
International Journal of Heat and Mass Transfer 136 (2019) 288–297
Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier .com/locate / i jhmt
Unsteady flow and heat transfer past a stretching/shrinking sheet in a
hybrid nanofluid
https://doi.org/10.1016/j.ijheatmasstransfer.2019.02.101
0017-9310/� 2019 Published by Elsevier Ltd.

⇑ Corresponding author.
E-mail address: popm.ioan@yahoo.co.uk (I. Pop).
Iskandar Waini a, Anuar Ishak b, Ioan Pop c,⇑
a Fakulti Teknologi Kejuruteraan Mekanikal dan Pembuatan, Universiti Teknikal Malaysia Melaka, Hang Tuah Jaya, 76100 Durian Tunggal, Melaka, Malaysia
b School of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan Malaysia, 43600 UKM Bangi, Selangor, Malaysia
cDepartment of Mathematics, Babes�-Bolyai University, 400084 Cluj-Napoca, Romania

a r t i c l e i n f o
Article history:
Received 27 November 2018
Received in revised form 30 January 2019
Accepted 28 February 2019

Keywords:
Unsteady
Hybrid nanofluids
Stretching/shrinking sheet
Dual solutions
Stability analysis
a b s t r a c t

The unsteady flow and heat transfer past a stretching/shrinking sheet in a hybrid nanofluid is studied. The
governing equations of the problem are transformed to the similarity equations by using similarity trans-
formation technique. The problem is solved numerically using the boundary value problem solver
(bvp4c) in Matlab software. The plots of the skin friction coefficient and the local Nusselt number as well
as the velocity and temperature profiles for selected parameters are presented. It is found that dual solu-
tions exist for a certain range of the unsteadiness parameter. A temporal stability analysis is performed to
determine the stability of the dual solutions in a long run, and it is reveals that only one of them is stable
while the other is unstable.

� 2019 Published by Elsevier Ltd.
1. Introduction

Nowadays, the problem of heat transfer enhancement is very
important in engineering and industrial applications. Most of the
applications using pure fluid as a cooling liquid such as water,
ethylene glycol and oil which has low thermal conductivity, thus
limits the heat transfer enhancement. However, new types of fluids
such as nanofluids are introduced in order to get improvement in
thermal efficiency. Nanofluids defined as a mixture containing dis-
persed nanometer sized particles and the base fluid which is first
introduced by Choi [1] in order to develop advanced heat transfer
fluids with substantially higher conductivities. He expected that
the addition of metallic nanoparticles in the base fluids can essen-
tially improve the thermal conductivities of the conventional base
fluids and enhance the heat transfer execution of these fluids.
Nanofluids are widely used as coolants, lubricants, and also in
practical applications including refrigeration and air-
conditioning, microelectronics, processors of mobile computers
and etc. In recent years, the behaviour and characteristics of
nanofluids in different problems have been studied experimentally
and numerically by many researchers. For example, Hwang et al.
[2] estimated thermal conductivities of different nanofluids and
demonstrated that the thermal conductivity improvement of
nanofluids relied upon the volume fraction of the suspended parti-
cles and the thermal conductivities of the particles and base fluids.
An experimental investigation of nanofluid flow boiling heat trans-
fer in a vertical tube under different pressure conditions has been
studied by Wang and Su [3]. The flow boiling heat transfer of the
AlN/H2O nanofluid was studied experimentally by Wang et al.
[4], where the nanofluid was prepared by modifying the nanopar-
ticles into the deionized water and dissolving by an ultrasonic
oscillation. Ahmadi and Willing [5] experimentally studied the
heat transfer measurement in water based nanofluids and develop
a CFD model using a Eulerian-Lagrange approach to study the nat-
ure of both the laminar and turbulent flow fields of the fluid and
the dispersed nanoparticles.

In addition, the investigation on the mathematical models of
nanofluid is reported by many researchers. There are two common
types of nanofluid models that have been considered in fluid
dynamics, namely the model proposed by Buongiorno [6] and
Tiwari and Das [7]. The efficiency of the thermal conductivity of
nanofluid among the models is examined in order to compare
the theoretical data with the experimental data. Some researchers
such as Nield and Kuznetsov [8], Kuznetsov and Nield [9], Khan
and Pop [10], Khan and Aziz [11], Ahmad et al. [12], Rohni et al.
[13], and Bachok et al. [14] used the mathematical nanofluid model
proposed by Buongiorno [6], which takes into account the effects of
Brownian motion and thermophoresis parameters. The nanofluid
model proposed by Tiwari and Das [7] was also employed by
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Nomenclature

a constant
Cf skin friction coefficient
Cp specific heat at constant temperature
ðqCpÞ heat capacitance of the fluid
k thermal conductivity
Nux local Nusselt number
Rex local Reynolds number
p fluid pressure
Pr Prandtl number
qw surface heat flux
S constant mass flux
T fluid temperature
Tw surface temperature
T1 ambient temperature
t time
u; v velocity component in the x and y directions
uw velocity of the stretching/shrinking sheet
u1 velocity of the mainstream
vw velocity of the wall mass transfer
x; y Cartesian coordinates

Greek symbols
a a parameter showing the unsteadiness of the problem
b unsteadiness parameter

u1; u2 nanoparticle volume fractions for Al2O3 (alumina) and
Cu (copper)

g similarity variable
c eigenvalue
k stretching/shrinking parameter
h dimensionless temperature
l dynamic viscosity
m kinematic viscosity
w stream function
q fluid density
s dimensionless time variable
sw wall shear stress

Subscripts
f fluid
nf nanofluid
hnf hybrid nanofluid
s1 first solid component
s2 second solid component

Superscript
0 differentiation with respect to g
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several authors such as Bachok et al. [15], Rohni et al. [16] and Das
et al. [17]. It is worth mentioning that Wang and Wu [18] numer-
ically studied the growth and departure of a single bubble behavior
in Al2O3=H2O nanofluid and pure water flow boiling process. The
results indicate that the bubble in Al2O3=H2O nanofluids grows fas-
ter and the bubble departure frequency of Al2O3=H2O nanofluids is
greater than that in pure water. The flow boiling heat flux is also
improved by dispersing nanoparticles of Al2O3=H2O in pure water.
This work initially reveals that nanofluids can enhance flow boiling
heat transfer from the point of view of bubble dynamics behavior.

However, researchers still eager to find a better type of fluid
instead of nanofluid and it is in search until these recent years.
To achieve the desire of getting better fluid which has the high
thermal conductivity, some kind of nanofluids called ‘hybrid
nanofluids’ are introduced. Hybrid nanofluid is an extension of
nanofluid which composed of two different nanoparticles disperses
in the base fluid. This kind of fluid is believed to offer good thermal
characteristics as compared to the base fluid and nanofluid con-
taining single nanoparticles. Hybrid nanofluids are widely applied
in many fields of heat transfer such as electronic cooling, generator
cooling, coolant in machining, nuclear system cooling, transformer
cooling, biomedical, drug reduction, refrigeration and etc. with bet-
ter efficiency compared to nanofluids applicability.

The capability of hybrid nanofluids in enhancing the thermal
characteristics attracts the researchers to work towards hybrid
nanofluid in real world heat transfer problems. For example, the
synthesis of hybrid nano-composite particles, two different hybrid
of polypyrrole-carbon nanotube (PPY-CNT) nano-composite and
MWCNT on magnetic Fe2O3 nanoparticles were reported by Turcu
et al. [19]. Moreover, Jana et al. [20] observed the enhancement of
fluid thermal conductivity by the addition of single and hybrid
nano-additives. The effect of Al2O3-Cu/water hybrid nanofluid in
heat transfer was reported by Suresh et al. [21]. Synthesis of spher-
ical silica/multiwall carbon nanotubes hybrid nanostructures and
investigation of thermal conductivity of related nanofluids was
analysed by Baghbanzadeha et al. [22]. Soltani and Akbari [23]
studied the effects of temperature and particles concentration on
the dynamic viscosity of MgO-MWCNT/EG hybrid nanofluid. Later,
Vafaei et al. [24] predicted the thermal conductivity of MgO-
MWCNTs/EG hybrid nanofluid at volume fractions of 0.05–0.6 per-
cent and temperature 25–50 �C using several experimental
methods.

Furthermore, numerical investigation on the effect of hybrid
nanofluid in channel flows was studied by Yen et al. [25]. Labib
et al. [26] was numerically investigated the problem on the effect
of base fluids and hybrid nanofluid in forced convective heat trans-
fer. The influence of nanofluid with double nanoparticles in a flat
plate solar collector using finite element simulation was examined
by Nasrin and Alim [27]. Takabi and Shokouhmand [28] conveyed
the effects of Al2O3-Cu/water hybrid nanofluid on heat transfer and
flow characteristics in turbulent regime. Devi and Devi [29] inves-
tigated the problem of three-dimensional hybrid Cu-Al2O3/water
nanofluid flow over a stretching sheet with effecting Lorentz force
subject to Newtonian heating. Later, Devi and Devi [30] studied the
heat transfer enhancement of Cu-Al2O3/water hybrid nanofluid
flow over a stretching sheet. Stagnation-point flow of an aqueous
titania-copper hybrid nanofluid toward a wavy cylinder was inves-
tigated by Yousefi et al. [31]. Rotating flow of Ag-CuO/H2O hybrid
nanofluid with radiation and partial slip boundary effects was
studied by Hayat et al. [32]. Recently, there are more numerical
investigation involving hybrid nanofluids was studied by the
researchers with different cases such as Ghadikolaei et al. [33],
Tayebi and Chamkha [34], Ashorynejad and Shahriari [35], and
Ghalambaz et al. [36].

There are many parameters that highly contribute to the heat
transfer enhancement of hybrid nanofluid such as base fluid selec-
tion, nanoparticles size, viscosity, fluid temperature and stability,
dispersibility of the nanoparticles, purity of nanoparticles, prepara-
tion method, size and shape of nanoparticles and compatibility of
the nanoparticles that lead to harmonious mixture of the nanofluid
(Li et al., [37]; Paul et al., [38]). For instance, the collection of
papers on nanofluids or hybrid nanofluids can be found in the book
by Das et al. [39] and in the review papers by Trisaksri and
Wongwises [40], Wang and Mujumdar [41–43], Kakaç and
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Pramuanjaroenkij [44], Kamyar et al. [45], Sarkar et al. [46], Akilu
et al. [47], Babu et al. [48], Leong et al. [49], Ahmadi et al. [50],
Ali et al. [51], Huminic and Huminic [52], Sidik et al. [53], and Sun-
dar et al. [54].

The fluid dynamics due to a stretching sheet has important
applications in industries such as the hot rolling, wire drawing,
and glass-fibre production. In view of these applications, Sakiadis
[55] first investigated the boundary layer flow on a continuous
solid surface moving at constant speed. Since the pioneering study
by Crane [56], who presented an exact analytical solution for the
steady two-dimensional flow due to a stretching surface in a quies-
cent fluid, many authors have considered various aspects of this
problem and obtained similarity solutions such as Chen and Char
[57], Wang [58], Andersson and Dandapat [59], Gorla and Sidawi
[60], Chen [61], Magyari and Keller [62], Andersson [63], and Ishak
et al. [64,65]. However, instead of considering the case of stretch-
ing sheet, researchers also investigated the case of shrinking sheet.
This new type of shrinking sheet flow is essentially a backward
flow as discussed by Goldstein [66]. The development of the unu-
sual type of flow due to shrinking was first observed by Wang [67]
when he investigated the behaviour of a liquid film on an unsteady
stretching sheet. Miklavčič and Wang [68] investigated the steady
flow over a shrinking sheet, which is an exact solution of the
Navier-Stokes equations and found that mass suction is required
to maintain the flow over a shrinking sheet. The flow induced by
a shrinking sheet with constant velocity or power-law velocity dis-
tribution was investigated by Fang et al. [69,70], Fang [71] and
Fang and Zhang [72]. According to Fang et al. [70], the flow induced
by a shrinking sheet shows physical phenomena quite distinct
from the forward stretching flow. The shrinking sheet problem
was also extended to other fluids and various geometry with differ-
ent conditions by many researchers such as Hayat et al. [73], Sajit
et al. [74], Wang [75], Merkin and Kumaran [76], Bhattacharyya
[77,78], Yacob and Ishak [79], Awaludin et al. [80], Soid et al.
[81] and Pop et al. [82]. The problem of shrinking sheet immersed
in nanofluids for three types of nanoparticles which are copper,
alumina and Titania by considering water as the based fluid was
solved numerically by Rohni et al. [16].

Motivated by the above studies, the present paper aims to
investigate the problem of the unsteady flow and heat transfer of
a hybrid nanofluid past a stretching/shrinking sheet with wall
mass suction by employing nanofluid equations model proposed
by Tiwari and Das [7]. Hybrid nanofluid is considered by suspend-
ing two different nanoparticles which are Al2O3 and Cu in pure
water. The governing equations with boundary conditions are
transformed into a system of ordinary differential equations by
using a similarity transformation. The system of equations is then
solved numerically using the boundary value problem solver
(bvp4c) in Matlab software. The effects of several parameters on
the flow and heat transfer characteristics are presented in graphi-
cal form. To validate the numerical results obtained, the compar-
ison has been made with the existing results in the literature. To
the present knowledge of the authors, no studies have been
reported in the literature, which investigated the flow over a
shrinking sheet in hybrid nanofluids.
2. Mathematical formulation

Let us consider the two-dimensional, laminar boundary layer
flow of an incompressible, and unsteady flow of a hybrid nanofluid
past a stretching/shrinking sheet as shown in Fig. 1, where the x
and y are dimensional Cartesian coordinates with the x-axis mea-
sured along the surface and y-axis normal to it, respectively, the
surface being located in the plane y ¼ 0. It is assumed that the
velocity of the stretching/shrinking sheet is uwðx; tÞ ¼
UwðxÞ=ð1� atÞ, where t is time, a is a parameter showing the
unsteadiness of the problem, the wall mass suction velocity is
vwðx; tÞ, which will be determined later and UwðxÞ ¼ ax, a being a
positive constant. Physically, value of a > 0 accelerates the outer
potential flow and a < 0 does the reverse flow, while a ¼ 0 corre-
sponds to the steady inviscid flow.

It is also assumed that the base fluid (i.e. water) and the
nanoparticles are in thermal equilibrium and no slip occurs
between them. Therefore, by using the nanofluid model as pro-
posed by Tiwari and Das [7], the governing equations of this prob-
lem in Cartesian coordinates x and y are (see Rohni et al. [16]; Devi
and Devi [30]; Fang et al. [70]),
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¼ 0 ð1Þ
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@T
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þ v @T
@y

¼ khnf
ðqCpÞhnf

r2T ð4Þ

subject to the initial and boundary conditions,
t < 0 : v ¼ 0; u ¼ 0; T ¼ T1 for any x, y

t P 0 : v ¼ vwðx; tÞ; u ¼ kuwðx; tÞ; T ¼ Tw at y ¼ 0 ð5Þ

u ! 0; T ! T1 as y ! 1
where u and v are velocity components along the axes x and y, T is
the temperature of the hybrid nanofluid, p is the pressure,
r2 ¼ @2=@x2 þ @2=@y2 is the Laplacian, k is the constant stretching/
shrinking parameter with k > 0 for a stretching sheet, k < 0 for a
shrinking sheet and k ¼ 0 for a static surface, lhnf is the dynamic
viscosity, khnf is the thermal conductivity, qhnf is the density and
ðqCpÞhnf is the heat capacity of the hybrid nanofluid.

Following Devi and Devi [30], a special form of thermophysical
properties are introduced in the present study to analyze the
unsteady boundary layer equations for hybrid nanofluid, which is
considered by taking the mixture of Cu nanoparticles into 0.1 vol-
ume of Al2O3/water to form the required hybrid nanofluid. In this
model, initially the nanoparticle of Al2O3 (u1) is added to the base
fluid with 0.1 volume solid volume fraction (i.e. u1 ¼ 0:1), which is
fixed throughout the problem hereafter and consequently Cu (u2)
is added with various solid volume fractions to form the hybrid
nanofluid namely Cu-Al2O3/water. To make it clear, the final form
of the effective thermophysical properties of nanofluid and hybrid
nanofluid are given in Table 1. The thermophysical properties of
fluid and nanoparticles are provided in Table 2.

3. Solution for the steady-state flow (›=›t ¼ 0Þ

To obtain the similarity solutions for the system of Eqs. (1)–(4)
subject to the boundary conditions (5), we use the following sim-
ilarity transformation (see Fang et al. [70]),

w ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amf

1� at

r
f ðgÞ; hðgÞ ¼ T � T1

Tw � T1
; g ¼ y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

mf ð1� atÞ

s
ð6Þ

where w is the stream function that satisfies Eq. (1), and the velocity
components are defined as u ¼ @w=@y and v ¼ �@w=@x. With these
definitions, the velocities are expressed as



(a) Stretching sheet ( 0 ) (b) Shrinking sheet ( 0 ) 

Fig. 1. Physical models and coordinate systems.

Table 1
Thermophysical properties of nanofluid and hybrid nanofluid (see Devi and Devi [29]; Yousefi et al. [30]; Khanafer et al. [82];
Oztop and Abu-Nada [83]).

Properties Nanofluid Hybrid Nanofluid

Density qnf ¼ ð1�u1Þqf þu1qs1 qhnf ¼ ð1�u2Þ½ð1�u1Þqf þu1qs1� þu2qs2

Heat capacity ðqCpÞnf ¼ ð1�u1ÞðqCpÞf þu1ðqCpÞs1 ðqCpÞhnf ¼ ð1�u2Þ½ð1�u1ÞðqCpÞf þu1ðqCpÞs1�
þu2ðqCpÞs2

Dynamic viscosity lnf ¼
lf

ð1�u1Þ2:5
lhnf ¼

lf

ð1�u1Þ2:5ð1�u2Þ2:5

Thermal conductivity knf ¼ ks1þ2kf �2u1ðkf�ks1Þ
ks1þ2kf þu1ðkf �ks1Þ � ðkf Þ khnf ¼ ks2þ2knf �2u2ðknf �ks2Þ

ks2þ2knfþu2ðknf�ks2Þ � ðknf Þ
where

knf ¼ ks1þ2kf�2u1ðkf�ks1Þ
ks1þ2kf þu1ðkf �ks1Þ � ðkf Þ

Table 2
Thermophysical properties of fluid and nanoparticles (see Rohni et al. [16]; Oztop and
Abu-Nada [84]).

Physical properties Fluid phase (water) Al2O3 Cu

q ðkg=m3Þ 997.1 3970 8933
Cp ðJ=kgKÞ 4179 765 385
k ðW=mKÞ 0.613 40 400
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u ¼ ax
1� at

f 0ðgÞ; v ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amf

1� at

r
f ðgÞ ð7Þ

The pressure term can be integrated from Eq. (3). Then the wall
mass transfer velocity becomes

vwðx; tÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amf

1� at

r
S ð8Þ

where S is the constant mass flux velocity with S > 0 for suction
and S < 0 for injection.

Substituting (6) into Eqs. (2) and (4), one obtains the following
nonlinear ordinary differential equations:

f 000 þ ð1�u1Þ2:5ð1�u2Þ2:5

� ð1�u2Þ ð1�u1Þ þu1
qs1

qf

 !" #
þu2

qs2

qf

 !( )

� ff 00 � f 02 � b f 0 þ g
2
f 00

� �h i
¼ 0 ð9Þ

h00 þ Pr
kf
khnf

� �
ð1�u2Þ ð1�u1Þ þu1

ðqCpÞs1
ðqCpÞf

" #
þu2

ðqCpÞs2
ðqCpÞf

( )

� f h0 � b
2
gh0

� �
¼ 0 ð10Þ

subject to the boundary conditions
f ð0Þ ¼ S; f 0ð0Þ ¼ k; hð0Þ ¼ 1
f 0ðgÞ ! 0; hðgÞ ! 0 as g ! 1 ð11Þ

where prime denotes differentiation with respect to g and b ¼ a=a
is the unsteadiness parameter, with b > 0 for accelerating flow and
b < 0 for decelerating flow. For the present study, we assume a
decelerating stretching/shrinking sheet with b 6 0. We notice that
when u1 ¼ u2 ¼ 0, Eq. (9) reduces to Eq. (6) of Fang et al. [70] as
rewrite in the following Eq. (12):

f 000 þ ff 00 � f 02 � b f 0 þ g
2
f 00

� �
¼ 0 ð12Þ

The physical quantities of interest are the skin friction coeffi-
cient Cf and the local Nusselt number Nux, which are defined as

Cf ¼ sw
qf U

2
w

; Nux ¼ xqw

kf ðTw � T1Þ ð13Þ

where sw is the skin friction or shear stress along the sheet and qw is
the heat flux from the sheet, that are given by

sw ¼ lhnf
@u
@y

� �
y¼0

; qw ¼ �khnf
@T
@y

� �
y¼0

ð14Þ

Substituting (6) into (14) and using (13), one gets

Cf Re
1=2
x ¼ 1

ð1�u1Þ2:5ð1�u2Þ2:5
f 00ð0Þ;

NuxRe
�1=2
x ¼ � khnf

kf
h0ð0Þ ð15Þ

where Rex ¼ uwx=mf is the local Reynolds number.

4. Stability analysis

It has been established by Merkin [85], Weidman et al. [86],
Ros�ca and Pop [87,88] and Harris et al. [89] for different problems,
that the basic ordinary (similarity) equations admit multiple (dual)
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solutions, where the upper branch solutions are stable, while the
lower branch solutions are unstable. We test these features by con-
sidering the boundary value problem of Eqs. (9)–(11). Thus, we
introduce the new dimensionless time variable s ¼ at=ð1� atÞ.
Using variables in (6) and (7), we have

uðx; sÞ ¼ ax
1� at

@f
@g

ðg; sÞ; v ¼ —
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amf

1� at

r
f ðg; sÞ;

hðg; sÞ ¼ T � T1
Tw � T1

; g ¼ y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

mf ð1� atÞ

s
; s ¼ at

1� at
ð16Þ

Using (16), Eqs. (9) and (10) can be written as

@3 f
@g3 þð1�u1Þ2:5ð1�u2Þ2:5 ð1�u2Þ ð1�u1Þþu1

qs1
qf

� �h i
þu2

qs2
qf

� �n o
� f @2 f

@g2 � @f
@g

� �2
�b @f

@gþ g
2
@2 f
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� �
� @2 f

@g@s
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¼0

ð17Þ

@2h
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kf
khnf
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ð1�u2Þ ð1�u1Þ þu1

ðqCpÞs1
ðqCpÞf
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ðqCpÞs2
ðqCpÞf

( )

� f
@h
@g

� b
2
g
@h
@g

� @h
@s

� �
¼ 0 ð18Þ

and the boundary conditions (11) become

f ð0; sÞ ¼ S; @f
@g ð0; sÞ ¼ k; hð0; sÞ ¼ 1

@f
@g ðg; sÞ ! 0; hðg; sÞ ! 0 as g ! 1

ð19Þ

To determine the stability of the steady flow solution f ¼ f 0ðgÞ
and h ¼ h0ðgÞ satisfying the boundary value problem (9)–(11), we
write (see Merkin [85], Weidman et al. [86] and Ros�ca and Pop
[87,88])

f ðg; sÞ ¼ f 0ðgÞ þ e�csFðgÞ; hðg; sÞ ¼ h0ðgÞ þ e�csGðgÞ ð20Þ
where c is an unknown eigenvalue parameter, and functions FðgÞ
and GðgÞ are small relative to f 0ðgÞ and h0ðgÞ. Substituting Eq.
(20) into Eqs. (17) and (18) along with the boundary conditions
(19), the following linear eigenvalue problem are obtained:

F 000 þ ð1�u1Þ2:5ð1�u2Þ2:5 ð1�u2Þ ð1�u1Þþu1
qs1
qf

� �h i
þu2

qs2
qf

� �n o
� f 0F

00 þFf 000�2f 00F
0 �b F 0 þ g

2F
00	 
þcF 0� �¼0

ð21Þ

G00 þ Pr kf
khnf

� �
ð1�u2Þ ð1�u1Þ þu1

ðqCpÞs1
ðqCpÞf

h i
þu2

ðqCpÞs2
ðqCpÞf

n o
� f 0 G

0 þ F h00 � b
2gG

0 þ cG
� � ¼ 0

ð22Þ

and the boundary conditions (19) become

Fð0Þ ¼ 0; F 0ð0Þ ¼ 0; Gð0Þ ¼ 0
F 0ðgÞ ! 0; GðgÞ ! 0 as g ! 1 ð23Þ

Solving the eigenvalue problems (21)–(23) one obtains an infi-
nite number of eigenvalues c1 < c2 < c3 < ::: If the smallest eigen-
value c is positive the flow is stable and if the smallest eigenvalue c
is negative the flow is unstable.

5. Results and discussion

Numerical solutions of the nonlinear ordinary differential equa-
tions (9) and (10) along with the boundary conditions (11) were
obtained using the boundary value problem solver (bvp4c) in Mat-
lab software. The solutions are obtained using an initial guess sup-
plied at an initial mesh point and changes step size to get the
specified accuracy. The details of this method can be found in
Shampine et al. [90]. The suitable initial guess and the boundary
layer thickness, g1 must be chosen depending on the values of
the parameters used. To solve this boundary value problem, it is
necessary to first reduce the equations to a system of first order
ordinary differential equations.

Validation of the numerical procedure is obtained by comparing
the numerical results of the present study with the numerical
results from the previous study for different cases as shown in
Tables 3–5. Table 3 displays the values of �h0ð0Þ for regular fluid
(u1 ¼ 0, u2 ¼ 0) with various values of Pr when S ¼ 0, b ¼ 0, and
k ¼ 1 (stretching sheet). It is observed that the present results
are in a good agreement with the solutions obtained by Khan
and Pop [10], Devi and Devi [30], Wang [58] and Gorla and Sidawi
[60] for regular fluid case.

Meanwhile, Table 4 shows the values of f 00ð0Þ and �h0ð0Þ for Cu–
water nanofluid (u1 ¼ 0, u2 ¼ 0:2) with various values of b when
S ¼ 2:1, Pr ¼ 6:2 and k ¼ �1 (shrinking sheet). We notice that by
setting u1 ¼ 0 in Eq. (9), the equation reduces to Eq. (9) of Rohni
et al. [16]. The present numerical values of f 00ð0Þ are compared to
the solutions obtained by Rohni et al. [16], which shows a good
agreement.

The values of Cf Re
1=2
x and NuxRe

�1=2
x for Cu-Al2O3/water hybrid

nanofluid with various values of u2 when /1 ¼ 0:1, S ¼ 0, b ¼ 0,
Pr ¼ 6:135 and k ¼ 1 (stretching sheet) are given in Table 5. Fol-
lowing Devi and Devi [30], the thermophysical properties of fluid
(water) at 25 �C are used for this particular results where
qf ¼ 997, ðCpÞf ¼ 4180 and kf ¼ 0:6071. The comparison shows a
favorable agreement with the results obtained by Devi and Devi
[30].

The variations of f 00ð0Þ and �h0ð0Þ for different values of
parameters are presented in Figs. 2–7. We notice from these fig-
ures that dual solutions exist with upper and lower branch solu-
tions for a certain range of the unsteadiness parameter b. As
mentioned previously, we assume a decelerating stretching/
shrinking sheet with b 6 0. The dual solutions only exist when
the value of b is equal to a certain critical value bc . The critical
value bc is the value where the upper branch solution meets
the lower branch solution. There is no similarity solutions exist
beyond this critical values due to the boundary layer separates
from the surface and the solution based upon the boundary layer
approximations are not possible.

In detail, Figs. 2 and 3 displays the variation of f 00ð0Þ and �h0ð0Þ
with b for various values of S when Pr ¼ 6:2 and k ¼ �1 in regular
fluid (u1 ¼ 0, u2 ¼ 0). We observed that with the increase of S, the
solution domain expands with the critical values bc moving to the
left. Based on our computations, the critical value of b for the suc-
tion parameter S ¼ 2:1, 2:15, and 2:2 are bc ¼�1:6556, �8:8840
and �8:3490, respectively. Meanwhile, for S ¼ 2:5 we aspect that
the critical value is smaller than those of S ¼ 2:1, 2:15, and 2:2. This
implies that the increment of S delays the boundary layer separa-
tion. In addition, the values of f 00ð0Þ is increases with the increasing
of S for the upper branch solution while it is decreases for the
lower branch solution. The increasing of S leads to enhance the val-
ues of �h0ð0Þ for both branches.

Figs. 4 and 5 illustrate the variation of f 00ð0Þ and �h0ð0Þ with b
for various values of u1 and u2 when Pr ¼ 6:2, k ¼ �1 and
S ¼ 2:2. It can be seen that the critical values bc for the regular fluid
(u1 ¼ u2 ¼ 0) is a bit smaller than the critical values bc for the
nanofluid (u1 ¼ 0:1; u2 ¼ 0) which are bc ¼ �8:3490 and
bc ¼ �8:0118, respectively. However, for the case of hybrid nano-
fluid (u1 ¼ 0:1; u2 ¼ 0:1) the critical values bc is moving more to
the negative value of b.

Variations of f 00ð0Þ and �h0ð0Þ with b for various values of u2

when Pr ¼ 6:2, k ¼ �1, S ¼ 2:2 and u1 ¼ 0:1 are plotted in Figs. 6



Table 3
Values of �h0ð0Þ for regular fluid (u1 ¼ 0, u2 ¼ 0) with various values of Pr when S ¼ 0, b ¼ 0, and k ¼ 1.

Pr Khan and Pop [10] Devi and Devi [30] Wang [58] Gorla and Sidawi [60] Present results

2 0.9113 0.91135 0.9114 0.9114 0.911353
6.13 – 1.75968 – – 1.759682
7 1.8954 1.89540 1.8954 1.8954 1.895400
20 3.3539 3.35390 3.3539 3.3539 3.353902

Table 4
Values of f 00ð0Þ and �h0ð0Þ for Cu–water nanofluid (u1 ¼ 0, u2 ¼ 0:2) with various values of b when S ¼ 2:1, k ¼ �1 and Pr ¼ 6:2 (water).

b f 00ð0Þ �h0ð0Þ
Rohni et al. [16] Present results Present results

First solution Second solution First solution Second solution First solution Second solution

0 2.5290 0.5847 2.528984 0.584729 6.822454 6.693105
�0.2 2.4621 �0.0481 2.462145 �0.048071 6.875796 6.716536
�0.4 2.3953 �0.4735 2.395252 �0.473472 6.927417 6.755470
�0.6 2.3283 �0.8408 2.328304 �0.840776 6.977507 6.797695
�1 2.1942 �1.4913 2.194247 �1.491281 7.073680 6.884548
�3 1.5212 �4.1448 1.521197 �4.144746 7.497151 7.296176
�5 0.8444 �6.4315 0.844435 �6.431507 7.858446 7.657801
�9 �0.5173 �10.5898 �0.517287 �10.589830 8.473316 8.277676

Table 5
Values of CfxRe

1=2
x and NuxRe

�1=2
x for Cu–Al2O3/water hybrid nanofluid with various values of u2 when u1 ¼ 0:1, S ¼ 0, b ¼ 0, k ¼ 1 and Pr ¼ 6:135.

u2 CfxRe
1=2
x NuxRe

�1=2
x

Devi and Devi [30] Present results Devi and Devi [30] Present results

0.005 �1.327310 �1.327098 1.961686 1.961773
0.02 �1.409683 �1.409490 1.989226 1.989308
0.04 �1.520894 �1.520721 2.026368 2.026446
0.06 �1.634279 �1.634119 2.064075 2.064150

Fig. 2. Variation of f 00ð0Þ with b for various values of S. when k ¼ �1, u1 ¼ 0 and
u2 ¼ 0.

Fig. 3. Variation of �h0ð0Þ with b for various values of S. when Pr ¼ 6:2, k ¼ �1,
u1 ¼ 0 and u2 ¼ 0.
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and 7. From these figures, it is shows that the critical value of b is
getting smaller with the increasing of solid volume fraction u2. We
can see that the critical value bc ¼ �8:4795 and bc ¼ �13:8770 for
solid volume fraction u2 ¼ 0:001 and u2 ¼ 0:01, respectively.
When the values of the solid volume fractionu2 get larger, the crit-
ical value of b become smaller that causes the extension of the
boundary layer separation. Besides, the effects of u2 on the values
of f 00ð0Þ and �h0ð0Þ also can be observed in Figs. 6 and 7. We can see
that the increasing of u2 enhances the values of f 00ð0Þ for the upper
branch solution while it is declines for the lower branch solution.
Meanwhile, the values of �h0ð0Þ reduces with the increasing of
u2 for both branches.

The velocity profiles f 0ðgÞ and the temperature profiles hðgÞ for
various values of u2 when Pr ¼ 6:2, k ¼ �1, b ¼ �2, S ¼ 2:2 and
u1 ¼ 0:1 are shown in Figs. 8 and 9. These figures show that there
exist two different profiles for a particular values of solid volume
fraction u2. It is found that the increasing of u2 leads to the incre-
ment of the fluid velocity and fluid temperature for the upper



Fig. 4. Variation of f 00ð0Þ with b for various values of u1 and u2. when k ¼ �1 and
S ¼ 2:2.

Fig. 5. Variation of �h0ð0Þ with b for various values of u1 and u2. when Pr ¼ 6:2,
k ¼ �1 and S ¼ 2:2.

Fig. 6. Variation of f 00ð0Þ with b for various values of u2 when. k ¼ �1, S ¼ 2:2 and
u1 ¼ 0:1.

Fig. 7. Variation of �h0ð0Þ with b for various values of u2. when Pr ¼ 6:2, k ¼ �1,
S ¼ 2:2 and u1 ¼ 0:1.
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branch. Meanwhile, fluid velocity decreases but fluid temperature
increases for the lower branch with the increasing of u2.

Figs. 10 and 11 demonstrate the velocity profiles f 0ðgÞ and the
temperature profiles hðgÞ for various values of S when Pr ¼ 6:2,
k ¼ �1, b ¼ �2, u1 ¼ 0:1 and u2 ¼ 0:1. Note that the rise in the
suction parameter S increases the fluid velocity but decreases the
fluid temperature for the upper branch. For the lower branch, it
is noticed that the fluid velocity and the fluid temperature decrease
with increasing of the suction parameter S.

The smallest eigenvalues c for various values of b when
Pr ¼ 6:2, k ¼ �1, S ¼ 2:2, u1 ¼ 0:1 and u2 ¼ 0:01 are depicted in
Fig. 12. This figure indicates that the negative value of c refers to
an initial growth of disturbance, and the flow is in unstable mode.
Meanwhile, the positive value of c denotes an initial decay of dis-
turbance, and the flow is said to be in a stable mode. We can
observe that the smallest eigenvalue c tends to zero either from
the upper branch or the lower branch as the values of b are
approaching bc. This shows that the transitions from positive
(stable) to negative (unstable) of c occur at the turning points.
6. Conclusions

The problem of the unsteady flow and heat transfer past a
stretching/shrinking sheet in a hybrid nanofluid is investigated.
The effects of the solid volume fraction u2, suction parameter S
and unsteadiness parameter b on the velocity and temperature
profiles, skin friction coefficient and local Nusselt number were
presented graphically and discussed. Results demonstrated that
the enhancement of the skin friction coefficient and reduction of
the local Nusselt number on the shrinking sheet is observed with
the increasing of u2 for the upper branch solution. Meanwhile,
the values of the skin friction coefficient and the local Nusselt
number declines with the increasing of u2 for the lower branch
solution. The fluid velocity and fluid temperature for the upper
branch increase, while fluid velocity decreases but fluid tempera-
ture increases for the lower branch with the increasing of u2.
The suction parameter S increases the fluid velocity for the upper
branch while it decreases for the lower branch. It is noticed that
the fluid temperature decreases with the increasing of suction
parameter S for both branches. We also observed that dual



Fig. 8. The velocity profiles f 0ðgÞ for various values of u2 when. k ¼ �1, b ¼ �2,
S ¼ 2:2 and u1 ¼ 0:1.

Fig. 9. The temperature profiles hðgÞ for various values ofu2 when Pr ¼ 6:2, k ¼ �1,
b ¼ �2, S ¼ 2:2 and u1 ¼ 0:1.

Fig. 10. The velocity profiles f 0ðgÞ for various values of S when k ¼ �1, b ¼ �2,
u1 ¼ 0:1 and u2 ¼ 0:1.

Fig. 11. The temperature profiles hðgÞ for various values of Swhen Pr ¼ 6:2, k ¼ �1,
b ¼ �2, u1 ¼ 0:1 and u2 ¼ 0:1.

Fig. 12. Smallest eigenvalues c for various values of b when k ¼ �1, S ¼ 2:2,
u1 ¼ 0:1 and u2 ¼ 0:01.
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solutions exist for a certain range of the unsteadiness parameter b.
Since the dual solutions exist, a stability analysis was conducted to
determine the stability of the solutions. The stability analysis has
confirmed that the upper branch solution is stable, while the lower
branch solution is unstable.
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