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Abstract. In the present paper, we have introduced the generalized form of (p,q)-
analogue of the Szdsz-Beta operators with Stancu type parameters. We have studied
the local approximation properties of these operators and obtained the convergence rate
and weighted approximation.
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1. Introduction and preliminaries

In the last two decades, the applications of g-calculus emerged as a new area
in the field of approximation theory. The development of g-calculus has led to the
discovery of various modifications of Bernstein polynomials involving g-integers.
The aim of these generalizations is to provide appropriate and powerful tools to
application areas such as numerical analysis, computer-aided geometric design and
solutions of differential equations.

In 1987, Lupas [11] introduced the first g-analogue of the classical Bernstein
operators and investigated its approximating and shape preserving properties. An-
other g-generalization of the classical Bernstein polynomial is due to Phillips [20].
Several generalization of well known positive linear operators based on g-integers
were introduced and their approximation properties have been studied by several
researchers.

Recently, Mursaleen et al introduced the use of (p, ¢)-calculus in approximation
theory and constructed the (p, ¢)-analogue of Bernstein operators [13] and (p, q)-
analogue of Bernstein-Stancu operators [15]. Most recently, the (p, ¢)-analogue of
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some more operators have been studied in [1]- [3], [5], [12], [14], [16], [17], [18] and
[19].

The (p,q)-integer was introduced to generalize or unify several forms of ¢-
oscillator algebras well known in the Physics literature related to the representation
theory of single parameter quantum algebras. The (p, ¢)-integer is defined by
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There are two (p, g)-analogues of the classical exponential function defined as
follows
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and

n(n—1)
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which satisfy the equality e, 4(x)Ep q(—z) = 1. For p = 1, e, 4(x) and E, 4(z)
reduce to g-exponential functions.

n

For m,n € N, the (p, q)-Beta and the (p, ¢)-Gamma functions are defined by
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respectively. The two functions are connected through
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For p = 1, all the notions of the (p, ¢)-calculus reduce to those of g-calculus.

Based on (p, ¢)-calculus, very recently Acar [1] defined the (p,q) analogue of
Szasz operators as

(1.2) npa(f32) i Sl (%>

=0

for z € [0,00),0 < ¢ < p < 1, where
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Gupta and Noor [9] proposed Szdsz-Beta operators and obtained some direct
results in simultaneous approximation. Gupta and Aral [8] extended the studies and
they proposed the g-analogue of Szasz-Beta operators. Later on Aral and Gupta
[4] introduced the (p, ¢)-analogue of the Szdsz-Beta operators as follows
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where s7% (x) is defined in (1.2). In this paper, we have generalized this operator
(1.3) with Stancu type parameters. Assuming that 0 < o < 3, for z € [0,00),0 <
q < p <1, we define

[e'e) 1 oo tkfl [n] karlqt + «
Df{’ﬁ fra) = P4 (x / f< P.q >d t.
a3 ) Z Tk )Bp7q(k, n+1)Jo 1+ pt)pthtt (lp.q + 5 .

k=0 b,q
(1.4)

2. Auxiliary results

Lemma 2.1. Forz € [0,00),0 < ¢ < p <1, we have
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Lemma 2.2. Let e.(t) = t", r € NU{0}. For z € [0,00), 0 < ¢ < p <1,
0 <a < B, we have
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We readily obtain the following lemma.

Lemma 2.3. Forz €[0,00),0<q¢<p<1,0<a<p, wehave

oD = (Gl ) Gy
WD - 2P0 = (7 1]pi[85’§,q o T )
+(<[n1£2«]pf Bk (210[[271— [ﬁ] * 2“) - <M27a+ﬂ>>
Po[nly .

W) DS ((t—2)2) =
(@) Dy ot = @) ) (qu([”]pyq + B)Hn = 1p,gln — 2)pq[n = 3lp,q

B 4p°[n]; 4
e 000 — Upgln — 2y
6p[n;,q __Anjpg !
ot BRI —1lpg (Mg +5) 1)

75,4

* <q11([n]p,q + B)Hn = 1pqln = 2]pqg[n = 3lpq

[[N]m(p5 +3p°¢® + 2p%q + 2p°¢® + pg* + ¢*) + 4ap®°[n — 3]p,q]

Aln]p 4 ([7lp.a(PPa + 20°¢° + 2p + q) + 3p°¢°aln — 2],.,4)
Pg°([nlp.q + B)*In —1pgln —2pq
6[nlp,q([n]p.q(Pq + ¢*) + 2ap[n — 1],,4) _ 4o ):C?’
p([n]pg + B)%In —1lpq ([nlp.q + B)

+



On (p, q)-Stancu-Szdsz-Beta Operators and Their Approximation Properties 1135

3
+< (5.4
PP ([n]p,g + B)4n — 1pq[n = 2]pg[n — 3pq
[[n]ﬁ,q(pg +3p"q +5p°¢" + 5p°¢° + 2p*¢* + p* ¢ + PPt + 20°¢°
+2p%¢* + pg®) + daln)p4n — 3]0 ¢* + 20%¢° + 20°¢® + p*q*)

4[nlp,q
P2 ([n]p,q + B)3[n — 1pqln — 2]pq

+ 6@2p6q9 [n — 2]10711[” - 3]10711] -
[[n]ﬁ,q@pQ +pq+p+q) + 3aln — 20, ,(0*¢° + p°¢")

2 60> 2
+30°p¢°[n — 1] 4[n — 2]M] + W)x
_|_< [n]pyq
P°q5([nlp,q + B)4n — 1pq[n = 2]pg[n — 3pq

[[n]i,q(pﬁ +20°q+ ' +0° + 0’ + p’a+ 20°¢" + 2077 + 2pg°

+p¢° +¢°) + 4aln]? [n — 3l,.4(20°q + p*® + p'a + P*¢?)
+60‘2[n]p,q[n = 2]pq[n — 3]p,q(p6q7 +p5q8)

O[S
+043p6q6 [n — 1]p1q[n — 2]p1q[n — 3];07(1:| — m)x
0{4
Tl + B

3. Local approximation

In this section, we present local approximation theorem for operators Df{ﬁq. By
Cg[0,00), we denote the space of all real-valued continuous and bounded functions

f defined on the interval [0, 00). The norm || - || on the space Cp[0, ) is given by
[ fl= sup |f(z)].
0<z<oco

Further, let us consider the following K-functional:

Ka(f.0) = inf (I f=g | +51 9" I}

where § > 0 and W2 = {g € C[0,00) : g, ¢ € Cy[0,00)}. By Theorem 2.4 of [6],
there exists an absolute constant C' > 0 such that

(3.1) Ks(f,8) < Cuws(f,V6)

where

waf,V8) = sup _ sup | f(z+2h) —2f(z+h)+ f(x)]
0<h<V/35 €[0,00)



1136 M. Mursaleen, A.A.H. Al-Abied, Faisal Khan and M.A. Salman

is the second order modulus of smoothness of f € Cp[0, 00). The usual modulus of
continuity of f € Cg[0,00) is defined by

w(f,6) = sup sup | f(z+h)— f(z)].

0<h<d z€[0,00)

Theorem 3.1. Let f € Cgl0,00) and 0 < ¢ <p < 1,0 < a < B. Then for all
n € N, there exists an absolute constant C' > 0 such that

| Dipq(f32) = f(2) | Cwa(f,8n(2)) + w(f, an(z)),

where

u(w) =\ g (= 2)%2) + (an (@), an(x) = [n][: ]+ 5 T8 "

Proof. For x € [0, 00), we consider the auxiliary operators D} defined by

Dy (fi2) = Dy o (fr2) + f(a) = f ([n][:]qu— il [n]pj+ /3) '

From Lemma 2.2 (i), (ii) and Lemma 2.3 (i), we observe that the operators D (f; z)
are linear and reproduce the linear functions. Hence

Dy(Lz) = Dgf (Liz)+1-1=1,
Di(t;x) = D*P (t;x —|—x—< ["]p.q x+ @ )zw,
) palti®) Wpa+8° " Tlpg + 8
Dy((t —a);x) = Dj(t;x) — =Dy (1;x) = 0.

Let z € [0,00) and g € W2. Using the Taylor’s formula
t

ot) = g(x) + ¢ (@)(t — 7) + / (t — u)g” (u)du.

x

Applying D} to both sides of the above equation, we have

Di(g;x) —g(x) = g'(@)Dy((t —x);2) + D}, (/:(t — u)g" (u)du; x)

t
e ( / (t - g (w)du; )

[n]

Tl t?  Tlhat? ( [n] a
_/ ( Ll B — u) g" (u)du.
z [n]p.q + B [n]p,q + B

On the other hand, since

t t t
[ < [l auson) [ 1e-ulaus oo o)
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and

Anlpa @
’/[n]p,q+5m+ [nlp,q+8 ( [n]P;q T+ o — u) g”(u)du
z [n]p,q + ﬂ [n]p,q + ﬂ

[n]p,q o _ )2 1
< ([n1p,q+ﬂ“[n1p,q+ﬂ ) Namll-

We conclude that

_ t
D) o)) < (D, ([ (¢ 0 wauia )
[n]p,q a
Tlp.a+8 Ty, 7P [n]p,q - > "
-/ (e g ) o
" o, —IQ'I " [n]P,q T o —x ?
< GNP = o (et =)
= |lg" Il 6:(x).
Now, taking into account boundedness of D;, we have
| D;(fiz) | < | DYp(fiz) | +2] FUS3] £
Therefore
@B (f.o) LI I Y [n]p.q «Q _
| Digfie) = (@) < D3 =)~ D) |47 (e + o) - @)
+ | D;(g;z) — g(x) |
< |D:;<f—g;x>|+|<f—g><w>|+]f([ Clea ot ) - @)

n]pyq + [n]pyq +
+| D} (g;2) — g(=) |
< 4| f-gll +ef,an(@) + 00 @) [ " |-

Hence, taking the infimum on the right-hand side over all g € W2, we have the
following result

| Dypo(fix) = f(2) | < 4Ka(f,60(x)) + w(f, an(2)).
In view of the property of K-functional, we get

| DL (Fi2) = f(2) | < Cuwa(f,8u(2)) +w(f, an(x)).

This completes the proof of the theorem. O
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4. Approximation properties in weighted spaces

Let B,[0,00) be the space of all real valued functions on [0, 00) satisfying the con-
dition | f(z) |< Myp(x), where M/ is a constant depending only on f and p(z) is
a weight function.

Let C,[0,00) be the space of all continuous functions in B,[0,00) with the
norm

I, = sup Ll and

x€[0,00)

cgz{fec,,[o,oo); lim @) <oo}.

a=oo p(z)

In what follows, we assume the weight function as p(r) = 1 + 2.

Theorem 4.1. Let 0 < ¢ = g, < p = pp < 1 such that ¢, — 1, p, = 1, as
n — 00. For each f € C'S, we have

Tim DR (fi2) = f(2)]], = 0.

Proof. With elementary calculations, it can be easily followed that lim [[Dg:8  (e;;-)—
n—00 o

eill, = 0, where e;(z) = 2*,i = 0,1,2. By weighted Korovkin theorem given in [7],
we get the required result. [

Next we give the following theorem to approximate all functions in C’S. This
type of result is discussed in [10] for locally integrable functions.

Theorem 4.2. Let 0 < q=¢qn < p=pn <1 such that g, = 1, pp, = 1, ¢ — 1,
pr—1 asn — oo. Foreachfecg and a > 0, we have

| Dy g (f32) = f(2) |

lim su =0.
n—00 mE[O,IZO) (1 + $2)1+a
Proof. For any fixed xg > 0,
DR 50 @ IDRE () @ ] DR, ()~ )|
we[0,00) (1+a22)i+e T a<a (1+a2)t+e > (1+a22)t+e

IN

ID&E  (f32) = F(@)llco.e
| D g, (14 1%52) |

(1 + I2)l+a

+If1lp sup
r>x0

| f(=z) |
+ sup —————
IZJIC)O (1 + Ig)lJra
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(4.1) =1+ 1+ Is.
Since | f(z) 1< [1f],(1 +22), we have

I | f(2) | /11,

171,
= su < su <
w2y (a2 = o, (Tha?) = (T4 af)e

Let € > 0 be arbitrary. There exists n; € N such that

| D2 L (1+%5a) | 1 o e
f Py n < f 1+2%)+ == |, Vn > ny
H HP (1 +.’L’2)1+a (1 +.’L’2)1+a || ||P ( ) 3||f||p
1 £1l,o €
4.2 — 4 - Yn > ng.
(4.2) <(1+x2)a+3 n=m
Hence
| Dipnan (1 + 1% 7) | R4 P
iFnayadn — v >
IIfIIPES;fO (1t e < a ) +3 n>ng
Thus
2l flle | €
I+ I — 4+ = Yn > n;.
2+ 13 < (1+$3)a+37 n > ni
Now, let us choose xg to be so large that (1”J'rfi‘2”)a < %.
Then,
2€
(4.3) L+ 13 < 3 Vn > nq.
(4.4) L =Dy () = Fliciow < Vn > na.

€
3’
Let ng = max(ny,n2). Then, combining (4.1)-(4.4), we get

| Dy o (Fr2) = f(2) |
su e < €, Vn > ng.
relom0) (1+a2)tte =

This completes the proof. O

Now we present ordinary approximation in terms of Lipschitz constant defined
by

a5) i) = { e Colooo) o 1) - s 1< kI

where M is a positive constant and 0 < v < 1.
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Theorem 4.3. Let be f € Cpl0,00), 0 < ¢ <p <1,0 < a<p, then for any
€ (0,00), the following inequality holds:

(,8) 3
Dt g (fio) = @) < M(LW |

xT

where o3 (x) = DP ((e1 — 2)% ).

Proof. First, we prove that the result is true for v = 1. Then, for f € lipp(v), we
obtain

1 o] tkfl
D8 (fra) — §jsm / _
;Pq pq(k7n+1) o (1+pt)p:gk+1
pqp qt—l—a) ‘
MpgP” "R TXN _ ponla
\f( AL o)

1 o tk—l
< WS [
kgo KBy g(k,n+1) Jo (1 + pt)ntFt

["]qukarlqt"‘O‘

—x
[n][ ]p;:fqt-i-a dp.qt-
p,q
\/ n]p,q+B +x
Using /z < \/ W + 2 and the Cauchy-Schwarz inequality, we get
M & 1 > th=1
Df{’ﬂ fix)— f(z < — sP (g /
| 7p,q( ) ( )| \/Ekzo n,k( )Bp,q(k,n—i—l) o (1+pt)n+k+l
k—+1 t
RO TS
[]p,q + B
M, P ()
= ﬁDn:;ﬁq((el —x)2 ) <M —

Therefore, the result is true for v = 1. We prove that the result is true for 0 < v < 1,
applying Holder’s inequality with p = %, q= ﬁ,

1 o0 tk*l
DY (fiz) — fla)] < Sk (© / n
n,p,q Z p q(k n+ 1) 0 (1 +pt)p;‘§k+1
k+1
qP gl +
‘f<pq—+ﬂ) — f(x)|dp gt
Ip.a
<

Z P,q 1 x tht
) / ;
=0 - By g(k,n+1) Jo (1+pt)pg Pk
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ki1 o 2V3
() refn)

[e’s] - 1 0o tkil 2
X 5% () / — dp 4t
p k Bp,q(k,n'i‘ 1) 0 (1 +pt)p,J§k+l P,q

s 1 oo tk—l
S Sp7q T /
{ Z n-,k( )prq(k,n 4 1) o (1 +pt)n+k+1

p.q
([”_]P»qpkﬂqt ta %d t 2
D,q .
[n]nq +

) -1

Since f € lipp(7y), we have

a, M i 7
|D ,pZI(fv ) f() < x—;{;—%sﬁ(x) p,qkn—i—l / 1+ tn+k+1
x<m_
[n]p.q + B dp.qt
(o, 8)
- %(Dﬁzﬁ,q«el—w a:)) M< ‘anU)

Therefore, the proof is completed. [
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