Clemson University

TigerPrints

All Dissertations Dissertations

December 2020

Uncertainty Principles in Framed Hilbert Spaces

Haodong Li
Clemson University, haodonl@g.clemson.edu

Follow this and additional works at: htips://tigerprints.clemson.edu/all_dissertations

Recommended Citation

Li, Haodong, "Uncertainty Principles in Framed Hilbert Spaces" (2020). All Dissertations. 2748.
https://tigerprints.clemson.edu/all_dissertations/2748

This Dissertation is brought to you for free and open access by the Dissertations at TigerPrints. It has been
accepted for inclusion in All Dissertations by an authorized administrator of TigerPrints. For more information,
please contact kokeefe@clemson.edu.


https://tigerprints.clemson.edu/
https://tigerprints.clemson.edu/all_dissertations
https://tigerprints.clemson.edu/dissertations
https://tigerprints.clemson.edu/all_dissertations?utm_source=tigerprints.clemson.edu%2Fall_dissertations%2F2748&utm_medium=PDF&utm_campaign=PDFCoverPages
https://tigerprints.clemson.edu/all_dissertations/2748?utm_source=tigerprints.clemson.edu%2Fall_dissertations%2F2748&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:kokeefe@clemson.edu

UNCERTAINTY PRINCIPLES IN FRAMED HILBERT SPACES

A Dissertation
Presented to
the Graduate School of

Clemson University

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

Mathematical Science

by
Haodong Li
December 2020

Accepted by:
Mishko Mitkovski, Committee Chair
Shitao Liu
Martin Schmoll
Jeong-Rock Yoon



Introduction

The uncertainty principle is one of the most fundamental concepts in harmonic analysis. It
has many facets and appears in many different (non-equivalent) forms. However, a common theme
of all uncertainty principles can be vaguely summarized into two points of view. From Fourier
analysis perspective: In 1925, Wiener first formulate the uncertainty principle [19] in his Gottingen
lecture. It says a function and its Fourier transform cannot both be sharply localized. From operator
theoretical perspective: In 1927, two years after the Wiener’s lecture, Heisenberg formulated his
famous uncertainty principle [7], saying that the position and the momentum of a quantum particle
cannot be measure simultaneously. Mathematically, this can be expressed as the multiplication and

differentiation operators X and D satisfy the canonical commutation relation:

[D,X]:=DX —XD = ﬁ[.
Which shows a strong non-commutativity of X and D. These two points of view are related with
each other through the fact that the Fourier transform F conjugates the operators X and D. Namely,
X =FDF*.

The thesis mainly consists of three projects whose common theme is the uncertainty prin-
ciple. Two of them concern interpolation and sampling problems, while the third one is about the
so-called generalized Balian-Low theorem. We now briefly describe each of them, and give an outline
of how the thesis is organized.

The main results of the thesis are included in the last three chapters. The main purpose
of Chapter 1 is to introduce the well-known concepts that will be used throughout the thesis, and

set up the notations. Besides this, we state the classical uncertainty principle and the classical

Balian-Low theorem that will be generalized in the later chapters. We also include proofs of these
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results which are based on the similar ideas with our proofs of more general results. The reason for
including them is to illustrate those ideas in the simplest possible setting.

In Chapter 2, we introduce the concept of framed Hilbert spaces as a general setting for
studying problems of uncertainty principle type. These spaces could be viewed as a special type of
reproducing kernel Hilbert spaces which include many function spaces that play an important role
in harmonic analysis. In the chapter, we prove some basic results about framed Hilbert spaces that
will be used in the rest of the thesis. Many of those are new results in this level of generality.

Sampling and interpolation problems could be viewed as a manifestation of the uncertainty
principle in the following way. Take the classical Paley-Wiener space as an example. This space
consists of functions (band-limited functions) in L?(R) whose Fourier transform is localized in a
fixed interval. As a consequence of the classical uncertainty principle, these functions cannot be
localized on any finite intervals. However, we have more than that. It turns out that the oscillation
of the functions get controlled by their band limit. Therefore, it is difficult to solve interpolation
problems for such functions. More precisely, to be able to solve interpolation problems, the density
of interpolating points must be sparse enough relative to the band limit. However, at the same time,
it is easy to solve sampling problems. In other words, such functions could be completely determined
on the set (sampling set) which is sufficiently dense relative to the band limit.

In Chapter 3, we define a very general interpolation set called d-approximate (weak) in-
terpolation set in framed Hilbert spaces. This type of sets were relatively recently introduced by
Olevskii and Ulanovskii in the classical Paley-Wiener space. And we will prove a necessary density
condition for those sets similar to the one for usual interpolation sets.

Like Chapter 3, sampling problems could be also studied in the general framework of framed
Hilbert spaces. However, we will concentrate on a more precise problem of estimating a sampling
constant in the space of multiband-limited functions. A sharp estimate of this constant in classi-
cal Paley-Wiener spaces is given by Kovrijkine, who also provides a quantitative estimate for this
constant in multiband cases. In both of these cases, the dependence of this sampling constant on
the length of the (multi)band is exponential. In Chapter 4, we will impose additional (suboptimal)
conditions on the sampling set which allow us to obtain a much-improved sampling constant which
depends linearly on the length of the multiband.

The classical uncertainty principle gives a bound on how close a function could become a

joint eigenvector of X and D. This classical version of uncertainty principles also gives us the optimal
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approximate joint eigenvectors, which are the time-frequency shifts of the Gaussian. However, it
turns out that the time-frequency shifts of the Gaussian, unfortunately, cannot form an orthonormal
basis (even a Riesz basis). Moreover, if we use an integer lattice of time-frequency shifts of some
generating function to form an orthonormal basis, it turns out this generating function must have
a very poor time-frequency localization. This result of uncertainty principle type is the so-called
Balian-Low theorem.

In Chapter 5, we will give a very general version of Balian-Low theorem, which only requires
the operator pair to satisfy a weak non-commutativity property and does not necessarily require the
orthonormal (or Riesz) basis to be the time-frequency shifts of a single function. Furthermore, we
examine the relationship between diagonalization and possibility of joint orthonormal (or Riesz)

eigenbasis of the operator pair both in a very weak sense.

iv
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Chapter 1

Preliminaries

1.1 Multiplication and Differentiation Operators

Arguably, the two most important operators in analysis are the multiplication and differen-

tiation operators:

The multiplication X : D(X) — L?(R) is defined by
Xf(z):=zf(x), VreR.
And the differentiation D : D(D) — L?(R) is defined by
Df(x) = L,f'(:v)7 Vz € R.
2mi
Where the domains of X and D are defined in the usual way:
D(X) = {f € I3(R) : Xf € L*(R)}; D(D):={f € L*(R): Df € I*(R)}.

By definitions, we could show X and D are both self-adjoint operators, i.e.,

X*=X; D*=D.

Using X and D, we could also define the following two groups of operators:



The group of translations T, : L?(R) — L?(R) is given by

T, :=e 2D vygecR.

And the group of modulations M, : L?(R) — L?(R) is given by

M, := ™%X yh e R.

By Taylor expansions, we have

Tof(x) = f(x —a); Myf(x) =™ f(z).

That’s why we call T, translation and M}, modulation.
Moreover, we could show a — T, and b — M, are two unitary representations from (R, +)

to U(H), which means T, and M, are the unitary operators such that

T.T, = Ta+b; T; =T 4

M,My = Muyy, M =M_,.

Since M, is generated by X and T, is generated by D, we have two pairs of commuting operators:

XM, = MyX; DT, =T,D.

However, simple calculation shows that X and D do not commute but satisfy the so-called canonical
commutation relation:
1

[D.X]:= DX ~XD= 1. (1.1)

where I : D(X)ND(D) — D(X)ND(D) is the identity map. Rewrite (1.1) in terms of T, and M,,
it is equivalent to

T, My = e 2™\ T,



As a consequence of the canonical commutation relation, we obtain

(X, T,) = XT, — To X = aTy;

[D, Mb] = DMb - MbD = be. (1.2)

In next section, we will see the canonical commutation relation plays an important role in the

classical uncertainty principle.

1.2 Classical Uncertainty Principle

Before we state the classical uncertainty principle, we need to introduce a very important
concept in analysis which is the Fourier transform:

For f € L'(R) N L?(R), the Fourier transform f:R = C is defined by

J?(ﬁ) = /Rf(x)e*%”gdx, VE € R.

And we will also denote f by Ff. This notation indicates that we would consider the Fourier
transform F as an operator as well. By Plancherel theorem, F could be extended as an isometry
from L?(R) onto L?*(R). Throughout the thesis, we would view the Fourier transform F as an
unitary operator on L?(R). Since F is unitary on L?(R), its inverse Fourier transform F~!

equals its adjoint F* given by

f(z) = /R FO)ermde, o e R.

For us, the importance of the Fourier transform F mainly comes from the fact that it connects

multiplication X and differentiation D in the following way:
FX=-DF;, FD=XF.
As a consequence, F could also transform T, and M, as the following;:

FMy =T, F; FT,=M_,F.



We now could state the classical uncertainty principle (which is often referred to as the

Heisenberg-Pauli- Weyl inequality) as the following:

Theorem 1.2.1 ([5], Theorem 1.1). For any f € L*(R) and any a,b € R,

1
1672

HN;SAJ@—GVQNW$4K€—®ﬂOF%- (1.3)

Equality holds if and only if f(z) = Ce2mibre=c(@=a)* for some C € C and ¢ > 0.

Note the inequality (1.3) can be written as the following equivalent form in terms of X and

D. Namely, for any f € D(X)ND(D) and any a,b € R,

1
1672

1£1l5 < 11X = a) flI5 1(D = B)f 5 - (1.4)

Proof. Here is a simple proof for Schwartz class S(R) using the canonical commutation relation.

Assume f € S(R). For every a,b € R, by (1.1) we have

s 12 = (5rho 1)
(D, X1 $)
— (DX~ XD)f, )
(D= D)X —a)— (X —a)(D—B), f)
— (X —a)f, (D — ) — (D — )1, (X — a))
=2{Im (X —a)f,(D—0b)f).

Apply Cauchy-Schwartz, we get the desired inequality,

1
1672

1£13 = Tm (X — a)f,(D — b))
<H(X —a)f,(D-b)f)

<X —a)fll5 (D =) 13- (1.5)

Notice equality in (1.5) holds if and only if (D — b)f = ic(X — a)f for some ¢ € R. This is the



differential equation:

' =2mibf = —27c(z —a)f.
Its solutions are Ce2™7e=c(v=a)* for every C € C. Finally, f € L2(R) requires ¢ > 0. O

The proof for f € L?(R) is similar. Instead of using (1.1), we need the generalized

canonical commutation relation. That is, for any f € D(X)ND(D),

1 0
57 Il = (Xf,Df) = (Df.X[). (1.6)

Since (1.6), X and D cannot have a common eigenvector in L?(R) (otherwise we would get
a contradiction). And (1.4) could be viewed as a quantitive version of this argument. It tell us there
is no sequence of L?(R) functions which approximates to and performs like a common eigenvector
for X and D. However, we could find some functions in L?(R) which minimize the right hand side in
(1.4). Naturally, we might call these functions the “best approximate common eigenvectors”. And

7C12

it turns out these approximants are the multiples of M,T,g, where g(z) = e is the Gaussian

function for some ¢ > 0.

1.3 Classical Balian—Low Theorem

Recall the spectral theorem in functional analysis, if there are two compact self-adjoint
operators on a Hilbert space commuting with each other, then we could find a sequence of common
eigenvectors which forms an orthonormal basis for the Hilbert space. Go back to operators X and
D, the classical uncertainty principle shows that instead of common eigenvectors, we could find some
“best approximate common eigenvectors” for X and D. The natural question is: can we use these
“best approximants” to form an orthonormal basis just like in the spectral theorem. Unfortunately,
the answer is No!

If we set g(x) := 1jp1)(), the sequence {M,, T,,g}m nez which does not consist of the “best
approximants” does form an orthonormal basis of L?(R). However, in this case, the Fourier transform
of g has a very poor localization property. The question is: can we find some g € L?(R) such that
{MpT,9}mnez forms an orthonormal basis, in addition, g and g are both well localized. Again,

the answer is No! It is given by the so-called Balian-Low theorem. In order to state the theorem,



we need to introduce the Gabor systems.

Definition 1.3.1. A Gabor system is a sequence in L*(R) of the form { M, Thag}m.nez, where

a,b>0 and g € L*(R) is a fived non-zero function.

The function g is called the window function or the generator. Explicitly,
MpTrag(x) = e%imb”’g(m —na), x€R.

The set A = {(na, mb)}m nez is called the lattice with volume ab. Actually, we could generalize the
definition for high dimensional cases, i.e., we could define the Gabor system {M,,pT0ag}m nezn for
L?(R") in a similar way.

Now we state the classical Balian-Low theorem:

Theorem 1.3.2 ([2], Theorem 1.1). Let g € L*(R) and let a,b > 0 satisfy ab = 1. If the Gabor

system { M Tag}tm nez is an orthonormal basis for L*(R), then

/R jag(x)Pdz / €5(6)Pde = ox. (L.7)

Note the expression (1.7) can be replaced by: for any xg,& € R

/ ( — z0)g(a)|2dz / (€ — £)3(6)[2de = 0.
R R

Proof. We prove the theorem by contradiction. Suppose

/R jag(a)|2de / GO Pde < .



Which implies Xg, Dg € L*(R), then by (1.2) we have

(Xg,Dg)

= Z <Xg7 Mmanag> <Mmanaga Dg>

m,n

= Z <TfnaMfmngu g> <97 TfnaMfmeg>

m,n

= Z <(XM—mbT—na + naM—mbT—na)g» g> <g> (DM—mbT—na + mbM—mbT—na)g>

m,n

= Z <XM—mbT—naga g> <97 DM—mbT—nag>

m,n

= Z <M—mbT—TLag7 Xg> <Dg7 M—mbT—nag>

m,n

= Z <Dg, Mfmbenag> <M7mbT7nagv Xg>

m,n

=(Dg, Xg) .

Combining (1.6), we have

*Ilgllg (Xg,Dg) — (Dg, Xg) = 0.

It contradicts with the fact that {M;T0ag}tm nez forms an orthonormal basis. O

The classical Balian-Low theorem tells us that there is no well-localized window function
g in both time and frequency, which generates an orthonormal basis. Furthermore, in some sense
(1.7) is sharp. Actually, Benedetto et al. [1] shows that for any € > 0, there exists an orthonormal

basis { M, Tng}m.nez such that
1+ |z / 1+ ¢
d€ < oo.
1o ey L O e

1.4 Frames and Riesz Sequences

If we ask for the Gabor system to be a weaker type of basis such that the Balian-Low theorem
still holds. The answer would be the Riesz basis which is slightly weaker than the orthonormal basis.

Here is the definition of such basis:

Definition 1.4.1. A sequence {fi}72, in a complex and separable Hilbert space H is called a Riesz

7



basis, if there exists an invertible operator U : H — H such that
fe=Uer, VkeN,

where {ex}72, is an orthonormal basis of H.

Throughout the thesis, we always view H as a complex and separable Hilbert space. Just
as any basis, the Riesz basis has two dual features: spanning and independence. The sequence in
‘H which is usually viewed as a representative of spanning property is the so-called frame. And the
sequence in H which is usually viewed as a representative of independence property is the so-called
Riesz sequence. In this section, for completeness we will give their definitions and state their main

properties. And we will not include proofs which can be found in [4,20].

Definition 1.4.2. A sequence {fx}32, in H is a (discrete) frame of H, if there exist constants

A, B > 0 such that
AIFIP <Y KA WP < BIAP, Vfen. (1.8)

k=1
The (optimal: maximal for A and minimal for B) constants are called the (optimal) lower
and upper frame bounds. A frame is said to be tight if we can pick A = B as frame bounds. And

a frame is called a Parseval frame if A = B =1, i.e,,

o0

AP =S f)P, Y en.

k=1

Definition 1.4.3. A sequence {fi}72, in H is said to be complete if

span{ fr}i, = M.

It is not hard to see that if a sequence satisfies the inequality to the left in (1.8), then it
has to be complete. As a consequence, any frame is a complete sequence. If a sequence satisfies the

inequality to the right in (1.8), such sequence is said to be Bessel:

Definition 1.4.4. A sequence {fr}72, in H is called a Bessel sequence if there exists a constant
B > 0 such that
(. f)P < BIFI®, Ve

M8

b
Il

1



The (optimal) constant B is called the (optimal) Bessel bound. By the definition, we can
prove every Bessel sequence is a bounded sequence. Another equivalent definition of Bessel sequences

is as the following.

Proposition 1.4.5. A sequence {fi}3>, in M is a Bessel sequence if and only if there exist constant

B > 0 such that

o0 2 o0
zckfk SBZM\Q,
=1 =1

for any finite complex sequence {ci}.
Given a Bessel sequence, we could well define the following operators:
Definition 1.4.6. Let {f,}%2, be a Bessel sequence of H.

1. The synthesis operator T is defined by

T:P(N) =M, T{} =Y cxfr

k=1

2. Its adjoint operator T* called the analysis operator is defined by
T :H = P(N), T*f:={{f, fi)}ils-
3. The frame operator S is the composition of T and T*,

oo
S:H—H, Sf=TT"f=> (ffr) fr
k=1
Actually, {fi}72; being a Bessel sequence not only guarantees the operators are well-defined,
but also make them being bounded. A very interesting fact is that if the operator T or T™* is well
defined, then the sequence {fi}72 ; has to be Bessel.
From the definition, it is easy to see that the frame operator S is positive and self-adjoint.

In addition, if {f;}?2, is a frame of H, then the frame operator S is invertible, i.e., S™! exists. It



follows from the definition that

F=Y (.S fu) fur Y EH;
k=1

F=Y (1) S fi, VfEH
k=1

Notice there are some elements fk := S71f;, (for any k € N) appearing in the last two series. The
sequence {fk}io:l is called the canonical dual frame of {f}}7° ;. And one could show the canonical
dual frame is also a frame of H.

Furthermore, if {f;}7°, is a Parseval frame, then S = I. So the canonical dual frame is

itself, i.e., fk = fi for any k € N. In this case
F=Y {ffu) fen VIEH.
k=1

Definition 1.4.7. A sequence {fi}72, in H is a Riesz sequence, if there exist constants A, B > 0

such that

o0 2 o0
A el <BY ol (19)
k=1 k=1

for any finite complex sequence {ci}.

oo
> erf
k=1

The (optimal) constants A and B are called the (optimal) lower and upper Riesz bounds.
By Proposition 1.4.5, we have already known a sequence satisfies the inequality to the right
n (1.9) is a Bessel sequence. Now we introduce another important sequence which satisfies the

inequality to the left in (1.9), such sequence is the so-called Riesz-Fischer sequence.

Definition 1.4.8. A sequence {fi}72, in H is called a Riesz-Fischer sequence if there exists a

constant A > 0 such that )

, (1.10)

AZ|Ck|

for any finite complex sequence {ci}.

chfk

k=1

By previous discussions, we have an equivalent definition of Riesz sequences.

Proposition 1.4.9. {f.}%2, is a Riesz sequence of H if and only if {fx}32, is not only a Bessel

sequence but also a Riesz-Fischer sequence of H.

10



About Riesz-Fischer sequences, we also have the following two useful equivalent definitions.

And they will be applied in Chapter 3.

Proposition 1.4.10. {f.}72, is a Riesz-Fischer sequence of H if and only if the moment problem

of sequence { fr}52, in H is solvable, i.e., there exists an element f € H such that

(f, fx) =ck, VkeEN,

for any sequence {cy}32, € 13(N).
Proposition 1.4.11. {f;}7°, is a Riesz-Fischer sequence of H if and only if there exists a Bessel
sequence {gr }72, of H such that

(fr,95) = Oxj, Vk,j €N,

where Oy; is the Kronecker delta symbol.

Definition 1.4.12. Two sequences { fr}32, and {gi}3>, in H are said to be biorthogonal if
(frs9;) = ks, Vk,jeN.

And a sequence that admits a biorthogonal sequence will be called minimal.

By Proposition 1.4.11, every Riesz-Fischer sequence is a biorghogonal sequence (or a minimal

sequence). Go back to the Riesz basis, we have the following two important propositions:

Proposition 1.4.13. A sequence {fi}72, in H is a Riesz basis if and only if it is a complete Riesz

sequence.

Proposition 1.4.14. A Riesz basis {f}72, of H is a frame. And its canonical dual frame {fv;c}zo:l

is also a Riesz basts. In addition, {fr}7>, and {ﬁ}g‘;l are biorthogonal sequences.

11



Chapter 2

Continuous Frames and Toeplitz
Operators in Framed Hilbert

Spaces

2.1 Continuous Frames and Examples

In Chapter 2, we will introduce a very important concept for the thesis which is the so-called

“continuous frame”, and make some preparations for the rest of the chapters.

2.1.1 Continuous Frames

Let ‘H be a Hilbert space.

Definition 2.1.1. A continuous frame of H is a family of elements {k;},c(x,0) indexed on a

measure space (X, o), such that
1. o is a o-finite positive measure;

2. © — (f,kz) is a measurable function on X for any f € H;

12



3. there exist constants A, B > 0 such that
AN < [ kP dota) < BISIP, ¥F e
X

Throughout the thesis, we may omit the measure o for some continuous frame {k,}.cx,
when doing this will not cause any doubt.
A continuous frame {k; },¢c(x o) is said to be a continuous Parseval frame if A = B = 1.

Namely,
17 = [ Wk o), vFen
X

And a continuous frame {k;}.cx is said to be a normalized continuous frame if
Ikl =1, Vz e X.

Note that if the measure space X = N with ¢ being the counting measure, then the continu-
ous frame {k; },en becomes a discrete frame (see 1.4.2). So continuous frames are the generalization
of discrete frames, and some mathematicians use the phrase the generalized frame instead of the

continuous frame.

Proposition 2.1.2. Let {k;},c(x,0) be a continuous frame of H, then {ky}re(x,0) 15 complete, i.e.,
Span{kz}mEX =H.

Definition 2.1.3. Let {k;},¢c(x,0) be a continuous frame of H, the frame operator S : H — H is
given by
S7 = [ Ak) hado (o)
X

where the right-hand side is defined in the weak sense, i.e., as the unique element in H such that

(Sf.g) = /X (F. k) (ks g) do(), Vg € .

Just like the discrete case, the frame operator is invertible for continuous frames. Let
E:C = S™1k, for any € X. The family of elements {Ex},e x is called the canonical dual frame

of {k;}zex. In addition, the canonical dual frame is also a continuous frame of H.

13



Again, if {k,}recx is a continuous Parseval frame, the corresponding frame operator is the
identity map I : H — H. Then the canonical dual frame is itself, i.e., ky = kg for any x € X. In

this case
f= [ Uk bdota), S en
X
2.1.2 Continuous Gabor Frames

One example of continuous frames is the continuous Gabor frame.

Definition 2.1.4. A continuous Gabor frame is a family in L?(R™) of the form {MyTog}(a,p)erom

where g € L2(R™) is a fized non-zero function.

Proposition 2.1.5. The continuous Gabor frame {MyT6g}(ap)e®2n,m) 5 a continuous frame of
L*(R™), where m is the Lebesgue measure on R*™. If ||g||, = 1, then {MyTog} (4p)cren s a normalized

continuous Parseval frame of L*(R™).

Proof. We give the following proof for n = 1. In high dimensional case, the proof is similar. For any

f e L*(R),

/R/R|<f7MbTag>|2dbda
:/R/R /Rf(x)mdx
- /R /R /R f(2)g(x — a)e by
-[[ F(f(~)g(~—;l)) ()" dbda
_ /]R /R F )0 —a)| dbda
:/R/R|f(b)g(b—a)\2dadb
= [ 150 [ 1ato =) doat
= [ 10 [ lota) dacy

=llgllz 1715 (2.1)

2
dbda

2
dbda
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Denote ||g||§ by A, then (2.1) shows that

A|lfIE = / / | (f, MyTug) [Pdbda, ¥f € L*(R).

S0 {MyT0a9}(a,p)e(®2,m) is a continuous frame of L*(R).

Note if ||g|l, = 1, we have ||M,T,gl|, = 1 for every (a,b) € R%. In addition,

113 = [ [ 17 MTog) dbde, 5 € LR
In this case, {MyT,g} (a,b)er? is a normalized continuous Parseval frame of L?(R). O

2.1.3 Continuous Exponential Frames

Another example of continuous frames is the exponential functions, which is very familiar

to us but easy to ignore as a continuous frame.

Proposition 2.1.6. Let E be a subset of R with finite Lebesque measure, then the exponential func-
tions {€*™%} ¢ m) is a continuous Parseval frame of L*(E). If m(E) = 1, then {€>™*}¢c @ m)

is a normalized continuous Parseval frame.

Proof. Let f be any function in L?(FE), and we view f as a L?(R) function supported on E. Notice

2
dg

2mig(-)
<f’ € >L2(E)

2
/ f(z)e 2™ 8% qg| de
E

I
S 5 5

/]R f(x)e_%”f””dx2d§
NG
- [1r@P
S ALCIRE

2
=1 flz2 k) -
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It follows that {€2™*}¢c (g ) is a continuous Parseval frame of L?(E). Furthermore, if m(E) = 1,

X 2
Heme('>’

— / |€2ﬂ-i€aj|2d£ﬂ =m(E)=1.
L2(E) E

Then, {€*™*}¢c(r ) is a normalized continuous Parseval frame. O

2.2 Framed Hilbert Spaces and Examples

2.2.1 Framed Hilbert Spaces

Definition 2.2.1. A framed Hilbert space (FHS) is a pair (H,{ks}zc(x,0)), where H is a complex

Hilbert space, and {ky}re(x,s) is a normalized continuous Parsevel frame of H.

Actually, one can view a FHS as another more familiar space, which is the so-called repro-

ducing kernel Hilbert space.

Definition 2.2.2. Let X be an arbitrary set. A Hilbert space H consisting of functions f: X — C
is said to be a reproducing kernel Hilbert space (RKHS) if for any x € X, the evaluation

functional 6, given by

0y : H—C, 0,(f):= f(a),
18 bounded.

By Riesz representation theorem, for any z € X, there exists an unique element K, € H

such that

fl@)=(fK;), VfeH.

The collection of elements {K,}.cx is called the reproducing kernel of #; the element K, is
called the reproducing kernel of H at point . And the collection {k, = K,/ ||K:|/}zex is called
the normalized reproducing kernel of H; the element k, is called the normalized reproducing
kernel of H at point z.

The following two propositions show that every RKHS which is embedded in a L?(X, ) for

some positive measure -y is a FHS and vice versa.

Proposition 2.2.3. Let H C L?(X,~) be a RKHS, and {K,},ex be its reproducing kernel. Then

16



(H,{kz}ze(x,0)) forms a FHS, where do(x) := K| dvy(z), and {ky}ecx is the normalized repro-

ducing kernel.

Proof. Obviously, ||k;| =1 for any = € X. In addition,

117 = [ 1@ drta)
:/X|<f,KI>|2d’y(fr)
- / (k) 2 (1K | ()
X
- / (k)2 do(z),
X

forany f € H. It implies {k; }ze(x,0) is @ normalized continuous Parsevel frame, and (H, {kz }ze(x,0))

forms a FHS. O

Proposition 2.2.4. Let (H,{ki}ze(x,0)) be a framed Hilbert space. Then H can be viewed as a
RKHS embedded in L*(X,0).

Proof. Define the space H by

H={f:X >C| f(z):=(f.ks), [ € H}.

Notice for any f € H,

13 = [ |Fw)| dota)
= [ Wk o)
X
= I71P.

So the linear map f — f is an isometry from H onto HC L?(X,0). Then the map f — f is an

unitary operator from H to H. Notice for any x € X, the evaluation functional §, on H satisfies the

17



boundedness property:

=[{f, k)l
< AN ez
= [I£]

=1 £1lz,

for any fe A. By 6, is bounded, H is a RKHS. Since f— fis unitary, for any = € X we have

F@) = f.ke) = (Fhe) . VPR

So {Ex}rGX is the reproducing kernel of H. O

Now we are going to list some classical examples of FHS.

2.2.2 [*(R") Space with Continuous Gabor Frame

Define L?(R™) as the Hilbert space as usual. And let {MyT,g}(q,p)er2n be the continuous

Gabor frame with ||g|, = 1, i.e., for any (a,b) € R?"
MyT,g(x) = ™ %g(x —a), VY eR"™.
By Proposition 2.1.5, (L?(R"), {MyT,9} (a.p)e®2n,m)) is a FHS.

2.2.3 Classical Bargmann-Fock Spaces

The classical Bargmann-Fock space F,(C") with the parameter o > 0 is the space of

all entire functions f : C" — C satisfying the following integrability condition

a™ —alz|?
1715 = — [ 1f@P e dm(z) < o,

(Cn

18



where m is the Lebesgue measure on C". It is known that F,(C") is a reproducing kernel Hilbert

space. Its reproducing kernel at point z € C™ equals
K& (w) = e v e C
and the normalized reproducing kernel at point z equals
kX (w) = e =51 vy e .

Define measure m,, by

a .2 o™
dmy(2) = || K. |7 e = dm(z) = —dm(z),

then the classical Bargmann-Fock space (Fa, {kS }.c(cr,m.,)) forms a framed Hilbert space.

When « = 7, by convention, we will drop the sub(super)scripts « in the above notations.
We will use ||-||, K, (w), and k,(w) to denote the norm, the reproducing kernel, and the normalized
reproducing kernel of F(C™) at z in this case.

Because there is an unitary operator B (the Bargmann transform) from L?(R™) onto F(C™),
which maps the continuous Gabor frame {MyT49}(q,p)er2n generated by the normalized Gaussian
window function g onto the normalized reproducing kernel {k,}.ccn» of F(C™) (up to some complex
numbers with modulus 1). One could view the classical Bargmann-Fock space (Fa, {kS }.e(cn,m.)) a8
a special case of the FHS (L?(R"), {MyT,9} (a,p)e(®2n,m)), that is when g is the normalized Gaussian

function.

2.2.4 General Paley-Wiener Spaces

Let E be a subset of R with finite Lebesgue measure, we define the general Paley-Wiener
space as the following

L*(E) :={f € L*(R) : suppf C E}.

2mite 1

let {\e/ﬁ}gek be the TlE) multiple of exponential functions. As shown in Proposition 2.1.6,

we obtain {%}gem,mm is a normalized continuous Parseval frame of L?(E), where dmp :=

m(E)dm is the m(E) multiple of the Lebesgue measure.
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2wifx

The general Paley-Wiener space (L?(E), {ﬁ}ge(&m}g)) forms a FHS.

2.2.5 Classical Paley-Wiener Spaces

The classical Paley-Wiener space PW, with the parameter a > 0 is given by
PW, = {f € L*(R,|-|l,) : suppf C [~a,al}.

PW, is a RKHS as well. Its reproducing kernel at point € R equals

sina(y — )

K = A R;
2 W) Ty —n o vER
and the normalized reproducing kernel at = equals
ko) = Yasnaly—z) -y, g
VE aly—7)
Define measure m, by
dma(@) := | K25 dm(x) = Zdm(x),
™

Then the classical Paley-Wiener space (PWa, {k$ }ze®,m.)) forms a FHS.

Because the Fourier transform F is an unitary operator from PW, onto L?[—a,a], which

2mifx
Voo JéeR
of L?[—a,a). One could view the space (L?[—a,al, {%}EG(Rm@[w,a])) as the classical Paley-

€

maps the normalized reproducing kernel {k%},ecr of PW, onto the continuous frame {

Wiener space (PWa, {kg }2e(®,m.))- In addition, for any finite interval I C R with length 2c, there

exists a translation operator mapping from L?[—a, a] onto L?(I), which also maps {ef;%ﬁ }eer onto

eZ‘rriEw . N
{TW}EG]R up to some constants with modulus 1. Based on these arguments, we could also view

2mitw

the space (L?(I), {W}EG(R,HMI)) as a classical Paley-Wiener space.

2.3 Toeplitz Operators on Framed Hilbert Spaces

2.3.1 Toeplitz Operators
Let (H,{kz}se(x,0)) be a FHS.

Definition 2.3.1. Let p be a o-finite positive measure on the same measurable sets with o, such

20



that

/|<kgg,l<:y)|d,u(y)<o<>7 Vo e X.
X

We densely define the Toeplitz operator T,, of {ky}zex with symbol p by

T, : span{ky}oex = H, T.f:= /X (f ko) kpdu(x),

where the right-hand side is defined in the weak sense.
Proposition 2.3.2. The Toeplitz operator T, with symbol i is a positive symmetric linear operator.
Proof. Obviously, T}, is linear.

1. T, is positive:

(Tt 1) = /X (F ko) ke, £) dia()
- / (k) 2 ()
X

>0

- b

for any f € span{ks}zex-

2. T, is symmetric:

(T.f.g) = / (ko) o 9) du(a)

X

_ /X (g, ko) (ks £) du(x)

= <T’;Lg7f>

= <f7Tllg>7

for any f,g € span{ks}rex.

O

Proposition 2.3.3. Let T}, be a Toeplitz operator with a finite measure p. Then T, can be extend

to a positive bounded self-adjoint linear operator on H.

21



Proof. By Proposition 2.3.2, we only need to show the boundedness of T}, on span{k;}scx. For any

f € span{k,}rcx, we have

2 2
1T FNI™ = sup [(Ty, 9)
lgli=1
2

= sup
llgll=1

< sup /X () dia() /X (ke g) 2 dp()

llgll=1

/X (k) (ks 9) dp(2)

< sup / ||f||2||kx||2du(x)/ Ik * llgl|* dps(z)
1JX X

lgll=

2 2
= sup u(X)*[IfII° llg]l
lgll=1

= n(X? £

O

Now we could view the Toeplitz operator T}, as a bounded operator on the whole #, if we

impose the assumption that p is a finite measure.

Proposition 2.3.4. Let T, be a Toeplitz operator with a finite measure p. Then T, is in the trace

class, and its trace and Hilbert-Schmidt norm satisfy the following identities:

1Tyl = (X)) = /X /X (ks By ) 2 do(y)dp(): (2.2)

ulls = [ [ 1o du)duto). (2.3)

22



Proof. Let {e,}52; be an orthonormal basis of . On one hand,

[ Tull, = Tr(Tul)

=Tr (Tu)

:Z<Tuen7en>

n=1
:; /X len, ko) |? dpu()
_ /X ;K(zn,kzﬂ dp(x)

- / ko dps(z)
X
= (X

) < o0.

Which implies 7}, is in the trace class, and [|T,[|;,. = p#(X). Then (2.2) comes from the following

/x /x (ke k)| dor(y)dpa()

- / Iall? ds()
X
=pu(X).
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On the other hand,

2 *
1 Tull3rs = Tr(TT0)

M

<T:Tuem en)

3
Il
-

M

(Tuen, Tuen)

Z </X <en,kz>kxdu($>7A<€n7ky>kyd/’t<y)>
i/x@n,lm <kx,/x<en,/€y>kydﬂ(y>>dﬂ($)

S [ tenk) [ Ghyren) k) dulwhio )

(
X

Il Il
Mo 1

n=1

:/X/X;%y,em (en, ka) (K, ky) dp(y)dp(z)
://<ky’k1><k$vky>dﬂ(y)du(:r)

xJx
://|<k17ky>|2dﬂ(y)du(x).

xJx

O

In general, it is not that easy to characterize the boundedness, compactness and the trace
class membership for Toeplitz operators without the assumption pu(X) < oco. We will continue to do

the characterizations later.

2.3.2 Concentration Operators

Let (H,{kz}ze(x,0)) be a FHS, we now introduce a very special Toeplitz operator by letting
the measure du := 1gdo for some measurable subset E of X, such operator is called the concentration

operator.

Definition 2.3.5. Let E be a measurable subset of X. Define the concentration operator Tg

over E by
Tg : H — H, TEf = / <f7 k$> kmdo'(x)’
E
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where the right-hand side is defined in the weak sense.

Proposition 2.3.6. Let Ty be a concentration operator over the set E, then Ty is bounded with

ITe] < 1.

Proof. For any f € H, we have

ITefI* = Sup (T, 9)|”

gll=1
2
= su , z, g) do
|q|p1/<f ) (kerg) do(z)

fsup/lf, )2 do(a /|z,g|da>
[lgl|=1
fsup/|f, V2 do(a /|z,g|do>
[lgll=1

2 2
= sup |f"[lgll
lgli=1

=If1%.

So || Te| < 1. O

Proposition 2.3.6 shows that as a special Toeplitz operator, the concentration operator Tg
(equals T),, du = 1gdo) will always being bounded. In addition, if we assume o(FE) is finite, we

have pu(X) = o(F) < co. By Proposition 2.3.3 and 2.3.4, we obtain the following corollary.

Corollary 2.3.7. Let Tg be the concentration operator over the set E with o(E) < co. Then Tg is
a positive compact self-adjoint operator, and its trace and Hilbert-Schmidt norm satisfy the following

identities:

1Ty = o(E) = /E /X (K, i) dor()dor () (2.4)

IITEIIis:/E/Eka,ky)Isz(y)dv(I)- (2.5)

Let E be a finite measure set, Corollary 2.3.7 tell us the concentration operator Tg is a
positive compact self-adjoint operator. Combine Proposition 2.3.6, we know all the eigenvalues of

Tg are belonged to the interval [0, 1].

Definition 2.3.8. Let E be a measurable subset of X with o(E) < co. Given a number 0 < ¢ < 1,
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we say that a subspace G of H is c-concentrated on set E if

cllfI2 < /E (. ko) 2 do (),

for every f € G.

Lemma 2.3.9. Let E be a Borel subset of X with o(E) < co. Given a number 0 < c<1, if G is a

subspace of H which is c-concentrated on E, then

dimG < a(E) .
c

Proof. Let Tg be the concentration operator over E. Denote all the eigenvalues of T in the
decreasing order by 1 > [y > 15 > --- > 0, where entries are repeated with multiplicity.
Let G’ be an arbitrary finite-dimensional subspace of G and k = dimG’. By the min-max

principle,

b= digzl%)ik feﬁll\ijl‘l\lzl e f)
2 1edPio TeL D)
= red =1 /E (£, k)" do o)
2 edihio I71°

=c.
Combine (2.4) we have

o(E) = |Tell g, = Tr(Te) = > _1; > ki > ke.

j=1

So we obtain

dimG' =k < o(E).
C

Since G’ was an arbitrary finite-dimensional subspace of G, we obtain that G is finite-dimensional

and the same estimate of the dimension holds for G. O
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Lemma 2.3.9 shows that, given a finite measure set E, we could find a “inverse” relation
between the dimension of a concentrated subspace G on F and its concentration level c. Notice,
from the proof, if we knew the distribution of eigenvalues of Tr, we could get a more precise relation

between dimG and c¢. We will see it later.

2.4 Additional Conditions on Framed Hilbert Spaces

In this section, we will impose additional conditions on FHS to be able to obtain additional
properties. All these conditions are natural, and almost all of them are satisfied in the previous

examples.

2.4.1 Framed Hilbert Spaces with Metric

Definition 2.4.1. We say (H,{kz}ze(x,d,0)) 5 a framed Hilbert space with metric d, if

(", {kz}ae(x,0)) i @ FHS and o is a Borel measure with respect to the imposed metric d on X.
Recall the examples of FHS in section 2.2,
1. The space (L%(R"), {MbTag}(a,b)e(R2n,m))7

2. the classical Bargmann-Fock space (Fo, {kS}c(cn ma))s

2mitw

i e ®ma)),

4. the classical Paley-Wiener space (PWa, {k }ze®ma))

3. the general Paley-Wiener space (L?(E),{

Because all of the measures in these FHS are the Borel measure with respect to the Euclidean metric
|-|. If we impose the Euclidean metric |-| on their index space respectively, then all of them are the
framed Hilbert space with the Euclidean metric |-|.

For convenience, we will continue using the phrase “framed Hilbert space” or “FHS” to call

a framed Hilbert space (H, {ks}ze(x,d,0)) With the metric d.

2.4.2 Additional Conditions

Let (H,{kz}ze(x,4,0)) be a FHS, and we continue to impose conditions on it.
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We say the metric measure space (X,d,o) satisfies the doubling measure property

(DMP), if there exists a constant C' > 0 such that
0 < u(B(a,2r)) < Cu(Bla,r)) < oo,

for all @ € X and r > 0.

Simple calculation shows that the Euclidean metric space with the Lebesgue measure (R™, ||, m)
satisfies DMP with C' = 2".

The metric measure space (X, d, o) is said to satisfy the annular decay property (ADP),

if for any p > 0 we have

B
lim sup sup —U( (a,7 + p))

MNP S Blar) (26)

Notice (2.6) is equivalent to

o(B(a,r +p)) \ o(B(a,r))

lim sup su =0.
raoop ae)g o(B(a,r))
Easily see (R™, ||, m) satisfies ADP as well. For other metric measure spaces, we provide a

method to verify ADP by the following proposition.

Proposition 2.4.2 ([3]). Let (X,d,o) be a metric measure space. If (X,d, o) satisfies DMP and
(X,d) is also a length space, then (X,d, o) satisfies ADP.

We say (X, d, o) satisfies the uniform measure distribution (UMD), if for every r > 0

there exist constants D(r) > ¢(r) > 0 such that

c(r) <o(B(z,r)) < D(r),

for any ball B(z,r) in X with the radius r, where ¢(r) — oo as r — oc.
By translation invariance of the Lebesgue measure, (R™, |-|,m) satisfies UMD.
We say H satisfies the mean value property (MVP), if for every r > 0 there exists C, > 0

such that

I(f, ka>|2 <, ) I(f, kx>\2d0(x),

for any f € H and any a € X.
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Combining MVP with UMD, we have

1
kP S gy [ kP dote)
It tell us that the averaging value of the function = — (f, k,) over a ball is greater or equal to
the value of the center. That’s the reason we borrow the terminology “mean value property” from
complex analysis here. Actually, the MVP usually holds when the Hilbert space is an analytic
function space.
We say {ks}ze(x,d,0) satisfies the approximate orthogonality property (AOP), if the

followings hold:

1. there exists 6 > 0 and ¢ > 0 such that for any z,y € X with d(z,y) < 0,

¢ < [(ka ky)l 5

[(kg, ky)| — 0, as d(x,y) — oc.

Notice AOP tell us that the angle between continuous frame k, and k, is small when z is
closed to y, and the angle is big when x is far from y.

The continuous frame {k;},c(x,4,0) is said to satisfy the uniform localization property
(ULP), if

lim sup/ (ko )2 dor(z) = 0.
B(a,r)c

7—00 acX

In the rest part of the thesis, for convenience we just say (H, {kz}rc(x,d4,0)) satisfies DMP,
ADP, UMD, MVP, AOP and ULP, instead of mentioning (X, d, o), H or {ks},e(x 4,0) Tespectively.

In the previous examples of FHS, we have the following properties hold:
1. The space (L%(R"), {MyT,9} (a,p)e®2n,).|,m)) satisfies DMP, ADP, UMD and AOP.

2. The classical Bargmann-Fock space (Fo,{kZ}.c(cn,||,m.)) satisfies DMP, ADP, UMD, MVP,
AOP and ULP.

2mite

3. The general Paley-Wiener space (L%E),{ﬁ}ge(w.‘,mm) satisfies DMP, ADP, UMD and
AOP.
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4. The classical Paley-Wiener space (PWa, {k$ }oe(®,|-|,m.)) satisfies DMP, ADP, UMD, MVP, AOP
and ULP.

2.4.3 Additional Properties

Proposition 2.4.3. Let (H,{ks}ze(x,d,0)) be a FHS, which satisfies ADP, UMD and ULP. Then

1

lim supi/ / Fu, k 2 45 Y)do(x) = 0. o
TP geX O’(B(CL,’I”)) B(a,r) J B(a,r)c |< y>‘ ( ) ( ) ( )

Proof. Let p > 0. We break the double integral above as follows

of .
L(a,r) /B(a,rer)C B(a,r) J B(a,r+p)\B(a,r)

Estimate each term separately, and in both estimates we will divide by o(B(a,r)) ( o(B(a,r)) < 00,

by UMD). About the first term, we have for any a € X and r > 0,

L 2
m ‘/B(a,r) ~/B(a,r+0)c |<k1’ ky>| dO’(y)do'(x)

L 2
ST ity o 0 00

! 2
=o(Bla.) /B<w> (E /BW (ke )| da<y>> do(x)

1

=————~0(B(a,r)) su 2do
e B s [ k) dot)

zeX

— sup / (B, )P do ()
B(z,p)°

For any € > 0, by ULP we can find a positive p such that

sup / (ki ey do(y) < .
z€X JB(z,p)°

It follows that for such p

1

lim sup sup 7/ / \(ks, ky)|? do(y)do ()
r—oo acx 0(B(a,r)) B(a,r) J B(a,r+p)° v

< Sup/ |k, k) |* do(y) < e. (2.8)
z€X JB(x,p)°
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Now we estimate the second term, using the positive p > 0 from above,

L 2
m ~/B(a,r) /B(a,rer)\B(a,r) ka, ky>| dd(y)da(x)
e 2 do(z)do
~o(Blar)) ‘/B(a,7‘+»0)\B(a,T')~/B(a,7‘)<kx’ky>| do(w)do(y)
L 2
=o(Blan) /B(a7T+ﬂ)\B(a,r) /x |k, by )™ dor () dor (y)
1 2
=SB i e Il 42 0)
:U(B(G,T +p)\ B(a,r))
o(B(a,r)) '

By ADP, we obtain for such p

. 1 2

lim sup sup 7/ / |(ka, ky)|” do(y)do(z)
r—oo a€X O'(B(CL,T)) B(a,r) J B(a,r+p)\B(a,r) Y

o(B(a,r+ p) \ Bla,r))

<limsup su =0. 2.9
- r—>oop ae)g o(B(a,r)) 29
Combining (2.8) and (2.9), we obtain
lim sup sup ——— / / [(kg, ky) \ do(y)do(x) <
r—oo acX U B(a,r) J B(a,r)c
Since ¢ is arbitrary, we get the desired equality. O

Notice (2.7) is very similar with ULP, for some particular spaces, one implies another. Out
of the thesis, we might sometimes name (2.7) as ULP. As a direct consequence of Proposition 2.4.3,

we have the following corollary.

Corollary 2.4.4. Let (H,{ks}re(x,d,0)) be a FHS satisfying ADP, UMD and ULP, and Tp(q, be
the concentration operator over the ball B(a,r). Denote all its eigenvalues in the decreasing order
by 1> 1(Tgary) = 12(TB(a,r)) = -+ = 0, where entries are repeated with multiplicity. Then for any

€ > 0, there exists R > 0 such that

1—6 Zl TBar Si TBar i

for any a € X and all v > R.
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Proof. By UMD, we have o(B(a,r)) < oo for any @ € X and all » > 0. So we can apply Corol-

lary 2.3.7 and obtain

Y iTs@n) = ITs@n 7, = o(Bla,7)).
=1

In order to prove the corollary, it is sufficient to show

lim sup sup W (Z Li(Tp(a,r) — Z li(TB(a,r))2> =0.
’ i=1 i=1

r—oo acX O

Again by Corollary 2.3.7

Z ll(TB(aJ)) - Z li(TB(a,r))2
=1 =1
. 2
=Ts@m 7 = T8 gs
- / / (ks By 2 do(y)do(z) — / / (ko k) 2 do(y)do(z)
B(a,r) J X B(a,r) J B(a,r)
- / / (ks k)2 dor(y)dor ().
B(a,r) J B(a,r)c

Then by Proposition 2.4.3, we get the desired equality. O

Because ADP and UMD are common properties, we usually view Corollary 2.4.4 as a
consequence of ULP. Study Corollary 2.4.4, it tell us every eigenvalue I;(T's(a,r)) of Tp(q,r) should
be closed to either 1 or 0, and the closeness depends on how large of r. It somehow tell us the
information about the distribution of eigenvalues of Tg(, ) wWhen r is large. Based on this concern,

we have the following Lemma which improves the inequality in Lemma 2.3.9 when r is large.

Lemma 2.4.5. Given a number 0 < ¢ < 1, then for every 0 < 8 < 1, there exists R > 0 such that

for every ball B(a,r) C X withr > R,

)

g < 21

where G denote any subspace of H which is c-concentrated on B(a,r).

Proof. Let T4, be the concentration operator over an arbitrary ball B(a,r). Denote all the eigen-
values of Ty by {li(TB(a,r))}i2; indexed in decreasing order. And Let G be any c-concentrated

subspace of H on B(a,r) and denote dimG by k (k < oo, by Lemma 2.3.9). By the min-max
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principle,

lk(TB(a,r)) = digzl%-')ik ge}r,llli_?l\zl <TB(a,r+%)g’ g>

> min <T 5 ,>
gedllgl=1 \ Blar+$)F 9

> c.

For any 0 < ¢ <1 — ¢, we have

dimG =k
<#{Z TBa’r >C}

*#{Z TB(GT))>17€}+#{Z C<Z(TB(ar))<175}

li(TB(a,r)) li(TB(a,r))
<D Tt Y T

l;i>1—¢ c<l;<1—¢
1 1
S1-; > i(Tpan) + - > i(Tham)- (2.10)
=1 1, <l—¢

Let € = ce?. By Corollary 2.4.4, there exists R > 0 such that for any a € X and all r > R, we have

(1 - 6) Z li(TB(a,r))

It follows that for any a € X and all r > R,

1 o0
- Z Li(TB(a,r)) < Ezli(TB(a,'f))' (2.11)

c :
l1;<l—e¢ =1
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Combining (2.10) and (2.11), we obtain that for any ¢ € X and all » > R,

1—¢ ) >
i 2%img < ;li(TB(m)' (2.12)
Notice as ¢ — 01,
1—¢
— 11
1+e—g2 T
So for any 0 < 6 < 1, there exists ¢ > 0 such that
1—¢
— > 0.
1+e—¢?

Then by (2.12), we have

o Li(T, a,r oi L; (T ar
dimG < Zz:l IEEB( > )) < 21_1 ( B(a, )) _ 0'(B(a,’l“))7
Te—e2 0 9
for any a € X and all » > R. Where R only dependents on ¢ and 6. O

2.5 Boundedness, Compactness and Trace Class Member-
ship of Toeplitz Operators

In this section, based on the additional conditions we impose on FHS, we could give some
criteria to characterize the boundedness, compactness and trace class membership of Toeplitz oper-
ators without assuming p(X) is finite. All of the results in this section are based on my master’s

thesis [11].

Definition 2.5.1. Let {k;},c(x,0) be a continuous frame of H, and p be another positive measure
for the same measurable sets with measure 0. We define the Berezin transform [ of measure
by

X SR )= [ kb duy)

It is easy to check that if [\ [(ks,k,)|du(y) < oo for every x € X, then
i) = (Tuko k), Vo€ X,
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Therefore, the Berezin transform f(z) of measure p can be viewed as the “continuous diagonal

terms” of the matrix of the Toeplitz operator 7),.

Definition 2.5.2. Let u be a positive Borel measure on a metric space (X,d). For any r > 0, we

define the volume function [i,. of measure u by
fr: X =R, [y (x) == p(B(z,1)).
We now list the following theorems to characterize the boundedness, compactness and trace

class membership of Toeplitz operators 7,.

Theorem 2.5.3 ([11], Theorem 5). Let (H,{ks}zc(x,d,0)) be a FHS which satisfies DMP, UMD,
MVP and AOP. And Let p be a o-finite positive Borel measure on X that satisfies

[ Vs duto) < o, v e X,
X

Then the followings are equivalent.

a. Ty, : spanfky : x € X} — H can be extended to a bounded operator on H.
b. The Berezin transform fi : X — R is bounded.

c. The volume function fi, : X — R is bounded for some r > 0.

Theorem 2.5.4 ([11], Theorem 6). Let (H,{ks}ze(x,d,0)) be a FHS which satisfies DMP, UMD,

MVP and AOP. And Let p be a o-finite positive Borel measure on X that satisfies

/ (ke k)| dia(y) < o0, ¥z € X.
X

Then the followings are equivalent.
a. T, : H — H is a compact operator.
b. ji(x) = 0 as © — oo.

c. fir(z) = 0 as x — oo for some r > 0.
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Theorem 2.5.5 ([11], Theorem 8). Given 1 < p < oo, Let (H,{ks}ze(x,d,0)) be a FHS which
satisfies DMP, UMD, MVP and AOP. And Let  be a o-finite positive Borel measure on X that
satisfies

/|<kgr,ky>|du(y)<oo7 Vo e X.
X

Then the followings are equivalent.
a. T, belongs to the Schatten class S,.
b. @i belongs to LP (X, do).

c. fir belongs to LP(X,do) for some r > 0.

2.6 Beurling Densities of Sampling and Interpolation Sets

2.6.1 Sampling and Interpolation Sets

For RKHS, one could define the sampling and interpolation set. Similarly, we could give

the definitions of those for FHS.

Definition 2.6.1. Let (H,{ks}se(x,0)) be a FHS. A countable subset A := {\} of X is called a

sampling set for H, if there exist constants A, B > 0 such that

AP <Y WERDP <BIfI?, VfeH.

AEA

From the definition, A is a sampling set for H if and only if the corresponding sequence of

continuous frame {ky}xea is a frame of H.

Definition 2.6.2. Let (H,{ks}re(x,0)) be a FHS. A countable subset A := {\} of X is called an

interpolation set for H, if for any complex sequence (cy) € I?(A), there exists f € H such that
<f, k‘)\> =c), VAEA.

By Propositions 1.4.10, A is an interpolation set if and only if the corresponding sequence

of continuous frame {ky}rca is a Riesz-Fischer sequence of H.
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2.6.2 Density Theorems in Particular Framed Hilbert Spaces

Now we are going to list some important results about sampling and interpolation sets which

will be applied in the rest of the chapters. All of them are related to the so-called Beurling densities.

Definition 2.6.3. Let A be a countable subset of a metric measure space (X,d,o). The lower

Beurling density of A is defined as

_ e . #HANB(a,r)}
Do (A) :=liminf Inf = "m0y

Similarly, the upper Beurling density of A is defined as

. #{A 1 B(a,r)}
Dy (A) i=limsup sup =~ e

If 0 is the Lebesgue measure, by convention, we will drop the subscript o in the above notations. We

will use D~ (A) and DY (A) to denote the lower and upper Beurling densities in this case.

For example, all the integers Z is a countable subset of (R,|-|,m). It is not hard to see
D~ (Z) = D" (Z) = 1. If we pick all the natural numbers N as the countable subset, then D~ (N) = 0
and DT(N) = 1.

The following density theorem is based on the general Paley-Wiener space which is proved

by Landua in 1967.

Theorem 2.6.4 ([10]). Let E be a bounded measurable set on R, and A be a countable subset of R.

2mwifx

For the general Paley-Wiener space (L?(E), {&W}SE(R,H,WLE));

1. if A is a sampling set for L*(E), then

2. if A is an interpolation set for L*(E), then

DfL(M) <1,

Note Theorem 2.6.4 gives us a necessary density condition for sampling and interpolation

sets in the general Paley-Wiener space. Besides this, Beurling and Kahane proved a sufficient density
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condition for sampling and interpolation sets in the classical Paley-Wiener space by the following

theorem:

Theorem 2.6.5 ([8]). Let I be a finite interval of R, and A be countable subset of R. For the
2mifx

AT ee®imn);

classical Paley-Wiener space (L*(I)

1. if A is relatively separated with D, (A) > 1, then A is a sampling set for L*(I), i.e. there exist

mr

constants A, B > 0 such that

2
<B|fl72y, Vf€ED);

Al <D

AEA

<f’ 627”;)\(')>L2(I)

2. if A is separated with D), (A) < 1, then A is an interpolation set for L*(I), i.e. there exists a

constant C > 0 such that )

CY el <

AEA

Z £3,2TAC)

AEA

L2(D)

for any finite sequence {cx}aea-

Similar results for the one-dimensional classical Bargmann-Fock space are proved by Seip

and Wallstén as the following two theorems:

Theorem 2.6.6 ([17,18]). Let A be a countable subset in C. For the one-dimensional classical
Bargmann-Fock space (Fo(C),{k2}.c(c,||;ma)), A s a sampling set for Fo(C) if and only if A is

relatively separated and contains a separated subset A" for which D}, (A’) > 1.

Theorem 2.6.7 ([17,18]). Let A be a countable subset in C. For the one-dimensional classical
Bargmann-Fock space (Fo(C),{k2}.c(c,|-|;ma))s A is an interpolation set for Fo(C) if and only if A

is separated and D}, (A) < 1.

For high dimensional Bargmann-Fock spaces, we don’t have the perfect if and only if density
conditions for sampling and interpolation sets. But still, Lindholm gives a very similar necessary
density condition for high dimensional weighted Bargmann-Fock spaces which implies the following

theorem:

Theorem 2.6.8 ([12]). Let A be a countable subset of C™. For the classical Bargmann-Fock space

(Fa(C™), {kS Y oc@n ma))s
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1. if A is a sampling set for Fo(C™), then A is relatively separated and contains a separated subset

A which is also sampling and satisfies

2. if A is an interpolation set for F,(C™), then A is separated with

Dy, (A) < 1.
In general cases, we have the following theorem proved by Mitkovski and Ramirez which
gives a necessary density condition for the general FHS.

Theorem 2.6.9 ([13], Theorem 4.5). Let (H,{ks}re(x,d,0)) be a FHS which satisfies the ADP,
UMD, MVP and ULP, and A be a separated subset of X,

1. If A is a sampling set for H, then

DI (A) > 1;

b

2. If A is an interpolation set for H, then
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Chapter 3

Approximate Interpolation in

Framed Hilbert Spaces

3.1 Introduction

3.1.1 (Weak) Interpolation Sets

Let (H, {kz}2e(x,0)) be a FHS. A countable subset A := {A} of X is called an interpolation
set for H, if the corresponding sequence of continuous frame {kx}rca is a Riesz-Fischer sequence of
H (see 2.6.2 and 1.4.10).

By Proposition 1.4.11, A is an interpolation set if and only if there exists a Bessel sequence
{fa}ren of H such that

(fa,ku) = 0xwy, VA v EA

If we replace the Bessell sequence condition by the condition of bounded sequence, we would

get a weak type of interpolation sets.

Definition 3.1.1. Let (H,{ks}sec(x,0)) be a FHS. A countable subset A := {\} of X is called a

weak interpolation set for H, if there exists a bounded sequence {fx}xea such that

<fk7ku> - 5)\1/7 V)\ﬂ/ S A.

40



Because any Bessel sequence is bounded, we have every interpolation set is a weak in-
terpolation set. And for particular FHS, the converse is also true. For example, in the classical

one-dimensional Bargmann-Fock space F(C), these two classes of sets coincide.

3.1.2 d-Approximate (Weak) Interpolation Sets

Recall Theorem 2.6.9: let (M, {kz}e(x,4,0)) be a FHS which satisfies the ADP, UMD, MVP
and ULP , if a separated set A (will be defined in next section) is an interpolation set for H, then
its upper Beurling density satisfies

DI (A) < 1.

The goal of this chapter is to provide a similar type necessary density condition for an even
larger class of “interpolation sets”. This type of sets (to be defined momentarily) were relatively
recently introduced by Olevskii and Ulanovskii (see [15]) in the classical Paley-Wiener space, where
it was shown that all such sets have to satisfy a Beurling density condition similar to the one for

usual interpolation sets. Our results can be viewed as the generalization of their results.

Definition 3.1.2. Given 0 < d < 1, we will say that a countable subset A := {A} of X is a

d-approximate interpolation set for H, if there exists a Bessel sequence {hy}xea of H such that

Z|<hk7ky>_6>\u‘2gd27 Ve A.

veA
Namely, the I12(A) distance between the sequences ({(hy,k,)) and (3x,) is no greater than d for any
A.

Note that 0-approximate interpolation sets coincide with interpolation sets. Again, using a
bounded sequence instead of a Bessel sequence in Definition 3.1.2, we could define a weak type of

d-approximate interpolation sets.

Definition 3.1.3. Given 0 < d < 1, we will say that a countable subset A = {\} of X is a d-
approximate weak interpolation set for H, if there exists a bounded sequence {fi}ren in H

such that

ST k) =00l < d? VAEA.
veA

Again, 0-approximate weak interpolation sets coincide with weak interpolation sets in H.
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And every d-approximate interpolation set is a d-approximate weak interpolation set. But we don’t

know whether the converse is true in general.

3.2 d-Approximate Interpolation in Framed Hilbert Spaces

3.2.1 Main Theorem

Our first result is based on FFHS which gives a necessary density condition for d-approximate

interpolation sets.

Theorem 3.2.1. Let (H,{ks}re(x,d,0)) be a FHS which satisfy ADP, UMD, MVP and ULP. Given
0 <d <1, suppose a relatively separated subset A of X is a d-approzimate interpolation set for H.

Then
1

+ <
DI (A) < T

Before we give a proof of the theorem, we need to collect some basics.

3.2.2 Relatively Separated Sets

Definition 3.2.2. A subset A in a metric space (X,d) is said to be separated or uniformly discrete
if
0 :=inf{d(\,v): A#v e A} >0.

And the constant § > 0 is called a separation constant of A.

Definition 3.2.3. A subset A in a metric space (X,d) is said to be relatively separated if it is a

finite union of separated sets. Namely,

A =UE A,

where Ay, is a separated set for any k=1,--- | K.

The following two propositions will show some simple but important properties for A being

relatively separated.
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Proposition 3.2.4. Let (X,d, o) be a metric measure space satisfying UMD, and A be a relatively

separated set in X. Then for any ball B(a,r) in X with center a € X and radius r > 0,
#{A N B(a,r)} < 0.
If (X,d,o) also has ADP, then
DI (A) < .

Proof. Since A is relatively separated, we have
A= Ui(:lAka

where Ay is a separated set with the separation constant 0y for any k£ = 1,--- | K. Let § :=
ming << Ok, and {\¥}ier, := {Ar N B(a,r)} forany k=1,--- , K. For every 1 <k < K, by Ay is
separated,

1 1)
B\, )n Bk, 2) = | £ j.
(A 5)N B, 5) =0, Vi#]
In addition, for every 1 < k < K,

)

1)
Uier, BOF, )CB(a r+2

)-

It follows that for every 1 < k < K,

" o(BOE, 2) < o(Blar + 3).

i€ly

By UMD, there exists c(g) > 0 such that

#{00 Blan)}e(D) < 3 o(BOL D) < o(Blar + )
i€l

Again by UMD, there exists D(r + &) > 0 such that

K
#{AﬂBar}<Z#{AkﬂBar Z : <
= 5

k=1 =
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Combine ADP,

. #{AN B(a,r)}
Do) =B R o B

K
AyNB
< lim sup sup > k1 #1Ax N B(a,7)}

r—oo aceX U(B(a’ T))

K s

B 9
<limsupsup 3 0<6<—B+>>
r—oo a€X 1= c(5)o(B(a,r))

= K lim sup sup M
C(g) r—oo aeX (T(B((l,?”))
K
- o0 < 0. (3.1)
O

Actually, Theorem 3.2.1 tell us under additional interpolation assumptions on A, this trivial
density upper bound (3.1) could be significantly improved (especially when ¢ is close to 0).
The second consequence of A being relatively separated is that it will generate a Bessel

sequence of continuous frames {ky}rea of H.

Proposition 3.2.5. Let (H, {ks}re(x,d,0)) be a FHS satisfying ADP, UMD, MVP and ULP. If A

is a relatively separated set in X, then there exists a constant C > 0 such that

STUERNP < CIfI?, Vf e

AEA
Proof. Since A is relatively separated, we have

A= UszlAk;

where Ay is a separated set with the separation constant & for any k = 1,--- | K. Let § :=

ming <<f Ok, and {A\}icr, == {Ax N B(a,r)} for any k = 1,--- , K. Then by MVP, there exists
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Cs > 0 such that

AEA 1 MEAL
K
< Co [ Wfha) dota)
kz::lAeAk B(\,3)
K
—a Y [ k) dota)
k=1AreA, Y BAD)
K
<Gy [ 1k dote)
r=1"7X
— KGs|If|?

3.2.3 Some Lemmas

In order to prove Theorem 3.2.1, we will adopt the proof strategy of Olevskii and Ulanovskii [15].
The argument has two crucial ingredients. The first one (essentially going back to Landau [10]) says
that any subspace of H which is c-concentrated on a fixed finite measure set cannot have arbitrar-
ily large dimension. We have these results as Lemma 2.3.9 and Lemma 2.4.5 in Chapter 2, for

convenience we restate them here.

Lemma. 2.5.9 Let E be a Borel subset of X with o(E) < co. Given a number 0 < c <1, if G is a

subspace of H which is c-concentrated on E, then

O'(E).

dimG <

Lemma. 2.4/.5 Given a number 0 < ¢ < 1, then for every 0 < 8 < 1, there exists R > 0 such that

for every ball B(a,r) C X with r > R,

ting < “B)

where G denote any subspace of H which is c-concentrated on B(a,r).

The following lemma is the second important ingredient in our proofs. It allows us to
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generate a fairly high-dimensional subspace which is concentrated on some ball so that we can apply
the above two lemmas. Note the following result is a finite-dimensional result, which can be applied

in our proofs only when we restrict the set A to a ball.

Lemma 3.2.6 ([15], Lemma 2). Let {u;}i<j<n be an orthonormal basis in an N-dimensional
complex Euclidean space U. Given 0 < d < 1, suppose that {v;}1<j<n is a set of vectors in U
satisfying

v —w|> <d® 1<j<N.
Then for any b with 1 < b < 1/d, there is a subspace X of C, such that
1. (1 -0?d*>)N — 1 < dimX;
2. the estimate

1. N
(1- 5)22 il < 1) v,
j=1 j=1

holds for any vector ¢ = (c1,ca,...,cn) € X.

3.2.4 Proof of Theorem 3.2.1

Proof. By A = {\} C X is a d-approximate interpolation set for #, there exists a Bessel sequence
{hx}xrea for H such that

S [hasks) = 0 < d?, YA€ A
vEA

Let B(a,r) be an arbitrary open ball in X. Since A is relatively separated, A N B(a,r) is finite set.

Let AN B(a,r) = {\1, A2, ..., \w}. Consider the following vectors in C¥,
Vi = (<h/\jak)\1>7"'7<h)\j7k)\N>)7 1<j<N,

and the standard basis of CV,
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Notice that

2

N
[vi —wl* = [(ha, kx,) = 6,
=1

S Z |<h)\j7kl/> - 5)\j1/|2

veA

<d’, 1<j<N.

By Lemma 3.2.6, for any 1 < b < 1/d, there exists a subspace U of CV, such that

(1—b*d*)N — 1 < dimU,; (3.2)

2. the inequality

1. N
(1- 5)2 D oleilP <D evill, (3.3)
=1 j=1

J
holds for any vector ¢ = (¢1,...,cn) € U.
Let Y := {Z;\le ¢jvile = (c1,...,en) € U} be the subspace of CV. we want to show dimU < dimY .
The idea is that using a basis of U to create some linearly independent vectors of Y.
Let M = dimU and let {c’ := (c,...,c5)}M, be a basis of U C CV. And let {w; :=
Z;\/:l ci-vj}f\il be the vectors of Y. Assume ai,as, - ,ap are the scalars such that the linear

J

N M
combination ) ."; a;w; = 0, then
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%

_\M i
J>1gj§N =Y ,_,a;c’ € U, by (3.3) we have

Notice the scalars of coefficients (Zi\il a;c

N M 2
0= Z (Z awé) v
j=1 \i=1

N 2

>1- )

Jj=1

M

§ )
aicj

i=1

b

which implies the linear combination Z£1 a;c’ = 0. By {c'}M, is a basis, a; =0, 1 <i < M. So

{w;}M, are the linearly independent vectors of Y. Then
dimU < dimY. (3.4)

Let G := {Zjvzl cjha,lc = (c1,...,cn) € U} be the subspace of H, now we want to prove dimY <
dimgG.

Let T™ be the analysis operator of the finite sequence {kx,,kx,, ..., kay } on H. By T"hy; =
v;, 1 <j <N, we have T*(G) =Y. It follows that

dimY < dimg. (3.5)
Combine (3.2), (3.4) and (3.5), we obtain
(1 —b*d*)N — 1 < dimG. (3.6)

Let g = Zjvzl cjhy, € G for some (ci,...,cn) € U. Using that {hy}rca is a Bessel sequence and
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(3.3), we get

2
N N

N
Z| g, kx,) Z <chhxj,km>
i=1 i=1| \j=1
N
=1 el
=
Lo
> (1123 el
j=1

N
PCID eiha I
j=1

—Cilgl (37)

for any g € G.
Let § be the separation constant of A. Then B(X,§/2) N B(v,6/2) = 0 for any A # v € A.
It follows from the M VP that

N

(g, k) < 05/ (g, k)| do ()
2 Z b
< Cs / (g, ko) dor(z), (3.8)
B(a,r+3%)

for any g € G. Combining (3.7) and (3.8), we obtain

2 2
cllg §/ g, k)| do(x) =(Tg(nrr519,9) 3.9
ol < [ Mooka)l*do(a) = (Tours 009 (3.9)

for any g € G, where 0 < ¢ := C1/Cs < 1 is independent of a and r. It follows that G is a
c-concentrated subspace of H on B(a,r + £).
For every 0 < 6 < 1, apply Lemma 2.4.5, there exists R > 0 such that for any ball B(a,r+ g)

with r > R,
o(B(a,r+ g))

di
img < 7

(3.10)
Combine (3.6) and (3.10), we have for every a € X and r > R,

o(B(a,r+ %))

(1—b*d>)#{AN B(a,r)} — 1< J
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Then for every a € X and r > R,

o(B(a,m + g)) 1
00 —22)  (1-02d?)

#{AN Bla,n)} <
Finally, using ADP and UMD, we obtain

L #{ANB(a,r)}
Dr ) =R By

_ o(B(a,r +3)) 1
= fimsup sup (au “B@)o(Bla,r) (- Pd)o(Bla, 7‘>>>
o(Bla,r + 2)) !

= DS S G — @) (Bla,) | P SR (= ) o (Blar)
= lim sup sup o(Bla,r + %))
r—oo a€eX 9(1 - b2d2)U(B(a7 ’I"))
= ; lim sup sup w
9(1 - b2d2) r—oo a€X U(B(av T))
1

Since § < 1 and b > 1 are arbitrary,

D*(A)

IN

—_
[

Q,
™)

3.3 d-Approximate Weak Interpolation in Classical Bargmann-
Fock Spaces

Our next result is based on the classical Bargmann-Fock space (F(C™),|-|,m). In the
classical one-dimensional Bargmann-Fock space F(C), it was shown by Seip and Schuster [16] that
the class of weak interpolation sets coincides with the class of interpolation sets.

Another important result (Theorem 2.6.7) of Seip and Wallstén shows that, in the classical
one-dimensional Bargmann-Fock space F(C), interpolation sets A can be completely characterized
in terms of the upper Beurling density D*(A). Namely, A is an interpolation set (or equivalently

weak interpolation set) if and only if A is separated, and DT (A) < 1.
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3.3.1 Main Theorem

For the classical Bargmann-Fock space (F(C™),|-|,m), as a special FHS, we could improve

Theorem 3.2.1 by applying a weaker condition that A is a d-approximate weak interpolation set.

Theorem 3.3.1. Let (F(C"),|-|,m) be the classical Bargmann-Fock space. Given 0 < d < 1,
suppose a relatively separated subset A of C™ is a d-approzimate weak interpolation set for F(C™).

Then
1

+ <
D (A)—l—d2'

This result can be easily extended to all of the classical Bargmann-Fock spaces F, (C").

3.3.2 Basics in Classical Bargmann-Fock Spaces

Recall in Chapter 2, the classical Bargmann-Fock space (Fo (C"), {k. }.e(cn,|-|,m.)) is @ FHS
satisfying DMP, ADP, UMD, MVP, AOP and ULP. In addition, F,(C") is a RKHS. Its reproducing
kernel at point z € C" equals

K&(w) = e v e C,
and its normalized reproducing kernel at point z € C™ is
kX (w) = e =51 vy e Cm.
About the reproducing kernels, we have the following important equalities hold:
|K2Il; = (ke K2, =, vzecn,
(ke k) | = e 3l e w e

zw

3.3.3 Proof of Theorem 3.3.1

Proof. By A = {A\} C C" is a d-approximate weak interpolation set for F(C"), there exists a

bounded sequence {f}rea such that

ST k) = 0 l* < d? YA€ A

veEA
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Let € > 0. For any A € A define g»(2) := fa(2)k5(2). Clearly gy : C* — C is entire as a product of

two entire functions. Also, since

5. (2)” = [(k5, K2)[°
< |IESIIZ (1K)

2
= el

for all z, A € C™, we have

[ iR et )

= [ @RGP T ()
Cn

= /C [fa(2) e dm(z) < oo

Therefore, g\ € Fr4:(C™) for all A € A. Moreover,

2
Z <9A>k§+€>w+e*5>\v
veA
= < <9A7K:+E>ﬂ+s ||K7T+E||7T+€_5)\V
ve
= W) KT 1 = o
VGA
= H(w)kS HK“*EHWJFE* v
veEA
2
= 37 [t K (85 K2 (KT L~ o
veEA
= [ k) I (5, ke I K+ = O
veA
= k) (B, K) . = Ol
veA
< k) — o f® < d?, (3.11)
veA

for any A € A. Note that in this simple computation we used that

KT, = K K-

e
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Let B(a,r) be any ball in C™. Since A is relatively separated, A N B(a,r) is a finite set.

AN B(a,r) = {A1, A2, ..., Ax }. Consider the following vectors in CV

vi= (9 k) e (on BAT), )y 1SG SN,

and the standard basis

u; = (5)\j,\1,...,5>\j,\N), ISJSN

By the above inequality (3.11), we have

2
v, —u]|| Z‘ ;s §+8 W+s—5,\j/\¢
T+ 2
< Z ‘<g/\j’ ky €>7r+5 - 5>\jl’
vEA

<d’, 1<j<N.

By Lemma 3.2.6, for any 1 < b < 1/d, there exists a subspace U of C, such that
L. (1=b*d*)N — 1 < dimU;
2. the inequality

1 N N
(1= lsl < I vl
j=1 j=1

holds for any vector ¢ = (cy,...,cn) € U.

Let

(3.12)

Let G = {Zjvzl cigr,lc = (c1,...,cy) € U}. By the same argument of (3.6) in the proof of

Theorem 3.2.1,
(1 —=b?d*)N — 1 < dimgG.
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Let g = Zjvzl cjgx, € G for some (ci,...,cn) € U. Using that {k] "} ca is a Bessel sequence (due

to the relative separateness of A) and (3.12), we have

2
lgle = €Y (9. K57), .
A€EA

2

Jj=

N
>Cy <chng,k§j8>
i=1 mT+e

=

2

Cj <g)‘j ) k§j€>ﬂ—+5

N

>0y

i=1

] =

1

.
I

2

N
C E CjVy
j=1

N
>C(1—1/6)*)  |el?
j=1

N

=C1) gl (3.14)
j=1
for any g € G, where C is independent of the radius r.
Fix a small p > 0. A simple application of the Cauchy-Schwarz inequality and the already

mentioned identity ||[K71e|| . = ||K.| | KZ||. yields

T+
/ |g(Z)|2 e—(ﬂ+6)\z\2fnlog(%+a)dm(z)
B(a,r+pr)c

-/l
B(a,r+pr)e

N
2
:./ chfAj(Z)kij(Z) e N dm . (2)
B(a,r+pr)c j=1 ’

2 e—(n-‘ra)\z\QdmﬂJrE(Z)

2

2 2
P @S, ()] e e (2)

N
2
S|
j=1 B(a,r+pr)©

2
|5 /
j=1 B(a,r+pr)c

N

2
> el
=1

J

2 pel-2
(o B62) (5, K2) | I ()

'MZ \
M= 1M-

1

J

(fa; k) <k§j , k>’2 dmpie(2), (3.15)

-

Bla,r+pr)e S

J

for any g € G. We now estimate the integral term in (3.15). Applying {f)}xrea is bounded and
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doing a simple change of variables, we obtain

/Bw,rw)c r
S /
B(ar+pr)e

<C

‘(f,\j,kz> <kAk:>’2 dmin e (2)

-

1

M=

15, 18 (35,52 | a2

1

‘<ki1 ’ ki>6 ’2 merJre(z)

(B

B(Xj,pr)©

j=1

N
jz::l B()‘j )pT)C

N
=C / efglzf)‘mdmﬂ_,_s(z)
jZl B()\j,pr)c

=CN e_E|Z|2dm7T+5(z).
B(0,pr)©

(15,082 [ dmesa2)

Since A is relatively separated, we have

A= UkI,(ZlAk,

where Ay is a separated set with the separation constant 6 for any k = 1,--- | K. Let § :=

ming << Ok, and {\¥}ics, = {Ax N B(a,r)} for any k = 1,--- , K. The simple counting argument

shows, for r > 1

N =#{ANB(a,r)}
K
<Y #{A:N Ba,r)}
=1

k=
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And doing change of variables by surface coordinates, we get (3.16) is bounded by

CN e*5|2‘2dmﬁ+€(z)
B(0,pr)c

2
<CK(1+ 7)2"7“2"/ e_EIZ‘deﬂJrE(z)
J B(0,pr)°

:C,’I”2n /OO 675t2t2n71dt
P

T

=Cs(r), (3.17)

where C’ does not depend on r (which depends on n, § and K). Denote the last expression by Ca(r).
Observe that Cy(r) — 0 as  — oo (to be used in a moment). Combine (3.15), (3.16) and (3.17), we

obtain for every g € G

N
/ |g(2)[? em (THI=Fnlos(EED) g (2) < O (r) > el (3.18)
B(a,r+pr)© j=1

Combining (4.2.4) and (4.2.5), we have for every g € G

02 ’I“) —(m P e
(1 - C( ) ||g||i+5 < / |g(z)|2 e (m+e)lz| log(ﬂ+5)dm(2)
1 B(a,r+pr)

/B(a,r+pr)

= <TB(G,T+pT)g7g>ﬂ-+E .

2
<g? k§+5>ﬂ-+€ mer+E(Z)

Let 0 < € < 1. Since Cy(r)/Cy — 0 as r — oo, there exists R > 0, such that

2
(1 - 6) ||g||7r+5 S <TB(a,T+p’r‘)g7g>ﬂ.+6 ’

for every g € G when r > R. In other words, the subspace G is (1 — €)-concentrated on B(a,r + pr)

whenever r > R. By Lemma 2.3.9, we obtain

Maie(Bla,r + pr))
1—¢ '

dimG < (3.19)
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Combining (3.13) and (3.19), we obtain for every a € C" and r > R,

(1-b*d*)N —1 < m”f(f’i(“’r +or)).
— €

Then for every a € C" and r > R,

Ma1e(Bla,r i 1
#{ANB(a,m)} < (1+—(e)((1 - ;;52))) TRy

Therefore,

o #{A N B(a,r)}
DT(A) = 11£ILS£p aseu(gb “mBlar)

im Sup Sl mrr+5(B(av T+ p?")) 1
= fimsup sup. ((1 ~O0 - P@)m(Blar)  (1- b2d2>m<B<a,r>>>
(m+¢e)"(1+ p)*n

Tl ol - 2

Since € > 0,p > 0,e > 0,b > 1 are arbitrary,

1
1—d?

D*(A) <

57



Chapter 4

Frame Bound Estimates for

Continuous Frames of Exponentials

4.1 Introduction

Recall Beurling and Kahane’s density theorem for sampling sets in the classical Paley-Wiener
space.
Theorem. 2.6.5 Let I be a finite interval of R, and A be countable subset of R. For the classical
2mix(-)

Paley-Wiener space (L*(I), {eﬁ}xe(m,mm;)); if A is relatively separated with D, (A) > 1, then

A is a sampling set for L*>(I). Namely, there exist constants A, B > 0 such that

2
AllflZo <D <B|fliaqy, Y€ EW).

AEA

<f’ e2mA(')>L2(1)

The following theorem could be viewed as an analogue for “continuous sampling sets” in

the classical Paley-Wiener space.

Theorem 4.1.1 ([9], Theorem 1 Logvinenko-Sereda). Let E be an interval with the length b and let
S be a measurable subset of R. If there exist a > 0 and v > 0 such that |[SNI|:=m(SNI)>~va

for every interval I with length a, then

(3) —C(ab+1) Hf‘ ;(R) - /S ‘f(x)rdx, (4'1)
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for any function f € L*(E).

Note that the above inequality implies

C —C(ab+1) ) o
~ < mix(-)
(€) ey < [ (e,

It shows us the exponentials {%}m( $,my) forms a continuous frame of L?(E) with lower frame
m

2

dr < (| fl172z)-

—C(ab+1)
) and upper frame bound 1. By this observation, Theorem 4.1.1 tell us that

bound (Q
5
when the subset S is pretty “dense” in R, S could be viewed as a “continuous sampling set” of the
. . . 2 62""’51(')
classical Paley-Wiener space (L*(E), {W}IE(RA-IME))'
In 1973, Logvinenko and Sereda first proved inequality (4.1) for some constant of lower

frame bound. Then Kovrijkine improved it by giving a formula for that lower frame bound. In

addition, Kovrijkine developed and generalized Theorem 4.1.1 even for multiband-limited functions.

Theorem 4.1.2 ([9], Theorem 2 Kovrijkine). Let E := U}_,I; be the union of n intervals with the
same length b. And let S be a measurable subset of R. If there exist a > 0 and v > 0 such that

|SNI| > ~a for every interval I of length a, then

()

for any function f € L*(E).

v < L@ a (12)

Notice the inverses of lower frame bound appearing in (4.1) and (4.2) both grow exponen-
tially with the length of E. The goal of this chapter is to provide a better lower frame bound whose

inverse would grow linearly with the length of F under certain conditions.

4.2 Lower Frame Bound Estimates for Continuous Frames of

Exponentials

4.2.1 Main Theorems

In order to state our theorems in an easier way, it is better to impose the conditions on set

3, which plays the role of the complement of set .S in Theorem 4.1.1 and Theorem 4.1.2. In those
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theorems, we impose conditions to make set S “dense” in R. For our theorems, we would like to
make set X kind of “sparse”.

When ¥ is a countable union of bounded intervals, we find two different ways to make set
3 “sparse”. One way is to require that the length of intervals and the density of centers of intervals
are small; another way is to require the density of X itself is small. Based on these, we formulate

the following two theorems.

Theorem 4.2.1. Let E := Ul I; be the union of n bounded intervals. And let A := {A\i}rez be
a sequence, and Y := Ugez (A — g, Ak + %) be the countable union of intervals with center Ay and

length b. If [B)DT(A) < L, then there exists a constant C' such that

¢ Hﬂ iz(R) < /E |J/C\(l‘)|2dx,

for any function f € L*(E). And C~' grows linearly with |E| when |E| is large. Note: [b] denote

the biggest integer less or equal to b.

Theorem 4.2.2. Let E := U | I; be the union of n bounded intervals. And let ¥ = Upez(Ar —
%’“,)\k + %’f) be the countable disjoint union of intervals with the center A\ and the length by. If

infr{bx} > b >0 for some constant b, and DT (X) < L, then there exists a constant C' such that

di

for any function f € L?>(E). And C~! grows linearly with |E| when |E| is large. Note: DT (X) =

< [ Ifa)Pas

2
L2 (R)

. |[=N[a—r,a+7]]
lim sup,._, o SUpP,eg 5, as usual.

4.2.2 Random Periodization

In order to prove Theorem 4.2.1 and Theorem 4.2.2, we will adopt the proof strategy of

Nazarov in [14], where the random periodization was introduced.

Definition 4.2.3. Given any function f € L*(R) and any positive number €. We define the random

periodization g¢¥ of f by

0= <= S A, el

kEZ

where v is a random variable equidistributed on the interval (1,2).
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The series in the definition of g converges in L'[0, 1), and for every v this series represents
a l-periodic function on R. The random periodization g allows some useful properties which will

be stated in the following two propositions.

Proposition 4.2.4. Given any function f € L*(R), let g°* be the random periodization of f. Then

the Fourier coefficients of g% satisfy

g7 (k) = Vevf(evk),

for any k € Z.

Proof. By Fubini’s theorem, we have

1
g/a\y(k):/ gsy(t)e—%riktdt
0
1
1 ntty okt
- ikt gy
/0 Vev T;Zf( eV Je

1
1 ntt. _omikt
= TR
Z/O \/euf( eV Je

nez
n+1
1 t —2mikt
= —f(—)e ™" dt
%/n \/{:“Z/f(EI/)
:/OO 1 (i)672ﬂ'iktdt
oo VEV eV

o~

= Vevf(evk).

O

Let X be a measurable subset of R and « be a positive number. Define the following subset
of Z
Aa,B) ={k€Z: kaeX},

then we have the following property:

Proposition 4.2.5 ([14], Proposition 2.2). Let g°¥ be the random periodization of the function f,
and A := A(ev, X) be the subset of Z. Then

EY 1@WE<2 [ |f)id

0£kEA

61



Note: E denote the expectation of random variable.
To prove Proposition 4.2.5, we need the random lattice averaging lemma:

Lemma 4.2.6 ([14], Lemma 2.1). Let ¢ : R — [0,00) be a positive function, and let € > 0 be a fized

number. Then

/1 S pkev)dy < /Rgp(m)dx.

k0

Proof. Split the left hand side into two terms,

/Zwksydu—/ Zcpkeudu—i—/ Zg@ksy V.
1

k0 k>0 k<0

Estimating the first term, by Tonelli’s theorem we have

/Zwksvdy—Z/ (kev)d

k>0 k>0
Z /25/6
= x)dr (z = kev)
k>0 ek
1 2ek
S Z/ @dw
€ k>0 ek k

|
\
M

£ <k<Z
1 1
- / ) T g
1<k<”
1 o0
S,/ o(x)dz, (4.3)
€ Jo

where the last inequality comes from Zéi <hex % <1 for any « > 0. Similarly, for the second term,

we have
0

/1 > lkev)dy < 1/ o(z)dz. (4.4)

k<0 e

Adding (4.3) and (4.4) together, we obtain

/1 > p(kev)dy < - L /ch(m)dx.

k#0
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Proof of Proposition 4.2.5. By Proposition 4.2.4 and Lemma 4.2.6, we have

E Y g7k =E Y ev|f(kev)]’

0£keA 0£kgA

=E Z ev|fkev)|*1se (kev)
k#0

< 2eE Z | Fkev)|*1se (kev)
k#0

2 ~
= 26/ Z |f(kev)[P1ge (kev)dy
1

k#£0

< 2/26 |7(2)|2da.

4.2.3 Proof of Theorem 4.2.1

To prove Theorem 4.2.1, we need Beurling and Kahane’s interpolation theorem (see Theo-

rem 2.6.5). For convenience, we modify the statement and restate as the following:

Theorem. 2.6.5 Let A be a sequence of real numbers, and I be an interval of torus T := R/Z. If A

is separated with DT (A) < |I|, then there exists a constant C' such that

Z lea]? < Z exe®™ O gy

AEA AEA

for any {cx}rea € [2(A). Where the constant C only depends on DT(A) and |I|, i.e., C =
C(D*(A), [1]).

Besides of Beurling and Kahane’s interpolation theorem, we also need the following lemmas.
Consider any function f € L?(R) supported on the §-neighbourhood Ej of E for some § > 0. Let
Jy == M_y, f be the modulation of f, and g;” be the random periodization of f,.

Let E5¥ = {t € T : gi”(t) # 0} be the support of g;¥, and F;” := {t € T : g;"(t) = 0} be

the zero set of g;” which is the complement of E;* in T.

And denote A" :={k € Z: kev € ¥ — y}, where ¥ —y :={t —y:t € X}.

Lemma 4.2.7.
DF(AZ) < (o] +26)D*(A).
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Proof. Without loss of generality, consider the case when y = 0. Let evA§” := {kev|kev € ¥,k € Z}
be the ev multiple of A§”. It can be viewed as the intersection of random lattice evZ and 3. For

any r >0and a € R

#{evAi" N(a—r,a+1)}

=#{kev:keveXN(a—r,a+7)}

b b
g#{k&l/ tkev € Ua—r—§<)\k<a+r+g(>‘k Ty Ak + 5)}
b b
< kev: k A — =, A —
< Z #{kev : kev € (Mg 2,k+2)}

a—r—§<Ap<atr+i
>
a—r—%<)\k<a+r+% i
b b b

[e—y]#{Aﬂ(a—r—i,a—&—r—i—g)},

IN

where fﬁj denote the smallest integer bigger or equal to 5% Then

D+(€I/A8V)
ev _
— Jim sup #{evAF¥ N(a—r,a+71)}
r—oo 4 2r
b _p._Db b
i o [ BN @~ fa s b))
r—00 g 2r
Z[il lim Sup#{Aﬂ(a—r—%,a+r+%)}2r+b
EV T—00 4 2r +b 2r
b
=[=1DTF(A).
[ 1D*(A)

Simple computation shows that

DY (AY) = evD T (evA§”)
b

<ev[—]DH(A

o[ Z1DH()

< ([b] + 2e)DT(A).

Lemma 4.2.8. Fore < 5+ F3V contains an interval IV with length |I°V| > (1 — 2¢|Es])

_1 1
2[Es]’ n
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Proof. By g;” is the random periodization of f,

By EjV :={t € T : g;"(t) # 0} is the support of g7*,

Wt e BV = g7 (1) £0,

ko +t

= Jko € Z, S.t.f( 0

ko +t

) #0,

=

€ Es,

=1t €cvhs — ko,

=t € evEs(modl),

where evEys := {evt : t € Es}, and evEs(modl) :={t+7Z:t € evEs} C T.
So Ep¥ C evEs(modl) C T. Since Es is at most n union of intervals, so is evEs(modl).

Then T \ evEs(modl) is at most n union of intervals as well. Notice

T\ evEs(modl)| = 1 — |evEs(modl)|
> 1-— |€I/E5‘

>1-— 25|E5|.

So T \ evEjs(modl) contains an interval I with length |I| > %IEH By Fg¥ =T\ E;¥ O T\

evEs(modl), Fg¥ contains interval I as well. O

Lemma 4.2.9. If [B|D*(A) < L, then there exists a constant C such that

sup |[F)? < € [ i)

yeD
for any function f € L2(R) supported on Ej.

Proof. Let gz be the random periodization of f € L?(R) supported on Ej. Rewrite g, as the sum
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of functions pg” and ¢;"”,

gzu (t) _ Zg’;\,/(k)e%rikt

kEZ

=py" (1) + 4,7 (1),

where pi”(t) := 3 peper g5V (k)™ and ¢ (t) == P kgasr G (k)e2mint.

When y € %, it implies 0 € Aj”. Then for any y € %,

IF)? =1£,(0)]?

IN
Q
™
N
—~
o
=
[V

(4.5)

IA
I

=M
=X

<

N

—~

o~

~
o

On one hand, by lemma 4.2.7, D*(A5") < ([b] 4+ 2¢)D*(A). Let ¢ — 07,
D (A2) < (5] + 25)D* (A) | BID* (A).

On the other hand, by lemma 4.2.8, F¥ contains an interval 1= with length [I=¥| > (1 — 2¢|Es])+.
Let e — 0T,

1 1
1> (1 - 2elmyh g L
nn
Since [B]DF(A) < -, let d := 1 — []D*(A) > 0, and e := min{g5¢ 5y, gfg}- Then

d 1 d
[BDT(A) + = < ——3< |150%.

D+ AEoV
( y ) 3 3

IN

By Theorem 2.6.5, there exists a constant Co = Co([))D(A) + 4, L — £) such that

1
n

2

— 2 — .
S| <G| X g thyerme)

Tov Tov
keAS, keAy L2(Ic0v)

Notice g5o¥(t) = pi°¥(t) + ¢;°*(t) = 0 on its zero set F,;°” which contains interval 7°°”. Combin-
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ing (4.5), we have for any y € ¥,

—

FwP<— 3 167 0P

ke

<Y Y RO g
ke

= D

= g B

< Dygpr?

-5 S g wP

By Proposition 4.2.5,
Bl |* =B Y <2 [ |f)Pds
kgAZOY 2

By Chebyshev’s inequality,

PW@WW>4L|ﬂ%

<P{llg;""[I* > 2Ellg5>"|I*}

E|l¢5”||?
2E||¢y°"[12

Then,

~

PN@WWS4A\ﬂ%>

DN | =

So there exists a vy € (1,2) such that

Il <4 | 1F@ld.

Combine (4.6), we have
4CYy

o2 < — ]?x 2dz.
e

Fapr <@

=
€o
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Since y € ¥ is arbitrary,

4C;
sup | F)P < °/|f\dw

yeY

where g9 = min{ GDf(A), GIEs\} with d = L — [b]DT(A), and Cy does not depend on |E|.

Proof of theorem 4.2.1. For every function f € L?(E) and every y € 3, define

eZmyt

hy(t) = 71(5,5) (t), t e R,
and
Fy(t) == fxhy(t), teR,
where f * h, denote the convolution of f and h,. Then

i) = T sin(2mé(x — y))

y(@) = f(2) 27775(1373/) )

and suppF, C Fs. By Lemma 4.2.9,

- 4C -
wM%@WS—ﬁ/\%@WM
TEXD €0 e

Let x = y € X. Combining (4.7) and (4.8), we obtain

2 4G

1FW)I? = |F,()]? < sup |F, () |Ey () Pda.
TEX €o e

Integrating this inequality over ¥ on both sides, we have

C’ —
/U’2@</ =0 [ B )Py

_ 4G sm(27r5( Y)) 2
/y'f Tomoa—y) ?dady

4C (27é(x
[ frt payds
4CO )2 sin(2mé(x )) 9
=0 [ [t Py

4CO 5 [ sin(2md(z ))
< —
< /| |/|2M Pdyda
_ 200 9
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Then we obtain

ﬁ Hﬂ ;(R) < / |F(2)*da.

Since g = min{6D+¢(A)7 &ngﬂ} with d = 2 =[] DT(A), and Cy does not rely on |E| (see Lemma 4.2.9).

Let § = 5-, for large enough |E| we have

2n?

C .= d < 50(5
T (2400 + 1)(|E| + 1) ~ g9d+2Cy

It follows that

¢ Hﬂ ;(R) < /EC |J?($)|2dx7

where C~! grows linearly with |E| when |E| is large. O

4.2.4 Proof of Theorem 4.2.2

In order to prove Theorem 4.2.2, we need the following new lemmas which play the same
role with Lemmas 4.2.7 and 4.2.9 for the proof of Theorem 4.2.1.

Again, consider any function f € L?(R) supported on the J-neighbourhood Ej of E for some
6 > 0. Let f, := M_, f be the modulation of f, and g;” be the random periodization of f,,.

Let BV :={t € T : g;”(t) # 0} be the support of g;", and F;” := {t € T : g;"(t) = 0} be

the zero set of gg"”.

And denote Aj” :={k € Z : kev € ¥ — y}.

Lemma 4.2.10. If inf;{b;} > b for some positive number b, then
DY) < (14 Z)DH(s
(A7) < (0 + 27 (m)

Proof. Without loss of generality, consider the case when y = 0. Let evA§Y := {kev : kev € ¥,k € Z}
be the ev multiple of A§”. For any r > 0 and a € R, by inf{bx} > b > 0, we have finite number of

intervals (A — %’“, Ak + %’“) C X which intersect with interval (a — r,a 4+ 7). Denote the length of
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those intersections by {l1,l2, -+ ,l,}, then

#{evAj" N(a—r,a+71)}

=#{kev:keveXN(a—r,a+r)}

:l1—|—12+"'+ln+n
eV
En(a—ra+r)

o eV

+n.

Furthermore, it’s easy to see (n —2)b < | N (a —r,a+r)|, so

XN (a—r,a+r7)
b

n < + 2.

Then

A N (a —
D (evAg”) = limsup sup #Hevhs (2a natn)
r—oo  a r

|En(a—r,a+r)|
ev +n

< lim sup sup
T—00 a 2r
|2N(a—r,a+7)| + \Zﬁ(a—br,a—&-r)\ +2

eV

< lim sup sup

r—00 a 27‘
I (1 Jr1)|Eﬂ(a—r,a—i-7")|Jr2
=1 J— — _
rﬁoop ap ev b 2r 2r
1 1 XN (a—
= (g—y + g)li?_)b:clpsgp | (e 2Tr,a+r)|
1 1
=(— +-)DH(D).
(o +DDH(E)
By simple computations,
DY (AF) = evD T (svAF”)
1 1
— 4+ )DT(Z
< e+ D)D)
2
<(1+2)DH(D)
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Lemma 4.2.11. If D™(X) < L, then there exists a constant C such that

sup Fy)* < € [ |fia) s,

yeD
for any function f € L*(R) supported on Ej.

Proof. Let g;” be the random periodization of f € L?(R) supported on Es. We can rewrite g," as

the sum of two functions.

gzu (t) _ Zg’g\y(k)e%rikt

kEZ

=py" (1) + 4,7 (1),

where p3(t) = Ypeae 957 (KX, 657 (1) = Yygar 957 (k).

When y € X, 0 € A;”. Then for y € ¥,

)PP =17,

[
;h
—
Ky =2
A
o
=
o

IA
1!
<o
o
A
—~
o
=
T

(4.9)

IA
™|

£\
=
<M
<

—
=
=

o

By lemma 4.2.10, D*(AS) < (1+ 22)D*(S). Let ¢ — 01,
» 2e
DF(AY) < (1+ ;)DWE) L D* (D).

By lemma 4.2.8, F;¥ contains an interval I with length |IV| > (1 — 2¢|FE;|);;. Let € — 0%,

1
n

1 1
1] > (1 - 26| Es|)~ 1 —.
n n
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Since DT(X) < L, let d:=1 — D¥(X) > 0, and ¢ := min{GDﬁ(Z ) 6\E,;|} Then

d 1 d
DHAPY) S DY)+ 5 < — — 5 <[]

Again, by Theorem 2.6.5, there exists a constant Co = Co(D*(2) + 4, 2 — £) such that
2
S| <G| Yo g thyermitt)
keA” keA” L2(1°0%)

By g;°"(t) = pg°” (t) + ¢;°¥(t) = 0 on its zero set F;°” which contains the interval 7°°”.

ing (4.9), we have for every y € X,

Fal <= 3 lGmmP

keAEO"
S || >GRO |2, )
KA
Co
= ||Py ||L2(160V)
C
= g5 172 (r-0v)
€0
Co
<51 g |I”
O —
= > el
0 kg A0”

By Proposition 4.2.5,

Bl [P =B Y 177 (k) <2 / o) 2de.

k¢ASOY
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By Chebyshev’s inequality,

P{[lg | > 4 / R

<P{llg*"|I* > 2Ellgz"||*}

Eqg?
2E||¢"™ |17

Then,

o~

1} >

DN | =

c

P{[lg | < 4 /

So there exists a vy € (1,2) such that

o ||? < 4 / Fla)2de.

Combining (4.10), we obtain

- Co\ coara _ AC -
FooP < PP < 20 [ (fwpPas.

Since y € X is arbitrary,

sup ) < =2 [ |Fw)Pda,

yeD €0

where g = min{ﬁﬁ’fd@), 6|an5\} with d = L — D*(X) > 0, and Cj does not depend on |E|.

Proof of theorem 4.2.2. For every function f € L?(E) and every y € ¥, define

e27rzyt

hy(t) == 2 1se)(t), teR,

and
Fy(t) == fxhy(t), teR.
Then
Fyw) = Fla) e,
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and supply C Es. By Lemma 4.2.11

4C,
sup [F (z)]” < —

|F, ()2 da.
TEYN €0 e

Let x =y € 3, we obtain

N _ _ C, _
FP = Bl <swp Bk < 20 [ @)k

reEX €o

Integrating the inequality over 3 on both sides, we get:

/|f |dy </ 400/ z)|2dzdy

Lyyae sm;gf< D iy

4C0 811127T5( Y)) |2
//|f gt Fyda

4CO / |2/ ‘sm (2mo(xz —y)) 2dydz

27 (x — y)
4C (2o (x
<=0 3 Iz/ |sm27rg )))| s
- io% - |f($)|2d:17
Then we obtain
200 +2Co Hﬂ ;(R) < / |Fw) P
e s = min{GDid(E)’ 61Es |} with d = + — DT(X) > 0, and Cy does not depend on |E| (see

Lemma 4.2.11). Let § = 5, for large enough |E| we have

- d < 605
o (2400 + 1)(|E| + 1) ~ g9l + 200'

Ol ey = [, P

where C~! grows linearly with |E| when |E| is large. O

It follows that
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Chapter 5

Uncertainty Principles in Framed

Hilbert Spaces

5.1 Introduction

5.1.1 Uncertainty Principle for Gabor Riesz Bases

Let X and D be the multiplication and differentiation operators on their domain D(X) and

D(D) (see Section 1.1). For any f € L?(R) and any a,b € R, we define the notations:
10X = @)fl3i= [ 1o = a)f(a)*do = o, when f ¢ D(X),
R

-2
0=yl = [ |ie-nf@| de= oo, when s ¢ DD).
R
Recall the classical uncertainty principle (Theorem 1.2.1): for any f € L?(R) and any a,b € R,

1
1672

(X = a)fl31I(D = b)f]l5 > 115 (5.1)

And the classical Balian-Low theorem (Theorem 1.3.2) could be restated as: Let g € L?(R) and
o, > 0 with o = 1. If the Gabor system {M,,5Tnag}m.nez forms a Riesz basis for L(R), then

for any a,b € R,
(X = a) fI5 (D = b) f5 = o0, (5.2)
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or equivalently

(X = a)flls +[I(D = b) f]|5 = .

Comparing the similarity of (5.1) and (5.2), the Balian-Low theorem could be view as the uncertainty

principle type of results for Gabor Riesz Bases.

5.1.2 TUncertainty Principle for General Riesz Bases

It is natural for mathematicians to release the Gabor system structures and work on more
general bases in next step. So Meyer asks the following question: is it true that for any orthonormal
basis {f,}52; € L?*(R) (which may not be a Gabor system) and any sequences of real numbers

{an}22, and {b,}32, we have

sup (X = an) full3 + (D = ba) fall3) = oc. (53)
neN

If this is true, then it would be a “generalized Balian-Low theorem” for general orthonormal bases.
However the answer is No! Bourgain constructed an orthonormal basis {f,}3%, of L*(R) such
that (5.3) fails.

Based on this fact, the next question will be: can we impose some extra conditions to
make (5.3) still hold. In 2011, Gréchenig and Malinnikova proved the following very similar equality

holds for general Riesz bases.

Theorem 5.1.1 ([6], Theorem 1). If {f,}°, is a Riesz basis of L*(R) and s > 1, then

sup ( [le=anlu@pas+ | |f—bn|25fn<s>|2d5) =

neN
for any sequences of real numbers {a,}52 1, {bn}52 .

By studying Theorem 5.1.1, we get some hints to formulate the conditions for our “gener-

alized Balian-Low theorem”.
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5.2 Generalized Balian-Low Theorem

5.2.1 Main Results
In order to introduce our main theorem, we set up the following definition and notation:

Definition 5.2.1. We say a countable subset A of a metric space (X,d) decays annularly around

point a € X, if for any p >0

i AN (Blar +p) = Bla,r)}

5, F{ANB(a,n)] -0

Let A and B be two operators on a Hilbert space H, denote their domain by D(A) := {f €
H:Af e H} and D(B) :={f € H: Bf € H}. When f,g € D(A) ND(B), we define the notation

(i[B, Alf, g) :==i(Af, Bg) —i(Bf, Ag).

We now state our generalized Balian-Low theorem:

Theorem 5.2.2. Let {f,}°2, and {gn}2, be dual Riesz bases of H, and A := {\,}52, be a
countable subset of some metric space (X, d) which decays annularly around point a € X and satisfies
#{ANB(a,r)} < oo for anyr > 0. And let A: D(A) — H and B : D(B) — H be two symmetric

operators such that for every n € N, (i[B, Algn, fn) > ¢ for some ¢ > 0. If
. 2
1. hmr_)oo SUP,, eN Zd()\m*)\n)>r ‘<Agna fm>| = O’

. 2
2. lim, o0 SUP, N Zd(A 7)\,,L)>r‘<Bgn7fm>‘ =0.

m

Then for any sequences of complex numbers {a,}32 1, {bn}5 4,

sup (104 = an) full* + (B ~ b ful?) = .

neN

Notice if we let A := Z¢ embedded in the Euclidean metric space (R?,|-|), then A would

satisfy all the requirements in Theorem 5.2.2. Based on this fact, we have the following corollary:

Corollary 5.2.3. Let {fn}neza be an orthonormal basis of H. And let A : D(A) — H and B :
D(B) — H be two symmetric operators such that for every n € 74, (i[B, Al fn, fn) > ¢ for some
c>0. If
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1. limy 00 SUP,, 74 Z|m7n\>r [(Afn, fm>|2 =0,
2. My .00 SUPpeza D> [(Bns Ffa)? =0.

Then for any sequences of complex numbers {an}nczd, {bntnezd,

sup (4 = an) full? + (B = ba) ful?) = oo.

nezd

5.2.2 Proof of Theorem 5.2.2

Proof. Suppose there exists C' > 0 such that
sup (1I(4 = an)full* + (B = b) full) < € < 0.
neN

We claim that a contradiction will follow from this assumption.

Since {fn}nen and {gn }nen are dual Riesz bases, for any n € N we have

c< <Z[A7 B]gna fn>
= i (Bgn, Af) — i (Agn, Bfn)

=1 Z <B9nafm> <9maAfn> —1 Z <A9nafm> <gmvan>

meN meN

=1 Z (Bgn, fm) (gms Afn) — (Agn, fm) (Gm> Bfn) -

meN

Let B := B(a,r) be the ball with the fixed center a (for which A decays annularly around)

and radius r > 0, then

AHANBY<i Y Y (Bgn, fn) (gms Afa) = (Agn, fm) (gm. Bfn)

An€ANB meN

=1 Z Z (Bgn; frm) (Gms Afn) — (Agn, fm) {Gm, Bfn)

An€ANB A, €ANB

+i Y Y (Bgafw) (g Afn) — (Agu, ) (gms Bfa) -

An€EANB A\, €ANBe
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By A, B are symmetric, the first term vanishes. So we have

H{ANBY<i Y > (Bgn, fm) (gm: Afn) = (Agn, fm) (Gm, Bfn) -

An€ANB A\, EANB¢

Put absolute value sign inside, we obtain

c#{ANB} < Z Z [(BGn, fm) (Gm, Afn) — (Agns fm) (gm, Bfn)l

An€EANB A, EANBE

< Z Z |<B9m fm> <gmaAfn>| + ‘<A9n7 fm> <gmann>‘

An€EANB A, €EANBE

< Z Z [(BYns fm) (gm, Afn)l

An€EANB Ay, EANB©

+ > > 1(Agn fu) (g Bf)l - (5.4)

An€EANB A\, EANBC

Apply Cauchy-Schwarz twice for the first term, we have

Z Z |<Bgnafm> <gm7Afn>|

An€ANB A, EANBC

<< >y |<Bgmfm>|2>%< > |<gm,Afn>|2>

An€ANB A, €ANBe An€ANB A\, EANB¢

1
2

Let p > 0 and denote B(a,” + p) by B, which is the p-neighbourhood of B. By the
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assumption, the first factor satisfies

> > 1Bt

An€EANB A, €ANB¢

> B+ D) > (B )l

An€ANB X\ €EANBS An€ANB X, EAN(B,\B)
2
< E E |<Bgn7fm>| + E § gnanm
An €EANB A €ANB(Ap,p)° Am €EAN(B,\B) An€ANB

= Z Z |<Bgn,fm>|2+ Z Z (gn. ( _bm)fm>|2

A €EANB X,,, EANB(Ap,p)° Am€AN(B,\B) A\, €ANB

< Z sup Z |<Bgnafm>|2+ Z CH(B_bm)fm”2

An€ANB N\ e ANB (A ,p)¢ Am EAN(B,\B)

#{ANBYswp Y (Bt Y C

nEN ) EANB(n,p)° AmEAN(B,\B)

IA

#{A N B} sup > [(Bgn, fm)|* + CH#{A N (B, \ B)}.

nEN ) L EANB(An,p)°

Again by the assumption, the second factor satisfies

Z Z |<gvafn Z Z |<gm»(A_an)fn>|2

AnEANB M\, EANB® AnEANB A\, EANB®
< Y ClA-a)fulP < Y. C<C#{ANBL
An€EANB An€EANB

Then for some C' > 0, we get an estimate for the first term,

Z Z (B, fm) (gms Afn)l

An€EANB A\, EANB©

N

SC#{ANBY: [#{AnB} Y [(Bgn, fu)|* + #{AN (B, \ B)}

Am EANB(An,p)¢

Similarly, for some C > 0, we get an estimate for the second term,

Z Z [(Agns fm) (Gm B fn)l

An€EANB A €ANB©

<C#{AnB}: [#{anB} Y [(Agn, fi)” + #{AN (B, \ B)}

Am €EANB(An,p)°

80

(5.6)



So for any r > 0 and p > 0, combine (5.4) (5.5) (5.6), we have

Z Z |<Bgnafm> <gvafn>|

An€EANB A, EANBC

bomrE L 3 s fu) (9B

An€ANB A\, EANB¢

B #{AﬂB}

#{AN (B, \ B)}
<C | sup > [(Bgn, fm)|* +
neNkmeAﬂB(/\n,p)C #{AQB}
1
#{AN(B,\ B
sl T g g+ HEEZ BN 6.7
nEN ) L EANB(An,p)°
Let € > 0, by conditions 1 and 2, we can find a p > 0 such that
sup Y |Bgn. fu)P < sup Y [(Aga, f) P < €2 (5.8)
"N X EANB (A )¢ "N AL EANB(An )¢
So for such p, combine (5.7) and (5.8), we have
; :
o (2 #HANBABNNG (L #HANB\ B
C #{AN B} #{AN B}
for any r > 0. Let » — oo, by A decays annularly around point a,
1 1
3 3
© i () FANBABNE (L #ANB,\B)
C =A% #{AN B} #{AN B}
= (2+0) + (2 +0)F =2
By € is arbitrarily small, contradiction completes. O

5.2.3 Applications
Apply Corollary 5.2.3, we could give another proof of the classical Balian-Low theorem.

Proof of Theorem 1.3.2. For convenience, we let a = b = 1. The multiplication operator X and
differentiation operator D are two symmetric operators which will play the role of operators A and

B in Corollary 5.2.3 respectively.
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Again, we will prove the theorem by contradiction. Suppose

/ jag(x) de / €5(6)2de = | Xg]12 | D]l < oc. (5.9)
R R

Denote { M, T0,9}m nez bY {gm,ntm.nez, then for any m,n € Z

1X gon ]2 = / X g ()
2wimx 2
= [ |ze g(z —n)|" dx
R
- / &+ 02 |g(z) 2 da
R
<2 / j2f? |g(z) 2 dz + 2 / in? 9(z) [ de
R R

2 20 112
=2([Xgllz +2[n[" [lgll; < oo,

which implies {gm n}tm.nez € D(X). Similarly, we could obtain {gm.n}mnez € D(D). By general-

ized canonical commutation relation (see (1.6)), we have for any m,n € Z

<i[D7 X]gm,na gm,n>

:Z <Xgm,n7 ng,n> - Z <-ng,na Xgm,n>
1

2
:% ”gm,nHQ

=— > 0.
21 -
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By (1.2), we obtain

Z ‘<Xgm,nagk,l>|2

[1(k,8) = (m,n) || >r

= Z \<XMangagk,l>|2
1l 1) — (mm) || >
= Y (MuXTag, o)
[k l) = (mom) [ >
= Z (M (T X +nT)g, gr)|
1l (ksl) = (m,n) | >
= Z (M T Xg, 9k,l>|2
[k 0) — (mom) || >
= > (M, T X g, M Tig)|*

= (X9, Mie—y T-my9)|”

By {gm.n}m.mnez forms an orthonormal basis,

lim sup Z |<X9m,mgk,l>|2

™00
MEL (1 ) (mn) [>T

= lim sup Z |<nggk,l>|2

"= m nez I

(k,D)||>r
= li X Z=0.
Jim |(k%|:>7“ (Xg,gr0)|" =0
Similarly,
lim  sup > (D g, gi1)|” = 0.

r—00
m,n€”z
(k1) = (m,n)||>r

Apply Corollary 5.2.3, we have for any sequences {Gm n }mnez and {bm.n}mnez,

2 2
sup (H(X - am,n)gm,n |2 + H(D - bm,n)gm,nHz) =

m,n€’
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On the other hand, let an, n, = n and by, , = m for any m,n € Z. Again by (1.2), we have

(X = ) gmnlls + [1(D = m)gm.nll3
=[[(X = n) My Togll3 + (D — m) My Tl
= | Mn(X = n)Toglls + | M DT, g]l5
= | Mm T Xgll; + | M To Dyl

2 2
=[1Xgllz +[1Dgllz
for any m,n € Z. By assumption (5.9),

2 2
sup_ (1(X = m)gmall} + (D = m)gm.n3)
m,ne”

= sup_(|[Xgl3 + | Dg]3)

m,neZ

2 2
X9l + 1Dgll; < oo

Which contradicts with (5.10). O

5.3 Balian-Low Theorem in Framed Hilbert Spaces

5.3.1 Uniformly Localized Sequences in Framed Hilbert Spaces

Our next result is based on FHS. In order to state the theorem, we introduce the following

definitions. Let (H, {ks}ze(x,d,0)) be a FHS, and A := {A,};2,; be a countable subset of X.

Definition 5.3.1. A sequence {f,}52, of H is said to be uniformly localized on A if

700 neN

fim sup [ [{f k) dota) =0,
B(Ap,r)°

Recall the ULP (in Section 2.4.2), it is not hard to see if {k; }1e(x,d,) satisfies the ULP, then

the sequence {ky, }no; in {ks}ze(x,d,0) is always uniformly localized on its index set A = {A,}n2;.

Definition 5.3.2. Let w : [0,00) — [0,00) be a weight function satisfies w(d) T oo as d = oo. A
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sequence {f,}22, of H is said to be uniformly w-localized on A if

sup [ {fac k)l w(d(h,3))do(z) < oc.

The following proposition proves that uniform w-localization implies uniform localization.

Proposition 5.3.3. Let {f,}52, be a sequence of H. If {fn}2, is uniformly w-localized on A,

then it is uniformly localized on A.

Proof. By {fn}52; is uniformly w-localized on A,

Sup/X | ko) |2 w(d( A, 2))do () < o0,

neN

for some weight function w. It follows that

sup / (f ko) do(z)
B(An,r)c

neN
w(d(An, 2))
=sup fns K 2200 o (x
nEN/B(/\n,r)CK k)l w(d(Ap, T)) (=)
Ssup/ | (fons o) 2 Mdg(x)
neENJB(A,,r)e w(r)
1 2
g—sup/ frs k)" w(d(N,, x))do(x
5 [ (k) w(dh, )do ()
< 1 .
~w(r)
By the property of w,
lim sup/ I, ke 2 do(x < lim =0.
7= neN J B, 1) I ) () r—o00 w(T)

O

Definition 5.3.4. Let w : [0,00) — [0,00) be a weight function satisfies w(d) T oo as d — co. We

say w is localized on A if

1
lim sup —— =0.
T—00 neN A ) >T w(d()\n, )\m))

One example of localized weights is the power weight on the lattice of integers. Let A := Z"
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be the subset of the Euclidean metric space (R™, |-]), and let the weight function w(d) := d* be the
power function with s > n. Easily see w(d) 1 oo as d — oo.

By Euclidean metric is equivalent to maximum metric, i.e., |x| ~ max; |z;],

1 1
— <
2 jm|* ~ 2 max{[mal, |mal,---[mn|}*

mez\ {0} mezm\ {0}

-3

I+ =1m

S

~
I
A
~

(277, _ 1)ln—1
ls

M

N
Il
-

1
lsfnJrl

A
M8

~

1

A
8

(5.11)

It implies

) 1

lim sup E O ——

7—00 nezZm ‘1’1 — l’n|
[n—m]|>r

. 1
=tm > par

m|>r

=0.

So in the Euclidean metric space (R™, |-|), the weight function w(d) = d® with s > n is localized on

A=27".

5.3.2 Main Results

Let (H,{kz}ze(x,d,0)) be a FHS which satisfies ADP and UMD, then our next result is the

following:

Theorem 5.3.5. Let {f,}°2; and {g,}>2, be dual Riesz bases of H where the index set A :=
{352, is relatively separated with 0 < DT(A). Let A : D(A) — H and B : D(B) — H be two
symmetric operators such that for every n € N, (i[B, Algn, fn) > ¢ for some ¢ > 0. If there exist
sequences of complex numbers {an}2 1,{b,}52, and a weight function w such that the following

conditions hold:
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1. supeyy (1104 = an)gall® + 1(B = ba)gnl*) < oo,

2. {(A—an)gn 2, and {(B — bn)gn 52 are uniformly localized on A,
3. {52y is uniformly w-localized on A,

4. w is localized on A, and w(2d) < w(d) for every d > 0.

Then

sup (II(A —an)ful® + (B - bn)an?) — 0.
neN

5.3.3 Prerequisites

Before we give a proof of Theorem 5.3.5, we need to do some preparations.

Proposition 5.3.6. Let (X,d,0) be a metric measure space satisfying ADP and UMD, and A be a

relatively separated set in X. Then for every p > 0,

#{A N (Bla,r+p)\ Bla,r))}

lim sup sup =0.
r—oo a€X o(B(a,r))
Proof. Since A is relatively separated, we have
A= U?ZIA]C,
where Ay is a separated set with the separation constant & for any k = 1,--- K. Let § :=

min; << 0k, and {AYier, == {Ax N B(a,r)} for any k =1,--- | K.

By UMD, there exist ¢($) > 0 and D(r + £) > 0 such that

#{A N (B(a,r +p)\ Bla, 7))}

K
<Y #{Ae 0 (Bla.r +p) \ Bla.r)}

k=1

Si o(Bla,r+p+ %3 \ B(a,r — %))
k=1 6(5)

Cg)a(B(a,r +p+ g) \ B(a,r — g))
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Combine ADP,

#{AN (B(a,r +p)\ B(a,7))}

lim sup sup

r—oo a€eX O'(B(Clﬂ")
e o K o(Blar 4 p+3)\ Blar—3)
=y ey e(2) o(B(a,r))
K o(Blartp+ )\ Blar—3)

C(%) r%oopueg O'(B(a,?"))

K o(B(a,r +p+§)\ Bla,r = §))
<— lim sup sup 5

6(5) r—00 a€X O'(B(a,’l“—§))

K B B
=—=limsup sup o(Bla,r +p+9)\ Bla,r))
C(i) r—oo a€X O'(B(a,’f‘))
=0.

The next proposition is very important for us. We will use it to verify

lim sup Y [{Aga, f)* =0,

T—> 00
PEN G D) ST

and

lim sup Z [(Bgn, fm)]* =0,

r—>00
PEN GO ) ST

hold in Theorem 5.3.5.

Proposition 5.3.7. Let w : [0,00) — [0,00) be a weight function satisfies w(d) 1 oo as d — co. Let

{hn}22, be a sequence in H, and {f,}52; be a frame of H. If the following conditions hold
1. sup, ey [ hnll® < oo,

2. {hn 352, is uniformly localized on A,

3. {52 is uniformly w-localized on A,

4. w is localized on A, and w(2d) < w(d) for every d,

then

lim sup Z |{hn, fm>|2 =0.

T—>00
PEN GO ) ST
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Proof. Fix any A, € A, and define the ball B := B(A,, %) for some r > 0. And let T, T be two

concentration operators on H given by

Tpf = /B (f, ks) kpdo(x), Tgef:= /BC (f, kz) kpdo(x).

Then for any f € H,

f:/X<f,kw>kIda(x)
:/ <f,km>krda(x)+/ (fskz) kydo ()
B Be

So the identity map I = Ty 4+ Tge. It follows that

(s Fend|* = (T + Te Y, fin)
- |<TBhn7fm> + <TBChnafm>|2

S2|<TBhn7fm>|2+2|<TB“hnafm>|2' (512)

Estimate the first term to the right in (5.12). By condition 1 and 3,

(T )] = \ [ ) s i o)

2 2
< [ Nk do@) [ (o ) dota)

1l [ (s ) ”“Wda(x)

w(d(Am, x))
< sup [ sup m /X [ ) 20 (d( Ay 2))dor ()

(5.13)
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Notice when = € B(A\,,7/2) and d(Am, Ap) > r, we have

d(Am, A\n) < dAm,yx) + d(z, Ay)
<dAm,x)+71/2

< 2d(Am, ). (5.14)
Combine (5.13) and (5.14) , by condition 4 we obtain

lim sup Z [(Tghy, fm)|2

r—00 neN

d(Am,An)>r
St 2 )
<tmew 3
sinem X i
. (5.15)

Estimate the second term to the right in (5.12). By {f,}>2, is a frame and {k;},ecx is a
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continuous Parseval frame,

lim sup Z [(Tgehn, fm>|2

T—>00
PEN G am A>T

< lim supz [(TBehn, fm>‘2

7"—><>on6N "
< lim sup || Tehn||*
T%ooneN

2

/C (A, k) kpdo(x)

< [ i) kxda<x>,g>

2
/ (o) (ks ) dor(2)

= lim sup
T—00 neN

2

= lim sup sup
T neN |g||=1

= lim sup sup
"% neN |gll=1

< i sup sup [ () o) [ Uk dota)

"0 neN ||g||l=1

N

= lim sup sup / |<hmkz>|2d‘7($) H9H2

"7 neN ||gll=1
= lim sup/ |<hn7kw>|2 do(z)

T—00 neN

T—00 neN

= lim sup/ |<hn7/€z>|2d0(x)
B(An,35)°

=0, (5.16)
where the last equality comes from condition 2. Combining (5.12), (5.15) and (5.16), we have

lim sup Z |<hnvfm>‘2

d(Am,An)>T

< lim sup Z |<Tmafm>|2 + |<TB“hmfm>|2
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5.3.4 Proof of Theorem 5.3.5

Proof. By conditions 1-4 of Theorem 5.3.5, applying Proposition 5.3.7, we have

lim sup Z |<Agnvfm>‘2

T—>00
PEN 1A An) > 7

= lim sup (A - an)gna Im |2 =0 (517)
"% neN d(Amz)\:n)>r : >

and

lim sup Z (Bgn, fr)|?

TTOONEN Y An) ST
_ — 2 =
= lim sup > (B = ba)gn, fm)|* =0. (5.18)
d(Am,An)>r
Notice we have different assumptions on A from Theorem 5.2.2, we cannot use Theorem 5.2.2 to
prove Theorem 5.3.5 directly. However, we could borrow the first half of the proof of Theorem 5.2.2.

Again, we assume

sup (1104 = an) full® + (B = bu) full?) < ox,
neN

and expect to derive a contradiction.
Let B := B(a,r) be any ball with the center a € X and the radius r > 0, as in (5.4) we

have

H{ANBY< > > [(Bn, fn) (gms Af)]

An€ANB A, €EANBE

+ D D HAga fm) (gm, Bfa)l- (5.19)

An€EANB A\, EANBC

Let p > 0 and denote B(a,r + p) by B, which is the p-neighbourhood of B. As in (5.5),

there exists some C' > 0 such that

Z Z [(Bgn, fm) (gms Afn)l

An€EANB A\, EANB¢C

N

SCH{ANBY: [#{ANB} > [(Bgn, fu)? + #{AN(B,\ B)} | . (5.20)

Am EANB(An,p)¢
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Similarly, as in (5.6), for some C' > 0 we have

S > [(Agns fm) (gm, Bfn)l
AnEANB A\, EANB®

2

SCH#{ANBY: [#{AnB} > [(Aga, f) P+ #{AN (BB} | (5.21)
AmEANB(An,p)°
Divide (5.19) by o(B) on both sides. Combine (5.20) and (5.21), we have for every a € X, r > 0
and p > 0,
c#{AN B}
a(B)
1
< Z Z ‘<Bgnvfm> <gvafn>|

U(B) An€EANB A\, €ANB©

1
o) S [Agn, fm) (gm. Bfa)l

An€ANB A\, EANBC

<(#{AmB}2 S g #{AmB}#{AmBP\Bn)

o(B) b o) o(B)

Am EAQB(An 7P)C

*(Ws‘”’ ) |<Agmf,n>2+#{O,A(g)B}#{A”U((ﬁ;\B)}>. (522

nEN N EANB (M)

Let € > 0, by (5.17) and (5.18), we can find a p > 0 such that

sup Y (Bgn, fm)|* <% sup Y |(Agns fm)|* < €2, (5.23)

nEN y L EANB(An,p)° nENy L EANB(An,p)°

So for such p, combine (5.22) and (5.23), we have

H{ANBla,r)} _ (#{AHB}2€2+ #{AN B} #{An(Bp\B)})5
o(Bla,r)) ~\ o(B)? o(B) a(B) ’
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for any a € X and r > 0. Then by Proposition 5.3.6, we obtain for such p

o #{A N B(a,r)}
eDT(A) = chgs;ip 522 T o(Blar)

(#{AHB}2€2 L #HANBY #{AN <BP\B>}>5
a(B)? o(B) o(B)

< lim sup sup
r—oo0 a€eX

| #{ANBY , #{AN B} a@é{m(Bp\B»)é
: (hfis;ip S 7 E N T ) o(B)
< (D*(A)Qs2 + Dt (A) lim sup sup #1A N (B \ B)}) ’
r—oo a€eX U(B)

(D*(A)%2 +0)*

=eDT(A).

Since A is relatively separated with D% (A) > 0, by Proposition 3.1, we also have Dt (A) < oo. By

¢ is arbitrarily small, contradiction completes. O

5.3.5 Applications

Now we could give another proof of the main result in [6] applying Theorem 5.3.5.

Theorem 5.3.8 ([6], Lemma 3). Assume that {f,}2°, is a Riesz basis for L>(R) with the biorthog-

onal basis {g,}22 ;. If there exist sequences of real numbers {an}52 1, {bn}22, such that

(a) [olz = anl* | fo(@)) do+ [5 |€ — bo[* fn(ﬁ)rdf < 8% < oo for every n,

(0) Jo |z = anl* |gn(@)|* da + [ 1€ = bal* [3(6)* d€ < T? < o0 for every n,
(c) A= {(an,b,)}>; CR? is relatively separated with 0 < DT (A) < oco.
Then s < 1.

Proof. Let (L*(R),{MyTag}(ap)c(®2,-|,m)) be our FHS which satisfies ADP and UMD, where g(z) :=
e~ 52" is normalized Gaussian function. And multiplication X and differentiation D will play the
role of operators A and B in Theorem 5.3.5 respectively.

Again, we will prove the theorem by contradiction. Suppose all the above assumptions
(a),(b),(c) hold and s > 1. Our proof strategy is the following: We will verify the following conditions

1-4 of Theorem 5.3.5 hold. Namely, there exists a weight function w such that
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1. supye (X = @n)gal® + (D = ba)ga*) < oc,

2. {(X —an)gn}2, and {(D — by)gn}52, are uniformly localized on A,
3. {fn}52, is uniformly w-localized on A,

4. w is localized on A, and w(2d) < w(d) for every d.

Meanwhile, we will show
sup ([|(X = an) full* + /(D = bu) ) < oo
ne

Then Theorem 5.3.5 will give us the desired contradiction.

Let w(d) := d** be the power weight function with exponent 2s. Obviously, w(2d) < w(d)
for every d. Since A = {(an,b,)}52; C R? is relatively separated and s > 1, by the same argument
of (5.11) in Section 5.3.1, the weight function w is localized on A. So condition 4 holds.

By assumption (a),

(X = an) fol* = / & — anl* | fol2) [ do
R
S/R(|l‘—an‘28+1)|fn(x)|2d'r
- / @ — an| | fu(@) de + / fule)? e
R R

<S§°+C,
where C' is the Riesz upper bound of {f,}22 ;. And

= ||(X - bn)]:an2
9 | 2
= [le-nl[Ruo] as
R
_bn 2s
s/Raf >4 1)

~ 2
IAGING

<(S?+0).
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So we have

sup (11X = @) full® + (D = bu) ful*) < o0
neN

Similarly by assumption (b), condition 1 holds, i.e.,

sup (I[(X = an)gall* + (D = bu)gal®) < oo.
neN

Denote MpTog by g, for any a,b € R. Notice

/ |<fnagb,a>|2|a*an|2s dadb

Rz

=/ \F(faTug) (D) |a — an|*® dbda
RZ

= [ T O dbla— [ da

=/ a0 — ) Ja— b+ b— an[2* dbda
RZ

S [0 latb =P (Ja ="+ 1o = 0, daab

= )% 2% dx )% dz
—/R|g<>||\ d/R\fn()ld
+/R|g<x>| dw/R\fn(x)l @ — an|* da.

Denote M_,T,g by g—q for any a,b € R, similarly,

/]R2 ‘<fnvgb,a>|2 |b - bn|25 dadb

<J?n ab>‘ |b— by, |23dadb

/|g o) |5|25d§/
+ [aorae |

Ful€
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(5.25)

(5.26)



Combine (5.25) and (5.26), by g € S(R) and assumption (a), we have

sup/ | (Frs gb.a)|* d2* ((a,b), (an, by ))dadb
neN JR2

:sup/ |{frs gb.a)| (lafan|2+\b—bn|2) dadb
neN JR2

<sup [ [(fus b)) (|a —an® 4 b bn|25) dadb
neN JR2

<0o0. (5.27)
Which implies condition 3 holds. Similarly by assumption (b), we have

sup l{gn, gb’a>|2 d2s((a, b), (an, br))dadb < co. (5.28)
neN JR2

In order to verify condition 2, let k; , := M1, X g be the continuous Gabor frame generated by the

new window function Xg. Notice

|<(X - an)gna gb,a>|2 dadb
((@n,bn),r)e

g, (X — an)gp.a)|” dadb
((avubn),’f‘)c

{gn, (X — an) MyTog)|? dadb

I
T 5 5

B((an,bn),’r‘)"

{gn, (@ — an)MyTog + MyT, X g)|* dadb
((an,bn),r)e

I
S

IN
B

[{gn, (@ — an)MyT,g)|* dadb
((an 7bn),7")c

{gn, MyTo X g)| dadb

+
[\

((an,bn),r)e

g, gb.a)|* la — an)? dadb
((@n,bn),r)€

(gn Eb,a)|* dadb. (5.29)

_|_
[\

I
TS ST s

((ambn)ﬂ")c
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Estimate the first term in (5.29),

/ g, gb.a)|* @ — an|? dadb

B((anbn),r)°

S/ (g, p.a) | (Ia—an|2+|b—bn|2> dadb
B((an;bn),r)e

- / (s g0} &2((a,5), (@, b)) dadb
B((an,bn),r)°

d**((a,b), (an, bn))
= |<gn,gb7a>|2 _ ’ . ’
/B((an:bn)fr)c d?s 2((@,()), (a”ﬂ7b’ﬂ)>

<p2-2s /B(( - \(gn,gb,a>\2d25((a’b)’(a”’bn))dadb

dadb

<228 /]R g g0 2 ((0,5), (0, bp)dach

By (5.28), we have

lim sup / (g Go.0) 2 |a — an|? dadb = 0. (5.30)
B((an,bn),r)e

r—00 neN

Estimate the second term in (5.29),

/ (g o) ? dadb
B((an,bn),r)°e

d**((a,b), (an,bn))
2 5 V) \Un,y,Un

= Gns k ,a 3
/B((an,bn),r)c |< ’ >| d? ((avb)v(anubn))

<pm2s /B(( - (g, kv.a)|” d*((a,b), (an, by))dadb

dadb

<pm2s / (s kv.a)| d*((a,b), (an, b,))dadb.
R

Repeat the same argument of (5.25), (5.26) and (5.27), by Xg € S(R) and assumption (b), we

obtain
sup |<gn7kb,a>‘2d25((aab)v (anabn))dadb < 00.
neN JR2
So we have
lim sup/ [{Gn, kb,a>|2 dadb = 0. (5.31)
T30 peN B((an,by),r)°
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Combine (5.29), (5.30) and (5.31),

lim sup/ (X — an)gn,gb7a>|2 dadb = 0.
B((a",b”),r)c

T—00 neN

Similarly,

lim sup / (D = b)gns gb.a) | dadb = 0.
B((an,bn),r)c

r—00 neN

Which imply condition 2 holds as well. Since we collect all the conditions 1-4, we could apply

Theorem 5.3.5, and obtain

sup (II(X —an)ful® + (D = bn)fn||2) — o
neN

It contradicts with (5.24)! O
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