+uF)aquJrﬂL(auF 2 @ f(x,u +u;)

ox U, ox X T ugox
2 (4.12)
+8 f(x,u2L+uF)8uF “u,  A(T)=0
oug OX
- OH, of (x,u, +u;)
= — = , O :0 4.13
ﬁL 8/1F ﬂL auF ﬁL( ) ( )
O:%: X_5CL(UL) T of (x,u_ +ug) N of (x,u_ +ug) ou
au, au, : ou, U ou,
(4.14)
5 ou, +é’zf(x,uL +U.) +azf(x,uL +U.) U,
“lau, uou, ou? au,

These expressions are, in general, very difficult to solve. However, like many of the
optimal control problem, a solution can be determined analytically in the case where the system is

linear and the cost functions are quadratic. This will be discussed in detail in the next section.

4.2 The Case of Linear Demand and Quadratic Cost Function

The special case of one controller linear system and quadratic cost functions has received
considerable interest in the control literature since the 1970s [122, 123]. As in the one controller
case, considerableinsightcan be obtainedaboutthe systembehavior by analyzingthis special linear

quadratic two-controller case. Let the system dynamics in (4.4) be linear and described as follows:
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X=ax—b(u_+u;) X(0) =x, (4.15)
Where a and p are positive constants and representing the rate of growth of the state

variable whenno controlis applied. Similarly, let the costfunctionsin (4.6)and (4.7) be quadratic
of the form:

CL(uL)zchuf and CF(uF)zécFuﬁ (4.16)

Where ¢, and c. are positive constants, and the factor % is introduced for mathematical
convenience. It is clear from (1) that the two controllers can keep the state variable constant x,

throughoutthe entire time horizon [87] if they both reacha consensusto simultaneously adjust their

controls so thatu, +u. = (a/b)x. However, this is unlikely to happen since if one controller

increases its control supply to increase its profits, the other controller will have to reduce its control
to keep the consensus resulting in a reduction in its profits, which may not be acceptable. In the
dynamic model described in (4.15), both controllers will continuously adjust their controls in order
to maximize their objective functions. Thus, the follower’s maximization problem as described in

(4.4), (4.8)-(4.10) will have a Hamiltonian in the form:

H. =xu, —%cFu,§+/1F(ax—b(uL+uF)) (4.17)
As well as the following necessary conditions:
x=ax—b(u_+ugz) x(0)=x, (4.18)
Ac =—U. —ad., A (T)=0 (4.19)
O=x—-CpU: —bA: (4.20)

Thus, from(4.20), we have

0, =Ci(x—b/1F) (4.21)

F
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As a result, the problem faced by the leader is to maximize (4.7)subject to the two

constraints;

2
Xz(a—ﬂ)x—buL+b—ﬂF, X(0) =X, (4.22)
Cr Cr
And
: b 1
Ae =—(a—C—)/1F -—X, A(T)=0 (4.23)
F F

Derived from (4.18) and (4.19) by replacing u. as described in (4.21). The corresponding

Hamiltonian (4.11) becomes:

2
H, =xu, —chuf + A, ((a—i)x—buL +b—ﬂFj+ﬁL (—(a—g)/’tF L XJ (4.24)
2 Ce Ce Ce F
And the necessary conditions (4.12)-(4.14) reduce to:
: b 1
A=-u-(@-—A4 +—p, 4.()=0 (4.25)
Cr Cr
. b? b
B =__/1L+(a__)IBL’ ﬁL(O)ZO (4.26)
Cr Cr
0=x-cuu, —bA, (4.27)
From (4.27) we have:
1
u, :C—(x—b}tL) (4.28)

L
Now combining equations,(4.22)-(4.23) and (4.28) and replacing the controls u. and u,

with their expressions in (4.21) and (4.28), we get:

2 2
>'<:(a—£—£)x+b—/1L+b—&F X(0) = x, (4.29)

L F C Ce

. b b 1 1

A =—(@-—-—")A —x+—p, 4.(T)=0 4.30
e DA A A (4.30)

. b 1
e =—(@-—)A4 ——Xx A(T)=0 (4.31)

Ce Ce
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with f, satisfying equations(4.26). Now, introducing the transformations 4, =k x,

Ae =k:X, and g, = kx; and after considerable mathematical manipulations, the solution of these

equations yields the following control functions for the leader and follower respectively:

u(t) :i(l—bkL () ()%, (4.32)

u (t)— (1 bk (t)) @ (t)x, (4.33)

wherek (t), k- (t), and ¢(t) are functlons of time that satisfy the following differential

equations:

kL(t)=(—2 12 Zka (t)- —k (t)——k (t)ke (1) + —k(t)——, K (T)=0 (4.38)
. b 2b 2 _
kF(t):(—2a+a+;]kF(t)—akL(t)kF(t)—akp(t)—a, k. (T)=0  (4.35)
and where K(t) satisfies
k(1)= k(1) (— () e (KO -k O k=0 (436)
and o(t) = ej‘)a(”d ’
where: o(t)= (a—cﬂ :—Zk (t)- CR :Zk ()J (4.37)

At thispoint, we should mention thatequations (4.34)-(4.36) are atwo-pointboundary value
problem consisting of coupled nonlinear differential equations. Equations (4.34) and (4.35) have

boundary conditions at the terminal time t=T, while equation (4.36) has a boundary condition at the

initial time t=0. Once this system of equations is solved for k, (t), k. (t) and K(t), only k_(t) and
k. (t) are used to generate the function o(t)in (4.37), which inturn is used to calculate the function
o(t).
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4.3 lllustrative Example

As an illustrative example, we consider a control system model of a dynamic market with
two firms producing and selling the same product. The model would follow the differential
equation (4.15) and profit functions as described in (4.6) and (4.7) with production costs as
described in (4.16). Let the problem parameters be defined as follows:a =0.03,b=0.012,

¢, =0.60 andc. =0.70, and let the time horizon be such that T =30. Assuming that the product
has an initial unit price x, =10, plots of the functionsk (t) k(t),and k(t) that satisfy (4.34)-
(4.36) are shown in Figures (4.1) and (4.2), respectively. Plots of the control functions u, (t) and
u. (t) are shown in figure (4.3), and a plot of the state variable X(t) , which represents the product

price, isshown in Figure (4.4). The total profitsaccumulated by the firms in this case over the entire

time horizonare J, =2,843.70 and J. = 2,471.31 indicatingthatthe firm thathaslower production

costs has achieved higher profits

Clearly, figure (4.3) shows that in the case of both firms, to maximize their profits, they
must continuously increase production over the entire time horizon. Also, it appears that the leader
firm whose production cost is lower seems to be producing at a higher rate than the follower firm
whose production cost is higher. A close examination of the figure (4.4) reveals that the product
price increasesrapidly atthe beginningbutreaches a peak of almost12 around t=20 beforetapering
down to 11.5 at t=30., the end of the profit maximization horizon.

One interestingaspectof thisanalysis is to examine the profits of bothfirmsandthe product
price as a function of the follower’s production cost. Table (4.1) and Figures (4.4-4.5) show the

variations of the profits of both firms and the price behavior overtime when the Leader’s cost
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parameter is fixed ¢, =0.60 , and the follower cost parameter c.. is increased from0.50 to 1.2.

Clearly, as the follower's production costs increase, the product price increases and the follower’s
profits decrease, but the leader’s profits increase. Thus the leader has an incentive to ensure that
the follower’s production costs remain as high as possible. In fact, when the follower’s production

costs are double those of the leader, i.e. c. =1.20, the leader’s profits will be double the profits of
the follower. Table 1 also shows that, when c. =0.58128, both firms accomplish the same profits
J, =J.=2,761.20. Itis also interesting to note that the product price behavior as a function of
time changes markedly as a function of c_. The lower c_, the more the price tendsto reach a peak
value. This peak value shifts to later in time as ¢, increases and vanishes when c. =1.00. Beyond

this value, the price becomes monotonically increasing in time. This type of price behavior is
interesting from the consumer point of view. A price that exhibits a peak followed by a drop after
a certain time is more favorable to the consumer leadingto the conclusionthatthe consumer prefers
that the follower firm's production costs be more on par with the costs of the leading firm. In the
next section, some results will be presented for the sensitivity of the parameters variation in the

proposed model and their corresponding effects on the profits for the two firms.
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Figure (4.1): Plots of functions k, (t) and k. (t) of equations(4.34) and (4.35)
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Table (4.1): Profits of both firms as a function of ¢. when ¢, =0.60

o J, Je
0.50 2708.14 3008.48
0.52 2720.50 2943.00
0.54 2733.40 2880.72
0.56 2746.72 2821.38
0.58 2760.32 2764.74

0.58128 2761.20 2761.20

0.6 2774.11 2710.58
0.62 2788.02 2658.73
0.64 2801.97 2609.01
0.66 2815.93 2561.29
0.68 2829.85 2515.43
0.70 2843.70 2471.31
1.00 3032.24 1963.00
1.20 3134.67 1729.25
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Figure (4.5): plotof X(t) when ¢, =0.6 and ¢, isincreased from 0.50to 1.20.

4.4 Sensitivity with parameter variation of the demand function

Following the results, we have gotten in chapter three and applied to the proposed model
and results of the duopolistic. If we suppose that uncertainty happens in the demand function
parameters, i.e., changingin a and b.

First, supposingthere is an uncertain value of a around its nominal value, with a fixed
value of b, the plot in figure (4.6) shows proportional relations between the a and both firms’
profits. Whereas a=0.024 which is 80% from its nominal value a =0.03, the leader firm will

have profit J =2298 which is around 80% from its profitwhen a is nominal, and on another

side, follower firm J. =1582 whichis 64.7% almost the same percentage of losses. Thus, as the
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value of a goingup to +20%, a = 0.036, the profits for leader and follower increased by +29%

and+30% , respectively.
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Figure (4.6). Firms’ profits vs. a fixed b=0.012.

The other possibility is that change in b ’s value with fixed a . If the variation b is ranging

as follow: {~20% — +20%} from its nominal value, both firms' profits decrease as follows:
Leader {+13 — —10%} while the follower will change {+13.5% — —11%}. Figure (4.7) shows the

full range for the above b ’s variation and the firms’ profits' corresponding effects.
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Figure (4.7): Firms’ profits vs.b and fixed a=0.03.

From the above two possibilities, both firms’ profits will increase as the value a increases
and decreases. As the final possible if both parameters are varying +20%, the 3-dimensional plot
in figure (4.8) shows the relationship as (a, b) pair are change and outcome leader firm profitJ
. As expected from the previous results, the possible upper value of a combined with the lowest
possible of b the best profit of leader firm within the range of variations and vice-versa.
Numerically speaking, as shown from the figure (4.8) the lowest possible valueforthe leader profit

J, (a=0.024,b =0.0216) = 2631 and best possible valueis J, (a =0.036,b =0.0144) = 5554
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Figure (4.8) Leader firm profits versus a and b variation

For the same range of variations for the demand function parameters, the profits changes are

represented by the surface, as shown in figure (4.9). The results can be shown for the lowest and

best values of the follower profitas follow: J_(a=0.024,b =0.0216) =1507 and best possible

value is J_(a=0.036,b=0.0144) =3384
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4.4 Conclusions

In this chapter, we considered control systems controlled by two independent controllers.
Motivated by real problems in dynamic economics where more powerful big firms can implement
their production strategies before the less powerful small firms, the leader-follower structure as a
variation of the traditional control systems has attracted considerable attention in recent years. In
such systems, due to either size or power, one controller has an advantage over the other in that it
is capable of designing and implementing its control actions before the other. This controller is
referred to as the leader controller and the other as the follower controller. To take advantage of the
leadership role, the leader controller anticipates the follower controller's reaction and designs its
controlactionstakingthisreaction into accountas a constraint that needs to be satisfied. This makes
the design process of the leader control much more complicated than the follower control design.
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Once the leader’s control is designed and implemented, the follower control is traditionally
designed as an optimal one controller control. In this chapter, we have examined the design process
of both controllers in detail, and we have shown that the leader implicitly determines the best
follower’s control thatoptimizes its performance and designs its control takinginto account that the
follower’s optimal choice is that specific control. These types of leader-follower control systems
can be used to describe many practical control systems. An illustrative example and simulation
results are presented to demonstrate the our proposed differential demand function with using

Stackelberg framework in such applications.
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CHAPTER FIVE: CONCLUSIONS

The control of multi-controller multi-objective systems presented in this dissertation is
considered a natural extension of the standard optimal control theory. In this dissertation, we have
discussed properties and applications related to these types of systems. The focus of the
dissertation is on dynamic systems with two controllers, each having its own objective function to

minimize over a finite-horizon. The contributions of the dissertation are summarized below.

5.1 Contributions

5.1.1 Sampled closed-loop

Chapter two proposed a sampled, instead of continuous, closed-loop schemes for two-
controller multi-objective systems. The necessary conditions for the proposed approach are
derived in detail for Linear Quadratic (LQ) systems. The theoretical results and implementation of
the sampled closed loop controls are applied for both Nash, and Stackelbergapproaches. The main
consideration of this approach is in designing the controls, which is a trade-off between the
simplicity of implementation of the open-loop framework and the robustness property of the
closed-loop framework. The proposed scheme can be a special type of feedback loops that are
closed only at specific instants of time when the state-vector is available for measurement. Asan
application for the derived results, we have illustrated a two-controller example for both the Nash
and Stackelberg solutions where the time horizon is divided into several number of samples.
Several observations can be made as a result of this example. For the Nash controllers it was
observed that as the number of samples increased, the system's behaviors for both controllers and

state trajectory resemble the behavior of the continuous closed loop. However, the sampled-
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closed-loop Stackelberg implemented controller with a high rate of samples approached the Nash

continuous closed-loop controls, and state trajectory.

5.1.2 Chosen Roles with Parameters uncertainty

Chapter four is devoted to an application of two controller systems in economics, the
duopoly model. This model is a linear differential price equation while the profit functions include
quadratic costs. In this chapter, we presented an illustrative example and derived the necessary
conditions for the leader-follower Stackelberg approach. One can conclude that the solution does

not exist for all possible ranges of cost parameters.

5.1.3 Economic Application: Duopolist Case

Chapter four is devoted to one important application in economic, the duopoly case. The literature
for two-firm shares the same market and produces the same good and control the demand function
Is mostly static. However, this dissertation tries to consider the price as controlled by a differential
equation from a control system view. The proposed model is new and has not been considered in
previous literature. This model is a linear differential price equation while the profit functions are
quadratic costand have acrossterm. However, due to the factthat the Nash controller’s derivation
is more straightforward than the Stackelberg controller, the Nash case is not considered in this
work. An illustrative example is presented to apply the necessary derived conditions for such
systems using the leader-follower Stackelberg approach. One can conclude that the solution does

not exist for all possible ranges of cost parameters.
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5.2 Suggestions for Future Research

There are several interesting problems that have not been explored in this dissertation and
remain open for future research. An important problem is to extend the sampled closed loop
approach to multiple controllers in nonlinear systems. Another problemis generalizing the leader-
follower role assignment over system parameters distribution for more general models including
linear quadratic systems. Exploring the possible solutions when both controllers are in

disagreement would also be interesting.

70



APPENDIXLIST OFPUBLICATIONS

71



Journal
Raaed S. Al-Azzawi and Marwan A. Simaan, "On the selection of leader in Stackelberg
games with parameter uncertainty,” International Journal of Systems Science, pp. 1-9, 2020, doi:
10.1080/00207721.2020.1820097.
Conferences
Raaed S. Al-Azzawi and Marwan. A. Simaan, "Sampled Closed-Loop Control in Multi-Controller
Multi-Objective Control Systems,™ in SoutheastCon 2018, 19-22 April 2018 2018, pp. 1-

7,doi:10.1109/SECON.2018.8478971.

Raaed S. Al-Azzawiand Marwan A. Simaan, "Leader-Follower Controls in Systems with Two

Controllers,” in 2019 SoutheastCon, 11-14 April 2019 2019, pp. 1-6, doi

10.1109/SoutheastCon42311.2019.9020435.

72



[1]

[2]

[3]

[4]

[5]

[6]

[7]

LIST OF REFERENCES

M. Athans and P. L. Falb, Optimal control; an introduction to the theory and its
applications (Lincoln Laboratory publications). New York,: McGraw-Hill, 1966, pp. xiv,
879 p.

M. I. Kamien, N. L. Schwartz, and N. L. Schwartz, Dynamic optimization : the calculus of
variations and optimal control (Dynamic economics, no. 4). New York: North Holland,
1981, pp. xi, 331 p.

R. Gabasov, F. M. Kirillova, and N. S. Paulianok, "Optimal outputon-linecontrol for linear
systems under uncertainty,” IFAC Proceedings Volumes, vol. 37, no. 17, pp. 63-71,
2004/09/01/ 2004, doi: https://doi.org/10.1016/S1474-6670(17)30801-7.

D. Chang, N. Petit, and P. Rouchon, "Time-Optimal Control of a Particle in a
Dielectrophoretic System,"” Automatic Control, IEEE Transactions on, vol. 51, pp. 1100-
1114,08/01 2006, doi: 10.1109/TAC.2006.878748.

G. Kurina, On some linear-quadratic optimal control problems for descriptor systems.

Department of mathematics, Stockholm University, 2006.

O. S. Fard and A. H. Borzabadi, "Optimal Control Problem, Quasi-Assignment Problem
and Genetic Algorithm," (in English), Proc Wrld Acad Sci E, vol. 19, pp. 422-424,01/01
2007. [Online]. Available: .

V. Bertsch, W. Fichtner, V. Heuveline, T. Leibfried, and SpringerLink, Advancesin Energy
System Optimization Proceedings of the first International Symposium on Energy System
Optimization (Trends in Mathematics, 2297-0215). Cham: Springer International
Publishing : Imprint: Birkh&user (in English), 2017.

73


https://doi.org/10.1016/S1474-6670(17)30801-7

[8]

[9]

[10]

[11]

[12]

[13]

[14]

G. Feichtinger, R. M. Kovacevic, SpringerLink, and G. Tragler, Control Systems and
Mathematical Methods in Economics Essays in Honor of Vladimir M. Veliov (Lecture
Notes in Economics and Mathematical Systems, 0075-8442 ; 687). Cham: Springer
International Publishing : Imprint: Springer (in English), 2018.

S. Kar, X. Li, U. Maulik, and SpringerLink, Operations Research and Optimization FOTA
2016, Kolkata, India, November 24-26 (Springer Proceedings in Mathematics & Statistics,
2194-1009 ; 225). Singapore: Springer Singapore : Imprint: Springer (in English), 2018.

SpringerLink, G. Yin, and Q. Zhang, Modeling, Stochastic Control, Optimization, and
Applications, 1sted. 2019. ed. (The IMA Volumes in Mathematics and its Applications,
0940-6573 ; 164). Cham: Springer International Publishing : Imprint: Springer (in
English), 2019.

R. Nes, "Multilevel Network Optimization for Public Transport Networks," Transportation
Research Record, vol. 1799, pp.50-57,01/01 2002, doi: 10.3141/1799-07.

W. Zhuang, M. Luo, and X. Fu, "A game theory analysis of port specialization—
implications to the Chinese port industry,” Maritime Policy & Management, vol. 41, no. 3,
pp. 268-287, 2014.

N. Saeed and O. I. Larsen, "Container terminal concessions: A game theory application to
the case of the ports of Pakistan," Maritime Economics & Logistics, vol. 12, no. 3, pp. 237-
262, 2010.

N. Saeedand O. I. Larsen, "An application of cooperativegame among container terminals
of one port,” European Journal of Operational Research, vol. 203, no. 2, pp. 393-403,
2010.

74



[15]

[16]

[17]

[18]

[19]

[20]

V. Pandey and S. D. Boyles, "Dynamic pricing for managed lanes with multiple entrances
and exits," Transportation ResearchPart C: Emerging Technologies, vol. 96, pp. 304-320,
2018/11/01/ 2018, doi: https://doi.org/10.1016/j.trc.2018.09.017.

C. S. Fisk, "Game theory and transportation systems modelling,” Transportation Research
Part B: Methodological, vol. 18, no. 4, pp. 301-313, 1984/08/01/ 1984, doi:
https://doi.org/10.1016/0191-2615(84)90013-4.

H. Chen, J. S. L. Lam, and N. Liu, "Strategic investment in enhancing port—hinterland
container transportation network resilience: A network game theory approach,”
Transportation Research Part B: Methodological, vol. 111, pp.83-112, 2018/05/01/ 2018,
doi: https://doi.org/10.1016/j.trb.2018.03.004.

S. Sekhavat, P. Svestka, J.-P. Laumond, and M. H. Overmars, "Multilevel Path Planning
for Nonholonomic Robots Using Semiholonomic Subsystems,” The International Journal
of Robotics Research, vol. 17, no. 8, pp. 840-857, 1998/08/01 1998, doi:
10.1177/027836499801700803.

F. Xu, W. Yang, and H. Li, "Computation offloading algorithm for cloud robot based on
improved game theory,” Computers & Electrical Engineering, vol. 87, p. 106764,
2020/10/01/ 2020, doi: https://doi.org/10.1016/j.compeleceng.2020.106764.

M. Schladen et al., "Adherence to Home Exercise in Cerebral Palsy: Caregiver
Perspectives on Game-based, Robot-assisted Ankle Therapy,” Archives of Physical
Medicine and Rehabilitation, vol. 100, no. 12, p. el67, 2019/12/01/ 2019, dot:
https://doi.org/10.1016/].apmr.2019.10.011.

75


https://doi.org/10.1016/j.trc.2018.09.017
https://doi.org/10.1016/0191-2615(84)90013-4
https://doi.org/10.1016/j.trb.2018.03.004
https://doi.org/10.1016/j.compeleceng.2020.106764
https://doi.org/10.1016/j.apmr.2019.10.011

[21]

[22]

[23]

[24]

[25]

[26]

[27]

T. Mylvaganam and M. Sassano, "Autonomous collision avoidance for wheeled mobile
robots using a differential game approach,” European Journal of Control, vol. 40, pp. 53-
61, 2018/03/01/ 2018, doi: https://doi.org/10.1016/j.ejcon.2017.11.005.

M. Kouzehgarand M. A. Badamchizadeh, "Fuzzy signaling game of deception between
ant-inspired deceptive robots with interactive learning," Applied Soft Computing, vol. 75,
pp. 373-387, 2019/02/01/ 2019, doi: https://doi.org/10.1016/j.as0c.2018.11.030.

M. Jimeénez-Lizarraga, R. Chapa, C. Rodriguez, and P. Castillo-Garcia, "Zero-Sum
Nonlinear Polynomial Game for Planar Robots Coordination,” IFAC-PapersOnLine, vol.
48, no. 11, pp. 463-468, 2015/01/01/ 2015, doi:
https://doi.org/10.1016/j.ifacol.2015.09.229.

P. Jerci¢, J. Hagelbidck, and C. Lindley, "An affective serious game for collaboration
between humans and robots,"” Entertainment Computing, vol. 32, p. 100319, 2019/12/01/
2019, doi: https://doi.org/10.1016/j.entcom.2019.100319.

S. Deshpande and R. Walambe, "Differential Gaming approach with safety parameter for
Mobile Robot to circumventa Dynamic Obstacle,” IFAC-PapersOnLine, vol. 53, no. 1,
pp. 477-482, 2020/01/01/ 2020, doi: https://doi.org/10.1016/j.ifacol.2020.06.080.

L. Bravo, U. Ruiz, and R. Murrieta-Cid, "A pursuit—evasion game between two identical
differential drive robots," Journal of the Franklin Institute, vol. 357, no. 10, pp.5773-5808,
2020/07/01/ 2020, doi: https://doi.org/10.1016/j.jfranklin.2020.03.009.

S. Algoul, M. S. Alam, M. A. Hossain, and M. A. A. Majumder, "Multi-objective optimal
chemotherapy control model for cancer treatment," Medical & Biological Engineering &
Computing, vol. 49, no. 1, pp. 51-65,2011/01/01 2011, doi: 10.1007/s11517-010-0678-y.

76


https://doi.org/10.1016/j.ejcon.2017.11.005
https://doi.org/10.1016/j.asoc.2018.11.030
https://doi.org/10.1016/j.ifacol.2015.09.229
https://doi.org/10.1016/j.entcom.2019.100319
https://doi.org/10.1016/j.ifacol.2020.06.080
https://doi.org/10.1016/j.jfranklin.2020.03.009

[28]

[29]

[30]

[31]

[32]

[33]

X. Zhu, L. Jiang, M. Ye, L. Sun, C. Gragnoli, and R. Wu, "Integrating Evolutionary Game
Theory into Mechanistic Genotype—Phenotype Mapping,” Trends in Genetics, vol. 32, no.
5, pp. 256-268, 2016/05/01/ 2016, doi: https://doi.org/10.1016/].tig.2016.02.004.

Z. Wan, Y. Vorobeychik, E. W. Clayton, M. Kantarcioglu, and B. Malin, "Chapter 7 -
Game theory for privacy-preserving sharing of genomic data,” in Responsible Genomic
Data Sharing, X. Jiangand H. Tang Eds.: Academic Press, 2020, pp. 135-160.

E. Ruppin, J. A. Papin, L. F. de Figueiredo, and S. Schuster, "Metabolic reconstruction,
constraint-based analysis and game theory to probe genome-scale metabolic networks,"
Current Opinion in Biotechnology, vol. 21, no. 4, pp. 502-510, 2010/08/01/ 2010, doi:
https://doi.org/10.1016/j.copbio.2010.07.002.

Y. Mansury, M. Diggory, and T. S. Deisboeck, "Evolutionary game theory in an agent-
based brain tumor model: Exploring the ‘Genotype—Phenotype’ link," Journal of
Theoretical Biology, vol. 238, no. 1, pp. 146-156, 2006/01/07/ 2006, doi:
https://doi.org/10.1016/].jtbi.2005.05.027.

X. Li, S. C. Lenaghan, and M. Zhang, "Evolutionary game based control for biological
systems with applications in drug delivery,” Journal of Theoretical Biology, vol. 326, pp.
58-69, 2013/06/07/ 2013, doi: https://doi.org/10.1016/].{tbi.2012.12.022.

E. Iranpourand S. Sharifian, "Adistributed load balancingand admissioncontrol algorithm
based on Fuzzy type-2 and Game theory for large-scale SaaS cloud architectures,” Future
Generation Computer Systems, vol. 86, pp. 81-98, 2018/09/01/ 2018, doi:
https://doi.org/10.1016/].future.2018.03.045.

77


https://doi.org/10.1016/j.tig.2016.02.004
https://doi.org/10.1016/j.copbio.2010.07.002
https://doi.org/10.1016/j.jtbi.2005.05.027
https://doi.org/10.1016/j.jtbi.2012.12.022
https://doi.org/10.1016/j.future.2018.03.045

[34]

[35]

[36]

[37]

[38]

[39]

F. Ferreira-Brito et al., "Game-based interventions for neuropsychological assessment,
training and rehabilitation: Which game-elements to use? A systematic review," Journal
of Biomedical Informatics, wvol. 98, p. 103287, 2019/10/01/ 2019, doi:
https://doi.org/10.1016/j.jbi.2019.103287 .

E. Cheng, N. Gambhirrao, R. Patel, A. Zhowandai, J. Rychtaf, and D. Taylor, "A game-
theoretical analysis of poliomyelitis vaccination,” Journal of Theoretical Biology, vol. 499,
p. 110298, 2020/08/21/ 2020, doi: https://doi.org/10.1016/].jtbi.2020.110298.

S. Bruch, L. Ernst, M. Schulz, L. Zieglowski, and R. H. Tolba, "Best variable identification
by means of data-mining and cooperative game theory,” Journal of Biomedical
Informatics, p. 103625,2020/11/19/ 2020, doi: https://doi.org/10.1016/].jbi.2020.103625.

M. Simaan and T. Takayama, "Game theory applied to dynamic duopoly problems with
production constraints,” Automatica, vol. 14, no. 2, pp. 161-166, 1978/03/01/ 1978, doi:
https://doi.org/10.1016/0005-1098(78)90022-5.

N. Zhang, Y. Yan, and W. Su, "A game-theoretic economic operation of residential
distribution system with high participation of distributed electricity prosumers,” Applied
Energy, vol. 154, pp. 471-479, 2015/09/15/ 2015, doi:
https://doi.org/10.1016/j.apenergy.2015.05.011.

X. Yang, Y. Peng, Y. Xiao, and X. Wu, "Nonlinear dynamics of a duopoly Stackelberg
game with marginal costs,” Chaos, Solitons & Fractals, vol. 123, pp. 185-191,2019/06/01/
2019, doi: https://doi.org/10.1016/].chaos.2019.04.007.

78


https://doi.org/10.1016/j.jbi.2019.103287
https://doi.org/10.1016/j.jtbi.2020.110298
https://doi.org/10.1016/j.jbi.2020.103625
https://doi.org/10.1016/0005-1098(78)90022-5
https://doi.org/10.1016/j.apenergy.2015.05.011
https://doi.org/10.1016/j.chaos.2019.04.007

[40]

[41]

[42]

[43]

[44]

[45]

Y. Wang, X. Wang, S. Chang, and Y. Kang, "Product innovation and process innovation
in a dynamic Stackelberg game,” Computers & Industrial Engineering, vol. 130, pp. 395-
403, 2019/04/01/ 2019, doi: https://doi.org/10.1016/].cie.2019.02.042.

N. I. Nwulu and X. Xia, "Multi-objective dynamic economic emission dispatch of electric
power generation integrated with game theory based demand response programs,™ Energy
Conversion and Management, vol. 89, pp. 963-974, 2015/01/01/ 2015, doi:
https://doi.org/10.1016/j.enconman.2014.11.001.

M. Motalleb, P. Siano, and R. Ghorbani, "Networked Stackelberg Competition in a
Demand Response Market," Applied Energy, vol. 239, pp.680-691,2019/04/01/2019, doi:
https://doi.org/10.1016/j.apenergy.2019.01.174.

X. Liu, Y. Ge, and Y. Li, "Stackelberg games for model-free continuous-time stochastic
systems based on adaptive dynamic programming,” Applied Mathematics and
Computation, vol. 363, p. 124568, 2019/12/15/ 2019, doi:
https://doi.org/10.1016/j.amc.2019.124568.

L. Leenders, B. Bahl, M. Hennen, and A. Bardow, "Coordinating scheduling of production
and utility system using a Stackelberg game,” Energy, vol. 175, pp. 1283-1295,
2019/05/15/ 2019, doi: https://doi.org/10.1016/j.energy.2019.03.132.

N. P. Dedov, "The Game Theory, Economic Behavior and Interpersonal Meta-
relationships,” Procedia Economics and Finance, vol. 26, pp. 542-545,2015/01/01/ 2015,
doi: https://doi.org/10.1016/S2212-5671(15)00952-1.

79


https://doi.org/10.1016/j.cie.2019.02.042
https://doi.org/10.1016/j.enconman.2014.11.001
https://doi.org/10.1016/j.apenergy.2019.01.174
https://doi.org/10.1016/j.amc.2019.124568
https://doi.org/10.1016/j.energy.2019.03.132
https://doi.org/10.1016/S2212-5671(15)00952-1

[46]

[47]

[48]

[49]

[50]

[51]

[52]

L. Colombo and P. Labrecciosa, "Stackelberg versus Cournot: A differential game
approach,” Journal of Economic Dynamics and Control, vol. 101, pp. 239-261,
2019/04/01/ 2019, doi: https://doi.org/10.1016/j.jedc.2018.10.007.

L. Chenand Y. Shen, "Stochastic Stackelberg differential reinsurance games under time-
inconsistent mean—variance framework," Insurance: Mathematics and Economics, vol. 88,
pp. 120-137, 2019/09/01/ 2019, doi: https://doi.org/10.1016/j.insmatheco.2019.06.006.

M. A. S. Aboelela, "Application of multi-objective PID controller for load frequency
control in two-area nonlinear electric power systems," International Journal of Power and
Energy Conversion, vol. 7, no. 2,03/31 2016, doi: 10.1504/ijpec.2016.076525.

D. Zhu, R. Wang, J. Duan, and W. Cheng, "Comprehensive weight method based on game
theory for identify critical transmission lines in power system,” International Journal of
Electrical Power & Energy Systems, vol. 124, p. 106362, 2021/01/01/ 2021, doi:
https://doi.org/10.1016/j.ijepes.2020.106362.

R. YokoyamaGeerliand L. Chen, "Game Theory Application to Operation Control and
Pricing in Deregulated Power Systems,” IFAC ProceedingsVolumes, vol. 33, no. 5, pp.
257-263, 2000/04/01/ 2000, doi: https://doi.org/10.1016/S1474-6670(17)40969-4.

L. Wang, W. Gu, Z. Wu, H. Qiu, and G. Pan, "Non-cooperative game-based multilateral
contract transactions in power-heating integrated systems," Applied Energy, vol. 268, p.
114930, 2020/06/15/ 2020, doi: https://doi.org/10.1016/j.apenergy.2020.114930.

L. A. Vasquez-Toledo, B. Borja-Benitez, R. Marcelin-Jiménez, E. Rodriguez-Colina, and
J. A. Tirado-Mendez, "Mathematical analysis of highly scalable cognitive radio systems

using hybrid game and queuing theory,” AEU - International Journal of Electronics and

80


https://doi.org/10.1016/j.jedc.2018.10.007
https://doi.org/10.1016/j.insmatheco.2019.06.006
https://doi.org/10.1016/j.ijepes.2020.106362
https://doi.org/10.1016/S1474-6670(17)40969-4
https://doi.org/10.1016/j.apenergy.2020.114930

[53]

[54]

[55]

[56]

[57]

[58]

Communications,  vol. 127, p. 153406, 2020/12/01/ 2020, doi:
https://doi.org/10.1016/j.aeue.2020.153406.

R. Tang, H. Li, and S. Wang, "A game theory-based decentralized control strategy for
power demand management of building cluster using thermal mass and energy storage,”
Applied  Energy, vol. 242, pp. 809-820, 2019/05/15/ 2019, dot:
https://doi.org/10.1016/].apenergy.2019.03.152.

L. Sun, Q. Xu, Y. Yang, and Y. Ji, "Game-theoretic robust optimization for a small-scale
integrated power system," Electric Power Systems Research, p. 106852, 2020/11/13/ 2020,
doi: https://doi.org/10.1016/j.epsr.2020.106852.

A. M. Othman, "Synergy of adaptive super-twisting method (ASTM) and game-theory
algorithm (GTA) for dynamic stability improvement of interconnected grids,” Electric
Power Systems Research, p. 106919, 2020/11/13/ 2020, doi:
https://doi.org/10.1016/j.epsr.2020.106919.

S.-y. Mu and Q. Zhu, "Power distribution algorithm based on game theory in the femtocell
system,” The Journal of China Universities of Posts and Telecommunications, vol. 20, no.
2, pp. 42-47,2013/04/01/ 2013, doi: https://doi.org/10.1016/S1005-8885(13)60026-6.

M. Kristiansen, M. Korpas, and H. G. Svendsen, "A generic framework for power system
flexibility analysisusingcooperativegame theory," Applied Energy, vol. 212, pp. 223-232,
2018/02/15/ 2018, doi: https://doi.org/10.1016/].apenergy.2017.12.062.

S. Jin, S. Wang, and F. Fang, "Game theoretical analysis on capacity configuration for
microgrid based on multi-agent system," International Journal of Electrical Power &

81


https://doi.org/10.1016/j.aeue.2020.153406
https://doi.org/10.1016/j.apenergy.2019.03.152
https://doi.org/10.1016/j.epsr.2020.106852
https://doi.org/10.1016/j.epsr.2020.106919
https://doi.org/10.1016/S1005-8885(13)60026-6
https://doi.org/10.1016/j.apenergy.2017.12.062

[59]

[60]

[61]

[62]

[63]

Energy  Systems, vol. 125, p. 106485, 2021/02/01/ 2021, doi:
https://doi.org/10.1016/j.ijepes.2020.106485.

E. Haghi, H. Shamsi, S. Dimitrov, M. Fowler, and K. Raahemifar, "Assessing the potential
of fuel cell-powered and battery-powered forklifts for reducing GHG emissions using clean
surplus power; a game theory approach,” International Journal of Hydrogen Energy,
2020/02/14/ 2020, doi: https://doi.org/10.1016/j.ijhydene.2019.05.063.

P. H. Shaikh, N. B. M. Nor, P. Nallagownden, I. Elamvazuthi, and T. Ibrahim, "Intelligent
multi-objective control and management for smart energy efficient buildings,”
International Journal of Electrical Power & Energy Systems, vol. 74, pp. 403-409,
2016/01/01/ 2016, doi: https://doi.org/10.1016/j.ijepes.2015.08.006.

S. Saritas, S. Yiiksel, and S. Gezici, "Dynamic signaling games with quadratic criteria
under Nash and Stackelberg equilibria,” Automatica, vol. 115, p. 108883, 2020/05/01/
2020, doi: https://doi.org/10.1016/j.automatica.2020.108883.

X. Luo, Y. Liu, J. Liu, and X. Liu, "Energy scheduling for a three-level integrated energy
system based on energy hub models: A hierarchical Stackelberg game approach,”
Sustainable Cities and Society, vol. 52, p. 101814, 2020/01/01/ 2020, doi:
https://doi.org/10.1016/j.scs.2019.101814.

I. C. Konstantakopoulos, A. R. Barkan, S. He, T. Veeravalli, H. Liu, and C. Spanos, "A
deep learning and gamification approach to improving human-building interaction and
energy efficiency in smart infrastructure,” Applied Energy, vol. 237, pp. 810-821,
2019/03/01/ 2019, doi: https://doi.org/10.1016/j.apenergy.2018.12.065.

82


https://doi.org/10.1016/j.ijepes.2020.106485
https://doi.org/10.1016/j.ijhydene.2019.05.063
https://doi.org/10.1016/j.ijepes.2015.08.006
https://doi.org/10.1016/j.automatica.2020.108883
https://doi.org/10.1016/j.scs.2019.101814
https://doi.org/10.1016/j.apenergy.2018.12.065

[64]

[65]

[66]

[67]

[68]

[69]

A. Khalid and N. Javaid, "Coalition based game theoretic energy management system of a
building as-service-over fog," Sustainable Cities and Society, vol. 48, p. 1015009,
2019/07/01/ 2019, doi: https://doi.org/10.1016/].5¢s.2019.101509.

H. Golpiraand S. A. R. Khan, "A multi-objective risk-based robust optimization approach
to energy management in smart residential buildings under combined demand and supply
uncertainty,” Energy, vol. 170, pp. 1113-1129, 2019/03/01/ 2019, doi:
https://doi.org/10.1016/j.enerqy.2018.12.185.

J. B. Cruz, M. A. Simaan, A. Gacic, J. Huihui, B. Letellier, and L. Ming, "Modeling and
control of military operations againstadversarial control,” in Proceedings ofthe 39th IEEE
Conference on Decision and Control (Cat. No.0OCH37187), 12-15 Dec. 2000 2000, vol.
3, pp. 2581-2586 vol.3, doi: 10.1109/CDC.2000.914192.

H. Sedjelmaci, A. Boudguiga, I. B. Jemaa, and S. M. Senouci, "An efficient cyber defense
framework for UAV-Edge computing network," Ad Hoc Networks, vol. 94, p. 101970,
2019/11/01/ 2019, doi: https://doi.org/10.1016/j.adhoc.2019.101970.

Z. Li, Z. An, Z. Yongfang, and S. Zhifu, "Study on group air to ground attack -defends
hierarchical dynamic decision-making* *This project was supported by College Doctor
Foundation (20060699026) and Aviation Basic Scientific Foundation (05D53021),"
Journal of Systems Engineering and Electronics, vol. 18, no. 3, pp. 540-544,2007/01/01/
2007, doi: https://doi.org/10.1016/S1004-4132(07)60126-1.

M. H. Lee, N. P. Nguyen, and J. Moon, "Leader—follower decentralized optimal control for
large population hexarotors with tilted propellers: A Stackelberg game approach,” Journal
of the Franklin Institute, vol. 356, no. 12, pp. 6175-6207, 2019/08/01/ 2019, doi:
https://doi.org/10.1016/j.jfranklin.2019.05.026.

83


https://doi.org/10.1016/j.scs.2019.101509
https://doi.org/10.1016/j.energy.2018.12.185
https://doi.org/10.1016/j.adhoc.2019.101970
https://doi.org/10.1016/S1004-4132(07)60126-1
https://doi.org/10.1016/j.jfranklin.2019.05.026

[70]

[71]

[72]

[73]

[74]

[75]

R. Hohzaki and S. Nagashima, "A Stackelberg equilibrium for a missile procurement
problem,” European Journal of Operational Research, vol. 193, no. 1, pp. 238-249,
2009/02/16/ 2009, doi: https://doi.org/10.1016/].ejor.2007.10.033.

A. E. E. Eltoukhy, Z. X. Wang, F. T. S. Chan, and X. Fu, "Data analytics in managing
aircraft routing and maintenance staffing with price competition by a Stackelberg-Nash
game model,"” Transportation Research Part E: Logistics and Transportation Review, vol.
122, pp. 143-168, 2019/02/01/ 2019, doi: https://doi.org/10.1016/j.tre.2018.12.002.

E. Semsar-Kazerooni and K. Khorasani, "Optimal consensus algorithms for cooperative
team of agents subject to partial information,” Automatica, vol. 44,no. 11, pp. 2766-2777,
2008.

E. Semsar and K. Khorasani, "Optimal control and game theoretic approaches to
cooperative control of a team of multi-vehicle unmanned systems,” in 2007 IEEE
International Conference on Networking, Sensing and Control, 2007: IEEE, pp. 628-633.

E. Semsar-Kazerooni and K. Khorasani, "Optimal cooperation in a modified leader-
follower team of agents with partial availability of leader command,” in 2007 IEEE
International Conference on Systems, Man and Cybernetics, 2007: IEEE, pp. 234-239.

E. Semsar-Kazerooni and K. Khorasani, "Optimal performance of a modified leader-
follower cooperative team with partial availability of the leader command and agents
actuator faults,” in 2007 46th IEEE Conference on Decisionand Control, 2007: IEEE, pp.
2491-2497.

84


https://doi.org/10.1016/j.ejor.2007.10.033
https://doi.org/10.1016/j.tre.2018.12.002

[76]

[77]

[78]

[79]

[80]

[81]

[82]

E. S. Kazerooni and K. Khorasani, "Semi-decentralized optimal control of a cooperative
team of agents," in 2007 IEEE International Conference on Systemof Systems Engineering,
2007: IEEE, pp. 1-7.

Y. Zacchia Lun, A. D’Innocenzo, F. Smarra, I. Malavolta, and M. D. Di Benedetto, "State
of the art of cyber-physical systems security: An automatic control perspective,” Journal
of Systems and Software, vol. 149, pp. 174-216, 2019/03/01/ 2019, doi:
https://doi.org/10.1016/}.jss.2018.12.006.

S. Talebi, M. A. Simaan, and Z. Qu, "Decision-Making in Complex Dynamical Systems
of Systems With One Opposing Subsystem,"” 2019 18th European Control Conference
(ECC), pp. 2789-2795, 2019.

S. Talebi, M. A. Simaan, and Z. Qu, "Cooperative Design of Systems of Systems Against
Attack on One Subsystem,"” 2019 IEEE 58th Conference on Decision and Control (CDC),
pp. 7313-7318, 2019.

R. Schreiber, "A few bad ideas on the way to the triumph of parallel computing,” Journal
of Parallel and Distributed Computing, vol. 74, no. 7, pp. 2544-2547, 2014/07/01/ 2014,
doi: https://doi.org/10.1016/j.jpdc.2013.10.006.

A. Annarelli, F. Nonino, and G. Palombi, "Understanding the management of cyber
resilient systems," Computers & Industrial Engineering, vol. 149, p. 106829, 2020/11/01/
2020, doi: https://doi.org/10.1016/j.cie.2020.106829.

F. Allgower et al., "Position paper on the challenges posed by modern applications to
cyber-physical systemstheory,” Nonlinear Analysis: Hybrid Systems, vol. 34, pp. 147-165,
2019/11/01/2019, doi: https://doi.org/10.1016/j.nahs.2019.05.007.

85


https://doi.org/10.1016/j.jss.2018.12.006
https://doi.org/10.1016/j.jpdc.2013.10.006
https://doi.org/10.1016/j.cie.2020.106829
https://doi.org/10.1016/j.nahs.2019.05.007

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

J. Nash, "Non-cooperative games," Annals of mathematics, pp. 286-295, 1951.

A. W. Starr and Y.-C. Ho, "Nonzero-sum differential games," Journal of Optimization
Theory and Applications, vol. 3, no. 3, pp. 184-206, 1969.

A. Starr and Y.-C. Ho, "Further properties of nonzero-sum differential games,” Journal of
Optimization Theory and Applications, vol. 3, no. 4, pp. 207-219, 1969.

H. v. Stackelberg, "Theory of the market economy,” 1952.

M. Simaan and J. B. Cruz, "Additional aspects of the Stackelberg strategy in nonzero-sum
games," Journal of Optimization Theory and Applications, vol. 11, no. 6, pp. 613-626,
1973.

M. Simaan and J. B. Cruz, "On the Stackelberg strategy in nonzero-sum games," Journal
of Optimization Theory and Applications, vol. 11, no. 5, pp. 533-555, 1973.

X. He, A. Prasad, S. P. Sethi, and G. J. Gutierrez, "A survey of Stackelberg differential
game models in supply and marketing channels," Journal of Systems Science and Systems
Engineering, vol. 16,n0.4, pp. 385-413,2007/12/01 2007, doi: 10.1007/s11518-007-5058-
2.

V. Ungureanu, "Pareto-Nash-Stackelberg game and control theory : intelligent paradigms
and applications,” (in English), 2018. [Online]. Available:
https://search.ebscohost.com/login.aspx?direct=true&scope=site&db=nlebk&db=nlabk &
AN=1728224.

86


https://search.ebscohost.com/login.aspx?direct=true&scope=site&db=nlebk&db=nlabk&AN=1728224
https://search.ebscohost.com/login.aspx?direct=true&scope=site&db=nlebk&db=nlabk&AN=1728224

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

I. Pan and S. Das, "Frequency domain design of fractional order PID controller for AVR
system using chaotic multi-objective optimization,” (in English), International Journal of
Electrical Power & Energy Systems, vol. 51, pp. 106-118, Oct 2013, doi:
10.1016/j.ijepes.2013.02.021.

J. B. Cruz, Feedback systems. McGraw-Hill, 1971.

M. Simaan and J. B. Cruz, "Sampled-Data Nash Controls in Non-Zero-Sum Differential
Games," (in English), International Journal of Control, vol. 17, no. 6, pp. 1201-1209,
1973/06/01 1973, doi: 10.1080/00207177308932464.

T. Basar, T. Basar, and G. J. Olsder, Dynamic Noncooperative Game Theory. Society for
Industrial and Applied Mathematics, 1999.

J. Yong, Differential games : a concise introduction. World Scientific, 2015.

L. Lambertini, Differential Games in Industrial Economics. Cambridge: Cambridge
University Press, 2018.

S. P. Anderson and M. Engers, "Stackelberg versus Cournot oligopoly equilibrium,"
International Journal of Industrial Organization, vol. 10,no. 1, pp. 127-135, 1992/03/01/
1992, doi: https://doi.org/10.1016/0167-7187(92)90052-Z.

H. Wenhua, Y. Li, and W. Shouyang, "Endogenous stackelberg leadership with uncertain
information," Journal of Systems Engineering and Electronics, vol. 13, no. 1, pp. 74-49,
2002.

87


https://doi.org/10.1016/0167-7187(92)90052-Z

[99]

[100]

[101]

[102]

[103]

[104]

[105]

T. Basar, "On the relative leadership property of Stackelberg strategies,” Journal of
Optimization Theory and Applications, vol. 11, no. 6, pp. 655-661, 1973/06/01 1973, doi:
10.1007/BF00935564.

M. Boyer and M. Moreaux, "Being a leader or a follower: Reflections on the distribution
of roles in duopoly,” International Journal of Industrial Organization, vol. 5, no. 2, pp.
175-192, 1987/01/01/ 1987, doi: https://doi.org/10.1016/S0167-7187(87)80018-8.

S. Dowrick, "von Stackelbergand Cournot Duopoly: ChoosingRoles,” The RAND Journal
of Economics, vol. 17, no. 2, pp. 251-260, 1986, doi: 10.2307/2555388.

E. van Damme and S. Hurkens, "Endogenous Stackelberg Leadership,"” Games and
Economic Behavior, vol. 28, no. 1, pp. 105-129, 1999/07/01/ 1999, doi:
https://doi.org/10.1006/game.1998.0687 .

Z. Liu, "Stackelberg leadership with demand uncertainty,” Managerial and Decision
Economics, https://doi.org/10.1002/mde.1226 vol. 26, no. 5, pp. 345-350, 2005/07/01
2005, doi: https://doi.org/10.1002/mde.1226.

P.-y. Nie, C. Wang, and T. Cui, "Players acting as leaders in turn improve cooperation,”
Royal Society Open Science, vol. 6, no. 7, p. 190251, doi: 10.1098/rs0s.190251.

F. Meng and X. Zeng, "A Stackelberg Game Approach to maximise electricity retailer's
profitand minimse customers' bills for future smart grid,” in 2012 12th UK Workshop on
Computational Intelligence (UKCI), 5-7 Sept. 2012 2012, pp. 1-7, doi
10.1109/UKCI.2012.6335772.

88


https://doi.org/10.1016/S0167-7187(87)80018-8
https://doi.org/10.1006/game.1998.0687
https://doi.org/10.1002/mde.1226
https://doi.org/10.1002/mde.1226

[106]

[107]

[108]

[109]

[110]

[111]

W. Tushar, W. Saad, H. V. Poor, and D. B. Smith, "Economics of Electric Vehicle
Charging: A Game Theoretic Approach," IEEE Transactions on Smart Grid, vol. 3, no. 4,
pp. 1767-1778, 2012, doi: 10.1109/TSG.2012.2211901.

S. Maharjan, Q. Zhu, Y. Zhang, S. Gjessing, and T. Basar, "Dependable Demand Response
Management in the Smart Grid: A Stackelberg Game Approach," IEEE Transactions on
Smart Grid, vol. 4, no. 1, pp. 120-132, 2013, doi: 10.1109/TSG.2012.2223766.

J. Chen and Q. Zhu, "A Stackelberg Game Approach for Two-Level Distributed Energy
Management in Smart Grids,” IEEE Transactions on Smart Grid, vol. 9, no. 6, pp. 6554-
6565, 2018, doi: 10.1109/TSG.2017.2715663.

L. Xiao, T. Chen, J. Liu, and H. Dai, "Anti-Jamming Transmission Stackelberg Game With
Observation Errors,” IEEE Communications Letters, vol. 19, no. 6, pp. 949-952, 2015, doi:
10.1109/LCOMM.2015.2418776.

L. Jia, F. Yao, Y. Sun, Y. Xu, S. Feng, and A. Anpalagan, "A Hierarchical Learning
Solution for Anti-Jamming Stackelberg Game With Discrete Power Strategies,” IEEE
Wireless Communications Letters, vol. 6, no. 6, pp. 818-821, 2017, doi:
10.1109/LWC.2017.2747543.

Y. Yuan, F. Sun, and H. Liu, "Resilient control of cyber-physical systems against
intelligent attacker: a hierarchal stackelberg game approach,” International Journal of
Systems Science, vol. 47, no. 9, pp. 2067-2077, 2016/07/03 2015, doi:
10.1080/00207721.2014.973467.

89



[112]

[113]

[114]

[115]

[116]

[117]

J. Shen and D. Feng, "A game-theoretic method for cross-layer stochastic resilient control
design in CPS," International Journal of Systems Science, vol. 49, no. 4, pp. 677-691,
2018/03/12 2018, doi: 10.1080/00207721.2017.1406555.

D. Korzhyk, V. Conitzer, and R. Parr, "Complexity of computing optimal stacke Iberg
strategies in security resource allocation games,"” in Twenty-Fourth AAAI Conference on

Artificial Intelligence, 2010: Citeseer.

J. Pita, M. Jain, M. Tambe, F. Orddfiez, and S. Kraus, "Robust solutions to Stackelberg
games: Addressing bounded rationality and limited observations in human cognition,"
Artificial Intelligence, vol. 174, no. 15, pp. 1142-1171, 2010/10/01/ 2010, dot:
https://doi.org/10.1016/j.artint.2010.07.002.

Y. Zhou and M. Kantarcioglu, "Modeling Adversarial Learning as Nested Stackelberg
Games," presented at the Proceedings, Part Il, of the 20th Pacific-Asia Conference on
Advances in Knowledge Discovery and Data Mining - Volume 9652, Auckland, New
Zealand, 2016. [Online]. Available: https://doi.org/10.1007/978-3-319-31750-2 28.

Y. Chang et al., "Oil supply between OPEC and non-OPEC based on game theory,”
International Journal of Systems Science, vol. 45,n0.10, pp.2127-2132,2014/10/032014,
doi: 10.1080/00207721.2012.762562.

F. A. Ferreira, F. Ferreira, M. Ferreira, and A. A. Pinto, "Flexibility in a Stackelberg
leadership with differentiated goods,” Optimization, vol. 64, no. 4, pp. 877-893,
2015/04/03 2015, doi: 10.1080/02331934.2013.836649.

90


https://doi.org/10.1016/j.artint.2010.07.002
https://doi.org/10.1007/978-3-319-31750-2_28

[118]

[119]

[120]

[121]

[122]

[123]

[124]

T. Li and S. P. Sethi, "A review of dynamic Stackelberg game models,” Discrete &
Continuous Dynamical Systems - B, vol. 22, no. 1, pp. 125-159, 2017, doi:
10.3934/dcdsh.2017007.

J. Cruzand M. Simaan, "Ordinal Games and Generalized Nash and Stackelberg Solutions,”
Journal of Optimization Theory and Applications, vol. 107, pp. 205-222,11/01 2000, do:
10.1023/A:1026476425031.

Y. Ho, A. Bryson, and S. Baron, "Differential games and optimal pursuit-evasion

strategies,” IEEE Transactions on Automatic Control, vol. 10, no. 4, pp. 385-389, 1965.

R. S. Al-Azzawi and M. A. Simaan, "Sampled Closed-Loop Control in Multi-Controller
Multi-Objective Control Systems," in SoutheastCon 2018, 19-22 April 2018 2018, pp. 1-
7,doi: 10.1109/SECON.2018.8478971.

B. D. O. Anderson and J. B. Moore, Optimal control : linear quadratic methods.
Englewood Cliffs, N.J.: Prentice Hall (in English), 1990.

F. L. Lewis, D. L. Vrabie, and V. L. Syrmos, Optimal Control, 3rd ed. Hoboken: John
Wiley & Sons,, 2012, p. 1 online resource (554 pages).

R. S. Al-Azzawi and M. A. Simaan, "Leader-Follower Controls in Systems with Two
Controllers,” in 2019 SoutheastCon, 11-14 April 2019 2019, pp. 1-6, dot
10.1109/SoutheastCon42311.2019.90204 35.

91



	Control Strategies for Multi-Controller Multi-Objective Systems
	STARS Citation

	Abstract
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF FIGURES
	LIST OF TABLES
	CHAPTER ONE  INTRODUCTION
	1.1 Single-Controller with Single objective problems (Optimal control problems):
	1.2 Control Systems with Multi-Controller with Multi-Objectives
	1.3 Nash Control Solution
	1.3.1 Nash Open-Loop Solution in Dynamic Systems

	1.4 Stackelberg Control Startegy
	1.4.1 Stackelberg Open-Loop Solution in Dynamic Systems
	1.4.2 For the Following controller
	1.4.3 For the Leading controller

	1.5 Organization of the Dissertation

	CHAPTER TWO  SAMPLED CLOSED-LOOP
	2.1 Introduction
	2.2 Motivation
	2.3 Linear Quadratic Multi-Controller Systems.
	2.4 Implementation of the Sampled Closed-Loop Controls
	2.5 An Illustrative Example
	2.6 Conclusion

	CHAPTER THREE LEADERSHIP SELECTION WITH PARAMETER UNCERTAINTY
	3.1 Introduction
	3.2 Stackelberg Solutions with Uncertain Parameters:
	3.3 Differential Solution example
	3.4 Probabilities of Occurrence
	3.5 Conclusions

	CHAPTER FOUR: ECONOMIC APPLICATION: DUOPOLIST CASE
	4.1 Problem Description
	4.2 The Case of Linear Demand and Quadratic Cost Function
	4.3 Illustrative Example
	4.4 Sensitivity with parameter variation of the demand function
	4.4 Conclusions

	CHAPTER FIVE: CONCLUSIONS
	5.1 Contributions
	5.1.1 Sampled closed-loop
	5.1.2 Chosen Roles with Parameters uncertainty
	5.1.3 Economic Application: Duopolist Case

	5.2 Suggestions for Future Research

	APPENDIX LIST OF PUBLICATIONS
	LIST OF REFERENCES

