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Abstract. For a C1 map T from C = [0,+∞)N to C of the form Ti(x) = xifi(x), the

dynamical system x(n) = Tn(x) as a population model is competitive if ∂fi
∂xj
≤ 0 (i 6= j). A

well know theorem for competitive systems, presented by Hirsch (J. Bio. Dyn. 2 (2008)
169–179) and proved by Ruiz-Herrera (J. Differ. Equ. Appl. 19 (2013) 96–113) with
various versions by others, states that, under certain conditions, the system has a compact
invariant surface Σ ⊂ C that is homeomorphic to ∆N−1 = {x ∈ C : x1 + · · ·+ xN = 1},
attracting all the points of C \ {0}, and called carrying simplex. The theorem has been
well accepted with a large number of citations. In this paper, we point out that one of its
conditions requiring all the N2 entries of the Jacobian matrix Df = ( ∂fi

∂xj
) to be negative

is unnecessarily strong and too restrictive. We prove the existence and uniqueness of a
modified carrying simplex by reducing that condition to requiring every entry of Df to
be nonpositive and each fi is strictly decreasing in xi. As an example of applications of
the main result, sufficient conditions are provided for vanishing species and dominance of
one species over others.

Note. This paper has been accepted for publication in Journal of Difference Equations
and Applications.

1. Introduction

In this paper, we are concerned with the global asymptotic behaviour of the discrete dy-
namical system

(1) x(n) = Tn(x), x ∈ C, n ∈ N,
where C = RN+ = [0,+∞)N , N = {0, 1, 2, . . .} and the map T : C → C has the form

(2) Ti(x) = xifi(x), i ∈ IN = {1, 2, . . . , N}
and f ∈ C1(C,C) with fi(x) > 0 for all x ∈ C and i ∈ IN . System (1) is a typical
mathematical model for the population dynamics of a community of N species, where each
xi(n) represents the population size or density at time n (at the end of nth time period),

and the function fi(x) denotes the per capita growth rate, of the ith species. If ∂fi
∂xj
≤ 0
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for all i, j ∈ IN with i 6= j, then increase of the jth population reduces the per capita
growth rate of the ith species, so (1) models the population dynamics of a community of
competitive species.

System (1) and its various particular instances as models have attracted huge interests from
researchers in the last two decades. One of the important and influential developments is
the existence of a carrying simplex Σ ⊂ C: a compact invariant hypersurface homeomorphic
to ∆N−1 = {x ∈ C : x1 + · · · + xN = 1} such that every trajectory except the origin is
asymptotic with a trajectory in Σ. Since Σ attracts all the points of C \ {0}, the dynamics
of (1) on C is essentially described by the dynamics on Σ. The carrying simplex theory was
originally established by Hirsch [10] (see [13] for latest update) for competitive Kolmogorov
systems of differential equations. Since then the idea of a carrying simplex for discrete
systems gradually appeared in literature (see [19], [20], [14] for example). But a more
accepted theorem for existence and uniqueness of a carrying simplex for (1) was given
by Hirsch [11] without proof. Then Ruiz-Herrera [9] presented a more general theorem
covering Hirsch’s result with a complete proof.

For any x, y ∈ C, we write x ≤ y or y ≥ x if xi ≤ yi for all i ∈ IN ; x < y or y > x if x ≤ y
but x 6= y; x � y or y � x if xi < yi for all i ∈ IN . The map T given by (2) is said to
be retrotone in a subset X ⊂ C if for any x, y ∈ X, T (x) < T (y) implies xi < yi for all
i ∈ I(y) = {j ∈ IN : yj 6= 0}. Let [0, r] = {x ∈ C : 0 ≤ x ≤ r}. The theorem below is
Theorem 6.1 in [9].

Theorem 1.1. Assume that T with T ([0, r]) ⊂ [0, r] for some r � 0 satisfies the following
conditions:

(i) For each i ∈ IN , the map T restricted to the positive half xi-axis has a fixed point
qiei with qi > 0, ei the ith standard unit vector and q � r.

(ii) T is retrotone and locally one to one in [0, r].

(iii) For any x, y ∈ [0, r], if T (x) < T (y) then, for each j ∈ IN , either xj = 0 or
fj(x) > fj(y).

Then the map admits a carrying simplex Σ.

Note that Theorem 1.1 can be only applied to the system restricted to the space [0, r] ⊂ C
if no condition for T on C \ [0, r] is provided. However, if for any compact set S ⊂ C there
is a k ∈ N such that T k(S) ⊂ [0, r], then Theorem 1.1 can be applied directly to the system
on C.

When f on C is a C1 map, T is also a C1 map with Jacobian matrix

(3) DT (x) = diag(f1(x), . . . , fN (x))(I −M(x)),
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where I is the identity matrix and

(4) M(x) = (Mij(x)) =

(
− xi
fi(x)

∂fi
∂xj

(x)

)
N×N

.

Then, by Lemma 4.1, Corollary 6.1 and Remark 6.4 in [9], Theorem 1.1 has the following
version with easily checkable conditions.

Theorem 1.2. Assume that T satisfies the following conditions:

(i) For each i ∈ IN , the map T restricted to the positive half xi-axis has a fixed point
qiei with qi > 0, ei the ith standard unit vector and q � r for some r ∈ C.

(ii) All entries of the Jacobian Df are negative.

(iii) The spectral radius of M(x) satisfies ρ(M(x)) < 1 for all x ∈ [0, q] \ {0}.

Then the map admits a carrying simplex Σ.

A more user-friendly variation of Theorem 1.2 given by Jiang and Niu [16, Theorem 3.1]
is the above theorem with simply a replacement of condition (iii) by (iii)′ below:

(iii)′ For each x ∈ [0, q] \ {0} with I(x) = {j ∈ IN : xj > 0}, either

fi(x) +
∑
j∈I(x)

xj
∂fi
∂xj

(x) > 0 ∀i ∈ I(x)

or

fi(x) +
∑
j∈I(x)

xi
∂fi
∂xj

(x) > 0 ∀i ∈ I(x).

A carrying simplex Σ has the important and interesting features: compact, invariant,
unordered (p ≤ q implies p = q for p, q ∈ Σ), homeomorphic to ∆N−1 by radial projection,
and attracting all the points of C \ {0}. Therefore, if (1) admits a carrying simplex,
the dynamics of the system on the N -dimensional space C is essentially described by
the dynamics on this (N − 1)-dimensional hypersurface Σ. Due to these features of Σ,
Theorem 1.2 is phenomenal and lays the foundation for further investigations. There are a
large number of applications of this theorem, the following are just a few examples.

Ruiz-Herrera [9] investigated exclusion and dominance utilizing the existence of a carrying
simplex. Jiang and Niu [15, 16] and Gyllenberg et al. [8, 6] dealt with some well known
three-dimensional competitive models. Based on the existence of a carrying simplex, they
classified the systems into 33 topologically equivalent classes and gave a phase portrait
on Σ for each class. Jiang, Niu and Wang [17] studied heteroclinic cycles via carrying
simplex. Balreira et al. [4] and Gyllenberg et al. [7] provided criteria for global stability
of an interior fixed point based on the existence of a carrying simplex. Baigent [1, 2]
investigated the geometric feature of a carrying simplex and found conditions for Σ to
be convex. Baigent and Hou [3] and Hou [12] provided split Lyapunov function method
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and geometric method for global stability. Although these methods were not based on
the existence of a carrying simplex, comments and comparisons with those using carrying
simplex were made there.

We note that condition (ii) in Theorem 1.2 is very restrictive; it excludes the possibility of
applying the theorem to systems with some zero entries of Df . But actually, condition (ii)
is too strong and unnecessary, a compact invariant set attracting all the points of C \ {0}
with most of the features of a carrying simplex may still exist even if ∂fi

∂xj
= 0 for some

distinct i, j ∈ IN .

The aim of this paper is to prove the existence and uniqueness of a modified carrying
simplex under a much weaker condition than (ii): instead of (ii) requiring all N2 entries
of Df to be negative, we require each entry of Df to be nonpositive, with each fi strictly
decreasing in xi, on a compact set. We shall present the main results in section 2 and leave
the proofs to section 5. In section 3, we present some results on dominant species and
vanishing species as an application of the main results. In section 4, we deal with some
known models as examples. We finally conclude the paper in section 6.

2. Notation and main results

For C = RN+ we let Ċ = {x ∈ C : ∀i ∈ IN , xi > 0} and ∂C = C \ Ċ. Then Ċ is the interior
of C and ∂C is the boundary of C. The part of ∂C restricted to the ith coordinate plane
and the part restricted to the positive half xi-axis are denoted by πi and Xi respectively,
i.e.

πi = {x ∈ C : xi = 0}, i ∈ IN ,
Xi = {x ∈ C : xi > 0, ∀j ∈ IN \ {i}, xj = 0}, i ∈ IN .

Denote the ith standard unit vector by ei, i.e. the ith component of ei is 1 and others are
0. For any nonempty subset I ⊂ IN , define

CI = {x ∈ C : ∀j ∈ IN \ I, xj = 0},
ĊI = {x ∈ CI : ∀i ∈ I, xi > 0}.

For any x, y ∈ CI , by writing x ≤I y we mean xi ≤ yi for all i ∈ I; we write x <I y if x ≤I y
but x 6= y; and we write x�I y if y−x ∈ ĊI . We may also use y ≥I x, y >I x and y �I x
for x ≤I y, x <I y and x �I y respectively. If I = IN , we simply drop the subscript “I”
from these inequalities. For any a, b ∈ C with a ≤ b, we let [a, b] = {x ∈ C : a ≤ x ≤ b}.
Then [a, b] is a k-dimensional cell if b − a has exactly k positive components. For each
x ∈ C, the positive limit set ω(x) of Tn(x) is defined by

ω(x) =
∞⋂
n=1

{T k(x) : k ≥ n},
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where A denotes the closure of any set A. If T is invertible and T−n(x) exist for all n ∈ N,
the negative limit set α(x) is defined by

α(x) =

∞⋂
n=1

{T−k(x) : k ≥ n}.

Also, the whole trajectory of x is denoted by γ(x) = {Tn(x) : n ∈ Z}.

Suppose a simply connected closed set S ⊂ C \ {0} is an (N − 1)-dimensional hypersurface
which divides C into three mutually exclusive subsets S−, S and S+ with 0 ∈ S− and
C = S− ∪ S ∪ S+. A point p ∈ C is said to be below (on or above) S if p ∈ S− (S or S+).
For any nonempty subset S0 ⊂ C, S0 is said to be below (above) S if S0 ⊂ S−∪S (S∪S+);
S0 is said to be strictly below (strictly above) S if S0 ⊂ S− (S+).

Let B be either C or a positively invariant [0, r] for some r ∈ Ċ. For convenience, we define
the concept of a modified carrying simplex as follows.

Definition 2.1. A nonempty set Σ ⊂ B \ {0} is called a modified carrying simplex of (1)
if Σ meets the following requirements.

(i) Σ is compact, invariant and homeomorphic to ∆N−1 by radial projection.

(ii) Σ attracts all the points of B \ {0}, i.e. ω(x) ⊂ Σ for each x ∈ B \ {0}.

Moreover, if x is below Σ with a nonempty support I(x) ⊂ IN , then there is a y ∈ Σ with
I(y) = I(x) such that limn→+∞(Tn(x)− Tn(y)) = 0.

Note that the “unordered” property of Σ is not mentioned in the above definition. We
shall see in Remark 2.1 (f) below that the unordered property of Σ here is slightly different
from that for carrying simplex in Hirsch [11], Ruiz-Herrera [9] and the literature. But the
main difference between modified carrying simplex and the carrying simplex in literature
is that the latter requires every trajectory in B \ {0} to be asymptotic to one in Σ whereas
the former requires every nontrivial trajectory below Σ to be asymptotic to one in Σ and Σ
to attract all the points of B \ {0}. Obviously, the concept of a modified carrying simplex
is more general and it includes carrying simplex as a particular class.

Definition 2.2. The map T : C → C defined by (2) is said to be weakly retrotone in a

subset X ⊂ C if for x, y ∈ X with T (x) > T (y) and T (x) − T (y) ∈ ĊI for some I ⊂ IN ,
then x > y and xi > yi for all i ∈ I.

Comparing this with the definition of retrotone given in section 1 we see that if T is
retrotone then it is weakly retrotone, but not vice versa.

Theorem 2.3. Assume that T defined by (2) with T ([0, r]) ⊂ [0, r] for some r ∈ Ċ satisfies
the following conditions:
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(i) For each i ∈ IN , the map T restricted to Xi has a fixed point qiei with qi > 0 and
q � r.

(ii) T is weakly retrotone and locally one to one in [0, r].

(iii) For any x, y ∈ [0, r], if T (x) < T (y) and T (y)− T (x) ∈ ĊI for some I ⊂ IN then,
for each j ∈ I, either xj = 0 or fj(x) > fj(y).

Then 0 is a repellor with the basin of repulsion B(0) ⊂ [0, r], (1) has a unique modified

carrying simplex Σ and Σ = B(0) \ ({0} ∪ B(0)). Moreover, for each p ∈ Σ and every
q ∈ [0, r] \ {0} with q < p, we have α(q) ⊂ πi provided qi < pi.

Remark 2.1

(a) Condition (i) of Theorem 2.3 is the same as that of Theorem 1.1 but conditions (ii)
and (iii) are weaker than those of Theorem 1.1.

(b) Condition (ii) and the definition (2) imply that T : [0, r] → T ([0, r]) is a homeo-
morphism. This follows from the local one to one property of T on [0, r], T (x) = 0
if and only if x = 0, and Lemma 4.1 in [9].

(c) Condition (ii) implies that, for each i ∈ IN , the function Ti(sei) is strictly increasing
for s ∈ [0, ri]. Indeed, from (b) above we know that T is one to one on [0, r]. As
Tj(sei) = 0 and Ti(sei) > 0 for all j ∈ IN \ {i} and s ∈ (0, ri], the one to one
property of T ensures that Ti(s1ei) 6= Ti(s2ei) for 0 < s1 < s2 ≤ ri. By (ii) we
must have Ti(s1ei) < Ti(s2ei) for 0 < s1 < s2 ≤ ri. By continuity, Ti(sei) is strictly
increasing for s ∈ [0, ri].

(d) Conditions (ii) and (iii) imply that, for each i ∈ IN , fi(sei) is strictly decreasing
for s ∈ [0, ri]. Indeed, for 0 < s1 < s2 ≤ ri, from (c) above we see that 0 <
Ti(s1ei) < Ti(s2ei) and T (s1ei) < T (s2ei). From (iii) we have fi(s1ei) > fi(s2ei).
By continuity of f , fi(sei) is strictly decreasing for s ∈ [0, ri].

(e) The conclusion that the origin is a repellor immediately follows from conditions
(i)–(iii). In fact, condition (i) implies that fi(qiei) = 1 for all i ∈ IN . From (d)
above we have fi(0) > 1 for all i ∈ IN . As each fi(0) is an eigenvalue of DT (0), all
eigenvalues of DT (0) are greater than 1 so 0 is a repellor.

(f) From the conclusion we see that for each p ∈ Σ, there is a nonempty I ⊂ IN such

that p ∈ ĊI . Then, for each q ∈ [0, r] with q �I p, we have α(q) ⊂ πi for all

i ∈ I. As q �I p and p ∈ ĊI imply that q ∈ CI , we have α(q) ⊂ ∩Ni=1πi = {0},
so α(q) = {0} 6⊂ Σ. Since α(q) ⊂ Σ if q ∈ Σ by the invariance and compactness
of Σ, we must have q 6∈ Σ. This shows that Σ is unordered in a strict sense: for
any nonempty I ⊂ IN , any p ∈ ĊI and any q �I p, we cannot have both p ∈ Σ
and q ∈ Σ. In other words, Σ is unordered in the sense of �I for any nonempty
I ⊂ IN : there are no distinct points p, q ∈ Σ ∩ CI such that p�I q. However, due

to the possibility of ∂fi(x)
∂xj

= 0 for some i 6= j and some x, Σ does allow ordered
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points on it in the sense of <, i.e. p, q ∈ Σ with p < q. This is demonstrated by
the trivial example below.

Example Consider the system (1) with T given by

(5) Ti(x) = xigi(xi), i ∈ IN ,

where each gi : R+ → R is positive, continuous, 0 < gi(u) < 1 for u ≥ ri > qi > 0,
gi(qi) = 1, gi ∈ C1([0, ri],R), g′i(u) < 0, and gi(u) + ug′i(u) > 0 for u ∈ [0, ri]. Then T
satisfies all the conditions of Theorem 2.3, so it has a unique modified carrying simplex Σ.
Note that system (1) with T defined by (5) is a trivial case of (1) with T defined by (2)
when there is no interaction between distinct component equations of the system. Since qi
is the globally attracting equilibrium of the ith component equation on the positive xi-axis,
Σ is the upper boundary surface of the cell [0, q], i.e.

Σ = {x ∈ [0, q] : xi = qi for some i ∈ IN}.

Clearly, q ∈ Σ and for each p ∈ Σ \ {q}, we have p < q. Thus, ordered points in the sense
of < are permitted on Σ.

Now utilising DT and Df , we obtain conditions which guarantee conditions (ii) and (iii)
and the following version of Theorem 2.3 with easily checkable conditions. Consider the
matrix M(x) given by (4) and

(6) M̃(x) = (M̃ij(x)) =

(
− xj
fi(x)

∂fi
∂xj

(x)

)
N×N

.

Theorem 2.4. Assume that T given by (2) satisfies the following conditions:

(i) For each i ∈ IN , the map T restricted to Xi has a fixed point qiei with qi > 0 and

q � r for some r ∈ Ċ.

(ii) The entries of the Jacobian Df satisfy

(7) ∀x ∈ [0, r], ∀i, j ∈ IN ,
∂fi
∂xj

(x) ≤ 0,

and fi is strictly decreasing in xi ∈ [0, ri] for x ∈ [0, r].

(iii) For each x ∈ [0, q]\{0}, either ρ(M(x)) < 1 for M(x) given by (4) or ρ(M̃(x)) < 1

for M̃(x) given by (6).

Then 0 is a repellor with the basin of repulsion B(0) ⊂ [0, r], (1) has a unique modified

carrying simplex Σ and Σ = B(0) \ ({0} ∪ B(0)). Moreover, for each p ∈ Σ and every
q ∈ [0, r] \ {0} with q < p, we have α(q) ⊂ πi provided qi < pi.

Remark 2.2
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(a) When ∂fi
∂xi
≤ 0, a sufficient condition for fi to be strictly decreasing for xi ∈ [0, ri],

x ∈ [0, r] with xj fixed for all j ∈ IN \ {i}, is that the set Zi of zeros of ∂fi
∂xi

in

[0, ri] is either empty or finite or infinite with only a finite number of accumulation
points. In particular, when each Zi is empty, condition (ii) in Theorem 2.4 can be
replaced by

(ii)* For all i, j ∈ IN , the entries of the Jacobian Df satisfy

(8) ∀x ∈ [0, r],
∂fi
∂xi

(x) < 0,
∂fi
∂xj

(x) ≤ 0.

(b) Comparing Theorem 2.4 with Theorem 1.2, we see that condition (i) of Theorem
2.4 is the same as (i) of Theorem 1.2 and (iii) of Theorem 2.4 has one more choice
than (iii) of Theorem 1.2, but condition (ii) of Theorem 2.4 only requires each
entry of Df to be nonnegative instead of N2 entries of Df to be strictly negative
in Theorem 1.2, plus the strictly decreasing requirement of each fi in xi. Even if
(ii) is replaced by the stronger condition (ii)* above, it only requires N diagonal
entries of Df to be negative. From this point of view, with a trade off of having
a modified carrying simplex rather than the well known carrying simplex, we have
significantly reduced the cost and generalised the existing results.

(c) Under condition (ii) of Theorem 2.4, if

(9) fi(x) +

N∑
j=1

xi
∂fi
∂xj

(x) > 0 ∀i ∈ IN ,

using one type of matrix norm we have

‖M(x)‖ = max
i∈IN

N∑
j=1

∣∣∣∣ xi
fi(x)

∂fi(x)

∂xj

∣∣∣∣ < 1.

By Theorem 6.1.3 in [18], ρ(M(x)) ≤ ‖M(x)‖. Thus, (9) is a sufficient condition
for ρ(M(x)) < 1. By the same reason, if

(10) fi(x) +

N∑
j=1

xj
∂fi
∂xj

(x) > 0 ∀i ∈ IN ,

then ρ(M̃(x)) ≤ ‖M̃(x)‖ < 1. Therefore, condition (iii) of Theorem 2.4 is met if
(9) or (10) holds for each x ∈ [0, q] \ {0}.

Corollary 1. Under the conditions of Theorem 2.3 or Theorem 2.4, the following conclu-
sions hold.

(i) For any periodic orbit γ ⊂ Σ, the points on γ are unordered, i.e. if p, q ∈ γ with
p ≤ q then p = q.
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(ii) For any x ∈ Σ, if there are two points p, q ∈ γ(x) satisfying p < q then α(x) consists
of either a single fixed point or a periodic orbit.

Proof. (i) Suppose there are two points p, q ∈ γ satisfying p < q. Then there is at least one
i ∈ IN such that pi < qi. From Theorem 2.3 we have α(p) ⊂ πi, so q 6∈ α(p), a contradiction
to q ∈ γ = α(p) due to the periodicity of γ. Therefore, γ is unordered.

(ii) By x ∈ Σ we have γ(x) ⊂ Σ and α(x) ⊂ Σ. Since p, q ∈ γ(x) with p < q, we have
T (T−1(p)) = p < q = T (T−1(q)). Then the weakly retrotone property of T implies that
T−1(p) < T−1(q) and T−n(p) < T−n(q) for all n ∈ N. For each i ∈ IN , if there is an n ∈ N
such that (T−n(p))i < (T−n(q))i, by Theorem 2.3 we have α(x) = α(p) ⊂ πi; otherwise,
we have (T−n(p))i = (T−n(q))i for all n ∈ N. Thus, there is a proper subset I ⊂ IN such
that α(x) ⊂ πi for each i ∈ I and (T−n(p))j = (T−n(q))j for all n ∈ N and j ∈ IN \ I. As
p and q are two distinct points on γ(x), there is an n1 > 0 such that either Tn1(p) = q or
Tn1(q) = p. Hence, since the component (Tn(p))j is an n1-periodic function for n ∈ N for
each j ∈ IN \ I, we obtain

α(x) = {T k(y) : k ∈ {0, 1, . . . , n1 − 1}, (T k(y))i = 0, i ∈ I;

(T k(y))j = (T k−n1(p))j , j ∈ IN \ I}

Therefore, α(x) consists of either a single fixed point or a periodic orbit. �

Remark 2.3 Just as we mentioned after Theorem 1.1, Theorems 2.3 and 2.4 can be only
applied to systems on the space [0, r] ⊂ C if no condition for T on C \ [0, r] is given.
However, a simple additional condition

(11) ∀i ∈ IN ,∀x ∈ C with xi ≥ ri, 0 < fi(x) < 1

guarantees that for each compact set S ⊂ C there is a k ∈ N such that T k(S) ⊂ [0, r], so
that Theorems 2.3 and 2.4 can be applied directly to systems on C.

In general, for any topological space X, a system x(n) = Fn(x) for x ∈ X,n ∈ N with a
map F : X → X, and a compact invariant set A ⊂ X, A is called a global attractor of the
system if A attracts the points of any bounded set B ⊂ X uniformly. For our system (1)
with (2) on C under the conditions of Theorem 2.3 or Theorem 2.4, since 0 is a repelling
fixed point, by saying that Σ is a global attractor of the system in [0, r] \ {0} (C \ {0}), we
mean Σ uniformly attracts the points of any bounded set B ⊂ [0, r] \ {0} (B ⊂ C \ {0})
that is bounded away from 0, i.e. B ⊂ [0, r] \ {0} (B ⊂ C \ {0}).

Corollary 2. Under the conditions of Theorem 2.3 or Theorem 2.4, the modified carrying
simplex Σ is a global attractor in [0, r] \ {0}. In addition, if (11) holds, then Σ is a global
attractor of the system in C \ {0}.

Before we prove Theorem 2.3, Theorem 2.4 and Corollary 2 in section 5, we present an
application of Theorem 2.4 in next section.
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3. Criteria for dominance and vanishing species

In this section, we consider (2) and give sufficient conditions for dominance of some species
under the assumption that the conditions of Theorem 2.4 are met.

Viewing (2) as a population model for N competitive species, we say that the jth species

is dominated or vanishing if limn→+∞ xj(n) = 0 for all x ∈ Ċ; we say that the jth species

is dominant if lim infn→∞ xj(n) > δ > 0 for all x ∈ Ċ and all other species are vanishing.
Let

(12) Γi = {x ∈ C : fi(x) = 1}, i ∈ IN .
Under the general assumptions for (2), each Γi is a closed set and an (N − 1)-dimensional
hypersurface. In this section, we assume that each Γi is simply connected and divides C
into three mutually exclusive subsets Γ+

i ,Γi and Γ−i with 0 ∈ Γ−i . Then the closure of Γ−i
is Γ−i = Γ−i ∪ Γi. But if we consider the restriction of Γi to [0, r], this assumption is met if
the conditions of Theorem 2.4 hold: each Γi∩ [0, r] is a simply connected closed set and an
(N − 1)-dimensional hypersurface such that Γ−i ∩ [0, r] is strictly below Γi and Γ+

i ∩ [0, r]
is strictly above Γi.

Under the conditions of Theorem 2.4, let Qi = qiei, the fixed point of T on Xi, the positive
half xi-axis.

Theorem 3.1. Assume that (11) and the conditions of Theorem 2.4 hold.

(a) If for some i ∈ IN and all j ∈ IN \ {i}, ∂fi
∂xi

(Qi) < 0 and Γi ∩ [0, r] is strictly below

Γj, then limn→+∞ xi(n) = 0 for all x ∈ C \Xi so the ith species is vanishing.

(b) If for some i ∈ IN and all j ∈ IN \ {i}, ∂fi
∂xi

(Qi) < 0 and Γi ∩ [0, r] is strictly
above Γj, then the ith species is dominant and the axial fixed point Qi is globally
asymptotically stable.

Proof. By Theorem 2.4 the system has a unique modified carrying simplex Σ.

(a) Under the assumption that Γi ∩ [0, r] is strictly below Γj for all j ∈ IN \ {i}, we first
claim that

(13) Γ−i ∩ Σ = ∅
so that Γ−i ∩ [0, r] is strictly below Σ and Σ is above Γi. Indeed, if (13) were not true then

we would have a point p ∈ (Γ−i ∩ Σ). As 0 6∈ Σ, we have p 6= 0 and a nonempty J ⊂ IN
such that pj > 0 if and only if j ∈ J . Since p is below Γi and Γi ∩ [0, r] is strictly below Γj
for all j ∈ IN \ {i}, p is below Γj for all j ∈ IN . Let u = T (p). Then

∀j ∈ J, uj = Tj(p) = pjfj(p) > pj ; ∀k ∈ IN \ J, uk = pk = 0,

so p �J u. As Σ is invariant and p ∈ Σ, we have u ∈ Σ. Then, by Theorem 2.4, we have
α(p) = {0} so p ∈ B(0), a contradiction to p ∈ Σ = B(0) \ ({0} ∪ B(0)). This shows our
claim (13).
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Since the axial fixed point Qi is below Γj for all j ∈ IN \ {i}, the Jacobian matrix DT (Qi)

has N − 1 eigenvalues fj(Qi) > 1 for j ∈ IN \ {i} and one eigenvalue 1 + qi
∂fi
∂xi

(Qi). By

assumption, (4) and (6), the only nonzero eigenvalue of M(Qi) and M̃(Qi) is −qi ∂fi∂xi
(Qi) >

0, so ρ(M(Qi)) = ρ(M̃(Qi)) = −qi ∂fi∂xi
(Qi). By condition (iii) of Theorem 2.4, we have

0 < 1 + qi
∂fi
∂xi

(Qi) < 1. So Qi is a saddle point in C with Xi as its one-dimensional stable

manifold and a repellor on Σ. Thus, to show that limn→+∞ xi(n) = 0 for all x ∈ C \Xi,
by the definition of modified carrying simplex, we need only show that limn→+∞ xi(n) = 0
for all x ∈ C \Xi on or above Σ, i.e. x ∈ (Σ ∪ Σ+) \Xi.

Now for any x ∈ C with xi > ri, the assumption (11) ensures that x(n) ∈ [0, r] for large
enough n ∈ N. Without loss of generality, we only consider x ∈ (Σ ∪ (Σ+ ∩ [0, r])) \ Xi.
We first show that the set (Σ ∪ (Σ+ ∩ [0, r])) \Xi is positively invariant. From the proof
of Theorem 2.4 given in section 5 we shall see that the conditions of Theorem 2.4 imply
the conditions of Theorem 2.3. Thus, [0, r] is positively invariant and, by Remark 2.3 (b),
T : [0, r] → T ([0, r]) is a homeomorphism. As 0 is a repellor with the basin of repulsion

B(0) ⊂ [0, r], we shall see in section 5 (Lemma 5.4) that B(0) is invariant. Thus, T maps
the set

[0, r] \ B(0) = [0, r] \ (Σ ∪ B(0) ∪ {0}) = [0, r] \ (Σ ∪ Σ−) = [0, r] ∩ Σ+

into itself. As Σ is invariant, Σ ∪ (Σ+ ∩ [0, r]) is positively invariant. For each x ∈
Σ∪(Σ+∩ [0, r])\Xi, there is a j ∈ IN \{i} such that xj > 0, so Tj(x) = xjfj(x) > 0. Thus,
T (x) ∈ Σ ∪ (Σ+ ∩ [0, r]) \Xi. This shows the positive invariance of Σ ∪ (Σ+ ∩ [0, r]) \Xi.

By (13), Σ is above Γi, so Σ∪(Σ+∩[0, r])\Xi is above Γi. Thus, for x ∈ (Σ∪(Σ+∩[0, r]))\Xi,
x(n) = Tn(x) ∈ (Σ ∪ (Σ+ ∩ [0, r])) \Xi, so x(n) is on or above Γi for all n ∈ N. Hence,

∀n ∈ N, xi(n+ 1) = Ti(x(n)) = xi(n)fi(x(n)) ≤ xi(n).

This shows that {xi(n)} is a bounded monotone nonincreasing sequence, so there is an
x0 ≥ 0 such that limn→+∞ xi(n) = x0. Suppose x0 > 0. Then, for each y ∈ ω(x) ⊂ Σ,
we have yi = x0. As Tn(y) ∈ ω(x) for all integer n, we have Ti(y) = yifi(y) = x0 = yi
so fi(y) = 1 and y ∈ Γi. Therefore, ω(x) ⊂ Γi ∩ Σ. If ω(x) = {Qi}, as Qi is below Γj
for all j ∈ IN \ {i}, there is a δ > 0 such that the closure O(Qi, δ) ∩ [0, r] of the open ball
centred at Qi with radius δ restricted to [0, r], i.e. O(Qi, δ) ∩ [0, r], is strictly below Γj for
all j ∈ IN \ {i}. Let

m0 = min{fj(u) : u ∈ O(Qi, δ) ∩ [0, r], j ∈ IN \ {i}}.

Then m0 > 1. Since limn→+∞ x(n) = Qi, there is n1 ∈ N such that x(n) ∈ O(Qi, δ)∩ [0, r]
for n ≥ n1. As x 6∈ Xi, we have xj > 0 for some j ∈ IN \ {i}. Then, for this j and all
n ≥ 1,

xj(n+ n1) = Tj(x(n− 1 + n1) = xj(n− 1 + n1)fj(x(n− 1 + n1) ≥ m0xj(n− 1 + n1),

so xj(n + n1) ≥ mn
0xj(n1) → +∞ as n → +∞, a contradiction to the boundedness of

{x(n)}. This contradiction shows the existence of a point y ∈ ω(x) \ {Qi}. Since Qi is the
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unique intersection point of Σ with Xi and y ∈ Σ \ {Qi}, we have y 6∈ Xi so yj > 0 for
some j ∈ IN \ {i}. Since Γi ∩ [0, r] is strictly below Γj and ω(x) ⊂ Γi ∩Σ ⊂ Γi ∩ [0, r], ω(x)
is strictly below Γj . Let

ρ = min
u∈ω(x)

fj(u).

Then, by the continuity of f and the compactness of ω(x), ρ > 1 and

yj(n+ 1) = Tj(y(n)) = yj(n)fj(y(n)) ≥ ρyj(n).

Thus,

yj(n) ≥ ρnyj → +∞ (n→ +∞),

a contradiction to the boundedness of ω(x). This contradiction shows that we must have
x0 = 0, i.e. limn→+∞ xi(n) = 0 for all x ∈ C \Xi.

(b) Under the condition that Γi ∩ [0, r] is strictly above Γj for every j ∈ IN \ {i}, we first
show that Σ is below Γi by assuming the opposite: there is a point p ∈ Σ ∩ Γ+

i . As p 6= 0,
there is a nonempty J ⊂ IN as the support of p. As p is above Γi and Γi ∩ [0, r] is strictly
above Γj for all j ∈ IN \ {i}, p is above Γj for all j ∈ IN . Thus,

∀j ∈ J, Tj(p) = pjfj(p) < pj ,

so T (p) �J p. By Theorem 2.4, α(T (p)) = {0} so T (p) ∈ B(0), a contradiction to

T (p) ∈ Σ = B(0) \ ({0} ∪ B(0)). This shows that Σ must be below Γi.

We need only show that Qi is stable and attracts all the points of C \ πi as the dominance
of the ith species is implied by the global attraction of Qi. As Qi is above Γj for all

j ∈ IN \ {i}, we have fj(Qi) ∈ (0, 1) for all j ∈ IN \ {i}. By the assumption ∂fi
∂xi

(Qi) < 0

and condition (iii) of Theorem 2.4, 1+qi
∂fi
∂xi

(Qi) ∈ (0, 1). Thus, every eigenvalue of DT (Qi)

is in (0, 1) so Qi is asymptotically stable. To show the global attraction of Qi in C \ πi, by
the assumption (11) and the definition of a modified carrying simplex, we need only show
that limn→+∞ x(n) = Qi for all x ∈ (Σ ∪ (Σ+ ∩ [0, r])) \ πi.

If x ∈ Σ \πi, as x(n) ∈ Σ for all n ∈ N and Σ is below Γi, the sequence {xi(n)} is bounded
and monotone nondecreasing. Thus, there is a β > 0 such that limn→+∞ xi(n) = β. For
any y ∈ ω(x), we have Ti(y) = yifi(y) = β = yi so fi(y) = 1. Thus, y ∈ Γi and ω(x) ⊂ Γi.
We claim that ω(x) = {Qi}. To verify this claim, as ω(x) is compact, ω(x) ⊂ Γi and
Γi ∩ [0, r] is strictly above Γj for all j ∈ IN \ {i}, there is a δ > 0 such that the closure

O(ω(x), δ) ∩ [0, r] of the open set O(ω(x), δ) ∩ [0, r] with

O(ω(x), δ) = {z ∈ C : ‖z − u‖ < δ for some u ∈ ω(x)}
is strictly above Γj for all j ∈ IN \ {i}. Let

µ = max{fj(u) : u ∈ O(ω(x), δ) ∩ [0, r], j ∈ IN \ {i}}.

By the continuity of f and the compactness of O(ω(x), δ) ∩ [0, r], we have 0 < µ < 1. By
the definition of ω(x), there is an integer N1 ≥ 0 such that x(n) ∈ O(ω(x), δ)∩ [0, r] for all
n > N1. Let J ⊂ IN be the support of x. Then xj(n) > 0 for all n ∈ N if and only if j ∈ J .
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If J = {i} then x = Qi and the above claim is obviously true. Now suppose {i} ⊂ J 6= {i}.
Then,

∀n > N1,∀j ∈ J \ {i}, xj(n+ 1) = xj(n)fj(x(n)) ≤ µxj(n),

so xj(n+N1) ≤ µnxj(N1)→ 0 as n→ +∞. This shows that ω(x) = Σ ∩Xi = {Qi}.

Now suppose x ∈ (Σ+ ∩ [0, r]) \ πi. By the asymptotic stability of Qi there is a δ > 0 such
that every point z ∈ O(Qi, δ) ∩ C is attracted to Qi, i.e. limn→+∞ z(n) = Qi. Thus, as
long as Qi ∈ ω(x), there is an m ∈ N such that x(m) ∈ O(Qi, δ) ∩ C so that ω(x) = {Qi}.
We now prove Qi ∈ ω(x) by contradiction. If Qi 6∈ ω(x) and there is a y ∈ ω(x) ⊂ Σ with
yi > 0, by the previous paragraph we have limn→+∞ y(n) = Qi. As ω(x) is compact and
y(n) ∈ ω(x) for all n ∈ N, we have Qi ∈ ω(x), which contradicts the condition Qi 6∈ ω(x).
Thus, if Qi 6∈ ω(x) then ω(x) ⊂ Σ ∩ πi. If ω(x) is strictly below Γi, by definition of
ω(x) there is a K ∈ N such that x(n) is below Γi for all n ≥ K. Thus, {xi(n)} is an
increasing sequence for n ≥ K so that xi(n) ≥ xi(K) > 0 for n ≥ K and each y ∈ ω(x)
satisfies yi ≥ xi(K) > 0, a contradiction to the assumption ω(x) ⊂ πi. If there is a point
p ∈ ω(x) ⊂ (Σ ∩ πi) on or above Γi, there is a nonempty J ⊂ IN \ {i} as the support of p.
As Γi ∩ [0, r] is strictly above Γj for all j ∈ IN \ {i}, p is above Γj for all j ∈ IN \ {i} so
T (p)�J p. This leads us to α(T (p)) = {0} by Theorem 2.4, so T (p) ∈ B(0), a contradiction

to T (p) ∈ Σ = B(0)\ ({0}∪B(0)). These contradictions show that we must have Qi ∈ ω(x)
so ω(x) = {Qi}. �

We note that Theorem 2.3 in [9] is consistent with our Theorem 3.1 (b) but under the
stronger conditions of Theorem 1.1. While Theorem 3.1 used one surface Γi ∩ [0, r] com-
paring with the other N − 1 surfaces Γj to obtain one species vanishing, our next result
repeat such a condition several times to get multiple species vanishing.

Theorem 3.2. Assume that (11) and the conditions of Theorem 2.4 hold. Assume also

the existence of an integer k ∈ IN \ {N} such that for all i ∈ {1, . . . , k}, ∂fi
∂xi

(Qi) < 0 and

(14) ∀j ∈ {i+ 1, . . . , N}, (∩i−1
`=1π`) ∩ Γi ∩ [0, r] is strictly below Γj .

Then the ith species is dominated for all i ∈ {1, . . . , k}. In addition, if k = N − 1 and
∂fN
∂xN

(QN ) < 0, then the N th species is dominant and the N th axial fixed point QN is globally

asymptotically stable in C.

Remark 3.1 Here the symbol ∩i∈∅πi is deemed as C. So, (14) for i = 1 is simplified
as

(15) ∀j ∈ {2, . . . , N},Γ1 ∩ [0, r] is strictly below Γj .

Proof of Theorem 3.2. For k > 1 we first prove that

(16) ∀i ∈ {2, . . . , k}, (∩i−1
`=1π`) ∩ Γ−i ∩ Σ = ∅.

The proof of (16) is similar to that of (13). Suppose (16) is not true. Then, for some
i ∈ {2, . . . , k}, there exists a point u ∈ (∩i−1

`=1π`) ∩ Γ−i ∩ Σ, so u is below Γi. By (14),
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(∩i−1
`=1π`) ∩ [0, r] ∩ Γi is strictly below Γj for all j ∈ {i + 1, . . . , N}. Thus, u is below Γj

for all j ∈ {i, . . . , N}. Note that u ∈ (∩i−1
`=1π`) ∩ Σ implies u > 0 and uj = 0 for all

j ∈ {1, . . . , i− 1}. Thus, there is a nonempty J ⊂ {i, . . . , N} such that uj > 0 if and only
if j ∈ J . Then,

∀j ∈ J, Tj(u) = ujfj(u) > uj ,

so u �J T (u). As T (u) ∈ Σ, by Theorem 2.4 we obtain u ∈ B(0), a contradiction to

u ∈ Σ = B(0) \ ({0} ∪ B(0)). This contradiction shows the truth of (16).

For k ≥ 1 with i = 1, from Remark 3.1 and Theorem 3.1 we know that the first species is
vanishing, i.e. ω(x) ⊂ Σ ∩ π1 for all x ∈ C \X1.

Then for k ≥ 2 with i = 2, from (14) we see that Γ2 ∩ π1 ∩ [0, r] is strictly below Γj for all

j ∈ {3, . . . , N}. As ω(x) ⊂ Σ∩π1 for all x ∈ C \X1, we can prove that ω(x) ⊂ Σ∩ (π1∩π2)
for all x ∈ C \ (X1 ×X2) (the proof is included in the general case below).

Then for k ≥ 3 with i = 3, from (14) we see that Γ3 ∩ (π1 ∩ π2) ∩ [0, r] is strictly below Γj
for all j ∈ {4, . . . , N}. As ω(x) ⊂ Σ∩ (π1∩π2) for all x ∈ C \ (X1×X2), we can prove that
ω(x) ⊂ Σ ∩ (∩3

`=1π`) for all x ∈ C \ (X1 ×X2 ×X3) (the proof is included in the general
case below).

In general, for k > 1 with i = k, from (14) we see that Γk ∩ (∩k−1
`=1π`) ∩ [0, r] is strictly

below Γj for all j ∈ {k + 1, . . . , N}. Suppose we know that ω(x) ⊂ Σ ∩ (∩k−1
`=1π`) for all

x ∈ C \ (X1 × · · · ×Xk−1). We need to prove that

(17) ∀x ∈ C \ (X1 × · · · ×Xk), ω(x) ⊂ Σ ∩ (∩k`=1π`).

From condition (11), Theorem 2.4 and the definition of a modified carrying simplex, instead
of (17) we need only prove that

(18) ∀x ∈ ([0, r] \ Σ−) \ (X1 × · · · ×Xk), ω(x) ⊂ Σ ∩ (∩k`=1π`).

The proof of (18) is divided into the following two steps.

Step 1. We show that

(19) ∀x ∈ (∩k−1
`=1π`) ∩ ([0, r] \ Σ−) \Xk, ω(x) ⊂ Σ ∩ (∩k`=1π`).

From (16) we know that (∩k−1
`=1π`)∩Σ is above Γk, so (∩k−1

`=1π`)∩ ([0, r] \Σ−) \Xk is above
Γk. Note that π` and C \ π` are positively invariant for any ` ∈ IN . Thus, for any x ∈
(∩k−1

`=1π`)∩([0, r]\Σ−)\Xk, if xk = 0 then x ∈ (∩k`=1π`), so x(n) ∈ (∩k`=1π`) for all n ∈ N and

ω(x) ⊂ Σ∩(∩k`=1π`). If xk > 0, as both ∩k−1
`=1π` and ([0, r]\Σ−)\Xk = Σ∪(Σ+∩ [0, r])\Xk

(from the proof of Theorem 3.1) are positively invariant and (∩k−1
`=1π`)∩ ([0, r]\Σ−)\Xk =

(∩k−1
`=1π`) ∩ (([0, r] \ Σ−) \Xk), we have x(n) ∈ (∩k−1

`=1π`) ∩ ([0, r] \ Σ−) \Xk for all n ∈ N,
so each x(n) is on or above Γk for all n ∈ N. Hence,

∀n ∈ N, xk(n+ 1) = Tk(x(n)) = xk(n)fk(x(n)) ≤ xk(n).

As {xk(n)} is a positive monotone nonincreasing sequence, there is a µ ≥ 0 such that
limn→+∞ xk(n) = µ. Suppose µ > 0. Then, for each y ∈ ω(x) ⊂ Σ we have yk = µ. As
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T (y) ∈ ω(x), we have µ = Tk(y) = ykfk(y) = µfk(y) so fk(y) = 1 and y ∈ Γk. Therefore,

ω(x) ⊂ Γk. By the positive invariance of (∩k−1
`=1π`) ∩ [0, r], ω(x) ⊂ Γk ∩ (∩k−1

`=1π`) ∩ [0, r].

Since the set Γk ∩ (∩k−1
`=1π`) ∩ [0, r] is strictly below Γj for all j ∈ {k + 1, . . . , N}, ω(x) is

strictly below Γj for all j ∈ {k+ 1, . . . , N}. As ω(x) is compact, there is a δ > 0 such that

O(ω(x), δ)∩[0, r] is strictly below Γj for all j ∈ {k+1, . . . , N}. For this δ, there is an m ∈ N
such that x(n) ∈ O(ω(x), δ)∩ [0, r] for all n ≥ m. Note that x ∈ (∩k−1

`=1π`)∩([0, r]\Σ−)\Xk

implies xj > 0 for some j ∈ {k + 1, . . . , N}. For this j, let

η = min{fj(u) : u ∈ O(ω(x), δ) ∩ [0, r]}.

Then η > 1 and for all n ≥ 1,

xj(n+m) = Tj(x(n+m− 1)) = xj(n+m− 1)fj(x(n+m− 1)) ≥ ηxj(n+m− 1).

It follows from this that xj(n+m) ≥ ηnxj(m)→ +∞ as n→ +∞, a contradiction to the
boundedness of {x(n)}. This contradiction shows that µ = 0 and (19) follows.

Step 2. Now we prove (18). For x ∈ ([0, r] \ Σ−) \ (X1 × · · · ×Xk), we show that ω(x) ⊂
Σ ∩ (∩k`=1π`). From the supposition we know that ω(x) ⊂ Σ ∩ (∩k−1

`=1π`). Suppose ω(x) 6⊂
Σ ∩ (∩k`=1π`). Then either ω(x) = {Qk} or there is a y ∈ ω(x) \ {Qk} with yk > 0.

In the former case, limn→+∞ x(n) = Qk. Since Qk is below Γj for all j ∈ {k + 1, . . . , N},
there is an ε > 0 such that O(Qk, ε) ∩ [0, r] is strictly below Γj for all j ∈ {k + 1, . . . , N}.
For this ε > 0, there is an m ∈ N such that x(n) ∈ O(Qk, ε) ∩ [0, r] for all n ≥ m. That
x 6∈ X1 × · · · ×Xk ensures the existence of some j ∈ {k + 1, . . . , N} with xj > 0 so that
xj(n) > 0 for all n ∈ N. For this j, let

η0 = min{fj(u) : u ∈ O(Qk, ε) ∩ [0, r]}.

Then η0 > 1 and for all n ≥ 1,

xj(n+m) = Tj(x(n+m− 1)) = xj(n+m− 1)fj(x(n+m− 1)) ≥ η0xj(n+m− 1).

This leads to xj(n+m) ≥ ηn0xj(m)→ +∞ as n→ +∞, a contradiction to the boundedness
of {x(n)}.

In the latter case, from Step 1 we see that limn→+∞ yk(n) = 0. Without loss of generality,
we may assume that 0 < yk < qk, where Qk = qkek. Since the whole trajectory γ(y) is

contained in ω(x) and ω(x) is compact, from Step 1 we derive that ω(y) ⊂ ω(x)∩(∩k−1
`=1π`)∩

Σ. Let

η1 = max{fk(u) : u ∈ [0, r]}

and take a small ε ∈ (0, yk3η1
). Since the set

S = {z ∈ (∩k−1
`=1π`) ∩ Σ : ε ≤ zk ≤ yk}
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is compact and ω(z) ⊂ (∩k`=1π`) ∩ Σ for all z ∈ S from Step 1, by continuous dependence

there is a δ ∈ (0,min{ ε2 ,
1
6yk}) such that

∀u ∈ O(S, δ) ∩ [0, r], ∃z ∈ S, ∃n1(z) ∈ N, such that zk(n1) <
ε

2
,

∀n ∈ {0, . . . , n1}, ‖u(n)− z(n)‖ < ε

2
.(20)

For this δ, there is an m0 ∈ N such that x(n) ∈ O((∩k−1
`=1π`) ∩ Σ, δ) for all n ≥ m0. As

∅ 6= ω(y) ⊂ ω(x) ∩ (∩k`=1π`) ∩ Σ, there is an m1 ≥ m0 such that 0 < xk(m1) < ε. Then

xk(m1 + 1) = Tk(x(m1)) = xk(m1)fk(x(m1)) ≤ η1ε <
1

3
yk.

Thus, either (i) xk(m1+1) < ε or (ii) x(m1+1) ∈ O(S, δ). In case (i), by taking m2 = m1+1
we have xk(m2 + 1) < 1

3yk. In case (ii), by (20) there is a z ∈ S and n1 ∈ N such that

zk(n1) < 1
2ε and ‖x(m1 +1+n)−z(n)‖ < 1

2ε for all 0 ≤ n ≤ n1. By the positive invariance

of (∩k−1
`=1π`) ∩ Σ, for any z ∈ (∩k−1

`=1π`) ∩ Σ, we have z(n) ∈ (∩k−1
`=1π`) ∩ Σ for all n ∈ N.

As (16) implies that (∩k−1
`=1π`) ∩ Σ is above Γk and S ⊂ (∩k−1

`=1π`) ∩ Σ, zk(n) is monotone
nonincreasing in n for each z ∈ S. Then,

xk(m1 + 1 + n) < zk(n) +
1

2
ε ≤ zk +

1

2
ε < xk(m1 + 1) + ε <

2

3
yk, 0 ≤ n ≤ n1

and xk(m1 + 1 + n1) < zk(n1) + 1
2ε < ε. Take m2 = m1 + 1 + n1. In either (i) or (ii),

we see that xk(n) < 2
3yk for all m1 ≤ n ≤ m2. Repeating the above process we obtain

xk(n) < 2
3yk for all n ≥ m1, a contradiction to y ∈ ω(x).

The contradictions in both cases above show that ω(x) ⊂ (∩k`=1π`)∩Σ. Then (18) follows.

Finally, if k = N − 1, we have limn→+∞ x(n) = QN for all x ∈ C with xN > 0. As QN
is above Γj for all j ∈ {1, . . . , N − 1} and ∂fN

∂xN
(QN ) < 0, every eigenvalue of the Jacobian

matrix DT (QN ) is in the interval (0, 1). Thus, QN is globally asymptotically stable. �

Note that the statement of Theorem 3.2 used the natural ascending order of numbers for
the species. Obviously, the statement is still true after a permutation from ascending order
of numbers.

Corollary 3. Assume that (11) and the conditions of Theorem 2.4 hold. Assume also
the existence of a permutation p : IN → IN and an integer k ∈ IN \ {N} such that
∂fp(i)
∂xp(i)

(Qp(i)) < 0 for all i ∈ {1, . . . , k} and

(21) ∀j ∈ {i+ 1, . . . , N}, (∩i−1
`=1πp(`)) ∩ Γp(i) ∩ [0, r] is strictly below Γp(j).

Then the p(i)th species is dominated for all i ∈ {1, . . . , k}. In addition, if k = N − 1 and
∂fp(N)

∂xp(N)
(Qp(N)) < 0 then the p(N)th species is dominant and the p(N)th axial fixed point

Qp(N) is globally asymptotically stable in C.
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4. Some Examples

In this section, we apply our results obtained in sections 2 and 3 to some known models as
examples. All these models fit well into our system (1) for maps T : C → C of the form

(2), where the sign of each entry ∂fi(x)
∂xj

of the Jacobian Df is completely determined by

the corresponding entry aij of a constant matrix A = (aij)N×N :

∀i, j ∈ IN ,∀x ∈ C,
∂fi(x)

∂xj
= −σij(x)aij , σij(x) > 0.

All entries of the matrix A are assumed positive in most of the references cited here either
due to their particular meaning in the original model or due to convenience of theoretical
analysis by using available results such as Theorem 1.1, Theorem 1.2 and their variations
mentioned in section 1. Under such an assumption, each system models the population
dynamics of a community of N competing species where the population of the jth species
directly affects the growth rate of the population of the ith species in a negative way as
aij > 0.

Unfortunately, as far as the author knows, not much has been found about such systems
modelling competing species where the population of the jth species affects the growth
rate of the population of the ith species in a negative way, directly or indirectly, due to
aij > 0 or aij = 0. With the help of our Theorem 2.3 and Theorem 2.4, we are now able
to deal with these models under the relaxed assumption:

∀i, j ∈ IN , aij ≥ 0, aii > 0.

Since our results obtained in section 3 and this section below are all based on the assump-

tions of Theorem 2.4, if ∂fi(x)
∂xj

= 0 (aij = 0 for the models below) for at least one pair of

indices i, j at some point x ∈ [0, r], then these results are not achievable by using Theorem
1.2 and its variations as their conditions are not fully met. This demonstrates that the
class of systems to which Theorem 2.4 is applicable is broader than that for Theorem 1.2
and its variations. Hence, our main results are a significant improvement of those available
in literature.

4.1. The competitive Leslie-Gower models. The competitive Leslie-Gower models are
system (1) for maps T : C → C of the form (2): Ti(x) = xifi(x), where

(22) ∀i, j ∈ IN , fi(x) =
ci

1 +
∑N

k=1 aikxk
, ci > 1, aij ≥ 0, aii > 0.

Under the condition that aij > 0 for all i, j ∈ IN , Jiang and Niu [16] have shown that each
Leslie-Gower model admits a carrying simplex.

I. Following the same lines as those in [16], we check that each Leslie-Gower model with
aij ≥ 0 and aii > 0 has a unique modified carrying simplex Σ by Theorem 2.4. Indeed, for

x ∈ Xi, fi(x) = 1 if and only if xi = ci−1
aii

= qi, so T restricted to Xi has a unique fixed
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point Qi = qiei. For i, j ∈ IN ,

∂fi
∂xj

= − ciaij

[1 +
∑N

k=1 aikxk]
2
,

so ∂fi
∂xj
≤ 0 and ∂fi

∂xi
< 0. Also, for all x ∈ C,

∀i ∈ IN , fi(x) +
N∑
j=1

xj
∂fi
∂xj

=
ci

[1 +
∑N

k=1 aikxk]
2
> 0.

By Remark 2.2 (c), conditions (i)–(iii) of Theorem 2.4 and (11) are all met for any r �
q.

The surfaces Γi are now (N − 1)-dimensional planes in C:

∀i ∈ IN ,Γi = {x ∈ C : ai1x1 + · · ·+ aiNxN = ci − 1}.

II. If for some i ∈ IN , the following inequalities hold:

(23) ∀j ∈ IN \ {i},∀k ∈ IN , ajk(ci − 1) < aik(cj − 1),

then the intersection point of Γi with each positive half axis Xk is below Γj for every
j ∈ IN \ {i}. So Γi is strictly below Γj in C for all j ∈ IN \ {i}. By Theorem 3.1 (a), the
ith species is dominated.

III. If for some i ∈ IN ,

(24) ∀j ∈ IN \ {i},∀k ∈ IN , either aik = ajk = 0 or aik(cj − 1) < ajk(ci − 1),

then either Xk is parallel to both Γi and Γj or the intersection point of Γj with Xk is below
Γi, so Γi is strictly above Γj for all j ∈ IN \ {i}. By Theorem 3.1 (b), the ith species is
dominant and the fixed point Qi is globally asymptotically stable.

IV. Note that (24) is a sufficient condition for Γi to be strictly above Γj for all j ∈ IN \ {i}
in C. But the condition in Theorem 3.1 (b) only requires the relationship of such planes
restricted to [0, r]. So (24) is much stronger than the requirement of Theorem 3.1 (b). For
example, let us consider the three-dimensional Leslie-Gower model with

(25) f1(x) =
2

1 + x1 + 0.25x3
, f2(x) =

2

1 + 2x1 + x2 + 0.2x3
, f3(x) =

2

1 + 2x1 + x3
.

Clearly, e1, e2 and e3 are the axial fixed points. Take r = (1.1, 1.1, 1.1) � (1, 1, 1) = q.
The intersection points of Γ3 with the X1 and X3 are (0.5, 0, 0) and e3 respectively. As
f1(0.5, 0, 0) = 2

1.5 > 1 and f1(e3) = 2
1.25 > 1, both (0.5, 0, 0) and e3 are below Γ1. Since X2

is parallel to both Γ1 and Γ3, Γ1 is strictly above Γ3 in R3
+. The intersection points of Γ2

with the axes are (0.5, 0, 0), e2 and (0, 0, 5). We know that (0.5, 0, 0) is below Γ1 already.
As f1(e2) = 2 > 1 but f1(0, 0, 5) = 2

2.25 < 1, e2 is below Γ1 but (0, 0, 5) is above Γ1. So Γ1

is not above Γ2 on R3
+ and (24) is not met. However, restricted to [0, r], Γ2 intersects one

of the edges of [0, r] at (0.39, 0, 1.1) and f1(0.39, 0, 1.1) = 2
1.665 > 1. So Γ2 ∩ π2 ∩ [0, r] is

strictly below Γ1. This, together with e2 below Γ1, implies that Γ1 ∩ [0, r] is strictly above
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Γ2. By Theorem 3.1 (b), the first species is dominant and the fixed point e1 is globally
asymptotically stable.

V. Now suppose the following inequalities hold:

∀i ∈ IN \ {N},∀j, k ∈ {i+ 1, . . . , N},(26)

aji(ci − 1) < aii(cj − 1), a(i+1)k(ci − 1) < aik(ci+1 − 1).

Then, for each i ∈ IN \ {N}, the intersection point of Γi with Xi is below Γj for all j ∈
{i+1, . . . , N} and Γi∩(Xi+1×· · ·×XN ) is strictly below Γi+1. Thus, ΓN−1∩(XN−1×XN )
is strictly below ΓN , ΓN−2 ∩ (XN−2 × XN−1 × XN ) is strictly below ΓN−1 and ΓN , . . .,
Γi ∩ (Xi × · · · ×XN ) is strictly below Γj for all j ∈ {i + 1, . . . , N}. By Theorem 3.2, the

Nth species is dominant and QN = cN−1
aNN

eN is globally asymptotically stable.

4.2. The generalised competitive Atkinson-Allen models. The generalised com-
petitive Atkinson-Allen models are systems (1) for maps T : C → C of the form (2):
Ti(x) = xifi(x), where

(27) ∀i, j ∈ IN , fi(x) = ci +
(1 + ui)(1− ci)
1 +

∑N
k=1 aikxk

, 0 < ci < 1, ui > 0, aij ≥ 0, aii > 0.

Under the condition that aij > 0 for all i, j ∈ IN , Gyllenberg et al [6] have shown that
each such model admits a carrying simplex.

I. Following the same lines as those in [6], we check that each generalised Atkinson-Allen
model with aij ≥ 0 and aii > 0 has a unique modified carrying simplex Σ by Theorem 2.4.
Indeed, for x ∈ Xi, fi(x) = 1 if and only if xi = ui

aii
= qi, so T restricted to Xi has a unique

fixed point Qi = qiei. For i, j ∈ IN ,

∂fi
∂xj

= −(1 + ui)(1− ci)aij
[1 +

∑N
k=1 aikxk]

2
,

so ∂fi
∂xj
≤ 0 and ∂fi

∂xi
< 0. Also, for all x ∈ C,

∀i ∈ IN , fi(x) +
N∑
j=1

xj
∂fi
∂xj

= ci +
(1 + ui)(1− ci)

[1 +
∑N

k=1 aikxk]
2
> 0.

By Remark 2.2 (c), conditions (i)–(iii) of Theorem 2.4 and (11) are all met for any r �
q.

The surfaces Γi are now (N − 1)-dimensional planes in C:

(28) ∀i ∈ IN ,Γi = {x ∈ C : ai1x1 + · · ·+ aiNxN = ui}.

II. If for some i ∈ IN , the following inequalities hold:

(29) ∀j ∈ IN \ {i}, ∀k ∈ IN , ajkui < aikuj ,
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then the intersection point of Γi with each positive half axis Xk is below Γj for every
j ∈ IN \ {i}. So Γi is strictly below Γj in C for all j ∈ IN \ {i}. By Theorem 3.1 (a), the
ith species is dominated.

III. If for some i ∈ IN ,

(30) ∀j ∈ IN \ {i},∀k ∈ IN , either aik = ajk = 0 or aikuj < ajkui,

then either Xk is parallel to both Γi and Γj or the intersection point of Γj with Xk is below
Γi, so Γi is strictly above Γj for all j ∈ IN \ {i}. By Theorem 3.1 (b), the ith species is
dominant and the fixed point Qi is globally asymptotically stable.

IV. Note that (30) is much stronger than the requirement of Theorem 3.1 (b). Similar to
(25), we can easily construct a three-dimensional generalised Atkinson-Allen model as an
example which fails (30) but satisfies the condition of Theorem 3.1 (b).

V. Now suppose the following inequalities hold:

(31) ∀i ∈ IN \ {N},∀j, k ∈ {i+ 1, . . . , N}, ajiui < aiiuj , a(i+1)kui < aikui+1.

Then, for each i ∈ IN \ {N}, the intersection point of Γi with Xi is below Γj for all j ∈
{i+1, . . . , N} and Γi∩(Xi+1×· · ·×XN ) is strictly below Γi+1. Thus, ΓN−1∩(XN−1×XN )
is strictly below ΓN , ΓN−2 ∩ (XN−2 × XN−1 × XN ) is strictly below ΓN−1 and ΓN , . . .,
Γi ∩ (Xi × · · · ×XN ) is strictly below Γj for all j ∈ {i + 1, . . . , N}. By Theorem 3.2, the
Nth species is dominant and QN = uN

aNN
eN is globally asymptotically stable.

VI. The standard Atkinson-Allen models are systems (1) for maps T : C → C of the form
(2): Ti(x) = xifi(x), where

(32) ∀i, j ∈ IN , fi(x) = c+
2(1− c)

1 +
∑N

k=1 aikxk
, 0 < c < 1, aij ≥ 0, aii > 0.

Note that f defined by (32) is a special case of (25) with ci = c and ui = 1 for all i ∈ IN .
Thus, the results obtained above for generalised Atkinson-Allen models can be applied
to the standard Atkinson-Allen models with simplified conditions (ui, uj replaced by 1 in
(29)–(31)). For these models with aij > 0 for all i, j ∈ IN , see [5], [15] and the references
therein for further results.

4.3. The competitive Ricker models. The competitive Ricker models are systems (1)
for maps T : C → C of the form (2): Ti(x) = xifi(x), where

(33) ∀i, j ∈ IN , fi(x) = exp

[
ui

(
1−

N∑
k=1

aikxk

)]
, ui > 0, aij ≥ 0, aii > 0.

Under the conditions that aij > 0 for all i, j ∈ IN and

(34) ∀i ∈ IN , ui < aii/
N∑
j=1

aij , or ∀i ∈ IN , ui < 1/
N∑
j=1

aij
ajj

,

Gyllenberg et al [8] have shown that each such model admits a carrying simplex.
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I. We check that, under (34), each Ricker model with aij ≥ 0 and aii > 0 has a unique
modified carrying simplex Σ by Theorem 2.4. (i) For x ∈ Xi, fi(x) = 1 if and only
if xi = 1

aii
= qi, so T restricted to Xi has a unique fixed point Qi = qiei. (ii) For

i, j ∈ IN ,
∂fi
∂xj

= −uiaijfi(x),

so ∂fi
∂xj
≤ 0 and ∂fi

∂xi
< 0. (iii) For all x ∈ [0, q], we have

∀i ∈ IN , fi(x) +

N∑
j=1

xj
∂fi
∂xj

= fi(x)[1− ui
N∑
j=1

aijxj ] ≥ fi(x)[1− ui
N∑
j=1

aij
ajj

] > 0,

or

∀i ∈ IN , fi(x) + xi

N∑
j=1

∂fi
∂xj

= fi(x)[1− uixi
N∑
j=1

aij ] ≥ fi(x)[1− ui
aii

N∑
j=1

aij ] > 0.

By Remark 2.2 (c), conditions (i)–(iii) of Theorem 2.4 and (11) are all met for any r � q.
Then, by Theorem 2.4, each Ricker model with (34) has a modified carrying simplex
Σ.

The surfaces Γi are now (N − 1)-dimensional planes in C:

∀i ∈ IN ,Γi = {x ∈ C : ai1x1 + · · ·+ aiNxN = 1}.

II. If for some i ∈ IN , the following inequalities hold:

(35) ∀j ∈ IN \ {i},∀k ∈ IN , ajk < aik,

then the intersection point of Γi with each positive half axis Xk is below Γj for every
j ∈ IN \ {i}. So Γi is strictly below Γj in C for all j ∈ IN \ {i}. By Theorem 3.1 (a), the
ith species is dominated.

III. If for some i ∈ IN ,

(36) ∀j ∈ IN \ {i},∀k ∈ IN , either aik = ajk = 0 or aik < ajk,

then either Xk is parallel to both Γi and Γj or the intersection point of Γj with Xk is below
Γi, so Γi is strictly above Γj for all j ∈ IN \ {i}. By Theorem 3.1 (b), the ith species is
dominant and the fixed point Qi is globally asymptotically stable.

IV. Note that (36) is much stronger than the requirement of Theorem 3.1 (b). Similar to
(25), we can easily construct a three-dimensional Ricker model as an example which fails
(36) but satisfies the condition of Theorem 3.1 (b).

V. Now suppose the following inequalities hold:

(37) ∀i ∈ IN \ {N}, ∀j, k ∈ {i+ 1, . . . , N}, aji < aii, a(i+1)k < aik.

Then, for each i ∈ IN \ {N}, the intersection point of Γi with Xi is below Γj for all j ∈
{i+1, . . . , N} and Γi∩(Xi+1×· · ·×XN ) is strictly below Γi+1. Thus, ΓN−1∩(XN−1×XN )
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is strictly below ΓN , ΓN−2 ∩ (XN−2 × XN−1 × XN ) is strictly below ΓN−1 and ΓN , . . .,
Γi ∩ (Xi × · · · ×XN ) is strictly below Γj for all j ∈ {i + 1, . . . , N}. By Theorem 3.2, the
Nth species is dominant and QN = 1

aNN
eN is globally asymptotically stable.

4.4. General competitive models with plane nullclines. In [12], the competitive
models given by system (1) for maps T : C → C of the form (2) Ti(x) = xifi(x) are
considered, where

(38) ∀i ∈ IN , fi(x) = Gi((Ax)i)

with

(39) A =


aii a12 · · · a1N

a21 a22 · · · a2N

· · · · · · · · · · · ·
aN1 aN2 · · · aNN


satisfying aii > 0 and aij ≥ 0, (Ax)i denoting the ith component of Ax. Assume that the
functions Gi ∈ C1(R+,R+) satisfy the following conditions:

(a1) Each Gi is positive and strictly decreasing with Gi(ui) = 1 and G′i(ui) < 0 for some
ui > 0.

(a2) For x ∈ C and each i ∈ IN , ∂Ti
∂xi

> 0 for 0 ≤ xi ≤ ui
aii

= qi.

Then each nullcline surface Γi is a hyperplane given by (28). Under (a1), (a2) and another
condition, criteria are established in [12] for global stability of a fixed point by geometric
method of using the relative positions of the nullcline planes in [0, q]. The matrix M(x)

defined by (4) is M(x) = −diag(
xiG
′
i((Ax)i)

Gi((Ax)i)
)A.

I. Assume that

(40) ∀x ∈ [0, q], ρ(M(x)) < 1.

We check that each such model has a unique modified carrying simplex Σ by Theorem 2.4.
(i) For x ∈ Xi, Gi((Ax)i) = 1 if and only if (Ax)i = ui, i.e. xi = ui

aii
= qi, so T restricted

to Xi has a unique fixed point Qi = qiei. (ii) For i, j ∈ IN ,

∂Gi((Ax)i)

∂xj
= aijG

′
i((Ax)i).

By aij ≥ 0, aii > 0 and (a1), ∂Gi((Ax)i)
∂xj

≤ 0 and Gi((Ax)i) is strictly decreasing in xi.

Condition (iii) of Theorem 2.4 follows from (40). Then, by Theorem 2.4, each model with
(38) has a modified carrying simplex Σ.

By the same reasoning as that given for generalised Atkinson-Allen models, we obtain the
following conclusions.

II. If (29) holds, then the ith species is dominated.
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III. If (30) holds, then the ith species is dominant and Qi is globally asymptotically sta-
ble.

IV. If (31) holds, then the Nth species is dominant and QN is asymptotically stable.

5. Proof of the main theorems

In this section, we aim at providing complete proofs for Theorem 2.3, Theorem 2.4 and
Corollary 2. Although some of the ideas used here are credited to [9] and [19, 20], for
readers’ convenience we present an independent proof rather than citing some lemmas and
theorems and modifying their proofs bit by bit. However, this does not mean that the
proofs are trivial modifications from those in the references. Actually, the author’s main
contribution in this paper is the sharp observation that the system permits a modifies
carrying simplex if the retrotone property for T is relaxed to weakly retrotone, which leads
to the dramatic relaxation of the conditions of Theorem 1.2 to those of Theorem 2.4. To
prove these results, in addition to inheriting some techniques shown in Lemma 5.2, Lemma
5.3, the main part of the proof of Theorem 2.3 and a small part of the proof of Theorem
2.4, the author’s own methods and techniques are reflected in Lemma 5.1, Lemma 5.4,
Lemma 5.5, the main part of the proof of Theorem 2.4 and Corollary 2.

Lemma 5.1. Assume that T satisfies the conditions of Theorem 2.3. Then, for any x ∈
[0, r], [0, T (x)] ⊂ T ([0, r]).

Proof. By Remark 2.1 (b) we know that T is a homeomorphism from [0, r] to T ([0, r]).
Thus, T maps an open set of [0, r] to an open set of T ([0, r]). Clearly, the set

[0, r) = {x ∈ [0, r] : 0 ≤ x� r}
is open in [0, r], so T ([0, r)) is also open in T ([0, r]). We first show that

(41) ∀x ∈ [0, r), [0, T (x)] ⊂ T ([0, r)).

Suppose (41) is not true. Then, for some x ∈ [0, r)\{0}, there is a y satisfying 0 < y < T (x)
but y 6∈ T ([0, r)). Since T ([0, r)) is open and T (x) ∈ T ([0, r)), there is an s0 ∈ [0, 1) such
that y(s) = y+s(T (x)−y) ∈ T ([0, r)) for s ∈ (s0, 1] but y(s0) = y+s0(T (x)−y) 6∈ T ([0, r)).
As T is weakly retrotone, we have 0 < z(s) = T−1(y(s)) < x for s ∈ (s0, 1) and z(s1) <
z(s2) for any s0 < s1 < s2 ≤ 1. Thus, lims→s0+ z(s) exists. Define z(s0) = lims→s0+ z(s).
Then z(s0) ∈ [0, x] ⊂ [0, r) so T (z(s0)) ∈ T ([0, r)). By continuity of T ,

T (z(s0)) = lim
s→s0+

T (z(s)) = lim
s→s0+

y(s) = y(s0),

a contradiction to y(s0) 6∈ T ([0, r)). This contradiction shows the truth of (41).

Now we show that [0, T (x)] ⊂ T ([0, r]) for all x ∈ [0, r]. This is true by (41) if x ∈ [0, r),
so we suppose x ∈ [0, r] \ [0, r). Then T (x) ∈ T ([0, r] \ [0, r)) and x(s) = sx ∈ [0, r) for all
s ∈ [0, 1) with lims→1− x(s) = x. Moreover, by (41), [0, T (x(s))] ⊂ T ([0, r)) ⊂ T ([0, r]) for
all s ∈ [0, 1). For each y ∈ [0, T (x)], if y ∈ [0, T (x(s))] for some s ∈ [0, 1) then y ∈ T ([0, r]);
if y 6∈ [0, T (x(s))] for any s ∈ [0, 1) then there is an increasing sequence {sn} ⊂ [0, 1) with
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sn ↑ 1 and a sequence {yn} with yn ∈ [0, T (x(sn))] ⊂ T ([0, r)) such that limn→∞ yn = y.

So y ∈ T ([0, r)). But since T ([0, r)) ⊂ T ([0, r]), T ([0, r)) is open and T ([0, r]) is closed,

we have T ([0, r)) ⊂ T ([0, r]) so y ∈ T ([0, r]). This shows that [0, T (x)] ⊂ T ([0, r]) for all
x ∈ [0, r]. �

For any x ∈ [0, r], we denote the image of x under (T−1)k by x(−k) if (T−1)k(x) = T−k(x)
exists.

Lemma 5.2. Assume that the conditions of Theorem 2.3 hold. Suppose x ∈ [0, r] \ {0}
such that (T−1)k(x) exists and x(−k) ∈ [0, r] for all k ∈ N. Then, for any y ∈ [0, r] with

y < x and x− y ∈ ĊI for some nonempty I ⊂ IN , y(−k) exists in [0, r] for all k ∈ N and

(42) ∀i ∈ I, lim
k→∞

yi(−k) = 0.

Proof. By the existence of x(−1) ∈ [0, r] we have x = T (T−1(x)) = T (x(−1)) ∈ T ([0, r]).
Thus, by Lemma 5.1, [0, x] ⊂ T ([0, r]). As y ∈ [0, r] and y < x, we have y ∈ T ([0, r])
so y(−1) exists and y(−1) ∈ [0, r]. It then follows from the weak retrotone property of
T that y(−1) < x(−1) and yi(−1) < xi(−1) for all i ∈ I. If y(−k) = (T−1)k(y) exists,
y(−k) < x(−k) and yi(−k) < xi(−k) for all i ∈ I and some k ∈ N, by the same reasoning
as above we obtain the existence of y(−k − 1) = (T−1)k+1(y), y(−k − 1) < x(−k − 1) and
yi(−k − 1) < xi(−k − 1) for all i ∈ I. By induction, we see the existence of y(−k) ∈ [0, r]
with y(−k) < x(−k) and yi(−k) < xi(−k) for all i ∈ I and all k ∈ N.

To prove (42) by contradiction, we suppose the existence of i ∈ I such that 0 < yi < xi
and yi(−k) 6→ 0 as k →∞. As x(−k), y(−k) ∈ [0, r] for all k ∈ N and [0, r] is compact, we
can select a subsequence {σ(k)} ⊂ {k} such that

lim
k→∞

x(−σ(k)) = x̄, lim
k→∞

y(−σ(k)) = ȳ, ȳi > 0.

By 0 < yi < xi we have 0 < yi(−k) < xi(−k) for all k ∈ N. Now define

∆(k) =
yi(−k)

xi(−k)
, k ∈ N.

Then

1 > ∆(k) =
Ti(y(−k − 1))

Ti(x(−k − 1))
=
yi(−k − 1)fi(y(−k − 1))

xi(−k − 1)fi(x(−k − 1))
= ∆(k + 1)

fi(y(−k − 1))

fi(x(−k − 1))
.

By condition (iii) of Theorem 2.3, fi(y(−k−1))
fi(x(−k−1)) > 1. So

∀k ∈ N, 0 < ∆(k + 1) < ∆(k) < 1.

This shows the existence of a β ∈ [0, 1) such that limk→∞∆(k) = β. In particular,

1 > β = lim
k→∞

∆(σ(k)) = lim
k→∞

yi(−σ(k))

xi(−σ(k))
=
ȳi
x̄i
> 0,
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so 0 < ȳi = βx̄i < x̄i. By continuity of T , T (x(−σ(k)))→ T (x̄) and T (y(−σ(k)))→ T (ȳ)
as k →∞. Thus,

β = lim
k→∞

∆(σ(k)− 1) = lim
k→∞

yi(−σ(k) + 1)

xi(−σ(k) + 1)
= lim

k→∞

Ti(y(−σ(k)))

Ti(x(−σ(k)))
=
Ti(ȳ)

Ti(x̄)
.

From this we obtain Ti(ȳ) = βTi(x̄) < Ti(x̄). As y(−k) < x(−k) for all k ∈ N, we have
T (y(−σ(k))) = y(−σ(k)+1) < x(−σ(k)+1) = T (x(−σ(k))) and, as k →∞, T (ȳ) < T (x̄).

By condition (iii) of Theorem 2.3, we have fi(ȳ)
fi(x̄) > 1. As limk→∞

fi(y(−σ(k)))
fi(x(−σ(k))) = fi(ȳ)

fi(x̄) and
fi(y(−k))
fi(x(−k)) > 1 for all k ∈ N, there is an η > 1 such that fi(y(−σ(k)))

fi(x(−σ(k))) ≥ η for all k ∈ N. Thus,

∆(σ(k)− 1) =
Ti(y(−σ(k)))

Ti(x(−σ(k)))
= ∆(σ(k))

fi(y(−σ(k)))

fi(x(−σ(k)))
≥ η∆(σ(k)).

From this and σ(k)− 1 ≥ σ(k − 1) for k > 1 we obtain

∀k > 1,∆(σ(k)) ≤ 1

η
∆(σ(k)− 1) ≤ 1

η
∆(σ(k − 1)).

This implies that

∀k ∈ N, β < ∆(σ(k + 1)) ≤ 1

ηk
∆(σ(1)).

Letting k →∞, we obtain β = 0, a contradiction to β = ȳi
x̄i
> 0. This contradiction shows

the truth of (42). �

Lemma 5.3. Suppose the existence of x, y ∈ [0, r] \ {0} with support I(x) = I(y) ⊂ IN
satisfying x(k) ≤ y(k) for all k ∈ N. Then, under the conditions of Theorem 2.3,

(43) lim
k→∞

(y(k)− x(k)) = 0.

Proof. If x(k0) = y(k0) for some k0 ∈ N then y(k) = x(k) for all k ≥ k0 so (43) holds.
Now assume that x(k) < y(k) for all k ∈ N. For each i ∈ I(x), if there is a k1 ∈ N
such that xi(k1) = yi(k1), then we must have xi(k1 + 1) = yi(k1 + 1), for the inequality
Ti(x(k1)) = xi(k1 + 1) < yi(k1 + 1) = Ti(y(k1)) and condition (ii) of Theorem 2.3 would
imply xi(k1) < yi(k1). Thus, xi(k) = yi(k) for all k ≥ k1 so limk→∞(yi(k) − xi(k)) = 0.
Now suppose for a fixed i ∈ I(x),

∀k ∈ N, 0 < xi(k) < yi(k).

Define δ(k) = xi(k)
yi(k) for all k ∈ N. Then

1 > δ(k + 1) =
Ti(x(k))

Ti(y(k))
= δ(k)

fi(x(k))

fi(y(k))
.

As fi(x(k))
fi(y(k)) > 1 by condition (iii) of Theorem 2.3, {δ(k)} is a positive increasing sequence

bounded above by 1. If limk→∞ δ(k) = 1 then

yi(k)− xi(k) = yi(k)[1− δ(k)]→ 0 (k →∞).
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Suppose limk→∞ δ(k) = β for some β ∈ (0, 1). If limk→∞(yi(k) − xi(k)) 6= 0, there must
be a subsequence {σ(k)} ⊂ {k} such that

lim
k→∞

x(σ(k)) = x̄, lim
k→∞

y(σ(k)) = ȳ, x̄ < ȳ, x̄i < ȳi.

Then,

(44) 1 > δ(σ(k + 1)) ≥ δ(σ(k) + 1) =
Ti(x(σ(k)))

Ti(y(σ(k)))
= δ(σ(k))

fi(x(σ(k)))

fi(y(σ(k)))
.

By condition (iii) of Theorem 2.3 again, fi(x(σ(k)))
fi(y(σ(k))) > 1. As

T (x(σ(k))) = x(σ(k) + 1) < y(σ(k) + 1) = T (y(σ(k))),

limk→∞ T (x(σ(k))) = T (x̄) and limk→∞ T (y(σ(k))) = T (ȳ), we have T (x̄) ≤ T (ȳ). If

Ti(x̄) < Ti(ȳ) then T (x̄) < T (ȳ). By condition (iii) of Theorem 2.3, we obtain fi(x̄)
fi(ȳ) > 1. If

Ti(x̄) = Ti(ȳ), then

1 =
Ti(x̄)

Ti(ȳ)
=
x̄i
ȳi

fi(x̄)

fi(ȳ)
,
fi(x̄)

fi(ȳ)
=
ȳi
x̄i
> 1.

Therefore, there is an η > 1 such that fi(x(σ(k)))
fi(y(σ(k))) ≥ η for all k ∈ N. Then, from (44) we

obtain

δ(σ(k + 1)) ≥ ηδ(σ(k)) ≥ ηkδ(σ(1))→ +∞ (k →∞),

a contradiction to δ(k) < 1. This contradiction shows the conclusion (43). �

Under the assumptions of Theorem 2.3, T ([0, r]) ⊂ [0, r]. By Remark 2.1 (b), T : [0, r] →
T ([0, r]) is a homeomorphism, so T maps open sets to open sets and closed sets to closed
sets. As

∀n ∈ N, Tn+1([0, r]) ⊂ Tn([0, r])

and [0, r] is compact, Tn([0, r]) is compact for all n ∈ N. From Remark 2.1 (e) we know
that 0 is a repellor with basin of repulsion B(0) ⊂ [0, r].

Lemma 5.4. Assume that the conditions of Theorem 2.3 hold. Let

(45) A0 = ∩∞n=0T
n([0, r]).

Then A0 is nonempty, compact, invariant and A0 = B(0).

Proof. That A0 6= ∅ is obvious as 0, qiei and all fixed points of T are in A0. As each
Tn([0, r]) is compact and any nonempty intersection of compact sets is compact, by (45)
A0 is compact. The invariance of A0 follows from (45) and T ([0, r]) ⊂ [0, r]. Clearly, by
(45) we see that A0 is the largest invariant set of T in [0, r]. As B(0) is an open subset of

[0, r] and invariant, we have B(0) ⊂ A0. To show that A0 = B(0), we take an arbitrary

point x ∈ A0 \ B(0) and show that x ∈ B(0). This is trivial if x = 0 as 0 ∈ B(0). If

x 6= 0 then there is a nonempty I ⊂ IN such that x ∈ ĊI . Moreover, us = sx �I x for
all s ∈ (0, 1). By the invariance of A0, x(−k) exists in A0 for all k ∈ N. Then, by Lemma
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5.2, us(−k) exists in [0, r] for all s ∈ (0, 1) and all k ∈ N and limk→∞ us(−k) = 0. Thus,

us ∈ B(0) for all s ∈ (0, 1). Since x = lims→1− us, we have x ∈ B(0). �

With the help of Lemmas 5.1–5.4 we are now in a position to prove Theorem 2.3.

Proof of Theorem 2.3. Let Σ = B(0)\({0}∪B(0)). We verify that Σ is a modified carrying
simplex. Clearly, Σ ⊂ [0, r] \ {0} and Σ 6= ∅ as all the nontrivial fixed points are in Σ.

From Lemma 5.4 we see that B(0) is compact and invariant. As {0} ∪ B(0) is open and
invariant, Σ is compact and invariant. That T : Σ→ Σ is a homeomorphism follows from
T being a homeomorphism from [0, r] to T ([0, r]).

To show that Σ is homeomorphic to ∆N−1 by radial projection, we define a map m :
∆N−1 → Σ as follows. For each x ∈ ∆N−1, as λx ∈ B(0) for sufficiently small λ > 0 and
B(0) is open, there is a unique λ0 = λ0(x) > 0 such that λx ∈ B(0) for all 0 < λ < λ0 but

λ0x 6∈ B(0). Since limλ→λ0 λx = λ0x 6= 0, we have λ0x ∈ B(0) so λ0x ∈ Σ. We claim that
λx 6∈ A0 for λ > λ0, where A0 is given by (45). Indeed, if there is a λ1 > λ0 such that
u = λ1x ∈ A0, then u(−k) ∈ A0 for all k ∈ N. By Lemma 5.2, we would have λ0x ∈ B(0),
a contradiction to λ0x 6∈ B(0). Thus,

∀x ∈ ∆N−1,Σ ∩ {λx : λ > 0} = {λ0(x)x}.
Then the map m : ∆N−1 → Σ defined by m(x) = λ0(x)x is a bijection. The map m is a
homeomorphism if m and m−1 are continuous.

To show that m is continuous, we need only show that λ0 : ∆N−1 → R+ is continuous.
Suppose λ0 is not continuous at a point x0 ∈ ∆N−1, i.e. limx→x0 λ0(x) 6= λ0(x0). Since λ0

is obviously bounded, there is a sequence {xk} ⊂ ∆N−1 such that

xk → x0 and λ0(xk)→ µ 6= λ0(x0) as k →∞.
Then {m(xk)} ⊂ Σ and m(xk) = λ0(xk)xk → µx0 as k →∞. Since Σ is compact, we have
µx0 ∈ Σ. This contradicts Σ ∩ {λx : λ > 0} = {λ0(x0)x0} 6= {µx0}. This contradiction
shows the continuity of m on ∆N−1.

To show that m−1 : Σ→ ∆N−1 is continuous, since the continuity of m implies that Σ is a
continuous surface, for each y ∈ Σ, there is a unique µ = µ(y) > 0 such that µ(y)y ∈ ∆N−1

so that m−1(y) = µ(y)y. Then the continuity of m−1 follows from showing the continuity
of µ : Σ → R+ by the same technique as above. Therefore, Σ is homeomorphic to ∆N−1

by radial projection.

Next, we show that for each x ∈ [0, r] \ {0}, if x is above Σ then ω(x) ⊂ Σ; if x is below Σ
then there is a y ∈ Σ with support I(y) = I(x) such that

(46) lim
k→+∞

[x(k)− y(k)] = 0.

Now suppose x is above Σ. By Lemma 5.4 we have ω(x) ⊂ A0. As B(0) does not contain
any positive limit point and 0 6∈ ω(x), we must have ω(x) ⊂ Σ.
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Next, suppose x is below Σ with support I(x) ⊂ IN . As B(0) = {0} ∪ B(0) ∪ Σ, we have
Σ− = {0} ∪ B(0). By x > 0, we must have x ∈ B(0). Define sets

∀k ∈ N, U(k, x) = {y ∈ Σ : I(y) = I(x), x(k) < y(k)}.

Note that T (B(0)) = B(0) and T (Σ) = Σ. For each fixed k ∈ N, x(k) is below Σ so there
is µ0 > 1 such that µ0x(k) ∈ Σ but µx(k) ∈ B(0) for 1 ≤ µ < µ0. Taking y = T−k(µ0x(k))
we have y ∈ Σ, I(y) = I(x) and y(k) = µ0x(k) > x(k). Thus, y ∈ U(k, x) so U(k, x) 6= ∅.
For each z ∈ U(k + 1, x) we have

T (x(k)) = x(k + 1) < z(k + 1) = T (z(k)).

As T is weakly retrotone, we must have x(k) < z(k) so z ∈ U(k, x). This shows that

∀k ∈ N, U(k + 1, x) ⊂ U(k, x).

From the definition we see that each U(k, x) is compact. Then ∅ 6= ∩∞k=0U(k, x) ⊂ Σ.
Taking any y ∈ ∩∞k=0U(k, x) we obtain x(k) < y(k) for all k ∈ N so (46) follows from
Lemma 5.3.

So far we have proved that Σ = B(0)\ ({0}∪B(0)) is a modified carrying simplex. Now for
each p ∈ Σ and every q ∈ [0, r]\{0} with q < p, by Lemma 5.2 we know that q(−k) ∈ [0, r]
exists for all k ∈ N and limk→+∞ qi(−k) = 0, so α(q) ⊂ πi, for any i ∈ IN with qi < pi.

Finally, we show the uniqueness of the modified carrying simplex Σ. Suppose we have
another modified carrying simplex Σ1 6= Σ. Then, on a half line starting from the origin
we have two distinct points p ∈ Σ and q ∈ Σ1 so there is a positive number λ 6= 1 such that
p = λq. Clearly p and q have the same support I ⊂ IN so we have either p�I q or q �I p.
In the first case, by Lemma 5.2 we would have α(p) = {0}, a contradiction to α(p) ⊂ Σ as
0 6∈ Σ. In the second case, by Lemma 5.2 again we would have α(q) = {0}, a contradiction
to α(q) ⊂ Σ1 as 0 6∈ Σ1. This shows that Σ is the unique modified carrying simplex. �

To prove Theorem 2.4, we need the following lemma.

Lemma 5.5. Let U be a small neighbourhood of [0, r] and T ∈ C1(U,U). Assume that the
Jacobian matrix DT (x) is invertible on [0, r] with (DT (x))−1 = (tij). If

∀x ∈ U,∀i, j ∈ IN , tii(x) > 0 and tij(x) ≥ 0,

then T from U to T (U) is one-to-one and is weakly retrotone on [0, r].

Proof. Since DT (x) is continuous on U and invertible on [0, r], there is a small neighbour-
hood U1 ⊂ U of [0, r] such that DT (x) is invertible on U1. Without loss of generality, we
assume that U1 = U . By the inverse function theorem, T from U to T (U) is one-to-one
and invertible. Moreover, T−1 on T (U) is differentiable. As g(u) = u = T−1(T (u)) for
u ∈ U , by the chain rule of differentiation we have

I = Dg(u) = [D(T−1)(T (u))][DT (u)],
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so

(47) D(T−1)(T (u)) = (DT (u))−1 = (tij(u)).

Now for any x, y ∈ [0, r] with T (x) < T (y) and T (y) − T (x) ∈ ĊI for some nonempty
I ⊂ IN , we have

y − x = T−1(T (y))− T−1(T (x))

= T−1(T (x) + s(T (y)− T (x)))|10

=

∫ 1

0

d

ds
T−1(T (x) + s(T (y)− T (x)))ds

=

∫ 1

0
D(T−1)(T (x) + s(T (y)− T (x)))ds(T (y)− T (x)).

By the assumption on the entries of (DT (u))−1 and (47), the the diagonal entries of the
matrix D(T−1)(T (x) + s(T (y)− T (x))) are positive and other entries are nonnegative. As
the matrix ∫ 1

0
D(T−1)(T (x) + s(T (y)− T (x)))ds

maintains the same feature as D(T−1)(T (x)+s(T (y)−T (x))), for each i ∈ I, T (y)−T (x) >
0 and Ti(y) − Ti(x) > 0 imply y − x > 0 and yi − xi > 0. Thus, T on [0, r] is weakly
retrotone. �

Proof of Theorem 2.4. We need only show that conditions (ii) and (iii) of Theorem 2.4
imply conditions of (ii) and (iii) of Theorem 2.3. Since

DT (x) = diag(f1(x), . . . , fN (x))(I −M(x)),

where I is the identity matrix and M(x) is given by (4), if ρ(M(x)) < 1 by (iii) of Theorem
2.4, then DT (x) is invertible with

(DT (x))−1 = (I −M(x))−1diag
( 1

f1(x)
, . . . ,

1

fN (x)

)
=

(
I +

∞∑
k=1

Mk(x)
)
diag

( 1

f1(x)
, . . . ,

1

fN (x)

)
.

From this it is clear that each diagonal entry of (DT (x))−1 is positive and other entries
are nonnegative. Then condition (ii) of Theorem 2.3 follows from Lemma 5.5.

Now suppose ρ(M̃(x)) < 1 holds instead of ρ(M(x)) < 1, where M̃(x) is given by (6). If
x� 0, then

diag(
1

x1
, . . . ,

1

xN
)DT (x)diag(x1, . . . , xN ) = diag(f1(x), . . . , fN (x))(I − M̃(x)),
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so DT (x) is invertible with

(DT (x))−1 = diag(x1, . . . , xN )(I − M̃(x))−1diag
( 1

x1f1(x)
, . . . ,

1

xNfN (x)

)
= diag(x1, . . . , xN )

(
I +

∞∑
k=1

M̃k(x)
)
diag

( 1

x1f1(x)
, . . . ,

1

xNfN (x)

)
.

From this we see that each diagonal entry of (DT (x))−1 is positive and other entries are
nonnegative. Then condition (ii) of Theorem 2.3 follows from Lemma 5.5.

If ρ(M̃(x)) < 1 holds with x 6� 0, then there is a proper subset J1 ⊂ IN as the support
of x. Without loss of generality, we assume that J1 = {1, . . . , k} for some positive integer
k < N (as we can always rearrange the order of the components). Let J2 = {k+ 1, . . . , N}
and U = diag(x1, . . . , xk, 1, . . . , 1). Then

U−1DT (x)U = diag(f1(x), . . . , fN (x))

(
I1 −M1(x) −M2(x)

0 I2

)
,

where I1 and I2 are k × k and (N − k)× (N − k) identity matrices respectively, and

M1(x) =

(
− xj
fi(x)

∂fi
∂xj

(x)

)
k×k

, for i, j ∈ J1,

M2(x) =

(
− 1

fi(x)

∂fi
∂xj

(x)

)
k×(N−k)

, for i ∈ J1, j ∈ J2.

Note that

M̃(x) =

(
M1(x) 0
M3(x) 0

)
,

where M3(x) is an (N − k) × k matrix. Then ρ(M1(x)) = ρ(M̃(x)) < 1, so DT (x) is
invertible with

(DT (x))−1 = U

(
(I −M1(x))−1 (I −M1(x))−1M2(x)

0 I2

)
×diag

( 1

f1(x)
, . . . ,

1

fN (x)

)
U−1.

As (I−M1(x))−1 = I+
∑∞

n=1M
n
1 (x) with positive diagonal entries and nonnegative other

entries, each diagonal entry of (DT (x))−1 is positive and other entries are nonnegative.
Then condition (ii) of Theorem 2.3 follows from Lemma 5.5.

For any x, y ∈ [0, r], if T (x) < T (y) and T (y)−T (x) ∈ ĊJ for some J ⊂ IN , by the weakly
retrotone property of T we have x < y and xj < yj for all j ∈ J . By condition (ii) of
Theorem 2.4, each fi is nonincreasing in every xj but strictly decreasing in xi for x ∈ [0, r].
Then we have f(x) > f(y) and fj(x) > fj(y) for all j ∈ J , so condition (iii) of Theorem
2.3 holds.
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Finally, we check that [0, r] is positively invariant. Note that Remark 2.1 (b) and (c) do
not reply on the positive invariance of [0, r]. Then, for each x ∈ [0, r] and every i ∈ IN , by
(ii) of Theorem 2.4 we have Ti(x) ≤ Ti(xiei). By Remark 2.1 (c), Ti(xiei) is increasing for
xi ∈ [0, ri], so

Ti(x) ≤ Ti(xiei) ≤ Ti(riei) = rifi(riei) < ri.

This shows that T (x)� r and T ([0, r]) ⊂ [0, r]. �

Proof of Corollary 2. For any bounded set B ⊂ [0, r] \ {0} with B ⊂ [0, r] \ {0}, there is
a small δ > 0 such that O(0, δ) ∩ B = ∅ and O(0, δ) ∩ [0, r] is strictly below Σ. Since

0 is a repellor, B(0) is invariant by Lemma 5.4, [0, r] is positively invariant, and T from
[0, r] to T ([0, r]) is a homeomorphism by Remark 2.1 (b), for δ > 0 small enough the set
[0, r] \ O(0, δ) is positively invariant with B ⊂ [0, r] \ O(0, δ) and O(0, δ) ∩ [0, r] is strictly
below Σ. Then, for each n ∈ N, Tn([0, r] \O(0, δ)) is compact and

Σ ⊂ Tn+1([0, r] \O(0, δ)) ⊂ Tn([0, r] \O(0, δ)).

From this follows

Σ ⊂
∞⋂
n=0

Tn([0, r] \O(0, δ)).

We claim that

(48) Σ =
∞⋂
n=0

Tn([0, r] \O(0, δ)).

Indeed, from Lemma 5.4 we know that

∩∞n=0T
n([0, r] \O(0, δ)) ⊂ A0 = B(0) = {0} ∪ B(0) ∪ Σ.

If (48) is not true, then there is a point p ∈ (∩∞n=0T
n([0, r] \ O(0, δ))) \ Σ, so T−n(p) ∈

[0, r] \ O(0, δ) for all n ∈ N. This shows that limn→∞ T
−n(p) 6= 0. On the other hand,

however, as p 6∈ {0}∪Σ, we must have p ∈ B(0) so limn→∞ T
−n(p) = 0. This contradiction

shows the truth of (48).

Now from (48) we see that Σ attracts the points of [0, r] \ O(0, δ) uniformly. As B ⊂
[0, r] \ O(0, δ), Σ attracts the points of B uniformly. Therefore, Σ is a global attractor in
[0, r] \ {0} under the conditions of Theorem 2.3 or Theorem 2.4.

Under the additional condition (11), for any bounded set B ⊂ C \ {0} with B ⊂ C \ {0},
from Remark 2.3 we know the existence of an integer k > 0 such that T k(B) ⊂ [0, r].
By the definition of T , T k(x) = 0 if and only if x = 0 on C. As 0 6∈ B, 0 6∈ T k(B) so
T k(B) ⊂ [0, r] \ {0}. From the previous paragraph we know that Σ attracts the points
of T k(B) uniformly. Thus, Σ attracts the points of B uniformly. Hence, Σ is a global
attractor in C \ {0}. �
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6. Conclusion

We have so far considered the discrete dynamical system (1) with the maps T defined by (2).
Recall that the current available carrying simplex theory is about the existence of an (N −
1)-dimensional surface that is a compact invariant set attracting all the points in C \ {0}.
With the existing concept of a carrying simplex for the system and the available criteria
on existence of carrying simplex as the main concern of this paper, we have successfully
achieved our goal of extending this theory to a broader class of systems: We have first
defined the concept of a modified carrying simplex, which is a slight relaxation from the
concept of a carrying simplex and is still an (N − 1)-dimensional surface that is a compact
invariant global attractor of the system in C \ {0}. We then have established our criteria
for existence and uniqueness of a modified carrying simplex.

In comparison with the existing criteria for existence of a carrying simplex, our criteria for
existence and uniqueness of a modified carrying simplex have the following main virtue:
Instead of requiring all the entries of the Jacobian Df(x) to be negative for all x ∈ [0, q], we
only require each entry of Df(x) to be nonpositive and each fi(x) to be strictly decreasing
in xi. Thus, we have significantly reduced the cost of having an (N−1)-dimensional surface
as a compact invariant global attractor of the system in C\{0}. In other words, our criteria
can be applied to a broader class of systems as competitive models.

The significance of the carrying simplex theory lies in that the global dynamics of the
system in C can be described by the dynamics on the modified carrying simplex Σ. As
one application of this theory, we have investigated vanishing species and dominance of
one species over others. Assuming the existence of a modified carrying simplex, we have
obtained sufficient geometric conditions for one or more species to die out. We have also
obtained conditions for one species to dominate all others and one axial fixed point to be
globally asymptotically stable.

Above all, with our theorems for modified carrying simplex Σ, we have laid the foundation
for exploring the global dynamics of the system. We expect future research work will be
flourishing based on modified carrying simplex.

Open Problem Suppose system (1) with T defined by (2) satisfies the conditions of
Theorem 2.4, so the system permits a modified carrying simplex Σ. Is it possible to
construct a sequence {T [k]} satisfying the following conditions?

(i) For each integer k > 0, the map T [k] from [0, r] to C has the form (2).

(ii) Each T [k] on [0, r] meets the requirements of Theorem 1.2, so system (1) with T

replaced by T [k] permits a carrying simplex Σ[k].

(iii) As k →∞, T [k](x)→ T (x) uniformly for x ∈ [0, r]

(iv) As k →∞, Σ[k] → Σ in the following sense:

∀ε > 0,∃K > 0, ∀k ≥ K,Σ[k] ⊂ O(Σ, ε).
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If the answer is YES, then our Theorem 2.4 can be viewed as the result of a limit process
from Theorem 1.2, i.e. system (1) with (2) satisfying the conditions of Theorem 2.4 can
be approximated by systems satisfying the conditions of Theorem 1.2.
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