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Abstract—Traditional system investment decision is costly and 

hard to reverse. This is aggravated by uncertainties from flexible 

load and renewables (FLR), which impact the accuracy of network 

investment decisions and could trigger a high asset risk. Thus, 

system operators have the incentive to postpone network 

reinforcement, and ‘wait and see’ whether the request of 

investment can be reduced or delayed with new information.  

This paper proposes a novel method to evaluate network 

investment horizon deferral based on the trade-off between 

waiting profit and waiting cost under FLR uncertainties. Although 

deferring investment leads to waiting cost, it is worthy to wait if 

the cost is smaller than the waiting profits. To capture the impact 

of FLR uncertainties on system investment, nodal uncertainties 

are converted into branch flow uncertainties based on a combined 

cumulant and Gram-Charlier expansion method. The waiting cost 

is quantified by the options’ cost based on real options method and 

waiting profit is from asset present value reduction due to the 

deferral. Thus, by paying waiting cost, current investment cost can 

be reserved until uncertainties are reduced to an acceptable level. 

The waiting time is evaluated by Sharp ratio and expected return, 

determined by the waiting cost and uncertainty level. The results 

show that paying waiting cost is an economical way to reduce the 

impact of uncertainty and avoid hastily investment.  

 
Index Terms—Network planning, Uncertainty, Real Options, 

Long-run Incremental Cost 

I. INTRODUCTION  

oosted by the ambition of decarbonisation, renewable is 

expected to increase by 43% in the next 5 years worldwide, 

although it brings high uncertainty to the system [1]. 

Additionally, energy storage is expected to increase 8 times to 

1.6GW by 2020 in the UK [2] and electric vehicles also increase 

significantly to 17 million by 2040 [3]. However, currently, 

90% of electric vehicles are uncontrollable [4], which means 

their operation also brings uncertainty to the system.  

On the one hand, these uncertainties from flexible load and 

renewables (FLR) poses significant impacts on system power 

flow peaks, which severely challenges investment horizon 

evaluation. Thus, FLR uncertainties become a significant 

investment deterrent. On the other hand, the impact of these 

uncertainties might be reduced due to the development of 

Internet of Things and AI by providing more accurate 

prediction and better control strategy. As a result, the pressure 

on power transmission can be reduced and the load growth rate 

would decrease, even sometimes becoming negative. Thus, the 

                                                           

 
 

time to reinforcement horizon (TRH) of networks should be 

dynamic to address the impact of FLR uncertainty. 

Conventionally, there are two main investment theories. One 

is from the cost-of-capital view [5], which evaluates the 

investment capital based on the marginal product and user costs. 

The other is the ‘q theory’ [6], which focuses on the marginal 

unit of capital relative to its replacement cost. These theories 

are based on net present value, which means the network must 

be invested after a certain year. Net present value is used in the 

long-run incremental cost pricing method, which is widely 

applied in the UK [7]. 

However, these methods fail to reflect the impact of risk 

resulting from uncertainty on future network investment.[8] To 

capture the impact, two main investment decision methods are . 

One is the weighted average cost of capital [9], which 

proportionately weights the capital from different categories of 

the investment. But it is not fair and efficient for network users 

due to the assumption of constant risk level [10]. Thus, the risk 

is adjusted in the rate of return. The other is the Real Options 

method [11], which augments the cost of occurred uncertainty, 

as options cost, with net present value [12]. Network operators 

could defer the investment and receive more information to 

reduce the uncertainty by paying the cost of options. This 

decision-making tool addresses the issue of irreversible 

investments by introducing the possibility that the network 

operator could pay the cost of options [13-15]. Paper [16] 

assesses the value of demand response based on the real options 

method considering uncertainties both in operation and 

planning. It also can be used to devise the optimal risk-averse 

investment policy for renewable generations [17]. The impacts 

from uncertainty resulting from renewables and load are 

converted as options cost, which is added on the present value 

in investment cost evaluation [18]. 

Uncertainty means that it is impossible to exactly describe 

the future FLR status because of limited information. Thus, 

forecast error is increasing over time, which means the 

uncertainty level is higher for further future. [19][20][21]The 

impact of uncertainty on load is approximated by applying a 

bigger load growth rate [22], which is not accurate to capture 

the behaviour of network users. Papers [23, 24] use the triple 

exponential smoothing to qualify the forecast errors of 

photovoltaic and wind power, which smooths time series data 

by assigning exponentially decreasing weights over time. 

Currently, reinforcement horizon is determined by assessing 
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the unused capacity of branches [7], which cannot reflect the 

impact of uncertainty. To determine whether the investment 

decision-making should be postponed, waiting cost, waiting 

profit and uncertainty level of the future should be determined. 

The expected return is evaluated to reflect the cost and profit in 

[25]. Considering the risks from renewables and flexible load, 

the risk-adjusted return on capital based on the Sharpe ratio is 

introduced in network management [26]. Jensen's measure [27] 

and Treynor ratio [28] also are widely used to describe the 

relationship between risk and return. But, Jensen's measure 

highly depends on average market return and Treynor ratio is 

evaluated based on the excess return of the unit risk. 

This paper designs a novel decision-making scheme for 

network owners to avoid irreversible investment resulting from 

FLR uncertainties. Firstly, the uncertainties from FLR are 

converted into branch power flow by using the combined 

cumulant and Gram-Charlier expansion method. It directly 

links nodal uncertainty with system investment decision-

making based on network power flow peaks. Thereafter, the 

cost and profit from investment deferral are evaluated on the 

annual basis based on the asset cost and FLR uncertainty. 

Waiting cost is represented by the cost of the options, derived 

from the real options method, meaning the current present value 

will be held for a certain period by paying the cost of options. 

Waiting profit is calculated from asset present value reduction 

due to the investment deferral. The expected return after 

waiting is the difference between waiting cost and profit. The 

deferral horizon under uncertainties is determined by the 

Sharpe ratio, decided by the uncertainty level and the trade-off 

between waiting cost and waiting profits. The proposed method 

is demonstrated on a UK GSP network and sensitivity analysis 

shows the impact of uncertainty levels.  

This paper has three innovations. It: 1) introduces waiting 

cost, evaluated by real options based on risk-neutral theory, 

bringing more flexibility to investment decision-making under 

severe uncertainties; 2) addresses system reinforcement by 

dynamising reinforcement horizon, thus optimising network 

investment by receiving more information to reduce the impact 

from uncertainties; 3) improves investment decision-making by 

combining real options and Sharpe ratio, efficiently capturing 

the impact from uncertainties on future investment;  

The rest of the paper is organised as follows: Section II gives 

the structure of challenges and solutions. Section III dives the 

probabilistic power flow based on combined cumulant and 

Gram-Charlier expansion method. Section IV designs the 

network investment decision-making model. Sections V and VI 

gives the whole process flowchart and then demonstrates in a 

practical distribution network. Section VII draws conclusions. 

II. THE CONCEPT OF THE PROPOSED FRAMEWORK  

Since FLR uncertainties seriously affect traditional 

investment decision-making, network owners have an incentive 

to postpone commitment and wait for new information to avoid 

costly investment mistakes. There are three challenges here, 1) 

evaluating waiting time, 2) quantifying waiting profit, and 3) 

quantifying waiting cost.  

The proposed idea of reflecting uncertainty in decision 

making is shown in Fig.1. Firstly, corresponding to nodal FLR 

uncertainty, the combined cumulant and Gram-Charlier 

expansion method is applied to convert nodal uncertainty to the 

branch probabilistic power flows. The TRH of the network is 

determined by the peak of branch power flow. It then dynamises 

the network TRH via 'wait and see', which means the TRH 

under uncertainty is determined by the trade-off between cost 

and profit resulted from waiting. The waiting profit, 

representing the benefits of deferring the investment, is 

quantified by the present value difference. The waiting cost, 

reflecting the cost due to waiting, is evaluated by the options’ 

cost based on real options method. Then, calculated via the 

Sharpe ratio and the expected return, the investment decision is 

determined by providing the waiting time, reflected as the 

length of investment deferral horizon. 

 
Fig.1. The solution of reflecting uncertainty in decision making. 

 

III. PROBABILISTIC POWER FLOW WITH DEMAND AND 

GENERATION UNCERTAINTY 

To reflect the FLR uncertainties into the system peak-based 

investment decision, probabilistic power flow is proposed to 

convert the nodal uncertainties to branch power flow 

uncertainty by using combined cumulant and Gram-Charlier 

expansion methods.  

A. Power Flow Linearisation 

For probabilistic power flow analysis, a linear combination 

of independent variables is considered in the cumulant method. 

In the distribution network, especially radial ones, the DistFlow 

model [29, 30] is widely used to simplify the relationship 

between nodal power change and branch power flow, which is 

modelled as: 

𝑃𝑙+1 = 𝑃𝑙 −
𝑟𝑙×(𝑃𝑙

2+𝑄𝑙
2)

𝑉𝑙
2 − 𝑝𝑖,𝑙                       (1) 

𝑄𝑙+1 = 𝑄𝑙 −
𝑥𝑙×(𝑃𝑙

2+𝑄𝑙
2)

𝑉𝑙
2 − 𝑞𝑖,𝑙                    (2) 

𝑉𝑙+1
2 = 𝑉𝑙

2 − 2(𝑟𝑙 × 𝑃𝑙 + 𝑥𝑙 × 𝑄𝑙) +
(𝑃𝑙

2+𝑄𝑙
2)(𝑟𝑙

2+𝑥𝑙
2)

𝑉𝑙
2  (3) 

where 𝑃𝑙  and 𝑄𝑙  are active and reactive power flows on branch 

𝑙; the branch impedance is presented as 𝑧𝑙 = 𝑟𝑙 + 𝑗𝑥𝑙 . 

Nodal voltages in distribution networks should be within a 

certain range to comply with security standard, set as 𝑉𝑙 ⊂ 

[0.95, 1.05]. Since the linear part of the nodal voltage are much 

larger than the nonlinear part, (𝑃𝑙
2 + 𝑄𝑙

2)(𝑟𝑙
2 + 𝑥𝑙

2)/𝑉𝑙
2 can be 

ignored [30, 31]. By assuming nodal voltage at the nominal 

level is 1 p. u. , (𝑉𝑙 − 1)2 = 𝑉𝑙
2 − 2𝑉𝑙 + 1 ≈ 0 , then 𝑉𝑙

2 ≈
2𝑉𝑙 + 1. It can yield 𝑉𝑙+1 = 𝑉𝑙 − (𝑟𝑙𝑃𝑙 + 𝑥𝑙𝑄𝑙) from 2𝑉𝑙+1 −
1 = 2𝑉𝑙 − 1 − 2(𝑟𝑙𝑃𝑙 + 𝑥𝑙𝑄𝑙) based on (3). 

Thus, the DistFlow model can be simplified as: 

𝑃𝑙+1 = 𝑃𝑙 − 𝑝𝑛,𝑙                                 (4) 



 

𝑄𝑙+1 = 𝑄𝑙 − 𝑞𝑛,𝑙                               (5) 

𝑉𝑙+1 = 𝑉𝑙 − (𝑟𝑙×𝑃𝑙 + 𝑥𝑙×𝑄𝑙)                 (6) 

where 𝑝𝑛,𝑙 and 𝑞𝑛,𝑙 represent the active and reactive power 

injection at the node 𝑛 along branch 𝑙.  
Therefore, branch flow change due to nodal power change 

can be determined according to linearised DistFlow. Inspired 

by power transfer distribution factor, an index matrix (𝑀𝑛,𝑙) is 

determined by the sensitivity of an injected nodal power on the 

changing branch power flow in (7), which is used to measure 

the impact of the located at node 𝑛 on branch 𝑙’s flow.  

𝑀𝑛,𝑙 =
𝜕𝑃𝑙

𝜕𝑝𝑛,𝑙
                                     (7) 

B. Cumulant Method  

The combined cumulant and Gram-Charlier expansion 

method are used to formulate the probabilistic power flow with 

uncertainties. In probability density function (PDF), cumulants 

and moments can characterise its feature. The mean is the first 

order cumulant and variance is the second-order cumulant of 

the distribution. For a random variable 𝑥, such as load at node 

𝑛, i.e. 𝑃𝑛, the moment generating function 𝛷𝑃𝑛
(𝑠) is:  

𝛷𝑃𝑛
(𝑠) = 𝐸[𝑒𝑠𝑃𝑛] = ∫ 𝑒𝑠𝑃𝑛

∞

−∞
𝑓𝑃𝑛 (𝑃𝑛) 𝑑𝑃𝑛                (8) 

where 𝑓𝑃𝑛
(𝑃𝑛) is the PDF of 𝑃𝑛. 

The cumulant generating function 𝛹𝑃𝑛
(𝑠) can be determined 

by the moment generating function: 

𝛹𝑃𝑛
(𝑠) = ln 𝛷𝑃𝑛

(𝑠)                               (9) 

The n-th order raw moment 𝑚𝑛  and cumulant 𝜆𝑛  can be 

determined at s=0, which can be calculated by taking the n-th 

derivative of the moment and cumulant generating function. 

Variable 𝑃𝑙  is the active power flow on branch 𝑙, which can be 

aggregated by the linear combination of independent load at 

different nodes (𝑃𝑛1
, 𝑃𝑛2

… 𝑃𝑛𝑚
), as follows: 

             𝑃𝑙 =  𝑀1,𝑙𝑃𝑛1
+ 𝑀2,𝑙𝑃𝑛2

+ ⋯ 𝑀𝑚,𝑙𝑃𝑛𝑚
               (10) 

Hence, its moment generating function can be determined as: 

 

𝛷𝑃𝑙
(𝑠) = 𝐸[𝑒𝑠𝑃𝑙] = 𝐸[𝑒

𝑠(𝑀1,𝑙𝑃𝑛1+𝑀2,𝑙𝑃𝑛2+⋯𝑀𝑚,𝑙𝑃𝑛𝑚)]     

= 𝐸[𝑒
𝑠(𝑀1,𝑙𝑃𝑛1)𝑠(𝑀2,𝑙𝑃𝑛2)+⋯𝑠(𝑀𝑚,𝑙𝑃𝑛𝑚)]             

= 𝛷𝑃𝑛1(𝑀1,𝑙𝑠)𝛷𝑃𝑛2(𝑀2,𝑙𝑠) … 𝛷𝑃𝑛𝑚(𝑀𝑚,𝑙𝑠)

(11) 

where 𝑀𝑛,𝑙 is the linearised power flow index between nodal 

load and branches, determined by (7). 

Thus, the cumulant for variable 𝑃𝑛 is: 

 
𝛹𝑃𝑙

(𝑠) = 𝑙𝑛(𝛷𝑃𝑙
(𝑠)) 

= 𝛹𝑃𝑛1
(𝑎1𝑠) + 𝛹𝑃𝑛2

(𝑎2𝑠) + ⋯ 𝛹𝑃𝑛𝑚
(𝑎𝑚𝑠)

           (12) 

The nth-order cumulant of 𝑃𝑙  can be calculated by taking the 

nth derivative of 𝛹𝑃𝑙
(𝑠) respective to 𝑠 at 𝑠 = 0. 

𝜆𝑛 = 𝛹𝑃𝑙

(𝑛)(0)

𝑀1
𝑛𝛹𝑃𝑛1

(𝑛)(0) + 𝑀2
𝑛𝛹𝑃𝑛2

(𝑛)(0) + ⋯ 𝑀𝑚
𝑛 𝛹𝑃𝑛𝑚

(𝑛) (0)
        (13) 

C. Gram-Charlier Expansion Method 

Combined with the moment of load PDF generated from 

Section II.B, the Gram-Charlier expansion method is 

implemented, which aggregates nodal PDFs as a series 

composed of a standard normal distribution and derivatives. By 

applying Edgeworth form, the Gram-Charlier form can be 

determined by moments and cumulants, considering the 

additive property of cumulants. Thus, the exponential 

representation of the PDF can be calculated based on the 

cumulants of distribution in the standard form, in (14-15). 

𝑓(𝑃𝑛) = 𝑒(−
𝜆3
3!

𝐷3+
𝜆4
4!

𝐷4−
𝜆5
5!

𝐷5+⋯ )
𝛽(𝑃𝑛)                  (14) 

𝛽(𝑃𝑛) =
1

√2𝜋𝜎
𝑒

−
(𝑃𝑛−𝜇)

2

2𝜎2                             (15) 

where 𝐷𝑛  is the n-th order derivative of the unit normal 

distribution, 𝛽(𝑃𝑛) is the normal distribution function with the 

mean (𝜇) and variance (𝛿), 𝜆𝑛 is the n-th order cumulant. In the 

normal distribution, the 1st order cumulant is 𝜇 and the 2nd order 

cumulant is 𝛿2.  

Thus, the exponential series is: 

𝑓(𝑃𝑛) = [1 +
(−

𝜆3
3!

𝐷3+
𝜆4
4!

𝐷4−
𝜆5
5!

𝐷5+⋯ )

1!
+

(−
𝜆3
3!

𝐷3+
𝜆4
4!

𝐷4−
𝜆5
5!

𝐷5+⋯ )

2!

2

+

(−
𝜆3
3!

𝐷3+
𝜆4
4!

𝐷4−
𝜆5
5!

𝐷5+⋯ )

3!

3

+ ⋯ ]  𝛽(𝑃𝑛)                      (16) 

By expanding each term and grouping by the power of 𝐷, the 

PDF can be expressed as: 

𝑓(𝑃𝑛) = 𝛽(𝑃𝑛) −
𝜆3

3!
𝐷3𝛽(𝑃𝑛) +

𝜆4

4!
𝐷4𝛽(𝑃𝑛) −

𝜆5

5!
𝐷5𝛽(𝑃𝑛) +

(
𝜆6

6!
+

𝜆3
2

2!3!2) 𝐷6𝛽(𝑃𝑛) − (
𝜆7

7!
+

2𝜆3𝜆4

2!3!4!
) 𝐷7𝛽(𝑃𝑛) + ⋯         (17) 

IV. NETWORK INVESTMENT DECISION-MAKING MODEL 

In this paper, the waiting time is determined by the Sharpe 

ratio, evaluated by waiting cost, expected return, and risk level 

resulting from FLR uncertainty.  

A. Waiting time horizon 
To evaluate the waiting time horizon, the Sharpe ratio is 

introduced based on the expected return and risk at the year 

after investment deferral. The expected return is derived 

according to the waiting cost and waiting profit. With the 

Sharpe ratio (𝑆𝑅𝑡) of each year in (19), TRH (𝑛𝑙) in (18) is the 

maximum period with the positive Sharpe ratio over time, 

delivered as follows: 

𝑛𝑙 = 𝑚𝑎𝑥 𝑡        (𝑆𝑅𝑡 > 0)                 (18) 



 

𝑆𝑅𝑡 =
𝑅𝑟𝑡−𝑅𝑓

𝜎𝑡
                                       (19) 

𝑅𝑟𝑡 =
𝑃𝑡𝑡−𝑊𝑐𝑡

𝑊𝑐𝑡
                                      (20) 

where 𝑅𝑟𝑡 is the return of deferring investment; 𝑅𝑓 is the risk-

free rate; 𝜎𝑡  is the standard deviation of the return, which is 

determined by the risk level; 𝑃𝑡𝑡 is the waiting profits and 𝑊𝑐𝑡 

is the waiting cost resulting from deferring to year 𝑡. 

Normally, the Sharpe ratio should be positive, which means 

the profit is higher than the risk-free rate. If the Sharpe ratio is 

smaller than zero, it is meaningless to analyse it.  

B. The profits from waiting 
Since the current investment cost is reserved for 𝑛𝑙 years by 

paying the waiting cost, the profit is the present value difference 

between now (𝑃𝑉0) and year 𝑛𝑙 (𝑃𝑉𝑛𝑙
) [7]. 

𝑃𝑉0 =
𝐴𝑠𝑠𝑒𝑡𝑙

(1+𝑟)

𝑙𝑜𝑔 𝐶𝑙−𝑙𝑜𝑔 𝑃𝑙
𝑙𝑜𝑔 (1+𝑔𝑙)

                               (21) 

𝑃𝑉𝑛𝑙
=

𝐴𝑠𝑠𝑒𝑡𝑙

(1+𝑑𝑟)

𝑙𝑜𝑔 𝐶𝑙−𝑙𝑜𝑔 𝑃𝑙
𝑙𝑜𝑔 (1+𝑔𝑙)

+𝑛𝑙

                          (22) 

𝑃𝑡𝑡 = 𝑃𝑉𝑛𝑙
− 𝑃𝑉0                                 (23)  

where 𝐴𝑠𝑠𝑒𝑡𝑙 is the asset cost, 𝑟 is the discount rate, 𝐶𝑙 is the 

capacity, 𝑃𝑙  is the peak power flow level and 𝑔𝑙 is the load 

growth rate for branch 𝑙. 
C. The waiting cost  

To obtain more information about future FLR change, 

network owners would like to pay the waiting cost if it is less 

than the waiting profit. onsidering the impact of uncertainty, 

the present value of the anticipated stream cash flow (𝑉0) 

is:𝑉0 = −𝑐 +
1

1+𝑟
𝑅0 + [

1

1+𝑟
]

2
∑ (1 − 𝑟)−𝑖∞

𝑖=0 𝐸0[𝑅]      (24) 

the present value in one year later is: 

𝑉1 = 𝑃𝑟[𝑅 > 𝑟𝑐] {
−𝑐

1+𝑟
+ [

1

1+𝑟
]

2
∑ (1 − 𝑟)−𝑖∞

𝑖=0 𝐸0[𝑅|𝑅 > 𝑟𝑐] (25) 

Thus, the waiting cost is the difference between 𝑉0 and 𝑉1, 

which is: 

𝑊𝑐1 = (
1

1+𝑟
) [𝑃𝑟[𝑅 > 𝑟𝑐]

𝐸0[𝑟𝑐 − 𝑅|𝑅 < 𝑟𝑐]

𝑟
− (𝑅0 − 𝑟𝑐)(26) 

However, for the waiting cost in year 𝑛𝑙, it should recurse 𝑛𝑙 

times, which is too complex and not accurate to evaluate the 

uncertain return. Thus, with real options concept, the waiting 

cost is determined by the cost of options of the uncertainty, 

which means the current investment cost can be reserved until 

the year 𝑛𝑙 by paying the waiting cost.  

D. The real options method  

The real options method is developed based on the risk-

neutral theory. It is explained by the binomial options pricing 

method [11], which uses binomial lattice (tree) to determine the 

value of the options during a number of time steps from the 

current time to the ending time. Each node in the tree represents 

a possible present value of the asset at a given time step, which 

is a called term and assumed to be one year in this paper.  

 

  
Fig.2. The binomial tree for year N. 

 

Starting from the final nodes (the step at left side treetop), it 

calculates backwards towards the first node (the right side root 

of the tree), as shown in Fig.2. For the first-year case, the 

present value of an asset in the current year is 𝑃𝑉0. It will grow 

by 𝑢 times, in (28), to 𝑃𝑉1𝑢 with a probability of 𝑝 or decrease 

by 𝑑  times, in (29), to 𝑃𝑉1𝑑  with a probability of 1 − 𝑝  one 

year later, shown in (27). The options for the probability present 

asset value increase and decrease at the final node (one year 

later) are 𝑂𝑃1𝑢  and 𝑂𝑃1𝑑 , respectively, in (30-31). The risk-

neutral method in (32) evaluates the value of the options at the 

final node by assuming that the present value in one year later 

(𝑃𝑉1 ) is constant, regardless of the risk. The probability of 

present value change over time can be derived from (27-32) in 

(33). Then, for network operators, the options’ cost in the 

current year (𝑂𝑃0) in (34) can be discounted from the final node 

based on the riskless interest rate 𝑟𝑟  [11]. 

𝑃𝑉1 = 𝑃𝑉1𝑢 × 𝑝 + 𝑃𝑉1𝑑 × (1 − 𝑝)            (27) 

𝑢 =
𝑃𝑉1𝑢

𝑃𝑉0
                                    (28) 

𝑑 =
𝑃𝑉1𝑑

𝑃𝑉0
                                    (29) 

𝑂𝑃1𝑢 = 𝑚𝑎𝑥(0, 𝑃𝑉1𝑢 − 𝑃𝑉1)                (30) 

𝑂𝑃1𝑑 = 𝑚𝑎𝑥(0, 𝑃𝑉1𝑑 − 𝑃𝑉1)                (31) 

   𝑃𝑉1𝑢 − 𝑂𝑃1𝑢 = 𝑃𝑉1𝑑 − 𝑂𝑃1𝑑 = 𝑃𝑉1            (32) 

𝑝 =
𝑒−𝑟𝑡−𝑑

𝑢−𝑑
                                    (33) 

𝑂𝑃0 = 𝑒−𝑟𝑡 × [𝑂𝑃1𝑢 × 𝑝 + 𝑂𝑃1𝑑 × (1 − 𝑝)]

         = 𝑒−𝑟𝑡 × [
𝑒𝑟𝑟𝑡−𝑑

𝑢−𝑑
× 𝑂𝑃1𝑢 +

𝑢−𝑒𝑟𝑟𝑡

𝑢0−𝑑
× 𝑂𝑃1𝑑]

      (34) 

where, specific factors 𝑢 and 𝑑 depict the present value change 

in the current year to the next year; 𝑟𝑟  is the riskless interest rate 

over one period, and 𝑡 is the length of the period. 



 

For the waiting horizon 𝑛𝑙, with the options’ value at 𝑛𝑙, the 

options’ value at year 𝑛𝑙 − 1 can be calculated. After 𝑛𝑙 times 

recursive, the options’ value at the current year can be 

determined from (27-34). This procedure is shown in Fig.2 and 

explained in (35). 

𝑂𝑃0 = 𝑒−𝑟𝑟𝑡 × [∑
𝑛𝑙!

𝑖!×(𝑛𝑙−𝑖)!
× 𝑝𝑖 × (1 − 𝑝)𝑛𝑙−𝑖𝑛

𝑖=0 × ∆𝑃𝑉] (35) 

V. THE IMPLEMENTATION PROCESS  

To determine the optimal TRH and the waiting cost under 

uncertainty, the whole implementation procedure contains two 

key stages, which are capturing uncertainty and reflecting 

uncertainty in the decision-making progress. The flow chart is 

depicted in Fig.3.  

A. Stage 1: Capturing uncertainty 

By using the combined cumulant and Gram-Charlier 

expansion method, the FLR uncertainties are converted into 

probabilistic power flow uncertainty according to the 

forecasting error based on Equations (1-17). The forecasting 

error increases over time, evaluated by the triple exponential 

smoothing method. 

Simultaneously, the TRH and the present value of branches 

can be calculated by the current discount cash flow model. 

Based on current loading level and load growth rate, the unused 

capacity of different branches is used to evaluate the TRH and 

present value without uncertainty. These values are set as the 

references in the case considering uncertainty.  

B. Stage 2: Reflecting uncertainty 

With the present value of branches, the time horizon to 

waiting and waiting cost can be determined year by year. The 

expected return is the difference between waiting profit in 

Equations (21-23) and waiting cost. To accurately evaluate the 

uncertain return over time, the waiting cost is represented by 

the options’ cost in Equations (27-35). If the return is positive, 

it means the network owner can get benefit from investment 

decision-making deferral. The maximum time to defer is 

determined by expected return before the return become 

negative, which means the Sharpe ratio at this year should be 

positive. The TRH of each branch is the maximum of deferred 

time with positive Sharpe ratios in Equations (18-20). 

 

    
Fig. 3. Flowchart for the whole process 

VI. PRACTICAL NETWORK DEMONSTRATION 

The proposed decision-making scheme is demonstrated on a 

practical local Grid Supply Point area in the UK in Fig.4 [32]. 

The asset lifespan of the system is 40 years and annuity factor 

is 0.0831 [7]. A typical load growth of 2% and a discount rate 

of 5.6% are chosen. A wind generation (G1) is located at bus 

1005, with a peak output of 5MW. The photovoltaic generation 

in branch 1016 has peak power output 5MW. The upstream 

system, at slack bus 1008, is modelled as G1008. 

 
Fig.4. A Grid Supply Point area test system.  

The capacity and asset cost are listed in Table I. The branches 

No.2&3 have large capacity 54.5MW. The branch No.2 has the 

highest asset cost, i.e. £1.85 billion. Branch No.23 is the 

interconnector between two areas, which has the capacity of 

15.0MW. The branches with transforms have the same cost, 

which is £0.44billion. 

 
TABLE I 

The capacity of each branch (MW) 

Branch 
Asset 

cost (£b) 

Capacity 

(MW) 
Branch 

Asset 

cost 

(£b) 

Capacity 

(MW) 



 

No.1 1.60 45.0 No.14 0.44 32.0 

No.2 1.85 54.5 No.15 0.44 32.0 

No.3 1.48 54.5 No.16 0.44 32.0 

No.4 0.32 15.0 No.17 0.44 32.0 

No.5 1.60 45.0 No.18 0.44 15.0 

No.6 1.75 30.0 No.19 0.44 15.0 

No.7 1.75 30.0 No.20 0.44 15.0 

No.8 0.45 30.0 No.21 0.44 15.0 

No.9 0.60 30.0 No.22 0.44 15.0 

No.10 1.17 15.0 No.23 0.44 15.0 

No.11 0.32 10.0 No.24 0.44 15.0 

 

A. The uncertainty level of the future 

The uncertainty levels of the load and demand are determined 

by the standard deviation of the forecast errors based on triple 

exponential smoothing method. The FLR uncertainty resulting 

from forecast error are aggregated from nodes to branch power 

flow error based on the combined cumulant and Gram-Charlier 

expansion method. Fig. 5 shows the distributions of power flow 

forecast error on branch No.2 in 1-year, 10-year and 20-year 

ahead, with the standard deviation of 0.09, 0.16 and 0.38, 

respectively. It demonstrates that the accuracy of load 

forecasting decreases as the TRH increases. With shorter TRH, 

the forecasted value has more concentrated error distribution 

around zero, which indicates that the forecasted value is more 

accurate and reliable. With a larger TRH, the forecasted value 

has more flat distribution, which implies that the predicted 

results are more scattered and less accurate. 

 
Fig.5. Distribution of load forecasting error for branch flow on No.2  
 

The standard deviation of different branch flows resulting 

from FLR forecasting error is shown in Fig.6. The branches 

No.11, 14 and 15 have the highest uncertainty resulting from 

more FLR on connected nodes, which nodal uncertainty is more 

significant to impact the power flows on nearby branches. 

 
Fig.6. The forecasting error for different branch flow  

 

B. Expected returns and waiting cost 

Corresponding to the uncertainty of peak power flows, the 

waiting profit and waiting cost are determined by the present 

value change and options cost resulting from investment 

decision deferral of different branches. 

 
Fig.7. The waiting cost and profit for different branches over time 

 

The waiting cost and waiting profit due to the decision-

making investment deferral on branches No.1, No.11, and 

No.22 are depicted respectively in Fig.7(a-c). Corresponding to 

the peak point on the profit curve, the branch investment time 

is determined by the original decision-making tool without 

considering uncertainty. These three figures represent three 

typical results of the proposed method based on the trade-off 

between the waiting cost and profits. Fig.7(a) describes the 

waiting cost and profit on branch No.1 overtime. The forecast 

error on branch No.1 is from the nodal load on busbar 1001, 

which uncertainty is small. The waiting cost at year 20 is £16k, 

which is smaller than the profit (£20k). These two values are 

equal to £21k at year 22 and the waiting cost will be larger than 

the profits after year 22, which means the reinforcement should 

not be deferred on this branch. Branch No.11 has higher waiting 

profits than the waiting cost with the investment deferral, 

shown in Fig.7(b). Since this branch is connected to the 

renewables on busbar 1005, to the uncertainty level of branch 

peak power flow is high. The future investment cost reduction 

is more than the profit increase, which is because of the 

uncertainty reduction and sufficient spare branch capacity to 

absorb the impact of uncertainty. The profit on this branch is 

£14k at year 10, which is much higher than the waiting cost £8k. 

The profit is bigger than the waiting cost over the analysed 

period due to its high uncertainty level, which means waiting is 

more valuable on this branch. Fig.7(c) shows results on branch 

 
No.1 (a) 

 
No.11 (b) 

 
No.22 (c) 

 



 

No.22. The profit is higher than the waiting cost until year 25.5, 

around £22k, which means the branch must be reinforced after 

this time. 

 

 
Fig.8. Expected return and Sharpe ratio for different branches over time 

 

Corresponding to the waiting cost and profits in Fig.7(a-c), 

the expected return and the Sharpe ratio of these branches are 

depicted in Fig.8(a-c). On branch No. 1, the waiting cost is 

higher than the profit after year 22, which means the expected 

return is negative after this year in Fig.8(a). Thus, the TRH is 

forwarded due to the limited capacity of this branch, which 

should be reinforced at current rather than waiting. On branch 

No.11, since the waiting profit is higher than the waiting cost, 

the expected return is positive, shown in Fig.8(b). Since the 

expected return is positive and the Sharpe ratio is increasing 

slightly over time, the system still can get benefit from deferring 

the investment. Thus, the investment on this branch should be 

deferred and should wait for more information for more 

accurate decision. On branch No.22, the profit is higher than the 

waiting cost until year 25.5, which means the expected return 

of this branch is positive before year 26. The Sharpe ratio, is 

also positive until year 26, which means the TRH can be 

deferred by half a year.  

 
Fig.9. Time to reinforcement horizon (TRH) 

 

Fig.9 describes the TRH change under different scenarios on 

different branches. The original scenario of TRH is calculated 

based on the traditional decision-making method without 

considering the uncertainty. Since the maximum value of peak 

probabilistic power flow is used in the traditional method, it is 

more likely to get a lower peak in practice if the uncertainty 

level is high. Based on the uncertainty level and the unused 

capacity of the branches, the results show that the majority of 

the branches are impacted essentially by the uncertainty. Thus, 

it is better to defer investment for more information until the 

uncertainty is reduced. For the branches with small uncertainty 

level and limited unused capacity, represented by No.1, the 

TRH is shortened. The investment should be deferred on the 

majority of branches to reduce the impact of uncertainty. For 

example, the TRH of branch No.3 is deferred 3.2 years, which 

is from 6.8 years to 10 years.  

C. Sensitivity analysis  

Since the uncertainty poses a significant impact to the 

waiting cost and the TRH, the sensitivity analysis is provided 

corresponding to different uncertainty levels. Table II provides 

the sensitivity analysis on waiting cost on branch No.16. With 

the uncertainty level increase, the waiting cost is increasing less 

swiftly. If the waiting horizon is 8 years, the waiting cost is 

£7.0k with current uncertainty level. It will increase to £8.1k if 

the uncertainty level increases by 20% and it will decrease to 

£6.0k if the uncertainty level reduces by 20%.  

 

TABLE II: The waiting cost of different uncertainty level (£k) 

Year 

Scenario 
3 8 13 18 20 

-20% uncertainty 0.4 6.0 12.4 18.4 20.3 

Original 1.0 7.0 13.7 19.8 21.6 

+20% uncertainty 1.5 8.1 15.2 21.2 22.7 

 

The sensitivity analysis of waiting cost and profit is depicted 

in Fig.10. The solid line represents the profits and the dashed 

line is the waiting cost of different scenarios. With higher 

uncertainty level, the profit and the waiting cost are increasing. 

With positive Sharpe ratios, the intersection of profit and 

waiting cost can represent the TRH. The TRH is 26 years 

without considering the impact of FLR uncertainty. At the 

current uncertainty level, the TRH is 26.8 year in the blue 

curves via the proposed method, which defers 0.8-year than the 

TRH via the traditional method. With 20% uncertainty level 

reduction, the TRH changes to 26.3 years. It defers 1.8 more 

years to 27.8 years if the uncertainty level increases by 20%. 

 
No.1 (a) 

 
No.11 (b) 

 
No.22 (c) 



 

 
Fig.10. Profits and waiting cost for different branches over time No.24 
 

VII. CONCLUSIONS 

This paper designs a decision-making scheme for network 

operators to capture the uncertainty in future system 

investment. Through extensive demonstration, the following 

key findings are obtained: 

 The proposed method efficiently determines the time to 

waiting horizon under uncertaint, which dynamises the 

network investment time and reduces the impact of 

uncertainty. 

 Paying waiting cost provides an alternative way for network 

owners instead of investment under uncertaint, reduc risk 

and cost simultaneously; 

 With significant , it is more to defer investment and wait for 

more information to reduce the impact of uncertaint. 

This work helps network operators avoid irreversible 

investment, particularly with fast-growing energy storage and 

electric vehicle, which could reduce the requested transmission 

capacity. t provides an economic solution for network operators 

to address uncertainties in the future system. 
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