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Abstract
Dynamic vibration absorber (DVA) is one of the ways to control the level of vibration. Among many mechanisms and control 
strategies of the DVA, passively tuned DVA emerges as one of the most effective absorbers due to its simple mechanism. 
However, the performance of the passive tuned DVA suffers from narrow suppression bandwidth. This paper introduces a 
nonlinear dynamic vibration absorber (NDVA) with an adjustable piecewise-linear stiffness mechanism which has a char-
acteristic almost similar to hardening stiffness to broaden the vibration suppression bandwidth. The mechanism is made of a 
cantilever beam constrained by two vertically and horizontally adjustable limit blocks on either side of the beam’s equilibrium 
position. The static and dynamic properties of the proposed NDVA were first investigated for different positions of the limit 
blocks. Then the performance of the NDVA was compared with the linear DVA in terms of the vibration suppression band-
width, separation of resonance frequencies and the ability to cope with mistuning. Overall, the NDVA seems to outperform 
the linear DVA, and it is more forgiving in the case of mistuning.

Keywords Nonlinear vibration absorber · Hardening stiffness · Piecewise-linear stiffness

1 Introduction

Nowadays, throughout the advancement in mechanical sys-
tems and engineering structures, the demand for the vibra-
tion mitigation method has significantly increased. Until 
early this century, the vibration problem might not be the 
most significant issue due to most machines and structures 
usually had huge mass and damping, because of the heavy 
material used in their manufacturing. Since these highly 
damped machines or structures excitation sources were often 
small, the dynamic response was low. Current demand in 
optimizing the strength-to-weight ratio of a structure has 
exposed the structures and machine to vibration problem 
due to the change in the dynamic properties. The poor design 
might lead the resonance to lie within the vicinity of the 

operating frequency of the structure. This may lead to a large 
undesired vibration which may cause catastrophic damage 
to the structures and machines, and in the worst case, it may 
jeopardise human safety.

Dynamic vibration absorber (DVA) is one of the vibra-
tion control methods in reducing vibration problems [1–3]. 
The DVA was first introduced by Frahm [4], which is also 
called tuned vibration absorber (TVA). It consists of a sin-
gle-degree-of-freedom (SDOF) oscillating system which can 
be placed on any structures or machines. This DVA works 
best in cancelling the vibrations of the primary structure by 
tuning its natural frequency to coincide with the troublesome 
frequency of the structure. However, the vibration suppres-
sion from the traditional DVA is only effective in a narrow 
frequency range. In the case of mistuning, it might amplify 
the vibrations and cause more damage.

Researches on the traditional DVA have expanded since 
then, and this can be classed into several categories. The first 
is passive tuned DVA which requires manual tuning to adjust 
the natural frequency of the DVA to match the modal fre-
quency of the primary structure [5–7]. To obtain the desired 
natural frequency, very often the stiffness is changed instead 
of the mass. Although this class of DVA has a tunable mech-
anism to alter its natural frequency, it may not be suitable in 
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applications with varying frequency. Constant re-tuning of 
the natural frequency of the structure leads to the invention 
of the actively tuned vibration absorber [8–10]. However, 
the main drawback of the active tuned DVA is the efficiency 
of the control algorithm and power requirement during the 
tuning process. Semi-active tuned DVA also emerged, with 
a slightly different purpose. The primary purpose of semi-
active tuned DVA is to adjust the amount of active damping 
or the level of amplitude rather than the natural frequency 
of the absorber [11, 12].

The advancement in smart materials technology has pro-
gressed the passive and active tuned DVA further. Smart 
materials are capable of changing its stiffness when stim-
ulated. Among many smart materials technology, the use 
of piezoelectric materials [13–15], shape-memory alloys 
[16–18] and magnetorheological materials [19–22] are com-
mon in the passive and active tuned DVAs. Recently, the 
mechanism of traditional passive tuned DVA has evolved 
significantly with the inclusion of the hardening stiffness 
nonlinearity into the system to widen the vibration suppres-
sion bandwidth of the primary structure. The inclusion of 
nonlinear stiffness reduces the needs of other tuning mecha-
nisms since it is already included and may not be needed due 
to its wider suppression bandwidth. Although the mecha-
nism is mainly aimed for energy harvesting and vibration 
isolation research, its purpose and operating principle are 
the same. They can be easily adapted in the application of 
nonlinear dynamic vibration absorber (NDVA) [23–27].

The wide frequency response of the DVA can also be 
generated in a more controlled way by using the piecewise-
linear stiffness by using a stopper to limit the motion of the 
oscillating mass [28–30]. The presence of the stopper hard-
ens the stiffness of the system, thus producing almost similar 
to the one with the hardening stiffness, which benefits the 
DVA characteristics, especially in the vibration suppression 
bandwidth [31]. However, the static and dynamic properties 
of the NDVA with piecewise-linear stiffness have only been 
studied in terms of the vertical gap between the beam and 

the stopper. This paper extends the study by introducing a 
mechanism which has the capability to vary the vertical gap 
and the horizontal position of the stopper. In the first part, 
the static and dynamic properties of the NDVA are experi-
mentally characterized. In the second part, the performance 
of the NDVA is compared with the linear DVA in terms of 
vibration suppression bandwidth and the sensitivity towards 
mistune.

2  Characteristics of restoring force‑beam 
deflection

The schematic of the mechanism to generate piecewise-lin-
ear stiffness is shown in Fig. 1. The mechanism is made of a 
fixed-free cantilever beam of length, L with a concentrated 
force, f applied at the free end. In order to harden the stiff-
ness, two limit blocks are added to constrain the deflection of 
the beam. The limit blocks are positioned at a distance away 
from the fixed end, xi and from the equilibrium position of 
the cantilever beam, yi . The xi and yi are referred to in this 
manuscript as the horizontal position and the vertical gap, 
respectively, from this point onward. The force–deflection 
characteristic of the system is derived as a function of xi 
and yi by using the double integration method [32]. Equa-
tions (1) and (2) show the force–deflection expression for 
the constrained cantilever beam when subjected to a force, f

where E is the modulus of elasticity, I is the second moment 
of area and L is the length of the beam. The force–deflec-
tion expression of the system comprises of two equations. 

(1)f
(

xc
)

=
3EIxc

L3
, xc < xo → unconstrained

(2)

f
(

xc
)

=
6EI

(

3Lyi − 2xixc − xiyi
)

xi
(

xi
3 + 6Lxi

2 − 9L2xi + 2L3
) , xc > xo → constrained

Fig. 1  Schematic of NDVA 
hardening mechanism con-
strained by two limit blocks
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The first is termed as the unconstrained region while the 
second is termed as the constrained region. In the uncon-
strained region, the deflection of the beam is small such that 
xc < xo and this deflection is not affected by the horizon-
tal position, xi and the vertical gap, yi . On the other hand, 
in the constrained region where xc > xo , the force–deflec-
tion expression is affected by both the horizontal position, 
xi and the vertical gap, yi . In this region, the applied force 
is large enough to cause the deflection of the beam to be 
constrained by the limit blocks at B. Figure 2 shows the gen-
eral force–deflection characteristics of the system shown in 
Fig. 1.

3  Frequency response curve

When a seismic mass m is attached to the free end of the 
beam in Fig. 1 and the system is based excited, the equation 
of motion of the system is given by

where c is the damping coefficient, z = xc − xb is the rela-
tive displacement between the tip mass, xc = Xcsin

(

�bt + �
)

 
and the harmonic input, xb = Xbsin

(

�bt
)

 , ke is the equivalent 
stiffness that can be obtained by using the equivalent stiff-
ness method which is also known as the linearization method 
[33], �b is the excitation frequency, and � is the phase angle 
between the response and the excitation. Assuming that the 
response is dominated by the fundamental harmonic, Eq. (3) 
can be solved using the harmonic balance method to yield 
the frequency response function plotted in Fig. 3. It is worth 
to note here that this paper focuses on the experimental study 

(3)mz̈ + cż + kez = −mẍb

of the subject matter. For analytical and numerical results, 
readers are suggested to refer to the study described in [28, 
31].

The characteristic of the frequency response is almost 
similar to one with the hardening stiffness reported in [23, 
25]. When the excitation frequency is swept up, the response 
starts to operate in the unconstrained region with a small 
amplitude under the influence of the restoring force given in 
Eq. (1). When the excitation frequency is within the vicinity 
of the equivalent linear natural frequency of the system, the 
response starts to increase. At this point, the system may 
respond in two different ways. When the vertical gap yi is 
large such that xc < xo , the response behaves as a linear 
system following the dotted curve, i.e. 1–2–3–4–6–7 path. 
Second, when the response is large such that xc > xo , the 
system operates under the influence of the restoring force 
given in Eq. (2). In this case, the response follows the solid 
curve, i.e. 1–2–4–5 path. In this paper, this broad frequency 
response is referred to as the high-amplitude branch. Further 
increase in the excitation frequency causes the response to 
suddenly drop, i.e. jump-down point at 6. Further increase 
in excitation frequency causes the response to continue to 
maintain at low amplitude at high frequencies i.e. point 7. 
The dashed curve represents the unstable solution for the 
constrained region’s response.

On the other hand, when the excitation frequency is swept 
from high to low, the response follows the low-amplitude 
branch under the influence of the restoring force given in 
Eq. (1) until it reaches point 8. Here, when the motion is not 
constrained, it behaves linearly again as in the sweep-up fre-
quency excitation before. However, when the motion is con-
strained, the response follows the solid curve through point 
8–4–2 due to the restoring force in Eq. (2) and continues 

Fig. 2  Restoring force of the 
cantilever beam against the tip 
deflection
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further to the starting point under the action of the restor-
ing force in Eq. (1). The amount of damping in the uncon-
strained region also differs from the one in the constrained 
region [28].

The high-amplitude branch of the response during the fre-
quency sweep-up is beneficial for vibration absorption pur-
poses due to its ability to produce a wider frequency range. 
On the other hand, the low-amplitude branch of the response 
is less favourable as the response only gains in amplitude for 
a narrow frequency range compared to the high-amplitude 
branch, similar to the linear system.

4  Mechanism development

The exploded view drawing and the actual photograph of the 
NDVA employing piecewise-linear stiffness mechanism are 
shown in Fig. 4a, b, respectively. The mechanism consists of 
a fixed-free cantilevered beam with a tip mass attached to its 
free end. The dimension and the mechanical properties of 
the beam and the mass are given in Table 1. The piecewise-
linear stiffness is realized by constraining the motion of the 
cantilever beam with adjustable limit blocks on both sides of 
the beam. These blocks are designed such that their vertical 
gap, yi and horizontal position, xi are adjustable. The verti-
cal gap yi between the block and the equilibrium position 
of the beam is altered by using the rack and pinion gear 
mechanism. The rack and pinion system ensures an identical 
gap for both sides of the beam. The maximum vertical gap 
between the limit block and the beam that can be achieved 
is 5 mm. As for the horizontal position, the limit blocks can 
be moved horizontally to provide different constrained loca-
tions from the fixed end of the beam. For this mechanism, 
the range of the horizontal position that can be adjusted 
from the fixed end of the beam is from 25 up to 50 mm. 
Different combinations of the vertical gap and horizontal 
position result in different force–deflection characteristics of 

the system, which may affect the dynamic behaviour of the 
NDVA. The mechanism acts as a linear dynamic vibration 
absorber with the absence of the limit blocks or when the 
vertical gap is large. 

5  Experimental investigation

The experimental investigation of the NDVA was divided 
into two parts. The first was to characterize the static and 
dynamic properties of the proposed NDVA. While the sec-
ond part of the experiment was to investigate the perfor-
mance of the proposed NDVA in suppressing the vibration 
of the primary structure.

5.1  Quasi‑static measurement

The quasi-static measurement was implemented to analyse 
the relationship between the restoring force, f and the tip 
deflection, xc . This was done by exciting the base of the 
NDVA at a frequency of 0.5 Hz. The restoring force of the 
beam was measured by using Tedea-Huntleigh 1042 load 
cell, while the tip deflection of the beam was measured by 
using the Keyence IL-065 laser triangular sensor. The setup 
for the quasi-static measuring equipment is illustrated sche-
matically in Fig. 5.

5.2  Dynamic measurement (characterization 
of the NDVA)

The dynamic measurement was conducted to investigate 
the dynamic behaviour of the proposed NDVA for each of 
the horizontal position and vertical gap configurations con-
ducted in the quasi-static measurement. The setup for the 
dynamic measurement is illustrated schematically in Fig. 6.

During the measurement, the NDVA was firmly placed on 
the ETS L215M electrodynamic shaker so that the system 

Fig. 3  Frequency response 
function (FRF) of the based 
excited single-degree-of-
freedom (SDOF) system with 
a piecewise-linear stiff-
ness against the ratio of the 
excitation frequency, fb  to the 
linear natural frequency of the 
absorber, fa
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was base excited. The excitation signal from the shaker 
was generated using the Vibration Research Medallion II 
shaker controller, which is connected to the shaker through 

ETS MPA100 power amplifier. The device was then excited 
harmonically with increasing frequency (sweep-up) from 
10 to 40 Hz at a rate of 0.5 Hz/s and then at decreasing 

Fig. 4  a The exploded view 
drawing of the mechanism 
and b actual photograph of the 
mechanism
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frequency (sweep-down) from 40 to 10 Hz with the same 
sweep rate. The amplitude of the input displacement Xb 
was kept constant throughout the measurement by using 
the feedback signal from the accelerometer mounted on the 
shaker. The acceleration of the tip mass and the feedback 
acceleration signal were measured by using Dytran 3225F1 
accelerometers. The results obtained were analysed in the 
form of absolute transmissibility, Xc∕Xb and the phase differ-
ence between the amplitude of the displacement response of 

Table 1  Mechanical properties and dimension of the steel beam and 
the brass tip mass

Part Parameter Value

Cantilever beam Young’s modulus, E 1.60 × 10
11 N/m2

Thickness of beam, t 0.75 mm
Length, L 120 mm
Breadth, b 26 mm

Tip mass Mass, m 40 g

Fig. 5  Schematic of the quasi-
static measurement setup

Fig. 6  Schematic of the 
dynamic measurement setup
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NDVA seismic mass, Xc and the amplitude of displacement 
input provided by the shaker, Xb.

5.3  Dynamic measurement (performance 
of the NDVA)

The performance of the NDVA to widen the vibration sup-
pression bandwidth and its tolerance towards mistuning 
compared to the linear DVA were also investigated in the 
dynamic measurement. The mechanical properties and 
dimension of the beam used as the primary structure are 
given in Table 2, and the setup to measure the performance 
of the NDVA is illustrated schematically in Fig. 7.

In the measurement, the linear DVA or NDVA was 
attached at the tip of the free end of the primary beam struc-
ture where the amplitude at the first modal frequency was 

the highest. A Dytran 1051V1 force sensor was attached 
between the TIRA S51140 electrodynamic shaker and the 
beam structure to measure the dynamic force applied to the 
primary structure during excitation. Three Dytran 3225F1 
accelerometers were also attached at three different measur-
ing points, namely at the shaker base, primary structure and 
at the DVA mass to measure the input and the responses.

The effect of mistuning on the performance of both linear 
DVA and NDVA was investigated by inspecting the vibration 
reduction amplitude at the first natural frequency of the pri-
mary structure and the separation of the two newly formed 
resonance frequencies. To quantify the degree of mistun-
ing, each of the absorber was tuned at different frequency 
ratios, fa∕fs i.e. fa∕fs = 0.75 , fa∕fs = 0.85 and fa∕fs = 1.0 
where fa is the linear natural frequency of the DVA and fs 
is the first natural frequency of the primary structure, i.e. 
19.5 Hz given in Table 2. The linear natural frequency of 
the DVA was changed by changing the effective length of 
the beam. The targeted value of the vibration reduction is 
when Xs ≤ Xst where Xs is the amplitude response of the 
primary structure at the first natural frequency and Xst is the 
static deflection of the primary structure [34]. The range 
of the excitation frequency applied to the primary structure 
was similar to the one used in characterizing the dynamic 
property of the NDVA in the previous section. However, 
only one input displacement was used and the amplitude of 
the input displacement of the electrodynamic shaker Xb was 
kept constant at 0.5 mm during the sweep-up or sweep-down 
of the excitation frequency.

Table 2  Mechanical properties and dimension of the primary beam 
structure

Subscript ‘s’ refers to the “primary structure”

Specification Value

Modulus of elasticity, Es 2.1 × 1011 N/m2

Density, ρs 1.02 × 104 kg/m3

Length, Ls 0.70 m
Breath, bs 0.050 m
Thickness, ds 0.015 m
Beam mass, M 5.39 kg
First natural frequency, fs 19.5 Hz

Fig. 7  Schematic of the 
dynamic performance measure-
ment setup
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6  Results and discussion

6.1  Force–deflection characteristic

Figure 8a, b shows the measured force–deflection character-
istics for different xi and yi configurations, respectively. The 
result for different horizontal positions xi shows that when 
xi = 25 mm, there is insufficient tip deflection of the beam to 
cause it to reach the constrained region, i.e. xc < xo , thus the 
beam follows the straight line of the unconstrained region. 
Under this configuration, the restoring force is linearly pro-
portional to the tip deflection and the system is composed 
of a single linear stiffness given in Eq. (1). As xi increases, 
the force–deflection of the beam shows piecewise-linear 

restoring force characteristic with two different stiffness 
regions which are termed as the low-stiffness region (uncon-
strained region) and high-stiffness region (constrained 
region) as illustrated earlier in Fig. 2.

It can also be observed in Fig. 8b that the gradient of 
the force–deflection curves in the constrained region for dif-
ferent vertical gaps yi is almost constant for all configura-
tions. On the other hand, the gradient of the force–deflection 
curves differs for different horizontal positions, xi. In par-
ticular, the gradient increases as xi increases. This shows that 
the gradient of the force–deflection in the constrained region 
is dependent upon the free end length of the beam, measured 
from the location of the limit block, xfree as annotated in 
Fig. 1 and is not dependent upon the vertical gap, yi . Overall, 

(a)

(b)

Fig. 8  The measured force–deflection curves for a different horizon-
tal positions, xi while the vertical gap yi is fixed at 1 mm: xi = 25 mm 
(×), xi = 35 mm (*), and xi = 45 mm ( + ) and b different vertical gaps, 

yi while horizontal position xi is fixed at 45 mm; yi = 1 mm (+), yi 
= 2 mm (*), and yi = 3 mm (×)
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an increase in yi expands the unconstrained region while an 
increase in xi expands the constrained region.

6.2  Dynamic behaviour of the NDVA: effect 
of limit block position (horizontal position x

i
 

and vertical gap y
i
)

The effect of horizontal position xi on the dynamic response 
of the NDVA under harmonic excitation is presented in 
Fig. 9 while the effect of the vertical gap yi is plotted in 
Fig. 10. From both figures, it can be seen that the jump-down 
point is significantly affected by the change in the horizontal 
position and the vertical gap while the jump-up point is less 

affected. The jump-down frequency increases as xi increases 
and yi decreases. For all configurations, the phase difference 
at the maximum response, i.e. jump-down point, along the 
sweep-up frequency response is 90◦.

As elaborated in the previous section, the dynamic 
response of the NDVA is highly dependent on the free end 
length of the beam, xfree , i.e. the distance from the free end 
of the beam to the limit block, and the contact point (vertical 
gap) controls the required tip deflection for the constrained 
motion. The shorter the free end length xfree and the closer 
the contact point of the beam to the limit blocks, the larger 
the frequency bandwidth due to the expanded constrained 
region. This explains the reason why the amplitude of the 
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Fig. 9  a Absolute transmissibility and b phase angle for different horizontal positions, xi , i.e. 25 mm (o), 35 mm (*) and 45 mm (□) [sweep-up 
(—), sweep-down (--) with yi = 1 mm and Xb = 1 mm
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response with the largest xi and the smallest yi are the small-
est among the three configurations but with the highest 
jump-down frequency.

Another interesting point to note on the effect of the 
horizontal position, xi and the vertical gap, yi is the rate 
of change of amplitude of the response with respect to the 
excitation frequency. The rate of change of amplitude with 
respect to the excitation frequency decreases with xi but is 
independent upon yi . The expected difference in the gradient 
of frequency response curves from different xi and yi config-
urations of the high-amplitude branch is due to the amount 
of constrained region’s stiffness which is dependent upon 
the free end length, xfree . For different yi configurations, the 

amount of the tip deflection to reach the limit block differs 
from one configuration to the other. However, the contact 
points are all similar for all configurations giving rise to the 
same free end length, xfree , thus producing the same gradient 
of the high-amplitude branch. As for the different xi configu-
rations, an increase in xi shortens the free end length, xfree . 
This increases the constrained region’s stiffness and lowers 
the rate of change of the amplitude with respect to the excita-
tion frequency, as the response progresses further to the right 
on the high-amplitude branch towards the jump-down point.

The amount of damping may also influence the 
response of the NDVA. For this mechanism, the damping 
was estimated experimentally. The damping factor in the 
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Fig. 10  a Absolute transmissibility and b phase angle for different vertical gaps, yi , i.e. 3 mm (o), 2 mm (*) and 1 mm (□) [sweep-up (—), 
sweep-down (--)] with xi = 45 mm and Xb = 1 mm
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unconstrained region is termed as �1 and �2 for the con-
strained region. The amount of the unconstrained region’s 
damping �1 is determined to be 0.01 and is similar for all 
configurations in Figs. 9 and 10 since all of them have a 
similar natural frequency. The constrained region’s damp-
ing �2 for different horizontal positions in Fig. 9, i.e. 25 mm, 
35 mm and 45 mm are 0.019, 0.029 and 0.038, respectively. 
Unfortunately, the constrained region’s damping for differ-
ent vertical gaps in Fig. 10 is not available due to the lack of 
experimental data. However, based on Fig. 9, the amount of 
damping is expected to increase as the gap gets smaller due 
to the impact and frictional losses.

The availability of the two tuning parameters, xi and yi , 
provides beneficial tuning capability which cannot be found 
in the existing nonlinear hardening mechanism, especially 
the ones that use magnetic stiffness to create the nonlinear 
effect as reported in [23, 25]. In these reported mechanisms, 
the degree of nonlinearity is partly contributed by the ratio 
between the nonlinear stiffness and the equivalent linear 
stiffness. These two stiffnesses depend on the gap between 
the magnets and commonly, the degree of the nonlinearity 
increases with the decrease in the gap.

However, the jump-down and the jump-up points in the 
dynamic response of the reported mechanisms depend on 
both the equivalent linear stiffness (similar to the uncon-
strained region’s stiffness in the proposed NDVA) and 
the nonlinear stiffness (i.e. constrained region’s stiffness). 
Depending on the magnetic pole configuration, decreasing 
the gap may increase or decrease the equivalent natural fre-
quency. The change in the linear natural frequency shifts 
the jump-down and jump-up points accordingly. The tran-
sition of the jump-down and the jump-up points makes it 
difficult to effectively targeting the troublesome frequency 
to be suppressed.

Unlike all the drawbacks of the existing magnetic non-
linear hardening mechanisms, the jump-up of the proposed 
NDVA mechanism does not change very much with the 
change in the horizontal distance xi and the vertical distance 
yi . The “fixed” jump-up point makes it easier to target the 
troublesome frequency.

6.3  Performance of the linear DVA

The receptance function of the primary structure and the 
absolute transmissibility between the linear DVA and the 
primary structure for each tuning frequency ratio, fa∕fs 
together with their phase angle when the linear DVA is 
attached to the primary structure, are shown in Fig. 11.

Based on Fig. 11, the vibration suppression of the pri-
mary structure at its first natural frequency is optimized 
when the linear natural frequency of the absorber is tuned 
to match the first natural frequency of the primary structure, 
i.e. fa∕fs = 1.0 . It is also noted that the smallest vibration 

suppression amplitude occurs at the targeted disturbing 
frequency, i.e. fb∕fs = 1 . It can also be seen that the phase 
difference between the primary structure and linear DVA 
at this frequency is 90◦ which indicates maximum equiva-
lent damping or maximum power flow provided by the DVA 
[35]. The two newly formed resonance frequencies of the 
primary structure as a result of linear DVA attachment are 
evenly located on either side of the original modal frequency.

The performance of the linear DVA in suppressing the 
vibration at the targeted disturbing frequency when its nat-
ural frequency is not tuned to match the first natural fre-
quency, i.e. fa∕fs = 0.75 and fa∕fs = 0.85 deteriorates sig-
nificantly. The vibration level at fa∕fs = 1 for each tuned 
frequency ratio is larger than the targeted vibration level. 
This is because the phase difference for the two mistuned 
cases is not 90◦ at the targeted frequency, which indicates 
the inability of the DVA to generate the maximum amount 
of damping to suppress the vibration. Nevertheless, the 
mistuned absorbers perform very well at fb∕fs = 0.75 and 
fb∕fs = 0.85 , which is away from the targeted frequency. 
The level of damping in the system may contribute to the 
good performance of the system. This can be either in terms 
of the level of suppression or the width of the suppression 
bandwidth. However, here the damping in the system may 
have an insignificant contribution to the performance since 
it is measured for three different configurations, operating 
at three different frequencies.

Figure 11 also shows that there is no valid vibration 
reduction frequency bandwidth for the mistuned DVAs as 
the vibration amplitude of the primary structure at the tar-
geted frequency fb∕fs = 1 is larger than the targeted value. 
This shows that the linear DVA has a low tolerance towards 
mistune, with even a slight mistune causes its performance 
to deteriorate. What more important is that a slight mistune 
brings the response of the primary structure closer to one of 
the new resonance peaks. This resulting response of the pri-
mary structure in the vicinity of the newly formed resonance 
peaks may amplify the vibration even larger than the original 
response. In the case when the linear DVA is over-tuned with 
respect to the primary structure, the vibration suppressed 
point will shift to the right, in contrast to the under tuned 
before, i.e. fa∕fs < 1.

6.4  Performance of the NDVA

The measurement of the effect of NDVA on the structural 
vibration was done slightly different from the linear DVA. 
Here, the excitation frequency was swept up and down 
throughout the measurement due to the hysteresis. Fig-
ures 12, 13 and 14 show the receptance function of the pri-
mary structure, the transmissibility between the DVA, Xc and 
the primary structure, Xs, the phase angle between the DVA 
and the primary structure under different tuned frequency 
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ratios, fa∕fs . The receptance of the linear DVA discussed in 
the previous section is overlaid with its respective tuned fre-
quency ratio NDVA to compare the performance. In general, 
the presence of the NDVA seems to broaden the separation 
between the first resonance peak and the second resonance 
peak during the sweep-up of the excitation frequency. Dur-
ing the sweep-down excitation, the response is almost simi-
lar to the linear DVA.

Referring to Fig. 12, the level of vibration at the targeted 
frequency is slightly larger than the targeted level. This is 
because, for the DVA to apply maximum damping to the 
primary structure, DVA must lag the primary structure by 
90◦ . This is not the case for the NDVA since the 90◦ phase 
lag occurs at a higher frequency, i.e. at the jump-down point, 
which brings down the vibration level of the primary struc-
ture at high frequencies. This may not be entirely benefi-
cial for excitation close to resonance frequency since the 
suppression of the vibration of the primary structure is not 
required at high frequency in the first place because the 
undesired large vibration is only concentrated around the 
resonance region. Nevertheless, the NDVA has increased the 
second natural frequency of the structure to a much higher 

frequency compared to the linear DVA. In this case, when 
the excitation frequency is operating at the first natural fre-
quency of the primary structure, the linear DVA is the better 
choice. However, when the excitation frequency operates at 
high frequency, then the NDVA is preferred.

The significant improvement in the NDVA over the linear 
DVA starts to be seen in Fig. 13 when fa∕fs = 0.85 where its 
suppressed vibration level outperforms its linear counterpart 
at the targeted frequency. The lower linear natural frequency 
of the DVA also brings down the jump-down frequency. 
The decrease in the jump-down frequency decreases the 
separation of the two new resonance peaks. This, in effect, 
reduces the vibration suppression bandwidth. In this case, 
the vibration suppression bandwidth spreads wider above 
the targeted frequency in proportion to the high-amplitude 
branch response of the NDVA shown in Fig. 13b.

The level of force generated by the NDVA, which is 
viewed as the level of displacement response, also increases 
with the smaller tuned frequency ratio, as shown in Fig. 14 
for the case where fa∕fs = 0.75 . Although the smaller tuned 
frequency ratio results in a much-reduced response at around 
the resonant frequency of the structure, care needs to be 

Fig. 11  Measured a frequency 
response of the primary 
structure, b transmissibility 
between the DVA, Xc and the 
primary structure, Xs and c 
phase angle between the DVA 
and the primary structure for 
fa∕fs = 1.0 (—), fa∕fs = 0.85 
( ⋯ ) and fa∕fs = 0.75 (--) at 
Xb = 0.5 mm. Damping ratio, 
�1 = 0.014 ( fa∕fs = 1.0) , 
�1 = 0.012 ( fa∕fs = 0.85) and 
�1 = 0.010 ( fa∕fs = 0.75)
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taken since the second resonance during the forward fre-
quency sweep appears around the structure’s original natu-
ral frequency. As the tuned frequency ratio decreases, the 
response exhibits non-smooth dynamics which is consistent 
to results reported in [29, 31]. The non-smooth response 
could be due to the beat vibration caused by the engagement 
of the beam and the limit block. Chaotic vibration result-
ing from the nonlinear characteristic of the system may also 
cause the non-smooth response [31].

Table 3 summarizes the comparison of the performance 
of the linear DVA and the NDVA. Based on Table 3, the 
superiority of the absorber is achieved by considering its 
effect during the sweep-up response, which means that the 
response is on the high-amplitude branch in the multi-stable 
solutions frequency range. If the NDVA is on the down-
sweep response, the performance of the NDVA is at par with 
the linear DVA because the response is not operating on the 
high-amplitude branch as discussed in the previous section.

Thus for the vibration suppression to be effective, it is 
mandatory to keep the NDVA to vibrate on its high-ampli-
tude branch to avoid amplitude amplification of the primary 
structure which is caused by the resonance peak produced 

by the backward frequency sweep. However, as long as the 
frequency range of interest is far away from the jump-down 
point, the tendency of the response to operating on the high-
amplitude branch is high due to the readily available initial 
conditions [24]. As the frequency of interest gets closer to 
the jump-down point, the system may not easily start with 
the right initial conditions to operate on the high-amplitude 
branch. In practice, the actual jump-down point occurs, 
maybe, at a slightly lower frequency.

Based on this study, the performance of the NDVA is 
generally better compared to the linear DVA. The significant 
improvement in the performance can be achieved by only 
restricting the motion of the existing linear DVA using a 
limit block on both sides of the beam. The tuning capability 
of the NDVA is more robust in terms of vibration reduc-
tion bandwidth and the level of vibration suppression. How-
ever, the NDVA is only effective when the linear natural 
frequency of the NDVA is tuned to be less than the primary 
structure’s natural frequency, fa∕fs ≤ 1 . This is to ensure that 
the targeted disturbing frequency lies within the broad high-
amplitude branch response of the NDVA and the suppression 
range covers both sides of the targeted frequency. Optimum 

Fig. 12  Measured a frequency 
response of the primary struc-
ture, b transmissibility between 
the DVA, Xc and the primary 
structure, Xs and c phase angle 
between the DVA and the 
primary structure for fa∕fs = 1.0 
[NDVA sweep-up (—), NDVA 
sweep-down (--), linear DVA 
( ⋯ )] when Xb = 0.5 mm 10
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tuning is yet to be totally explored for this NDVA. However, 
based on the results presented in Figs. 9 and 10, the level of 
the vibration suppression and the bandwidth of the NDVA 
may be changed by carefully altering the horizontal position, 
xi and the vertical gap, yi.

7  Conclusion

The newly designed NDVA with the use of a piecewise-
linear stiffness mechanism performs better than the linear 
DVA, especially in terms of vibration suppression band-
width and shows that it can cope with mistuning better. 
This is made possible by the constrained region’s stiff-
ness which hardens the stiffness. The hardened stiffness 
skews the maximum response of the NDVA to a high fre-
quency at a much slower rate with respect to the excita-
tion frequency. This enlarges the half-power bandwidth 
of the NDVA, thus increasing the vibration suppression 

bandwidth. The good thing is that this NDVA can be real-
ized by putting two limit blocks on the existing linear DVA 
to constrain the motion of the beam. However, the better 
performance of the NDVA over the linear DVA is only 
possible when the NDVA operates on the high-amplitude 
branch. Otherwise, the performance is similar to the linear 
DVA.

In general, the piecewise-linear stiffness mechanism 
provides a better tuning ability than the nonlinear harden-
ing stiffness mechanism, especially the ones with nonlin-
ear magnetic stiffness. In the nonlinear magnetic hardening 
stiffness, tuning is slightly difficult due to the shift of the 
linear natural frequency and the jump points as the nonlin-
earity increases or decreases. Unlike the nonlinear hard-
ening system employing magnetic stiffness, the proposed 
piecewise-linear stiffness mechanism has a fixed natural 
frequency. At the same time, the bandwidth and the level 
of vibration suppression can be altered by adjusting the 
horizontal position and the vertical gap of the limit blocks.

Fig. 13  Measured a frequency 
response of the primary struc-
ture, b transmissibility between 
the DVA, Xc and the primary 
structure, Xs and c phase angle 
between the DVA and the pri-
mary structure for fa∕fs = 0.85 
[NDVA sweep-up (—), NDVA 
sweep-down (--), linear DVA 
( ⋯ )] when Xb = 0.5 mm
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