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Practical Exponential Stability of Impulsive
Stochastic Reaction—Diffusion Systems With Delays

Qi Yao ', Ping Lin

Abstract—This article studies the practical exponential stability
of impulsive stochastic reaction—diffusion systems (ISRDSs) with
delays. First, a direct approach and the Lyapunov method are
developed to investigate the pth moment practical exponential
stability and estimate the convergence rate. Note that these two
methods can also be used to discuss the exponential stability
of systems in certain conditions. Then, the practical stability
results are successfully applied to the impulsive reaction—diffusion
stochastic Hopfield neural networks (IRDSHNNSs) with delays. By
the illustration of four numerical examples and their simulations,
our results in this article are proven to be effective in dealing
with the problem of practical exponential stability of ISRDSs
with delays, and may be regarded as stabilization results.

Index Terms—Hopfield neural networks, impulses, Lyapunov
method, practical exponential stability, stochastic reaction—
diffusion systems with delays.

I. INTRODUCTION

HE THEORY of stochastic systems has been exten-
T sively studied for many years because of the investigation
of numerous physical and engineering problems [1]-[5]. We
notice that time delays could not be ignored in many prac-
tical systems, such as neural networks, ecological systems,
and electric circuits, and may lead to oscillation, instability,
or other degradation of system performance [6]-[8]. Besides,
diffusion effects usually inevitably occur in man-made neural
networks when electrons transport in a nonuniform electro-
magnetic field. And it is also common to consider them in
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other real-world processes, like a chemical reaction and bio-
logical immigration, since the effects always influence the
stability of systems [9]-[11]. What is more, impulses always
exist in basic models to describe the dynamical processes
that are subject to sudden changes in their states, and they
have been widely used to stabilize and synchronize nonlinear
unstable dynamical systems and chaotic systems [12]-[14].
Therefore, it is of prime importance to consider the delay
effects, reaction—diffusion effects, and impulsive effects on the
dynamical behavior of systems, and these effects also have
attracted considerable interest [15]—[20].

In the past few years, researchers have paid a lot of
attention to exponential stability or stabilization of systems.
(See [20]-[29] and the references therein.) For example,
Yang and Xu [25] analyzed the global exponential stability
of impulsive delayed systems by establishing an impulsive
delayed differential inequality. Wu et al. [28] discussed the
stability and stabilization of stochastic neural networks with
neutral type by combining a Lyapunov—Krasovskii functional
with the linear matrix inequalities. Furthermore, Wei er al. [20]
considered the global exponential stability in the mean-square
sense of stochastic impulsive reaction—diffusion system with
stabilizing impulses.

On the other hand, we notice that the desired state of a
system may be mathematically unstable, but the system may
oscillate sufficiently in a small neighborhood of this state.
In this case, it is still important to discuss the performance
since it is considered acceptable. This case yields the con-
cept of practical stability, which aims to obtain the ultimate
boundedness of state trajectory, and this concept is more use-
ful for many problems, like the traveling of a space vehicle
between two points and keeping the temperature of a chemical
process within certain bounds [30]. Besides, practical stabil-
ity is also suitable in those situations, such as the delayed
logistic systems, the switched delayed systems, and so on
[31], [32]. Many interesting results on the practical stabil-
ity of different systems have been reported [32]-[37]. For
instance, Xu and Zhai [34] used a direct method to study
the practical stability and stabilization problems for hybrid
and switched systems. Caraballo et al. [37] investigated the
pth moment practical exponential stability and almost sure
practical exponential stability of impulsive stochastic delayed
systems with the Lyapunov—Razumikhin method. However, to
the best of our knowledge, those works have not been done
for impulsive stochastic reaction—diffusion systems (ISRDSs)
with delays yet.
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In this article, we study the practical exponential stabil-
ity of ISRDSs with delays, and present sufficient conditions
which may imply the exponential stability under certain cir-
cumstances, and extend some results in [37]-[40]. A precise
description of the systems will be given in the next section.
The main contributions of this article are listed as follows.

1) The pth moment practical exponential stability and the
convergence rate of ISRDSs with delays are studied for
the first time in two ways: a) a direct approach and
b) the Lyapunov method. With the direct approach, prac-
tical stability theorems of the systems with stabilizing
impulses and destabilizing impulses are established. And
using the Lyapunov method, the systems with stabilizing
and destabilizing impulses are investigated simultane-
ously, but there is a threshold for the product of all
impulsive strengths.

2) The practical stabilization results of the systems can be
derived from our proposed results, which is verified by
examples. Also, the exponential stability of the systems
can be obtained by the practical exponential stability if
the origin is an equilibrium point.

3) By applying the theoretical results to the impulsive
reaction—diffusion stochastic Hopfield neural networks
(IRDSHNNs) with delays, some easy-to-test algebraic
criteria for the practical stability of the networks are
proposed.

4) Four numerical examples are given to demonstrate the
applicability of our results. The effects of diffusion terms
and time delays on the practical exponential stability of
systems are also illustrated by these four examples.

II. PRELIMINARIES

Notations: Let R be the set of real numbers, Z, be the
set of positive integer numbers, and R! be the [-dimensional
real space equipped with the Euclidean norm |-|. (2, %, P)
is a complete probability space with filtration {%;};>0.
L2(O)" denotes a Hilbert space with the norm |u| =
(folu(t, x)|%dx)"/2, and (-, -) is the inner product. H(l) (O)isa
Hilbert space with the norm |[|ul|| = |Vu|. C’([—7,0] x
O, L*>(O)") represents the Banach space of all continuous
functions from [—7, 0] x O to L*(O0)", with the norm ||@|c =
Supger—z.01 1B @)1l C’;O denotes the family of .% g-measurable
bounded C?([—7, 0] x O, L*(O)")-valued stochastic variables
¢ with E||¢|lc < co. |B|lr = [tr(BBT)]'/? is the Frobenius
norm, and ||Bllmax = max;{|b;|} is the max norm, where
B = (bjj)uxm, and tr is the trace operator. Let W(z,x) =
Yo N AnBn(De,(x), where A, >0 (n=1,2,...,) are non-
negative real numbers, {8,(1)};2, is a sequence of standard
Brownian motions mutually independent over (€2, .%, P), and
{en(x)};2, is a complete orthonormal basis in L2(O)". Let
Q be a positive definite, self-adjoint, and Hilbert—Schmidt
operator defined by Qe, = X,e, with a finite trace trQ =
300 A < co. LYW, L2(O)") is the space of all Hilbert—
Schmidt operators from % = QU/2(L2(0)") into L*(O)"
with norm ||®|, £ /tr(PQd*¥), where ®* is the adjoint
of ®. My™[1g,1] is the set of those nonanticipating func-
tions for which the n x m-matrix-valued functions G(t, w) are
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with probability 1 satisfied jtf) |G(s, w)|*ds<oo, and M5 =
N~ M5 " [1o, 1]. u(t,:r) and u(z,) represent the right-hand and
left-hand limit of u(#), respectively. PC([—t, 0] x O, L2(O)Y)
is a Banach space of functions from [—7, 0] x O to L>(O)",
which are continuous everywhere except for some 7, at which
u(t, ) and u(t,‘:) exist and u(ty) = u(t,j). Other notations are
the same as those in [41].

In this article, we consider the following ISRDSs with
delays:

du = (V- (D(x) o Vu) +f(t, u,))dt
4+ G(t,u))dW(t,x), t # tx
u(t) —u(ty) = Pru(ry), ke Zy

ulreso=0, t>1>0 (1

u(to+6,x, w) = ¢p0,x,w) € Cf;io

0e[-1,0], x€O, we
where x = (x1,x2,..., )7 € R, u = (@, x, ),
w(t,x, ), ... un(t,x, 0N, u, = u@ +0,x,0) = (1t +
0,x, ), u2(t + 0,x,0), ...,un(t + 0,x,0)T, 6 € [—7,0].
D(x) = Dik(xX))nxi, Vu = (VulavuL--wvun)T,

Vu; = ((u;/dx1), (Qu;/0x2), ..., (Qu;i/0x1)), i = 1,2,...,n.
V.. DX o Vu) = (Z,l:] [(@(D1j(x)(Bu1/0x7)))/9x;j1,
Yoy [ Do) (142/07))) /371, - . .. Yhy [(D (D () (Dt /D
N/oxDT. ftu) = (it w), fHu), . ... fo @u))l,
and G = (Gj)pxm € My;™ are the Borel measur-
able drift function and diffusion matrix, respectively.
PO, x,0) = ($1(0,%,0),0200,%, ), ..., ¢,0,%,0)" is
the initial data, and O is an open connected and bounded sub-
set of R/ with a sufficiently regular boundary ©. Moreover,
the impulsive times f; satisfy fo <t < --- <t < ---, and
limy—, o0 tx = 00. Py = diag(p1k, p2k, - - - » Pnk) 1s the impulsive
matrix at time #; (see [20], [26], [37]). We assume that u is
right continuous at ¢ = #, that is, u(t;) = u(t,j). Hence, the
solutions to (1) are piecewise right-hand continuous functions
with discontinuities at ¢t = f for k € Z..

Throughout this article, we make the following assumptions.

(H;): There exists @« > 0 such that Dj(x) > «a, i =
L,2,...,n,j=1,2,...,L

(H3): There exists p > 0 such that ||f(r,u) — f(t,v)| v
IG(t, u) — G(t,v) ||« < pllu —v||, where u,v € L2(O)".

(H3): There exists K > 0 such that |f (¢, u)||>V||G(t, u)|? <
K%(1 + ||u||?), where u € L2(O)".

Here, we define a linear operator as follows:

o D() = L2(O)', Ju=V-Dx)oVu) ()

where u € D(#), and D(«/) = H*(O)" NH{(O)" C L*(O)".

Definition 1 [37]: For p > 0, system (1) is said to be
the pth moment practically exponentially stable if there exist
positive constants A, M7, and M such that for all ¢ € ngo
> 1.

Elu(t,x, o)|” < MiE||¢p|%-e™ 7 + My, A3)

Remark 1: The inequality (3) shows that u(¢) is ultimately
bounded by a small bound M5, that is, E|ju(t, x, w)||P is small
for sufficiently large 7. As can be seen later, M> depends on
f(,0) and G(z, 0) in this article, and in particular, M, = 0 if
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f(t,0) =0 and G(z,0) = 0. So the practical exponential sta-
bility we discuss in this article implies the exponential stability
of the origin.

Lemma 1 (Poincaré Inequality [42], [43]): Let O be an
open bounded domain in R’ with a smooth boundary, then
lull < B~ 'lull, w € H)(O), where B depends on the
domain O.

III. PRACTICAL STABILITY OF MILD SOLUTIONS: DIRECT
APPROACH

In this section, we discuss the practical stability of (1) using
a direct approach. First, let § = supyez, |1 + Pr|2 -

Theorem 1: Let (Hy)—(H3) hold. Suppose that 0 < § < 1,
and 2aB? — 1 — 4p*> > 0. Then, system (1) is practically
exponentially stable in the mean-square sense, and the con-
vergence rate is greater than or equal to A, where A — 208> +
1 +4p2e’ < 0.

Proof: Like the proof in [44] and [45], we can obtain the
existence—uniqueness of mild solution to system (1). Let u(¢)
be a mild solution to (1) and V(¢) = ||u(t)||2, then for ¢ €

(=1, t)

dv(t) = 2(u, Su)dt +2u, f(t, uy))dt + 2(u, G(t, u;))
x dW(t,x) + tr(G(t, u) OG*(t, u,))dt. 4)

Integrating both sides of (4) from #;_; to #, and then taking
the expectation and the derivative may lead to

DTEV(t) = 2E(u, </u) + 2E(u, f(t, u;))
+ EIG(t, up) |3 (5)

From (H;), Lemma 1, and the Gauss formula, one obtains

n ! 2
a .
2E(u, Su) = —ZE/ ZZDU<3—”’> dx
01 j=1 Y
< —2aE||[u||*
< —2aB8%EV(®). (6)

It then follows from (H,) and the Young inequality that:

2E(u,f(t,u;)) < EV(t) +2p°E sup V(s)

selt—1,1]

+ 21f 7, 0| @)
EIG(t u)|* < 20*E sup V(s) +2G 0)]%.  (8)
selt—r,1]

Therefore, according to (5)—(8) and (H3), one can deduce that
for t € (tr—1, ty)
DYEV() < —<2aﬂ2 _ I)EV(t) T+ 4p2EV Q)
+ 20 (2, 0) 1> + 211G, 0) |2
< —(2a,32 — I)EV(t) T 4p%EV(D) +4K2 (9)
where V(1) = supycp;_, 4 V(s). Since 2e? — 1 — 4p? > 0,
then there exists A > 0 such that A — 2aB8% + 1 +4p%** < 0.

Then, we choose M > 1, and let ju(f) = ME| || Ze~ 0~ +
[4K%/(2ap? — 1 — 4p?)]. Next, we claim that EV(t) < u(r),

t > to. We will first show that for ¢ € [1g, t1), EV() < u(z).
In fact, it is clear that

2

EV(10) < Ell$lIz < MEIBIE + 57—
= p(to). (10)

Then, suppose that there exists ¢ € (tg, ¢1) such that
EV({) = () (an
EV(t) < u@®), telto—r1.7) (12)
DTEV(/) = D*u(r). (13)

It then follows that:
DY () > —(2ap = 1)EV() + 40 EV(T) + 4K

= DYEV(/) (14)

which is a contradiction with (13). Thus, EV(f) < u(t), t €
[to, t1). Note that 0 < § < 1, then we have

EV(t)) < EV(t]) < ME||¢|[ G170
4K?
+ o (15)
Then, similar to the proof on [fg, t1), we have EV () < u(?),
t € [t1, 12). By simple induction, it can be deduced that
4K?

Ellu®|® < ME|$llze ™ 4 s,

(16)

Therefore, system (1) is practically exponentially stable in the
mean-square sense. ]
Theorem 2: Suppose that (H)—(H3) hold, then we have the
following.
1) If0<d<1,and

22— 1 - s _ 4’ (17)

h 8

where 7 = SUpkeZ+{fk — tx—1} < 00, then (1) is practi-

cally exponentially stable in the mean-square sense, and

the convergence rate is greater than or equal to A, where

2 satisfies A — 2aB% 4+ 1 + (In8/h) + (4p*/8)e*™ = 0.
2) If § > 1, and

207 — 1 - 182 4525 > 0 (18)

where h = infyez, {ti—tx—1} < 00, then (1) is practically
exponentially stable in the mean-square sense, and the
convergence rate is greater than or equal to A, where A
satisfies A — 2082 + 1 + (In8/h) + 4p%8¢*™ = 0.
Proof: Let V(t) = |u(®)|>. According to the proof of
Theorem 1, one can obtain that for r € (fx—1, tx)

DYEV() < —(2ap® — DEV(t) + 4p*EV(i)

+ 4K?. (19)

Also
EV(tx) = Ellu(to) 1> < | + Pgll2

maEV(17). (20)

For any ¢ > 0, let v(f) be a solution to the following systems:
D) = —(2aB? — 1)v(t) + 4020 (D)
+ 4K+, t#1;

v(te) = T+ Pellaa (). ke Zy
v(to +0) = El¢0,x, »)|*, 6 e[-1,0]

21
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Then, in terms of [20, Lemma 3], we can obtain that

EV(®) <v(b), > 1. (22)

From the formula for the variation of parameters in [25], we
obtain

t

v = W, t0)v(to) + / W, 5)
0]

X [4,02@ +4K* + e]ds 23)

where W(t, s), ¢, s > 0 is the Cauchy matrix of linear system

{D+w(z) =—(2eB% — )w(n), t#ui
w(te) = I + Pll2aow(ty). ke Zy.

Cas_e (I): If 0 < § < 1, then we define a = 205;32 -1 -
(In §/h). By the representation of the Cauchy matrix, we obtain

(24)

Wit s) = e~ Cap* =00 TT |1+ Pel2,,

S<tp<t
lné‘ _
< 8_( )(1 A)(Stf—l — %e—a(t—s) (25)

where ¢ > s > ty. Accordingly, for ¢ > 1y

2 t
V() < E":ﬁe—a(f—to) +f

to

X [4/02@ +4K? + s]ds.

le—a(t—s)

>

(26)

Notice that 2a8% — 1 — (In8/h) — (4p*/8) > 0, then there is
a constant A > 0 such that A — 2«8 + 1+ (In8/h) + (4p>/8)
AT — (), Tt is clear that for ¢ € [fo — T, o]

2
v() < il < A4l

4K% 4

. 27
(2aﬁ2 1—M—#)a 7)
Next, we claim that for ¢t > 1
EIBIE —ir(—10) 4K%+e
v(t) < —*e + . 28
0 == Gy,
If this is not true, then there exists * > 7y such that
EH¢H A Ga ) 4K>+e
v(r*) > —-¢ o)+ 29
() Gy, @
2
V(t) < EH‘;‘HCef)»(tffo) 4 4K +¢ (30)

2
(2ap2—1-132 22 )5

where t € [tg — T, 1*). Thus

t
v(t*) < E||¢§||2ce—a(t*—to)+/

to

*

e—a(t* —s)

o=

« |:4p2'E|?|2Ce—)L(s—r—t0) L4k e

+42 4K+8

(2aﬁ2 1—““‘—“@2)5:|ds

r* > y
_ /, En?nc 0= (4 30 pla=R)s gg
0
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4K e

t*
+ \/
o <2a,32 17M74§2 )a

ENBIZ ,—a(r*~10)
8

ae (" =9) g

+

2
EII?HCE—A(t*—zo) + 4K%+e

<
> Ins _ 4p>
(Zaﬂ 1——" - )8

€1V

which contradicts (29). Therefore, (28) holds, and the proof is
completed.

Case (II): If § > 1, then let a = 2aB% — 1 — (In8/h). By
the representation of the Cauchy matrix, we obtain

W(t,s) = e CB 06 TT 1+ Pel

s<tp<t

<e (a—i—lr;lé)(z—s)gtf«kl _ Se_a(;_s) (32)

where ¢t > s > fy. Similar to the proof of case (I), we have

4K2+8 33
2,32 1 ]n5 # ( )

V(1) < SE|gllze 7+

which completes the proof. |
Remark 2: When f(¢,0) = 0 and G(z, 0) = 0, one can infer
the exponential stability of the trivial solution to (1) from the
proof of Theorem 2.
Remark 3: We notice that (17) may imply 28> —
1—4p% > 0 if 4p%h > 1. In this case, Theorem 1 includes
some results of Theorem 2-1).

IV. PRACTICAL STABILITY OF MILD SOLUTIONS: THE
LYAPUNOV METHOD

In this section, we develop the Lyapunov method to study
the pth moment practical exponential stability.
Theorem 3: System (1) is the pth moment practically expo-
nentially stable if there exist constants w; > 0, wy > 0,a > 0,
b>0¢c>00;>0y>1h>0and N € Z; and a
function V € C12([ty — 1, 00) x L*(O)"; R4) such that:
D wrllulP =V, u(@®) < wrull?;
2) LV(t,u(t)) < aV(t,u(@®) + bV(t,u()) + c, where
Vit,u(®)) = SUPselt—1,1] Vis,u(s)), t > 1y, t 7é Tk,
k e Z+,

3) EV(t,u(t,) + Pru(s,)) < (1/o)EV(t, , u(z, ), where
ON+k = Ok, k € Zy;

4) h= SUPgez, {ty — tx—1} < 00 and ah +bo/\/h <Iny;

5)

[Ti<jen— 1( V1>§gyM’ Nz2

oK =Yy, N =1
Moreover, the convergence rate is greater than or equal to A,
where A satisfies ah + bopnrhe’™ < Iny — Ah.

Proof: On the basis of Condition 4), one can obtain that

there exist A > 0 and g9 > 0 such that
ah + @baj\/ﬁeAr <Iny — Ah. (34)

Let V(1) = V(t,u(®), Vo = SUPsefsy—r.i1 V($), and W () =
V(0)ert=10) ¢ > .
First, we claim that for any ¢ € (0, &o]

EV (1) < (J/+8)(EV0+ ¢ M= ’°>) telto, ). (35)
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It is easy to find that EW(r9) = EV(tp) < EVy+ (c/1). If (35)
is not true for t € (#y, t1), then there exist #p < < 7 < #; such
that

EU(1) = (v + &) (EVo + £:0°0)) (36)
EW(1) = EVo + £t (37)
EW(1) > EVo + £"7 1 e [1,7] (38)
EV() < (y + 8)(EV0 + ceMm ’°>) re L] (9)

Also, for t € [ty — 7, 1]
EV(1) [e“’*m) v 1] <(y+ 8)(EV0 + gehi ’0)) (40)

Then, one can obtain that for 7 € [7, ]
DYEW(1) = M0 [aEV (1) + AEV(1) + bEV (1) + c]
< (a+ VN TOEV(R) 4+ be T (y + €)
(EVO 1 Chi= zo)) 4 cett=10)
<EV)[a+ i+ b (y + &)] + ¢

which implies that
EW (E) < EWw (t)efg(a-‘r)»-‘rbeM (y+e))dt

+ / ! cer 510, fj(a+x+be“(y+e))dz ds.
t
Note that (on/y) > 1. Together with (34), it then follows
that:

(y + e)(EVO n %ex(;f,o))

-t

7
< Y h (EVO + Le)‘(t tO)) TC e)‘(s_t())ds

< y(EVy + §+0)) @1

which is a contradiction, so (35) holds. From the arbitrary of ¢,
we have EW (1) < y(EVp + (c/1)e*~)) t € [19, t1). Notice
that

EV () = Ev(tl)emrzo) < lEV(tl’)e)‘(“*fo)
< (EV0+ ¢ M0 - m))

There are two cases. If (y/o1) < 1, then E¥(t;) < EVy +
(c/A)e*=10)  Similar to the above discussion on [fg, t1), we
can deduce that EW (1) < y (EVo+(c/M)e*=0)) t € [t1, 1). If
(y/o1) > 1, then we can derive that EW(f) < (yz/ol)(EVO +
(c/)»)e)‘(t”‘))), t € [t1,1). In fact, we only need to prove
that, for any ¢ € (0,¢&0], EV(®) < [(y(y +¢))/o1](EVy +
(c/A)e*=1)) t € [t1, 1,). Suppose that this is not true, then
one may choose #; < t, < t* < 1, such that

(42)

EW(r) = Yt (EVo + §ex(’*"°)) 43)
EW() = L (EVy + £07) (44)
EW@) = Z(EVo+ £, 1€ [n.1'] 45)

Ew(n) < Lo (EV + LM fo)) te[t.r] (6)

and considering EW (1) < y(EVo + (c/A)e* =), t € [19, 11),
we have

EV(I)I: A(t—1t9) V. 1] < V(V+5) (EV + c )\(l t())) (47)
where t € [tg — 7, *]. Then
DYEW(r) < E¥(D[a+ A +be"™ (y +&)] + ce* 70 (48)
where t € [t4, r*]. Similar to (41), we have

)’(V"’g) (EV 4= )»(l‘ 71‘0))

ety =ty

<y <EV + £ ) gy T
(ek(t —10) _ ek(t*—to)>

< y—(EV()—i- c M zo)>

>0

X

SR ‘<

(49)

which leads to a contradiction. So, if (y/o1) > 1, we have
EV(t) < (y*/o1)(EVo + (c/M)e*™™), 1 € [11,13). Then, it
can be derived that

EV() < (% v 1) (EV0+ ¢ h(i= ’°>), 1 €lto,12). (50)
If A = 1, then o} = y. From (50), one may obtain

EV(f) < y(Evo+ £ M= t‘”), t € [to, ). (51)

Notice that EW()) < (1/o)EW(5) < (y/oa)(EVo +
(c/A)er 2710y = EVy + (¢/1)e*270) Similar to the proof
on [fg, t1), we can deduce that

EW@ <y (EVo+ £07), 1zn, N=1. (52)
If V' > 1, suppose that
Evi < [] (1 v 1>y(EVo+ M) (53)
1<j<i—1 9j

where ¢ € [tg, 1), 2 < I < N, and [ € Z,. Next, we will prove
that for any ¢ € (0, o]

EV@) < [] (— v 1)(7/ +e)(EVo+ - fo)) (54)
9j
1<j<l
where ¢ € [#, 741). This may lead to
EV(r) < 1—[ (1 Y 1) (EV0+ M= ’0)) (55)
—\0j A
1<j<l

where t € [fg, t;41). It follows from (53) that:

1
EW (1) < —EV(f] )™=
o}
< I1 (1v1>(Evo+ M= ’0>). (56)
1<j<i 9j )\
3=

If (54) does not hold, then there exist #; < t, < t* < t;41 such
that

Ev(®) = [] <§, v 1)()/ +e)

1<j<l
EVy + et —zo)>
( 0T Re
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EV(t) >

EW(r) <

%eMHO)), t € [ta., 1]

I1 (g\/l)(y—i-s)

I<j<t >
(EVO+ )»(l‘ l‘()))

te -t

EV() [e“’—’w v 1] <

From Condition 2), we can then observe that for 7 € [z,, “]
DYEW() < E¥(O)[a+ A+ be* (v + &)] + ce* 70

Like (49), we can obtain that this contradicts with (34).
Thus, (55) holds, which implies that

Evn < [] (gvl) (EV0+ M= ’°>) (57)

1<j<N—1 7/
where t € [fg, t\7). By Condition 5), one can obtain that

<Z Vi 1>(EV + = }\(U\/ tO))
o

J

14
EW(n) < = I

1_/<N1

< EVo+ s CeMin i), (58)

Next, we claim that EW(f) < y(EVo + (c/A)er=0)) ¢ €
[Ar, tAv+1), Which is equal to prove, for any ¢ € (0, go]

E\I-f(t)<(y+8)(EVo+ M= fo)), te [t tasr). (59)

Similarly, we assume that this is not true, which implies that
we can choose 1y < 15 < t# < tar41 such that

EV(P) = (v + 8)<EV0 + ) (60)
EW(i5) = EVo + — C - ’0) 1)
EV(t) > EVy + —e“t"(’), t e[, 1] (62)
EW() < (v +£)<EVO + ), re[ip07] (63)

Also

IA

EV(:)[eW—fo)vl] I1 (1\/
9
1<jsN =1 M
X (EVO+ M= tO))
Tt o(Ev + )

tefto—r1, ]

1)()/ +¢)

I/\

(64)
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which leads to

DYEVY N
" < (a+MNE¥Y(t) + b—(]/ + &)
(EV() 4 - t0)> ATy ph=10)

< EV(5) |:a fatbt N (y + e)i|

+ ™m0 r e [1g, tﬁ]. (65)

Then, combining (34) and (60) with (61), one can observe that

v+ 8)(EV0 n %e)‘(tﬁ —’0)) < y(EVo n %e)‘(tﬁ —10)) (66)

which is a contradiction. Thus, (59) holds. In this way, we
have

E¥(n) < y(EVo+ 5070, 1€ [y, tn41)

Ew@® < (£ 1))/(EV0 +¢ i W), 1€ [tnirsiasa)

EW() < nggN—l(% v 1)y(Ev0 + et
re [12/\/71, tzN)

EW(1) < y(EVo+ M), 1 e [tan, taar+1)

Therefore, it can be derived that

E\I!t<max (EV+ M ’0)), 1> to.
) [ max, 1_[<] ) 0+ e > 1o

<<l

That is, for r > 1y

EV(f) < max ( v 1>yEV()e Mi=to)
1<z<N oj
<j<i
4+ max Y vl yE
I<isN ~ ~ \0j A
1<j<i E
that is
Elu@]” = max [] ( )—Enqsn” Mo
< <l ]
14 ve
ma —Vv1|)—
+ 1§i§)./(\f 1_[ ,(Gj ))»a)l
I<j<i
and the proof is completed. |

Remark 4: We mention that Condition 3) in Theorem 3
means the impulses are periodic. Especially, if AV = 1, that
is, o = o, then it follows from the definition of o} in
Condition 3) that the system is subject to stabilizing impulses.

IfP,=0,k=1,2,..., in (1), then similar to the proof
of Theorem 3, we have the following pth moment practical
exponential stability for the system (1) without impulses.

Theorem 4: System (1) without impulses is the pth moment
practically exponentially stable if there exist constants w; > 0,
wy > 0,a >0,b >0, and ¢ > 0, and a function V €
C2([ty — 7, 00) x L*(O)"; R,) such that:

D orlullP =V, u() < wzlull;

2) LV(t,u(t)) < aV(t,u()) + bV(t,u(t)) + c, where

V(t,u(®) = supsep_rq Vs uls), t = 10, t # 1,
k e ZJ,_,
3) a+b<0.
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Define V(z, u(f)) = |u()||* in Theorem 3, then we have the
following theorem.

Theorem 5: Assume that (Hj)—(H3) hold. If there exist
y>1and N € Z, such that 2ap> — 1 — [4p?/(Bn) +
(Iny/h)] > 0, Snr4x = 8. and

VNHlsisN—l(5jV %) = ﬁ N=>2
N=1

1
S = s
where 8 = [I4Px (3. > 0 and h = supyez, {ti—t-1} < 00,
then (1) is practically exponentially stable in the mean-square
sense.

Remark 5: Notice that if AV = 1, then Theorem 5 is consis-
tent with Theorem 2 case (I), which means Theorem 5 contains
some of the results in Theorem 2 case (I). It is also worth-
while pointing out that, when the product of all §; is greater
than 1, Theorem 2 case (II) may work, but Theorem 5 cannot.
However, if the product is less than 1, and there are much
greater impulses, then we can apply Theorem 5 to discuss the
practical stability of systems. Therefore, Theorems 2 and 5
can be used for different systems.

Remark 6: According to Theorems 3 and 4, one may
deduce the exponential stability of the trivial solution to (1) if
¢ = 0 in Condition 2). Similarly, if f(#, u) and G(t, u) satisty
f(,0) =0 and G(¢,0) = 0, it then follows from Theorem 5
that the trivial solution is exponentially stable.

Remark 7: Note that if D = 0, then (1) becomes the
impulsive stochastic system with delays. Caraballo et al. [37]
discussed the practical stability of the system with stabiliz-
ing impulses by the Lyapunov method, and Wang ef al. [38]
studied the stabilization problem. Letting Py = 0, then (1) is
the stochastic reaction—diffusion systems with delays, and the
exponential stability has been investigated in [39] and [40].
So Theorems 14 include some results in [37]-[40] as special
cases.

Remark 8: Theorems 2 and 5 provide some sufficient con-
ditions for practical exponential stability. These can be viewed
as stabilization results because systems without impulsive
effects may be unstable, while the ones with impulses may
become practically stable, which will be verified in Example 3.

V. APPLICATIONS

In this section, we consider the following IRDSHNNs with
delays:

du = (du — Au+ Cf(u(t — ©,x)) + J)dt

+ Gu(t—1,x)dW(t,x), t £t
u(te,x) —u(t;, ,x) = Pru(r; ,x), ke Zy
u(t,x) lyepo=0, t =0
u®,x)=¢©0,x)eC% , —1<0<0,x€0

(67)

where x € R, w € Q u = (ui1(t,x, w), up
(t,x, ), ..., u, (t,x,w)). A = diag (a1, a2, ..., an), Amin =
min{ai, az,...,ay}, a; > 0, i = 1,2,...,n. C = (¢jj)nxns
J = U Ja, . 0T, Py = diag(pik, pak, - - puk)- f) =

(i), fo2), . fa(n))", G = (Gip)nxm € M5™. The phys-
ical meanings of parameters of (67) are similar to those
in [8].

We make the following assumptions for the neural networks.

(A;): There exists « > 0 such that Dj(x) > a, i =
L,2,...,n,j=1,2,...,L

(A2): There exists p > 0 such that |f(u) —f(»)| V ||G(u) —
GOl < pllu—v.

Corollary 1: Suppose (A1) and (A2) hold. If 0 < § < 1, and
202 +2amin —2— [20%(IC||% + 1)) /81— (In 8 /h) > 0, where
8 = supgez, Il + P2, and h = SUPgez, {tk — tr—1} < o0,
then (67) is practically exponentially stable in the mean-square
sense.

Proof: From [46], one can derive the existence—uniqueness
of mild solution u(#) to (67). Choose V(t) = ||u(t)||2. For
t € (ty_1, t), from the Itd formula [1], we can deduce that

VW — 2E(u, o/u) — 2E(u, Au) + 2E(u, Cf (u(t — ,x)))
+ 2E(, J) + EllG(@(r — 7, x))|

Eh+h+L+1+ s (68)
Similar to the proof of Theorem 1, we have
I < —2aE|u|l* < —2aB°EV(2). (69)

Applying the positiveness of a; and the Young inequality
leads to

12 < _zaminEV(t)
Iy < EV(@) + ]I

(70)
(71)

Combining (H) with the Young inequality, one may derive
that

I < EV(t) + |CIEIIf (u(t — 7, )|
< EV(t) +2|ClFp*EV(t — 1)

+ 2IICIEIf O] (72)
Similarly
Is <2p°EV(t — 1) + 2|GO)]I3. (73)
Thus, we can conclude that
dEVW) —(20{,32 + 2amin — Z)EV(t)
+ 202 (ICIE + 1) EV) + 21CIFI O
+ 1%+ 21GO) 2. (74)

Then, the practical exponential stability in the mean-square
sense can be obtained by imitating the proof of Theorem 2.
|

Similarly, we have the following results.

Corollary 2: Suppose (A1) and (A) hold. If § > 1, and
20B% + 2amin — 2 — 2p28(ICI% + 1) — (In8/h) > 0, where
8 = supez, M + Prllfy and k = infyez, {tx — to1} < o0,
then (67) is practically exponentially stable in the mean-square
sense.

Now, we shall apply Theorem 5 to (67). The following
results can be deduced by (74).

Corollary 3: Assume that (A1) and (A;) hold. If there exist
constant y > 1, and N € Z such that Sxr,; = 8

2p2(\|C\|1%+1) Ly
h

208 + 2amin — 2 — — 5

>0
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Time trajoctory of u, Time trajoctory of u,,

B

Fig. 1. Trajectory of u; and uy to (75) in Example 1.1.

and

where §; = ”I+Pk”r2nax >0,and h = SupkeZJr{tk_tk—l} < 00,
then (67) is practically exponentially stable in the mean-square
sense.

Remark 9: We mention that, if P, = 0, then Corollaries 1-3
become the practical exponential stability of stochastic delayed
reaction—diffusion Hopfield neural networks without impulses,
which has been discussed in [47]. So our results include some
of the results in [47].

VI. EXAMPLES

Our results in this article provide some sufficient conditions
for practical exponential stability of (1), and they can be used
in many different systems. In this section, four examples are
given to illustrate the effectiveness of our proposed results.

Example 1: Consider the following IRDSHNNs with
delays:
duy = (Auy — 16.1uy 4+ 0.5 tanh(u; (t — 1, x))
+ 0.5tanh(ua(t — 1, x)) + 2)dt
+ tanh(u;(t — 1, x))dW, t # 1
ur () — ur (6 ) = pur (1)
duy = (Auy — 16.1up + 0.5 tanh(u (r — 1, x))
+ 0.5tanh(up(t — 1, x)) + 2)dt (75)
+ tanh(up(t — 1, x))dW, t # 1
up () — uz (1) = pua (1)
Uilxego =0, t>0, i=1,2
(u1(0), u2(0)T = (sin(0.27x)8, sin(0.27rx))T
0 e[-1,0], xeO
where O = (0,20) and # = 4k, k € Z,. W =

Z;’;l (1/n)By(t)e, (x), where {Bn(t)};";1 are independent stan-
dard Brownian motions, and e, (x) = /(1/20) sin(nwx/20).

Example 1.1: Let p = (1/e) — 1. Then, all assumptions in
Corollary 1 are fulfilled with « = 1, 8 > 0.05, apin = 16.1,
ICI2 =1,p=1,hh=4, and § = (1/e*) < 1. Therefore,
based on Corollary 1, (75) is practically exponentially stable in
the mean-square sense. This can be verified by Figs. 1 and 2.
In order to give a clear description, the trajectory of ||u||> has
been given in Fig. 3.

Example 1.2: Let p = e — 1, then § = ¢* > 1. Based on
Corollary 2, one can derive that (75) is practically exponen-
tially stable. Figs. 4 and 5 show the trajectories of uj, uz, and
llu||%, which is consistent with our results.
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Fig. 2.

° s “o

Fig. 3. |[lul|? of (75) in Example 1.1.
. | - i Lﬁ | _—
Fig. 4. Trajectory of u; and up to (75) in Example 1.2.

Fig. 5. |lul|® of (75) in Example 1.2.

Example 2: Consider the following 1-D ISRDSs with
delays:

du = (Au— Su+ 0.5sin(u(t — 1, x)) + J)dt
+ 0.5tanh(u(t — 1, x))dW, t # t;
w(ty) = u(te) = pru(t)
ulxeyo =0, 120
u(@) = sin(0.4nx)(29 — 92), fe[—1,0], xeO

(76)

where O and W are the same as those in Example 1.

Example 2.1: Let ty =k, k € Z+, p3r—1 = (1/4/0.35) — 1,
p3k—2 = (1/4/0.83) — 1, and p3; = (1/4/6) — 1. Then, we
choose V = ||u(t)||2, N =3,y =12, 01 =0.35, op = 0.83,
and o3 = 6. We notice that the assumptions in Corollary 3 can
be perfectly satisfied. So if / = 1, one may obtain the practi-
cal exponential stability of (76), which is shown in Fig. 6(a).
Also, it follows from Corollary 3 that (76) with J = 0 is expo-
nentially stable, as shown in Fig. 6(b). Moreover, Fig. 7 (red
and black) shows the trajectories of ||u(z)||%.

Example 2.2: Let t;, = 2k, k € Z, and py = (1/+/8) — 1.
IfV = |u@®|®> N =1, and oy, = y = 8, then it can
be deduced from Corollary 3 that (76) is practically expo-
nentially stable when J = 1, and exponentially stable when
J = 0. To verify our results, the simulation results are shown
in Fig. 6(c) and (d), respectively. One can also observe the
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Fig. 6. (a) Trajectory of system (76) in Example 2.1 with J = 1.
(b) Trajectory of system (76) in Example 2.1 with J = 0. (c) Trajectory
of system (76) in Example 2.2 with J = 1. (d) Trajectory of system (76) in
Example 2.2 with J = 0.

o = a B a ) 1z 1 16 1e B

Fig. 7. |ul|? of (76) in Example 2.

practical stability of (76) from the simulation of [[u(f)||* in
Fig. 7 (blue and magenta).
Example 3: Consider the following ISRDSs with delays:

du; = (Auq + (0.05 4+ 0.7 cos(0.5¢))u; — 0.6u;
+ 0.01 cos(0.50)u (t — 1, x))dt
+ tanh(ui(t — 1, x)dW, t # 1t

ur () — ui (1) = prur (1)

duy = (Aup + 0.6u;1 + (0.05 4 0.7 cos(0.57) ) us
— 0.01u;(t—1,x) —0.01up(r — 1, x))dt
+ tanh(up(r — 1, x))dW, t # t;

uz (1) — ua (1) = prua (1)

Uilxeso =0, >0, i=1,2

(u1(0), u2(0)T = (sin(0.277x)0, sin(0.27x))"

0 e[-1,0], xe O

77

where t; = 0.01k, k € Z. O and W are the same as those in
Example 1.

Example 3.1: Let pr = 0, then (77) becomes the stochastic
reaction—diffusion systems without impulses. We cannot derive
the practical stability of (77) from Theorem 1 or Theorem 4.
But from Fig. 8, we can infer that the solution to (77) would
be divergent with the increasing of time and thus it is not
practically stable.

Example 3.2: If py = e~ —1, then according to Theorem 2,
one may observe that (77) can become exponentially stable
with the impulses. The state trajectory is portrayed in Fig. 9,
from which we can also obtain the stability.

Example 3.3: Let pox = (1/4/14) — 1 and py—1 = /2 — 1.
Then, one may choose V = |u(®)|?>, N =2,y =12, 01 =
0.5, and 07 = 14. Using Theorem 3, it can be derived that the
impulsive control can exponentially stabilize the system (77),
which is shown in Fig. 10.

Time trajoctory of u, Time trajectory of u,

Fig. 8. Trajectory of u; and uy to (77) in Example 3.1.

-
i
=

Fig. 9. Trajectory of u; and uy to (77) in Example 3.2.

..................

Fig. 11.

le)|? of (77) in Example 3.

Remark 10: Fig. 11 illustrates the trajectories of |lu||> in
Examples 3.1-3.3. It then can be obtained that the impulses
given by Examples 3.2 and 3.3 can stabilize the system.

Example 4: Consider the following 1-D systems:

du = [DAu — u(t — 7, x)]dt + tanh(u(t — t, x))dW
ulyeg0 = 0, >0
u() = sin(0.471x)(29 — 92), 0e[—10], xeO

(78)

where O and W are the same as those in Example 1.

Example 4.1: Let D = 35, then Fig. 12 shows the trajecto-
ries of ||u(r)||> with T =0, T = 3, and t = 20. From Fig. 12,
we obtain that the convergence rate of (78) tends to decrease
with the increase of time delay. It then follows that time delays
may affect the convergence rate of systems.

Example 4.2: Let t = 3, then the simulation results of
lu()||?> with D = 10, D = 20, and D = 35 are illustrated in
Fig. 13, respectively, which demonstrate the effect of diffusion
terms. It is easily seen that (78) with D = 10 is not practically
stable, but the one with D = 35 is stable.

Remark 11: One can observe from Example 4 that the
time delays and diffusion terms may influence the stability
of systems. Therefore, we cannot ignore the effect of them
when discussing the dynamical behavior of systems.
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Fig. 12.

lul[? of (78) in Example 4.2.

Fig. 13.

VII. CONCLUSION

In this article, a direct approach and the Lyapunov method
are developed to study the practical exponential stability of
ISRDSs with delays. Those two ways can be used for the
systems with different impulses, and are also applicable when
discussing the exponential stability under certain conditions.
The proposed results are applied to the IRDSHNNs with
delays to obtain some algebraic criteria. Numerical examples
are given to demonstrate the effectiveness of our theoretical
results, which also illustrate the effects of diffusion terms and
time delays. Notice that the concept of practical stability is
more suitable for many systems, such as the delayed logistic
equations and the switched delayed systems. It is interesting
to investigate the practical stability of these systems in the
future. Another topic is to extend our results to systems with
more complex impulses, such as state-dependent impulses and
delayed impulses.
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