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TWO PROPERTIES OF MAXIMAL ANTICHAINS IN
STRICT CHAIN PRODUCT POSETS

SHEN-FU TSAI

ABSTRACT. We present two results on maximal antichains in the strict
chain product poset [t1 + 1] X [tz + 1] X -+ X [tn, + 1]. First, we prove
that these maximal antichains are also maximum. Second, we prove
that there is a bijection between maximal antichains in the strict chain
product poset [t1 + 1] X [t2 + 1] X -+ X [tn + 1] and antichains in the
nonstrict chain product poset [t1] X [t2] X -+ X [tn].

1. INTRODUCTION

A partially ordered set (poset) is a set S together with a reflexive, anti-
symmetric transitive relation, often denoted by <. In a strict or irreflexive
poset, the relation is irreflexive and transitive and is denoted by <. Call
S totally ordered provided that for all distinct z,y in S, * < y or y < z.
A direct product of posets S and T is the partially ordered set defined on
the cartesian product S x T with its relation defined componentwise by the
orders of S and 7. When the factors of a direct product are chains, call
the resulting poset a chain product poset. An antichain in S has no distinct
elements that are comparable.

In this note, we show that all maximal antichains (with respect to set
containment) in any strict chain product poset are also maximum (that is,
of maximum cardinality among all antichains). We also prove that there is
a bijection between maximal antichains in any strict chain product poset
and all antichains in a naturally-related (nonstrict) chain product poset.

Definition 1.1. Given a positive integer t, let [t] denote {1,2,...,t}. For
tuples © = (x1,...,2,) and y = (Y1,...,Yn), we say that x < y if z; < y;
for every i € [n], and © <y if x; < y; for every i € [n]. The chain product
poset [t1] X -+ X [tp] is a poset containing [[,c;, ti tuples, each represented
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by a n-tuple (x1,...,x,) where x; € [t;] for every i € [n].

2. RESULTS

Lemma 2.1. For any strict poset G = [t1 + 1] X [to + 1] X - -+ X [t + 1], the
mazimal antichains in G are mazimum, and each has size [[;c, (ti+1) —

[Licpm te [1]-
We first present a useful notion: shapel.

Definition 2.2. A shape is a tuple s = (s1,...,sp) such that min;cp,) s; = 1.
A tuple x = (x1,...,xy,) has shape s if for some h, x; = s; + h for every
i € [n]. Given a set of tuples T and a shape s, denote the set of tuples in T
with shape s by P (T, s).

Proof. There are [];cp, (ti +1) — [ ;¢ ti shapes contained in G, call this
set of shapes S. For every s € S, each antichain in G contains at most one
tuple of shape s, so it suffices to show s is present in any maximal antichain
in G.

Suppose that s has no presence in some maximal antichain M C G. Let
the tuples in G with shape s be 21 < 29 < - -+ < 2, where for every i € [k—1],
zi+1 — 2; = 1. If k =1, then no other tuple in G is comparable with z; and
therefore z; € M. Otherwise there exists i € [k — 1] such that z; < x € M
and z;41 >y € M. Notice that y < z; < z;41 < x, a contradiction. O

Lemma 2.3. There is a bijection between antichains in the nonstrict poset
F = [t1] X [to] X -+ X [tn] and mazimal antichains in the strict poset G =
[t1+ 1] X [ta+ 1] X -+ x [tn, + 1].

Given a nonstrict poset P, an (order) ideal in P is a subset Z C P
such that if x € Z, y € P, and y < z, then y € Z. An ideal is uniquely
characterized by its maximal elements, so to prove the lemma it suffices to
find a bijection between ideals in F and maximal antichains in G.

Proof. The mapping ¢ below is the bijection that serves our purpose.
Define the function H (x) = 2 + 1 for any tuple z. Given an ideal Z C F,
define ¢ (Z) = ¢1 (Z) U ¢2 (Z). For every shape s present in H (Z), include
in ¢1 (Z) the maximal tuple from H (Z) that has shape s. For every other
shape present in G, include in ¢2 (Z) the smallest tuple from G of that shape.
Sets ¢1 (Z) and ¢2 (Z) are disjoint.
Injectivity. Given two distinct ideals Z; and Zs, if there exists a shape s
present in H (Z;) but not H (Z3), then

min (min (P (¢ (Z2),s))) =1 < 2 < min (min (P (¢ (Z1) ,s))) -
Lour original proof was long, yet the reviewers of our previous attempted submission

of Lemma 2.1 proposed the concept of shape and shortened its proof. We cannot be more
grateful for their help.
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Otherwise there exists a shape s such that P (H (Z;),s) # P (H (Z3) , s) and
both are not empty. Since they are both ideals in ([t; + 1] — {1}) x --- X
([tn + 1] = {1}),
P (¢ (Th),s) = {max (P (H (1), s))}
# {max (P (H (13) ,5))} = P (¢ (Z2) , ) -

Surjectivity. Every maximal antichain M in G is the image of some ideal
in F under ¢: let the maximal tuples of an ideal Z in F be {z — 1|z €
M,z —1>0}. Clearly ¢(Z) = M.

It remains to prove that ¢ (Z) is an antichain in G. By Lemma 2.1, this
implies its maximality as each shape present in G is also present in ¢ (7).

Suppose in ¢ (Z) that there exist tuples < y. Tuple y belongs to ¢; (Z)
because every tuple in ¢o (Z) has an element 1. Tuple = ¢ 7 because other-
wise z + k € ¢ (Z) for some positive integer k. However x = H~! (z + 1) <
H~!(y) € T contradicts Z being an ideal in F.

O
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